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e Type in the code above and select Activate’ 
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@ Please activate your access code as soon as possible. If your code has expired when you enter it, please contact our 
ActiveLearn support site at digitalsupport@pearson.com . 
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Getting help 
To check that you will be able to access an ActiveBook, go to https://www.pearsonactivelearn.com/check_requirements.asp. 
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Overarching themes 

Overarching themes 

The following three overarching themes have been fully integrated throughout the Pearson Edexcel 

AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

e Rigorous and consistent approach throughout 

¢ Notation boxes explain key mathematical language and symbols 

¢ Dedicated sections on mathematical proof explain key principles and strategies 

e Opportunities to critique arguments and justify methods 

2. Mathematical problem solving The Mathematical Problem-solving cycle 

e Hundreds of problem-solving questions, fully integrated 

into the main exercises 

r specify the problem 

¢ Problem-solving boxes provide tips and strategies interpret results 

e Structured and unstructured questions to build confidence 

¢ Challenge boxes provide extra stretch 

3. Mathematical modelling 

collect information 

process and J 
represent information 

¢ Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

e« Examples and exercises include qualitative questions that allow you to interpret answers in the 

context of the model 

¢ Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 

mechanics 

Finding your way around the book 

Algorithms 1 

After completing this chapter you should be able to: 

@ Use and understand an algorithm given in words > pages 2-2 

j 
© Understand how flow charts can be used to describe 

Each chapter Starts with algorithms = es e-50 

j < . ——> «Cary outa bubble sort > pages30-13 

q list of objecti
ves 

@ Camyouta quick sort 
> pages 12-16 

@ Camyoutthe three bin-packing algorithms: and u
nderstand 

+ poser 1s zs 
thelr strengths and weaknesses 

‘@ Determine the order of an algorithm os pages 21-24 

Access an online 

digital edition using 

the code at the 

L front of the book. 

The real world applications 

of the maths you are about 

m-———— to learn are highlighted at 

PH 1 Here Isa function machine. 

opt —af xe of 43 + Output 

Find: 
a the output when the input is in 

b the Input when the output is 99. 

2 Two variables, x and », are such that 
yvaries In direct proportion to x? 

When x =5, 9 =75. 
Work out the value of y when x= 10. 

4 CASE Marthemat 

ig algorithms such as the 

quick sort allow software, controlling 

self-drive cars, to prioritise input 

pa Information and react quickly and safely. 

the start of the chapter with 

links to relevant questions in 
the chapter 

The Prior knowledge check 

helps make sure you are 

ready to start the chapter 



Overarching themes 

Route inspection 

Exercise questions 

are carefully graded Soa a ana ane gult® inspection algorithm to fd a minimum route, starting and finishing at entrance 4. State t uur route 
a Thera are & odd nodes: A, B, CE, F, G, ——— 

so they increase Of knoe er remng mt P + reset 6 —— eat 
. : 

Of the ara nSt Points that Would give the shortest rule, and state ana fnich at G, these nodes remain odd | The itr ngthestart and finish 
in difficulty and realise ‘ cimemegn ets ety ace me ; 

5 Tepresenis a system of roads. 
By Inspection, these path le are - z 

gradually bring you Scanned eel ae cee Sole up to exam standard ering ban eran Pete tm BO Shoo q renew the centre road 

The pair ea 4 +36 =190 eae ® CaP G EI atisus sesaliad as minutes. ‘ " Exercises are "tbl indent amen en, eae hw a — . 
Mac must travel each road once. 

- 
16 fee aya exe 

packed with exam- ee cee | ee —— style questions tot green at wet netnny gt ; c feteon stir tt, resurfacing. 
| iT > to ensure you Apeiauen tolerant Pie (eee ee are ready for the @& Networks with more than four odd nodes = 4 44 B 

exams ig pbtelonidestarponaedes Pods then addtional information wl be provide that wl 7 eet with the new path You don't a Ut to be considered. With four odd nodes, there are three A 18 ‘know its weight, so label it-c. You can find the number esting nae 15 posible pains Beyond nodes te , Hasler ebro 
A level content is x) as a diag The asso patra network of paths as shown inthe , iy fe fi GE and G wre the only oda vertices. clearly flagged San omatecr ae ne “TS gett nats apenas fn 4h 2 Use the route inspection algorithm, starting at and finish mace 1s FA+AG=15 —_+ 1 aa f ae | to find the minimum time taken to traverse each are al hone 2 6 Minimum time to traverse all paths = oz ’ |b State a possible route 154 +0 +15 You know thatthe cf therownels ion begi Sophie tantra, Ate desatnee sets ostomy —_ sheen Each section begins aun igre cre eee ie a ing iS Sa ees h meant ‘4 with explanation «Cai ns asngs to scp a sework 138) cme itsies 
and key learning ss 

S points 

Step-by-step Challenge Each chapter Problem-solving boxes 
Examstyle questions worked examples boxes giveyou — ends witha provide hints, tips and 
are flagged with ©) focus on the key a chance to Mixed exercise strategies, and ae 

3 s highlight Problem-solving types of questions tackle some anda Summary out ae - ive 
questions are flagged you'll need to ‘ more difficult —_ of key points areas pe SISe : ‘1 
with () tackle questions often lose marks 

their exams 

Every few chapters a Review exercise 

helps you consolidate your learning 

with lots of exam-style questions Exam-style practice 
Further Mathematics 
AS Level 
Decision 1 
Time: 50 minutes Review exe rcise 
You must have: Mathematical Formulae and Statistical Tables, Calculator 

. = 
1 Use the bubble sort to write these numbers in ascending order. _. ee ee a 2116 tt 28 As 15 23 40 7 a SNe 4 f pic 

You should only show the state of the lst at the end of each pass. s 
f ig. Sf 4 

> Show that the bubble sort algorithm has quadratic order MS snaruarciapesiiens 
A computer (akes 0.018 seconds to apply the bubble sort to a list of 30 numbers _ 

Answer templates for questions marked * are available on www.pearsonschools.co.ak/d1mvaths © eu how long it would take the computer to sort alist of foomsncreete 
1* An algorithm is described by the Now Recess be purchased in one-metre Sort. Explain why your answer is only an estimate @ 

= ‘© ae ali: Sa OE 2 ‘The diagram shows the time taken, in minutes, to drive along some sections of road. umber of planks that will be needed 
to make the cabinet. ce2) 

b- Use the first-fit bin packing algorithm 
to determine how many planks are 

ge needed. ra) 
|[taa-teoetioe=<] © Use the full-bin algorithm to determine 
| how mamy planks are needed. (Pa) 

[tac= a] 4 Explain why it is not possible to make | | : 
the cabinet using fewer planks than the 

& Use Dijkstra’s algorithm to find the quickest route from 4 (o7. State the time required (5) 

| = 
umber found in part ¢ ; Q) 

Roadworks caus: a delay of $ minutes on the section GH. aa 

! 

= Section LS 
Find the new quickest route and the corresponding time requined. a) | = 3 SS 80 25 4 2 M17: 7535 X 

Xo ime ° a A magazine offers two adverUsing packages for its classifed section: 

Q) 
a The list of numbers above Is to be % a 
sorted into descending order. Perform Package 4: pleture area: 20 cn, price: £40 including up to 25 words T a bubble sort lo obtain the sorted list, Package &: picture area: 30cm?, price: £55 including up to 60 words | Lita lrcg cal da eae SP (0 1000cm* of picture space is available, and at most 1600 words can 

' com| 

3 ‘The numbers in the list represent masses, ‘The magazine needs a Given that o = 645 and 4 = 255, draw Rpiemicboken stiien te The prof made on each Package acid ag co HRN Om the avers sex a table to show the results obtained packed into bins that hold up to 1002 The profit made A = Rae enna ane b Determine the least number of bins on-each Package B sold 's £32. plied. needed. a) 
bi Eixplata bow your solution to part a Use the first-it decreasing algorithm to 

269 would ea, its se Senne ry S fit the objects into bins Secale given that « = 255 and 6 = 645. : 
¢ State what the algorithm achieves. (2) ae + Sactives 12,15 

+ Sections 1.4, 12 ; 

56 37 79 46 18 90 81 SI @® 2 Ninepreesornoodare mas otaia O41 NY A mS AS and A level practice papers See Geta ae perform one complete iteration b k h | OU jeoes of Wood are listed below. 
ae 58 40 75 2555 60 $5 ee os ry at the back of the 00 = p y 

wes prepare for the real thing. 



Extra online content 

@ Extra online content 

Whenever you see an Online box, it means that there is extra online content available to support you. 

Pure Mathematics Year 1/AS 

Differentiation 12A 

Gradi 2 € 1 Gradier cs 

SolutionBank Oe le 

SolutionBank provides a full worked solution for aan 
eas ers “OTs. every question in the book. 

961-9 0.61 i) Gradient = = 6) Online| Full worked solutions are 

ee 

_ available in SolutionBank. tone eat el 
i ' = v Grmdieate wo hy -9 

ie “ 
yevi- _ therefore the (B+n)=3 

Download all the solutions as a PDF or b Gatti sO “Ae 
quickly find the solution you need online 5 t 

© Pesrin Eascaton Lit 217 Coppa persed paching atin ny Thi mate a ol op ew a), 

Use of technology : CY 

Explore topics in more detail, visualise iy a ane the point of intersection et 

problems and consolidate your understanding graphically using technology. hie 

using pre-made GeoGebra activities. 

GeoaGebra 
GeoGebra-powered interactives 

Interact with the maths you are learning 

using GeoGebra's easy-to-use tools 

Ax -+ By=3 

Simultaneous equations 

yoo? —38241 

2a +ly=3 

Solutions: (2,-1) (1,5) 

“Access all thee extra online content ion . at: 

vi 

| 



After completing this chapter you should be able to: 

@ Use and understand an algorithm given in words ~» pages 2-5 

@ Understand how flow charts can be used to describe 
algorithms ~> pages 6-10 

@ Carry out a bubble sort -> pages 10-13 

@ Carry out a quick sort —> pages 13-16 

@ Carry out the three bin-packing algorithms and understand 

their strengths and weaknesses ~ pages 16-21 

@ Determine the order of an algorithm > pages 21-24 

1 Here isa function machine. 

Input Output 

Find: 

a the output when the input is 11 

b the input when the output is 99. 

2 Two variables, x and y, are such that 

y varies in direct proportion to x*. Efficient sorting algorithms such as the 

quick sort allow software, controlling When x =5,y=75. 

self-drive cars, to prioritise input Work out the value of ywhenx=10. | 

information and react quickly and safely. GCSE Mathematics = 



Chapter 1 

a Using and understanding algorithms 

= Analgorithm is a finite sequence of step-by-step instructions carried out to solve a problem. 

Algorithms can be given in words or in flow charts. 

You need to be able to understand and use an algorithm given in words. 

You have been using algorithms since you started school. Some examples of mathematical algorithms 

that you will be familiar with are: 

e how to add several two-digit numbers 

e how to multiply two two-digit numbers 

e how to add, subtract, multiply or divide fractions. 

It can be quite challenging to write a sequence of instructions for someone else to follow accurately. 

Here are some more examples: 

At the end of the street turn right and Affix base (B) to leg (A) Dice two large onions. 

go straight over the crossroads, take the using screw (F) and ... Slice 100 g mushrooms. 

third left after the school, then ... Grate 100 g cheese. 

The ‘happy’ algorithm is: 

e write down any integer 

e square its digits and find the sum of the squares 

e continue with this number 

e repeat until either the answer is | (in which case the number is ‘happy’) or until you get trapped 
in a cycle (in which case the number is ‘unhappy’) 

ine Cn : : You will need to be able to a 70 isha b 
PPY 4 is unhappy understand, describe and implement specific 

algorithms in your exam. You do not need to 
Be SO inte egal learn any of the algorithms in this section. 
AS = oy, | eek 

Bod fe S120 eee | 
je St On = 10 Don ee Sele, | 
(ep tO 4 8? + 92 = 145 
so 70 is happy 1? + 42 4 52 = 42 

AP aie 320) 

22+ OF = 4 As soon as the sum of the squares matches a 
A2 = 16 previous result, all of the steps in- -between gi Ibe 
50 4 is unhappy repeated, creating a oi 

: 



Algorithms 

a Implement this algorithm. 

Pekctn=4,4= 1.8 =1. 

2 Print A and B. 

S32 be C= A+ B. 

4 Print C. 

Sebreinae ue | A= BB =.C. 

Gril — 5) 20 1073: 

(alien) stop. 

b Describe the numbers that are generated by this algorithm. 

—- - we er ee 
At race table i Is d tor cord tne Values 

lo rithm is iC a 

oS 
aA Ssercreiacerable, 

Instruction A C 

step 

rea 

| b This algorithm produces the first few 

numbers in the Fibonnacci sequence. zorithm does. — 



Chapter 1 

This algorithm multiplies the two numbers A and B. 

1 Make a table with two columns. 

Write A in the top row of the left-hand column and B in the top row of the right-hand column. 

2 In the next row of the table write: 

e in the left-hand column, the number that 

is half of A, ignoring remainders 

e in the right-hand column, the number that 

is double B 

3 Repeat step 2 until you reach the row which has a | in the left-hand column. 

4 Delete all rows where the number in the left-hand column is even. 

5 Find the sum of the non-deleted numbers in the right-hand column. 

This is the product AB. 

Implement this algorithm when: 

a A=29and B= 34 Ded = 66 and B =56. 

So 66 x 56 = 3696 

las an even number in its left- 

a a 
= 

_ 
i 



Algorithms 

Exercise 1A) 

1 Use the algorithm in Example 3 to evaluate: 

a 244 x 125 b 125 x 244 CH256)xalD3 

2 The box below describes an algorithm. 

1 Write the input numbers in the form - and : 

ZLewe —aa: 

Seley 0c. 

4 Print ‘Answer is 7 

a Implement this algorithm with the input numbers 25 and 1+ 

b What does this algorithm do? 

3 The box below describes an algorithm. 

teeta = 1: 

2 Print A. 

3 Let A =A + 2n+ t. 

Arve 71+ 1. 

5 If n < 10, goto2. 

6 Stop. 

a Implement the algorithm. 

b Describe the numbers produced by the algorithm. 

() 4 The box below describes an algorithm. 

1 Input A,r. Reverie CED This algorithm requires 

; you to use the modulus 

2ohetC = 4 to 3 decimal places. 6 Go to2Z. function. If x # y, |x — y| 
is the positive difference 

3 If |r— C| < 10° goto 7. Ghose lihine, between x and y. 

4 Lets= $(r + C) to 3 decimal places. 8 Stop. ua 

a Usea trace table to implement the algorithm above when: 

iL A= 53 andra? ioe = 79 andy = 10 iii A = 4275 andr = 50 

b What does the algorithm produce? 



Chapter 1 

«2 Flow charts 

You need to be able to implement an algorithm given as a flow chart. 

® Ina flow chart, the shape of each box tells you about its function. 

Clee boo, Se . 
Start/End Instruction Decision 

The boxes in a flow chart are linked by arrowed lines. As with an algorithm written in words, you need 

to follow each step in order. 

Box | 

Box 2 Beir 0) 

nis acting as a counter. It ensures that the 
Box 3 Letn=n+1 algorithm stops after this loop has been 

completed 10 times. 

Box 4 

Box 6 A decision box will contain a question to | 
which the answer is either ‘yes’ or ‘no’, | 

Box 7 

a Implement this algorithm using a trace table. 

b Alter box 4 to read ‘Let E = 3n’ and implement the algorithm again. 

How does this alter the algorithm? 



amen E | Boxe’ | 
a 

ya ae 

7 14 no : 
yes 

Output is 2, 4, 6, Oo, 10, 12, 

14, 16, 16, 20 

This flow chart can be used to find the roots of an equation of the form ax* + bx + c= 0. 

Output is 3, 6, 9, 12, 15, 18, 21, 24, 
ee hO) 

This gives the first ten multiples of 

3 rather than the first ten multiples | 

of 2. | 

Demonstrate this algorithm for these equations: 

a 6x2—5x-11=0 b x2-6x+9=0 c 4x24+3x+8=0 

Algorithms 
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a a b c d CoO Na= oq x Xo 

G a5 i een ae no $ =f 

"1 
roots aré = and —1 

b a b G d Ea0e id= Or x 

| -—6 2 O no Veo S 

equal roots are 3 

Cc a b C d 

3 8 -19 | yes 

no real roots 

Apply the algorithm shown by the flow chart on the right to the data: 

uy = LOM Lap Us — 11 

What does the algorithm do? 

n< 5? 

eared 
naa 
aa 

i 
SS 

Output is: 7 

The algorithm selects the smallest number 

GE 

~< 

from a list. 
ene lary 
es 

5 @ 

Box | 

Box 2 

Box 3 

Box 4 

Box 5 

Box 6 

Box 7 

Letn=land A=u, 



Exercise 

1 Apply the flow chart in Example 5 to the following equations. 

a 4x°-12x+9=0 b -6x7 + 13x+5=0 

2 a Apply the flow chart in Example 6 to the following sets of data. 

it 2 t= 2600, = 23. = 25, =) 

il ie Met On, = 2, = 8. Ui S 

b If box 4 is altered to <> how will this affect the output? 

¢ 3x*-8x+ 11=0 

Algorithms 

¢ Which box would need to be altered if the algorithm had to be applied to a list of 8 numbers? 

3 The flow chart describes an algorithm that 

can be used to find the roots of the equation 

De a = 15 = (), 

a Use a= 2 to find a root of the equation. 

b Use a= 20 to find a root of the equation. 

Comment on your answer. 

This flow chart implements the iterative - 

15 — x," 
formula x,4, = 5 

€ Pure Year 2, Section 10.2 

4 The flow chart on the right 

describes how to apply Euclid’s 

algorithm to two non-zero integers, 

aand b. 

a Apply Euclid’s algorithm to: 

i 507 and 52 (2 marks) 

ii 884 and 85 (2 marks) 

iii 4845 and 3795 (2 marks) 

b Explain what Euclid’s algorithm 

does. (2 marks) 



Chapter 1 

E/P) 5 The flow chart describes an algorithm. 

a Copy and complete this table, using the flow 

chart with A = 18 and B =7. 

A B A < B? Output 

+— 
(4 marks) 

b Explain what is achieved by this flow chart. (2 marks) 

¢ Given that 4 = kB for some positive integer 

k, write down the output of the flow chart. 

4.3] Bubble sort 

(1 mark) 

A common data processing task is to sort an unordered list into alphabetical or numerical order. 

® Unordered lists can be sorted using a bubble sort or a quick sort. 

Lists can be sorted into ascending or descending order. 

# Ina bubble sort, you compare adjacent items in a list: 

¢ If they are in order, leave them. 

¢ If they are not in order, swap them. 

* The list is in order when a pass is completed without any swaps. 

As the bubble sort develops, it is helpful to consider the original list as being divided into a working 

list, where comparisons are made, and a sorted list containing the items that are in their final 

positions. To start with, all items are in the working list. 

This is the bubble sort algorithm: 

1 Start at the beginning of the working list and move 

from left to right comparing adjacent items. 

a If they are in order, leave them. 

b If they are not in order, swap them. 

2 When you get to the end of the working list, the 

last item will be in its final position. This item is 

then no longer in the working list. 

3 If you have made some swaps in the last pass, 

repeat step 1. 

4& When a pass is completed without any swaps, every 
item is in its final position and the list is in order. 

You need to learn the bubble sort algorithm. 

10 

' Notation | Each time you get to the 

end of the working list you complete one 

pass of the algorithm. The length of the 

working list reduces by 1 with each pass. 

C&D The elements in the list ‘bubble’ 

to the end of the list in the same way as 

bubbles in a fizzy drink rise to the top. 

This is how the algorithm got its name. 
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| Use a bubble sort to arrange this list into ascending order. 

24 18 37 1] ik) 30 

| 16 C4 3D 11 15. 30 = 2nd comparison: leave 

18 24G7 1) 15 30 3rd comparison: swap 

[eat Cre 30 Ath comparison: swap 

1S ee the “45 Sth comparison: swap 

(OW ZS MNS TSO S7 “End -of first pass 

After the second pass the list becomes 

co a 624 SO Sf 

After the third pass the list is 

Re leet OO) 37. * 

After the fourth pass the list is 

Pot oe ome UO 

No swaps were made in the fourth pass, so the 

list is in order. 

A list of 7 letters is to be sorted into alphabetical order, starting at the left-hand end of the list. 

37 11 15 30 1st comparison: swap iD In your exam you may be asked to show 

each comparison for one pass, but generally 

you will only be required to give the state of 

the list after each pass. 

37 is already in its final position. It is now not. 
in the working list. We now return to the start 

_ of the working list for the second pass. 
4 

After the third pass, the last three items are : 
guaranteed to be in their final positions. In 
this particular case, the list is fully ordered ‘ 

but the algorithm requires another pass to” ‘ 

be made. bs a. ia oe 
S 

= 

a Describe how to carry out the first pass of a bubble sort on the letters in the list. 

b Carry out the first pass of a bubble sort to arrange the letters in the word ALGORITHM into 

alphabetical order, showing every step of the working. 

c Show the order of the letters at the end of the second pass. 

a Starting at the beginning of the list, compare 

the first two letters. If they are in alphabetical 

order, leave them in position, if not then swap 

them. Continue through the list, to the end, 

comparing every pair of letters in the same way. 

'b Co wOML olen Bit 
Ouueeiiow e f aM 

ne eee otieg) aM 
rer. «(' ee IM 
perce (0. (ROR aii wi tute 
Ppp eae aval HM 
eee Worcom jae ce i 
eect Or all ike ¢ wD 

eee oer ik - MT 
Pee on i eno DERM yreuR TU F 

At the end of the first pass, the last letter is 
guaranteed to be in its correct place. 

a 
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Use a bubble sort to arrange these numbers into descending order. 

39 57 18) 38) iy) 24 48 

G9 5D72 39 17 24 48 39 < 57 50 swap 

57 G9 72) BO (2404oe So = Ferso Swap Watch out | Read the question carefully. You 

57 7269 39) 17 24 48 39 ¢ 3950 leave need to sort the list into descending order. 

57 72 399 1D 24 48 39 ¢ 17 so leave 
57 72 39 3907 2448 17 < 24 s0 swap 

57 72 39 39 2447 48 17 < 48 50 swap 
57 72 39 39 24 48 17 
After 1st pass: DVR ORS aero ih 

After 2nd pass: PE Si Soe) Ome ss j ; . 
Note that the 48 is now between the two 39s. 

After 3rd pass: 72 S7 39 46 39 24 17 “~~ o not treat the two 39s as one term. 
After 4th pass: Ve OF AG Se7s2 25 17 

After Sth pass: WAT INES) OP (a0 VA Make sure that you make a statement like 
this to show that no swaps have been made 

and you have completed the algorithm. 
No swaps in Sth pass, so the list is in order. 

Exercise ie) 

1 Apply a bubble sort to arrange each list into: 

a ascending order b descending order 

ine 16 15 34 18 oe) 11 19 

iN E T W 0 RR Kk 8S QQ 
iii AS D3 D2 Al B4 C7 eo B3 alphabetically then numerically. 

For each part, you only need to show the state of the list at ee 
before C7. 

the end of each pass. 

2 Perform a bubble sort to arrange these place names into alphabetical order. 

Chester York Stafford Bridlington Burton Cranleigh Evesham 

(P) 3 A list of 1 items is to be written in ascending order using the bubble sort. 

a State the minimum number of passes needed. 

b Describe the circumstances in which this number of passes would be sufficient. 

¢ State the maximum number of passes needed. 

d Describe the circumstances in which this number of passes would be needed. 

12 
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©) 4 Here isa list of exam scores: 

Comes yon oo) eeAShe 72 49 - 61 39 

| The scores are to be put in order, highest first, using a bubble sort. 

| a Describe how to carry out the first pass. (2 marks) 
| b Apply a bubble sort to put the scores in the required order. Only show the state of 

the list at the end of each pass. (4 marks) 

€® Quick sort 

The quick sort algorithm can be used to arrange a list into alphabetical or numerical order. In many 

circumstances, it is quicker to implement than the bubble sort algorithm. 

= Ina quick sort, you select a pivot then split the items into two sub-lists: 

¢ One sub-list contains items less than the pivot. CED If an item is equal to the 

* The other sub-list contains items greater than the pivot. pivot it can go in either sub-list. 

¢ You then select further pivots from within each sub-list and repeat the process. 

Here is the quick sort algorithm, used to sort a list into ascending order. 

1 Choose the item at the midpoint of the list to ———————————_ If the list has an even number of 

be the first pivot. items, the pivot should be the 
: item to the right of the middle. 

2 Write down all the items that are less than the 

pivot, keeping their order, in a sub-list. 
aa Do not sort the items as you 

write them down. 

3 Write down the pivot. 

4 Write down the remaining items (those greater 

than the pivot) in a sub-list. 

5 Apply steps 1 to 4 to each sub-list. ——H__———— This is a recursive algorithm. It is 

: . like ‘Zooming in’ on the answer. 
6 When all items have been chosen as pivots, stop. 

The number of pivots has the potential to double at each pass. There is 1 pivot at the first pass, there 

could be 2 at the second, 4 at the third, 8 at the fourth, and so on. 

eT (3 10) 

Use quick sort to arrange the numbers below into ascending order. 

Dl eee a Se ls 8. 39% 38 

13 
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Binees A 29 (3) 13-8 39 Be 

21 13 8- 

Bas. Moree 

2) DiSMECW ees 42 1 2ae 20.30 

24 (89) GS PA AE KAD) eo oe ie 

[13] @p [23] @4 [29] 42 36 a ie 

ee 

Ooo) ace 24 SO mousse 

n+1 
For n items, the pivot will be the th item, 

rounding up if necessary. 

There are 9 numbers in the list so the middle 

9+1 
will be = 5, s0 the pivot is the 5th number 

in the list. Circle it. 

Write all the numbers less than 23. 

Write the pivot in a box , then write the 

remaining numbers. 

Now select a pivot in each sub-list. 

There are now four sub-lists so we choose 4 

pivots (circled). 

We can only choose two pivots this time. Each 

number has been chosen as a pivot, so the list 

is in order. 

Use quick sort to arrange the list below into descending order. 

ST 20 26 44 at 27 28 0 

27 20) ayveuecGmes 4) 27 25 50 Wh 

17 @ 

L = | 
44 SN (Zon 2 

Watch out | Colour is used here to make 

the method clear, but colours should not 

be used in your exam. 

20" 17 Sie 

14 

7 

There are 10 items in the list so we choose 

the number to the right of the middle. 

This is the 6th number from the left. 

Numbers greater than the pivot are to 

the left of the pivot, those smaller than 

the pivot are to the right, keeping the 

numbers in order. Numbers equal to the 

pivot may go either side, but must be 

dealt with consistently. 

Two pivots are chosen, one for each 

sub-list. 

Now three pivots are selected. 

We now choose the next two pivots, 

even if the sub-list is in order. 

The final pivots are chosen to give the 

list in order. 



. Exercise 

1 Use a bubble sort to arrange the list 

8 5 
into: 

a ascending order 

4 6 

2 Use quick sort to arrange the list 

22, 17 
into: 

a ascending order 

29 30 

3) 7 

b descending order 

11 18 20 14 

b descending order 

3 Sort the letters below into alphabetical order using: 

a a bubble sort 

N H R K 

b a quick sort 

S (G J E M 

4 The list shows the test results of a group of students. 

Alex 33 

Alison 56 

Amy 93 

Annie 51 

Donw’ 2277 

Greois 491 

Harry 49 

Hugo 

Janelle 

Josh 

Lucy 

Myles 

Sam 

Sophie 

9 

89 

37 

57 

19 

29 

We 

29 

P IE, 

Produce a list of students, in descending order of their marks, using: 

a a bubble sort 

E/P) 5 A list of 7 items is to be written in ascending order using the bubble sort. 

b a quick sort 

Algorithms 

a Find an expression, in terms of n, for the maximum number of comparisons to be made. 

b Describe a situation where the bubble sort might be quicker than the quick sort. 

(2 marks) 

(2 marks) 

¢ Decide whether the bubble sort or the quick sort will be quicker in the following cases: 

iat 2 

ii 2 3 

3 

4 
7 

=) 

4 

6 

Explain how you made your decisions. 

©) 6 The table shows a list of nine names of students in a dance class. 

Hassler | Sauver Finch | Gi 

H S F 

a Explain how to carry out the first pass of a quick sort algorithm to order the list 

alphabetically. 

b Carry out the first two passes of a quick sort on this list, writing down the pivots 

used in each pass. 

annini 

G 

5 6 

oL 

Mellor | Clopton 

Me c 

Miranti 

Mi 

(4 marks) 

(2 marks) 

(3 marks) 

15 



Chapter 1 

Challenge 

You will need a pack of ordinary playing cards, with any jokers removed. 

a Use the quick sort algorithm to sort the cards into ascending order, 

from Ace to King within each suit and with the suits in the order 

Hearts, Clubs, Diamonds, Spades. Follow these steps: 

1 Shuffle the pack thoroughly and hold it face up. 

2 Remove the 27th card and place it face up. This is your pivot card. Ci The final order 

3 Go through the pack from the top. Place the cards into two piles should be: 

depending on whether they are lower or higher than the pivot card. AY, 2, ..., KY, Ade, 2%, ..., 
Kio, A, ..., KO, Ad, ..., K& 

4 Repeat these steps with each new pile, choosing the card halfway 

through the pile as the pivot card. 

Record the total number of passes needed to sort the deck 

completely. 

b Once the cards are in order, what single change could be made so 

that a bubble sort would require 51 passes to put the cards back in 

order? 

« Bin-packing algorithms 

Bin packing refers to a whole class of problems. 

The easiest is to imagine stacking boxes of fixed width a and length b, but varying heights, into bins 
of width a and length 4, using the minimum number of bins. 

Similar problems are: loading cars of different lengths onto a ferry with several lanes of equal length 
a plumber needing to cut sections from lengths of copper pipe, or recording music tracks onto a set 
of CDs. 

You need to be able to implement three different bin-packing algorithms, and be aware of their 
strengths and weaknesses. 

Uy 

® The three bin-packing algorithms are: first-fit, first-fit decreasing and full-bin. 

It is useful first to find a lower bound for the number ' Notation ] An optimal solution is one 
of bins needed. There is no guarantee that you will be that cannot be improved upon. For bin 
able to pack the items into this number of bins, but it packing, an optimal solution will use the 
will tell you if you have found an optimal solution. smallest possible number of bins. 

16 



Example 

Nine boxes of fixed cross-section have heights, in metres, as follows. 

eer.) 708. UO 1. ielieoee es 

They are to be packed into bins with the same fixed cross-section and height 2 m. 
Determine the lower bound for the number of bins needed. 

OO HOS +-O.6-4 10 4 (114 114 1.2 

+ oe—=rO Stn 

6.5 
SOE 4.25 bins 

So a minimum of 5 bins will be needed. 

Sum the heights and divide by the bin size. You 

must always round up to determine the lower 

bound. 

t Watch out | In practice, it may not be possible 

to pack these boxes into 5 bins. All that the lower 

bound is telling us, is that at least five bins will 

be needed. 

With small amounts of data it is often possible to ‘spot’ an optimal answer. 

The algorithms you will learn in this chapter will not necessarily find an optimal solution, but can be 

implemented quickly. 

= The first-fit algorithm works by considering items in the order they are given. 

First-fit algorithm 

1 Take the items in the order given. 

2 Place each item in the first available bin that can take it. Start from bin 1 each time. 

Advantage: It is quick to implement. 

Disadvantage: It is not likely to lead to a good solution. 

Example 

first-fit algorithm using GeoGebra. 

Algorithms 

(eT) see the operation of the ec? 

Use the first-fit algorithm to pack the following items into bins of size 20. (The numbers in brackets 

are the size of the item.) State the number of bins used and the amount of wasted space. 

A(8) 

Bin 1: 

Binge: 

BitieSe 

Bin 4: 

| Bins 5: 

Bin 6: 

B(7) 

A(8) 

C(14) 

D(2) 
H(15) 

\(G) 

K(6) 

cd4) DQ) E(6) FQ) 

B(7) G(5) 

E(6) 

F(Q) 

J(7) 

This used 6 bins and there are 

(24+5+4+7 + 12 = 26 units of waste of space. 

GCS) = TG) ICG eed ame cls) 

A(8) goes into bin 1, leaving space of 12. 

B(7) goes into bin 1, leaving space of 5. 

C(14) goes into bin 2, leaving space of 6. 

D(9) goes into bin 3, leaving space of 11. 

E(6) goes into bin 2, leaving space of 0. 

F(9) goes into bin 3, leaving space of 2. 

G(5) goes into bin 1, leaving space of 0. 

H(15) goes into bin 4, leaving space of 5. 

\(6) goes into bin 5, leaving space of 14. 

J(7) goes into bin 5, leaving space of 7. 

K(8) goes into bin 6, leaving space of 12. 

17 
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= The first-fit decreasing algorithm requires the items to be in descending order before 

applying the algorithm. 

First-fit decreasing algorithm 

1 Sort the items so that they are in descending order. 

2 Apply the first-fit algorithm to the reordered list. 

Advantages: You usually get a fairly good solution. (:) See the operation of the cy 

It is easy to implement. ace fit decreasing algorithm using 

Disadvantage: You may not get an optimal solution. GueGebrs. 

Apply the first-fit decreasing algorithm to the data given in Example 13. 

Sort the data into descending order: H(15) goes into bin 1, leaving space of 5. 

HS) C04) “Dey FO) “AG) We) "B@) C(14) goes into bin 2, leaving space of 6. 

ear He ey (eS) D(9) goes into bin 3, leaving space of 11. 

Bin 1: H(15)  G(5) F(9) goes into bin 3, leaving space of 2. 

Bin 2: C14) E(6) A(8) goes into bin 4, leaving space of 12. 

Bin 3: D(Q) FQ) -——— K(8) goes into bin 4, leaving space of 4. 

Bin 4: AB) Ke) B(7) goes into bin 5, leaving space of 13. 

J(7) goes into bin 5, leaving space of 6. 

E(6) goes into bin 2, leaving space of 0. 

\(6) goes into bin 5, leaving space of 0. 

G(5) goes into bin 1, leaving space of 0. 

Bia Se let) NM) \(G) 

This used 5 bins and there are 

2+4=6 units of wasted space. 

® Full-bin packing uses inspection to select items that will combine to fill bins. Remaining 

items are packed using the first-fit algorithm. 

Full-bin packing 

1 Use observation to find combinations of items that will fill a bin. Pack these items first. 

2 Any remaining items are packed using the first-fit algorithm. 

Advantage: You usually get a good solution. 

Disadvantage: It is difficult to do, especially when the numbers are plentiful and awkward. 

Example 

A(S) © VBG)e C10) {DOA EU3)2 READE RCE) SEG)meIde) 2 Iie KO) 

The items above are to be packed in bins of size 25. 

a Determine the lower bound for the number of bins. 

b Apply the full-bin algorithm. 

¢ Is your solution optimal? Give a reason for your answer. 

18 
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Algorithms 

ae tiers = 44 A: 

So lower bound is 5 bins. 

Date, 10 = 25 

11+ 14 = 25 

TS 25 

S50 a solution is: 

Bin 1: A(8) B(7) 

Binet) J(14) 

BintSenedisje id2) 

Bin 4: F(7) GA) 

Bin 5: H(6) K(Q) 

c The lower bound is 5 and 5 bins were 

C(10) 

used, 50 the solution is optimal. 

A plumber needs to cut the following lengths of copper pipe. (Lengths are in metres.) 

ACOs pees) TCA) DIL) (EGS) " FO9) GOs) “H(09)5 10.8) 730.9) 

The pipe comes in lengths of 2.5m. 

a Calculate the lower bound of the number of lengths of pipe needed. 

b Use the first-fit decreasing algorithm to determine how the required lengths may be cut from the 

2.5m lengths. 

c Use full-bin packing to find an optimal solution. 

ss Cero At te te 2 MONS weal ORS ON Siss AOR) 

= 3,06 ig 

So at least 4 lengths are required. 

b Sorting into descending order, 

CPA). ELS). DIDO) HOD). JO2) AOS). BO.8), 

G(O.8), (0.8) 

Bin 1: C(1.4) D(1.1) 

Bie FEC) F(O.2) 

CRS et Oo). a JKO.2) 

Bin4: A(O8) B(0.8) G(O.8) 

Bin 5: (0.8) 

_¢ By inspection, 

C(1.4) + D(1.1) = 2.5 

F(0.9) + A(O.8) + B(O.8) = 2.5 

J(0.2) + G(0.8) + 1(0.8) = 2.5 

A full-bin solution is: 

Bin 1: C(1.4) D(1.1) 

Bie:  TOC2). ACS 1 BCS) 

Bios. (OL) G(0.8) — |(0.8) 

Bika “E(13) H(O.2) 
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Exercise 

2 

20 

18 + D8) 8 Pi} 19 3 26 30 2p) 32 

The above items are to be packed in bins of size 50. 

a Calculate the lower bound for the number of bins. j 

b Pack the items into the bins using: 

i the first-fit algorithm ii the first-fit decreasing algorithm iii the full-bin algorithm 

Laura wishes to record the following television programmes onto DVDs, each of which can hold 

up to 3 hours of programmes. 

Ee M 

120 | 120 

| Programme | A | B CAD eee | EGG H | I 

[Length (minutes) | 30 | 30 | 30 | 45 | 45 | 60 | 60 | 60 | 60 

a Apply the first-fit algorithm, in the order A to M, to determine the number of DVDs that 

need to be used. State which programmes should be recorded on each disc. 

J 

12 

K 

90 

b Repeat part a using the first-fit decreasing algorithm. 

c Is your answer to part b optimal? Give a reason for your answer. 

Laura finds that her DVDs will only hold up to 2 hours of programmes. 

d Use the full-bin algorithm to determine the number of DVDs she needs to use. State which 

programmes should be recorded on each disc. 

A small ferry loads vehicles into 30 m lanes. The vehicles are loaded bumper to bumper. 

Vehicle Length (m) | Vehicle | Length (m) 

A car 4m car 4m 

A. car | trailer Wah) 

Cc lorry 13m lorry 14m 

D van 6m van 6m 

E lorry 3m | J lorry llm 

a Describe one difference between the first-fit and full-bin methods of bin packing. (1 mark) 

b Use the first-fit algorithm to determine the number of lanes needed to load all the 

vehicles. (4 marks) 

c Use a full-bin method to obtain an optimal solution using the minimum number of lanes. 

Explain why your solution 1s optimal. (4 marks) 

The ground floor of an office block is to be fully recarpeted, with specially made carpet 

incorporating the firm’s logo. The carpet comes in rolls of 15m. 

The following lengths are required. 

A 3m D4m G5m J Fm 

B 3m E 4m H5m K 8m 

C 4m F 4m J, 5.00. IE Sm 
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E/P) 5 

The lengths are arranged in ascending order of size. 

a 

b 

Obtain a lower bound for the number of rolls of carpet needed. (2 marks) 

Use the first-fit decreasing bin-packing algorithm to determine the number of rolls needed. 

State the length of carpet that is wasted using this method. (3 marks) 
Give one disadvantage of the first-fit decreasing bin-packing algorithm. (1 mark) 

Use a full-bin method to obtain an optimal solution, and state the total length of wasted 

carpet using this method. (4 marks) 

Eight computer programs need to be copied onto 40 MB discs. 

The size of each program is given below. 

Progam [A | 8 
size ome) | 8 | 
a Use the first-fit decreasing algorithm to determine which programs should be recorded onto 

each disc. (3 marks) 

Calculate a lower bound for the number of discs Broblem-colwin 

needed. (2 marks) 6 
Consider the programs over 

Explain why it is not possible to record these programs 5OMB in cise 

on the number of discs found in part b. (1 mark) 

€ Order of an algorithm 

The order of an algorithm, sometimes called the complexity CED The cice of a Sorting orobiem 

of the algorithm, tells you how changes in the size of a for example, would be given by the 

problem affect the approximate time taken for its completion. —_jumpber of items to be sorted. 

This is sometimes called the run time of the algorithm. 

The order of an algorithm can be described as a , Watch out | Fe eae ame al 

function of its size. If an algorithm has order f(7), depend on the exact input data for 

then increasing the size of the problem from 1 the algorithm. However, you can use 

to m will increase the run time of the algorithm proportion to calculate estimated 

F(m) run times of algorithms. 
by a factor of approximately 7 (12) 

The number of steps needed to complete an algorithm is often used to determine its order. 

For the bubble sort, most of the steps are to do with making comparisons between pairs of numbers. 

lf a list has n items, then the first pass will require (” — 1) comparisons. 

Assuming that some swaps are made, a second pass will be needed and this will require a further 

(n — 2) comparisons. 

In the worst case, this process continues so that ( — 3) comparisons are needed for the third pass, 

(n — 4) comparisons for the fourth pass and so on, right down to a single comparison in the final 

pass. 
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The total number of comparisons would then be: 

Mester (ie a) al) eae Links ) This is the sum of the first (7 — 1) natural 

=+(n-1)n=4n?- sn numbers. € Core Pure Book 1, Section 3.1 
7 2 2 

Since this is a quadratic expression, the bubble sort is taken to have quadratic order. j 

r Watch out ) A different algorithm may require 50n* + 11m + 90 steps to complete a 

problem of size n. This algorithm would also be described as having quadratic order. 

An algorithm is defined by this flow diagram, where nv > 2 and n is an integer. 

Isn 

divisible 

by a? 

a Describe what the algorithm does. 

b Suggest suitable output text for boxes A and B. 

¢ Determine the order of the algorithm. 

a The algorithm tests whether or not n is prime. 

b Box A: nis not prime. 

Box B: n is prime. 

c Let the size of the algorithm be n. 
At each step the algorithm tests whether n is Problem-solving 

divisible by a. The maximum number of steps will not 
always be needed. If 7 is even, then the 
algorithm will only require one step. In 

If n is prime, the answer at this step will never be 

‘yes’ so the algorithm will continue until a = Vn. 
The maximum number of steps needed is given general you should consider the worst case 
by the integer part of Vn. scenario when determining the order of an 
So the algorithm has order vn. algorithm. 
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Some common orders you need to recognise: 

e Linear order (n) 

¢ Quadratic order (n2) 

¢ Cubic order (n3) 

You can use these simplified rules for linear, quadratic, and cubic order algorithms: 

= If the size of a problem is increased by some factor k then: 
* an algorithm of linear order will take approximately / times as long to complete 
* an algorithm of quadratic order will take approximately {2 times as long to complete 
* an algorithm of cubic order will take approximately A? times as long to complete. 

A given list-searching algorithm has linear order. 

To search a list with 500 values, the algorithm takes approximately 0.036 seconds. 
Estimate the time taken by this algorithm to search a list containing 1250 values. 

iP50) 
500 72° The size of the problem has increased from 500 

to 1250, which is a factor of 2.5. The algorithm has 

linear order, so the time taken will increase by the 

same factor. 

OWOSE-% 2.5 = 0.02 

The time taken to search a list containing 

1250 values is approximately 0.09 seconds. 

The bubble sort algorithm has quadratic order. 

a Given that it takes a computer 0.2 seconds to sort a list of 1600 numbers using the bubble sort, 

estimate the time needed to sort a list of 480 000 numbers. 

b Comment on the suitability of the bubble sort algorithm for sorting large data sets. 

460000 _ 399 —— The size of the problem has increased by a factor 
| Scone of 300. 

0.2 x 3002 = 18000 
ji 

It would take approximately 16 OOO seconds 

or 5 hours to sort 460 OOO numbers. 

| _ The algorithm has quadratic order, so the time 

taken will increase by a factor of 300% = 90 000. 

Paulie Jer atuaoiime fleedee ton nur The quick sort algorithm has, on average, order 
sort increases quickly a5 n increases. This n log n. This means that increasing the size of 
pieaneric 2vople Ore algOriLnini iano: the problem from 1600 to 480 000 would result 
suitable for large data sets. in an increase in runtime by a factor of 

480 000 x log 480 000 
1600 x log 1600 

than the increase of a factor of 300* = 90 000 for 

a quadratic order algorithm. 

~ 532. This is a lot less 
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Exercise 1 F) 

1 An algorithm for multiplying two n x n matrices has cubic order. 

A computer program applies this algorithm to multiply two 300 x 300 matrices, completing the 

operation in 0.14 seconds. 

Estimate the time needed by this computer to apply the algorithm to multiply two: 

a 600 X 600 matrices b 1000 x 1000 matrices 

E/P) 2 a Explain why the first-fit bin-packing algorithm has quadratic order. (2 marks) 

A computer uses the first-fit bin-packing algorithm to determine the number of shipments 

needed to transport 400 lengths of piping. The total computation time is 0.72 seconds. 

b Estimate the computation time needed to apply this algorithm to 6200 lengths of piping. 

(1 mark) 

¢ Give a reason why your answer to part b is only an estimate. (1 mark) 

©) 3 The first-fit decreasing algorithm has quadratic order. It takes a computer 0.028 seconds to apply 

the first-fit decreasing algorithm to 50 items. 

a Explain briefly what is meant by a quadratic order algorithm. (2 marks) 

b Estimate how long it would take the computer to apply the algorithm to 500 items. (1 mark) 

(P) 4 A student applies a bubble sort followed by a first-fit bin-packing algorithm. 

The student states that because both algorithms have order n’, the complete process must have 

order n’*. 

Explain why the student is incorrect, and state the correct order of the combined process. 

5 Atacareers day, n students meet with n potential work-experience employers. The employers 

rate each student out of 10, and the students rate each employer out of 10. An algorithm for 

matching students to employers is described below. 

1 Add each student rating for an employer to that 

employer’s rating for the student, to create a score for 

each employer-student pair. 

2 List the scores for all possible pairs, and order them 

using bubble sort. 

3 Take the highest score in the list and match the student 

and employer for work experience. Then delete all other 

pairings containing either that student or that employer. 

4 Repeat step 3 until all students have been paired with 

employers. 

Determine the order of this algorithm, justifying your answer. (3 marks) 
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Algorithms 

Mixed exercise i) 

Use the bubble-sort algorithm to sort, in ascending order, the list 

oa 5S 2 38 16 l 

giving the state of the list at each stage. (4 marks) 

a Use the bubble-sort algorithm to sort, in descending order, the list 

25 42. ef! 22 26 4] 

giving the state of the list on each occasion when two or more values are interchanged. (4 
marks) 

b Find the maximum number of interchanges needed to sort a list of six pieces of data 
using the bubble-sort algorithm. (2 marks) 

8 4 13 2 17 S) 15 

This list of numbers is to be sorted into ascending order. 

Perform a quick sort to obtain the sorted list, giving the state of the list after each 

rearrangement. (5 marks) 

111 103 Ty 81 98 68 82 115 93 

a The list of numbers above is to be sorted into descending order. Perform a quick sort to 

obtain the sorted list, giving the state of the list after each rearrangement and indicating the 

pivot elements used. (5 marks) 

b i Use the first-fit decreasing bin-packing algorithm to fit the data into bins of 

size 200. (3 marks) 

ii Explain how you decided in which bin to place the number 77. (1 mark) 

Trishna wishes to record eight television programmes. The lengths of the programmes, in 

minutes, are: 

75 100 ay o2 30 84 42 60 

Trishna decides to use 2-hour (120 minute) DVDs only to record all of these programmes. 

a Explain how to implement the first-fit decreasing bin-packing algorithm. (2 marks) 

b Use this algorithm to fit these programmes onto the smallest number of DVDs possible, 

stating the total amount of unused space on the DVDs. (3 marks) 

Trishna wants to record an additional two 25-minute programmes. 

ec Determine whether she can do this using only 5 DVDs, giving reasons for your answer. 

(3 marks) 
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A DIY enthusiast requires the following 14 pieces of wood as shown in the table. 

Number of pieces 

The DIY store sells wood in 2m and 2.4m lengths. He considers buying six 2m lengths of wood. 

a Explain why he will not be able to cut all of the lengths he requires from these six 

2m lengths. (2 marks) 

b He eventually decides to buy 2.4m lengths. Use a first-fit decreasing bin-packing algorithm 

to show how he could use six 2.4m lengths to obtain the pieces he requires. (4 marks) 

¢ Obtain a solution that requires only five 2.4m lengths. (4 marks) 

The algorithm described by the flow chart below is to be ip This question uses the 

applied to the five pieces of data below. modulus function. If x 4 y, |x — | 

= 6.1, = 6.9, y= 5.7, 1, =48. ue = 5.3 is the positive difference between 

xand y, e.g. |5 - 6.1] = 1.1. 
a Obtain the final output of the algorithm using the five 

values given for uw, to us. (4 marks) 

b In general, for any set of values u, to us, explain what the algorithm achieves. (2 marks) 

Box | 

Box 2 

Box 4 

Box 6 

Box 7 

c If Box 4 in the flow chart is altered to 
‘Is M > Temp?’ 

state what the algorithm achieves now. (1 mark) 
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© 8 

E/P) 9 

A plumber is cutting lengths of PVC pipe for a bathroom installation. The lengths needed, in 
metres, are: 

ee ele eo 0.50 13 02 ee O1  2.0° 075 

The pipe is sold in 2 m lengths. 

a Carry out a bubble sort to produce a list of the lengths needed in descending order. Give the 
state of the list after each pass. (4 marks) 

b Apply the first-fit decreasing bin-packing algorithm to your ordered list to determine the total 
number of 2 m lengths of pipe needed. (3 marks) 

¢ Does the answer to part b use the minimum number of 2 m lengths? You must justify your 

answer. (2 marks) 

Here are the names of eight students in an A level group: 

Maggie, Vivien, Cath, Alana, Daisy, Beth, Kandis, Sara 

a Use a quick sort to put the names in alphabetical order. Show the result of each pass 

and identify the pivots. (5 marks) 

The quick sort algorithm has order 7 log n. 

A computer program can sort a list of 100 names in 0.3 seconds using a quick sort. 

b Estimate the time needed for this computer program to apply a quick sort to a list of 

1000 names. (2 marks) 

Challenge 

An algorithm for factorising an n-digit integer is found to have order 

1.1”. A computer uses the algorithm to factorise 8 788 751, taking 

0.734 seconds. 

a Estimate the time needed for the computer to factorise: 

i 3 744 388 667 ii a number with 100 digits 

Internet security is based on large, hard-to-factorise numbers. 

A cryptographer wants to choose a number which will take at least one 

year to factorise using this algorithm. 

b Determine the minimum number of digits the cryptographer should 

use for their number. 

« Suggest a reason why the run time of this algorithm might vary 

widely depending on the choice of number to be factorised. 
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1 

2 

An algorithm is a finite sequence of step-by-step instructions carried out to solve a problem. 

In a flow chart, the shape of each box tells you about its function. 

Unordered lists can be sorted using a bubble sort cr a quick sort. 

In a bubble sort, you compare adjacent items in a list: 

- If they are in order, leave them. 

- If they are not in order, swap them. | 

- The list is in order when a pass is completed without any swaps. 

In a quick sort, you select a pivot then split the items into two sub-lists: 

* One sub-list contains items less than the pivot. 

» The other sub-list contains items greater than the pivot. 

- You then select further pivots from within each sub-list and repeat the process. 

The three bin-packing algorithms are first-fit, first-fit decreasing, and full-bin: 

- The first-fit algorithm works by considering items in the order they are given. 

- The first-fit decreasing algorithm requires the items to be in descending order before 

applying the algorithm. 

- Full-bin packing uses inspection to select items that will combine to fill bins. 

Remaining items are packed using the first-fit algorithm. 

The three bin-packing algorithms have the following advantages and disadvantages: 

Type of algorithm 

First-fit 

First-fit decreasing 

Advantage Disadvantage 

Not likely to lead to a good solution 

May not get an optimal solution 

Quick to implement 

Usually a good solution 

Easy to implement 

Usually a good solution 

The order of an algorithm can be described as a function of its size. If an algorithm has order 

f(n), then increasing the size of the problem from n to m will increase the run time of the 

(m) 
algorithm by a factor of approximately ae 

Full-bin Difficult to do, especially when the 

numbers are plentiful or awkward 

If the size of a problem is increased by some factor & then: 

- an algorithm of linear order will take approximately k times as long to complete 

* an algorithm of quadratic order will take approximately k? times as long to complete 

- an algorithm of cubic order will take approximately k? times as long to complete. 



Graphs and networks 

After completing this chapter you should be able to: 

@ Know how graphs and networks can be used to create mathematical 

models -~> pages 30-33 

@ Be familiar with basic terminology used in graph theory 

— pages 34-38 

e@ Know some special types of graph —> pages 38-40 

e Understand how graphs and networks can be represented 

using matrices ~» pages 41-43 

e@ Use the planarity algorithm to determine whether or not a 

given graph is planar ~> pages 43-47 
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In decision maths, a graph or network st. James's (2) fe) 

refers to a set of points joined by edges Park perme 

(line segments). This graph models the @ ss ‘ii @ () ©) ae 

London Underground network. The lines 

show which stations are connected but 

their lengths do not represent distances | 

in real life. ~> Exercise 2A Q3 

W ii | rites Fe Iii 

Show how this can be done without 

any of the connecting lines crossing 

each other. 
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Chapter 2 

EX Modelling with graphs 

You need to know how graphs and networks can be used to create mathematical models. In decision 

maths, the word graph has a very specific meaning. 

= A graph consists of points (called vertices or nodes) which are connected by lines (edges or 

arcs). 

® If a graph has a number associated with each edge (usually called its weight), then the graph 

is known as a weighted graph or network. 

e A vertex is a point on a graph. Vertices are sometimes called nodes. 

e An edge is a line segment joining vertices. Edges are sometimes called arcs. 

This graph shows the routes flown by an airline. Addis Ababa 

Douala 

Ss 
Liberville 

a Explain why this is a graph. 
Kigali 

b Describe what is represented by 
inshasa 

i the vertices 
Bujumbura 

ii the edges. 

¢ Describe two possible flight routes from 

Johannesburg to Liberville. 

a It has vertices connected by edges. 

b i Cities served by the airline 

ii Flight routes connecting cities 

Nairobi 
Brazzaville 

Johannesburg 

The graph shows only which cities are connected 
ce Johannesburg to Douala to Liberville by a flight route. There is no scale and the graph 

Johannesburg to Kinshasa to Liberville is not weighted, so it does not show any distances 
or the correct geographical position of the cities, 

Example 

This network shows the lengths of pipes running 
between water standpipes on a camp site. The lengths 
on the edges are given in metres. Fn 
a Write down the length of the pipe connecting supply 

standpipe B to standpipe D. 

b Write a list of the standpipes that are directly 
connected to standpipe E. 

| a Onn This is an example of a weighted network. 

bVA, BF 
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The network shows the times taken, in minutes, by a car to travel along some sections of road. 

Calculate the minimum time needed to travel from A to D and give the route taken. 

Route | Time needed (mins) 

ABCD |\5+8+4+1=14 

ABED N52 4-5 =12 

t Watch out ) A weighted network is not usually 

drawn to scale. The quickest route may not be 

the route which appears to be the shortest — you 

need to consider the weight on each arc. 

The minimum time required is 12 minutes along | 

the route ABED. 

Exercise 2A) 

1 This graph represents the friendships within a group of students. 

Alex 
Fred Harriet 

Becky 

Dhevan Esme Gormaa 

a State what is represented by each 

i vertex 

ii arc 

b List all of Chris’s friends within the group. 

ce State two new friendships that could be created to ensure that every pair of friends has at least 

one mutual friend. 
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2 This table gives information about the A level subjects studied by some students. 

Student Subjects 

A Maths, Chemistry 

B Maths, Chemistry, Biology, Art | 

G Physics, Chemistry, Biology 

D Maths, Physics, Art, English 

E Biology, English, Art 

FF English, Maths, Art, Physics 

a Copy and complete this graph to represent this information. Use the arcs to show which 

subjects each student studies. 

A B G D E le 
® ® e ® e ® 

® © ® ® @ © 
Maths Physics Chemistry Biology Art English 

b Which subjects are studied by the most students? 

(P) 3 The diagram shows part of the London Underground map. 
. Crescent te 

‘ King’s Goss 
{ St. Pancras gware ss 
Road Marylebone a 

pe) 
SD $ a ES a nC 

Euston 
Edgware Sq 

uare 
meal Farringd 

Russell 'swater ke 
: Square 

ting Lancaster Bond | Chancery 
Gate Gate Street | ne 

3 @ 
tueensway Marble i Holbom 

Arch i | 
4 j Covent Garden | 

h Street 
isington Leicester Square 

Hyde Park Comer Piccadilly $==Canno 
Circus 

Knightsbridge Mansion Hot 

icester 

oad 

South Sloane 

Kensington Square 

SoH 

a Work out a possible route from Marylebone to Victoria 

i that requires a minimum number of changes 

ii that passes through a minimum number of stations. 

a2 



Challenge 

(The diagram shows a wire network in the shape of a cube. 

An ant walks from vertex A to vertex G along the edges of the cube. — | 

| Find the total number of possible different routes which: Wy Darts 

a_are of minimum length a. 

b do not pass through any vertex more than once. 

Graphs and networks 

A student estimates that each stop on the London Underground takes 80 seconds, and each 
change takes 3 minutes. 

b Work out the quickest possible journey time from 
i Kings Cross St Pancras to Waterloo 
ii Holborn to St James’s Park 

iti Victoria to Baker Street. 

In real life the quickest way to get from Kings Cross St Pancras to Waterloo is usually to change at 
Oxford Circus. 

¢ Compare this to your answer to part bi and suggest a potential problem with the student's model. 

4 This weighted network shows the flight times of a particlar airline, in minutes, between some 
different airports in the UK and Ireland. 

Aberdeen 

Belfast 

Cork 

Dublin 

Edinburgh 

Glasgow 

Leeds-Bradford 

Manchester 

Newcastle 

a Write down the flight time between Glasgow and Manchester. 

b Name the route with the longest flight time. 

~¢ Suggest which city might be the home base of this airline. Give a reason for your answer. 

(P) 5 This network shows the lengths, in km, of a network of mountain bike trails. 

A student states that the shortest possible route to bike from P to Vis 27 km long. 

a State which route the student has chosen to calculate this distance. 

b State, with a reason, whether the student is correct. 
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2.8 Graph theory 

You need to be familiar with some basic terminology used to describe graphs in decision maths. 

Th ere are two different types of notation used to describe graphs, as follows: 

A and Bare es 

A Se iny ch FLL) ‘ Ee C is a node or a vertex. 

— Chisanvarc oranredge: 

D E 
F Graph G 

In 

® 

34 

graph G, above 

the vertices (or nodes) are: 4, B, C, D, Eand F r Watch out | 

(this list of vertices is sometimes called the vertex set) 
The intersection of the edges AC 

the edges (or arcs) are: AB, AC, AF, BC, BD, CE and DE Ae retrth er ¢ enn 

(this list of edges is sometimes called the edge set). 

A subgraph of Gis a graph, hs Subgraph1 —-B 

each of whose vertices belongs 

to Gand each of whose edges A Cc a : 
belongs to G. It is simply a part 

of the original graph. 2 2 E Some i 
possible = 

subgraphs. Subgraph 2 
A C 

| D ice 
F E 

The degree or valency or order of a vertex is the number of edges incident to it. 
K ric 

- Degree 2 because 2 edges meet here. | Vertex | Degree Notation | 

2 A vertex and 

K 5) an edge are 

1 us| incident if the 

uM 4 vertex is at either 

end of the edge. 
N N if 
H <b 

If the degree of a vertex is even, you say it 

has even degree, so J, K and M have 

even degree. Similarly vertices L and N 

have odd degree. 

e A subgraph is a part of the original graph. 
e The degree of a vertex is sometimes called 

the valency or order. 

A walk is a route through a graph along e Even degree means that a vertex has an even 

edges from one vertex to the next. number of incident edges. Odd degree means 

. ‘ the vertex has an odd number of incid 
A path is a walk in which no vertex is eee inclaent 

visited more than once. 



Graphs and networks 

= A trail is a walk in which no edge is visited more than once. Links } 
A trail which traverses 

= A cycle is a walk in which the end vertex is the same as the every arc and starts and ends 
start vertex and no other vertex is visited more than once. at the same vertex is called an 

= A Hamiltonian cycle is a cycle that includes every vertex. Eulerian circuit. -> Section 4.1 

In the graph below, an example of: 

a walk is RSUWVU + It is ok to include a vertex or an edge more than once on a walk. 

a pathis RSUVW 

a trailis RUSVUW 

acycle is RSUR -—————— tis not necessary to include every vertex in a cycle. 

a Hamiltonian cycle is RSUVWTR. 

S 
V 

If 

= Two vertices are connected if there is a path between them. A graph is connected if all its 
vertices are connected. 

E R PF 
| oP G 

V Jit H 5 

U 

This is a connected graph. This graph is not connected. 

A path can be found between any two vertices. There is no path from R to V, for example. 

= A loop is an edge that starts and finishes at the same vertex. 
A 
ee -———— This contains a loop from C to C. 

CG Saxlogn 
B S Vertex C has degree 3. 

= A simple graph is one in which there are no loops and there is at most one edge connecting 

any pair of vertices. 

multiple aA ; | 

eae This is not a simple graph because it 

: has two edges from D to E. 
E 

F 

C. 
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= If the edges of a graph have a direction associated with them they are known as directed 

edges and the graph is known as a directed graph, often abbreviated to digraph. 

Q 

S 

® In any undirected graph, the sum of the degrees of the vertices is equal to 

2 x the number of edges. As a consequence, the number of odd vertices must be even, 

including possibly zero. This result is known as Euler’s handshaking lemma. 

a Find the sum of the valencies of the vertices in this graph. 

b Verify that your answer to part a 1s twice the number of edges F 

in the graph. 

Vertex 

Notice that the number of vertices of odd degree 

is even (there are 4 of them). 

If each vertex represents a person and each edge 

indicates that two people have shaken hands, 

then the number of people who have shaken 

hands an odd number of times must be even. 

b The graph has 9 edges. 

JUNO Valenicies = 16 =x 9 

A graph has 5 nodes and 8 edges. The valencies of the nodes are x, x — 1, x + 1,2x —l and x— 1. 

= 2 x number of edges 

Find the value of x. 

| Sum of valencies 

=xX+x-14+x%4+14+2x-14+x-1 

=6x-2 

Sum of valencies = 2 x number of edges 

2x6 = 16 Problem-solving 
léx= 2216 

nein Use Euler’s handshaking lemma to formulate an 

7 equation in x. 
X= 
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Exercise (2B) 

1 

Graphs and networks 

Draw a connected graph with: 

a one vertex of degree 4 and four vertices of degree | 

b three vertices of degree 2, one of degree 3 and one of degree | 

¢ two vertices of degree 2, two of degree 3 and one of degree 4. 

F G K 

if H 

U V 

® 

W 

o JL, 

For the graph on the right, state: A : 

a four paths from F to D 

b acycle passing through F and D F 

c the degree of each vertex. 

E D 
Use the graph to: 

d draw a subgraph Notation | A lemma is a mathematical fact used 

as a stepping stone to more important results. 

Which of the graphs below are not simple? 

aa D 

B E 

c 1B 

| ™ | S R 

In question 2, which graphs are not connected? 

b 

d 

e confirm the handshaking lemma. 

N 
Repeat question 4 parts ¢c, d and e using this graph: 

Show that it is possible to draw a graph with: 

a an even number of vertices of even degree 

b an odd number of vertices of even degree. 

¢ It is not possible to draw a graph with an odd number of vertices of odd degree. Explain why not. 

at 
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7 Copy the diagram and complete a digraph 2¢e 16¢@ 

for the relationship ‘is a factor of’. 

4e § @ 

C) 8 a Explain what is meant by a Hamiltonian cycle. (2 marks) le 

b For this graph, list all of the Hamiltonian cycles 

that start from the vertex P. (4 marks) T O 

c Explain what is meant by a subgraph. (2 marks) 

d Draw a subgraph of this graph with 4 vertices. (1 mark) 

€) Special types of graph 

You need to know about the following special types of graph. 

= A tree is a connected graph with no cycles. 

A tree This is not a tree. 

It contains cycle RTUSR. 

= A spanning tree of a graph, G, is a subgraph which includes all the vertices of Gand is also 

a tree. 

For example, starting with this graph: 

B D 

A F 

G E 

possible spanning trees are: 

B D B D 

or 

A ie A F 

e EE C E 

There are many other possible spanning trees. 
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Graphs and networks 

= Acomplete graph is a graph in which every vertex is directly connected by a single edge to 
each of the other vertices. 

' Notation ] The complete graph 

with n vertices is written as K,. 

K, K, re 

6 

= lsomorphic graphs are graphs which show the same information but may be drawn differently. 

For example, 

is isomorphic to: 

and R Ww 

M N P O s y 

For two graphs to be isomorphic, they must have the same numbers of vertices of the same degrees, 

and these vertices must also be connected together in the same ways: if there is an edge between two 

vertices in one graph, then there is also an edge between the two corresponding vertices in the other 

graph. 

If graphs are isomorphic it is possible to pair equivalent vertices. 

In this case, 

e Acan be paired with J in the first graph and R in the second. 

e Bcan be paired with / in the first graph and Tin the second. 

¢ Ccan be paired with N in the first graph and S in the second. 

¢ Dcanbe paired with L in the first graph and V in the second. 

e Ecan be paired with Q in the first graph and W in the second. 

e F canbe paired with P in the first graph and U'in the second. 

e Gcan be paired with K in the first graph and_X in the second. 
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Exercise ee) 

1 State which of the following graphs are trees. 

PES ae 
(P) 2 There are 11 spanning trees for the graph shown on the right. 

Draw them all. 
G 

iB D 

3 Identify a complete subgraph of this graph that has 4 vertices. a P 

A 

D 

F E 

4 Identify which of graphs A, B and C are isomorphic 

to the graph shown on the right. 

: 
BD 

«) 5 a Define the terms: 

Entice (i mark) 

ii spanning tree. (1 mark) 

b Explain why it is not possible to construct a spanning tree for this graph. (1 mark) 

6 a Draw K,. (2 marks) 

b State the degree of each vertex in the graph K,,. (1 mark) 

c Find the total number of edges in the graph Kp. (2 marks) 

Challenge Ci Not counting isomorphic graphs, there 

Draw all possible connected graphs with three edges. are 11 such graphs. 
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2.4) Representing graphs and networks using matrices 

| You can use an adjacency matrix to represent a graph or network. The adjacency matrix provides 
| information about the connections between the vertices ina graph. 

=» Each entry in an adjacency matrix describes the number of arcs joining the corresponding 
vertices. 

Use an adjacency matrix to represent this graph. 

| A Bre oD ak 

A O 1 Ore WEL JOe AO 
ie 5 , Deas t Watch out } You should be able to write down 

| L. the adjacency matrix given the graph, and draw a 

Grr Oo 1 O 1 1 O | graph given the adjacency matrix. 

DAO, O 1 Ons ue) 1 
Pale This indicates that there are 2 direct connections 

2 — between Band E. 

Ft a0 prs ie 2 | 
: J This indicates a loop from F to F. It could be 

travelled in either direction, and hence counts as 2. 

The matrix associated with a weighted graph is called a distance matrix. 

= Ina distance matrix, the entries represent the weight of each arc, not the number of arcs. 

Use a distance matrix to represent this network. 

A B ¢ D E 

A — 1 16 — — 

B he = IS) ZO 

Se ie ae ae = | , Watch out } You should be able to write down 
D ee ZO =, IG the distance matrix given the network and draw 

E the network given the distance matrix. 
— 23 = 16 — a 

If the network has directed edges the distance 

Notice that the matrix is symmetrical about the matrix will not be symmetrical. 

leading diagonal (top left to bottom right). This 

will be the case for any non-directed network. 
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Use a distance matrix to represent this directed network. 

Res = tae ty = Hy 

Ra = 1 

Se a == 46 

JR 1 oo _- ro) — —— 
f 

(ie |e pe ks @ ee 

V ea = 
1 

ia) SO a) me BS) 

Exercise 2D) 

1 

Cac This matrix is not symmetrical about 

the leading diagonal. 

a This shows a direct link of weight 9 from W to V. 

Use an adjacency matrix to represent the graph above. 

2 Draw a graph corresponding to each adjacency matrix. 
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This indicates a direct link of weight 7 from V to U. 

G 

F 

E 

b UR Gan. 
rani stew 
Bois ai0) a0 al 
Gall 0b Oo ae 
Dales” bc ae eae) 

d Heh ne aD: 
MIMO} =o 8 0ieu 
rae Te ih 
EN (re aiken the il 
Dig GalOS war ee) 



Graphs and networks 

3 Draw the network corresponding to each distance matrix. 

a eB eC Sk b ae ae Cee pees 
Wiles Wy) patiint’ ¢ 693 aye (oes 
Blot i ae ee B 20) sis) ein 
pe aN = 18 141 |S ae ee 
Dans 18 =. 22 peer Gr eee) «== 910) 
| Dhue” Ve je Nicest see 

je) Setar 

B 11 E 

A 
Dan i0 ie 

E) 5 a Draw a graph to represent this adjacency matrix. 

A B Gar {D) E 

A 0 2 0 0 ] 

B we 0 1 () 1 t Watch out ) This is an adjacency matrix, not a 

C 0 1 0) 1 1 distance matrix. 

D 0 0 ] 0 l 

E I I I 0 (3 marks) 

b For this graph, a spanning tree may be drawn such that one vertex connects to every edge. 

Which vertex is this? (1 mark) 

c Draw the spanning tree referred to in part b. (2 marks) 

ED The planarity algorithm 

You need to be able to determine whether a graph is planar. 

= Aplanar graph is one that can be drawn in a plane such that no two edges meet except at a 

vertex. 

Both of these graphs have edges crossing, so it 

appears that neither is planar. However, K,,can 

be drawn with no edges crossing. 
K Re 

The same cannot be done with K,. It follows that This version of K, shows the 

K,, is planar, but Kz is not. -———— same connections, but this 

time no edges cross. 
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If a graph contains a Hamiltonian cycle then it is possible to apply an algorithm to determine whether 

the graph is planar. 

= The planarity algorithm can be applied to graphs that contain a Hamiltonian cycle. The steps 

are as follows: 

1 Identify a Hamiltonian cycle. 

Draw a polygon with vertices labelled to match 

the ones in the Hamiltonian cycle. 

Draw edges inside the polygon to match 

the edges of the original graph not already 

represented by the polygon itself. 

Make a list of all edges inside the polygon, in 

any order. 

Try to draw a regular polygon as this 

makes things clearer. 

This is a list of all the edges in the 

original graph that are not part of the 

Hamiltonian cycle. You will attempt 

to show how the graph can be drawn 

in a planar way by choosing edges to 
5 Choose any unlabelled edge in your list and 

label it ‘I’. If all edges are now labelled then the 

graph is planar. 

draw inside (‘I’) and outside (‘0’) the 

Hamiltonian cycle. 

6 Look at any unlabelled edges that cross the 

edge(s) just labelled: 

e |f there are none, then go back to step 5 

e |f any of these edges cross each other, then 

the graph is non-planar. 

e If none of these edges cross each other, give if the last set of edges were labelled ‘!, 

them the opposite label to the edge(s) just then the ‘opposite label’ would be ‘O’, and 
labelled. vice versa. 

e lf all edges are now labelled, the graph is 

planar. Otherwise, go back to the start of 

step 6. 

A pair of edges that cross inside the Hamiltonian cycle would also cross if they were both drawn 

outside the Hamiltonian cycle. This algorithm attempts to partition the edges not in the Hamiltonian 

cycle into two sets: those that can be drawn inside the cycle, and those that can be drawn outside it. If 

the algorithm determines that the graph is planar, you can draw it without crossings by drawing any 

edges labelled ‘I’ inside the Hamiltonian cycle, and any edges labelled ‘O’ outside. 

Use the planarity algorithm to determine 

whether this graph is planar. 
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Steps 2, 3: 

A B 

H D 

es E i 

G F 

Step 4: AE, AF, BH, BE, DH, FC, GH 

| Step 5: AE(|), AF, BH, BE, DH, FC, GH ia 

_ Step 6: Edge just labelled ‘I’: AE 

| Unlabelled edges that cross AE: BH and 

| DH | Lo 

_ AE(\), AF, BH(O), BE, DH(O), FC, GH 

| AF and BE 

AE\(\), AF(\), BH(O), BE(\), DH(O), FC, GH 

| Step 6: Edges just labelled ‘I’: AF and BE 

| Unlabelled edges that cross AF or BE: none | 

| Step 6: Edge just labelled ‘!: FC 

| Stee 5: 

—~AL(|), AF()), BH(O), BE(|), DH(O), EC) GH 

| Step 6: Edges just labelled ‘O°: BH and DH 

Unlabelled edges that cross BH or DH: | 

———_——_ 

| Unlabelled edges that cross FC: GH 

AE(\), AF(), BH(O), BE(|), DH(O), FC(|), GH(O) 

All edges are labelled so the graph is planar: — 

Graphs and networks 

Draw your Hamiltonian cycle as a regular octagon, 

then add the remaining edges to create a graph 

that is isomorphic to the given graph. Be careful 

when labelling your vertices. The order around 

the polygon should be the same as the order in 

the Hamiltonian cycle. 

Count to check: there are 7 edges inside the 

polygon so there should be 7 edges in your list. 

Choose any edge to start and label it ‘I’. 

Edges BH and DH cross AE and are unlabelled. 

They don’t cross each other, so label them ‘O’. The 

graph still contains unlabelled edges, so go back 

to the start of step 6. 

Consider all the edges that cross any of those 

just labelled. AE also crosses, but it is labelled 

already, so you don’t need to include it. AF and 

BE do not cross each other, so label them ‘I’, and 

go back to the start of step 6. 

BH, BE and DH all cross the edges just labelled, 

but they are already labelled. Go back to step 5. 

Choose either of the unlabelled edges and label 

ie Ls 

, Watch out ) You can demonstrate the completed 

algorithm by giving each edge inside the 

Hamiltonian cycle with its label, but the safest 

way to check your answer and show that the 

graph is planar is to draw an isomorphic graph in 

a planar way. Draw any edges labelled ‘I’ inside 

the Hamiltonian cycle, and any edges labelled ‘O’ 

outside the Hamiltonian cycle. 
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ET (3 

An electronics company attaches components A, B, C, D, Eand F toa circuit board. These . 

components are to be connected by wires that are not allowed to cross. The table gives information 

about the connections. 

In the table, each connection is only represented 

once. For example, the connection from A to Bis 

shown, but not the connection from B to A. 

Using the Hamiltonian cycle ABCDEFA, apply the planarity algorithm to determine whether the 

connections can be made without any wires crossing. 

Step 1: A Hamiltonian cycle is ABCDEFA. = You should use the given Hamiltonian cycle. 

| Sites 2.3: Draw a graph showing all the connections 

| ie B in the table. 

| F E 

E D 

Step 4: AD, AE, BD, BE, BF, CE, DF 

| Step 5: AD(|), AE, BD, BE, BF. CE, DF Problem-solving 

Step 6: Edge just labelled ‘I’: AD You could produce a written argument to 
Unlabelled edges that cross AD: BE, BF, CE / mirror the working shown in the algorithm: 

_ AD(|), AE, BD, BE(O), BF(O), CE(©), DF BE, BF and CE must all be in the same set 
Step 6: Edges just labelled ‘O: BE, BF. CE ie or outside), as they are all crossed 

Unlabelled edges that cross BE, BF or CE: AE, ee 
AE and DF must therefore also be in the 
same set (inside or outside), as they each 

cross at least one of BE, BF and CE. 

But AE and DF cross, so the graph cannot 
be drawn without crossings. 

EDD: 

AE and DF cross each other, so the graph is non- 

_ planar. The connections cannot be made without 

_ wires crossing, 

Exercise (2) 

1 a Explain why there is no Hamiltonian cycle that begins B 
7.051 Ome (2 marks) 

b Complete a Hamiltonian cycle that starts with ABE... (1 mark) a : 
c Use the planarity algorithm to show that this graph is 

planar. (3 marks) 

E D 
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2 a Define what is meant by a planar graph. 

A E 

B F 

6 G 

D H 

b Starting at A, find a Hamiltonian cycle for the graph shown. 

¢ Use the planarity algorithm to determine whether or not the graph is planar. 

You must make your working clear and justify your answer. 

3 Electronic components P, Q, R, S, T and U are attached to a circuit board. 

The table shows the connections to be made with wires between the components. 

Each connection is shown only once. 

Component Connects directly to 

Pp. ORD E ted WG! 

O 5 4 6 

R Lye) 

S Ui 

ii U 
a Draw a graph to represent the connections between the components. 

b Determine whether or not the connections can be made without crossing any wires. 

A new connection is required between R and S. 

connection will affect your answer to part b. 

electricity (£) supplies. 
Lei evens ar FES 

eee) ee 
QM © 

such a way that no two supply lines cross each other. 

Challenge 

A B 

E C 

D 

a Explain why the planarity algorithm cannot be used to 

determine whether or not this graph is planar. 

b Show that the graph is planar. 

(2 marks) 

(1 mark) 

(4 marks) 

(2 marks) 

(4 marks) 

ec Apply the planarity algorithm a second time to determine whether the addition of this 

(4 marks) 

4 The diagram shows three houses that must each be connected to gas (G), water (W) and 

Use the planarity algorithm on a suitable graph to show that it is not possible to do this in 

(6 marks) 
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Mixed exercise 

1 A, B, Cand D are four towns. The distance matrix shows the direct distances by road between 

the towns in kilometres. 

een. wD 
eit =— See ts) 6 
Reet eee ee © 
Gal) Mita eee we => Te 
ip | 2 eUe hic 

Draw a weighted graph to show this information. 

2 Which of these graphs are isomorphic? 

4 
x 

ene 
b c 

© 

g h ee 

3 a Drawa graph with eight vertices, all of degree 1. 

b Draw a graph with eight vertices, all of degree 2, so that the graph 1s: 

i connected and simple ii not connected and simple iii not connected and not simple. 

4 a Describe the difference between a distance matrix and an adjacency matrix. 

b Use a distance matrix to represent the network below. 

c Draw a spanning tree for this network and state the weight of your spanning tree. 

(P) 5 Write an expression for the number of edges in a spanning tree containing v vertices. 

6 Write down all the possible routes from P to R 
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Graphs and networks 

€) 7 The diagram shows a graph. 

A 

E B 

D G 

a Write down the valency of vertex A. (1 mark) 
b Identify: 

i apath from Bto D (1 mark) 

ii a cycle. (1 mark) 

c¢ Sketch: 

i aspanning tree for this graph (1 mark) 

ii a complete subgraph of this graph. (2 marks) 

:/P) 8 a Explain why it is not possible to draw a graph with exactly four vertices with degrees 3, 1, 2 

and 1. (i mark) 

A connected graph has exactly four vertices and 10 edges. The degrees of the vertices are k* — 3k, 

kA +1,8-—kand k —4 respectively. 

b Find the value of k. (3 marks) 

9 A Hamiltonian cycle for this graph begins AGB... 

A E 

B Jah 

€ G 

D H 

a Complete the Hamiltonian cycle. (2 marks) 

b Use the planarity algorithm to determine whether the graph is planar. (4 marks) 

E/P) 10 - lp 

i C 

E D 

a Write down a Hamiltonian cycle starting from A. (2 marks) 

b Show that this graph is planar by using the planarity algorithm. (4 marks) 

Arc AB is added to the graph. 

c Use the planarity algorithm to show that the new graph is non-planar. (4 marks) 
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Challenge 

The diagram shows a connected planar graph. The finite regions 

of the graph are shaded in different colours. 

Let V denote the number of vertices, E denote the number of 

edges, and R denote the number of finite regions in a connected, 

planar graph. 

a For the graph above, verify that V+ R- E=1. 

b Draw a graph with one vertex and four edges, and verify that 

Ve R-ES kb 

c Explain why the relationship V+ R- E = 1 holds for any graph 

with one vertex. 

A contraction of an edge in a graph glues together adjacent 

vertices, creating a graph with one fewer vertex. This diagram 

shows the above graph with one edge contracted. 

d Given that Gis a planar connected graph, and that G’ is the 

graph formed by contracting one edge of G, show that if the 

relationship V+ R- E = 1 holds for G’, then it must hold for G. 

e Using your results from parts ¢ and d, show that the Links ) In part e, use proof by 
relationship V+ R— E=1 holds for all planar connected induction. 
graphs. €- Core Pure Book 1, Chapter 8 

Summary of key points 

1 A graph consists of points (called vertices or nodes) which are connected by lines (edges or 
arcs). 

2 If a graph has a number associated with each edge (usually called its weight), then the graph is 
known as a weighted graph or network. 

3 A subgraph is a graph, each of whose vertices belongs to the original graph and each of whose 
edges belongs to the original graph. It is part of the original graph. 

4 The degree (or valency or order) of a vertex is the number of edges incident to it. 
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5 If the degree of a vertex is even, you say that it has even degree. If the degree of a vertex is 
odd it has odd degree. 

6 Awalk is a route through a graph along edges from one vertex to the next. 

7 A path is a walk in which no vertex is visited more than once. 

8 A trail is a walk in which no edge is visited more than once. 

9 A cycle is a walk in which the end vertex is the same as the start vertex and no other vertex is 
visited more than once. 

10 A Hamiltonian cycle is a cycle that includes every vertex. 

11 Two vertices are connected if there is a path between them. A graph is connected if all its 
vertices are connected. 

12 A loop is an edge that starts and finishes at the same vertex. 

13 A simple graph is one in which there are no loops and there is at most one edge connecting 

any pair of vertices. 

14 If the edges of a graph have a direction associated with them they are known as directed 

edges and the graph is known as a directed graph (or digraph). 

15 In any undirected graph, the sum of the degrees of the vertices is equal to 2 x the number of 

edges. As a consequence, the number of odd nodes must be even. This result is called Euler's 

handshaking lemma. 

16 A tree is a connected graph with no cycles. 

17 A spanning tree of a graph is a subgraph which includes all the vertices of the original graph 

and is also a tree. 

18 A complete graph is a graph in which every vertex is directly connected by a single edge to 

each of the other vertices. 

19 Isomorphic graphs are graphs which show the same information but may be drawn differently. 

20 Each entry in an adjacency matrix describes the number of arcs joining the corresponding 

vertices. 

21 |Inadistance matrix, the entries represent the weight of each arc, not the number of arcs. 

22 A planar graph is one that can be drawn in a plane such that no two edges meet except at a 

vertex. 

23 The planarity algorithm may be applied to any graph that contains a Hamiltonian cycle. 

It provides a method of redrawing the graph in such a way that it becomes clear whether or 

not it is planar. 
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Algorithms on 
graphs 

After completing this chapter you should be able to: 

@ Use Kruskal’s algorithm to find a minimum spanning tree 

— pages 53-57 

@ Use Prim’s algorithm on a network to find a minimum 

spanning tree — pages 57-59 

Apply Prim’s algorithm to a distance matrix — pages 60-65 

Use Dijkstra’s algorithm to find the shortest path between 

two vertices in a network > pages 66-73 

e Use Floyd’s algorithm — pages 73-79 

til O2-UK 

Prior knowledge check 

The diagram shows a weighted network. 

ai! "Map apps model roads as arcs 
ert on a graph, and add weightings 

dhs depending on traffic conditions. 

: By finding the shortest path 

[aaa on the graph, the website can 

=. compute the quickest routetoa — 

destination. — Exercise 3D Q7 

RES a 

State the order of vertex C. 

Draw a distance matrix for this network. 

Find a spanning tree with total weight less than 

40. State clearly which arcs are included in your 

spanning tree and its total weight. © Chapter 2 
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3.1) Kruskal’s algorithm 

You can use Kruskal’s algorithm to find a minimum spanning tree. This can tell you the shortest, 
cheapest or fastest way of linking all the nodes in a network. 

= A minimum spanning tree (MST) is a spanning tree such that sometimes called a 
the total length of its arcs (edges) is as small as possible. minimum connector. 

= Kruskal’s algorithm can be used to find a minimum spanning tree: 

1 Sort all the arcs (edges) into ascending order of weight. 

2 Select the arc of least weight to start the tree. 

Dahie 3 Consider the next arc of least weight. Explore 

e If it would form a cycle with the arcs already selected, reject it. Kruskal's algorithm 
e If it does not form a cycle, add it to the tree. using GeoGebra. 
If there is a choice of equal arcs, consider each in turn. 

4 Repeat step 3 until all vertices are connected. 

Use Kruskal’s algorithm to find a minimum spanning tree for this network. List the arcs in the 

order that you consider them. State the weight of your tree. 

In a network of n vertices a spa nning tree will always 

have (n - 1) arcs. In this case there will be 4 arcs in 
the spanning tree. bal 

_ By inspection the order of the arcs Is AE and BC could have been written in either 
DE(A4), AE(5), BC(5), AD(G), BD(G), AB(7), —————_ order, as both have weight 5. In the same way, AD 

~CD(8). and BD could have been written in either order. 

Start with DE. 

apie re: 

8° 
B 

oe You do not need to draw each of these diagrams. 

| eee The list of arcs, in order, with your decision about 

nes ois rejecting or adding them, is sufficient to make 

oe your method clear. 
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~ necessarily remain conne 
finished spanning tree m 

Add BD. 

All vertices are connected so this is a 

“minimum spanning tree. 

Its weight is 5+4+6+5=20 

Use Kruskal’s algorithm and show that there are 

four minimum spanning trees for this network. 

State their weight. 

| Order of ares 

| length 6: AD and BC 

length 10: AC and CD | ' Online ) Explore Kruskal's algorithm using cy 
length 1: EF | GeoGebra. 
length 12: CE and DE 

‘length 13: DF 

length 14: BE 

Spanning tree 

| Start with AD. te 8 =H) 

| — Con ae 

i? ig 

Ae a Se 
Ce . Sar 

B E 
—_— ~ 
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Add BC. 

Add AC. 

Reject CD (it forms a cycle ACDA). 

Add EF. 

(using AC and CE) | 

The other three solutions are 

(using AC and DE) 

| 

(using CD and CE) | 

. Watch out J You need to consider all the arcs ine 

turn, even when they have equal weight. Ifyou 
start with AD then you have to consider BC next. 
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The weight of each tree is 

(8+8+104+N+12=49 ~ 

Chapter 3 

(using CD and DE) | 

Exercise 3A) 

1 Use Kruskal’s algorithm to find minimum spanning trees for each of these networks. State the 

EP) 2 

56 

weight of each tree. You must list the arcs in the order in which you consider them. 

a State what is meant by: 
t 
1 atree 

ii a minimum spanning tree. 

b Use Kruskal’s algorithm to find a minimum spanning tree for this network. 

¢ Draw the minimum spanning tree found in part b. 

d State, giving a reason, whether this minimum spanning tree is unique. 

(1 mark) 

(1 mark) 

(3 marks) 

(1 mark) 

(1 mark) 
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>) 3 Draw a network in which: 

a the three shortest edges form part of the minimum connector (MST) 

b not all of the three shortest edges form part of the minimum connector. 

E) 4 The diagram shows nine estates and the distances between them in kilometres. A cable TV 
company plans to link up the estates. 

Claver 

2.8 Cedars 

Haversham 

343 

Ritchie 
1.1 

Plumptree 3.1 Edwards Shrewsbury 

a Find a minimum spanning tree for the network using Kruskal’s algorithm. List the arcs in the 

order that they were added to the tree. -. ie (4 marks) 

b Use your answer to part a to find the minimum mene of cable required to link all the estates 

together. (1 mark) 

€D Prim’s algorithm 

= Prim’s algorithm can be used to find a minimum spanning tree: 

1 Choose any vertex to start the tree. CED Prim’s algorithm 
FI eth t ead th considers vertices, 

2 e Select an arc of least weight that joins a vertex a rea yin the Where lc 

tree to a vertex not yet in the tree. | sieoninm cones 

e If there is a choice of arcs of equal weight, choose any of them. edges. 

3 Repeat step 2 until all the vertices are connected. 

Online Explore Prim's algorithm using 
GeoGebra. 

: Cac In your exam, you may be asked to 

use Prim’s or Kruskal’s algorithm. You must know 

which is which. 

Use Prim’s algorithm to find a minimum spanning tree for the network above. List the arcs in the 

order in which you add them to your tree. 
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| Ghoose to start the tree at A. 

| Add the arc of least weight, AF, to the tree. 

| Arcs added in this order: AF, AD, DC, AB, AE. | 

58 

The arcs to consider are those linking A to another 

vertex: AF(8), AB(9), AD(9), AE(11) and AC(12). 

Add the one of least weight, AF, to the tree. 

Now consider arcs that link either A or Ftoa 

vertex not in the tree: AB(9), AD(9), AE(11), 

AC(12), FE(12) and FB(15). 

Add the arc of least weight, from A or F, that 

introduces a new vertex to the tree. In this case 

there are two arcs of least weight, AD and AB. 

You can choose either. In this case, AD is chosen. 

The arcs linking A, F and D to the remaining 

vertices are AB(Q), AE(11), AC(12), FE(12), 

FB(15), DC(8), DE(14). The one of least weight is 

IDE 

The arcs linking A, F, D and C to the remaining 

vertices (Band E) are ABQ), AE(11), FE(12), 

FB(15), DE(14), CB(10). The one of least weight 

is AB. 

The arcs linking A, F, D, Cand B to the remaining 
vertex, £, are AE(11), FE(12), DE(14). The one of 

least weight is AE. 

Cp Notice that with Prim’s algorithm the tree 
always grows in a connected fashion. The arcs 
do not jump around as they sometimes do in 
Kruskal’s algorithm. 



Algorithms on graphs 

Exercise 3B) 

1 Repeat Question 1 in Exercise 3A using Prim’s algorithm. Start at vertex A each time. 

2 Describe two differences between Prim’s algorithm and Kruskal’s algorithm. 

€) 3 The network shows the distances, 
in kilometres, between eight weather 
monitoring stations. The eight stations 
need to be linked together with 

underground cables. 

a Use Prim’s algorithm, starting at A, 

to find a minimum spanning tree. 

You must make your order of arc selection clear. (3 marks) 

b Given that cable costs £850 per kilometre to lay, find the minimum cost of linking these weather 

stations. (1 mark) 

The network shows ten villages and the costs, in thousands of pounds, of connecting them with 

a new energy supply. 

a Use Prim’s algorithm, starting at P, to find the energy supply network that would connect all 

ten villages for minimum cost. (3 marks) 

b Draw your minimum connector and state its cost. (2 marks) 

c Unforeseen problems with the link between villages Wand X mean that the cost of connecting 

them rises to £34000. Explain how this affects your minimum spanning tree. (2 marks) 

P) 5 a Explain why it is not necessary to check for cycles when using Prim’s algorithm. (1 mark) 

b Use Prim’s algorithm, starting at A, to find a minimum spanning tree for this network. 

You must make your order of arc selection clear. (3 marks) 

c State, with a reason, whether this minimum spanning tree is unique. (2 marks) 
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€) Applying Prim’s algorithm to a distance matrix 

Networks (especially large ones) are often described using distance matrices. This is a convenient way 

to input a large network into a computer. You can apply Prim’s algorithm directly to a distance matrix, 

which makes it more convenient for computer applications. 

= The distance matrix form of Prim’s algorithm is: 

1 Choose any vertex to start the tree. 

2 Delete the row in the matrix for the chosen vertex. 

3 Number the column in the matrix for the chosen vertex. 

4 Put a ring round the lowest undeleted entry in the numbered 

columns. (If there is an equal choice, choose randomly.) 

5 The ringed entry becomes the next arc to be added to the tree. 

6 Repeat steps 2, 3, 4 and 5 until all rows have been deleted. 

ET) Cs 

Apply Prim’s algorithm to the distance matrix 

to find a minimum spanning tree. 

Start at A. 

| The first arc is AC. 
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|The second arc is AD. 

| 

| 

ae ie) 
2 TA 

2 E | Cr You do not. need to shy all of these 
tables. The final annotated table, plus a list of arcs 

eee ame ‘in verdes is sufficient to make your method clear. 

| 
| 

The minimum spanning tree is: 

A B 

lts weight is 12 + Zot Wty 2) 
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Here is the distance matrix used in Example 4. 

a Work out the number of comparisons 

required to complete Prim’s algorithm. 

b Work out the number of comparisons 

required for an n x n distance matrix. 

c State the order of this implementation 

of Prim’s algorithm in terms of the number 

of vertices, n. 

a Once test vertex has been selected, | 

you need to choose the least of 5 —1=4 | 

values in a single column. | 

| 

| 
| 

| | 
ie ee ee ae 

ie ee a oe oe 
ee ee cee 
Gui wea) wee 28 ey | 
Doles ats 2a = Fa | 
1S th GO” Cree Se 

This requires 4 — 1 = 3 comparisons. 

Once the 2nd vertex has been selected, 

_ there are 2 columns to consider. 

The number of values in each column | 

iso —§2 = 4 S© tiene are a turcher 

| 3x 2-—1=5 comparisons to make. | 

Once the 3rd vertex has been selected, 

there are 3 columns to consider. 

The number of values in each column 

is 5 = 3 = 2 So there are a further | 

2 x 3-1 =5 comparisons to make. 

_ Once the 4th vertex has been selected, 

there are 4 columns to consider. 
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A B C D E 

A — Pai) 2 23 74 

B | ~ 47 15 71 

€ 12 47 2 28 87 

D 23 15 28 = 5 

EB 74 | 87 75 = 
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The number of values in each column is 

5 —4=1s0 there are a further This corresponds roughly to the number of steps 
1x 4-1 = 3 comparisons to make. | a computer program would have to carry out in 
The total number of comparisons is order to execute Prim’s algorithm on this distance 
Siete ere Oo =e = matrix. 

b Starting with ann x n matrix, the row | Problem-solving 
correspo ding to the starting vertex is é ; Ann x n distance matrix corresponds to a network 

with n vertices. By considering the number of 

comparisons needed in an n x n distance matrix, 

you can determine the order of Prim’s algorithm 

when applied to a network with n vertices. 

crosséd out, leaving n — 1 values in the 
corresponding column. The smallest of 
these is to be found. This requires 

(n — 1) — comparisons. 

At each stage, the number of columns 
fae 
eee) lene vic nicer After the rth vertex has been selected you will 

oy need to find the least of (7 — r) x r values, which 

requires (1 — r) x r— 1 comparisons. 

values remaining in each of those columns 

reduces by 1.+ 

The total number of comparisons required 

to complete the algorithm is given by 
Use S71 =n, Sy =5n(n + 1) and 

(2-1)x1-1)+(m- 2)x 2-1) 4+ (m- 3) | r=1 r=1 

x3-1+..4+(n-(n-1))x(n-1)-1) | Dir? = inn + 1)(2n+ 1) 
r=1 n—| 

SiG p41) < Core Pure Book 1, Chapter 3 
t=) 

f= | n—' 

Re Le = De! As a check, when n = 5, this gives 
_ OSes son om 

=n(>(n —1)n) - £m — 1)n(2n -1)-(n-1) +! | ee ee 
which is the result found in part a. 

16 

3 3n7(n — 1) — n(n — 1)(2n — 1) — Gin — 1) 

: GE 
f= Fa ac | When determining the order of an algorithm, you 

= B ‘ __ only need to consider the highest power of n. Asn 

gets large, the n? term will have the largest effect 

on the runtime of the algorithm. 
ce The order of Prim’s algorithm is n°. 

Exercise eo) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

1* Apply Prim’s algorithm to the distance matrices below. List the arcs in order of selection and 

state the weight of your minimum spanning tree. 

a A Toi 8 KG Be Se as b nS: Te UV 

A top 20 ae, 25° - 9 | ie ee 0 eS tee 

Beals = 30. 2 38 28 4 S928) “a 16, 19 a3 

Ge) 0 36 435) 38). 22 T |} 30 16 j—- 22 41 

D | 34 38 43 - +26 40 Ce Ce 

Loa Senos aloe = = Sl V |} 41 43 41 37 - 

1A) ae AUT SL = 
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2* The table shows the distance, in miles, between five cities. It is intended to link these 

five cities by a transit system. 

Birmingham | Nottingham Lincoln Stoke Manchester 

Birmingham - 164 100 49 88 

Nottingham 164 - oa [ees 74 

Lincoln 100 Saif — 86 

Stoke 49 56 90 

Manchester 88 74 86 

Use Prim’s algorithm, starting at Birmingham, to find the minimum total length of a 

transit system linking all five cities. You must list the arcs in order of selection and state 

the weight of your tree. 

3* The matrix shows the costs, in euros per 1000 words, of translating appliance 

instruction ianals pele on languages. 3 4 

ie See CR es MS ve 
Me 84 —__53 35 _ 47 - 42 

B 84 ~ 71 3 142 61 is - 

ele Oe - 59 - 
pa aso y Sito ~ ~ 58 67 i Bey! - 

jie ~ 142 ~ 58 = 168 __ 159.48 

y os -6}——_————67 168 - = 73 

G = i = A NOC - 52 
sé Mle rs Sips ~ - 48 WS a2 — 

a Use Prim’s algorithm, starting from language D, to find the cost of translating an 
instruction manual of 3000 words from D into the seven other languages. (4 marks) 

b Draw your minimum spanning tree. (1 mark) 

A manual is written in language E and needs to be translated into language G. 
The table shows that it costs 159 euros per 1000 words to translate from language E to G. 

c Give a reason why: 

i it might be decided not to translate directly from E to G 
ii it might be decided to translate directly. (2 marks) 
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'P) 4* The table shows the distances, in miles, between nine oil rigs and the depot XY. 
Pipes are to be laid to connect the rigs and the depot. 

| «LL ee SMe Cola Deane San a ine 
| ees Parco ae ea ate a ead 
| ae ee 7. ai me ey Tore 472 Baio! Seago Mosinee 
| PaO 8=—30—SC—«<“ SS 1G Oe 

CL | SE ei ee re 2 Pays 
Pai DAN 50.) a PEST = 35 eee et. 
eal 26s ou, BE. Sao) esd Aves 5s (es GS 
Fiche Sle BAOL. tao ate oa SSRN e532 i de 4s) ea enLE 
Gin, AAWeLSO | don G0 Bate as EY eas 
eet en Sit A ao, eos) 3] a5) eed 
I fC CGE A OYon ee i ea, Be 7 

a Use Prim’s algorithm, starting at XY, to find a minimum spanning tree for 

the network. You must make the order of arc selection clear. (3 marks) 

A computer program finds this minimum : E 
re Se eee fee The specific way in which an algorithm 

Saaaner ae fies: See othe g Z is implemented can affect its efficiency. There are 

the computer program implements Prim’s alternative implementations of Prim’s algorithm 

algorithm with cubic order, that have quadratic complexity. In your exam you 
b estimate the time it would take this 5 will be told what order you need to use in your 

computer program to find a minimum calculations. -» Mixed exercise, Challenge 

spanning tree for a different network 

of 24 oil rigs and the depot. (2 marks) 

Oil rig A exhausts its supply and is closed down. 

c The distance between the depot and oil rig / is found to be incorrect. 

Give a possible value for this distance that: 

i will not affect the minimum spanning tree you found in part a 

ii will affect the minimum spanning tree you found in part a. 

Give a reason for each of your choices. (4 marks) 

65 



Chapter 3 

(3.4) Using Dijkstra’s algorithm to find the shortest path 

You can use Dijkstra’s algorithm to find the shortest path between two vertices ina network. This could 

be useful for finding the cheapest, shortest or quickest transportation route between two locations. 

= Dijkstra’s algorithm can be used to find the shortest path 

from S to 7 through a network: 

1 

2 

Label the start vertex, S, with the final label, 0. - 

Record a working value at every vertex, Y, that is directly 

connected to the vertex, that has just received its final label, X. 

e Working value at Y = final label at ¥ + weight of arc XY 

e |f there is already a working value at Y, it is only replaced if the 

new value is smaller. 

e Once a vertex has a final label, it is not revisited and its working 

values are no longer considered. 

Look at the working values at all vertices without final labels. 

Select the smallest working value. This now becomes the final 

label at that vertex. (If two vertices have the same smallest 

working value, either may be given its final label first.) 

Repeat steps 2 and 3 until the destination vertex, 7, receives its 

final label. 

To find the shortest path, trace back from T to S. Given that B 

already lies on the route, include arc 4B whenever: 

final label of B — final label of A = weight of arc AB 

GeoGebra. 

Use Dijkstra’s algorithm to find the shortest route from S to T in the network below. 

66 

vertices with boxes like this: 

Explore Dijkstra's algorithm using 

CED Dijkstra is pronounced 

‘Dike-Stra’. 

The algorithm makes 

use of labels. Start 

at the initial vertex 

and move through 

the network, putting 

working values (often 

called temporary labels) 

on each vertex. 

Each pass finds the 

shortest route to one of 

the vertices and records 

its final label (also 

called its permanent 

label). Once a vertex 

has its final label it is 

‘sealed’ and its working 

values are no longer 

considered. Continue 

in this way until the 

destination vertex is 

reached. 

Notation | To make the working clear you replace the 

Working values 

Vertex | Order of labelling | Final = 
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| The network becomes 
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| The length of the shortest route trom S tom ieee 
| To find the shortest route, start at T and trace back 
looking at final values and arc engths. 
| Check the arcs into T. 

| ie eeeetiS 50 CT is not on the route 

11-4 #8&so0 BT is not onthe route 
1 - 8=3 50 DT is on the route 

To get to Tin 11 you must have come from D. Continue 
| working back from D. 

_ The working is | , Watch out | Unless you are asked 
aes ce DT to explain how you obtained your 
[o> Pa BD | final route, you do not need to 
Wa 2S CB show all of this working. You can 
HE OREN SC | identify the shortest route from 
So the shortest route is | your fully labelled diagram by 
_SCBDT. length 11 | inspection. 

= You can use Dijkstra’s algorithm to find the shortest route between the start vertex and any 
other vertex with a final label. 

Use Dijkstra’s algorithm in this network to 

find the length of the shortest route: 

a from Ato H 

b from A to G. 

List the routes you use. 

| la The final diagram looks like this. It shows all 

the working needed to make the method clear. fine low 2st working el | 

é ena at Care both 8, 2 
_ either ¢ can be chosen first. 

heck that A ot — 

ag ite 
all 
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The length of the shortest route from A to His 22) 

There are two shortest routes: 

ABDEH and ACFH. 

b From the diagram, the length of the shortest route from 

A to Gis 24. " 

The route is ABDG,  GdidadededlA 
G already has a final value, so you do 

not need to implement the algorithm 

again. Just work backwards from G 

to A. 

= It is possible to use Dijkstra’s algorithm on networks with directed arcs. This is like trying to 

find a driving route where some of the roads are one-way streets. 

The network below represents part of a road system in a city. Some roads are one-way and these 

are indicated by directed arcs. The number on each arc represents the time, in minutes, to travel 

along that arc. 

a Show that there are two quickest routes B 4 D 7 G 

from A to J. Explain how you found : 

your routes from your labelled diagram. ra 

Road HT1 is closed due to roadworks. 

b Find the quickest route from A to /, 

avoiding HI. 

a The final diagram looks like this: 

Notice that 5 does not appear as a working value 

for vertex E since it is not possible to traverse 

directly from A to E. 
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The two quickest routes are 

ad CLD FG Hel and  ACDEFGHI r Watch out | 
| In this question you 

SInEcEe Since 
j are told to explain how you found 

laa Ree y We Nees LT, the route from your diagram, so you 

dees @ fais i 2 CH need to show these calculations. 
ee ef FG JO epee FG 

Epes Sy) DF 14- G=8 EF 

S225 CD SS Wb 
2-0=2 AC 5= 2=3 CD 

(Eee ROLE EE IAG 

Both are of length 19 minutes. 

b Removing HI from the network would leave a final value of 20 at I Start at I and find the route of | 

length 20. | 
2026 =14 "VET 

e=.= | DE 

Dine CD 

20,2 AC 

So the quickest route from A to I, avoiding HI, is ACDEL, of length 20 minutes. 

Exercise 3D) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1maths 

1* Use Dikstra’s algorithm to find the shortest route from S to 7 in each of the following networks. 

In each case, explain how you determined the shortest path from your fully labelled diagram. 

) 2* The network shows part of a road system in 

a city. The number on each arc gives the time, 4 

in minutes, it takes to travel along that arc. 

Use Dijkstra’s algorithm to find: ae Me 

a the quickest route from A to Q 9 ; 

and its length 

| W 
b the quickest route from A to L 

and its length 

c the quickest route from M to A and its length 

d the quickest route from P to A and its length. n 3 Pp 13 Q 
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3* Use Dijkstra’s algorithm to find the 

shortest route, and its length, from 

A to Fin this directed network. 

4* The network represents the lengths, in 

metres, of all the roads in a building site. 

A crane is needed for one day at 7. There are 

two cranes available on-site, one at S,, and 

the other at S. 

One of these two cranes will be moved to T. 

In order to minimise the cost it 1s decided 

to move the crane that is closest to 7. Use 

Diykstra’s algorithm to determine which 

crane should be moved. 

(7 marks) 
A 

Problem-solving 

It is possible to solve this problem with only one 

application of Dijkstra’s algorithm. Think carefully 

about the starting point. 

5*a Use Dijkstra’s algorithm to find the shortest 

route from A to H. Indicate how you 

obtained your shortest route from your 

labelled diagram. (6 marks) 

b Find the shortest route from 

A to H via G. (2 marks) 

c Find the shortest route from 

A to H, not using CE. (2 marks) 

©) 6* Use Dijkstra’s algorithm to find the shortest 

route from S to Tin this directed network. 

State the length of your route. (6 marks) 

12 
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(P) 7* A navigation app uses real-time data to determine 
driving times, between different locations. 

| The diagram shows a network of driving times, 
| in minutes, along roads joining ten locations. 

| a Use Dikstra’s algorithm to find the 
quickest route from S to T, and state 
the total driving time for this route. 

(6 marks) 

A driver is following this quickest route. Due to traffic congestion, the travel time 
between H and T increases from 5 minutes to 13 minutes. 

b State how this will affect the quickest route if this information is discovered: 
i before the start of the journey 
ii when the driver reaches point H. (4 marks) 

Dijkstra’s algorithm has quadratic order. 

ce If the app takes 0.026 seconds to apply Dijkstra’s algorithm to the above network, estimate the 
time it would take the app to compute the quickest route on a network with roads connecting 
40 different locations. (2 marks) 

d Explain why your answer to part ¢ is only an estimate. (1 mark) 

| ED Floyd’s algorithm 

You can use Floyd's algorithm to find the shortest path 

between every pair of vertices in a network. The algorithm algorithm will tell you the shortest 

produces two tables. The first shows the minimum distance between any pair of vertices in 

distance between each pair of vertices and the second the network. 

can be used to find the corresponding route. 

CED Unlike Dijkstra’s algorithm, Floyd’s 

= Floyd’s algorithm can be used to find the shortest path between every pair of vertices ina 

network: 

1 Complete an initial distance table for the network. If there is no direct route from one vertex to 

another, label the distance with the infinity symbol. 

2 Complete an initial route table by making every entry in the first column the same as the label 

at the top of the first column, making every entry in the second column the same as the label 

at the top of the second column and so on. 

3 Inthe first iteration, copy the first row and the first column values of the distance table into a 

new table. Lightly shade these values. 

A Be GD 

So & & 

| 

m3 
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4 Consider each unshaded position in turn. Compare the value in this position in the previous 

table with the sum of the corresponding shaded values. 

Watch out ) You compare Z 

with the sum of the shaded 

Distance table Route table 

A 

A | A 

BA 

Col A 

Do\ A 

If ¥+ Y= Z then copy Z into the new table, 

i.e. there is no change - the object is to keep 

the smallest values in the table. 

If ¥+ ¥Y < Z, copy X + Y into the new table 

and write A in the corresponding position 

in the route table. Once all values in the 

unshaded area have been considered, 

the first iteration is complete. 

aS > &S &w& 

—1 

Cp 
values in the same row and 

C column. You are always 

Al, D comparing an unshaded value 

Cl /) with the sum of two shaded 

Gee hp) values. 

A is written into the route table to show that 

the direct distance BC has been replaced 

by BA + AC, ie. the route has taken a 

detour through A. Any other changes in this 

iteration will also result in a detour through 

A and so A is written in the route table, in 

each case, in the position corresponding to 

the changed value. 

For the second iteration, copy the second row and the second column from the last iteration 

into a new distance table. Lightly shade these values. 

Repeat step 4 with the new unshaded positions. This time any changes will result in a detour 
through B and so you should write Bin the new route table, in each case, in the position 
corresponding to the changed value. 

same way. 

If there are m vertices then completing the algorithm will require n iterations continuing in the 

This distance graph shows the direct distances, by road, between four Z 4 
towns A, B, Cand D, in miles. The road from D to A is a one-way road e 
as shown by the arrow. i 9 

a Use Floyd’s algorithm to produce a table of shortest distances. 
You should give the distance table and route table for each iteration. ei 

b Find the route of minimum length from C to D. 

14 
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ical tables. 

| / ie aa 6 
| eee, 

CO 

The table on the left is the initial 

distance table but, where there is no 

direct route, the co symbol is used. 

The table on the right is the initial 

ae route table. 

The first row and column of the 

distance table are copied into a blank 

table and these values are now shaded. 

In each unshaded position, the sum 

of the shaded values is compared 

with the value in the initial table. The 

smaller value is written into this table. 

The figures in brackets are the ones 

that have been changed. For example, 

4+7=11< 050 two of the oo symbols 

are replaced with 11. Also,1+4=5<9 

— so 5 replaces the 9 in the bottom row. 

Finally, 1 + 7 = 8 <oso 8 replaces the 

co symbol in the bottom row. 

4 

if CO ~ 

ws) ey es} 

CO A Steet ae 

SG comes PS pts NRCS bess Se we was OO BS Che Ss os Sis 

/ First iteration: 

w wo 

l 
D 
CO 

9 
CO ES 0 

Saw’ ma wR BA BAILA ES Somes eos oly 

} The four letters in the matching 

| _ positions in the route table are 
changed to the letter A. 

The second row and column of the 

Second iteration: | previous table are now copied into a 

my) | blank table and these values are shaded. 

The two remaining co symbols are 

replaced with 4 + 9 = 13 and 

11 + 9 = 20. The letters in the 

[B] | corresponding positions in the route 

D table are changed to the letter B. 

| No other value in an unshaded 

position needs to be changed from 

the previous table. 

SA wA =~ Na 

| NS 2 

Sr im hm wR RP mwa & wld 

In a new distance table, the third row 

and the third column are now shaded. 

The values in those positions are 

copied from the previous table. 

In each unshaded position, the value 

i in the previous table is smaller than 

Third iteration: 

| - 4 Bae 13 
the sum of the shaded values, so 

no changes are made in the third 

iteration. It follows that no changes 

are made to the route table. 
So, ts ASSES PS ES RS me we we | bd ~Qea aia 

4 

WA 1 a, iO 

i SABA 
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Fourth iteration: 

A B A bea. 

A| - 4 A| A B iC. Bs. 

B\ 4 - B\ A BVA aD 

(EN NES ae we i C\rA. 9A GC” eB 

mo Di a A A BD 

The final distance and route tables are: 

A Baws Ca DD. A tap TG V8} 

| A| - 4 ais A|A Ji Cds: 

| B\ 4 - 1 is) BA B A OD 

Cee 11 =a 20) CTA A Caen 

D| 1 » 6 - Deed sAe Age 97) 

| b The route of minimum length from C to D is CABD. 

de) 3) (1 solving | 

The corresponding entry in the final distance table tells you the 

_ length of this route. The entry in row Cand column Dis 20, so 

_the fon eee a i Fouts is 20 miles. 

8 departure gates in an airport, which are linked by a system 

of travellators and escalators, are modelled using the directed 

network shown. The weight of each edge represents the travel 

time, in minutes, from one gate to another. 

7 iterations of Floyd’s algorithm are applied to the network, 

resulting in the following distance and route tables. 

Distance table Route table 

A 

=|- 

Secs Sos Gy Gs Sp 

A A 

B 

G 

D 

E 

F 

G 

Jal aa eG) Jeske Glal gece Seiriee os aoe 

~ Oo 

Se Co eG, (G) 05) (Cy 

D 
e 
C 
D 
D 
D 
és 
F 
D See ses a OS Om) Gy tie) = Gy GS 9) 4 eye Gusey (GyiGy GieG) Cy |S 

Poe’: SLA 5 ge eae mu ' 

Gi Explore Floyd's algorithm using ec? 

GeoGebra. 

oy oy yt oy) 



Algorithms on graphs 

Al a Apply the final iteration of Floyd’s algorithm to give the final distance and route tables for the 
network. 

b Sarah needs to get from gate D to gate F. State the minimum time needed to make this journey, 
and determine the route she should take. 

aos 

| a Final fe egabions 

! Distance table Route table 

AR CRO Ne AES Ge Le a) ei eee 
er dee ees. soe. 5 4) aoe sb ime 6S Se ae 
‘P Bivews 3 5 9 9 7. BD Bek Cw Cm 1) mG od Comme 
 UGigermwice 2. 6,6 43 CD 2p CD )onGo Cems 

Dit ek Co = 4°12 “Oo mE iV rial gre wh? aD ei hele (Olean TE 

/ FE) i3) §] (6 f2] - ([& tél JO Wed Cel Meche eh) FM Tale Aah Vall 

| Flil 1 4 @ 2 - 6 = PU 1B) RA oe er Ge em 

| CH eee 6 il 4 2 5- ae CAN tee TAPES NTENS WE PIE Sarai 

| A ea ah | ole 7 ee HDi DD Dig DP Goa G. 2 

-b The distance table shows the minimum travel 

times between gates, so the minimum travel 

time from gate D to gate Fis 12 minutes. 

Using the route table, 

ID GW a 
| Gr 

c 
Wve ad ‘route from D to G ae for Gto FE er route 
Di = Oe GR from D to G must detour via C.No detour i iss 
D>=A>+B=>C7>G>F required on the route from GtoF 

| Sarah’s quickest route from gate D to the quickest route from Dt 

gate Fis DABCGF. : os Dror ——— 

Uh 
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Exercise 3E) 

1* This network shows the distances, in miles, between four locations 

P, OL Rand S: 

a Use Floyd’s algorithm to produce a table of shortest distances. 

You should give the distance table and route table for each 

iteration. (7 marks) 

b Explain how you can use your route table to show that the 

shortest route from R to Sis ROS. (2 marks) 

2*In this network, the number next to each edge denotes the length 

of the edge. Use Floyd’s algorithm to determine the shortest 

distance between all pairs of nodes. 

3* This network shows the times needed in minutes to transport 

materials between storage points on a building site. Use Floyd’s 

algorithm to determine the shortest time needed to transport 

materials between all possible pairs of storage points. 

A B CoD 

A A B CD 

Bs) A B A A 

GB B C8 

D| A A A ib) 

a Explain how you know that the graph contains directed edges. 

b Use the tables to work out the values of x, y and z. 

(E) 5*a Explain the difference between the output of Floyd’s 

algorithm and the output of Dikstra’s algorithm. (1 mark) 

b This network shows the direct distances in miles by road 

between seven towns. 

i Show the initial distance table for the network. 

ii Show the distance and route tables after one iteration of 

Floyd’s algorithm. (6 marks) 

78 

4 Floyd’s algorithm is applied to a weighted graph. The tables shown below are the final distance 

table and final route table. 

P CA Q 

1 I 

Si 

A ; B 

8 

D 

6 

6 K 

9 

8 

7 (8 

(1 mark) 

(4 marks) 
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6* Jared and Amy are planning a school trip to a theme park. B 0” G 

They have shown the main attractions and the walking 15 14 
times between them on a network. 

Jared wants to enter the park at location A, and would like ; ue 
to know the shortest distance from there to each of the 25 6 
main attractions. Amy would like to give her students 

E 21 F information about the shortest distances and corresponding 
routes between any pair of the main attractions. 

a Suggest a suitable algorithm for each situation, giving reasons for your choices. (2 marks) 

b Apply two iterations of Floyd’s algorithm to this network, showing both the distance table 
and the route table after each iteration. (5 marks) 

7 a Floyd’s algorithm is applied to an n x n distance matrix. State the number of comparisons that 

are made with each iteration. 

b Give the order of Floyd’s algorithm. 

c A computer program takes 0.012 seconds to apply Floyd’s algorithm to a 30 x 30 distance 

matrix. Estimate the time required for the same computer program to apply the algorithm to a 

100 x 100 distance matrix. 

Mixed exercise BS 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

rE) 1 The network represents a theme park Kiddizone gq Scaryzone 

with seven zones. The number on each 

arc shows a distance in metres. 

Tramways are to be built to link the Entrance 

seven zones and the entrance. 
Coolzone Quickzone 

Highzone 

: ae 4 740 
a Find a minimum connector using: 

i Kruskal’s algorithm (4 marks) Wetzone >> 

meted Dae Dark 
ii Prim’s algorithm, starting at the aa 

entrance. (4 marks) 

You must make your order of arc selection clear. 

b Draw your tree and state its weight. (2 marks) 

:/P) 2 The network represents eight observation 

points in a wildlife reserve and the possible 

paths connecting them. The number on 

each arc is the distance, in kilometres, 

along that path. It is decided to link the 

observation points by paths but, in order to 

minimise the impact on the wildlife reserve, 

the least total length of path is to be used. 

19 
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a Find a minimum spanning tree for the network using: 

i Prim’s algorithm, starting at L 

ii Kruskal’s algorithm. 

In each case list the arcs in the order in which you consider them. 

b Given that paths TQ and RP already exist, and so must form part of the tree, state which 

algorithm, Prim’s or Kruskal’s, you would select to complete the spanning tree. 

Give a reason for your answer. 

3* The table shows the distances, in mm, 

between six nodes A to Fin a network. 

a Use Prim’s algorithm, starting at A, 

to solve the minimum connector 

problem for this table of distances. 

You must explain your method 

carefully and indicate clearly the 

order in which you selected the arcs. 

(4 marks) 

(4 marks) 

b Draw a sketch showing the minimum connector and find its length. 

(2 marks) 

A B Gs D F 

A ea 124 52 87 oF 

B 124 - a ie AS 84 

E Sy 114 ~ 67 103 98 

D 87 8/5 67 - Li 

E 58 11 Sieei03 4] 121 

F O7 84 98 Lie ale - 

(3 marks) 

(2 marks) 

A computer applies Prim’s algorithm to a network containing 80 vertices in 0.02 seconds. 

¢ Given that Prim’s algorithm has order n°, estimate the time required for the computer to 

apply the algorithm to a network containing 240 vertices. 

d Explain why your answer to part c is only an estimate. 

(2 marks) 

(1 mark) 

&) 4* It is intended to network five computers at a large race track. There is one computer at 

the office and one at each of the four different entrances. Cables need to be laid to link the 

80 

computers. Cable laying is expensive, so a minimum total length of cable is required. 

The table shows the shortest distances, in metres, between the various sites. 

(es Office Entrance 1 Entrance 2 

| Office : 1514 488 
Entrance 1 1514 = 

Entrance 2 488 

{Entrance 3 980 

Entrance 4 

Entrance 3 Entrance 4 

945 2AZDS 587 S23 

a Starting at Entrance 2, demonstrate the use of Prim’s algorithm and hence find a minimum 

spanning tree. You must make your method clear, indicating the order in which you selected 

the arcs in your final tree. 

b Calculate the minimum total length of cable required. 

(4 marks) 

(2 marks) 



The diagram above shows a weighted network. The weights of each arc are given in the 

following table: 

4B | 4E| 4H BC [CD] CF] CG] Da] EF 
(29 [ar [30 fio | 9 [26 [a7 [is] 

| GI | HK| JK 
| 24 | 20 | 14 | 14 | 22 | 2 

a Use a quick sort to write these arcs in order of weight, smallest first. (4 marks) 

b Use Kruskal’s algorithm to find a minimum spanning tree for this network. (3 marks) 

ce Draw your minimum spanning tree and state its total weight. (2 marks) 

For any connected network, 

e = number of edges in the minimum spanning tree 

vy = number of vertices in the network. 

d Write down the relationship between e and y. (2 marks) 

A company is to install power lines 

to buildings on a large industrial 

estate. The lines are to be laid 

by the side of the roads on the 

estate. The estate is shown here 

as a network. The buildings are 

designated A, B, C, ..., N and the 

distances between them are given 

in hundreds of metres. The manager 

wants to minimise the total length of 

power line to be used. 

a Use Kruskal’s algorithm to obtain a minimum spanning tree for the network and hence 

determine the minimum length of power line needed. (4 marks) 

Owing to a change of circumstances, the company modifies its plans for the estate. 

The result is that the road from F to G now has a length of 700 metres. 

b Determine the new minimum total length of power line. (3 marks) 
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7* A weighted network is shown. The number 

on each arc indicates the weight of that arc. 

a Use Dijkstra’s algorithm to find a path of 

least weight from A to K. 

State clearly: 

i the order in which the vertices were 

labelled 

ii how you determined the path of least 

weight from your labelling. 

b List all alternative paths of least weight. 

c Describe a practical problem that could be modelled by the network and solved using 

Diykstra’s algorithm. 

&) 8* The network above shows the distances, 

in miles, between nine cities. 

Use Dikstra’s algorithm to determine 

the shortest route, and its length, 

between cities S and 7. You must 

indicate clearly the order in which 

the vertices are labelled and how you 

used your labelled diagram to decide 

which cities to include in the shortest route. 

() 9 a Find a minimum spanning tree for this network using: 

i Prim’s algorithm 

ii Kruskal’s algorithm. 

b Compare the application of the two algorithms in 

this case. State which is easier. 

¢ Describe a condition under which Prim’s algorithm 

may be quicker to apply than Kruskal’s algorithm. 

10 The diagram represents part of a road network with distances 

shown in kilometres. The road from S to Q is a one-way road, 

as indicated by the arrow. 

a Use Floyd’s algorithm to find the table of least distances, 

showing both the distance table and the route table after 

each iteration. (7 marks) 

b Use the route table to determine the shortest route from R 

to P, explaining your method clearly. (2 marks) 
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11 The diagram shows a network of roads between some 
towns. The weight shown on each edge represents the 
distance in miles. The local council wants to designate a 
network of ‘snow emergency roads’ between the towns. 

One councillor proposes choosing a set of roads that link all of the towns, such that the total 

length of the included roads should be as small as possible. These roads would then be cleared 

as a priority. 

a Name a suitable algorithm to find this network. (1 mark) 

b Apply the algorithm and draw the selected roads, stating the total length of the roads that 

would need to be cleared under this proposal. (4 marks) 

The snowplough depot is located in town A. Another councillor proposes that the shortest 

distance and corresponding route to each town from town A should be found. 

c Name a suitable algorithm that will provide this information. (1 mark) 

d Apply the algorithm, and state the minimum distance from town A to town G, and the 

corresponding route. (4 marks) 

A third councillor questions whether the depot is in the best location, and suggests that a table 

is produced showing the minimum distance between every pair of towns. 

e Name a suitable algorithm that will provide this information. (1 mark) 

Challenge 

A computer scientist wants to develop a more efficient implementation 

of Prim’s algorithm. For each vertex Y not contained in the growing tree, 

she stores a value min(Y), which is the weight of the shortest arc joining 

Y to the tree. She can then select the next vertex to add by choosing 

the smallest value of min(Y). 

When a new vertex, X, is added to the tree, she considers each vertex Y 

not contained in the new tree. She compares the weight of the arc YY 

with the current value of min(Y). If min(Y) is greater than the weight of 

XY, she replaces min(Y) with the new, shorter value. 

She is then able to select the smallest of the updated values of min(Y) 

to determine which vertex to add next. 

Show that this implementation of Prim’s algorithm has order n°. 
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Summary of key points 

84 

1 A minimum spanning tree (MST) is a spanning tree such that the total length of its arcs 

(edges) is as small as possible. 

2 Kruskal’s algorithm can be used to find a minimum spanning tree. 

- Sort the arcs into ascending order of weight and use the arc of least weight to start the tree. 

Then add arcs in order of ascending weight, unless an arc would form a cycle, in which case 

reject it. 

3 Prim’s algorithm can be used to find a minimum spanning tree. 

- Choose any vertex to start the tree. Then select an arc of least weight that joins a vertex 

already in the tree to a vertex not yet in the tree. Repeat this until all vertices are connected. 

4 Prim’s algorithm can be applied to a distance matrix. 

- Choose any vertex to start the tree. Delete the row in the matrix for the chosen vertex and 

number the column in the matrix for the chosen vertex. Ring the lowest undeleted entry in 

the numbered columns, which becomes the next arc. Repeat this until all rows are deleted. 

5 Dijkstra’s algorithm can be used to find the shortest path between two vertices in a network. 

- Label the start vertex with final value 0. 

- Record a working value at every vertex, Y, that is directly connected to the vertex that has 

just received its final label, X: 

final label at Y + weight of arc XY 

» Select the smallest working value. This is the final label for that vertex. 

* Repeat until the destination vertex receives its final label. 

- Find the shortest path by tracing back from destination to start. Include an arc ABon the 

route if Bis already on the route and 

final label B — final label A = weight of arc AB 

Each vertex is replaced by a box: 

Vertex | Order of labelling | Final label | 

Working values | 

6 Dijkstra’s algorithm finds the shortest route between the start vertex and each intermediate 
vertex completed on the way to the destination vertex. 

7 Itis possible to use Dijkstra’s algorithm on networks with directed arcs, such as a route with 
one-way streets. 

8 Floyd's algorithm can be used to find the shortest path between every pair of vertices ina 
network. 

* Floyd's algorithm applied to a network with n vertices produces two tables as a result of 
iterations. One table shows the shortest distances and the other contains information about 
the corresponding paths taken. 



Route inspection 

After completing this unit you should be able to: 

@ Use the orders of nodes to determine whether a graph is Eulerian, 

semi-Eulerian or neither > pages 86 - 89 

e Use the route inspection (Chinese postman) algorithm to find the 

shortest route in a network > pages 89 - 94 

@ Use the route inspection algorithm in networks with more than four 

odd nodes —> pages 94-98 

Prior knowledge check 

a Find the sum of the orders A 

of the nodes in this graph. 

b State the rule connecting Waa 7 
the sum of the orders and Vout el 

E D 

the number of arcs. 

Robots are used to inspect sewer 

systems. You could use the route 

inspection algorithm to work out 7 

how the robot could inspect every 

pipe covering the shortest possible | 

distance. -> Exercise 4C,Q4 fm ¢- Sections 2.1, 2.2 

c Write down the number 

of odd nodes. 

Explain why the number of odd nodes on any graph 

must be even. 



Chapter 4 

4.1) Eulerian graphs 

You can determine whether a graph is Eulerian, Links ) The degree of a vertex is the number 

semi-Eulerian, of neither, by considering tne of arcs that are incident to it. Vertices with even 

degrees of the vertices. degree are called even vertices, and those with 

® An Eulerian graph or network is one which odd degree are called odd vertices. 

contains a trail that includes every edge € Section 2.2 

and starts and finishes at the same vertex. 

This trail is called an Eulerian circuit. Notation | An Eulerian circuit is sometimes 

Any connected graph whose vertices are called an Eulerian cycle. However, it is not a true 

cycle since, in general, vertices will be visited 

more than once. 
all even is Eulerian. 

= A semi-Eulerian graph or network is one 

which contains a trail that includes every 

edge but starts and finishes at different 

vertices. Any connected graph with exactl a 
‘ Me : 5 E : y vertex and end at the other odd vertex. 

two odd vertices is semi-Eulerian. 

Eulerian and semi-Eulerian graphs can be drawn without removing your pen from the paper, and 

without repeating any arcs. 

Start 

End 

Start a 

Exactly two vertices have odd degree, so this 
All vertices have even degree, so this graph is graph is semi-Eulerian. A trail covering every 
Eulerian. An Eulerian cycle covering every edge edge exactly once must start at one odd vertex 
exactly once can start and end at any vertex. and end at the other. 

o——___-e 

More than two vertices have odd degree, so this This graph is not connected so it is neither 
graph is neither Eulerian nor semi-Eulerian. It is Eulerian nor semi-Eulerian. It is not possible 
not possible to draw this graph without removing to draw this graph without removing your 
your pen from the paper or repeating an edge. pen from the paper or repeating an edge. 

Example 
w& 

a State whether this graph is Eulerian, semi-Eulerian or neither. 

b If possible, find a trail that traverses each edge of this graph 
exactly once. 

D 
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a the e degree of each v en 
| ) es pee je graph coon 
| Exactly 2 odd vertices so graph is semi- ht par ther 9 ‘4 i #4 ~ mt if, 

Eulerian. 
r| 

| b BAFEDCEBC - 

A connected graph has 5 nodes. The orders of the nodes are 4, 6, 3, p and 2. 

a Explain why the graph cannot be Eulerian. 

b Explain why the graph must be semi-Eulerian. 

RAE NIAE 

¢ Give the number of edges contained in the network in terms of p. 

d Draw a graph with two nodes which is neither Eulerian nor semi-Eulerian. 

a The graph has an odd node. It cannot be 

Eulerian since every node of an Eulerian 

graph must have even order. | eee eae ee, 

b The number of odd nodes must be even, 

50 p must be odd. The graph will have Bind orders tre Pare aey : 
exactly two odd nodes so is semi-Eulerian. — ‘This means thatthe mea emer ad Lae i 

Flag a ata oe ae py ee 
c Sum of the orders of the nodes = _ number of odd vertices te ie 

2 x number of edges. - 

4+6+3+p+e2 
Number of edges = 5 Y Watch out ) Eulerian and semi-Eulerian graphs 

pt+15 must be connected. The graph shown has two 

Ae vertices and no edges. It is not connected so it is 

Ake neither Eulerian nor semi-Eulerian. 

eB 

> ed f- 4A) 

1 List the valency of each vertex and hence determine if each of the graphs below is 

i Eulerian ii semi-Eulerian iii neither. 

For those that are Eulerian or semi-Eulerian, find a route that traverses each edge exactly once. 

a B E b H It c iG 

R M 

ye 
K df P 

OQ N 
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2 

3 

88 

a Show that each of the graphs below is Eulerian. 

b Ineach case, find a route that starts and finishes at A and traverses each arc exactly once. 

i E G li A B 

B G C 2 E 

v eens 
s sa F G 

D 

a Show that each of these graphs is semi-Eulerian. 

b Ineach case, find a route, starting and finishing at different vertices, that traverses each edge 

li us 

I K 

H 

i 

N 

a Explain why it is impossible to draw a graph with 6 vertices such that the orders of 

exactly once. 

1 R S 

{4 V w 

the nodes are 4, 5, 6, 7, 8 and 9. 

b Aconnected graph has 5 nodes and 9 arcs. The orders of the vertices are 2x + 1, 

2x, 4x — 1, 4x and 6x. 

i indetas value Ofc 

ii State whether the graph is Eulerian, semi-Eulerian or neither, giving a reason for 

your answer. 

¢c Draw a semi-Eulerian graph with 6 vertices. 

Here is the adjacency matrix for a graph. 

a State, with reasons, whether the graph is connected. 

b State, with reasons, whether the graph is Eulerian, 

semi-Eulerian or neither. 

c¢ Draw the graph. 

Here is the adjacency matrix of a connected graph. 

Determine whether the graph is Eulerian, semi-Eulerian 

or neither, giving reasons for your answer. 

(2 marks) 

(4 marks) 

(2 marks) 

At BSC Dar, 

A, | O04 RD Bier Ore 

Bol ie Oeil ee 

(Grr eed Ratha ye Ok * 8) 

Do HOREOREOaNt 

EV OF ORG05 Tet 20 

A FB RG Deer 

A ro es OS Oa Sai 

BN al OO eis BO 

Cols Oe Oat Ona eel 

D8 OA ee ae ee 

Ee 0) We eovear() 
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P) 7 a Determine under what conditions K, is Eulerian. (3 marks) 
b Give an example of a complete, semi-Eulerian graph. (1 mark) 

> 8 A student makes the following claim: 

| 
[Any graph which contains a Hamiltonian cycle must be Eulerian. 

Give a counter-example to show that this claim is incorrect. (2 marks) 

Challenge 

The diagram represents the city of KOnigsberg 

(now Kaliningrad, Russia). The Pregel river runs 

through the city and creates two large islands 

in the centre. The two islands (C and D) were 

linked to each other and the mainland (4 and B) 

by seven bridges. \ | 
River Pregel 

The citizens of KOnigsberg wished to find a route (ee Oe 
which allowed them to cross all the bridges in 

the city exactly once. 

a_ By constructing a graph to model this situation, prove that it is impossible to find such a route. 

Johannes works at A, Gregor works at B and Peter works at D. There is a hotel at C. 

b Johannes builds an eighth bridge so that he can start at A and finish at his home at C, crossing each 

bridge once. However, he does not want Gregor to be able to find a similar route from B to C. Where 

should Johannes build his eighth bridge? 

c Gregor decides to build a ninth bridge so that he can start at B and finish at his home at C, crossing each 

bridge once. He does not want Johannes to be able to find a similar route from A to C. Where should 

Gregor build his ninth bridge? 

d Peter decides to build a tenth bridge, so that every person in the city can cross all the bridges in turn and 

return to their starting point. Where should Peter build the tenth bridge? 

€D Using the route inspection algorithm 

The route inspection algorithm or Chinese postman algorithm, can be used to find the shortest 

route in a network that traverses every arc at least once and returns to its starting point. 

You can solve this problem easily if the network is Eulerian. 

® If all the vertices in the network have even degree, then the length of the shortest route will 

be equal to the total weight of the network. 

The diagram shows a network of trails on a BMX course. The number on 

each edge is the length, in metres, of the trail. Hannah wants to start at 

A, traverse every trail on the network, then return to A. Find the length 

of the shortest path she could take. 
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nh B, C, D and E have degrees 2, 2, 2, 2 and 4 

respectively. 

All vertices are even so the network is Eulerian. 

Shortest route = 11+7+6+12+9+4+10=5/7m 

If the network is semi-Eulerian, you need to traverse some edges more than once. 

= If a network has exactly two odd vertices, then the length of the shortest route will be equal 

to the total weight of the network, plus the length of the shortest path between the two odd 

vertices. 

The diagram shows a network of undersea cables. The number on each arc is the length, in 

kilometres, of that cable. A diver needs to inspect the cables, and needs to find a route of minimum 

length that traverses every cable and starts and finishes at S. 

pos S Problem-solving 

2S The numbers in circles show the degree of 

@ 3 each vertex. You can label graphs like this 

@ sO 4" in your exam to speed up your working. 

D, 4 @ 

i 8 R 

® (Total weight of network is 37) 

a State the cables that will need to be traversed twice. 

b State the minimum length of the diver’s route. 

a There are two odd vertices, QO and T. Ms < oS ces, SO th 

The shortest path connecting Q and T is i semi-Eulerian. - | 
he 7 

OST, which has length 4+ 5 =9. 

Problem-solving 

You can redraw the network and add extra arcs 
to represent the shortest path from Q to T. You 
have added 1 extra arc to each odd vertex, and 
either O or 2 extra arcs to the other vertices, so 
this new network is Eulerian. 

The cables that need to be traversed 

twice are ST and OS. 

b Total length of route = Total weight + 

Length of path A 7 

from Oto T 

= 37+9=46km 
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Route inspection 

If the network has more than two odd vertices, then you need to consider all the possible pairings 
of the odd vertices. You need to include additional arcs to join the odd vertices. Select the arcs with 
the smallest total additional weight and add this to the total weight of the network. This method 
produces an algorithm that can be used with any connected network. 

| = Here is the route inspection algorithm. 

' 
1 Identify any vertices with odd degree 

2 Consider all possible complete pairings of these vertices 

3 Select the complete pairing that has the least sum 

4 Add a repeat of the arcs indicated by this pairing to the network 

A route is needed that starts at A, traverses every arc in this 

network, and returns to A. Find a possible route and state its length. 

A, B, Cand D have odd degree. 

You can pair these four nodes in three ways: 

A with B and C with D 

A with Cand B with D 

A with D and B with C. r Watch out ) y concider callin iri 
These give the following lengths. ee ee of the four odd nodes. 
ABMIGD 6 45 9°=17 

MAGA BD = (210 =22 

AD+ BC =7 +6 =13 <— least sum 

Add AD and BC to the network. 

A 8 B 

D 2 é: 

| A possible route is 

ABCGCEBCDEADA 

Total length = 52 +13=65 

SH 
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Example 6 ) 

The diagram represents a network of roads. The numbers on the 

arcs represent the lengths of each road in miles. The roads need 

to be resurfaced. The council wants to find the shortest possible 

route which traverses every road and starts and ends at A. 

a Determine the length of this route. You must show your method 

and working, and state clearly which roads must be traversed twice. 

The council decides that, in order to save money, the route can 

start and end at different vertices. (Total weight of network is 301) 

b State which two vertices should be chosen to minimise the length of the new route. Give a reason 

for your answer, and state the length of the new route. 

a‘Thé odd vertices are A, E, F aid G.-———-—_,_ del the 

The minimum path lengths for each possible odk 

pairing are: 

AE+FG=26+ 22 =48 

AF + EG = 35 + 7 = 42 

AG + EF =19 + 20 = 39 « least sum 

The most efficient pairing is A with Gand 

E with F. oe 
26 repeat arcs AG and EF. 

Shortest route = 301 + 39 = 340 miles 

b Least length of all pairs of odd vertices is : 

»EG with length 7. 
So ee CL te You must select two odd vertices. Choose them 

to minimise the length of the path between the 

remaining odd vertices. Watch out: the single pair 

with the least distance might not be one of the 
pairs you identified in part a. 

Then only arc EG must be repeated. 

New route has total length 301 + 7 = 308 

miles. 

Exercise 4B) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

1? Bor. each network, find a route of minimal length which traverses every arc and starts and ends at 
vertex A. In each case, state the length of your route and the arcs that must be repeated. 

a 

(Total weight of network is 61) 

(Total weight of network is 285) 
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(Total weight of network is 1055) (Total weight of network is 995) 

2* Each of the diagrams below shows a network of roads that need to be inspected. In each case, 
find the length of the shortest route that traverses each arc at least once and returns to the start 
vertex. List any roads that will need to be traversed twice. 

a 110 B 100 © b A 

WS 80 

FE 

F 85 E 93 ID 

(Total weight of network is 908) 

E (Total weight of 

network is 938) 

5) 3* The diagram represents a network of cables joining F es) 

computer servers in a university. The number on 

each arc represents the time, in milliseconds, taken 

for a data packet to travel along each cable. H 

An analyst wishes to test the network by sending 

a data packet on the shortest possible route that 

traverses every cable at least once, and which starts 

and finishes at server A. 

a Work out which cables will need to be traversed 

twice, making your working clear. (4 marks) ¥ (Total weight of 

b State the total time taken for the data packet network is 326) 

to complete this route. (1 mark) 

t Watch out ] The shortest route between adjacent odd 

vertices may not be the arc that directly links them. 

: AL AT) mee 

P) 4*The diagram shows the paths in a park. The number on each arc Za 180 

gives the length, in metres, of that path. The vertices show the park Fe d 

entrances, A, B, C, D, E and F. { 

A gardener needs to inspect each path for weeds. Me a 
1D D She will walk along each path once and wishes to minimise 

her route (Total wei ght of ne 



__.. J OA ee 

a Use the route inspection algorithm to find a minimum route, starting 

and finishing at entrance A. State the length of your route. 

Given that it is now permitted to start and finish at two different entrances, 

(4 marks) 

b find the start and finish points that would give the shortest route, and state the 

length of the route. 

5* The diagram represents a system of roads. 

The number on each arc gives the distance, in kilometres, of that 

road. 

The town council needs to renew the road markings. 

Cherry will be renewing the kerbside markings and Mac will 

renew the centre road markings. 

Cherry needs to travel along each road twice, once on each side of 

the road. 

a Explain how this differs from the standard route inspection 

problem and find the length of Cherry’s route. (4 marks) 

Mac must travel along each road once. 

(4 marks) 

il 

(Total weight of 

network is 89) 

b Use the route inspection algorithm to find a minimal route. You should state the roads he will 

traverse twice and the length of his route. (4 marks) 

Road EG is being resurfaced soon and it is decided not to renew its road markings until after the 

resurfacing. 

Given that EG may be omitted from his route, 

c find the length of Mac’s minimal route. 

¢) Networks with more than four odd nodes 

(3 marks) 

If the network has more than four odd nodes then additional information will be provided that will 

restrict the number of pairings that will need to be considered. With four odd nodes, there are three 

possible pairings. With six odd nodes there are 15 possible pairings. Beyond six odd nodes, the 
number of possible pairings increases rapidly. 

Example 

A night watchman has to patrol a network of paths as shown in the 

diagram. The number shown on each arc represents the time taken, in 

minutes, to walk between the labelled points. 

a Use the route inspection algorithm, starting at 4 and finishing at C, 
to find the minimum time taken to traverse each arc at least once. 

b State a possible route. 

An extra path is added joining B and F directly. After the addition of 
this path, the minimum time needed to traverse all the paths, starting 
at A and finishing at C, is reduced by twice the length of time needed 
to traverse this path. 

c Calculate the time needed to traverse the new path, BF. 

94 

(Total weight of 

network is 154) 
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a There are 6 odd nodes: A, B, C, E, F, G. 
Since the required route must start at A 
and finish at C, these nodes remain odd. 

You now choose pairings of the remaining 

odd nodes B, E, F, G. 

By inspection, these path lengths are: 

BEY FG "20 4 25 = 45 

BRP EG =29 +15 = 44 

BG pS 2h 415 = 36 

Repeating the paths BG and EF minimises 

the total time required. 

The minimum total time is 154 + 36 = 190 

minutes. 

b The modified network is now: 

A possible route is ABGAEFGBCFEDC. 

c With the extra path, the network now looks 

like this. 

A 14 B 
Problem-solving 

Draw the network w 
18 know its weight, so label it 2 

G new shortest route and use. 
equation involving x. C | 

: 19 
16 D 

A, C,_E andG are the only odd. vertices, 

Nodes A and C remain odd, so find the 

shortest way to join E and G: ’ 

EA + AG=15 4 

Minimum time to traverse all paths = 

154 4x+15 

So 154 4+x+4 15 = 190 — 2x 

Ok S221 

x=7 

The new path BF takes 7 minutes to 

traverse. 
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: 
The network represents the roads that must be travelled by a police 8 12 

patrol car. The length of each road in kilometres is shown on each arc. A E 

The patrol starts at A and can finish at either of two police stations, 2 9 

ator Db: z -— D 

a Find the length of the shortest route such that every road is 7 
4 

traversed at least once. 

b State which police station the patrol car finishes at, and which roads 

must be traversed twice. (Total weight of 
network is 80) 

@ ihe eda nodes are-A, ©, D, ESF, G. 

Starting at A and finishing at G leaves C, 

D, E, and F to be paired. The situations where the patrol car finishes at G 

By inspection, the path lengths are: or D need to be considered separately. 

CD+ EF=2+4=13 

CE PDE = 15+ 10 =125 

CF + DE=16+6= 22 

Starting at A and finishing at D, leaves 

CaF 4nd Gio ve paired: 

CE+FG=15 +2 = 24 

Ch EG = ier Wa 27 

CG+ EF=6+4=10 

The minimum distance to be added is 10. 

oo eE - 

Compare all the possible pairings for either 
raliuapong lola Sales. 
ihe lggoeie! Ve ge Sa ee 

So the shortest route has length 

60 +10 = 20 km. 

b The patrol car finishes at station D, and 

roads CG and EF must be traversed twice. 

Exercise 40) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1maths 

1* Find the length of the shortest route in this network that Bs C.2.D ep eae 
starts at B, traverses every edge at least once and finishes 
at G. You should show your method clearly, and state any a 
edges that must be traversed twice. 

G 

(Total ae of network is 96) 
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B 2*The diagram shows a network of cross-country skiing trails 
» at a resort. The number on each arc shows the length of each 
| trail in kilometres. 

Each week, the trails are inspected by snowmobile. 
| The inspector wants to find a route of minimum length 

that starts at C and traverses each trail at least once, 
| before finishing at either E or G. 

a Use a suitable algorithm to find the trails that must 

be traversed twice. (5 marks) 

b State the length of ate the length of the route (1 mark) (lataleneieheor 

A new trail, BD, is added. The inspector is still required to start network is 106) 
at Cand end at either FE or G. Given that the new trail increases 

the total length of the inspector’s minimum route by half the length of BD, 

c find the length of BD. (4 marks) 

3* The diagram shows a network of roads. The weights of the arcs 

>) represent the lengths of the roads in metres. A traffic warden 

wishes to traverse every road at least once, by the shortest route, 

starting and finishing at 4. She knows that the road joining 

vertices E and F has double yellow lines so she wants to traverse 

it twice. d 

a Find the other roads, in addition to EF, that the traffic warden 

will need to traverse twice. (5 marks) (Total weight of 

b Write down the total minimum length of her route. (1 mark) network is 2220) 

On acertain day road BG is closed, and she does not need to include it in her route. 

c Find the new minimum length of her route. (3 marks) 

P) 4* Each arc in this network represents a sewage pipe. The numbers on the arcs represent the lengths 

of the pipes in metres. 

P 48 y s 

29 84 

(Total weight of network is 853) 

a Use Dijkstra’s algorithm to find the shortest path from P to S. State the path and its 

length. (5 marks) 
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The network is to be inspected using a robot that travels along the sewage pipes. The robot must 

start and end at vertex P, and must traverse each pipe at least once. 

b Explain why the shortest path between any pair of odd vertices in the network lies 

within the path found in part a. 

c Find the length of the shortest route the robot can take, showing your working 

clearly. You should state which pipes the robot must traverse twice. 

Mixed exercise 4) 

(2 marks) 

(4 marks) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

1 For each of these graphs, state, with a reason, whether the graph is Eulerian, semi-Eulerian or 

neither: 

b W x a B @ 

A Vv a 

D 

U Yh, 

E 

2 Draw a graph that satisfies the following conditions: 

e The graph has exactly 6 nodes 

e All nodes have even degree 

e The graph is not Eulerian 

3 A-connected graph has exactly 4 vertices and 35 edges. The orders of the vertices are 

3°* — 700, 3**+! — 60, 20 - x and x. 

a Calculate x. 

b State whether the graph is Eulerian, semi-Eulerian or neither. 

You must justify your answer. 

«) 4* The network of paths in a garden is shown 

below. The numbers on the paths give their 

lengths in metres. The gardener wishes 

to inspect each of the paths to check for 

broken paving slabs so that they can be 

repaired before the garden is opened to 

the public. The gardener has to walk along 

each of the paths at least once. 

a Write down the degree (valency) of each 

(2 marks) 

(4 marks) 

(2 marks) 

of the ten vertices. (1 mark) 

b Hence find a route of minimum length. 

You should clearly state, with reasons, EB 

which paths, if any, will be covered (Total weight of network is 725) 
twice. (4 marks) 

c State the total length of your shortest route. (1 mark) 



Route inspection 

>) 5* The network represents the roads on a housing 
development. The weight on each arc represents the 

| length of that road in metres. A postman parks his 
| van at P. He wants to traverse each road at least 
| once before returning to his van. 

Given that the postman wants to find a route of 
minimum total length, 

a determine which roads must be traversed twice, 
showing your working clearly (5 marks) 

b state the total length of the postman’s route. 

(1 mark) 

On a particular day, there is no mail to deliver for 
the road shown by arc RT. 

(Total weight of network is 1890) 

¢ Explain what difference, if any, this makes to the total length of the postman’s route. (3 marks) 

°) 6* The diagram shows the lengths of different tracks B i G 

in a miniature railway. The number on each track NK 

gives its length in metres. 10 3 

a Use Dikstra’s algorithm to find the shortest path 

from G to D. You should state the path and its A H 

length. _ (5 marks) 

The tracks in the miniature railway are to be tested. 6 27 

A route of minimum length is needed which traverses 

each track at least once, starting and finishing at A. : 

b Use a suitable algorithm to determine the length of 

a Suitable route. You should show all your working, 

stating which tracks must be traversed more than 

once. (5 marks) 

A new track CG of length x m is added to the network. After adding the new track, the length 

of the minimum route traversing each track at least once and starting and finishing at A is 

unchanged. 

c Find the value of x. (3 marks) 

(Total weight of network is 118) 

P) 7* The network shows the major roads that are to 

be gritted by a council in bad weather. 

The number on each arc is the length of the 

road in kilometres. 

a List the degree of each of the vertices. (1 mark) 

b Starting and finishing at A, use an 

algorithm to find a route of minimum 

length that covers each road at least once. 

You should clearly state, with reasons, (Total weight of network is 51.4) 

which (if any) roads will be traversed 

twice. (4 marks) 

F 2.8 H 
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¢ Obtain the total length of your shortest route. (1 mark) 

There is a minor road BD (not shown) between B and D of length 6.4 km. It is not a major 

road so it does not need gritting urgently. 

d Decide whether or not it is sensible to include BD as a part of the main gritting 

route, giving your reasons. (You may ignore the cost of the grit.) (3 marks) 

8* The network opposite represents the streets in a village. The B 68 C 

number on each arc represents the length of the street in metres. 7 

The junctions have been labelled 

A, B.C, DEF, Gand A: ui 

An aerial photographer has taken photographs of the houses in ‘ the village. A salesman visits each house to see if the occupants 129 a 

would like to buy a photograph of their house. He needs to 

travel along each street at least once. He parks his car at A 55 

and starts and finishes there. He wishes to minimise the total # 

distance he has to walk. Corea 0 H 

a Use a suitable algorithm to find a route that the (Total weight of network is 1011) 
salesman could take, stating the total distance he 

has to walk. (5 marks) 

A friend offers to drive the salesman to B at the start of the day and collect him from C later in 

the day. 

b Explaining your reasoning, carefully determine whether this would increase or decrease 

the total distance the salesman has to walk. (3 marks) 

9*a Describe an algorithm that is used to solve 

the route inspection (Chinese postman) 

problem. (2 marks) 

b Apply the algorithm and find a route, 

starting and finishing at A, that solves 

the route inspection problem for the 

network shown. (4 marks) 

c State the total length of your 

route. (1 mark) 

The situation is now altered so that, instead of 

starting and finishing at A, the route starts at 

one vertex and finishes at another vertex. 
(Total weight of network is 249) d i State the starting vertex and the finishing 

vertex which minimises the total length of 

the route. Give a reason for your selections. 

ii State the length of your route. (3 marks) 
e Explain why, in any network, there is always an even number of vertices of 

odd degree. (2 marks) 
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Route inspection 

10* The network represents a system of oil pipelines. 
The number on each arc represents the length of each pipeline 
in miles. All of the pipelines are to be inspected each month 
by aeroplane. The inspection route must start at B 
and can finish at landing strips at either D or F. 

a Determine which landing strip should be chosen in order 
to minimise the length of the inspection route. (4 marks) 

b Find the length of the minimum inspection route. (1 mark) (Total weight of network is 168) 

In one month, pipelines FG, GE and EF are out of operation, and do not need to be inspected. 

c Determine how this affects the minimum length of the inspection route. (3 marks) 

Challenge 

*Each arc in this network represents a section of an obstacle course. 
Contestants must start and finish at A, and every section must be 
traversed at least once. Jess has worked out the time needed, in minutes, 
for each section and these are shown as weights on the arcs. 

a Use Dijkstra’s algorithm to find the shortest time needed to travel 

from A to Band list the vertices visited in order. 

b Deduce which sections Jess needs to repeat to complete the course 

in the minimum time, and calculate this time. 

Summary of key points 

1 An Eulerian graph or network is one which contains a trail that includes every edge and starts 

and finishes at the same vertex. This trail is called an Eulerian circuit. Any connected graph 

whose vertices are all even is Eulerian. 

(Total weight of network is 143) 

2 Asemi-Eulerian graph or network is one which contains a trail that includes every edge but 

starts and finishes at different vertices. Any connected graph with exactly two odd vertices is 

semi-Eulerian. 

3 The route inspection algorithm can be used to find the shortest route in a network that 

traverses every arc at least once and returns to its starting point. 

+ If all the vertices in the network have even degree, then the length of the shortest route will 

be equal to the total weight of the network. 

« If a network has exactly two odd vertices, then the length of the shortest route will be equal 

to the total weight of the network, plus the length of the shortest path between the two odd 

vertices. 

- If the network has more than two odd vertices, then you need to consider all the possible 

pairings of the odd vertices. 

4 Here is the route inspection algorithm. 

- Identify any vertices with odd degree 

* Consider all possible complete pairings of these vertices 

- Select the complete pairing that has the least sum 

- Add a repeat of the arcs indicated by this pairing to the network 
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After completing this chapter you should be able to: 

e &xplain the differences between the classical and practical problems 

—> pages 103-107 

e Use a minimum spanning tree method to find an upper bound 

~> pages 107-113 

e@ Use a minimum spanning tree method to find a lower bound 

— pages 114-118 

e@ Use the nearest neighbour algorithm to find an upper bound 

The diagram represents a 22 B 

proposed road network linking ae ee 

seven towns A - G. The weight 8 NC 21 

of each arc represents the cost 

of building the corresponding 
15 as) 

18 

1 
road, in millions of pounds. ey C 

a Draw a distance table for E 

the network. 

b Find a minimum spanning tree using 

i Prim’s algorithm 

li Kruskal’s algorithm. 

D 

— pages 113-122 

If a band has a list of cities fora 

tour, they might want to work out 
the shortest possible route that 
would allow them to visit each 
city. This problem is sometimes 

called the travelling salesman 
problem. —~ Exercise 5D, Q5 



| 

Ci If you know that your shortest route is between 123 and 145 miles, 

The travelling salesman problem 

| & The classical and practical travelling salesman problems 

Dinere are two variations of the travelling salesmen problem. Before investigating the difference 
between the classical and practical travelling salesman problems, there is some essential 
terminology you need to learn. 

= A walk in a network is a finite sequence of Links ) i ih ti 
our could visit some vertices more edges such that the en a & d vertex of one edge than once. If a tour visits every vertex exactly 

is the start vertex of the next. once then it is a Hamiltonian cycle. 

= A walk which visits every vertex, returning € Section 2.2 
to its starting vertex, is called a tour. 

The travelling salesman problem involves finding a tour of minimum total weight. There is no efficient 
algorithm for solving this problem. In real-life situations, it is much more useful to make use of an heuristic 

algorithm. This is an algorithm which will find a good solution which is not necessarily the optimal solution. 

In practice we can find an upper bound and lower bound for the solution 

and use these to ‘trap’ the optimal solution. If our upper and lower bounds 

are close, then a solution between the two may be acceptable. 

You will therefore find upper bounds and select the smallest, and then find 

lower bounds and select the largest, trying to ‘trap’ the optimal solution 

in as narrow an interval as possible. 

say, and you find a route that is 123 miles long, then you know you have 

found the optimal route. If you find a route that is 130 miles long you may 

decide that it is ‘optimal enough’ and use it. 

You need to know the difference between the two variations of the 

travelling salesman problem. 

= Inthe classical problem, each vertex must be visited exactly once 

before returning to the start. 

= In the practical problem, each vertex must be visited at least once 

before returning to the start. 

If you convert the network into a complete network of least distances, the classical and practical 

travelling salesman problems are equivalent. 

To create a complete network of least distances you ensure that the triangle inequality holds for all 

triangles in the network. 

= The triangle inequality states 

the longest side of any triangle < the sum of the two shorter sides. 

If you have a network where the triangle inequality Watch out | This inequality is satisfied if the 

does not hold in one or more triangles, you simply longest side is equal to the sum of the two 

replace the longest arc in those triangles by the shorter sides. 

sum of the two smaller ones, thereby creating a 

network which shows the shortest distances. 
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Chapter 5 

The distance matrix for a complete network of 

least distances is called a table of least 

distances. It shows the shortest path between 

any two points in the network. 

A 
eT ye) (3 ) 1 

Create a table of 

least distances for the 

network opposite. 18 

Cc 

iB, 

14 

CE If you have to find or complete a table of 

least distances, you will usually be able to do 

so by inspection. If you have to use Dijkstra’s 

algorithm to find a shortest path you will be told 

to do so in the question. 

The top row shows the shortest routes starting at A. 

Move on to the remaining routes starting from B. 

ee uaG SPDs ee 
Z| 2 ee ie ee 

| Bilt = 24 6 2 
| cl13 24 | 
| Die 2 2 
| jo) ene ae 7 

the second column. 

Once again you use the table’s symmetry to complete 

Considering the remaining routes starting at C, you get 

de DR iO). pan 
A= oe Bo eS 
B\| ut — 24.6 2 
Cul OR ee (eee oe 
D | je 6 “32° 
ty ® Ny) nh ® 
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Y Watch out | The shortest distance 

between a pair of vertices may not always 

be the direct route so check carefully for 

non-direct shorter routes. 

Look at routes from A. 

There are direct routes from ABand AC and 

you can see these are the shortest routes. 

Using inspection you complete the table to 

show the shortest routes AD and AE. 

You need to check AE carefully. Using ACE 

the route is 31. Using ABDE the route is 

33, so you record 31 as the value. 

This enables you to complete the top row 

of the table. 

Since this is not a directed network, the 

shortest distance from A to D is the same 

as the shortest distance from D to A. 

The direct route BC on the network 

is given as 27, but if you use BAC as 

your route you get 24, so 24 is the least 

distance from B to C. 

You complete BD and BE by observation, 

using BDE as the shortest route from B 

toE. 

Starting at C you have two routes to find: 
CD and CE. The direct arc CE is the 

shortest route. 

For CD you need to check CED (length 

32) and CABD (length 32), so you can 
record 32. (You do not need to check CBD 
since you found that the direct route CB 
was longer than the route CAB earlier) 



The travelling salesman problem 

Finally you complete the last entries, giving the 
completed table of least differences. 

A — 11 iS ep eS 

B 11 ~ a4. © ee 

é: Ia 2A = iE ie 

D 19 ‘o) oe = 14 

E 

The network on the right shows the distances, in km, between the 
central sorting office at S and six post offices A, B, C, D, E and F. 

TO a aay ey a ae A 2 B 

S ‘le 2 5 
3 5 

A Edapii? 1 weil kas 
B Pate aie Siler 7 F C 
Coles ie eer iy ee 7 » 
D a ees Pe a 
E fe wo OI 4a = Fe 12 
oes 3 7 i, eek 

13 D 
The table shows a partially completed table of least distances. 

Complete the table of least distances for the network on the right, 

stating your shortest route for each of the entries. 

SA — the shortest route is SFA length & 

SB — the shortest route is SCB length 7 

SD — the shortest route is SCD length 14 

SE — the shortest route is SFE length 19 You will only need to find tables of least 

AC — the shortest route is ABC length 7 distances for undirected networks. This 

means that the finished table will be 

symmetrical about its leading diagonal. 

For example, the least distance from A to 

Sis the same as the least distance from 

BE — the shortest route is BAFE length 19 

BF — the shortest route is BAF length 5 

DF — the shortest route is DCSF length 19 

Which gives the following table of least distances. Sto A. 

A B Cc D E Ie 

6 i e 1A 12 5 

fe th se WE 3 

2 = 5 Te fo 5 

7 2) = (mA tl 

(ecomeol  e es = (key se, 

(TE MA Ae: = 14 

°e) 5, w ion iA = 
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Chapter 5 

Exercise 5A) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

1* For each network, complete the table of least distances. 

Table of least distances a 

106 

10 

Table of least distances 

A B G 

A ~ if 

B a = 2 

(e 3 — 

D 8 

E 5 12 

Table of least distances 

A B G 

A = 10 

B 10 - 

€ Es 

D 13 > 

E 15 3 

gh 

An jRiaeG 

AS = cae 

WE ee we 

cues) = oe Fae 

DEO 0 mnIS 

Bg 8 

F 10 

G 20 

Ii 

18 



The travelling salesman problem 

Describe the difference between the practical and the 
classical travelling salesman problems. 

b For the network given on the right find, by inspection, 
the solution of: 
i the practical travelling salesman problem 
ii the classical travelling salesman problem. 
State the route used in each case, starting from A. 

3 a Find, by inspection, the solution of the practical R ll S 
travelling salesman problem for this network, starting 
from P. State the route used. 3 

b Explain why the choice of start point does not affect 1 ies 
the minimum distance travelled. 

¢ Explain why it isn’t possible to find a solution to the 
classical travelling salesman problem for this network. é i ‘ 

>) 4 Construct a complete network in which the solutions to the classical and practical travelling 
salesman problems are different. 

im Challenge 

1 Explain why a solution to the classical travelling salesman problem must 

exist for any complete network. 

2 The following algorithm is suggested for finding a solution to the classical 

travelling salesman problem on a complete network: 

@ Find all possible Hamiltonian cycles in the network and compute the 

weight of each 

e@ Select the cycle with the least weight 

Determine the order of this algorithm in terms of the number of vertices, n, 

and comment on its usefulness for large values of n. 

&) Using a minimum spanning tree method to find an upper bound 

=» You can use a minimum spanning tree method to find an upper bound for the practical 

travelling salesman problem by following these steps: 

1 Find the minimum spanning tree for the network (using Prim’s Note ] You are seeking a 

algorithm or Kruskal’s algorithm). This guarantees that each minimum route. There is 

vertex is included therefore a logic in trying 

: to use, as a starting point, 
2 Double this minimum connector (in effect you keep on retracing ic Hunn hare 

your steps) so that completing the cycle is guaranteed. tree, which you know how 

3 Finally, seek ‘shortcuts’. (Make use of some of the non-included to find. 

arcs that enable you to bypass a repeat of some of the 

minimum spanning tree.) 
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Chapter 5 

The initial upper bound found by doubling each arc on a minimum spanning tree is shown in this 

diagram. 

c B 

C E 

D 

F G 

Minimum spanning tree Initial upper bound 

This visits each vertex and returns to the starting vertex. 

= An initial upper bound is found by finding the weight of the minimum spanning tree for the 

network and doubling it. 

a Use Kruskal’s algorithm to find a minimum 

spanning tree for the network on the right. 

b Hence find an initial upper bound for the C 

travelling salesman problem. 

ge Using Kruskal’s algorithm: ca 

BDEG AB, EG Arcs that have the same weight can 
Include AC, AD, CE, BF, reject CD, reject DE, be placed in any order. 
include DF, reject BD, include FG. Tree complete. | €- Section 3.1 

meting the arcs inorder: AC, AD, CH, BE CD, DE DE I 

This gives the following minimum spanning tree 

If you are not directed to a particular 
algorithm, you could use either Prim’s 
algorithm or Kruskal’s algorithm. 

The weight of the minimum spanning tree 

| =o St 4+ b+ 7 +O =80 

b The initial upper bound is 2 x 30 = GO. 
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The travelling salesman problem 

| eT (3 ee) 

The table of least distances for a network is given below. Find an initial upper bound for the 
travelling salesman problem for this network. 

A B G D E 

A = 11 13 19 Sil 

B 11 = 24 8 22. 
The network associated with this 

C 13 24 - 32 18 table of least distances is shown 

D 19 8 20) = 14 in Example 1 on page 104. 

E 31 oD. 18 14 = 

“Starting ae 2 

When using a table it is easier to use 

Prim’s algorithm. € Section 3.3 

The weight of the minimum spanning tree 

=11+8+13+14=46 

The initial upper bound is 2 x 46 = 92. 

The initial upper bound found in the previous two examples is not very good, since you repeat each 

arc in the minimum spanning tree. 

= You can improve the initial upper bound by looking for shortcuts. 
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eT ye) (3 

Starting from the initial upper bound found in Example 4, use a shortcut to reduce the upper 

bound to below 70. 

| 

| 

| 

| 
| 

Use CE(18) instead of repeating CA(13), AB(11), BD(8) and — 
| DE(14), this saves 13 + 11+ 6+ 14 — 18 = 28 | 
This gives the following route: | 

Improved upper bound is now 11+ 6 + 14 + 16 + 13 = 64 

The table shows the distances, in miles, between eight cities. A politician has to visit each city, 

starting and finishing at A. She wishes to minimise the total distance travelled. 

A 

B 

Gs 

D 

E 

He 

G 

Hf 

a Find a minimum spanning tree for this network. 

b Hence find an upper bound for this problem. 

c Use shortcuts to reduce this upper bound to a value below 1300 mules 
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The travelling salesman problem 

a Using Prim’s algorithm 

re he Rois Cac. 6S 
A a as es a eae ee | 
Ae en SC main tiated wri wlege Gre 

A | - 47 64 382 120 172 299 144 
B - 121 402 155 193 319 165 
€ 1 - 456 200 246 373 216 | 
D |382 402 456 - 413 220 (55) 269 
E 1s 200 AIS = 204, 286 1181 
tes ASAE 220204: Gaeta 4 

Grea S17 a7e “5s eee = 460 

H | 144 165 216 269 31) 70 160, - 

c Looking at the tree, likely shortcuts are AD and BC. 
| 
| AD saves 120 + 131 + 70 + 144 + 155 — 382 = 238 miles 

| BC saves 47 + 84 — 121 = 10 miles 

This leaves the following tour | ’ 
| . 9 | Problem-solving 

. 120 E 131 H 70 F 144 G 155 D| You can check your 

te answer by comparing 

Gc 64 | your initial upper bound, 

See the savings f gs from your 
| ; | short cuts, and te ees a 

= 121 + 64 + 120 + 131 + 70 + 144 + 155 + 382 | : | Tour length = 47 + + | hoo ee 0. ak 

= 1254 miles 

cay! 



Chapter 5 

Selecting shortcuts 

In Example 6 there are many other shortcuts that could be tried. 

For example, here are three others. 

e BD saves 265 miles, so this shortcut alone would have been sufficient. 

Tour ABDGFHEACA, length 1237 miles 

e CB+AF+ FD saves 238 miles. 

Tour ABCAEHFGDFA, length 1264 miles 

e CD alone saves 248 miles. 

Tour ABAEHFGDCA, length 1254 miles 

Of these, the best upper bound is 1237 miles since this is the smallest. 

= Aim to make the upper bound as low as possible to reduce the interval in 

which the optimal solution is contained. 

| @s Gers 5B) 

a Find a minimum spanning tree for the network above and hence find an initial upper bound 
for the travelling salesman problem. 

b Use a shortcut to find a better upper bound. 

c State the route given by your improved upper bound and state its length. 
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The travelling salesman problem 

Dp 2 A council employee needs to service five sets of traffic lights located at A, B, C, D and E. 
) The table shows the distance, in miles, between the lights. She will start and finish at A and 

wishes to minimise her total travelling distance. 

| see 7 16 
1 ~ 11 8 

vi 1 = 14 

16 8 14 - 

a Find a minimum spanning tree for the network. (4 marks) 

b Hence find an initial upper bound for the length of the employee’s route. (1 mark) 

¢ Use shortcuts to reduce the upper bound to a value below 65 miles. (3 marks) 

d State the route given by your improved upper bound and state its length. (2 marks) 

D) 3 a Use Kruskal’s algorithm to find a minimum 

spanning tree for the network shown on the 

right, and hence find an initial upper bound for 

the travelling salesman problem. (5 marks) 

b Use shortcuts to reduce the upper bound to 

below 240. (3 marks) 

c State the route given by your improved upper 

bound and state its length. (2 marks) 

Hint ) Start with the edge of minimum 

weight, BF € Section 3.1 

) 4 The table shows the times, in minutes, taken to travel between a surgery S and five farms V, W, 

X, Yand Z. A vet needs to visit animals at each of the farms and wishes to minimise the total 

travel time. He will start and finish at the surgery, S. 

S V W X a Zi 

S — 75 30 B/S) 70 70 

a TS - De, 30 40 jis) 

W 30 JD - 65 45 5S 

xX as) 30 65 - 15 10 

ie 70 40 45 15 — 20 

Fi, 70 15 2p) 10 20 - 

a Use Prim’s algorithm, starting at S, to find a minimum spanning tree for the network above 

and hence find an initial upper bound for the travelling salesman problem. (4 marks) 

b Use the method of shortcuts to reduce the upper bound to below 200 minutes. (3 marks) 

ce State the route given by your improved upper bound and state the total time taken on this 

route. (2 marks) 
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& Using a minimum spanning tree method to find a lower bound 

= You can use a minimum spanning tree method 

to find a lower bound for the classical problem 

by following these steps. 

Remove each vertex in turn, together with its arcs. 

Find the residual minimum spanning tree (RMST) 

and its length. 

Add to the RMST the ‘cost’ of reconnecting the 

deleted vertex by the two shortest, distinct, arcs 

and note the totals. 

The greatest of these totals is used for the lower 

bound. 

Make the lower bound as high as possible to 

reduce the interval in which the optimal solution is 

contained. 

You have found an optimal solution if the lower 

bound gives a Hamiltonian cycle, or if the lower 

bound has the same value as the upper bound. 

i 

i 

| 

} 

| 
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1 Zivewe iota pee 
‘ 1 i) { 
|S ee 6a) ey 2 

Bie. AL ein 758 

Geet Ge eee ee 

eee hope = Gea 

PRRUOO: (BQ gilt = 

CED This algorithm only produces 

a lower bound for the classical 

problem. If you are solving the 

practical problem you need to 

apply the algorithm to a table of 

least distances. 

The residual spanning tree is the 

minimum spanning tree for the 

resulting network after removing a 

vertex. 

y Watch out | This algorithm will not, 

| | 
| 
| 

Using Prim’s algorithm starting at B, the order of arc selection | 

is BD, DE and EC 

in general, generate a Hamiltonian 

cycle. As such, the lower bound 

is generally not a solution to the 

original problem, as it would be 

necessary to repeat arcs to create a 

tour. 

The table of least distances for a network is shown. 

a By deleting vertex A, find a lower bound to the 

travelling salesman problem for this network. 

b State whether this lower bound represents an optimal 

solution. Give a reason for your answer. 

This is the same network that 

| you found upper bounds for 

in Examples 4 and 5 on pages 

109 and 110. 



The travelling salesman problem 

The residual minimum spanning tree is 

B D Je, GC 
@—______@e_______@_______ 

| 8 14 18 
| 

Weight of residual minimum spanning tree = 8 + 14 + 18 = 40 
/ The two least arcs from A are AB (11) and AC (13) 

B D E C | 
o——__—___e—______e ___« | 

| rece 14 eee | 
ae Foe | 

1 “43 
a 

A 

Lower bound = weight of RMST + weights of two least arcs from A | 

| = 404+ 114+ 13 | 

| = 64 

b The lower bound represents a Hamiltonian cycle, so it must be | 

an optimal solution. 

Problem-solving 

The spanning tree can be drawn in a straight line, and the two least arcs join A to the start 

and end of this line, so the solution represents a Hamiltonian cycle. You could also compare 

the lower bound with a known upper bound. In Example 5 you found an improved upper 

bound of 64 for this network. Since upper bound = lower bound the solution must be optimal. 

A B C D E F G Jel You found an upper bound 

A a 47 84 299. ee DO) © 17 OO: aad for this network in Example 6 

pala (oT 402 155) 193 sg19edl6s aN 
e 84 1 ~ 456." 200) 246. 373 “7218 

D 382 402 456 - AVS) 5220) SS 5.92289 

if | 120 155 200 413 = 204 286 131 
F L293? 46-9220, 204 - 144 70 

G DIOR 319) BIS Sd)” 286" 144 — 160 

H 144— 6526 208.) 289) 131 70 160 - 

a By deleting vertices A then G, find two lower bounds to the travelling salesman problem for the 

| network above. 

b Select the better lower bound of the two found in part a, giving a reason for your answer. 

c Taking your answer to b and using the better upper bound, 1237 miles, found in Example 6, 

write down the smallest interval that must contain the length of the optimal route. 
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iis 7 SI 2) eet 
{ ‘ { | { 1 1 
Bee st. SER a Se ees 

B. | = 42) AG2. 185) oe aie we 

C |G2) - 456 200 246 373 216 

Da4o2 56. 41a e220 es) 2e0 

E |@55) 200 413 - 204 266 131 
F | 193 246 220 204 -— 144 

G |-319 373 155 286 ico 
H |165 218 289 G31) 70 160 - 

Order of arc selection: BC, BE EH, HE FG, GD - 

The residual minimum spanning tree is: 

S B 

121 155 

Weight of RMST = 776 miles 

Two least arcs from A are AB (47) and AC (64) 

Se Ses 28 alee eiel ee) 

E. 

131 

H Je 

7O 

144 Gei5o 

Lower bound by deleting A = 776 + 47 + 64 = 907 miles 

ii Deleting G and using Prim’s algorithm starting at A 

i 2 
| u 
AB 

a ee 
B = 
C 121 
D | 382 402 
E 155 
F | 172 193 
H | 144 165 

Se eee eee; 
{ iu 1 y 1 
go. Ds ea) ane 

ey B62 120 mye ee 

121 402 155 193 165 

—~ 456 200 245 218 

We = ie 289 
200 4138 = 204 431 
PAG 220 204 ie 

Be 269 GaNawo = 

Order of arc selection: AB, AC, AE, EH, HF and FD 

The residual minimum spanning tree is: 

Weight of RMST = 672 miles 

You need to make your method 

for finding the RMST clear. The 

order of arc selection is sufficient 

to demonstrate that you 

have applied Prim’s algorithm 

correctly. 

This is not a Hamiltonian cycle. 

In general you do not get 

a solution to the travelling 

salesman problem when finding 

a lower bound. 



The travelling salesman problem 

Two least arcs are GF (144) and GD (155) | Once again we do not get a 
Hamiltonian cycle when we 

‘reconnect’ G, so this lower 

bound does not represent an 
optimal solution. 

Choose your inequalities 

carefully. When you can see that 

the lower bound does not give 

a Hamiltonian cycle, you use 

<, since you know it does not 

represent a solution. The upper 

bound could be the optimal 

solution so use S for this bound. 

___ Lower bound by deleting G = 672 + 144 + 155 = 971 miles 
_b The better lower bound is the higher one, 971 miles, the 

one obtained by deleting G. 

This will reduce the size of the interval containing the 

optimal solution. 

_¢ The better lower bound is 971 miles, the better upper 

| bound is 1237 miles. 

Exercise 50) 

1 The network shows the least distances, in miles, 

between 5 towns. 

a By deleting vertex A, find a lower bound to the 

travelling salesman problem for the network opposite. 

b State, with reasons, whether your answer represents 

an optimal solution. 

971 miles < optimal solution = 1237 miles 

lights located at A, B, C, Dand E. 

The table shows the least distances, in miles between 

13 = 12 4 16 the lights. She will start and finish at A and 

wishes to minimise her total travelling distance. 

a By deleting vertices A then B find two lower 

19 7 I = 14 bounds for the employee’s route. (4 marks) 
1A. 416 8 14 2 b Select the better lower bound, giving a reason for 

your answer. (1 mark) 

bi 12 — 10 8 

’) 2 al A B C D E A council employee needs to service five sets of traffic 

A 

B 

C 

D 

Ez 

') 3 The network shows the least distances, in km, 

between 6 locations on an orienteering course. 

a By deleting vertices A then B, find two lower bounds 

for the travelling salesman problem. (4 marks) 

| b Select the better lower bound, giving a reason 

| for your answer. (1 mark) 

An upper bound for the solution is given as 190 km. 

¢ Write down the smallest interval that you can be 

confident contains the optimal length 

of the route. (2 marks) 
Hint ) This upper bound was found as a solution to Q3 

in Exercise 5B. 
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[4 The table shows the time, in minutes, taken to travel between a surgery S and five farms . 

: V, W, X, Yand Z. A vet needs to visit animals at each of the farms and wishes to minimise the 

total travel time. He will start and finish at the surgery, S. 

S V W xX i Z 

S - aie) 30 BS) 70 70 

V IS - DO 30 AQ ey 

W 30 55 - 65 45 =) 

x 5 30 65 ~ 1S 10 

Me 70 40 45 15 ~ 20 

Zz 70 15 55 10 20 - 

a By deleting vertices S then V, find two lower bounds for the vet’s route. (4 marks) 

b Select the better lower bound, giving a reason for 

your answer. (1 mark) 

An upper bound for the solution is given as 190 minutes. Hint : ae ravi 
: This upper bound was foun 

¢ Write down the smallest interval that you can be Ee 
; , as a solution to Q4 in Exercise 5B. 

confident contains the optimal solution. (2 marks) 

| & Using the nearest neighbour algorithm to find an upper bound 

The method given in section 5.2 for finding an upper bound can be hard to use for large networks. In 

general, selecting shortcuts is dificult and time consuming when there are lots of vertices to consider. 

= There are other algorithms to help find an upper bound and one is the nearest neighbour 

algorithm. The method is as follows. 

1 Select each vertex in turn as a starting point. cD You will usually be directed 
to start with specific vertices. 

2 Go to the nearest vertex which has not yet been visited. You will only have to check all 

3 Repeat step 2 until all vertices have been visited and the vertices if you are specifically 

then return directly to the start vertex. instructed to do so. 

4 Once all vertices have been used as the starting vertex, 

select the tour with the smallest length as the upper 
Do not confuse the 

bound. 
nearest neighbour algorithm 

with Prim’s algorithm. In Prim’s 

algorithm you look for the vertex 

nearest any of the vertices in 

your growing tree. In the nearest 

neighbour algorithm, you look 

for the vertex nearest to the last 

vertex chosen. 

The upper bound given by the nearest neighbour 

algorithm always represents a possible tour. 

However, in general, it will not represent the optimal 

solution. 
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The travelling salesman problem 

y A B G D E Apply the nearest neighbour algorithm, using A 
i A y 8 7 9 13 then B then C as starting vertices, to find an upper 
| B 8 = 9 Am A bound to the travelling salesman problem. 

Auli a 9 tuiniias <6 
D 29 24 23 ~ 21 

13; 13 14 6 IM | - 

Nearest neighbour tour starting at A” wa 
A g E B D A | 

Siantaates This demonstrates 

| 

Look down the A column. The smallest number is 7, AC. Delete row A. | a drawback of the 

Look down the C column (only). The smallest number is 6, CE. Delete row C. | nearest neighbour 
Look down the E column (only). The smallest number is 14, EB. Delete row E. | algorithm. The 

Look down the B column (only). You have now visited each vertex but D, so last two arcs were 

you must choose BD, 24. ‘forced’ on you and 

You have now visited each vertex, so you return directly from D to A, 29. both are long arcs. 

B A G E D B 

| 

| Nearest neighbour tour starting at B : | 

& v7 G 21 24 | 

Start at B. 

Look down the B column. The smallest number is 8, BA. Delete row B. 

Look down the 4 column (only). The smallest number is 7, AC. Delete row A. 

Look down the C column (only). The smallest number is 6, CE. Delete row C. 

Look down the E column (only). You have now visited each vertex but D, so 

you must choose ED, 21. 

You have now visited each vertex, so you return directly from D to B, 24. 

Nearest neighbour tour starting at C 

G E A B D Cc 

G is) 6 24 ZO 

Start at C. 

Look down the C column. The smallest number is 6, CE. Delete row C. 

Look down the E column (only). The smaliest number is 13, EA. Delete row E. 

Look down the 4 column (only).The smallest number is 8, AB. Delete row A. 

Look down the B column (only). You have now visited each vertex but D, so | 

you must choose BD, 24. | 

You have now visited each vertex, so you return directly from D to C, 23. 

You now have three answers; 60, 66 and 74. Select 66 as the best upper 

bound, since this gives the shortest tour. 
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A B C D E EF G H 

BDO Gy) te bs oS Gy coh a 

a 

| 

ib 

120 

ea 889 100 al) 00 mala Oe 
following interval 

et ee ee eae ee a 971 miles < optimal solution < 1237 miles. 

aoe ek an A a Use the nearest neighbour algorithm, 

ES) ee ae Ua using A then B as starting vertices, to find 

120 155 200 413 — 204 286 131 upper bounds for the travelling salesman 

172) 193) 246 220 204. = 144 70 problem. 

299 319 373 155 286 144 — 160  b Review the interval containing the optimal 

Wi GSS 9280 131 970 «160 = solution and amend it if necessary, giving 

a reason for your answer. 

Nearest neighbour tour starting at A 
A B (Cig es {ie omer ea ay) 

= 1250 miles 
A7 121 200 131 70 144 is) 362 

Start at A. 

Look down the A column. The smallest number is 47, AB. Delete row A. 

Look down the B column (only). The smallest number is 121, BC. Delete row B. 

Look down the C column (only). The smallest number is 200, CE. Delete row C. 

Look down the £ column (only). The smallest number is 131, EH. Delete row E. 

Look down the H column (only). The smallest number is 70, HF. Delete row H. 

Look down the F column (only). The smallest number is 144, FG. Delete row F. 

Look down the G column (only). The smallest number is 155, DG. Delete row G. 

You have now visited each vertex, so you return directly from D to A, 382. 

Nearest neighbour tour starting at B 

B A € a, al Be G D 

47 84 200. 131 70 144 455 4O2 Se ee 

Start at B. 

Look down the B column. The smallest number is 47, BA. Delete row B. 

Look down the A column (only). The smallest number is 84, AC. Delete row A. 

Look down the C column (only). The smallest number is 200, CE. Delete row C. 
Look down the E column (only). The smallest number is 131, EH. Delete row E. 
Look down the H column (only). The smallest number is 70, HF. Delete row H. 
Look down the F column (only). The smallest number is 144, FG. Delete row F. 
Look down the G column (only). You have now visited each vertex but D, so 
you must choose GD, 155. 

You have now visited each vertex, so you return directly from D to B, 402. 

The interval is now 

971 miles < optimal solution < 1233 miles. 

We replace the upper bound of 1237 miles with the better upper bound of 1233 miles, since it is 
lower. This reduces the interval containing the optimal solution. 

This is the table of distances from Example 8. 

We found that the optimal solution lay in the 



i| 
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The travelling salesman problem 

Lecce @ 
iA) 1 (This is the same problem as described in Exercise 5C question 2) 

| 

A council employee needs to service five sets of traffic lights located at A, B, C, D and E. 
The table shows the least distances, in miles, between the lights. She wishes to minimise her total 
travelling distance. 

A B € i) EE 

A _ ie 1] 19 14 

B 13 ~ 1p i; 16 

c 1] 1p; - 1 8 

D 19 7 11 — 14 

E 14 16 8 14 - 

a Starting at D, find a nearest neighbour route to give an upper bound for the council 

employee’s route. 

b Show that there are two nearest neighbour routes starting from E. 

c Select the value that should be given as the upper bound. Give a reason for your answer. 

(This is the same problem as described in Exercise 5C question 4) 

The table shows the time, in minutes, taken to travel between a surgery S and five farms V, W, X, 

Y and Z. A vet needs to visit animals at each of the farms and wishes to minimise the total travel 

time. 

a Starting at Z, find a nearest neighbour route. 

b Find two further nearest neighbour routes starting at X then V. 

¢ Select the value that should be given as the upper bound. Give a reason for your answer. 

The nearest neighbour algorithm of selecting a route from Problem-solving 

iven vertex has quadratic order. as 
oe : The application to a single vertex 
A computer program finds all the possible nearest has quadratic order. 

neighbour routes and selects the route of least weight. 

With 12 towns, the computer program takes 0.27 seconds to complete the task. 

Estimate the length of time the computer program will take to compute the least length of the 

nearest neighbour route for a network of 20 towns. (3 marks) 

2d 



a 

M4 A printing company prints six magazines R, S, T, U, Vand W, each week. The printing 

equipment needs to be set up differently for each magazine and the table shows the time, in 

minutes, needed to set up the equipment from one magazine to another. 

R - 150 210 150 120 240 

S 150 - 2107 1207 S210" | 240 

heh PANE OAKS — 120° 1507 180 

U 150 120 120 = 180 270 

V 1205 20 1Ss0, S180 _ 300 

W | 240 240 180 270 300 = 

a If the magazines were printed in the order RSTUV WR, how long would it take in total to set 

up the equipment? (2 marks) 

b Show that there are two nearest neighbour routes starting from U. (2 marks) 

c Show that there are three nearest neighbour routes starting from V. (3 marks) 

Select the value that should be given as the upper bound. Give a reason for your 

answer. (1 mark) 

(E/P) 5 The table shows the least driving distances between Aberdeen (A), Berwick-upon-Tweed (B), 

Carlisle (C), Dundee (D), Edinburgh (£), Fort William (F’) and Glasgow (G). The distances are 

given in miles. The least distance between Aberdeen and Dundee is x miles, where x < 126. 

A band is planning a tour. The band wants to plan an itinerary that will visit each town at least 
once. The band would like to minimise the total distance travelled. 

The band finds the nearest neighbour routes from Berwick-upon-Tweed and Aberdeen, and finds 
that the sum of the lengths of these routes is 1419 miles. 

a Find x, showing your working clearly. (4 marks) 

b Hence find an upper bound for the optimal length of the band’s route. (1 mark) 
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im Mixed exercise a) 

D, 

The travelling salesman problem 

C 450 

a Use an appropriate algorithm to find a minimum connector for the network above. You must 
make your method clear. 

b Hence find an initial upper bound for the travelling salesman problem. 

¢ Use the method of shortcuts to find an upper bound below 6100. 

The network on the right shows a number of * 

hostels in a national park and the possible paths A 

joining them. The numbers on the edges give the 

lengths, in km, of the paths. 

13 

a Draw acomplete table of least distances for E 

the network. (You may do this by inspection. C 

The application of an algorithm is not 

required.) (2 marks) 

b Use the nearest neighbour algorithm on the 

complete network to obtain an upper bound 

to the length of a tour in this network which 

starts and finishes at A and visits each hostel 

exactly once. (3 marks) 

c Interpret your result in part b in terms of the original network. (2 marks) 

A computer program takes 0.85 seconds to apply the nearest neighbour algorithm to the above 

network. A different national park has 12 hostels joined by paths. 

d Given that the nearest neighbour algorithm has cubic order, estimate the time needed for the 

same computer program to apply the nearest neighbour algorithm to this network of paths 

and hostels. (2 marks) 

e Explain why your answer to part d is only an estimate. (1 mark) 
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3 The table of least distances below was formed from the A 2 B 

network, N, on the right. 
3 ) 

S A B Sc D fis, F 

Ss ~ 8 f 2 14 1 5 F e G 

A 8 ~ Z y 19 Ly 3 

B 7 2 = 5 1 19 5 14 - 

C 2 a 5 = WZ 21 ii 

D 14 19 17, 12 = 13 19 E 13 D 

E 19 Li 19 21 13 ~ 14 Network NV 

FF 5) 5) 5 7 19 14 — 

The table shows the distances, in km, between the central sorting office at S and six post offices 

AED. Cab er anaes 

A postal worker will leave the sorting office, go to each post office to collect mail and return to 

the sorting office. He wishes to minimise his route. 

a Use Prim’s algorithm, starting at S, to obtain two minimum spanning trees. State the order in 

which you select the arcs. (4 marks) 

b Hence find an initial upper bound for the postal worker’s route. (1 mark) 

c Starting from this upper bound, use shortcuts to reduce the upper bound to a value below 

60 km. You must state the shortcuts you use. (2 marks) 

d Starting at C, and then at D, find two nearest neighbour routes stating their lengths. (4 marks) 

e Select the better upper bound from your answers to parts ec and d. Give a reason for your 

answer. (1 mark) 

f Interpret your answer to e in terms of the original network, N, of roads. (1 mark) 

g Using the table of least distances, and by deleting C, find a lower bound for the postal 

worker’s route. (3 marks) 

4 a Explain the difference between the classical and practical travelling salesman problems. 

(1 mark) 

The table shows the travel time, in minutes, between seven town halls P, QO, R, S, T, Uand V. 
Kim works at P and must visit each of the other town halls to deliver leaflets. She wishes to 
minimise her route. 

EE SGO GER’ = See Ei eet ey 
Pea a= 19-930, 2454) agit Goma ay 
Opals | Spo 28>. 7 50 Oneness 
eR eS Sr ea 
SRS He eh af 
Te \Soe 50 9 97 sO OuEEST 
Ueas3" 28. AS” DO 0s ee ce 
Van 29 55 50h aes 

b Find a minimum connector for the network. You must make your method clear by listing the 
arcs in order of selection. (3 marks) 
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The travelling salesman problem 

¢ Use the minimum connector and shortcuts to find an upper bound below 220. You must list 
the shortcuts you use and your final route. (2 marks) 

| d Starting at P, find a nearest neighbour route and state its length. (3 marks) 
| e Find a lower bound for the length of the route by deleting P. (3 marks) 
| f Looking at your answers to ¢, d and e, use inequalities to write down the smallest interval 

containing the optimal solution. (1 mark) 

P) 5 A computer supplier has outlets in seven cities A, B, C , D, E, F and G. The table shows the 
distances, in km, between each of these seven cities. John lives in city A and has to visit each of 
these cities to advise on displays. He wishes to plan a route starting and finishing at A, visiting 
each city and covering a minimum distance. 

[oa thes Sos) ce Lane ean en 
A — 103 89 42 54 143-153 

B 103 — 60 98 56 99 eps) 

¢ 89 60 — 65 38 58 1 

D 42 98 65 ~ 45 PS e139 

E 54 56 38 45 ~ 95 100 

£ 143 99 58 111 95 ~ hes 

153 ao di LS9aT LOOM ss = 

a Obtain a minimum spanning tree for this network explaining briefly how you applied the 

algorithm that you used. (Start with A and State the order in which you selected the arcs used 

in your tree.) (3 marks) 

b Hence determine an initial upper bound for the length of the route travelled by John. (1 mark) 

c Explain why the upper bound found in this way is unlikely to give the minimum route length. 

(2 marks) 

d Starting from your initial upper bound and using an appropriate method, find an upper 

bound for the length of the route which is less than 430 km. (2 marks) 

e By deleting city A, determine a lower bound for the length of John’s route. (3 marks) 

f Explain under what circumstances a lower bound obtained by this method might be an 

optimum solution. (2 marks) 

) 6 A sales representative, Sheila, has to visit clients in six cities, London, Cambridge, Oxford, 

Birmingham, Nottingham and Exeter. The table shows the distances, in miles, between these six 

cities. Sheila lives in London and plans a route starting and finishing in London. She wishes to 

visit each city and drive the minimum distance. 

aL ig G O B N E 

London (L) - 80 56 (20 is he 200 

Cambridge (C) 80 ~ 100-98 87 250 

Oxford (QO) 56 100 - 68 103.154 

Birmingham (Bb) 0s 9s 68 - 54 161 

Nottingham (/V) ea 87 103 54 ~ 209 

Exeter (£) 200m) ae 4 161 209 — 
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Chapter 5 

mM a Starting from London, use Prim’s algorithm to obtain a minimum spanning tree. Show your 

working. State the order in which you selected the arcs and draw the tree. (3 marks) 

b i Hence determine an initial upper bound for the length of the route planned by Sheila. 

ii Starting from your initial upper bound and using shortcuts, obtain a route which is less 

than 660 miles. (3 marks) 

c By deleting Exeter from the table determine a lower bound for the length of Sheila’s route. 

(3 marks) 

(E/P) 7 The table shows the least distances, in miles, by road between seven towns labelled A, B, C, D, E, 

F and G. The least distance between F and D is x miles. 

A B Cc D Je, Ji G 

A — 16 7 17 2 15 Lo 

B 16 ~ 24 18 30 26 20 

CG TH 24 — 31 22 e)e) Up 

D 7 18 3 - 28 % 33 

Ee 12 30 UD 28 — 27 28 

E 15 26 35 x DE} ~ 30 

G [9 20 23 33 28 30 ~ 

Tom is putting up posters for a fund-raising event, and wants to plan a route that will visit each 

town. 

He applies the nearest neighbour algorithm, starting and finishing at A, and obtains a total 

distance of 140 miles. 

a Find the value of x. (3 marks) 

b Find the length of the nearest neighbour route starting and finishing at B. (2 marks) 

c Starting by deleting G and its arcs, find a lower bound for the length of Tom’s route. (3 marks) 

d Write down the smallest interval that must contain the optimal length of Tom’s route. (1 mark) 

Challenge 

Show that the nearest neighbour algorithm has cubic order. Clearly 

explain each step of your working. 
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The travelling salesman problem 

Summary of key points 

3 1 Awalk in a network is a finite sequence of edges such that the end vertex of one edge is the 
start vertex of the next. 

| eee 
A walk which visits every vertex, returning to its starting vertex, is called a tour. 

2 There are two variations of the travelling salesman problem. In the classical problem, each 
vertex must be visited exactly once before returning to the start. In the practical problem, 
each vertex must be visited at least once before returning to the start. 

3 The triangle inequality states 

the longest side of any triangle < the sum of the two shorter sides. 

4 You can use a minimum spanning tree method to find an upper bound for the pratical 

travelling salesman problem. 

> Find the minimum spanning tree for the network (using Prim's algorithm or Krunkal's 

algorithm). 

- An initial upper bound for the practical travelling salesman problem is found by finding the 

weight of the minimum spanning tree for the network and doubling it. 

* You can improve the initial upper bound by looking for shortcuts. Aim to make the upper 

bound as low as possible to reduce the interval in which the optimal solution is contained. 

5 You can use a minimum spanning tree method to find a lower bound from a table of least 

distances for the classical problem. 

- Remove each vertex in turn, together with its arcs. 

* Find the residual minimum spanning tree (RMST) and its length. 

- Add to the RMST the ‘cost’ of reconnecting the deleted vertex by the two shortest, distinct, 

arcs and note the totals. 

- The greatest of these totals is used for the lower bound. 

| - Make the lower bound as high as possible to reduce the interval in which the optimal 

| solution is contained. 

- You have found an optimal solution if the lower bound gives a Hamiltonian cycle, or the 

lower bound has the same value as the upper bound. 

6 You can use the nearest neighbour algorithm to find an upper bond. 

- Select each vertex in turn as a starting point. 

* Go to the nearest vertex which has not yet been visited. 

- Repeat step 2 until all vertices have been visited and then return directly to the start vertex. 

- Once all vertices have been used as the starting vertex, select the tour with the smallest 

length as the upper bound. 

127 



Review exercise 

Answer templates for questions marked * are available on www.pearsonschools.co.uk/d 1 maths 

1* An algorithm is described by the flow 

128 

chart below. 

i. Start 

vy 

v 

Letc=a+bhto2d.p. 

v 

Let d= largest integer S c 

vy 

v 

v 

Yes Write 

‘answer is’ b 

y No 

etiai—=p 

| Letb=f | 

vy 

¢ State what the algorithm achieves. 

< 

a Given that a = 645 and b = 255, draw 

a table to show the results obtained 

at each step when the algorithm 1s 

applied. (6) 

b Explain how your solution to part a 

would be different if you had been 

given that a = 255 and b = 645. (2) 

(2) 
€- Sections 1.1, 1.2 

Nine pieces of wood are required to build 

a small cabinet. The lengths, in cm, of the 

pieces of wood are listed below. 

LOPMSs Soe AUR oe 555) 00) 

Planks can be purchased in one-metre 

lengths. 

a Calculate a lower bound for the 

number of planks that will be needed 

to make the cabinet. (2) 

Use the first-fit bin packing algorithm 

to determine how many planks are 

needed. (3) 

Use the full-bin algorithm to determine 

how many planks are needed. (2) 

Explain why it is not possible to make 

the cabinet using fewer planks than the 

number found in part c. (2) 

€- Section 1.5 

55 80° 25° 34. 25-34 MN is 3 

The list of numbers above is to be 

sorted into descending order. Perform 

a bubble sort to obtain the sorted list, 

giving the state of the list after each 

complete pass. (4) 
The numbers in the list represent masses, 

in grams, of objects which are to be 

packed into bins that hold up to 100g. 

b Determine the least number of bins 

needed. (1) 
Use the first-fit decreasing algorithm to 

fit the objects into bins which hold up 

to 100g. (2) 
€ Sections 1.3, 1.5 

45 36 37 79°46 "18 90 Si ot 

Using the quick sort algorithm, 

perform one complete iteration 

towards sorting these numbers into 

ascending order. (3) 



Review exercise 1 

) 6 

b Using the bubble sort algorithm, 

perform one complete pass towards 

sorting the original list into descending 

order. (3) 

Bubble sort is an algorithm of quadratic 

order. 

¢ Acomputer applies a bubble sort to a 

list of 500 numbers in 0.016 seconds. 

Estimate the time required for the 

computer to apply the bubble sort to a 

list of 3000 numbers. (2) 

€ Sections 1.3, 1.4, 1.6 

The following list gives the names of 

some students who have represented 

Britain in the International Mathematics 

Olympiad. 

Roper (R), Palmer (P), Boase (B), 

Young (Y), Thomas (T), Kenney (K), 

Morris (M), Halliwell (H), Wicker (W), 

Garesalingam (G). 

a Use the quick sort algorithm to sort 

the names above into alphabetical 

order. (4) 

b A computer applies the quick sort 

algorithm with order n log n. 

The computer takes 0.024 seconds 

to sort 1200 names into alphabetical 

order. Estimate the time the computer 

would need to order 2000 names. — (3) 

€ Sections 1.4, 1.6 

A simple graph has 6 vertices. 

a Explain why if the graph has two 

vertices of order 5, it cannot have any 

vertices of order 1. (2) 

b Draw a simple graph with exactly 6 

vertices with degrees 4, 4, 3, 3, 1 

anol; (2) 

€ Section 2.2 

a Draw the graph K;. (1) 

b State the number of edges in a 

minimum spanning tree for the 

graph Ks. (1) 

m 8 

c State the number of edges ina 

Hamiltonian cycle for the 

graph K,. (1) 

€ Section 2.3 

a Define a Hamiltonian cycle. (1) 

A Hamiltonian cycle for this graph begins 

AB... 

B 

C 

A 

D 

G E 

b Complete the Hamiltonian cycle. (4) 

c Use the planarity algorithm to 

determine whether the graph is 

planar. (2) 

A new edge DE is added to the graph. 

d Use the planarity algorithm to show 

that this new graph is not planar. (3) 
€ Sections 2.2, 2.4, 2.5 

The diagram shows 7 locations A, B, C, 

D, E, F and G which are to be connected 

by pipelines. The arcs show the possible 

routes. The number on each arc gives the 

cost, in thousands of pounds, of laying 

that particular section. 
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Review exercise 1 

() 11* The matrix represents a network of roads 
a 

(E/P)10 a 

130 

Use Kruskal’s algorithm to obtain 

a minimum spanning tree for the 

network, giving the order in which you 

selected the arcs. (6) 

Draw your minimum spanning tree 

and find the least cost of pipelines. (3) 

€ Sections 2.4, 3.1 

The table shows the distances, in 

metres, between six nodes A, B, C, D, 

E and F of a network. 

Poe CG Dah AE 
DS OL Tk ae 
Page @ eee url 7 
Ce De le ee 
BS \ Ths qallSa alge ee Pee 
PAUeNt es; 27 =) 18 
ji WS alee ji aaa ana a 

i Use Prim’s algorithm, starting at 

A, to solve the minimum connector 

problem for this table of distances. 

Explain your method and indicate 

the order in which you selected the 

edges. (6) 

ii Draw your minimum spanning tree 

and find its total length. (3) 

iii State whether your minimum 

spanning tree is unique. Justify your 

answer. (2) 

A connected network N has seven 

vertices. 

i State the number of edges ina 

minimum spanning tree for NV. (1) 

A minimum spanning tree for a 

connected network has n edges. 

ii State the number of vertices in the 

network. (1) 

€ Section 2.4, 3.3 

between six villages A, B, C, D, E and F. 

The value in each cell represents the 

distance, in km, along these roads. 

Hebe CO eer ge 

A 

B 

C 

jae 

E 

F 

a S 

=) 5 ee oe 

(eat ee Se Ty) 

ye aoe a PS 

Dal) hen ial ee 

S. = pelhenO te Bape 

ee ae ee 

how this information on a diagram. 

(3) 
Use Kruskal’s algorithm to determine 

the minimum spanning tree. State the 

order in which you include the arcs and 

the length of the minimum spanning 

tree. Draw the minimum spanning 

ree: (4) 

Starting at D, use Prim’s algorithm on 

the matrix given to find the minimum 

spanning tree. State the order in 

which you include the arcs. (4) 

€ Sections 2.4, 3.1, 3.3 

Describe two differences between 

Prim’s algorithm and Kruskal’s 

algorithm. (2) 

Find a minimum spanning tree for the 

network below using: 

i Prim’s algorithm, starting with 

vertex G (4) 

ii Kruskal’s algorithm. (4) 

In each case write down the order in 

which you made your selection of arcs. 
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il 

c State the weight of a minimum 
spanning tree. (1) (E) 

€- Sections 3.1, 3.2, 3.3 

a Use Dikstra’s algorithm to find the 

shortest route from S to T in this 

network. Show all necessary working 

by drawing a diagram. State your 

shortest route and its length. (6) 

b Explain how you determined the 

shortest route from your labelling. (2) 

c Itis now necessary to go from S to T 

via H. Obtain the shortest route and its 

length. (2) 

€ Section 3.4 

\) 14* The diagram shows a network of roads. 

Erica wishes to travel from A to Las 

quickly as possible. The number on each 

edge gives the time, in minutes, to travel 

along that road. 

a Use Dijkstra’s algorithm to find the 

quickest route from A to L. Complete 

all the boxes on the answer sheet and 

explain clearly how you determined the 

quickest route from your labelling. 

b Show that there is another route which 

also takes the minimum time. 

€ Section 3.4 

EiP) 16 

Review exercise 1 

i915 The diagram shows the direct distances in 

miles, by road, between 4 villages A, B, C 

and D. 

A 

3 

“5 

a Use Floyd’s algorithm to produce a 

table of least distances. (7) 

Show the distance table and the route 

table after each iteration. 

b State the shortest distance from A 

tow) (1) 

c Show how to use the route table to find 

the shortest route from A to D. (2) 

€ Sections 3.5 

Floyd’s algorithm is applied to a network. 

The final distance and route tables are 

shown below. 

Distance table Route table 

ABCD AGB LORD 
ee AlA BB BOB 
Bus. = 68 AG Bape aD 
Glee seeee7 (SANs) YOMMOAGD 
D0s6e eae DAB aGeeD 

Deduce the values of x, y and z. 

You must show enough working to justify 

your answers. (5) 

€ Section 3.5 
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@ 1s 
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A weighted network is shown above. 

Given that the shortest path from S to T 

is 17 and that x = 0, y = 0, 

a i explain why 4 and C cannot lie on 

the shortest path (2) 

ii find the value of x. (1) 

b Given that x = 12 and y = 0, find the 

possible range of values for the length 

of the shortest path. (3) 

¢ Give an example of a practical 

problem that could be solved by 

drawing a network and finding the 

shortest path through it. 

€- Sections 4.1, 4.2 

(Total weight of network is 129) 

The diagram shows a network of roads 
connecting villages. The length of each 
road, in km, is shown. Village B has 
only a small footbridge over the river 
which runs through the village. It can be 
accessed by two roads, from A and D. 

(2) 19 

The driver of a snowplough, based at F, 

is planning a route to enable her to clear 

all the roads of snow. The route should 

be of minimum length. Each road can 

be cleared by driving along it once. The 

snowplough cannot cross the footbridge. 

Showing all your working and using an 

appropriate algorithm, 

a find the route the driver should follow, 

starting and ending at F, to clear all the 

roads of snow. Give the length of this 

route. (6) 

The local authority decides to build a road 

bridge over the river at B. The snowplough 

will be able to cross the road bridge. 

b Reapply the algorithm to find the 

minimum distance the snowplough will 

have to travel (ignore the length of 

the new bridge). (4) 

€ Section 4.2 

(Total weight of network is 6) 

A local council is responsible for 

maintaining pavements in a district. 

The roads for which it is responsible are 
represented by arcs in the diagram. The 
road junctions are labelled A, B, C, ..., G. 
The number on each arc represents the 
length of that road in km. 

The council has received a number 
of complaints about the condition of 
the pavements. In order to inspect the 
pavements, a council employee needs to 
walk along each road twice (once on each 
side of the road) starting and ending at 
the council offices at C. The length of the 
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) 

route is to be minimal. Ignore the widths 
of the roads. 

a Explain how this situation differs 
from the standard route inspection 
problem. (1) 

b Find a route of minimum length 
and state its length. (5) 

€ Section 4.2 

(Total weight of network is 91) 

The diagram shows the network of paths 

in a country park. The number on each 

path gives its length in km. The vertices A 

and / represent the two gates in the park 

ang the vertices. b..C..D. FE. F Gand H 

represent places of interest. 

a Use Dikstra’s algorithm to find the 

shortest route from A to J. Show all 

necessary working and state your 

shortest route and its length. (6) 

The park warden wishes to inspect each 

of the paths to check for frost damage. 

She has to cycle along each path at least 

once, starting and finishing at A. 

b i Use an appropriate algorithm to 

find which paths will be covered 

twice and state these paths. (2) 

ii Find a route of minimum length. 

(3) 
iii Find the total length of this 

shortest route. (2) 

€ Sections 3.4, 4.2 

"21 The diagram shows the road network of a 

small housing development. The number 

on each arc represents the length of the 

road in metres. A security guard has to 

patrol the length of each road at least 

once, starting at 7 and finishing at P. 

Gp) 22 

The total length of the route should be as 

small as possible. 

P 200 O 

338 645 

The total length of all the roads is 2260 m. 

Using the route inspection algorithm, 

a determine which roads must be 

traversed more than once (6) 

b calculate the length of the shortest 

route. (2) 

€ Section 4.3 

(Total weight of network is 9.5) 

An engineer needs to check the state of 

a number of roads to see whether they 

need resurfacing. The roads that need to 

be checked are represented by the arcs 

in the diagram. The number on each arc 

represents the length of that road in km. 

To check all the roads, he needs to travel 

along each road at least once. He wishes 

to minimise the total distance travelled. 

a Use the route inspection algorithm, 

starting at A and finishing at G, to find 

the minimum time taken to traverse 

each arc at least once. (4) 

b State a possible route. (4) 

The engineer believes that he can reduce 

the distance travelled by starting at D and 

finishing G. 

133 
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c State whether the engineer is correct 

in his belief. If so, calculate how much 

shorter his new route 1s. If not, 

explain why not. (4) 

€ Section 4.3 

(E) 23 a Explain the difference between the 

Ein) 24" 

classical and practical travelling 

salesperson problems. (2) 

The network above shows the distances, 

in kilometres, between eight McBurger 

restaurants. An inspector from head 

office wishes to visit each restaurant. His 

route should start and finish at A, visit 

each restaurant at least once and cover a 

minimum distance. 

b Obtain a minimum spanning tree 

for the network using Kruskal’s 

algorithm. You should draw your tree 

and state the order 1n which the arcs 

were added. (4) 

c Use your answer to part b to determine 

an initial upper bound for the length of 

the route. (1) 

Starting from your initial upper bound 

and using an appropriate method, find 

an upper bound which is less than 

135 km. State your tour. (4) 

€ Sections 5.1, 5.2 

a 

20 IS 

25 

The diagram shows a network of roads 

connecting six villages A, B, C, D, E 

and F. The lengths of the roads are given 

in km. 

a Complete a table of least distances for 

this network, by inspection. (2) 

The table can now be taken to represent a 

complete network. 

b Use the nearest neighbour algorithm, 

starting at A, on your completed table 

in part a. Obtain an upper bound to 

the length of a tour in this complete 

network, which starts and finishes at A 

and visits every village exactly once. (4) 

c Interpret your answer in part bin 

terms of the original network of roads 

connecting the six villages. (1) 

d By choosing a different vertex as 

your starting point, use the nearest 

neighbour algorithm to obtain a 

shorter tour than that found in part b. 

State the tour and its length. (4) 

€ Sections 5.1, 5.4 

The table shows the least distances, in km, 

between five towns, A, B, C, Dand E. 

A B Cy Daa 

A =. (1535795 slo 4 ls 

B i330 hin ON ieee 

Ce QSs © TA: vere 82) aul 03 

DV L24* “1S 882 1 ee? Gri 

ES) 7149 M03 Vibe 

Nassim wishes to find an interval which 

contains the solution to the travelling 

salesman problem for this network. 

a Making your method clear, find an 

initial upper bound starting at A and 

using: 

i the minimum spanning tree 

method (4) 

ii the nearest neighbour algorithm. (4) 

b By deleting E, find a lower bound. (4) 
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A) c Using your answers to parts a and b, 
A B C D E F 

state the smallest interval that Nassim 

could correctly write down. (2) - Sms Vitae so 
| By | 285: =. 3385 175 1600" “93 

¢ Sections 5.2, 5.3, 5.4 
CBeLIO 38 = — I4s) 1565-93 

| 
») 26 The diagram shows six towns A, B, C, D, 1 (seta ee ues 

EN OSS 160 Mal 56> a1 LO == 5-92 | FEand F and the roads joining them. 

The number on each arc gives the length EI) TU A SE ESS EES 
of that road in miles. t=) Starting from A, use Prim’s algorithm 

to find a minimum connector and draw 

the minimum spanning tree. You must 

make your method clear by stating the 

order in which the arcs are selected. (6) 

b i Using your answer to part a obtain 

an initial upper bound for the 

solution of the travelling salesperson 

problem. (1) 

ii Use a short cut to reduce the upper 

bound to a value less than 680. (2) 

a By deleting vertex A, obtain a lower c Starting by deleting F, find a lower 

| bound for the solution to the travelling bound for the solution of the 

| salesman problem. (4) - travelling salesperson problem. (4) 

| The nearest neighbour algorithm for € Sections 3.3, 5.2, 5.3 

finding a possible salesman tour is as 

follows: 28 The table shows the distances, in km, 

Step 1: Let V be the current vertex. Dio mviGa a eS MORINS abt (C, De Gitte! 1 

Step 2: Find the nearest unvisited vertex Ave Bie G Re DEAR 
to the current vertex, move A 2S LMS R53 RSA ey BS 8.68 

directly to that vertex and call it BATS == 28 e138 a3 soe 100 

the current vertex. CS 308287 S106 3 Sees 

Step 3: Repeat step 2 until all vertices Do S4* 108 S106) ae Aen 

have been visited and then return ji Ne 26S —Aw) ah Os 

directly to the start vertex. a lay ae 2 GE = 

b i Use this algorithm to find a tour Starting from A, use Prim’s algorithm 
starting at vertex A. State clearly the to find a minimum connector and draw 

ta) 

tour and give its length. (4) the minimum spanning tree. You must 

ii Starting at an appropriate vertex, make your method clear by stating the 

use the algorithm to find a tour of order in which the arcs are selected. (4) 

shorter length. (4) b i Hence form an initial upper bound 
€ Section 5.4 for the solution to the travelling 

salesman problem. (1) 

) 27 The table shows the distances, in km, ii Use a short cut to reduce the upper 

between six towns A, B, C, D, E and F. bound to a value below 360. (2) 
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c By deleting A, find a lower bound for 

the solution to the travelling salesman 

problem. (4) 

d Use your answers to parts b and ¢c to 

make a comment on the value of the 

optimal solution. (1) 

e Draw a diagram to show your best 

route. (2) 

€ Sections 3.3, 5.2, 5.3 

A retailer has shops in seven cities A, B, 

C, D, E, Fand G. The table below shows 

the distances, in km, between each of 

these seven cities. Susie lives in city A and 

has to visit each of the shops. She wishes 

to plan a route starting and finishing at A 

and covering a minimum distance. 

Ame OAC wD RE aE 2 kG 

Anlv—) oy 125-160 4135), 65) (95 

B. | 5d° y=), 382 1354140 100) 83 

Cy MBSUS 2 T= 80 20 TA0. 76 

DEMCOMmISim 85, = 65> 1325.63 

E135) 140120565, “=. 90 ~55 

EMEC LOO MIAO ISAO a 5 

GANGS SS S81 10. 9 hO5a0 Se) oun 

a Starting at A, use an algorithm to 

find a minimum spanning tree for this 

network. State the order in which you 

added vertices to the tree and draw 

your final tree. Explain briefly how you 

applied the algorithm. (6) 

Hence determine an initial upper bound 

for the length of Susie’s route. (1) 

Starting from your initial upper bound, 

obtain an upper bound for the route 

which is less than 635 km. State the 

route which has a length equal to your 
new upper bound and cities which are 
visited more than once. (2) 

a 

io) 

d Obtain the minimum spanning tree 
for the reduced graph produced by 
deleting the vertex G and all edges 
joined to it. Draw the tree. (4) 

e Hence obtain a lower bound for the 

length of Susie’s route. (2) 

f Using your solution to part d, obtain a 

route of length less than 500 km which 

visits each vertex exactly once. (2) 

€ Sections 5.2, 5.3, 5.4 

Challenge 

1 a Explain why any simple graph with two or 

more vertices must contain at least two 

vertices with the same degree. 

b The diagram shows an edge-colouring of Kg, 

where every edge has been coloured either 

red or blue. 

A B 

F e} 

E D 

For the above edge-colouring, it is possible 

to find sets of three vertices which are all 

linked by edges of the same colour. Here are 

two examples: 

A B A B 
e e 

Fe C - ec 

e e 
E D E D 

i Find two additional sets of three vertices 

in the above graph which are all linked by 

edges of the same colour. 

ii Prove that for any edge-colouring of the 

K, with two colours, it will be possible to 

find a set of three vertices which are all 

linked by edges of the same colour. 

iii By constructing a suitable graph, show 

that this result is not true for Ks. 

€ Section 3.3 



2* Peter wishes to minimise the time spent driving 
from his home at H, to a campsite at G. The 
network above shows a number of towns and 
the time, in minutes, taken to drive between 
them. The volume of traffic on the roads into G 
is variable, and so the length of time taken to 
drive along these roads is expressed in terms 
of x, where x = 0. 

a Use Dijkstra’s algorithm to find two routes 
from H to G (one via A and one via B) that 

minimise the travelling time from H to G. 

State the length of each route in terms of x. 

b Find the range of values of x for which Peter 

should follow the route via A. 

€ Section 3.4 

The route inspection problem is solved for this 

network giving a route of length 100. 

a Find an expression for the total weight of the 

network. 

b Prove by contradiction that BA + AC = BC. 

c Find the value of x showing all your working. 

€- Section 4.2 

The table shows the distances, in miles, 

between some cities. A politician has to visit 

each city, starting and finishing at A. She wishes 

to minimise her total travelling distance. 

a Show that she will definitely be able to 

complete her trip in under 1400 miles, 

and state a suitable route. 

b Show that her total trip must be at least 

971 miles in length, fully justifying why your 

answer represents a lower bound. 

< Sections 5.1, 5.2, 5.3 
mG ko SS Cees 

Biyuelee  Di ae 

47 84 
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After completing this chapter you should be able to: 

e Formulate a problem as a linear programming problem 

—> pages 139-145 

@ |llustrate a two-variable linear programming problem graphically 

-» pages 145-148 

@ Locate the optimal point in a feasible region using the objective line 

(ruler) method —> pages 148-155 

e@ Use the vertex testing method to locate the optimal point 

e Determine solutions that need integer values — pages 162-166 

Use three inequalities 

to describe the 

shaded region of 

this graph. 

- Pure Year 1, Chapter 3 

Linear programming is a method 

of solving problems involving 

inequalities and more than one 

variable. It is widely used in 

finance, planning, control, design, 

manufacturing and resourcing, and 
Shade the region that satisfies all four inequalities. f) can help to maximise profits or 

Pure \ r3 minimise costs. ~> Exercise 6A, Q1 

> 

x 
inept ee 

le eS 7 

Represent these inequalities on the same set of axes. 

Beene yes We nes hyena (A Ais sow 

<- Pure Year 1, C 
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Linear programming 

i@® Linear programming problems 

| You need to be able to formulate a problem as a linear programming problem. 
| | © The decision variables in a linear programming problem 
| are the numbers of each of the things that can be varied. 

The variables, which are often called x, y, z, etc., will be the 
‘letters’ in the inequalities and objective function. 

¢ The objective is the aim of the problem. It may be to Tee as v9 Der awe ae: MP es ‘maximise’ or ‘minimise’, and an maximise profit or to minimise cost. aod se : 
algebraic expression called the 

objective function, which is usually 

For example, the cost of one teddy 

bear, the number of teddy bears 

made, etc. 

¢ The constraints are the things that will prevent you 
making, or using, an infinite number of each of the written as an equation in terms of 
variables. Each constraint will give rise to one the decision variables, for example, 
inequality. P=3x + 2y, C=4x + 1y #32 

¢ If you find values for the decision variables that satisfy 
. : F Examples of constraints are the each constraint you have a feasible solution. Sse : 

quantity of raw materials available, 

solution. 

e Ina graphical linear programming problem, the region that the time available, the fact that 
contains all the feasible solutions is called the feasible you cannot have a negative 
region. quantity, etc. 

e The optimal solution is the feasible solution that meets 

the objective. There might be more than one optimal 

! 
| # To formulate a problem as a linear programming problem: 

| 1 Define the decision variables (x, y, z, etc.). 

| 2 State the objective (maximise or minimise, together with an objective function). 

3 Write the constraints as inequalities. 

Mrs Cook is making cakes to sell for charity. She makes two types of cake, fruit and chocolate. 

Amongst other ingredients, each fruit cake requires | egg, 250 g of flour and 200 g of sugar. 

Each chocolate cake requires 2 eggs, 250 g of flour and 300 g of sugar. 

Mrs Cook has 36 eggs, 7 kg of flour and 6 kg of sugar. 

She will sell the fruit cakes for £3.50 and the chocolate cakes for £5. 

She wishes to maximise the money she makes from these sales: This is an assumption that is 

made in linear programming 

problems and is not usually 
Formulate this as a linear programming problem. stated. 

You may assume she sells all the cakes that she makes. - 
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| Type of cake | Eggs Flour Sugar | Price 
| 
| 
| 
| Fruit 1 250g | 200g 

Chocolate Z 250g | 300g | 

‘| Total available | 36 | 7000g| 6000g 

| First define the decision variables. 

Let f be the number of fruit cakes made. 

ext, state the objective. 

Choose a letter 

to represent 

Mrs Cook's 

income. 

— 

maximise P= ays DE 

| 
Mrs Cook will get £3.50 

for each fruit cake she 

sells. If she sells fof them 

she will make £3.5/. 

Mrs Cook wishes 

to maximise her 

} 

i 

| 

| 

| we 
_ Maximise because 
{ 

income. 

make £5c. 

' Let ce be the number of chocolate cakes made 

Each chocolate cake 

sold raises £5. If c cakes 

are sold, Mrs Cook will 

| 
. | 

Finally, identify the constraints. -—— 

eggs: f+ 2c = 36 - 

flour: 250f'+ 250c < 7000 

| This simplifies to 

| f+c< 28 

“sugar: 200f+ 300c < GO00 -— 

| This simplifies to 

2f + 3c = 6O | 
| 

| non-negativity: f=>Oc2zO -— 

These are often written together as 

f,.¢ = © 

A formal summary of the problem is 

Let f be the number of fruit cakes made. 

as SON a Bie 

SUBIECL to; free = 3G 

ftcs< 28 

Zi oe = CO 

he 

| 
| 
| 

|| maximise 
{ 

| 

6 

O V 

Let c be the number of chocolate cakes made. 

140 

It is sometimes useful to summarise the 

information in a table. 

You need to make the units agree. 

The decision variables always start ‘Let x 

be the number of ...’ etc. 

There are two parts to the objective: 

a word maximise or minimise and an 

objective function. 

You don't need to include units in the 

objective function, but make sure that all 

the units agree. 

These will be inequalities. 

Mrs Cook needs 1 egg for each fruit cake 

and 2 to make each chocolate cake. There is 

a maximum of 36 eggs that can be used. 

Each fruit cake requires 250g and each 

chocolate cake 250 g. There are up to 

7000 g available. 

Each fruit cake requires 200g and each 

chocolate cake 300 g. There are 6000 ¢ 

available. 

You cannot have negative values for for ec. 

(A negative cake is not possible!) 

CED This is the formal template for 

presenting a linear programming 

problem. It is a good idea to follow 

this model when formulating a linear 

programming problem. 



Linear programming 

{ Example fe) 

| A company buys two types of diary to send to its customers, a desk top diary and a pocket diary. 

| They will need to place a minimum order of 200 desk top and 80 pocket diaries. 

They will need at least twice as many pocket diaries as desk top diaries. 

They will need a total of at least 400 diaries. 

Each desk top diary costs £6 and each pocket diary costs £3. 

The company wishes to minimise the cost of buying the diaries. 

Formulate this as a linear programming problem. 

| Summarise the information in a table. 
"Each desk top diary co Sear each 
"pocket diary ioe fas lice , 
‘to minimise the cost. hg?’ sth 

Minimum order 

200 

8O 

| Type of diary 

Pocket 

Also require: fe company must order at least 200 desk — 
top diaries and at least 80 pocket diaries. ‘i * twice as many pocket as desk top 

/* total of at least 400. 

| Define the decision variables. y This of compa ative constant canbe 

tricky. It corediig Ips to seeitas two 
_ steps: first getting the ebracort eed and 
° then getting th the ineque ality correct. oa, 

| Let x be the number of desk top diaries bought. 

Let y be the number of pocket diaries bought. 

| State the objective. 

_ minimise GEG Sy | Wy Problem-solving 
| State the constraints. 

To get the algebra correct, change the 

statement to read ‘exactly twice as many 

pocket as desk top’. This tells you which 

one needs to be doubled. The number of 

pocket diaries (v) is double the number 

la total of at least 400 diaries: of desk top (x). So we get 2x = y. To get 

| x4 y= 400 | the direction of the inequality you can 

consider which one of these can be made 

larger whilst still satisfying the given 

| minimum order: x = 200 

' y = 60 

at least twice as many pocket as desk top: 

ay, 

| non-negativity: 

| Since we have already stated that x = 200 and y = 80, | condition. Here the number of pocket 

) | we do not need to state that x 2 O and y > O. diaries can increase so 2x <y. 

| So the non-negativity constraint is already satisfied 

_by the previous constraints. | Dy | . ‘l fab of di ae a oy 7 7 
| The tota number of diaries is simply x AVE 

| Here is the summary. 
/ 

| Let x be the number of desk top diaries bought. 

| Let y be the number of pocket diaries bought. 

| || minimise Caiex + Sy | 

subject to: x 2 200 | 

y 260 

Zany, 

x+y 2 400 
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A company produces two types of syrup, A and B. The syrups are a blend of sugar, fruit and juice. 

Syrup A contains 30% sugar, 50% fruit and 20% juice. 

Syrup B contains 20% sugar, 35% fruit and 45% juice. 

Each litre of syrup A costs 50p and each litre of syrup B costs 40p. 

There is a maximum daily production of 40000 litres of syrup A and 45 000 litres of syrup B. 

A confectionery manufacturer places an order for 60.000 litres of syrup but requires 

e below 25% sugar 

e at least 40% fruit 

e no more than 35% juice. 

The company will blend syrups A and B to meet the confectionery manufacturer’s requirements. 

The company wishes to minimise its costs. 

Letting x be the number of litres of syrup A used, and y be the number of litres of syrup B used, 

formulate this as a linear programming problem. 

eres the information. 

Maximum Cost 

amount (€) | per litre 

‘| 40) 30 50 50p 

B(y) | 20 35 

Required in 
ha <25 | 240 
| final blend 
| 

| Define the decision variables. 

| This has already been done in the question. 

| State the objective. 

_ minimise C=0.5x + OAy 

| State the constraints. fete see Note the strict inequality. 
| 30% of syrup A is sugar. ltr ust be i ake | 

| | 
| sugar: OSx + O27=.0. 251% +9) 

| = 7 eee ae 

20% of syrup Bis sugar. <a Pe % of the 

| - co eh d be 

| must be sugar. 

This simplifies to ay 

| Each litre of syrup 4 contains 50% fruit. 
| | 
Fruit: 0.5x + O0.35y = OA (x + y) 

| Each litre <1 a 2 =< ... 40% fruit in 
| egrets See combined | 
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| 

‘This simplifies to 2x = y (sate Reet 05 x +035 = 04x Dae Oy , 
juice: O.2x + O.45y = 0.35 (x+y) | yi ae “x= 00 O.05y 
_ which simplifies to 2y = 3x — | 

amount required: x+y = GOO00O | ae pares aa ey ‘ 
x < 40000 | Pee lye toe yi in? y < 45000 | as — 

| non-negativity: Ky = © | 
| x < 40000 | 

y = 45 OOO 

Here is the summary 
minimise C = 0.5x + O.Ay 

subject to 56 <p 

2ytee Vy 

Bie 22 2y, 

x + y = GOOOO 

¢ = 40000 

» = 45000 

= O 

| 

y1 

) 2 

Linear programming 

i 
<< 

| Ga Cyrdty- 6A) 

A chocolate manufacturer is producing two hand-made assortments, gold and silver, to 

commemorate 50 years in business. 

It will take 30 minutes to make all the chocolates for one box of gold assortment and 20 minutes 

to make the chocolates for one box of silver assortment. 

It will take 12 minutes to wrap and pack the chocolates in one box of gold assortment and 15 

minutes for one box of silver assortment. 

The manufacturer needs to make at least twice as many silver as gold assortments. 

The gold assortment will be sold at a profit of 80p, and Can e : ae 
‘ i ACORG06: emember to define 

ee ee , your variables clearly, and include 
There are 300 hours available to make the chocolates and a non-negativity constraint. 

200 hours to wrap them. The profit is to be maximised. 

Letting the number of boxes of gold assortment be x and the number of boxes of silver 

assortment be y, formulate this as a linear programming problem. (5 marks) 

A floral display is required for the opening of a new building. The display must be at least 30m 

long and is to be made up of two types of planted displays, type A and type B. 

Type A is | min length and costs £6 and 

Type B is 1.5m in length and costs £10 

The client wants at least twice as many type A as type B, and at least 6 of type B. 

The cost is to be minimised. 

Letting x be the number of type A used and y be the number of type B used, formulate this asa 

linear programming problem. (5 marks) 
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A toy company makes two types of board game, Cludopoly and Trivscrab. As well as the board, 

each game requires playing pieces and cards. 

The company uses two machines, one to produce the pieces and one to produce the cards. Both 

machines can only be operated for up to ten hours per day. 

The first machine takes 5 minutes to produce a set of pieces for Cludopoly and 8 minutes to 

produce a set of pieces for Trivscrab. 

The second machine takes 8 minutes to produce a set of cards for Cludopoly and 4 minutes to 

produce a set of cards for Trivscrab. 

The company knows it will sell at most three times as many games of Cludopoly as Trivscrab. 

The profit made on each game of Cludopoly is £1.50 and £2.50 on each game of Trivscrab. 

The company wishes to maximise its daily profit. 

Let x be the number of games of Cludopoly and y the number of games of Trivscrab. 

Formulate this problem as a linear programming problem. (5 marks) 

A librarian needs to purchase bookcases for a new library. She has a budget of £3000 and 240 m7? 

of available floor space. There are two types of bookcase, type | and type 2, that she is permitted 

to buy. 

Type | costs £150, needs 15 m? of floor space and has 40 m of shelving. 

Type 2 costs £250, needs 12 m? of floor space and has 60 m of shelving. 

She must buy at least 8 type | bookcases and wants at most 4 of all the bookcases to be type 2. 

She wishes to maximise the total amount of shelving. 

Letting x and y be the number of type | and type 2 bookcases bought respectively, formulate this 

as a linear programming problem. (5 marks) 

A garden supplies company produces two different plant feeds, one for indoor plants and one for 

outdoor plants. 

In addition to other ingredients, the plant feeds are made by combining three different natural 

ingredients A, Band C. 

Each kilogram of indoor feed requires 10 g of A, 20g of Band 20 of C. 

Each kilogram of outdoor feed requires 20 g of A, 10g of Band 20g of C. 

The company has 5 kg of A, 5kg of Band 6kg of C available each week to use to make these feeds. 

The company will sell at most three times as much outdoor as indoor feed, and will sell at least 
50 kg of indoor feed. 

The profit made on each kilogram of indoor and outdoor feed is £7 and £6 respectively. 
The company wishes to maximise its weekly profit. 

Formulate this as a linear programming problem, defining your decision variables. (6 marks) 

Sam makes three types of fruit smoothies, 4, B and C. As well as other ingredients all three 
smoothies contain oranges, raspberries, kiwi fruit and apples, but in different proportions. Sam 
has 50 oranges, 1000 raspberries, 100 kiwi fruit and 60 apples. The table below shows the number 
of these 4 fruits used to make each smoothie and the profit made per smoothie. Sam wishes to 
maximise the profit. 
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Smoothie | Oranges | Raspberries ily Kiwi fruit | Apples Profit 

i A | 10 2 2 60p 

ft eB 1 40 3 4 65p 
Cu 2 15 | y 55p 

Total available 50 1000 I 100 60 

Letting x be the number of 4 smoothies, y the number of B smoothies and z the number of C 

smoothies, formulate this as a linear programming problem. (5 marks) 

) 7 A dairy manufacturer has two factories, R and S. Each factory can process milk and yoghurt. 

Factory R can process 1000 litres of milk and 200 litres of yoghurt per hour. 

Factory S can process 800 litres of milk and 300 litres of yoghurt per hour. 

It costs £300 per hour to operate factory R and £400 per hour to operate factory S. In order 

to safeguard jobs it has been agreed that each factory will operate for at least 4 of the total, 

combined, operating time. 

The manufacturer needs to process 20 000 litres of milk and 6000 litres of yoghurt. He wishes to 

distribute this between the 2 factories in such a way as to minimise operating costs. Formulate 

this as a linear programming problem in x and y, defining your decision variables. (6 marks) 

( 6.2) Graphical methods 

You can illustrate a two-variable linear programming problem graphically. You use the x- and y-axes 

to represent the two variables, and shade any areas of the graph that fail to satisfy any of the 

inequalities in the linear programming problem. 

= The region of a graph that satisfies all the Y Watch out By convention, you leave 

constraints of a linear programming problem is the feasible region unshaded, and 

called the feasible region. shade all other regions of the graph. 

(exammte @ 
A linear programming problem is given as: 

minimise C = 0.5x + 0.4y 

subject to 

ey. 

Day 

BX 2y 

x + y = 60000 

x0 

On a graph, represent the feasible region for this problem, and label it R. 
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The line x + y = 60000 passes 

SL une 
eee A. Ais y= 
Lee eer 

through (0, 60 000) and (60000, 0). 

Testing (0, 0) puts it in the region 

Bis ae i HN | 
aa. AEN 

40000 a O 

| Combine all these on one a 

| ae yw { ELL eas 

) a ue ae ay Renee 
cOpGaK a oe ery eo 

| ped cbcans ue re ex Peto cea eaaeeiee | ea CANARY ps ‘aie t at 

dee nine Pie ae | OOO tr neon wee 
ee ae 7 on oeeaee 
NL / me at e 

AG6bEL IN ee Becca tae ester AN an AY an Ri ea) / IN if i i 

a eX 
| ee FO 2 
Bee ee eau 100 uy amet | Saves auaaas: xy A 
ey 
ee oGepe ge 7 
POET IY 
ee a s 
| 19000} fe oe. OOO Tt Ae 
ae gree 
Mc cer ch vece ee 
| E Ss pangs: 

Mes sees gene Sauce 
eee > D 

) Seu eisineses 
ae Race Heea: ore 

CID Explore graphical solutions to linear ‘ 

to reject since 0 + Ois not 

= 60000. 

Label the feasible region R. 

The inequalities 2x > y,x =0 

and x = O are not actually 

necessary to define the feasible 

region. 

The question only asked for the 

feasible region, so you do not 

need to consider the objective 

function. 

programming problems using GeoGebra. 

i Exercise 6B) 

1 Represent each set of inequalities on a graph. Shade any regions of the graph that fail to satisfy 

all the inequalities, and label the feasible region R. 

a 2x+3y> 18 b 2 Nay Coty 
eas 3x + 4y = 24 5x + 6y 

yes veeS ZK 

xy = 0 ae yy 

= 2() d 2x-3<y 

> 60 ye 
oy y>6-2x 

=<41() x= 0 
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A linear programming problem is given as: 

eipeanies) JP = sheyfan Se 

subject to: f+ 2c < 36 

On a graph, represent the feasible region for this problem, and label it R. 

A linear programming problem is given as: 

minimise. C= 6x + 3y 

subject to x = 200 

y 2 80 

2xsy 

x + y = 400 

V 

On a graph, represent the feasible region for this problem, and label it R. 

A company manufactures two types of mp3 player, type A and type B. The company decides that 

each month: 

e at least 200 type A mp3 players should be produced 

e the number of type 4 mp3 players should be between 10% and 40% of the total number of 

mp3 players produced 

e amaximum of 3000 mp3 players can be produced. 

The company makes a profit of £75 on each type A mp3 player produced and a profit of £55 on 

each type B mp3 player produced. The firm wishes to maximise its monthly profit. 

Show the feasible region for this linear programming problem on a suitable graph. 

This graph is being used to solve a linear programming problem. Three of the constraints have 

been drawn on the graph and the rejected regions shaded. 

a Write down the constraints shown on the 

graph. (3 marks) 

Two further constraints are: 

x+y = 20 

3x + 4y < 120 

b Copy the graph and add two lines and 

shading to represent these constraints. Hence 

determine the feasible region and label it R. 

(2 marks) 
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| 6.2 Locating the optimal point 

| Every point in the feasible region satisfies all the constraints, so is a potential solution to the linear 

| programming problem. 

| : : 
_ = To solve a linear programming problem, you need to find the point in the feasible region 
_ which maximises or minimises the objective function. 

There are two methods for finding the optimal solution. The first method is called the objective line 

method or ruler method. 

ex: 
Nigel is making ice cream for sale at a charity fair. He makes two flavours of ice cream: vanilla 

and chocolate. Let the number of litres of vanilla ice cream made be x and the number of litres of 

chocolate ice cream made be y. Nigel decides to use linear programming to determine the number 

of litres of each type of ice cream he should make. The constraints and the feasible region, R, are 

illustrated in the diagram below. 

aka 

| ‘DS Sea 

ad 
iA: ea cee 

if i \ 4 

pias 2 

Se Eee es Se 
1. | 

= e iis Yee > 

| 

bade 

{ +— ibs 

AOE. | Ay eet Ul 

| | 

| 

Loe eae ee ae ei as 

Ea | | 

| tine 

mime Esk Bc 
| | 

yee Se 

| 

{ 

jail Men aL ed Pia ha al 
} | 

AY LE 
| Is | | | | 

— laenemesn ie = amp me neeeet aa-fnne 

| 

| | | eo ola | 

Determine the optimal solution for this problem, given that the objective is to 

a maximise the profit on sales, P = 2x + y, 

__b minimise the production costs, C = 5x + 2y. 
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[2a AO a= 20) ee 

Problem-
solving 

) es 

Imagine a ruler s| ng. over the feasible region on page 149 so that it is always. 

parallel to the profit lines above. The maximum value of P will be i in the feasible _ 

region at the point. furthest from the origin (the last pole: the ruler mre asit 

slides out of the feasible region). 

Explore how the optimal solution \& 
can be found using the objective line method — 

with GeoGebra. . 
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giving an optimal value for P of 13), ’ From the diagram, the optimal point is (13 

So: 

So Nigel should make 13 litres of vanilla ice cream, and 13 litres of chocolate ice cream 

Zits +13 

and ’ 

makes a profit of £39. 

Cn You should always make sure you give 

your answer in the context of the original question. 

Don't just state the coordinates of the optimal point. 
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. Y. ; 

a Draw an objective line with a ruler and label it. The line should be 

accurately plotted and be long enough for its gradient to be checked. 
5x+2y=40 
NEE 

| 
| 

} 
| 
| 

| 
| 

| 
| 
| 

| 
| 

| 
\ 
| 
{ 

| 
i 
| 
| 
| 
| 
| 
| 

} 

} 

* Choose a value of Cand draw the objective 

~ line. If you choose a multiple of both 5 and 2 

then the objective line will pass through integer 
| values on the coordinate axis, making it easier _ 

to draw. The line 5x + 2y = 40 passes through 

| (0,20) and (8, 0). A : 

~ Then slide the ruler towards the feasible i 

| region, keeping it parallel to the objective line. | 

5x+ 2y=30 

The minimum value will occur at the first point covered by the objective line as it moves into | 

the feasible region. In this case the optimal point is found where the line y = x meets the | 

liné 3x + Sy = GO. Solving these equations simultaneously gives x = 7.5 and y = 7.5. 

NO War ie eit — Oven Wim eA is) 5) 2S, 

So Nigel should make 7.5 litres of vanilla ice cream and 7.5 litres of chocolate ice cream, 

with production costs of £52.50, | 

# Fora maximum point, look for the last point covered by an objective line as it leaves the 
feasible region. 

= Fora minimum point, look for the first point covered by an objective line as it enters the 
feasible region. 

It is very important, when using the objective line method, that the ruler is 
kept parallel to an objective line. To do this you need two straight edges: 
a ruler and either a second ruler or a set square. 

Place the ruler along an objective line, then place the set square (or second 
ruler) at the base of the ruler, 

Hold the set square firmly and slide the ruler along the edge of the set square. 
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serie @) 

| Using the feasible region determined by the inequalities 

| ee 4x+3y <= 12 2) =x x,y2=0 

| find the optimal point and the optimal value when the objective is to: 

| a maximise P = 2x+ y b maximise P = x + 2y 

- = = 2 

An objective line of the form 

ab = ax + by always passes 

through (6, 0) and (0, a). 

4 | 

2 
coke 
ee 
ae 
eae 
bal 
mie 

The objective line must be 

Draw an objective line. labelled. 

The diagram shows the feasible region and the objective line 

2x + y = 2, which passes through (1, O) and (0, 2). | 
The final point is point A, where x = 3, y = O. | 

_ Optimal point is (3, O). Optimal value is P=2x3+0=6. 

OP 

ae 
8 
ee cD 

The diagram shows the feasible region and the objective line 

x + 2y = 2, which passes through (2, O) and (O, 1). | 
| 

The final point is point B. | Cp Explore ow 

B is at the intersection of 2y = x and 4x + 3y = 12. the optimal solution 

can be found using the 

ie objective line method with 

Optimal point is (25, 14), Optimal value is P= 25+ 27=4, | GeoGebra. 

, , io ee 
Solving these equations simultaneously gives y = 1q, and x = 27; | 
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Example 

In a linear programming problem the constraints are given by 

3x + y= 90 

2x + Ty = 140 

x+y = 50 

xy = 0 

a Minimise C= 3x + Zy. b Minimise C = 3x + 7y. 

} ay | } T a Fa | 

= | | | ‘can Et ka | optimal solution can be found 

| | | | es i | using the objective line method 

| oa | [ee eal ee Pa with GeoGebra. 

‘ DA OUN | | | t— 

| Eee 

a The objective line has equation 3x + 2y = GO and passes through (20,0) 

and (O, 30). | 

The first point in the feasible region as the objective line moves away from | 

the origin is A. | 

A lies at the intersection of | | 

V9 oh) ore) @) 

ana |) SP y= SC 

Solving simultaneously gives | 

K=O y= SO 

which gives C=3 x 20+ 2x 30 = 120 
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b The objective line has equation 3x + 7y = 210 and passes through (70, O) 
and (O, 30). 

The first point in the feasible region is B. 
_ Biies at the intersection of 
| ex + (y= 140 

and x+y=50 
| 

Solving simultaneously gives | 
X=42, y=6 

which gives C= 3 x 424+7x8=182 

_ Using the same feasible region as in Example 7, find an optimal solution given that the objective is 
_ to minimise C= x+y. 

(20; 30): -C=§920"- 3050 | 

|B (42, 8) C=42+6=50 | ' Online ) Explore how 
(an25) C= 20 2500) the optimal solution 
(40,10) C=40+10=50 can be found using the 

The optimal solutions are the points on the line x + y = 50 for objective line method with 

which 20 S x S 42 GeoGebra. 

| 

} 

| 
| 

| 
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You may have noticed that the optimal point occurs at one (or more) of the vertices of the feasible 

region. You can use this fact to find optimal points using the vertex testing method. 

= To find an optimal point using the vertex method: 

1 First find the coordinates of each vertex of the feasible region. 

2 Evaluate the objective function at each of these points. 

3 Select the vertex that gives the optimal value of the objective function. 

Use the vertex testing method to solve the following linear programming problem: 

minimise x + 3y 

subject to Vx 

3x + Sy = 60 

This is the feasible 

region determined 

in Example 5. 
4 i ii iq 

| So - i i =| : 

ji 

4 6 
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‘The feasible region has 4 vertices, in B. C and D. 

Vertex Coordinates Value of x + 3y 

| Ma Y= LO Wie GY Sao) —ael®) 

| mae y= 13 13+43x13=52 

(Sates: Xeoi=s20) 

N£+3x5 = 268 

‘The minimum value occurs at D (18, 5) and is 26s 

Gio Explore how the optimal solution Ye 

' can be found using vertex testing with GeoGebra. 

Example 

_ A feasible region is defined by the following constraints 

9x + lly =99 

_ Find the optimal point and optimal value given that the objective is: 

a maximise x + y b minimise 3x + 4y 
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‘The feasible region has 5 vertices, A, B, C, D and E. Use simultaneous | Gimp 
| equations to find the coordinates of A, B, C, D and E. Explore how the 

Vertex | Coordinates Value of 3x + 4y | optimal solution 

A |x=48 y=48 
| can be found 

3 x42 44x 42 = 345 

Value of x+y 

using vertex 

testing with 

GeoGebra. 

19 ee) 
450 + 456 = 276 

3 4 34 4 3 34 He ee RIED x= 554 ya4d | 53445-1025 | 3x 55344 45 = 343 

3x 68+4xF= 228 

3x 55+4x 15 = 215 

3 3 1 
3 K 3g + 4x 37 = 26, 

34 44 ne a Maximum value of x + y is at B (532, 43) and has value of 10z= 

-b Minimum value of 3x + 4y is at D (55, 13) and has value of 215 

Exercise 6C) 

1 The diagram shows a feasible region, R. 

Find the optimal point and the optimal value, using: 

a the objective line method, with the objective ears M=2x+y 

b the objective line method, with the objective ‘maximise N = x + 4y’ 

c the vertex testing method, with the objective ‘maximise P = x + ve 

d the vertex testing method, with the objective ‘maximise Q = 6x + y’ 
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2 The diagram shows a feasible region, R. G % \ 5 
q ig 7) eee 

Bao 
\ 9x + l0y=900 

Find the optimal point and the optimal value, using: 

a the vertex testing method, with the objective ‘minimise E = 2x + y’ 

b the vertex testing method, with the objective ‘minimise F = x + 4)” 

¢ the objective line method, with the objective ‘minimise Gene 4y 

_ d_ the objective line method, with the objective ‘minimise H = x + 6y’ 

3 The diagram shows a feasible region, R. 

Find the optimal point and the optimal value, using: 

a the vertex testing method, with the objective ‘minimise J = x + 4y 

b the vertex testing method, with the objective ‘maximise K = x + y 

c the objective line method, with the objective mimuomise fe Ox 

d_ the objective line method, with the objective ‘maximise M = 2x + y’ 
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4 The diagram shows a feasible region, R, which is defined by: 
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is the optimal point for each of the following objectives. Py Determine which vertex, A, B, C or D 

a maximise x b minimise x 

¢ maximise y 
re 

d minimise y 
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S Solve the linear programming problem posed in Exercise 6A, question 5 (page 144). 

| 6 Solve the linear programming problem posed in Exercise 6A, question 7 (page 145). 

| 7 A linear programming problem is given as 

| minimise C= 3x + 2y 

subjectto 2x+y = 160 

x+y= 120 

x + 3y = 180 andx2=0,y2=0 

a Draw a graph to illustrate the feasible, R. (3 marks) 
(Use the values 0 S x < 200 and 0 S y S 160 for your axes.) 

b Use the vertex testing method, on the four vertices, to identify the optimal point and optimal 

value. (2 marks) 

Given that the objective changes to 

minimise C, = 2x + 3y, 

c draw a suitable objective line and use it to identify the optimal point and optimal value. (2 marks) 

Given that the objective changes to 

minimise C, = x + y, 

d explain why there is more than one solution to the problem. (2 marks) 

8 A feasible region, R, is defined by 

yet. 

14x + 9y < 630 

Lyx 

4x+y = 60 

a Draw a graph to illustrate the feasible region, R. 

(Use the values 0 < x < 45 and 0 < y S 70 for your axes.) (3 marks) 

b Use the objective line method to determine the optimal point and the optimal value given the 

objective 

i minimise P = x + 3y (4 marks) 

ii maximise O = 6x + y. (4 marks) 

In each case you must draw, and label, an objective line, and find exact values. 

9 A feasible region, R, is defined by 

y = 10x 

0120) 

2y — x 2 100 

2x + y = 400 
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a Draw a graph to illustrate R. (3 marks) 

Given that the objective function is z = 5x + y, 

b determine the optimal value of z, if z is to be 

i maximised (3 marks) 

ii minimised. (3 marks) 

c Determine the maximum value of x + 2y. Give your answer as an exact value. (3 marks) 

Challenge 

Here is an example of a non-linear programming problem: 

maximise P= oye y 

subject to xe 1 

5y-4x 20 

x?+y<10 

a Sketch the feasible region for this problem. 

b By considering the gradient of the objective line, find the maximum 

value of P within the feasible region. 

& Solutions with integer values 

There is an additional constraint in some problems — that the solution has integer values. For 

example, questions 1, 2,3 and 4 in Exercise 6A all require integer solutions, since it is not possible to 

sell a fraction of a box of chocolates, etc. In such cases the optimal point in the feasible region may 

not be an acceptable solution, so you have to find the optimal integer solution. 

= Ifa linear programming problem requires integer solutions, you need to consider points 

with integer coordinates near the optimal vertex. 

Example 

Given that x and y must be integers, solve the following linear programming problem. 

Maximise P=x+2y 

subject to 3x +4y < 36 

[Sg oy = 7 

Sy - 4x < 10 

6x + Sy = 30 

y2=2 
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6x+5y=30 

objective line 

6 6 10 ems 

_ There are two methods that can be used to locate the optimal 

integer value. 

Method 1 

lf it is possible to plot the integer value solutions accurately, 

| simply select the last integer solution covered by the objective — 

line as it leaves the feasible region, moving away from the 

origin. 

| In this case, it is (5, 5) giving P = 15. 

| Method 2 

Locate the optimal (non-integer) solution, then test the integer 

solutions that are close to it. Evaluate the objective function 

| and, most importantly, check whether the integer solutions lie 

in the feasible region. 
t 

The optimal solution is (437, 537) 50 test (4, 5), (4, 6), (5, 5) 
| and (5, 6). 

(A, G) (Dae) 

Cie Explore how 
the optimal solution 

can be found using the objective 

(9, o) ,! line method with GeoGebra. 
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(4, 5) obeys all the constraints, so it lies in the feasible region. _ 
| P=4+2x5=14 

(5, 5) obeys all the constraints, so it lies in the feasible region. 

| P=S+2x5= 15 | 

(4, 6) does not obey 5y - 4x < 10, | 

| since 5x G-4 x 4 = 14 and is not < 10, so is outside the 

feasible region. 

(5, 6) does not obey 3x + 4y < 36, 

| since 3x 5+4x 6 = 39 and is not = 36, so is outside the 
| 

feasible region. | 

| 
| | The optimal integer solution is (5, 5) and P = 15. 

Minimise x+y 

subject to 3x + 5y = 1500 

5x + 2y = 1000 

x,y20 
given that x and y must be integers. 

~ = ses 

| | | | | | 
fe t 
| } | | 

| | | | | | 

| mic ae a 
| | | | | 

| Deal a eae (eases kane ; 
| 2y3 1000) -|_| | 
| fost (gee Gases Pee aie | | | 

| (i ee ME ee | 
! | | R| | 

| { | | | } | 

| = aa a? 
| | } 

ec ma r 
| . es el oN ae 
} { i] ! f 

| _3x+ by = 1900 

a | 

_ Using the objective line method, the optimal point is 

_at the intersection of 5x + 2y = 1000 | 

and 3x + 5y = 1500, | 

“which is (105%, 236'8), 
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_ You cannot use the objective line to help any more. 

_ Investigate integer solutions close to this point. 

= 

0106, 237) | 
1498 # 1500 ; : | 

1503 = 1500 

| 

1 Solve the following linear programming problems, given that integer values are required for the 

decision variables. 

) a Maximise 3x + 2y © Maximuses, 15x Fy 

| subjectto x+5y 210 subjectto 2y2x 

: 3x + 4y < 24 5x + 4y < 800 

4x +3y <24 laa 

Key) ‘ vem ell) 

- b Minimise 2x + y d Maximise 2x+y 

subject to 5x + 6y 2 60 subject to 3x + 5y = 1500 

| 4x+y 228 3x + loy 2 2400 

ay) BS 

| 0 

2 The graph opposite is being used to solve a linear 

programming problem, subject to the following constraints: 

| Vil xe 10 

LI aan a} aga 

oh Ye ea (a Susuon Bae! 

ERR ae 
| Cloyd ew 4 
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rl 
ry 
Lal 7 
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rt 
x 
fe 
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i] 
5 
a 
] 
te 

ores The feasible region is labelled R. 

Given that x and y must both be integers, use the vertex 

testing method to maximise the objective function 

P = 5x + 3y, and write down the corresponding values of xandy. | (7 marks) 

16 muah 

A chocolate manufacturer is producing two hand-made assortments, gold and silver, to 

commemorate 50 years in business. 

It will take 30 minutes to make all the chocolates for one box of gold assortment and 

20 minutes to make the chocolates for one box of silver assortment. 
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It will take 12 minutes to wrap and pack the chocolates in one box of gold assortment and 15 

minutes for one box of silver assortment. 

The manufacturer needs to make at least twice as many silver as gold assortments. 

The gold assortment will be sold at a profit of 80p, and the silver at a profit of 60p. 

There are 300 hours available to make the chocolates and 200 hours to wrap them. 

Maximise the profit, P. (9 marks) 

4 A floral display is required for the opening of a new building. The display must be at least 30m 

long and is to be made up of two types of planted displays, type A and type B. 

Type A is | min length and costs £6. 

Type Bis 1.5m in length and costs £10. 

The client wants at least twice as many type A as type B, and at least 6 of type B. 

a Write each of the constraints as an inequality. (3 marks) 

b Represent the inequalities on a diagram and identify the feasible region. (3 marks) 

c Find the minimum cost and justify your answer. (3 marks) 

5 A toy company makes two types of board game, Cludopoly and Trivscrab. As well as the board 

each game requires playing pieces and cards. 

The company uses two machines, one to produce the pieces and one to produce the cards. Both 

machines can only be operated for up to ten hours per day. 

The first machine takes 5 minutes to produce a set of pieces for Cludopoly and 8 minutes to 

produce a set of pieces for Trivscrab. 

The second machine takes 8 minutes to produce a set of cards for Cludopoly and 4 minutes to 

produce a set of cards for Trivscrab. 

The company knows it will sell at most three times as many games of Cludopoly as Trivscrab. 

The profit made on each game of Cludopoly is £1.50 and £2.00 on each game of Trivscrab. 

a Write each of the constraints as an inequality. (3 marks) 

b Represent the inequalities on a diagram and identify the feasible region. (3 marks) 

c Find the maximum profit and justify your answer. (3 marks) 

6 A librarian needs to purchase bookcases for a new library. She has a budget of £3000 and 240 m2 
of available floor space. There are two types of bookcase, type | and type 2, that she is permitted 
to buy. 

Type | costs £150, needs 15 m? of floor space and has 40 m of shelving. 

Type 2 costs £250, needs 12 m? of floor space and has 60 m of shelving. 

She must buy at least 8 type 1 bookcases and wants at most ; of all the bookcases to be type 2. 

She wishes to maximise the total amount of shelving. 

a Formulate the above information as a linear programming problem. (5 marks) 

b Use a suitable method to solve the problem, fully justifying your answer. (5 marks) 
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Mixed exercise (@) 

| 1 Mr Baker is making cakes and fruit loaves for sale at a charity cake stall. Each cake requires 200 g 
i of flour and 125g of fruit. Each fruit loaf requires 200 g of flour and 50 g of fruit. 
| He has 2800 of flour and 1000 g of fruit available. 
, Let the number of cakes that he makes be x and the number of fruit loaves he makes be pe 

a Show that these constraints can be modelled by the inequalities 

x+y S l4and 5x + 2y < 40. (4 marks) 
Each cake takes 50 minutes to cook and each fruit loaf takes 30 minutes to cook. There are 
8 hours of cooking time available. 

b Obtain a further inequality, other than x > 0 and y = 0, which models this time constraint. 

(2 marks) 

___ ¢ On graph paper illustrate these three inequalities, indicating clearly the feasible region. 

(3 marks) 

d It is decided to sell the cakes for £3.50 each and the fruit loaves for £1.50 each. Assuming that 
Mr Baker sells all that he makes, write down an expression for the amount of money P, in 

pounds, raised by the sale of Mr Baker’s products. (1 mark) 

e Explaining your method clearly, determine how many cakes and how many fruit loaves Mr 

Baker should make in order to maximise P. (2 marks) 

f Write down the greatest value of P. . (1 mark) 

2 A junior librarian is setting up a section of a library to loan CDs and DVDs. He has a budget of 

£420 to spend on storage units to display these items. 

Let x be the number of CD storage units and y the number of DVD storage units he plans to 

buy. 

Each type of storage unit occupies 0.08 m?, and there is a total area of 6.4m? available for the 

display. 

a Show that this information can be modelled by the inequality (2 marks) 

x+y 80 

The CD storage units cost £6 each and the DVD storage units cost £4.80 each. 

b Write down a second inequality, other than x = 0 and y = 0, to model this constraint. (2 marks) 

The CD storage unit displays 30 CDs and the DVD storage unit displays 20 DVDs. The chief 

librarian advises the junior librarian that he should plan to display at least half as many DVDs 

as CDs. 

¢ Show that this implies that 3x < 4y. (2 marks) 

d On graph paper, display your three inequalities, indicating clearly the feasible region. 

The librarian wishes to maximise the total number of items, 7, on display. Given that (3 marks) 

P= B0xvae20y 

e determine how many CD storage units and how many DVD storage units he 

should buy, briefly explaining your method. (2 marks) 
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Ge) 3 The headteacher of a school needs to hire coaches to transport all the year 7, 8 and 9 pupils to 

take part in the recording of a children’s television programme. There are 408 pupils to be taken 

and 24 adults will accompany them on the coaches. The headteacher can hire either 54 seater 

(large) or 24 seater (small) coaches. She needs at least two adults per coach. The bus company 

has only seven large coaches but an ample supply of small coaches. 

Let x and y be the number of large and small coaches hired respectively. 

a Show that the situation can be modelled by the three inequalities: 

i 9x+4y272 iix+y<12 iii x <7 (3 marks) 

b On graph paper display the three inequalities, indicating clearly the feasible region. (3 marks) 

A large coach costs £336 and a small coach costs £252 to hire. 

¢ Write down an expression, in terms of x and y, for the total cost of hiring the coaches. (1 mark) 

d Explain how you would locate the best option for the headteacher, given that she wishes to 

minimise the total cost. (2 marks) 

e Find the number of large and small coaches that the headteacher should hire in 

order to minimise the total cost and calculate this minimum total cost. (2 marks) 

The graph below was drawn to solve a linear programming problem. The feasible region, R, 

includes the points on its boundary. 

a Write down the inequalities that define the region R. 

The objective function, P, is given by P = 3x + 2y. 

b Find the value of x and the value of y that lead to the maximum value of P. Make your 
method clear. 
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¢ i Give an example of a practical linear programming problem in which it would be necessary 
for the variables to have integer values. 

| ii Given that the solution must have integer values of x and y, find the values that lead to the 
maximum value of P. 

5 A company produces plates and mugs for local souvenir shops. The plates and mugs are 
| manufactured in a two-stage process. Each day there are 300 minutes available for the completion 

of the first stage and 400 minutes available for the completion of the second stage. In addition the 

mugs require some hand painting. There are 150 minutes available each day for hand painting. 

Product Stage 1 Stage 2 Hand painting 

5 _ 

2 2 

The above table shows the production time, in minutes, required for the plates and the mugs. 

All plates and mugs made are sold. The profit on each plate sold is £2 and the profit on each 

mug sold is £4. The company wishes to determine how many plates and mugs to make so as to 

maximise its profits each day. 

Let x be the number of plates made and y the number of mugs made each day. 

a Write down the three constraints, other than x = 0, y = 0, satisfied by x and y. (5 marks) 

b Write down the objective function to be maximised. (1 mark) 

| c Using the graphical method, solve the resulting linear programming problem. Determine the 

optimal number of plates and mugs to be made each day and the resulting profit. (4 marks) 

d When the optimal solution is adopted determine which, if any, of the stages has 

available time which is unused. State the amount of unused time. (2 marks) 

Challenge 

In three dimensions, each of the following equations represents a plane. 

x+y+2z=160 

x-z=25 

y+2z=100 

a By setting up and solving a suitable matrix equation, or otherwise, Ci A system of three 

find the point of intersection of these three planes. equations in three unknowns 

 Alinear programming problem in x, y and z is described as follows: can represent three planes. 

maximise P=2x+3y-Z You can use matrices to 

subject to x+y+2z< 160 the systems of equations 

x-zZ= 25 and interpret the result 

yt+2z= 100 geometrically. 

gee NS < Core Pure 1, Chapter 6 

x,y 20 

The feasible region for this problem is a tetrahedron. 

b Find the coordinates of the vertices of this tetrahedron. 

c By considering these vertices, solve the linear programming problem, 

giving the optimal values of P, x, y and z. 
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Summary of key points 

1 To formulate a problem as a linear programming problem: 

- Define the decision variable (x, y, z, etc.). 

- State the objective (maximise or minimise, together with an algebraic expression called the 

objective function). 

- Write the constraints as inequalities. 

2 The region of a graph that satisfies all the constraints of a linear programming problem is 

called the feasible region. 

3. Tosolve a linear programming problem, you need to find the point in the feasible region which 

maximises or minimises the objective function. 

4 + Foramaximum point, look for the last point covered by an objective line as it leaves the 

feasible region. 

- For a minimum point, look for the first point covered by an objective line as it enters the 

feasible region. 

5 To find an optimal point using the vertex method: 

: First find the coordinates of each vertex of the feasible region. 

* Evaluate the objective function at each of these points. 

- Select the vertex that gives the optimal value of the objective function. 

6 Ifa linear programming problem requires integer solutions, you need to consider points with 
integer coordinates near the optimal vertex. 
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_ After completing this chapter you should be able to: 
@ Understand and use slack and surplus variables -> pages 172-175, 199 

@ Solve maximising and minimising linear programming problems 
using simplex tableaux ~> pages 176-196 

@ Use the simplex tableau method to solve linear programming 

problems requiring integer solutions ~> pages 196-198 

@ Understand and use the two-stage simplex method for maximising 

and minimising problems which may include < and = constraints 

-» pages 199-204 

@ Understand and use the Big-M method for maximising and 

minimising problems which may include S and = constraints 

— pages 205-212 

1 Find the coordinates of the point where 

the line 2x + 3y = 11 crosses the line 

x+2y=4. €- Pure Year 1, Chapter 5 

2 Find the maximum value of P = 5x — 2y 

given the constraints x <6and3 <y S8. 

€ Section 6.3 

Here is a system of three simultaneous 

equations: 

The simplex method allows you to solve linear 

programming problems with more than two 

variables. Large online retailers use methods 

like this to optimise their shipping and 

distribution networks. 

a Use the first two equations to show 

that 4x + 9y = 10. 

b Hence find the values of x, y and z. 

¢- Pure Year 1, Chapter 3 
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Go Formulating linear programming problems 

You need to be able to formulate real-life problems as linear programming problems. In the previous 

chapter you did this with two-variable situations. 

® To formulate a linear programming problem: 

¢ define your decision variables 

¢ write down the objective 

* write down the constraints. 

In this chapter you will consider more complicated linear programming problems. 

ET (3 

A grower specialising in cut flowers is considering cultivating four varieties of the new ‘Sunlip’ 

flowers A, B, C and D in one of his fields. He estimates the time, in hours per hectare, taken for 

each of four stages — sowing, thinning, picking and packing, for each variety. 

For variety A sowing, thinning, picking and packing will take 3, 18, 20 and 24 hours per hectare 

respectively. 

For variety B sowing, thinning, picking and packing will take 4, 17, 25 and 27 hours per hectare 

respectively. 

For variety C sowing, thinning, picking and packing will take 3, 19, 26 and 28 hours per hectare 

respectively. 

For variety D sowing, thinning, picking and packing will take 5, 16, 22 and 23 hours per hectare 

respectively. 

For this crop he can devote up to 70 hours to sowing, 360 to thinning, 500 to picking and 550 to 

packing. 

He estimates the total profit, in pounds per hectare, as 67, 63, 71 and 75 for varieties 4, B, Cand D 
respectively. 

He has up to 20 hectares to use for this crop and wishes to maximise his profit. 

Formulate this as a linear programming problem. Define your variables, state your objective and 
write your constraints as inequalities. 

_—— 

Time per A| Bl cl p | (otal time It is clearer if you summarise the information in 
hectare available a table. 

Sowing oj Wc eal leh | BAS) 70 

Thinning LON tener lene 360 

Picking 20} 25 | 26) 22 500 

Packing A Neh e2Oce 5/2) 6) 
First define your decision variables. 

| Profit 67|63]| 71 | 75 
With more than two variables you can use Xa, 

Let x4, XB, Xc and Xp, be the number of Xp Xq ++. OF X1, Xz, X3,... instead of letters of the 
hectares planted of varieties A, B, C and D alphabet. x1, X2, 3,... is particularly useful when 

_ respectively. there are a large number of variables. 
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vr 
| 
Maximise P = 67x4 + 63xg + 71xc + 75Xp a) Este) Next write down the objective. You need to state 

‘maximise’ or ‘minimise’ and give the objective 

function. 
| Subject to: + 

| 3X4 + 4xg + 3Xc + 5xXp < 70 

16X4 + 17xp + 19xX¢ + 16xp S 360 

2OX4 + 25xXg + 26XC + 22Xp < 500 

5 | CGE eT Sete OX + 23% = 550 
| Remember to include non- 

Ka pe Xp ie O ae ee 
| ss “ es ¥ es negativity constraints. It is impossible to plant a 
be ES gt aa negative number of hectares of any variety. 

Finally write down the constraints. 

In order to supplement his diet Andy wishes to take some Vitatab, Weldo, Xtramin and Yestivit 
tablets. Amongst other ingredients, the contents of vitamins A, B, C and iron, in milligrams per 
tablet, are shown in the table. 

Vitatab 

Weldo 

Xtramin 

Yestivit 
———l 

» Andy wishes to take tablets to provide him with at least 80, 30, 60 and 14 milligrams of vitamins A, 

B, C and iron per day. 

Because of other factors Andy wants at least 25% of the tablets he takes to be Vitatab and wants to 

take at least twice as many Weldo as Yestivit. 

The costs of the tablets are 4, 6, 12 and 7 pence per tablet. Andy wishes to minimise the cost. 

Formulate this as a linear programming problem, defining your variables, stating your objective 

and writing your constraints as inequalities. 

Let x, X>, Xs, x4 be the number of Vitatab, —-———— First define your decision variables. 

—Weldo, Xtramin and Yestivit tablets taken each | 

ce | Next write down the objective. 
| Minimise C = 4x, + Gx2 + 12x35 + 7X4 ee 

subject to: = Finally write down the constraints. 

| 10x, + 15X2 + 25x3 + 20x, = 80 
: | 

10x, + 20x2 + 15x3 + 15x4 > 30 The amounts of each of the three vitamins and 
| 20x, + 10x2 + 19xX3 + 2OX4 = 60 iron that Andy wishes to take give us the first four 
| 4x, + 5Xo + 3x3 + 2x, 2 14 constraints. 
| 

x, = (x; + Xo + X3 + X4) 

| -— Hewants at least 25%, of the tablets to be Vitatab. 
ae Sia art Sait = 

| => 3x, —X». -—X3- xX, 2O 

en np es ne =O He wants to take at least twice as many Weldo as 

| Yestivit 
= 

| X1, X2, X3, X4 = One Rie Ss ses i: 5 | 

The numbers of tablets taken cannot be negative. 
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It is often easier to implement an algorithm using systems of equations, rather than systems of 

inequalities. 

= Inequalities can be transformed into equations using slack Hint ) Nc ee 

variables (so called because they represent the amount of slack ike a sponge absorving 

between an actual quantity and the maximum possible value spare capacity. 

of that quantity). 

Example 

Rewrite the inequality 

AG, Sue 3x5 + 5X3 a 

as an equation, using the slack variable, r. 

The value of slack variable, r, tells us by how 

X, + 3x, + 5x3 +7r=23 > | much x, + 3X2 + 5x; is less than 23. 

r= 23 —X,— 3X2 - 5X3 

ET (Sy 

Rewrite the constraints for Example | as equations using slack variables r, s, ¢ and wu. 

3x, + 4Xp + 3XC + SXp S 70 

18x, + 17xp + 19X¢ + 16Xp S 360 

20x, + 25Xp + 26Xc + 22Xp S 500 

24x, + 27Xp + 28Xc + 23Xp S 550 

Kirn Veep = 0 ; 
ea Rees: [. Add the four slack variables. 

Se eee eee ey a: , Watch out Notice that you alter the non- 
er ee en ee negativity constraint too. In order to satisfy the 

original inequalities, r,s, and w must also be 

non-negative. In general, slack variables cannot 

be negative. 

| 20x, + 25x— + 26X¢ + 22xXp + t = 500 

2A 27 Xe + COKE + 2oX5 FU = ODO 
Xie XG, Oy Lelie 

Exercise 7A) 

. ; Hint } You will need to use 
In questions 1 to 4, formulate the problems as linear programming : 

; Sane slack variables to write your 
problems. You must define your variables, state your objective and 

; constraints as equations. 
write your constraints other than non-negativity as equations. 

1 A company makes three types of metal box, round, square and rectangular. Each box has to 

pass through two machines to be cut and formed. The round, square and rectangular boxes need 

4,2 and 3 minutes respectively on the cutter and 2, 3 and 3 on the former. Both machines are 

available for 6 hours per day. 

The profit, in pence, made on each round, square and rectangular box is 12, 10 and 11 

respectively. The company wishes to maximise its profit. 
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)2 Acompany makes four different types of backpacks, A, B, C and D. Each type A uses 2.5 units 
of material, needs 10 minutes of cutting time and 5 minutes of stitching time. These figures, 
together with those for types B, Cand D are shown in the table 

| A B Cre. || 
’ | Material in units 2.5 3 p 7 

Cutting time in minutes 10 (2 Sees 15 
Stitching time in minutes 5 Ui | 4 ) 

There are 1400 units of material available each week, 150 hours per week available on the cutting 
machine and 80 hours available on the stitching machine. 

Market research says that they will sell at most 500 backpacks each week. 

The profit, in pounds, is 8, 7, 6 and 9 for types A, B, C and D respectively. The company wishes 
to maximise its profit. 

3 The annual subscription to a bowls club is £40 for adults, £10 for children and £20 for seniors. 

The total number of members is restricted to 100. 

At most half the club must be children and at least a third must be adults. 

The club wishes to maximise its income from subscriptions. 

4 Mrs Brown was rather alarmed to discover from her children at bedtime that (a week ago) they 

had promised she would make small cakes for a cake sale at school the next day. Not wishing to 

let her children down, she puts the oven on and checks her cupboards and finds she has 3 kg of 

flour, 2kg of butter and 1.5 kg of sugar, as well as other ingredients. 

Mrs Brown finds three cake recipes for rock cakes, fairy cakes and muffins. The recipe for rock 

cakes uses 220 g of flour, 100 g butter and 50 g sugar and makes 10 cakes. The recipe for fairy 

cakes uses 100 g each of flour, butter and sugar and makes 18 cakes. The recipe for muffins uses 

250 g of flour, 50 g butter and 75 g sugar and makes 12 muffins. 

Mrs Brown wishes to maximise the total number of cakes she makes. 

5 Roma is moving house. She needs to pack all her extensive collection of china into special 

cardboard boxes which will be sold to her by the removal company. There are three sizes of box, 

small, medium and large. The small boxes have a capacity of 0.1 m? and will hold a maximum 

weight of 3kg. The medium boxes have a capacity of 0.3 m* and will hold a maximum weight 

of 8kg. The large boxes have a capacity of 0.7 m? and will hold a maximum weight of 18 kg. 

An expert from the removal company informs her that she should allow for at least 28 m? 

packing capacity and for at least 600 kg. 

Roma decides that at least half of the boxes she uses should be small and that she should use at 

least twice as many medium as large. 

She will be able to fill the boxes she buys and the cost of each small, medium and large box is 

30p, 50p and 80p respectively. 

Roma wishes to minimise the cost of the boxes she buys. 

Formulate this situation as a linear programming problem, giving your constraints as 

inequalities. (5 marks) 
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ee? The simplex method 

In the previous chapter you found optimal solutions to linear programming problems by considering 

the vertices of the feasible region. With a two-variable problem, the feasible region can be 

represented as an area on a graph. With three variables, you would need to represent the feasible 

region as a 3D polyhedron. As the number of variables increases, it becomes impossible to visualise 

the problem graphically. 

The simplex algorithm starts at one vertex, and moves between vertices in sequence, increasing the 

objective function and one of the variables each time, until it reaches an optimal solution. 

= The simplex method allows you to: 

¢ determine if a particular vertex, on the ip You can think of the algorithm as being a 
edge of the feasible region, is optimal, set of signposts on a treasure hunt. As you reach 

each vertex the algorithm tells you if you have 

reached the optimal solution and if not, which 

way you should go to get to the next signpost. 

¢ decide which adjacent vertex you should 

move to in order to increase the value of 

the objective function. 

# Slack variables are essential when using 

the simplex algorithm. 

Explain the significance of the slack variables in the graphical 

representation of the linear programming problem below. 

Maximise P = 3x + 2y 

subject to: 

9x+7y+r= 70 

10x 3) +5 = 60 

W512 EW) 

The feasible region, R, is shown. 

The first constraint, represented by the line 

ABE, where 5x + 7y = 70, is also the line 

where r = O. 

The second constraint, represented by the 

liné DBC, where 10x + 3y = GO, is also the 

line where s = O. 
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LA The four lines forming the boundaries of the 
feasible region can be seen as being formed 

by drawing the four lines x =O, y=O,r=O 
and s = O. This is shown by the diagram. 

Explain, in detail, how the algebraic simplex algorithm is 

used to solve the following problem, relating each stage to 

the given graph. 

Maximise P = 3x + 2y 

subject to: 

5x+7y+r= 70 

10x + 3y+s= 60 

aver se O) 

Our initial set of equations is 

The simplex algorithm 

Problem-solving 

At each vertex precisely two of the four variables 

and slack variables are zero. 

Note that the objective function has been 

rewritten so that the right-hand side is equal to 0. 

5x + 7y EF mAb NGL 

10x + 3y +s=60 (2) 

P - 3x - 2y aC) (a)" 

Start at O(O, O). This is the vertex where 

Ne yO) 

Test the objective function, P = 3x + 2y, at 

this point and get P = O. This is not optimal. 
—— 

The reason for this will become apparent as you 

move on to the simplex tableau. 
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Look at the objective function. You can see that 

increasing x or y will increase the objective 

function. o 

Only increase one variable at a time so, keeping 

y =O, increase x. (In effect this means that you 

move right along the x-axis.) 

Keep going until you hit the line r = O or the line 

gs =O. (Here you can see which one you hit first, 

but in more than 2 dimensions it is harder to 

visualise the feasible region.) 

From equation (1): If y=Oandr=O, then x = 14 

fromeavavtion (2): it y=O'and s =O) tien x = 6 

So you get to the vertex formed by y = s = O first, | 

given by equation (2). 

Now look to see if you have reached the optimum 

point. 

You know the values of y and s at this vertex so 
ope 

eliminate x from the equations. 

Here are the current equations: 

5x+7y+r =70! (1) 

10% + Sy +s=60O (2) <— 

P-3x- 2y EO) (3) 

First divide equation (2) by 10 to make the 

coetticient of x one, getting equation (5). 

This gives: 

Seas Tyeoa, =O) () 

x+Sy +7s=6 (5)=(2)+10 

Pa eee ZY =O (3) 

Eliminate the x terms in equations (1) and (3). Use 

equation (5) to do this. 

To eliminate the +5x in equation (1), subtract 5 

copies of equation (5). 
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Increasing x will give a ‘faster’ increase. 

Increasing x by 1 adds 3 to the value of the 

function, whereas increasing y by 1 only adds 

2 to the value of the function. 

Once again the reason for this will become 

apparent once you move into the simplex 

tableau. 

Use equation (2) because this was the 

equation that gave us the current vertex 

where y=s=0 

Problem-solving 

The simplex method can be seen as an 

exercise in ‘advanced’ simultaneous linear 

equations. 
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| _To eliminate the —3x in equation (3), add 3 copies | 

| | 
| Cue =40 4) = (1) — 56) | 

| x+y ie (5) | 

, P -sy +4s=18 (6) =(3) + 3(5) 

Look at equation (6). 

When y = 5 =O, P = 18. So the current profit is 16. | 

Make P the subject of equation (6): ' 

| P=168 + rob a 705 

You can see that increasing y will increase the 

| proftit, but increasing s will decrease the profit. 

90 you need to increase y but keep s = O. This 

means you will travel along the line s = O in the 

| direction that makes y increase. In this case travel 

| along S= O up and to the lett. | 

| Continue along the line s = O until you hit the next | 

| vertex. | 

You have just left the vertex y = s = O, so you will 

iene s—= f= Olor s =x = O ext. 

Put these values into the current set of equations: 

| ty+r-3s =40 (4) | 

| x+3y +759=6 (5) 

| PP -y +795=18 ©) | 

S}oo When s =r = O equation (A) gives y = “ Se 

| When s = x = O equation (5) gives y = 20 | 

| You get to y= 72 before y = 20, 50 you get | 

to the vertex s = r = O and the value given by 

equation (4). You know s and r at this vertex, so 

eliminate y from your cli 

Divide equation (A) bys " +6 reduce the coefficient 

of y to one, getting ae. (Ga | 

yee sea Ata | 
x+ay +798=6 (5) 

Pp -wy + Xs= 18 (6) 

| Eliminate the terms in y from the other two 

es 
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To eliminate +3 y from equation (5), subtract S 

copies of equation (7). 

To eliminate -3 y from equation (6), add aa copies 

of equation (7). 

yrhr-gs=2 @) 
x -dr+gs=% ©=(6)- G7) 

i tired s=26 (2)=(6)+70(7) 

Rearranging equation (9) to make P the subject 

P=26-ir-¢s 

At this vertex r= s =O,s0 P= 26 

You can see that if you increase r or s you will 

decrease the profit, so you have reached the 

optimal solution. 

Profit = 26 when x = 44 y= 52 r=Oand 
s=0. 

You can apply this method to a problem with 3 (non-slack) variables. 

Show, in detail, the application of the algebraic simplex algorithm to the linear programming 

problem below. 

Maximise P = 10x + 12y + 8z 

subject to: 

2x+2y =5 

5x + 3y+4z=15 

2G, mee ll) 

Introducing slack variables r and s, and forming equations 

you get: 

2x+ 2y +r = (1) 

5x + 3y + 4z Aes ore Ye) 

P- 10x -12y - 8z =O (3) 

Start at (O, O, O). At this point P = O, which is clearly 

not the maximum. 

Rewrite equation (3) to make P the subject: 

P = 10x + 12y + 8z 

You can see that you can increase the profit by 

incréasing xX or y or z. Increase one variable at a time. 
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in the profit, and leave x and z still at zero. 

you must stop the first time you hit a vertex. 

_ The vertices will occur 

j 

| 

lowest y value will be reached first. 

From equation (1) 

From equation (2) whenx=z=s=O,y 

So you reach (0, 2, O} first, 

You now nééd to find out what the profit is at th 

whether it is possible to increase it still further. 

Since at this point the values of x, z and r are al 

no Choose to increase y, since this will give the greatest ereese. | 

As you increase y you must not leave the feasible region, so 

Or Wien eH sa 6 =O 

_ Work out the y value at each of these. The vertex with the 

is point, and 

zero, and you 

have already increased y to its maxirnum, you can use equation 

(1) to eliminate y from both of the other equation So: 

Divide equation (1) by 2 to reduce the coefficient of y to one. 

This creates equation (A). 

xP y +4r =2 (4) 

5x+ 3y+4z Ae Ci oiloee tee) 

P - 10x - 12y - &z = (3) 

Eliminate the y terms in the other equations, by adding or 

_ subtracting multiples of equation (4). 

This gives the following set of equations. 

pel yeyy op Ser! A) 
By +4z-3r+s=2 (5) 

P+2x — 862+ 6) =O" (6) 

Rewriting equation (6) to make P the subject: 

P=30-2x+6z-6r 

| you see that you can still increase the protit by increasing Z. 
| 

= (2) - 3(4) 
= (3) + 12(4) 

Once again, keep the other variables in that equation zero, and 

| determine which vertex you reach first. 

there is no z term! This speeds things up.) 

| giving equation (7). 

| From equation (5) when x =r=s= O Z=5 

(In this case (equation 4) will not give a value for z because 

Divide equation (5) by 4 to reduce the coefficient of z to one 

The simplex algorithm 

Because the coefficient of y 

is one, you can use multiples 

of this equation to eliminate 

y from the other equations. 

This row will correspond to 

the pivot row in the simplex 

tableau. You will encounter 

this in the next example. 

You must not increase x orr 

since these will decrease the 

profit, so you need to keep x 

and r zero and increase z. 
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x+y + 49 =2 4) 

ee ae = he So | 

P+2x -82+ 6r = 30.7 () | 

Eliminate z from the other equations using equation (7). 

There is no z term in equation (4) so this remains unchanged. 

To eliminate the —8z in equation (6), add & copies of equation (7). 

Moga! + tr = 2 (4) (unchanged) 

4x +2 = Sr + is = ° (7) 

ign eee +3r+2s =45 (8) = (6) + O(7) 

Rewrite equation (6) to make P the subject: 

1D SAS = oe Sip eS 

This tells you that at the current vertex, where x =r = 8 =O, 

PAS 

Increasing x or r or s will decrease the profit, so you cannot The fact that r = 0 means the 

increase the profit further, so you have found the optimal first constraint is at capacity, 

solution. and the fact that s = 0 means 

= ie that the second constraint is 
Profit = 45 when x =O, y=3,2=G.1r =O ands=0O. at capacity. 

You can greatly simplify the method outlined in the examples above using a table called a simplex 

tableau. 

In your exam you might need to use a simplex tableau to solve linear programming problems with 

a maximum of four variables and four constraints (in addition to any non-negativity constraints). 

Problems could require you either maximise or minimise an objective function. 

This example uses a simplex tableau to solve the problem from Example 6. 

Example 8) 

Solve the linear programming problem in Example 6 using simplex tableaux. 

Maximise P = 3x + 2y 

subject to: CD The word tableau is French. The 
5x+7y+r= 70 plural of tableau is tableaux. 

10x + 3y+s= 60 

35) eee) 
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F 

Ope iival tableau i iS: 

Basic variable 

The first row shows the first constraint, the 

second row shows the second constraint 

and the final row shows the objective 

function. 

The me marked ‘basic variable’ indicates the variables that are not curently at zero. Initially you start at 
the vertex (0, 0), sox =y=0 

Any variables in a simplex Mieke that are not basic variables, have the value 0. 

If x = y=0 then r= 70 [from equation (1)] and 

s = 60 [from equation (2)] 

You read across the tableau, so this initial tableau tells you that r = 70, s = 60 and P = 0. All other variables 

are zero, by definition, since they are not listed as basic variables. 

Currently therefore 

a vO PaO = 60 

This is called the basic feasible solution — all the constraints are satisfied, but applying the simplex 

method will lead to an improved solution. Notice that each column corresponding to a basic variable only 

contains Os and a single 1 in the row corresponding to that variable. 

Compare this with our first set of equations from the algebraic solution 

5x+7y+r  =70 = (1) 

10x+3y +s=60 (2) 

P-3x-2y = (3) 

If you compare these equations with the initial tableau you should see that the columns marked x, y, r,s and 

value give the coefficients of those letters in the equations. You do not need to write down any of the letters 

at all in the tableau. 

| Nouescan tne objective (bottom) row of the tableau for the most In the algebraic example 

negative number, in this case, —3. you found that increasing 

This gives the pivot column as the x column, » x initially was the most 

| For each of the other rows, calculate the @ values where me way of increasing 

the profit. 
= (the term in the value column) + (the term in the pivot column) 

Valve 6 values 

O 
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Select the row containing the smallest (positive) 

_@ value. (This will become the pivot row.) 

In this case this is the sécond row. 

| ee y | r | s | Value 6 values 
variable |. 

AN aie |e) LOD | (OF a= 

(to (eo coe | 
P 222 (O10 O 

We divide this row by the pivot, (which is the value in 

the pivot row and pivot column), to create the pivot 

row. 

In this case we divide all the elements in row 2 by 10. 

Basic 

variable operations 

Row 

Use this pivot row to eliminate x from each of the 

other rows. 

Basic Row 

variable fale operations 

r Ol ei Vict | 4O | fla se2 

x [1] sols] e¢ | 
P |O|-4|o/4/ 16 

Note that the basic variable entry has also 

been changed. You are leaving the starting 

vertex where x = y = Oand increasing x, so 

x is no longer equal to zero. 

The basic variable changes to the variable in 

the pivot column. 

We replace the s at the start of the pivot 

row by x, the variable at the top of the pivot 

column. 

So there have been changes to every cell in 

the pivot row. 

Comparing this second tableau with the 

second set of equations from Example 6, 

you see that you are still matching the 

algebraic solution, but without having to 

write down all the algebra. 

5x+ Ty+r =n -(y) 

x+y +75=6 (5)=(2)+10 
P-3x- 2y =0: 1G) 

We are aiming to get just one number 1 and 

make all other terms zero in the x column. 

i—— New R1=old R1 —5 x new R2 

RB + BIR2 a New R3 = old R3 + 3 x new R2 

R1 — 5R2 is standard notation stating that for each entry in the row, you took the row 1 number and 

subtracted 5 times the row 2 entry in the same column. 

So the calculations you did for row 1 were: 

In column x:5-5x1=0 

Incolumnr:1-5x0O=1 

In the value column 70 —5 x 6 = 40 

In column y: 7-5 x 4 

In columns: 0-5 xa 

Similarly R3 + 3R2 states that we took the row 3 entry and added three times the corresponding row 2 entry. 

So the calculations we did for row 3 were: 

In column x: -3 +3x1=0 

InicollUmnin: OE 300 

In the value column 0 +3 x 6=18 
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The simplex algorithm 

\ Compare this third tableau with the third set of equations 
ital | ayer S5=00 (> T(1) 2505) 

x+y +is=6 (5) 

| ie ar tos= 18 6) SG 36) 

Now repeat the process again. 

First we look for the most negative entry in the objective (bottom) | 

row. In this case it is the = in the y column. This gives the new | 

pivot column. 

Basic variable 

40 |40+2== 
11 

6+ 5=20 

a 

/ Third we select the smallest, positive @ value. This lies in the first | 
4. 

row, so this will become the nex pivot row. 

Fourth divide the row by the pivot to create the pivot row. In this 

case we divide row 1 by 3. not forgetting to change the basic 

variable. 

Row operations 

Ri+4 
Basic variable Value 

60 
11 

Here are the fourth set of equations determined in Example 6 

yter-ds=4 Grane (ao 

xt+ay +35 5=6 (5) 
oe rise (0) 
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| Finally, eliminate the pivot term from the other two rows, using the 

pivot row to do so. In this case eliminate y from the x and P rows. 

r s | Value | Row operations 

Z 1 60 

ea 1 

Te 42 S: 3[e[ # | Rede 
i 1 11 

Here is the corresponding set of equations from Example 6 ’ Watch out ) In your exam 

2 en 0 you might be asked to write 
Vig oas=a = |W) 

3 7 42 3 down the equations from a 

a yee ai 8) = Oh given tableau. 
P+ ty +35=26 (9) == (6) +375 (7) 

Look along the objective row for the most negative. All numbers in 

this row are non-negative so you know that you have reached the 

optimal solution. 

Basic variable 

Looking at the basic variable column and the value column we see 

that 

80 42 
P= 26, y= 4p and x =>, and all other variables, and slack 

variables, are zero. 

So our full solution is 

P=26,x=% y=%r=0,ands=0- a 

The standard simplex 

method is designed to 

maximise the value of 

the objective function. 

However, it is also possible 

to minimise an objective 

function by maximising its 

negative. 

You should state the values 

of P, each variable and each 

slack variable, as your final 

answer. 

# The simplex method always starts from a basic feasible solution, at the origin, and then 
progresses with each iteration to an adjacent point within the feasible region until the 
optimal solution is found. 

Minimise P = 3x - y 

subject to: 

0, y= 0 Problem-solving 

(P=3x =) Minimising P is equivalent to maximising Q, 

Define O=-P=-3x+y method. 
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The simplex algorithm 

| Introducing slack variables, r and s, the problem i. 
_may be expressed as: 

| Maximise O=-3x+y- 

| subject to: 

Cary +t r= 12 | 

2 Se Ay +s5=86 | 

XS O) 

The initial tableau is: 

‘| Basic 

| variable | 

| r 2) | 

| § lag | 

| Q | 

| ae r | s |Value| @ values 
| variable 

Ze We wi2 

| Ou Aa 2 

The smallest positive @ value is 2 in row 2, so this 

becomes the pivot row. 

0 values 

| 1241=12 || 
ee, 

The value in the pivot column and pivot row is 4 
| 

; 

} 

| 
which becomes the pivot. 

Row 
r s | Value ; 

operations 

Row 
s | Value ; 

operations 

R= RZ 

Basic 

variable 

R3+R2 

To put the objective function into the 

tableau, it must first be rearranged as 

O+3x-y=0. 

The basic feasible solution shown in this 

tableau is: 

=), a0, Fees SO = 

The only negative value in the objective row 

is -1 which is in column y. This becomes the 

pivot column. 

Divide the values in the pivot row by the 

pivot and replace the basic variable in the 

pivot row with the variable in the pivot 

column. In this case, s will be replaced by y. 

Use row operations with the pivot row to 

give zeros in the pivot column (apart from 

the 1 in the pivot position). 
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There are no negative values in the objective row, 

so the solution is optimal. 

Maximum value of O = 2, when x = O, y = 2, 

So, the minimum value of P = —2, when x = O, 

Your solution should give the minimum 

value of P, where P = —Q. The values of x, 

value of P as they are for the maximum 

Cte NERS 1) il y, rand s will be the same for the minimum 

Meee Oe) value of Q. 

The simplex algorithm can only be used to solve linear programming problems in which all the 

constraints, other than the non-negativity conditions, are of the form a,x, + GpX2 + ... + AjpX, SK 

These constraints can all be converted into equations by adding a non-negative slack variable. 

Problems involving constraints of the form a,x, + d2X2 + ... + a,x, = K need to be treated slightly 

differently, and methods for solving problems such as these are given later in this chapter. 

= Using a simplex tableau to solve a maximising linear programming problem, where the 

constraints are given as equalities. 

10 

Draw the tableaux. 

You need a basic variable column on the left, one column for each variable (including the 

slack variables) and a value column. You need one row for each constraint and the bottom 

row for the objective function. 

Create the initial tableau. 

Enter the coefficients of the variables in the appropriate column and row. 

Look along the objective row for the most negative entry: this indicates the pivot column. 

Calculate the 6 values, for each of the constraint rows, where 

@ = (the term in the value column) + (the term in the pivot column) 

Select the row with the smallest, positive 6 value to become the pivot row. 

The element in the pivot row and pivot column is the pivot. 

Divide the row found in step 5 by the pivot, and change the basic variable at the start of 

the row to the variable at the top of the pivot column. This is now the pivot row. 

Use the pivot row to eliminate the pivot's variable from the other rows. 

This means that the pivot column now contains one 1 and zeros. 

Repeat steps 3 to 8 until there are no more negative numbers in the objective row. 

The tableau is now optimal and the non-zero values can be read off using the basic 

variable column and value column. 

# The steps for solving a minimising linear programming problem are identical to those given 
above apart from: 

* First, define a new objective function that is the negative of the original objective function. 
* After you have maximised this new objective function, write your solution as the negative 

of this value, which will minimise the original objective function. 

In the following example the simplex tableau method is used to solve the three-variable problem 
from Example 7. 
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subject to: 

2x +2y 

5x + 3y + 4z 

mY, 2 

= 5 

= 15 

2 0 

b Verify your solution using the original problem. 

a Introducing slack variables r and s, and forming equations: 

gay oy +f =5 (1) 

5x + 3y + 4z +s=15 (2) 

P -— 10x - 12y - 8z =O (3) 

Piece ier. * - — 

2g 

| eae oe y yr § Value 
variable 

a Use simplex tableaux to solve the linear programming problem below (from Example 7). 
Maximise P = 10x + 12y + 8z 

The steps refer to the 

algorithm on page 188. 

The most negative entry in 

the objective row is —12, this 

becomes the pivot column. 

Now calculate the 6 values. 

The smallest positive Jvalue 

lies in the r row, so this will 

become the pivot row. 

The pivot is 2. 
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Step / 

Basic Row 
y r s Value : | 

variable operations | 

OU ne a2 Ri +2 

ai O 1 i R2 

~10 =50|ommom =O R3 

Basic Row 
y r Ss Value . 

variable operations | 

y OR ite 8 10 dlines | 

41-15 | 1 |. Ze | R2=3Ri 

=o) G O S19) Ro ie 

Basic 

variable 

0 values 

25+0 + OO 

75+ 4=15 

0 values 

Basic 

variable operations 

R1 no change 

R3 + BR2 

Divide the first row by the 

pivot (2) and change the 

basic variable. This is now the 

pivot row. 

Use this pivot row to 

eliminate y from the other 

two rows. 

The y column now contains 

just one 1 (where the pivot 

was) and zeros. 

Identify the pivot column and 

calculate the @ values. 

This means that the next 

pivot row will be the second 

row. 

Now divide all elements in 

the second row by 4 and 

change the basic variable to z. 

Eliminate z from the other 

rows, using pivot row 2. 



a Basic | 
Value 

| 

| pouete 

if) y 2 eee 

| Ne al 
N 

—— 
1 JOIN Inof— 

The optimal solution is 

| Bee =O, = 1 en sum. 

b Objective function: 

| 10x + 12y + 8z=0+30415=45=Py 

Constraints: 

By ep Ot = 5 = 5 
Ok + 39+ 4z=0+4 75+ 75 = 15 S15 V 
Re, Vine 210) eh 

Reducing the number of tableaux 

In the above example you wrote each line of each tableau twice. 
Once you are more comfortable with the algorithm you may be 
able to reduce the number of tableaux by combining all the row 
operations into one tableau. The important thing is to make sure 
that the pivot row is written down first. A complete solution to 
the problem would look like this. 

2x+ 2y +r =5 (1) 

5x+ 3y+4z EAS aS) (2) 

| Pee ey ez =O (3) 
r She a a 

: pane 5¢ y ie r Ss Value 0 values 
variable 

F = Bite 5+2=21 

15 [52325 | 
rs 

te =) O 

Basic Row 
oc y z Yr s | Value 2 

| variable | | =a operations | 

bie ey 1 1 O}|s | 0} 23 Ri+2 ! 

Ils | 6 Se ee ie eee 
i —- ill 

| Caleom 610. | 20 | RS 4 2k 
<i? ee ee 3 |e 

The simplex algorithm 

There are no negatives in the 

objective (bottom) row, so 

our tableau is optimal. Read 

off the values of the basic 

variables y, z and P from the 

value column. 

The simplex tableau 

algorithm is much quicker 

than the algebraic simplex 

method. Although the 

algebra is there, it is hidden. 

Check that your values of P, 

x, y and z satisfy the original 

objective function, and 

check that each constraint is 

satisfied. 

t Watch out } This is optional. In 

your exam sufficient tableaux 

will be provided for the full, 

non-reduced solution. 

We sometimes indicate the 

smallest @ value by putting *. 

The first row to be written in 

this tableau is the pivot row, 

row 2. The pivot row from the 

above tableau is then used to 

work out the other rows, 

New R1 =old R1 = 2 
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eee x y Value 6 values | 
variable | 

y i 1 25 pee OOO) 

Ls le O 74 eee 

ee ie ae 30 
= 

Basic Row | 
x y c Value ; 

variable operations 

y lr 1 1 25 R1 no change 
; 5 

| Z s O Ly ca 

Te le O 45 Rot ORe 

The optimal solution is 

Ps 45,x= 0, y = 23,25 157 = 0,5=0 

a Use the simplex tableau method to solve the following linear programming problem. 

Maximise P = 3x + 4y — 5z 

subject to: 

2x -3y+2z+r=4 

x+2y+4z+5=8 

y-z+t=6 

eS tle) 

b State the values of the objective function and every variable at the optimal point. 

c Write down the equations given by your optimal tableau. 

d Use the profit equation you wrote down in part ¢ to explain why your final tableau is optimal. 

CED The most negative 

entry in the objective row lies 

in the y column, so this is the 

pivot column. 

Use the smallest, positive 0 

value, so although -: is the 

smallest, you can not use it as 

a pivot. 

The smallest, positive 6 value 

is 4, 50 row 2 will become the 

pivot row. 

The pivot is the 2 in row 

2 column y, and the basic 

variable will change to y. 

a Basic 
0 values 

variable 
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| 7 Bae | | Now divide row 2 by the 
t | Value ‘ pivot, 2. 

| —— 2 

O ip 4 Ri | 

Boao |] Now eliminate y from the 
other rows. Use the pivot row, 

| Se R2 in the tableau above. 
| R4 To eliminate the -3 from row 

1 you need to add 3 copies of 

| row 2,50 R1 + 3R2. 

To eliminate the 1 from row 

3 you need to subtract row 2, 

so R3 — R2. 

To eliminate the —4 from row 4 | 
2 Ras a | 4 you need to add 4 copies of 

| 
row 2,50 R44 4R2. ie | RA + ARE | 

Row 

operations 

1G pre) 2 

The only negative entry in 
Row ae il rj s | t | Value OEE oe eeulll the objective row lies in the 

Seah ae is = a | x column, so this is the pivot 
ee Z| ° 16 Ries i column. 

Oe 50 8 | Use the smallest, positive 0 
ae | value, so although —4 is the 

smallest, you cannot use it as 
© ne) 

a pivot. ; 

The smallest, positive @ value — 

is 42, so row 1 will 
become the pivot row. 

The pivot is the Sin row 1 
column x. 

AE 
| ei 
Value @ values 

Now divide row 1 by the 

pivot, 2. 

Eliminate x from the other 

rows. Use the pivot row, R1. 

To eliminate the 5 from 

! row 2 you need to subtract 5 

| of row 1, so R2 -—$R1. 
To eliminate the -3 from row 
3 you need to add 5 row 1, so 

Basic 
x 

variable 

aeb iain ON 

R3 + SRI. 
| There are no negatives in the objective row, so you have an | To eliminate the —1 from row 

| optimal solution. | 4 you need to add row 1, so 
a Sa Bas ez R4+R1. 
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Using the first and last columns, we read off the values of P, x, 

= = y=4 EO fe ©. s=0,t=2 

y and ¢.-All other variables are zero. 

Ee Meare S — 32 COR ta 2 + ot: a8 =5 

6 Li see = IZ 
Vaasa sare ie =, 7 

13 nes pe = 50 PGi ae er) a | A oe 

(CZ ee 17 144 
Vi Be ror iid fa ma = 

d If we rearrange the profit equation, making P the subject we get: 
144 107 2 lie p=-4_@, 

Increasing Zz or r or s would decrease the profit, so the 

solution is 

CN oe 
/ 

optimal. 

Exercise 7B) 

Solve the linear programming problems in questions 1 to 6 using the simplex tableau algorithm. 

1 Maximise 

subject to 

2 Maximise 

subject to 

3 Maximise 

subject to 

194 

P=5x + 6y + 4z 

x+2y+r= 6 

5X + 3y + 3z4+5= 24 

Vase) 

P=3x+4y + 10z 

x 2y +2747 = 100 

x+4z+5= 40 

psa arid 2 anve= nO) 

P=3x + 5y+2z 

3x+4y+5z+r= 10 

x+3y+ 10z+5= 5 

XV = 

Ni Veer sie 0 

CED you have to 
write a profit equation you 

need to write ‘P +’ and then 

the rest is read off the other 

coefficients from the tableau. 

Remember: the P ‘pushes 

in at the front’ of the profit 

equation. 

Problem-solving 

You need to rearrange the 

profit equation to make P 

the subject to show why your 

solution is optimal. 
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| )4 Maximise P=4x, - 3X_ + 2x3 + 3x, 
subject to 

X1 + 4x) + 3x34+X%,+r= 95 
dat ip There are 4 decision variables and 4 slack 

variables. Your initial tableau will need rows for r,s, 
X, + 3X, + 2x34 2x,+t= 75 tand u, and columns for x4, x2, x3, X41, 8, tand u. 

2x4 “in X> ata Xs =f aN4 PSS 67 

Sha aP 2X ae Na cP 2M oP US 72 

XxX}, X, HRS dey ey Wo Us Uh 0 

i) 5 Minimise P= 3x + 6y — 32: 
subject to 

xX+ 6y+24z+r= 672 

3x+y+24z+5= 336 

x+3y+16z+f= 168 

2X SVP Blzt wu = 352 

Naa aS UO) 

) 6 Minimise P= 2x — 2y + 3z 

subject to 

4x+2y+z+r=2 

2x+4y+2z+s= 8 

3x+3y+4z2+t=4 

ye ist HO 

) 7 For each question I to 6: 

a verify, using the original equations and constraints, that your solution is feasible, 

b write down the final set of equations given by your optimal tableau, 

¢ use the profit equation, written in part b, to explain why your solution is optimal. 

) 8 The following tableau was obtained as part of the solution of a maximising linear programming 

problem. 

Basic variable s y Zz r Ss t Value 

z 5) i 1 oll 0 0 3 
a 2 2 2 a 

| 5 =i : {| 9 -1 0 2B 2 2 as 
5 3 3 

t =f A 0 = 0 | 5 

=i <= alors | | 
P 3 4 0 0 0) 3 

L 4 zal 

a Write down the values of x, y and z as indicated by this tableau. (2 marks) 

b Write down the profit equation from the tableau. (2 marks) 
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9 Fora linear programming problem, in x, y and z, to maximise profit P, the tableau below is the 

initial tableau. 

Basic variable | x y Zi Jor s t : ve 

—= Bie : 2 0 =p 0 2 
es 2 : 0 0 : g 

i ee ee 4 3 0 0 4 

(ee: [pai a mo 

a Write down the profit equation represented by the initial tableau. (1 mark) 

b Continue to solve the linear programming problem, indicating the pivot rows that you use and 

making your row operations clear. (9 marks) 

c State the final values of the objective function, and of each variable. (3 marks) 

a3) Problems requiring integer solutions 

You can use the simplex tableau method to solve linear programming problems requiring integer 

solutions. You need to consider integer-valued points near your optimal solution. 

Solve the linear programming problem from Example 8, given that integer solutions are required. 

Maximise :? =3x-+ 2) 

subject to: 

5x + 7y = 70 

10x + 3y < 60 

V0 

In Example © we found the following solution 

JP = 26, x= = 37 poe = 7 

Test points around this optimal solution. 

Point | 5x + 7Zy < 70 | 10x + 3y = 6O | In feasible region? | P= 3x + 2y 

Cro 40 S770) | 20-2 210 Kes le 

(on0) | 15 + 56 > 70 

(4,7) | 20+49 570 | 40+ 21 > 60 

(4, 8) | 20+ 56 > 70 

So our best integer solution is 

P= 23,x=3,y=7 

Problem-solving 

For each point, you need to test whether the point 

lies in the feasible region, and evaluate P. 

€ Section 6.4 
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| E>) 
Dd | Solve the linear programming problem from Example 10, given that integer solutions are required. 

|| Maximise P = 10x + 12y + 8z 

subject to: 

_In Example 10 we found the following solution 

eee XO yee) Za 

Test points around this optimal solution. 

P=10x + 12y + 8Z 

0+ 244+6=32 

O+24+4+16=40 

2x+ 2y <5 | 5x + 3y + 4z < 15 | In feasible region? 

O+6+4+4< 15 

O+64+68< 15 

Yes 

Yes 

No 

No 

So our best integer solution is 

|= PAGS HO Rare eae 

= When integer solutions are needed, test points around the optimal solution to find a set of 

points which fits the constraints and gives a maximum for the objective function. 

Exercise (S 

) 1 Solve the following linear programming problems using the simplex tableau, given that integer 

solutions are required for x, y and z. 

a Maximise P = 3x + 2y 

subject to: 

2x + 4y < 60 

3x + 5y = 40 

Save 0 

b Maximise P = 10x + 12y + 8z 

subject to: 

197 



Chapter 7 

M2 A cake company produces cake boxes to sell to its customers. Three types of cake box are 

produced, Supreme, Dreamtime and Perfection. The cakes used are categorised as iced 

doughnuts, French whirls or treacle tarts. 

Each Supreme box contains 2 iced doughnuts, 4 French whirls and 3 treacle tarts. 

Each Dreamtime box contains 3 iced doughnuts, 2 French whirls and 4 treacle tarts. 

Each Perfection box contains | iced doughnut, 3 French whirls and 2 treacle tarts. 

The cake company can prepare at most 80 iced doughnuts, at most 140 French whirls and at 

most 96 treacle tarts each day. 

The profits on Supreme, Dreamtime and Perfection boxes are £12, £20 and £16 respectively. 

The cake company wishes to maximise its profit. 

Let x, y and z be the numbers of Supreme, Dreamtime and Perfection boxes respectively, 

produced each day. 

a Formulate this situation as a linear programming problem, giving your constraints as 

inequalities. (5 marks) 

b State the further restriction that applies to the values of x, y and z in this context. (1 mark) 

The simplex algorithm is used to solve this problem. After one iteration, the tableau 1s: 

Basic variable x | y Zz r S t Value 

a | 0 -} 0 -3 8 

5 - 0 2 0 4 92 

y ; 1 4 0 0 j 24 

P 3 0 = 6 0 0 5 480 

¢ State, with a reason, which value will become the pivot for the second iteration. (2 marks) 

d Complete one further iteration of the simplex algorithm, and explain why the resulting 

tableau gives an optimal solution. (5 marks) 

e State the number of each type of box the company should prepare in order to maximise 
its profit. (1 mark) 

Challenge 

P=5x+2ey+4z 

subject to e2xt+yt+kz<10 

xX+4y+z=12 

4x-2y+3z= 28 

where k is a constant. 

Given that an optimal solution is obtained after one iteration of the 

simplex algorithm, find the range of possible values of k. 
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The simplex algorithm 

7.4) Two-stage simplex method 

Dine simplex method described above only works when all the constraints, other than the non- 
| negativity conditions, are < constraints. These can be converted into equations using slack variables. 
| The method relies on starting at the origin and using the slack variables as basic variables to give 

a basic feasible solution. This solution is then improved upon by moving systematically to other 
vertices of the feasible region until the optimum solution is found. 

Problems that include = constraints have no obvious basic feasible solution since the origin is not in 

the feasible region. These constraints also require different treatment to convert them into equations. 

You could convert the inequality x + 3y = 10 into an equation by subtracting a variable, s. This would 

give you: 

x+3y-—s=10,wheres =0 

Here, s is referred to as a surplus variable. Notice that surplus variables are also subject to non- 

negativity conditions and must be subtracted to produce the equation. Surplus variables may be used 

to convert any = inequality into an equation. However, this doesn’t solve the problem of using the 

simplex method with x and y as non-basic variables. This would require x = y = 0, giving —s = 10 

which makes s negative. To avoid this problem, a new type of variable called an artificial variable is 

introduced. 

x+3y-s+a=10,wheres,a=0 

This constraint can now be written in a simplex tableau using x, y and s as non-basic variables and a 

as a basic variable with value 10. 

Use surplus and artificial variables to write the following inequalities as equations. 

Introduce an artificial variable for each surplus 

Elen variable. 
3x -2y—-8,+a,=7° 

> inequality requires just one surplus variable 

and one artificial variable to convert it into an 

equation. Make sure you use different labels for 

the different surplus and artificial variables. 

|4x + 5y — 3z-Sot+a,=9 — : 
“es scale ' Regardless of the number of variables, each 
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= The two-stage simplex method for problems that include > constraints: 

1 Use slack, surplus and artificial variables, as necessary, to write all the constraints as 

equations. 

Define a new objective function to minimise the sum of all the artificial variables. 

3 Use the simplex method to solve this problem. 

4 \|f the minimum sum of the artificial values is 0 

then the solution found is a basic feasible 

solution of the original problem, which is then 

the starting point for the second stage. Use the 

simplex method again to solve this problem. 

5 |f the minimum sum of the artificial variables is not 

0 then the original problem has no feasible solution. 

’ Notation | This method is 

called the two-stage simplex 

method because you have 

two separate applications of 

the simplex algorithm. Steps 1 

to 3 given here constitute the 

first stage. 

If the original problem has a feasible solution then solving the first stage (steps 1 to 3 above), 

provides a basic feasible solution that you can use in the second stage. In this case, you will find 

that the new objective function has minimum value zero. This implies that all the artificial variables 

are zero and can be ignored for the second stage. If the new objective function is non-zero then this 

indicates that the original problem has no feasible solution and there is no need to proceed to the 

second stage. 

Maximise P = 3x —- 2y+z 

subject to: 

Converting the inequalities into equations: 

x it 274s =O 

IOV CE Fah ea en) 

ey Satis O 

Let [ = —(a,; + a>) — 

| Substituting for a, and az from the equations above 

gives the new objective as 

maximise [= -(13 — 3x + 2y — z+ 85 + $3) 

rearranging 

LEX Spe eS oa 
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s, is a slack variable, s, and s; are 

surplus variables and a, and a> are 

artificial variables. 

In stage 1 you need to minimise a, + a, 

This is equivalent to maximising —(a, + a) 

The artificial variables will always be 

basic variables in the initial tableau. J 
should be expressed in terms of non- 
basic variables so that the tableau is in 
the right form. The columns for a, and 
dz should each only contain zeros and a 
single 1. 



The simplex algorithm 

Problem-solving 

Notice that the last two rows of the 

table contain the original objective 

function and the temporary objective 

“The initial tableau is now given as: 

| Basic 

ieee De ABS 5) A o| Se | a, | a | Value 
Hite Pes OD ee | oul Nee tor reclame 

Seo eo |=) | c0'| 4 & 5 lS 
2. oes eal en ae ee 
2A ale O| ©) "es ou ano 

| 2 \ age oe a ie [Be or Sse 
| | | | 
| Basic | 

| variable ah | a | 5; | So | S3 | & | ag | Value | 

| os, eae eae on Pe) i oo: | 36 | 
3 1 i j 5 | 

ji oea tae Ue SB ea eel 8 ese ene | 
elias (ne o | Colon eGalGon| Sa Res | 
| | | | P = onl Eee io an en rem eee | 
Heme euc ola ito foes | | geal | 

Basic ie la Vai Row | 
Ss S a a alue | 

| variable | * corte lige ie alae operations | | 
| ie | 
iS, OO eee | ARR | 

1 1 5 : Wax i [3 tO ae ie me NO Yee [Rae 

|| ap | OMm-z|°/] el |e] 4] 2 | r3-re | | 
ieee eo Sho | So eon ae aes | 

| SS Ee a ee eee a a oe | 
| 

| pa Siar es: Ss a, | a> | Value RoW | 
| variable ea es be ge : operations 

| 1S A esse eas — 2R3 || 
| eo oe 29 a | H x 1 Ole one at tis else Skee oul 

| i eee et ae ez i Shee 
Vy O 1 aoe 5 5 es 5 5 PIs 

‘| wera ien Ree Be o |= [4 [+ [1 | 2 | ra + Ses || 
| ale 

| yen sons wrens Irena lie ool ites 

optimal. 

| problem. 

| There are no negative values in the bottom row, so this tableau is 

I= 050 a basic feasible solution has been found for the original 

| 
| 
| 

| 

| 

| 

function needed for stage 1. It is useful 

to put P in the tableau at this point 

so that it will automatically be in an 

appropriate form for stage 2 if a basic 

feasible solution is found. 

The most negative number 

in the J row is —3, so the x 

column is the pivot column. 

Calculating the 0 values, 

the smallest is given by 

5 +250 the pivot is 2. 

x now replaces a, asa 

basic variable. Each value 

in the pivot row is divided 

by the pivot. 

Row operations are now 

carried out so that the 

remaining cells in the x 

column contain only Os. 

The new pivot is in R3 of 

the y column. y replaces a> 

as a basic variable. 

ED Hake sure 
that the value of Jis 0. 

If this is not the case, then 

the original problem has 

no feasible solution. 
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Basic 
: x | y LA eS arieSoalesae ) Vaive 

variable 

A LO] 0 (ie PIs 
. ¢ =e 29. 

x UO N ee | ON ee le 5 
1 2 M1 

y OO a ee Oss es Rs 
P OV Or OO 11 4 (Sug 

The basic feasible solution for the second stage is: 
2g) 

oe = Ses Sa 55 =O 

| Continuing in the same way produces the following tableaux. 

Basic 
i MET aln ico insy) eS. Se Valve 

_| variable 

| 5; ON ONL * ) ST Ce eS 2 

(ee al O}O}-1 

ease Os |eey ha oe ie OES i 

ae oe le | O|0|-3| 24 |- 

|| Basic 
; eV c eS yu Soe | Ss. | Value 

'| variable | | 

S3 OO} @O 1 2 i O 1 2 

ilies ee on vor 96 
eon eee) | 4) 15 
P os (ike rake 

There are no negative values in the bottom row, so the optimal 

| solution has been found. 

The maximum value of P is 30 

| iis Ocewrs wWihenx = 10, Sx= 15, se=r2 aid y=2=5,= © 

The J row and the artificial 

variable columns can now 

be removed from the 

tableau. 

With each iteration, the 

value of P should increase 

until the optimal solution 

is found. 

Verify that the following linear programming problem has no feasible solution. 

Maximise P = 3x — 2y +z 

subject to: 

) 

Y | — + N 

VV WV AA Sa (CO 

| Converting the inequalities to equations: 

| CEVA? eS) =O 

| 2k =Sy+2—ss +a, = 5 

| XE V—Se + a>=— 10 



Changing the objective function to minimise a, + ao. 

Cie ham DPX Oy — 7 sat 10 — x — y+ 5 

= 15 —3x + 2y-z+5,+ 5, 

So minimising a, + as is equivalent to maximising 

T=-(15 —- 3x + oy = 2 So 85) 

Rearranging gives I - 3x + 2y—z+ So + S3=-15 

The first tableau becomes: 

Basic 

variable 

| The most negative value in the bottom row corresponds to the 

x column. 

_X now replaces a, as a basic variable. 

_The smallest @ value is given by 5 + 2 50 the pivot is 2. 

| Carrying out row operations gives the second tableau. 

Basic 

variable 

y now replaces $s, as a basic variable. 

The smallest @ value is given by 3 o z and the pivot is 2 

| . 

Carrying out row operations gives the third tableau. 

tableau, so the maximum value of [is —2 # O 

This tells us that the original problem has no feasible solution. 

|The most negative value in the bottom row corresponds to the y column. 

There are no negative values in the bottom row of the main part of the — 

=}! 

The simplex algorithm 

The slack and artificial 

variables are basic 

variables. All other 

variables are zero. 

You are told in the 

question that there is 

no feasible solution, so 

there won't be a second 

stage. This means 

that you don't need to 

include a row for P. 

This means there are no 

values of x, y and z that 

satisfy all of the initial 

constraints. 

203 



1 Use the two-stage simplex method to solve the following problems. 

Ce) 
a Maximise P=2x+y 

subjectto: x-y2 11 

x+3y<15 

Nay 0) 

b Minimise C= x —-3y +z 

subject to: x+2ys 12 

2x -y-z2 10 

x+y+z26 

5 Vy a Al) 

¢ Maximise:?'= 3x— y + 2z 

subject to: 5x+z=< 16 

Bx +yt+z=12 

yr-y+4z29 

ay = OU. 

(E/P) 2 Show that the following linear programming problem has no feasible solution. 

Maximise P = 2x, + x, 

subject to: 5x, + 6x, < 75 

3x, + 4x, = 52 

X1,X, = 0 (6 marks) 

(E/P) 3 a Define what is meant by: 

i asurplus variable 

ii an artificial variable. (2 marks) 

The following tableau is obtained during the first stage of a two-stage simplex process to 

maximise P: 

Basic variable x y Z S| S> 7 
(a } ia 5 0 | Vater) = (eateahctae| salt a| 

Bs l 0 iN - 

2» 0 

| l 3 l 

Fi ae | Peel eas SP 
y 0 1 | -4 0 - | -1 | 

£ = e4 4 

| P An 0 L | | oa Se ea eae 
1 Gy leo | oae Saeco atone l 

b Explain why this linear programming problem has a feasible solution. (1 mark) 

¢ Complete the second stage of a two-stage simplex process to obtain an optimal solution to 

this problem. (8 marks) 
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7.5) The Big-M method 

I 

|| 

it 

The simplex algorithm 

A The first stage of the two-stage simplex method 
ip Note that when the sum of the artificial 

variables is zero, each artificial variable must be 
zero since none of them can be negative. 

| involves minimising the sum of the artificial 
| variables. If there is a feasible solution then this 

sum will be zero. The Big-M method involves a 
different but equivalent approach which, again, leads to the sum of the artificial variables being zero. 

In the Big-M method, M is used to represent an arbitrarily large number. This guarantees that a 
term such as M — 100 will be positive and a term such as 75 — 0.5M will be negative. You can compare 
terms involving M in order to select the pivot column. 

Solve the following linear programming problem using the Big-M method. Maximise P =x —y +z 
subject to: 

2x+y+z= 20 

Y— 2-2 = 7] 

Se ce Al 

Ne eecen Ob 

Start by writing the inequalities as 

equations using slack, surplus and 

artificial variables. 

Zoe ar 2 Sy =O + 

Ly = 2 4+ $5 = 7 

X— So + a,=4 

X, Vs Z, 81, 2, 83, a, = O Now modify the objective function by 
DP = y+z— Ma, - le subtracting the term May. 

a4=4-x+53 

This gives Problem-solving 

}\P=x-y+z-M4-x +53) Because M is large and positive, | 

_Rearranging gives 

|_P-(1+ M)x+y-—z+Ms,=-4M 

=(1+ M)x-y+z2- Msz3-4M 

You can now write the initial tableau as 

maximizing this modified objective 

function will now automatically push 

a, towards zero. This means you can 

essentially maximise P and minimise a, 

with one application of the algorithm. 

| Basic 
| ae Vii ca | Sieleso | Sal da Valie 

variable | | 

eT Bae ono oreo: 
| beste =a LGA tell ie || Kons acoarag| 
| 1 OO) | Om Om ine Gs 4 

P |-a+mM)| 1|-1|0|0|M|0|-4m 

Notice that x, y and z are non-basic variables which means that the starting point is the origin. This is not 

a feasible solution of the original problem because the artificial variable, a,, is non-zero. The Big-M method 

always starts from an infeasible solution. It may take several iterations for the solution to become feasible 

and may take a few more for it to become optimal. 
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‘The most negative value in the objective row is 

--(1 + M) so the x column is the pivot column. - 

The smallest positive @ value is 4 + 1 so the pivot is the 1 in the 

| a, TOW. | 

_x now becomes a basic variable in place of a. 

Using the pivot to make the other values in the pivot column zero 

gives the next tableau. 

Row 

operations 

Rl 2S 

i iS 

R3 

R4 + 
(1+ M)R3 

There is a choice of pivot column, since —1 appears in the z column 

_and the sz column. 

Choosing the s3 column, the minimum positive 6 value is given by 

3 +150 the pivot is the 1 in the sz row. 
| 

53 now becomes a basic variable in place of So. 

Using the pivot to make the other values in the pivot column zero 

gives the next tableau. 
| 

| 
| Basic 

variable 

There are still some negative values in the objective row. The most | 

negative is —2 so the z column becomes the pivot column. 

The only positive 6 value is G + 3 = 2 So 3 is the pivot and z 

becomes a basic variable in place of sy. 

Dividing the pivot row by 3 gives: 

Basic Row 

variable operations | 

206 

Remember M is large and 

positive. 



| Using the pivot to make the other values in the pivot column zero 
gives the next tableau. 
} 

| Basic Row 
| variable Pe ae a e3 chal eure operations 

jee Se eaeifo | oe | 
ce SirOu sola | it = 5 R2+RI 

eee oo eh Ole lee 
ieee || Olivers nore |= M | 1 | R4+42RI1 

There is only one negative value in the objective row now, so Sz 

_ becomes the pivot column and the 4 in the s3 row becomes the 

pivot. 

Dividing the pivot row by 4 gives the new pivot row. 

Using row operations to put the pivot column in the right form 

gives the next tableau. 

Basic Row 

variable 4 operations | 

O RI + £R2 

O 

1 
1 Se) 

All values in the objective row are now positive so the solution is 

optimal. 

The solution is: 

Checking against the original equations: 

ext+y+z74+5,=64+0412+0=20V 

x-2y-z+S,=4-O0-12+15=7V 

X-S83+4,=4-0+0=4V 

tae = eS SO, Sa = OO paw al = 1S 

R4+4R2 | 

The simplex algorithm 

Notice that 16 is the largest 

value that has been found 

Linear programming problems that include > constraints may also be solved using the 

Big-M method instead of the two-stage simplex method. The Big-M method uses an 

arbitrarily large number, MV, in the objective function. Its purpose is to drive the artificial 

variables towards 0. 
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= The Big-M method uses the following steps: 

1 Introduce a slack variable for each constraint of the form Ss. 

Introduce a surplus variable and an artificial variable for each constraint of the form =. 

3 For each artificial variable a, do, 3 ... subtract M(a, + dz + dy ...) from the objective 

function, where M is an arbitrarily large number. 

4 Eliminate the artificial variables from your objective 

function so that the variables remaining in your objective 

function are non-basic variables. 

5 Formulate an initial tableau, and apply the simplex method in the normal way. 

Cp In the Big-M method, 

any artificial variables will 

always start as basic variables. 

The Big-M method can also be used to minimise the value of the objective function. 

Use the Big-M method to solve this linear programming problem. 

Minimise P=x-—y+z 

subject to: 

2x+y+z< 20 

X¥-—2y-—z7=7 

x24 

en a 

Weg oe) serene NS ee) 

|\x-2yp-zt+s,.=7 

X-83+a,=4 
| 

| Ny Vie ea SiSoy Sana, == O) 

i 

es era 

| Using Big-M, you can minimise P by maximising Q where | 

Q=-x+y-z2z- Ma, 

| Writing a, in terms of non-basic variables gives 

| OQ=-x+y-z-MA-x+53) 

O=-x+y-z-4M+ Mx - Ms, 

Rearranging gives 

O+x-y+z2-Mx+ Ms,=-4M 

Q+(1-M)x-y+2z+Ms,=-4M > 

You can now write the initial tableau as 

Basic 

variable a ad es ee oe 

s; eG Gil Ga oe 
Sp { S| St fOr i ec 

| 4 WRelole por = 
| era Ey Eos eer in: 

208 

This example uses the same constraints 

as the previous example, but this time the 

objective is to minimise P = x — y + z. 

The inequalities are converted to 

equations exactly as in the previous 

example. 

The objective is to minimise P, but this is 

equivalent to maximising —P. 

This means your non-basic variables will 

be x, y, z and $3. 



A) i> Aleaatlid ahaala he ae ioe = " a The most negative value | in the objective row is ie = M SO the EX 
column becomes the pivot column. 

The smallest value of 6 is given by 4 + 1 50 the 1 in the a, row 
_ becomes the pivot. 

I X now replaces a, as a basic variable. 
} 

| Using row operations to put the pivot column in the standard form | 
| gives the next tableau. | 

Basic 

variable 

R4 — 
(1 — M)R3 

| The only negative value in the objective row is in the y column. 

| The least positive @ value is given by 12 + 150 the 1 in the s, row 

| becomes the pivot. 

_y replaces s$, as a basic variable. | 

Using row operations to put the pivot column in the standard form | 

| gives the next tableau. 

Basic 

variable 

All of the values in the objective row are now positive so the 

eoltion is optimal. 

| Max O=6 

| Min P = —6 

| ee ey OS Ol Se = 27, $a =O a, =O 

Checking against the original equations: 

| Ox+y4+z4+5,58+12+0+0=20V 
ee Ope 2s = 4 PAR O27 a7 vv 

| Miss i= ODiO= AV 

The simplex algorithm 
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The next example demonstrates how the Big-M method can be used to solve the same problem that 

was tackled in Example 15 using the two-stage simplex method. 

a Set up the initial tableau for solving the following linear programming problem using the Big-M 

method: 

Maximise P = 3x — 2y +z 

subject to: 

N = | ee) SS + t 

VV WV A 

>) 

ey Co Urn, t= bas 

b Find the value of the first pivot. 

ce Carry out one iteration and state the value of each variable at that point. 

d Explain why the solution given by the first iteration is not feasible. 

a Converting the inequalities into equations: ‘ 

; ‘ Problem-solving 
x+y+2z+5,=10 

When there is more than one artificial 

variable, you need to multiply by the sum 

of all the artificial variables. Since you are 

trying to maximise P, and M is very large, 

P = 3x - 2y +z - M(a, + a) this has the effect of minimising a, + a2 just 

as in the first stage of the simplex method. 

2x -3y+Z-So+ta=5 

x+y-—S3+a,=6 

The objective function is now moditied to 

a pura rere You need to rewrite a, + a> in terms of the 

(See ee non-basic variables so that the tableau is in 

; ae the standard form. 
adding gives 

Qf +45 =18— 3X + 2y —Z4tSa + So 

using this expression 

P=3x—2y+z2— M3 — 3x + 2y — Zz + So-+ 83) 

P=(34+3M)x -(2+ 2M)y + (1+ M)z -— Msz - Ms3- 13M 

P=3(1+ M)x -2(11+ My + (1+ M)z - Mss — Ms3- 13M 

Rearranging: 
Rearrange to give 

| each coefficient in 
The first tableau may now be written as: | terms of M. 

P-3(0+ M)x+2(1+ My - (1+ M)z + Ms2 + Ms3= -13M 

Basic 

variable 

210 



The simplex algorithm 

b The most negative value in the objective row is -3(1 + M) in the x column. 
| Comparing the 6 ratios, the smallest is 5 = eNee We PIVOr IS 2 
| | 

| Basic | Hf 

| | | variable . 4 | g ene @2 valve 

) 5, 1 alee fitonke o | 10 
a, 2 = | Ol ie o| 5 
a> 1 | 0 Salion| k= igiligess 

| P |-30+™M)|20+™Mm)|-a+m|olmulmu o |-13M 

¢ Dividing the pivot row by 2 and replacing the basic variable a, with x gives: 

Basic Row 

variable operations 

g : Row 

a operations | 

1 + = | 2 2 | 

O -5 2 | 

1 1 1 
spp 2 2 2 

R4 + 1 1 1 deri) Ge) Wester ar 1h slo iM a ) a( ) 2( ) 3(1 +4 MR2 

The pivot column is now in standard form and this completes the first iteration. 

| _ From the table: The values of the basic 
ei 20) OS, =e SO) Sea 0, dole variables are shown in the 

right-hand column. All other 
d The solution given by this tableau is not feasible because variables have value zero. 

do = + is an artificial variable which must be zero ina 

feasible solution. 

Exercise 7E) 

P) 1 Here is the initial tableau for solving a linear programming problem using the Big-M method. 
ie 

Basic Row 

variable 5 | Z : “1 %2 Fh tele operations 

54 I 2 | Deer pal 6 

a, 2 = al ee Sa 5 
= - 0 —-M 0 -15M P (l+M) | 20+™) 2(1 + M) mi 
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a Explain why the tableau does not represent a feasible solution. 

b Locate the pivot and explain how you made your choice. 

(1 mark) 

(2 marks) 

e Explain without doing any calculations how you know that the solution given by the next 

iteration will not be feasible. 

d Carry out one iteration, showing your row operations. 

The following linear programming problem is to be solved using the Big-M method. 

Maximise P = 4x + 2y —z 

subject to: x+3y+z<= 100 

3x -y = 52 

r= 20.72 0 

a Write the constraints as equations using slack, surplus and artificial variables as 

appropriate. 

b Write the initial tableau in standard form. 

c Explain what / represents. 

d Identify the first pivot. 

Here is a linear programming problem to be solved using the Big-M method. 

Minimise C = 4x + 3y 

subject to: 3x-y=110 

x+2y 245 

Ny =O) 

a Explain why the problem cannot be solved by the standard simplex method. 

b Express the inequalities as equations making use of slack, surplus and artificial 

variables. 

c Set up the initial tableau in standard form. 

The Big-M method is to be used to solve the following linear programming problem. 

Maximise P = 3x + 5y -—z 

subject to: x+y+z 20 

3x +y +27 = 24 

X20 

a Rewrite the constraints as equations making use of slack, surplus and artificial 
variables. 

(2 marks) 

(4 marks) 

(3 marks) 

(3 marks) 

(1 mark) 

(2 marks) 

(1 mark) 

(3 marks) 

(5 marks) 

(2 marks) 

b Modify the objective in preparation for using the Big-M method, using non-basic variables. 

c Represent the problem in an initial tableau in standard form. 

(3 marks) 

(2 marks) 

d Carry out iterations to solve the problem. State the value of each variable in your solution. 

el2 

(8 marks) 
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The simplex algorithm 

i Mixed exercise er) 

i 
In a particular factory 3 types of product, A, B and C, are made. The number of each of the 
products made is x, y and z respectively and P is the profit in pounds. There are two machines 
involved in making the products which have only a limited time available. These time limitations 
produce two constraints. 

In the process of using the simplex algorithm the following tableau is obtained, where r and s are 
Slack variables. 

Basic variable x | os Whee i r I s | Value | 
l Zz 7 0 I aS I 75 
aaa | 4 | 17 | i =| y oe | ae o | 2 |] o | 56 
Seok 7 3 Z| P : (aioe [0 | 840 

a Give one reason why this tableau can be seen to be optimal (final). (1 mark) 
b By writing out the profit equation, or otherwise, explain why a further increase in profit is not 

possible under these constraints. (2 marks) 

c From this tableau deduce 

i the maximum profit, 

ii the optimum number of type A, B and C that should be produced to maximise the profit. 

A sweet manufacturer produces packets of orange and lemon flavoured sweets. 
The manufacturer can produce up to 25000 orange sweets and up to 36000 lemon sweets per day. 

Small packets contain 5 orange and 5 lemon sweets. 

Medium packets contain 8 orange and 6 lemon sweets. 

Large packets contain 10 orange and 15 lemon sweets. 

The manufacturer makes a profit of 14p, 20p and 30p on each of the small, medium and large 
packets respectively. He wishes to maximise his total daily profit. 

Use x, y and z to represent the number of small, medium and large packets respectively, 
produced each day. 

a Formulate this information as a linear programming problem, making your objective function 
and constraints clear. Change any inequalities to equations using r and s as slack variables. 

(5 marks) 

The tableau below is obtained after one complete iteration of the simplex algorithm. 

| Basic variable x VE alas eile | Value 

13 4 0 I -= | 1000 
i Dea wall I 
7 = ] 0 ae 2400 3 seth ise ft 

-4 —§ 0 0 2 72 000 

b Start from this tableau and continue the simplex algorithm by increasing y, until you have 

either completed two complete iterations or found an optimal solution. (4 marks) 
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From your final tableau 

¢ i write down the numbers of small, medium and large packets indicated. 

ii. write down the profit. 

iii. state whether this is an optimal solution, giving your reason. (3 marks) 

Tables are to be bought for a new restaurant. The owners may buy small, medium and large 

tables that seat 2, 4 and 6 people respectively. 

The owners require at most 20% of the total number of tables to be medium sized. 

The tables cost £60, £100 and £160 respectively for small, medium and large. The owners have a 

budget of £2000 for buying tables. 

Let the number of small, medium and large tables be x, y and z respectively. 

a Write down S inequalities implied by the constraints. Simplify these where appropriate. 

(5 marks) 

The owners wish to maximise the total seating capacity, S, of the restaurant. 

b Write down the objective function for S in terms of x, y and z. (2 marks) 

¢ Explain why it is not appropriate to use a graphical method to solve this problem. (1 mark) 

It is decided to use the simplex algorithm to solve this problem. 

d Show that a possible initial tableau is 

Basic variable | x | y | Zz ip t Value 

r etal oe 0 0 
t eel aes 0 100 

Ss 2 | Su [ = 0 y 0 (3 marks) 

It is decided to increase z first. 

e Show that, after one complete iteration, the tableau becomes 

Basic variable x y Z | r t Value 

ee ee ee 
z mb outa) |b Ale eon wie > 
5 SaaS: p 75 

(3 marks) 

f Perform one further complete iteration. (3 marks) 

g Explain how you can decide if your tableau 1s now final. (1 mark) 

h Find the number of each type of table the restaurant should buy and their total cost. (2 marks) 

Kuddly Pals Co. Ltd. make two types of soft toy: bears and cats. The quantity of material 

needed and the time taken to make each type of toy is given in the table. 

Toy Material (m7) | Time (minutes) 

Bear 0.05 | 12 

Cat 0.08 | 8 

Each day the company can process up to 20 m? of material and there are 48 worker hours 

available to assemble the toys. 
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Let x be the number of bears made and y the number of cats made each day. 
| a Show that this situation can be modelled by the inequalities 
| Sx + 8y < 2000 
| 3x + 2y = 720 

: | in addition to x = 0, y= 0. (2 marks) 
i The profit made on each bear is £1.50 and on each cat £1.75. Kuddly Pals Co. Ltd. wishes to 

maximise its daily profit. 

b Set up an initial simplex tableau for this problem. (3 marks) 
¢ Solve the problem using the simplex algorithm. (3 marks) 
The diagram shows a graphical representation of the feasible region. 

d Relate each stage of the simplex tableau to the corresponding point in the diagram. (2 marks) 

P) 5 A clocksmith makes three types of luxury wristwatch. The mechanism for each watch 

is assembled by hand by a skilled watchmaker and then the complete watch is formed, 

weatherproofed and packaged for sale by a fitter. 

The table shows the times, in minutes, for each stage of the process. 

Watch type Watchmaker Fitter 

The watchmaker works for a maximum of 30 hours per week and the fitter for a maximum of 

25 hours per week. 

Let the number of type A, B and C watches made per week be x, y and z. 

a Show that the above information leads to the two inequalities 

3x + 4y + 2z <= 100 

5x + 3y+4z = 125 (2 marks) 
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The profit made on type A, B and C watches is £12, £24 and £20 respectively. 

b Write down an expression for the profit, P, in pounds, in terms of x, y and z. 

The clocksmith wishes to maximise his weekly profit. It is decided to use the simplex algorithm 

to solve this problem. 

(2 marks) 

¢ Write down the initial tableau using r and s as the slack variables. (3 marks) 

d Increasing y first, show that after two complete iterations of the simplex algorithm 

the tableau becomes 

Basic variable | x | y bf r s Value 

y 3 U 3 a 2 
zZ ie i 0 “0 z |_20 

Write de zh | 0 0 & 10 760 (5 marks) 

e Give a reason why this tableau is optimal (final). (1 mark) 

f Write down the numbers of each type of watch that should be made to maximise 

the profit. State the maximum profit. (2 marks) 

A craftworker makes three types of wooden animals for sale in wildlife parks. Each animal has to 

be carved and then sanded. 

Each Lion takes 

Each Giraffe takes 

Each Elephant takes 

2 hours to carve and 25 minutes to sand. 

25 hours to carve and 20 minutes to sand. 

ls hours to carve and 30 minutes to sand. 

Each day the craftworker wishes to spend at most 8 hours carving and at most 2 hours sanding. 

Let x be the number of Lions, y the number of Giraffes and z the number of Elephants he 

produces each day. 

The craftworker makes a profit of £14 on each Lion, £12 on each Giraffe and £13 on each 

Elephant. He wishes to maximise his profit, P. 

a Model this as a linear programming problem, simplifying your expressions so that they have 

integer coefficients. (4 marks) 

It is decided to use the simplex algorithm to solve this problem. 

b Explaining the purpose of r and s, show that the initial tableau can be written as: 

Basic variable x ) M6 r S Valu 

r 4+ ; 3 l 0 ri 16 

1 5 4 6 0 24 | 
P Se eae Ie Maa 0 oun G marks) 

c Increasing x first, work out the next complete tableau, where the x column 

includes two zeros. (2 marks) 

d Explain what this first iteration means in practical terms. (2 marks) 
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Here is a linear programming problem that is to be solved using the two-stage simplex method. 
Maximise P = x + 3y 

subject to: 3x+2y <1 

2x + Sy = 20 

a Express the constraints as equations using slack, surplus and artificial variables. | (2 marks) 
b Write a new objective function for the first stage in terms of non-basic variables. (3 marks) 

¢ Write the initial tableau for the first stage in standard form. (3 marks) 
d Complete the first stage and explain what the solution represents. (4 marks) 
e Set up the tableau for the second stage. (2 marks) 

The following tableau was obtained after a number of iterations of the Big-M method. 

pace ul ; hie ; in i “a 

variable = y ~ Ps S2 83 a, Value 

as 2 ie es | 1 2 | 0 0 150 

y eae za 0 ape 0 180 
a, lies 1 0 0 ee 0 i | [ede 

P cea ee es ae Oe ea 0 

a State the value of the pivot, making your reasons clear. 

b Complete the solution, justifying that it is optimal. You should clearly state your row 

operations. 

This is the first tableau for a linear programming problem to be solved using the Big-M 

method. 

ESC s Ss Ss a Value On 
| variable il ‘ J ; : : operations 

51 | jee | 0 0 0 4 | 
S> 2 3 0 Ale l 0 0 5 

ay Z —| 0 0 0 -1 ] 8 

jo Ge Dayle ee a ee Me amen 
ae ———o ee 

a Explain why this tableau does not represent a feasible solution. (2 marks) 

b State the value of the next pivot, making your reasons clear. (2 marks) 

¢ Carry out one further iteration of the simplex algorithm, showing your row operations. 

(4 marks) 

A bakery has the capacity to produce 800 pies a day. The bakery makes three types of pies, A, 

Be and, C. 

Pie A will return a profit of £1.00 per pie. Pie B will return a profit of £0.80 per pie. Pie C will 

return a profit of £0.60 per pie. 

In order to satisfy demand, the factory must produce at least 200 of pie C. 
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The factory manager formulates this problem as: 

Let x, y, z represent the numbers of pies A, B, C made respectively. 

Maximise P = 100x + 80y + 60z 

subjectto: x+y+z< 800 

z = 200 

Se ea 

a Explain why the basic simplex algorithm cannot be used to solve the linear programming 

problem. (1 mark) 

b Without working, state the optimal solution to this linear programming problem. (1 mark) 

Based on available ingredients and on customer demand, the factory manager also implements 

the following constraints 

Oy chy tee LO) 

4y + 5z = 1000 

The Big-M method is to be used to solve this linear programming problem. 

¢ Define what M represents in this context. You must use correct mathematical language in 

your answer. (1 mark) 

d Set up the initial tableau for this problem. Show your modified objective function and 

clearly state the basic variables. (4 marks) 

e State, with a reason, which value you would use as your first pivot, and explain how you 

would carry out one iteration of the algorithm. You do not need to apply your method. 

(3 marks) 

Ci You will need to think 

A linear programming problem is given as follows: carefully about how you deal 
Maximise P = 3x + 4y + 2z with the second constraint, 

subject to:  2x+4y<10 which contains an equality. 

X+2y +2 1c 

4y+2z215 

x, V2 = 0 

Solve this linear programming problem using an appropriate method. 
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Summary of key points 

1 To formulate a linear programming problem: 

- define your decision variables 

* write down the objective function 

* write down the constraints. 

2 Inequalities can be transformed into equations using slack variables (so called because 
they represent the amount of slack between an actual quantity and the maximum possible 
value of that quantity). 

3 The simplex method allows you to: 

* determine if a particular vertex, on the edge of the feasible region, is optimal 

* decide which adjacent vertex you should move to in order to increase the value of the 

objective function. 

4 Slack variables are essential when using the simplex algorithm. 

5 The simplex method always starts from a basic feasible solution, at the origin, and then 

progresses with each iteration to an adjacent point within the feasible region until the 

optimal solution is found. 

6 To use a simplex tableau to solve a maximising linear programming problem, where the 

constraints are given as equalities: 

- Draw the tableaux: you need a basic variable column on the left, one columr for each 

variable (including the slack variables) and a value column. You need one row for each 

constraint and the bottom row for the objective function. 

- Create the initial tableau: enter the coefficients of the variables in the appropriate column 

and row. 

Look along the objective row for the most negative entry: this indicates the pivot column. 

Calculate 6, for each of the constraint rows, where 

_ the term in the value column 

the term in the pivot column 

» Select the row with the smallest, positive 6 value to become the pivot row. 

- The element in the pivot row and pivot column is the pivot. 

Divide all of the elements in the pivot row by the pivot, and change the basic variable at 

the start of the row to the variable at the top of the pivot column. 

- Use the pivot row to eliminate the pivot's variable from the other rows: this means that the 

pivot column now contains one 1 and zeros. 

- Repeat bullets 3 to 8 until there are no negative numbers in the objective row. 

» The tableau is now optimal and the non-zero values can be read off using the basic variable 

column and value column. 
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10 

11 

220 

The steps for solving a minimising linear programming problem are identical to those given 

above apart from: 

- First, define a new objective function that is the negative of the original objective function. 

- After you have maximised this new objective function, write your solution as the negative 

of this value, which will minimise the original objective function. 

When integer solutions are needed, test points around the optimal solution to find a set of 

points which fit the constraints and give a maximum for the objective function. 

The two-stage simplex method for problems that include = constraints: 

- Use slack, surplus and artificial variables, as necessary, to write all the constraints as 

equations. 

- Define a new objective function to minimise the sum of all the artificial variables. 

- Use the simplex method to solve this problem. 

- If the minimum sum of the artificial values is 0 then the solution found is a basic feasible 

solution of the original problem, which is then the starting point for the second stage. Use 

the simplex method again to solve this problem. 

- If the minimum sum of the artificial variables is not 0 then the original problem has no 

feasible solution. 

Linear programming problems that include = may also be solved using the Big-M method 

instead of the two-stage simplex method. The Big-M method uses an arbitrarily large number, 

M, in the objective function. Its purpose is to drive the artificial variables towards 0. 

The Big-M method uses the following steps: 

* Introduce a slack variable for each constraint of the form S. 

* Introduce a surplus variable and an artificial variable for each constraint of the form =. 

* For each artificial variable ay, a2, a; ... subtract M(a, + a> + a; ...) from the objective 

function, where M is an arbitrarily large number. 

- Eliminate the artificial variables from your objective function so that the variables 

remaining in your objective function are non-basic variables. 

- Formulate an initial tableau, and apply the simplex method in the normal way. 



Critical path analysis 

After completing this chapter you should be able to: 

@ Model a project by an activity network using a precedence table 

—> pages 222-226 

Use dummy activities -» pages 226-229 

e Identify and calculate early and late event times in activity networks 

—> pages 230-232 

@ Identify critical activities —> pages 232-235 

@ Calculate the total float of an activity -> pages 236-237 

@ Calculate and use Gantt (cascade) charts —» pages 238-241 

@ Construct resource histograms —> pages 242-249 

@ Construct scheduling diagrams > pages 249-253 

Prior knowledge check 

Find, by inspection, the length of the shortest 

route from A to Bin this directed network. 

The techniques of critical path analysis may 

be applied to the management of complex 

tasks to improve overall efficiency. Recent 

applications in healthcare, for example, 

have resulted in a reduction in the time that 

patients spend in emergency departments. 



Chapter 8 

8.1) Modelling a project 

Imagine that you have responsibility for the completion of a complex project. The total amount of 

work to be done is divided into separate activities and some of these cannot be started until others 

have been completed. You are expected to organise the activities efficiently in order to avoid any 

unnecessary delay. 

In order to plan the project effectively you would need Notation ] When one activity 

to represent the activities in some way that makes any cannot proceed until another 

dependencies clear. It would be helpful to make use of some activity is completed, it is 

suitable notation and to apply a systematic approach. referred to as a dependency. 

= A precedence table, or dependence table, is a table which shows which activities must be 

completed before others are started. 

Example 

The manufacture of a sofa involves the construction of a wooden frame which is then fitted with 

springs. The frame is then covered with padding and fabric. Cushions are cut out of the same fabric 

which must then be stitched and filled. The assembly of the sofa is completed by attaching the cushions. 

It is then inspected before being wrapped in a protective covering ready for shipping. 

Represent the information above in a systematic way that makes any dependencies clear. 

This process may be broken down into 

separate activities. 

Typically, these are labelled A, B, C, D, ... for 

€Ace ol rererence later, 

A Build wooden frame 

B Cut out fabric for cushions 

C Stitch and fill cushions 

D Attach springs to wooden frame 

E Cover frame 

F Complete assembly 

G Inspect 

H \Wrap 

The activities may now be written in a 

precedence table. 

aie 
A 
iD) ce 

C,E— 
F 

E depends on D. The fact that E depends on A 
(because D depends on 4A) is clear from the entry — 
above and is not shown again, i.e. only immediate 
dependence is shown in the table. 

Both activities C and E must be completed 
before work on activity F may be started. 
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Example rs) 

The production of a new textbook may be broken down into activities A to G. 
Activities A and B do not depend on any other activities. 

Both activities C and D can only be started once A has been completed. 

Activity E cannot be started until activity B has been completed and activity F cannot be started 
until activities C and E have been completed. Activity G can only begin once all other activities 
have been completed. 

Draw a precedence table to represent this information. 

Activity Depends on 

This appears to be the tricky part to complete. 

It's a lot easier when you realise that you must 

include just those activities that are not already 

written in this column. 

The production of a precedence table goes some way towards representing a project in a form 

that can help you to coordinate the activities effectively. However, a diagram may be a lot easier to 

understand, especially if the project is more complex. 

The information provided in a precedence table You have already seen how network 
may be transferred to an activity network to diagrams may be used to represent and help 
give a visual representation of the project. analyse a variety of problem types. «- Chapter 3 

There are two types of activity network but only the activity on arc type will be used here. 

= In an activity on arc network, the activities are represented by arcs and the completion of 

those activities, known as events, are shown as nodes. 

¢ Each arc is labelled with an activity letter. The beginning and end of an activity are shown 

at the ends of the arc and an arrow is used to define the direction. The convention is to use 

straight lines for arcs. 

* The nodes are numbered starting from 0 for the , Watch out ) Sometimes the source 

first node which is called the source node. node is labelled 1 instead of 0. 

¢ Number each node as it is added to the network. 

° The final node is called the sink node. 
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Draw an activity network for the precedence table given in Example 2. 

A 

224 

Activities A and B do not depend on 

any previous activities. 

Activities C and D both depend on 

activity A. 

Node 1 represents the end of activity A. 

Activity E is dependent on activity B. 

Activity Fis dependent on activities C 

and E. It is now clear that we need to 

swap the positions of activities C and 

D in the network to show this. 

t Watch out ) It often isn’t easy to get 

the layout of the network right first 

time. It’s a good idea to draw the 

network in pencil and have a rubber to 

hand! 

Finally, activity G depends on activities 

D and F so their arcs need to meet at 

a node. With practice, it gets easier to 

anticipate how the network needs to 

be set out and so there is less need for 

adjustment. 
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Exercise (8A) 

Critical path analysis 

The steps involved in starting a car and moving forwards in a straight line are given below. 
A Check that car is in neutral. 

B Start engine. 

C Depress clutch. 

D Select first gear. cD There is more than 

E Check that it is safe to move off. Oe 

F Release the handbrake. 

G Raise the clutch and depress the accelerator. 

Draw a precedence table for this process. 

The development of a commercial computer program is divided into activities A to J. 

Activity A does not depend on any other activity. 

Activities B, C and D all require that Activity A is completed before they can start. 

Activities E and F depend on activity B. 

Activity G cannot be started until activities C and E have been completed. 

Activity H requires the completion of activity D, while activity / requires that both activities F 

and G are completed first. 

Activity J requires the completion of all activities before it may be started. 

a Draw a precedence table to represent the development of the computer program. 

b Use the precedence table to draw the corresponding activity network. 

The precedence table for a project is shown below. 

Draw the corresponding activity network. 

Activity Depends on 7 

| 

(3 marks) 
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&) 4 Here is an activity network for a project. 

Draw a precedence table to represent the project. (3 marks) 

€& Dummy activities 

You need to understand the use of dummy activities. 

The precedence table given below appears to be very simple and yet the corresponding activity 

network cannot be completed using the methods described so far. 

Activity Depends on 

A | ~ 

Be : 
é A,B 
D A 

A 

Activities A and B do not depend on any other 

activities and so they are linked to the source node. 

B 

The problem here is how to represent activity C 

which depends on both activity A and activity B. 

To resolve this problem you introduce a dummy activity between events 1 and 2 to show that activity 
C depends on activity A as well as activity B. 

= Adummy activity has no time or cost. Its sole purpose is to show dependencies between 
activities. 

A dummy activity is shown using a dotted line. 
The direction of the arrow is important. It shows 
that activity 4 immediately precedes activity C. 

226 



Critical path analysis 

Draw an activity network for this precedence table. Use exactly two dummies. 

eceding activities Activity Immediately pr 

A 

-—— The label for this column may be written in 

different ways. 

Activity E depends on activity B only, but activity 

Ke F depends on both activity Band activity C. This 

indicates the need for a dummy. 

The first dummy is shown ' 
between nodes 2 and 2° * 

Activity H depends ons " 

activity D only, but activity | 

G depends on both activity | 
D and activity F. This - * es 

F indicates the need for a 
second dummy. 

Activity J depends on 

activities G and H. 

Extend the arc for activity 

E to the sink node so that 

there is only one end point. 
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= Every activity must be uniquely represented in terms of its events. This requires that there 

can be at most one activity between any two events. 

Once again, a dummy may be required to satisfy this condition. Here is an example to show how this 

works. 

This diagram shows part of an activity network. Suppose that event S depends on activities P, Q 

and R. 

This is not allowed because there are two 

activities between events 6 and 8. 

Using a dummy allows the dependence to be shown while ensuring that all activities are uniquely 

determined by their events. 

Exercise 

1 This activity network contains a dummy. 

Draw a precedence table for the network. 

&) 2 A project is modelled by the activity network 

shown opposite. 

a Explain the significance of the dotted line from 
events 2 to 4. (2 marks) 

b Draw a precedence table for this network. 

(3 marks) 

228 



Critical path analysis 

E) 3 Draw an activity network to represent the precedence table below. 

Your network should contain exactly one dummy. 

(3 marks) 

(3 marks) 

b Explain the purpose of each dummy. (2 marks) 

/P) 5 The precedence table for a project is shown below. Draw the activity network described in the 

table, using the minimum number of dummies. 

Activity Depends on 

(3 marks) 
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€& Early and late event times 

Activities within a project typically take different lengths of time to complete. 

= The length of time an activity takes to complete is known as its duration. You can add 

weights to the arcs in an activity network to represent these times. 

The activity network opposite was used in Exercise 8B 

question 2 but now each activity has a figure in 

brackets representing its duration in hours. 

Activity A takes 2 hours to complete: 

The dummy takes 0 hours to complete. 

Each node (vertex), of the network represents an event. It is useful to consider two separate times 

associated with each event. 

= The early event time is the earliest time of arrival at the event allowing for the completion 

of all preceding activities. 

= The late event time is the latest time that the event can be left without extending the time 

needed for the project. 
Early event time 

The activity network is now adapted to show this information by using 

at each vertex. Late event time 

# The early event times are calculated starting from 0 at the source node and 

working towards the sink node. This is called a forward pass, or forward scan. 

The largest of: 

6+2=8 

7+4=11and 

i se 

= The late event times are calculated starting from the sink node and working backwards 
towards the source node. This is called a backward pass or backward scan. 

The early event time always 

becomes the late event 

time at the sink node. 

LED Explore event EP 
times in activity networks 

using GeoGebra. 

The late event time at the 

source node is always 0. 

The smallest of: 

Piri lOranGna Oa 
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The diagram shows part of an activity network. 

Calculate the value of x. 

The largest of: 

2+5=7 

12S Shei 10) 

9+0=9 

The dotted line indicates a dummy. This has a 

weight of 0. 

i = 10 

The diagram shows part of an activity network. 

Calculate the value of y. 

For each event, the late time is greater than or 

equal to the early time. You can use this fact to 

check your answers. 

The smallest of: 

Gales 
__) Giga, 

Oh tate 

Exercise 8c) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/d1 maths 

1 The diagram shows part of an activity network. 

Calculate the value of x. 
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(E) 2 The activity network for a project is given below. 

Activities A, Cand E can 

be completed in 8 hours, but there is a 

dummy showing that you cannot start 

activity H until activity B has been 

completed. 

The time in hours needed to complete each activity is shown in brackets. 

Early and late times are shown at each vertex. 

Calculate the values of w, x, y and z. (8 marks) 

() 3* The activity network for a project is given below. 

The time in days needed to complete each activity is shown in brackets. 

Calculate the early and late times at each vertex. (5 marks) 

& Critical activities 

You need to be able to identify critical activities. 

# An activity is described as a critical activity if any increase in its duration results ina 

corresponding increase in the duration of the whole project. 

= A path from the source node to the sink node 

which entirely follows critical activities is . Watch out ) It is possible for a project 
called a critical path. A critical path is the to have more than one critical path, in 
longest path contained in the network. which case the total project time is the 

same on each one. 
® At each node (vertex) on a critical path the early 

event time is equal to the late event time. 
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Critical path analysis 

The diagram shows an activity network with early and late event times shown at the nodes. 
Identify the critical activities. 

Explore critical ec? 

paths using GeoGebra. 

The critical activities are A, D, G, and L. Check:6+7+9+7=29. 

Adding the durations of the critical activities 

gives the total duration for the project, as 

shown by the early and late event times at Notice that at each vertex on the critical path, 

the sink node. the early and late event times are equal. These 

indicate the critical events. Elsewhere, there isa 

difference between the two values. 

® An activity connecting two critical events isn’t necessarily a critical activity. 

Part of an activity network is shown below including the early and late event times given in hours. 

Which are the critical activities? 

7+5=12 (critical) 

12 + 6 = 18 (critical) 

7 +8 # 18 (not critical) 

The critical activities are E and G. Fis nota 

critical activity even though it connects two 
Watch out | In your exam, you may need to find 

critical events. Any increase in the duration of _ ) 

activity E or activity G will increase the total more than one critical path and to identify all of 

the critical activities. 
time for the project, whereas the duration of 

activity F may be increased by up to 3 hours 

and have no effect on the total time. 
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Find the critical paths in this activity 

network and identify the critical 

activities. 

There are two critical paths: A BD G and 

ee a hove The critical activities are those that 
The critical activities are A, B, D, Gand H. je onerther cited par 

Exercise (3) 

Answer templates for questions marked * are available at www.pearsonschools.co.uk/di maths 

1 Part of an activity network is shown opposite including the 

early and late event times given in hours. 

Activities J and K are critical. 

Find the values of x, y and z. 

2 The diagram shows an activity network with early and late event times, in hours, shown at the 

vertices. 

a Identify the critical activities. (2 marks) 

b Name an activity that links two critical events but is not critical. 

Explain your reasoning. (3 marks) 
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P) 3* The activity network for a project is shown below. 
Activity times are given in days and are shown 
in brackets. 

a Copy and complete the activity network 

to show the early and late event 

times. (4 marks) 

b Explain why G is not a critical 

activity. (2 marks) 

¢ Determine the critical activities and the 

length of the critical path. (3 marks) 

E) 4* The diagram below is the activity network relating to an engineering project. The number in 

brackets on each arc gives the time taken, in days, to complete the activity. 

a Complete the precedence table below. 

Event Immediately preceding activity 

A es 

- 

Slat alalmlm| slats 

(3 marks) 

b Complete the diagram by calculating the early time and the late time for each event. (4 marks) 

e Determine the critical activities and the length of the critical path. (2 marks) 
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8.5] The float of an activity 

You can determine the total float of activities. 

= The total float of an activity is the amount of time that its start may be delayed without 

affecting the duration of the project. 

total float = latest finish time — duration — earliest start time 

® The total float of any critical activity is 0. 

Determine the total float of each activity 

in this activity network. 

Activity A 

ple eab 
0 

Total float = O 

Activities B, D and G : 

lloralnleas—= © 

Activity C 

C(A) 
a H 

Total float =11—4—-3=4 

Activity E 

ee 

E(\) 

(lornioan— 2 ha, 

Activity F 

WA) 

lctcalileae = 1G — 4 — 7 = 5 

Activity H 

fo] 4) 8 “eee 
Ne} 

llotal ilesae—= 6 —4 9 3 
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This is a critical activity. Any delay in the start 

time will affect the duration of the project. 

These are all critical activities so the total float of 

each one is 0. 

3 is the earliest time that the activity can start. 

11 is the latest time that the activity can be 

finished by. 

4 is the duration of the activity. 

7 is the earliest time that the activity can start. 

12 is the latest time that the activity can be 

finished by. 

1 is the duration of the activity. 

7 is the earliest time that the activity can start. 

16 is the latest time that the activity can be 

finished by. 

4 is the duration of the activity. 

9 is the earliest time that the activity can start. 

16 is the latest time that the activity can be 

finished by. 

4 is the duration of the activity. 



Critical path analysis 

1 Determine the total float of each activity in this activity network. 

P is a critical activity. 

Q has a total float of 3 hours. 

a Work out the values of a, b, x and y. (4 marks) 

b What is the minimum possible value of c? (1 mark) 

c¢ What is the maximum possible value of the total float of R? (2 marks) 

E) 3 A project’s activity network is shown below. 

C(4) 

a Find the values of x, y and z. (2 marks) 

b List the critical activities. (1 mark) 

c Calculate the total float of activity E. (1 marks) 
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€9 Gantt charts 

You need to be able to construct and use Gantt (cascade) charts. 

= A Gantt (cascade) chart provides a graphical way to represent the range of possible start 

and finish times for all activities on a single diagram. 

The number scale shows elapsed time. So, the first hour is shown between 0 and 1 on the scale, the 

second hour is shown between 1 and 2 and so on. 

The critical activities are shown as rectangles in a line at the top. 

Example 

Here is an activity network for a project. 

Early and late event times are shown in hours at the nodes. 

Draw a Gantt chart to represent the project. 

@ 10 8 4 56 7 6S 1Oew de (ei ieuS Activity B has duration 3 hours, an earliest 

start time of 4 hours and a latest finish 

time of 12 hours. 

120 ee ae ee Activity D has duration 2 hours, an earliest 

start time of 7 hours and a latest finish 

[>] Net a hale > aes time of 14 hours. 

[ +e, ] tei Activity G has duration 3 hours, an earliest 
Bee ae ae start time of 9 hours and a latest finish 

time of 16 hours. 

The Gantt chart illustrates clearly that there is no flexibility in the timing of the critical activities. It also 
illustrates the degree of flexibility in the timing of each of the remaining activities. 

The total float of each activity is represented by t Watch out | oo 
the range of movement of its rectangle on the ton ey es 8 8 each activity from its total float in your 
chart. Gantt (cascade) chart. You can use dotted 

lines as above, or you can shade in the 

total float. 
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Exercise 8F) 

fE) 1 The diagram shows an activity network for a project. Early and late event times are shown in 
| days at the nodes. Draw a Gantt chart to represent the project. 

(4 marks) 

a Calculate the values of w, x, y and z. (4 marks) 

b List the critical activities. (2 marks) 

c Calculate the total float for activities Gand N. (2 marks) 

d Draw a Gantt chart to represent the project. (4 marks) 

The overview of a project provided by a Gantt chart allows you to determine which activities must be 

happening at any given time and those that may be happening at a given time. In practice, once a 

project is underway, this provides a useful means of checking that non-critical activities have not been 

delayed to the point that they have become critical. 

The Gantt chart overleaf represents a project that must be completed within 25 days. Given that 

the project is on time, 

a determine 3 activities that must be happening at midday on day 10. 

b determine | additional activity that may be happening at midday on day 10. 
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i C must 

be happening at 

midday on day 10. 

Activities D and 

E must be 

happening at 

midday on day 10. 

The green line 

indicates the 

position of 

a The activities that must be happening Problem-solving 

at midday on day 10 are C, D and E. Activity F may be happening at 

b The activity that may be happening at midday on day 10 

is F, because its duration is 10 days and it has to finish 

at tne.end ot day 23) 

Exercise (3G) 

midday on day 10, but the total 

float of 5 days shows that the start 

could be delayed until day 14. 

(P) 1 Refer to the Gantt chart shown in Example 12 for this question. 

a Which activities must be happening at midday on day 8? 

b Which activities must be happening at midday on day 21? 

¢ Which activities may be happening at midday on day 22? 

E/P) 2 The Gantt chart below represents an engineering project. An engineer decides to carry out some 

spot checks on the progress of the project. 

ial kc al, 
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Critical path analysis 

The first spot check takes place at 12 noon on day 8. 
a Determine which activities must be happening at this time. (2 marks) 
The second spot check takes place at 12 noon on day 15. 
b List all the activities which may be happening at this time. (2 marks) 

a Draw a Gantt chart to represent the activity network below. (4 marks) 

B(3) 

Use your chart to determine: 

b which activities may be happening at midday on day 5, (2 marks) 

¢ which activities must be happening at midday on day 7. (2 marks) 

The activity network below shows the activities that are needed in order to complete a railway 

line laying project. The number in brackets on each arc represents the time, in days, to complete 

the activity. : 

a Find the values of x, y and z. (2 marks) 

b Identify the critical path. (1 mark) 

c Calculate the total float on activities A and C. (1 mark) 

d Draw a Gantt chart for the project. (4 marks) 

The foreman checks on how well the project is progressing. He makes a check on Day 21 and 

notices that Activity / has not yet started. 

e Can the project still be completed on time? Explain your answer. (1 mark) 
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ED Resource histograms 

You need to be able to consider the number of workers needed to complete a project. You will be told 

the number of workers that are needed for each activity. Workers follows these rules: 

aces Welker colic cub more Vienne r watch out ] In many cases each activity will only 

metiuaty simulta coucly: require one worker, but you may also need to 

= Once a worker, or workers, have started an consider situations where more than worker is 

activity, they must complete it. needed for certain activities. 

= Once a worker, or workers, have finished an 

activity, they immediately become available to start another activity. 

A resource histogram shows the number of workers that are active at any given time. The convention, 

when constructing the diagram, is to assume that each activity starts at the earliest time possible. 

However, once drawn, it may be possible to use the diagram to identify which activities may be delayed 

in order to minimise the number of workers required. 

In some cases, the number of workers available is less than the number required to complete the 

project in the minimum possible time. The start and finish times of some activities may have to be 

delayed in order to meet this constraint, which then extends the time needed for project completion. 

= The process of adjusting the start and finish times of the activities in order to take into 

account constraints on resources is called resource levelling. 

One way to draw a resource histogram is to start from a Gannt (cascade) chart. 

Here is the Gannt chart from question 2 of exercise 8G. 

| | | | iz ; 1 7 ] e | | 

| | | | | | | | | | 
| | | | | | | | | | 

| 

Die panei LEO) saa SO NO OTe IS se e617 1S. 19) 20M 324 nO 
| | ‘eT Gon ean |e at a el Dae amet ean ae aes oaas eT eke =e 

| | 
| | | | 
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Critical path analysis 

The number of workers required for each activity is shown in this table. 

Activity Number of workers 

2 

Draw a resource histogram to show the number of workers required each day when each activity 

begins at its earliest time. 

To end of day | Activities | Number of 

workers 

S 2 ee ea ae 

From end of day 
Combine the information given. j 
in the Gantt (cascade) chart age | 
with the information about the 
“number of workers required for 

—— each activity. Work out how many ey 

_ workers are needed on cach 
day of the project. This is the ea 
information that will be shown » 
on the resource histogram. 

= 

~ 2 ¥ ad » . 

This number of workers assumes that each activity starts at the earliest possible time. 

This might not be the most efficient way to complete the proc, oe 

Workers 

OOO eS CEO) 

O Z 4 6 6 [Oe 2 Aw Ne 10.8. 20 225 924, 26 

Days 

With practice, there is no need to draw the table; you can put the information directly 

onto the resource histogram. 

t watch out ] Make sure there are no gaps in your 

resource histogram. 
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You can show all of the information from the table in the previous example on your resource 

histogram by writing letters to show which activities are being completed on each day: 

Workers 

BF) EPE VE | ait 

16 20 0 2 + 6 8 10 Ie 14 18 

Days 

HH EEE 

22 24 2 6 

Notice that whenever activities A, D or G are being carried out they require two rows because they 

each need two workers. 

In the example above five workers are needed between days Notation | fete: 

3 and 7. However, by delaying the start of activity E by four aCicunestat te teenie 

days, it is possible to complete the project in the same time the allocationiakworkersic 

with only four workers. Activity E has a total float of 5 so it will called resource levelling. 

still be finished by its late time. 

The diagram shows a project modelled by an activity network. The number on each arc gives 

the time, in days, required to complete each activity, and the number of workers needed for each 

activity 1s shown in the table. 

Teale 
ee a 
Coe 

l 

2 

A project manager determines that each activity should start at the earliest possible time. 

a Draw a resource histogram to show the number of workers required on each day, and state the 
total number of workers needed in this situation. 

Due to budget cuts, only four workers are available for the project. 

b Use resource levelling to show how the project can be completed with just 4 workers, and state 
the time required to complete the project in this case. 
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Workers 

Workers 

Os Sho: Ome 

Workers 

Gy == Or Comes 

Workers 

OQ os GS ASG @ 

yy A BA A A Ay TB VB Te: | E\ EB) BE) A) A AA A) |) A 
aah Sa cat 

> 

> 

es cies ae Te 3 Seu es ee 8) ] 4, 1a ae 20S 
Days 

BBB 
BBB 
AJ A\A| 4] 4/4/28) F) E) BE) eel eal alae 

ae pt | 

ea ce tek Go) teleaehal ar Go 
Days 

_ fel el el el} ele ele] 
B\ B| BGG) G) GPG) GGG 
BB BU P| F\ BF) Fi P| Fl ei 
Aj A|A|A| A| A) E| EB) E| | 2) Ee) ef | al ee | | | 

He 7 = aa poe Wak Lape ge—aan Gant, es 

me. Wen ia 28 i ies «te we02! 
Days 

CVCL Cl CVC 
UCC CC 

G| G|G| G| G| G| G| cH 
B| B| B| G| G| G| G| G| G| G| c aaa 
B\B| B| F| F| F| F|F\F| F| FF ee 
A, A|A|A|A|A| E| E| E|E| £| E|E|H| | A| A) a | | 
a — T —— = T a= T 

Coe, 2G.) Weer O82) onl Sop eriém 2071 

Problem-solving 

oo 

——— 

—— 

Critical path analysis 

Draw a horizontal 

axis for the days 

from 0 to 21. 

Start by writing 

the activities on 

the critical path 

along the base of 

your histogram. 

The critical path 

on this network is 

AEH and each of 

these activities only 

requires 1 worker. 

Next write in any — 
other activities that 
can start at time 0. ; 

In this case, activity 
Bstartsattime 
0. It requires two 
workers so allocate 

two rows in ‘the 

resource fisted : 

Activity B finishes 

at day 3. You can. 
now Start activities 

FandG. 

As you complete your resource histogram, look at any points where an 

activity ends and consider what other activities could start at that point. 

Activity A ends at day 6. At this point you can start activities C and E. E has 

already been included as it is on the critical path, so write in activity C. In 

each column, use as few rows as possible. 
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Workers 

Qype her Cor SOG 

Workers 

G3 RY CG 2 Gi GT 

246 

O 2 4 G 

The resource histogram shows that G workers are required to complete 

6 

Gs KE: 

ICE] CEN] 1D), | JOY 1D) | 18) 

J5\\Jall| tel | Jel Jel | Jel 

16 

10 hz 14 16 16 

Days 

ZO 

ZO 

the project in a time of 21 days if each activity starts at its early time. 

To reduce the number of workers to 4 Problem-solving 

The only point where more 
we must consider delaying activity 

C, E, F or G which are currently active in 

the third bar of the resource histogram. 

Activities F and G become active in the 

second bar of the resource histogram. 

Total float 

i Ore G = 3 

13 = 7 = 6 =O 

Activity C has the largest total float and requires 2 workers. Delaying 

16 = 975° 1 

than 4 workers are needed 

is between days 6 and 11, so 

consider the activities that 

are being carried out in this 

period. 

activity C by 5 days brings the number of workers required down to 4 

and requires the total project time to be extended by just 2 days to 

Zo Gays. 

The only activity 

left to include is D. 

The earliest it can 

start is immediately 

after activity C 

finishes. Write 

it in, then draw 

bars around your 

finished resource 

histogram, and add 

a vertical scale. 

You can show your 

finished resource 

histogram with or 

without the activity 

letters. In this 

diagram a vertical 

line has been 

added after 13 

days to show that 

activity 7 starts 

here. 

Calculate the total 

float of each of 

activities C, E, F 

and G to determine 

how much they 

could be delayed 

without delaying 

the project. 

You need to delay 

activity C two days 

beyond its given 

late time, which 

means the project 

will be delayed by 

2 days. 



Critical path analysis 

1 Here is a Gantt (cascade) chart for a project that takes 22 days to complete. Given that each 

activity requires one worker, and that each activity begins at its earliest time, 

a draw a resource histogram (4 marks) 

b state the number of workers required to complete the project. (1 mark) 

) 2 The diagram shows an activity network. The numbers in brackets show the duration of each 

activity in days, and the table shows the number of workers required for each activity. The early 

and late times for each event are shown. 

Activity _| Workers | 

A 1 | 

ils & 

Ea a 
ails 
=e 

rll 
a Given that each activity starts at the earliest possible time, draw a resource histogram 

Cy) | Sy 

sn) 

R—|leRelNoOlNmoOleJlelNire 

for this activity network. 
(4 marks) 

b Using your resource histogram, state the number of workers required to complete 

the project on time. 
(1 mark) 
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M3 The diagram shows an activity network. The numbers in brackets show the duration of 

(E/P) each activity in weeks, and the table shows the number of workers required for each activity. 

The early and late times for each event are shown. 

| Activity Workers 

ae I 
] 

Zz 

] 

I 

Zz 

A manager decides that each activity should start at the earliest possible time. 

a Draw a resource histogram to show the number of workers required on each day, 

and state the total number of workers needed in this situation. (4 marks) 

b Use resource levelling to show how the project can be completed using 4 workers 

and state the amount of time by which the project must be extended. (4 marks) 

(E/P) 4 The activity network opposite 
shows the activities involved in 

assembling a particular vehicle 

on a factory production line. 

The times shown are in hours 

and the latest start times and 

earliest finish times are shown 

at the vertices. 

a Draw a Gantt (cascade) chart for this network. (4 marks) 

The number of workers required for each activity is shown in the table. 

Number of workers 

required 3 ? 

Activity BiG. EG SiO A DRAM NAO). hep. 

b Draw a resource histogram for this project, assuming that each activity starts at the 
earliest possible time. State the number of workers needed in this instance. (4 marks) 
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A manager says that she can complete the project on time with only 4 workers by 
delaying the start of activity N by 2 hours. 

¢ Explain why she is not correct. (1 mark) 
d Given that there are only 3 workers available, work out the earliest time that the 

project can be completed. (3 marks) 

Scheduling diagrams 

The process of assigning workers to activities is ee 
known as scheduling. You need to be able to ee ee ee 
construct a scheduling diagram to show which a CC Ne ee 
workers should be assigned to which activity. 

= When you are scheduling a project: 

* you should always use the first available worker 

* if there is a choice of activities for a worker, assign the one with the lowest value for its 
late time. 

The diagram shows a Gantt chart for a project. 

Schedule the activities to be completed in the critical time by the minimum number of workers. 

QO 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
“. SS SSSR RSE 

| 
| | | 

| | 
| 

i 
} | | 
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This Gantt chart information may be transferred to a scheduling diagram in stages. 

Oh tee 14 5G, fe 10 Mi 2s omy 1619 2021 227 e2aee 

Worker | in 

One worker is needed to complete the critical activities. 

Oreos 4A 56 7 Oto MONI ie ISA to lea 19.19-20 2aeZs2A23 

Worker 1 

— Worker 3 

Worker 2 starts with activity B and, on completion, starts 

activity D. A third worker is needed to start activity E on time. 

OMT Re Sea 5 GF Se OO 1H SSA Sei emo Ae a eae 

Worker 
woeealempeete (el foibles) ee i 

Worker 3 
Delay activity F as late as possible, so it may be started by worker 2 on completion of activity D. 

Oe 8S 4 Gee On COMI M2ZaS 4A Siler lon ore Orne eee eee. 

Worker 1 

Worker 2 

Worker 3 

All of the activities have now been assigned and so the 
By starting activity H as soon 

as possible and activity J on 

Shading is used to indicate any periods of inactivity for each worker. completion of activity H, both 

activities may be completed by 

worker 3. 

scheduling diagram is complete. 

t Watch out | Check your final diagram to make sure that all the dependency conditions are satisfied. If one 
activity has been delayed, this might affect the earliest possible start time for other activities. 
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In Example 15, a minimum of three workers were required to complete the project within the 

critical time of 25 days. In general, you can calculate a lower bound for the number of workers by 

considering the sum of the activity times (or, in other words, the total weight of the network). 

a the lower bound for the number of workers needed to complete a project within its critical 

time is the smallest integer greater than or equal to: 

sum of all of the activity times 

critical time of the project 

Consider the network in Example 15: 

Renee het. rier ctor avon 

Sohne ae an 10 mai 5 | 4 | er 
The sum of all of the activity times is 67 days. 

This gives a lower bound as the smallest integer greater than or equal to < 

= 2.68 and so a lower bound is 3. 

This simply means that it is impossible to complete the project in the critical time using fewer than 

3 workers. However, since the calculation takes no account of the degree of overlap of the activities, 

it doesn’t guarantee that 3 workers is sufficient. 

When the number of available workers is fewer than the minimum required to complete a project 

within its critical time, the information shown on a Gantt chart cannot be relied upon as some 

activities will be delayed further than shown. In this situation it is better to construct the scheduling 

diagram direct from the activity network because special care is needed to ensure that the 

dependency conditions are satisfied. 

The diagram shows an activity network 

representing a project with a minimum time 

of 31 days. 

Use a scheduling diagram to find the new 

completion time for the project given that 

only two workers are available. 

One wee We ee GS ES BO Omnis 14.4 Dele Wie ao ke. Worker 1 starts activity 

A and worker 2 starts 

tee miapseae) ll ike TT activity B. 
Worker 2 finishes first 

Worker 2 meee ee 
and starts activity E. 

Worker 1 starts activity C 

(Le <td) 

fot 
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0.1.2 3-4 5.6 7.6. 910 MAZNS AMO Meee Meee 

Worker Worker 2 starts 
activity D and worker 

wore 2 eet Pe starts activity F 
Continuing in the same way produces the following scheduling diagram. 

OM 2 3456. 7 6 SOAS Gt 1eCNO ZO Wee es oIee2 Eco oOo Ooo 

Worker 2 Ce CCE ee ee 

The minimum time needed to complete the project using two workers is 34 days. 

r Watch out } When Worker 2 finishes activity G, the next available activity is . Check to 

make sure that activities D and F have been completed before allocating this activity. 

Exercise 31) 

E/P) 1 The Gantt chart Opa eR, VOSS, Bi 9. 10. 1112 13 415 6 17, 1s O20 21 2 
| rhe tp | le ET ha Fic? aaa tee a ei 

| 

| | | | | represents a project 

which must be completed 

in its critical time of 

22 hours. 

a Given that the total 

duration of all of the 

activities is 64 hours, 

calculate a lower bound 

for the number of 

workers needed to 

complete the project 

in the minimum time. 

(2 marks) 

An unforeseen problem 

means that Activity B 

cannot be started until 

2 hours into the project. 

b Explain why this will not result in a delay for the whole project. (1 mark) 
¢ Which activities must be happening 17.5 hours into the project? (1 mark) 
d Complete a scheduling diagram to complete the project in 22 hours. 

State the number of workers required. (4 marks) 
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2 The diagram shows an activity network representing a project. The numbers on each arc 
represent the duration of each activity in days, and the early and late times are shown. 

a Draw a Gantt chart to represent the project. (4 marks) 
b Schedule the project to be completed by the minimum number of workers in the 

critical time. State the number of workers required. (4 marks) 

3 The diagram shows an activity network representing a project. The numbers on each arc 
represent the duration of each activity in hours, and the early and late times are shown. 

Given that only two workers are available for this project, construct a scheduling 

diagram and determine the minimum time needed to complete the project. (5 marks) 

Answer templates for questions marked * are available Activity Must be preceded by 

at www.pearsonschools.co.uk/d1Imaths 7 x 

E) 1 The precedence table for activities involved in B z 

producing a computer game is shown opposite. C B 

An activity on arc network is to be drawn to D A, C 

model this production process. A 

a Explain why it is necessary to use at least two F E 

dummies when drawing the activity network. G E 

(2 marks) H G 

b Draw the activity network using exactly two ji DF 

dummies. (4 marks) ni GI 

K Gali 

vB loiase 
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a Draw the activity network described in this ° Me | Hmediael preceding 

precedence table, using activity on arc and Activity activities 
exactly two dummies. (3 marks) , =I = 

b Explain why each of the two dummies is B _ 

necessary. (2 marks) = A 

D B 

E sik & 

eeT1g, BC | 

An engineering project is modelled by (16) 

the activity network shown on the right. 

The activities are represented by the 

arcs. The number in brackets on each 

arc gives the time, in days, to complete 

the activity. Each activity requires 

one worker. The project is to be 

completed in the shortest time. 

A(10) 

a Calculate the early time and late time for each event. (3 marks) 

b State the critical activities. (2 marks) 

c Find the total float of activities D and F. You must show your working. (2 marks) 

d Draw a cascade (Gantt) chart for this project. (4 marks) 

The chief engineer visits the project on day 15 and day 25 to check the progress of the work. 

Given that the project is on schedule, 

e which activities must be happening on each of these two days? (1 mark) 

A project is modelled by the 

activity network shown on 

the right. The activities are 

represented by the arcs. The 

number in brackets on each 

arc gives the time, in hours, to 

complete the activity. The numbers 

in circles are the event numbers. 

Each activity requires one worker. 

F(5) 

C9) 

a Explain the purpose of the dotted line from event 6 to event 8. (1 mark) 
b Calculate the early time and late time for each event. (3 marks) 

¢ Calculate the total float of activities D, E and F. (2 marks) 
d Determine the critical activities. (1 mark) 
e Given that the sum of all the times of the activities is 95 hours, calculate a lower bound 

for the number of workers needed to complete the project in the minimum time. 
You must show your working. (2 marks) 

f Given that workers may not share an activity, schedule the activities so that the 
process is completed in the shortest time using the minimum number of workers. (3 marks) 
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Critical path analysis 

5*The network shows the activities that need to be undertaken to complete a project. Each activity 
ip) 18 represented by an arc. The number in brackets is the duration of the activity in days. The early 

and late event times are to be shown at each vertex and some have been completed for you. 

a Calculate the missing early and late times. (2 marks) 

b Explain what is meant by a critical path. (1 mark) 

c List the two critical paths for this network. (2 marks) 

The sum of all the activity times is 110 days and each activity requires just one worker. 

The project must be completed in the minimum time. 

d Calculate a lower bound for the number of workers needed to complete the project 

in the minimum time. You must show your working. (2 marks) 

e List the activities that must be happening on day 20. (2 marks) 

f Comment on your answer to part e with regard to the lower bound you found in part d. 

(2 marks) 

g Schedule the activities, using the minimum number of workers, so that the project is 

completed in 30 days. (3 marks) 

P) 6* A project is modelled by this activity network. The number in brackets on each arc represents the 

time, in days, to complete the activity. 

D(7) 

a Work out the early and late event times for each activity. State the minimum time 

needed to complete the project. (3 marks) 

b Calculate a lower bound for the number of workers required to complete the project 

on time. (1 mark) 
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Mm c Draw a Gantt (cascade) chart to represent the project. (4 marks) 

d Assuming that each activity only requires one worker, draw a resource histogram. (3 marks) 

e Use resource levelling to show that the project can be completed with 4 workers 

without extending the total time needed. (2 marks) 

(E/P) 7* A group of workers are involved in a building project. The number in brackets on each arc 

represents the time, in days, to complete the activity. 

a Work out the early and late event times for each activity. State the minimum time 

needed to complete the project. (4 marks) 

b Find the critical path(s). (2 marks) 

The number of workers required for each activity is shown in the table. 

Activity 

Number of 

workers required 

c Given that each activity starts as early as possible and assuming that there is no 

limit on the number of workers available, draw a resource histogram for the project, 

indicating clearly which activities are taking place at any given time. (4 marks) 

d The building manager decides that there will only be 8 workers available at any time. 

Use resource levelling to construct a new resource histogram, showing how the project 

can be completed with the minimum extra time. State the minimum extra time required. 

(3 marks) 

Challenge 

The activity network below shows the tasks that need to be carried out in 

order to complete a bathroom renovation project. The numbers in brackets 

show the duration of each activity in days, and the early and late event 

times are shown at each vertex. The nodes are numbered from 0 to 5. 
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Critical path analysis 

a_ Identify the activities which lie on the critical path, and calculate the total 

float of each of the remaining activities. 

The homeowner wishes to reduce the total time to completion of the 

project. The builder identifies four activities which can be speeded up at 

additional cost, and creates a table showing the cost per day of reducing 

each activity’s duration: 

Additional cost of | Maximum possible cD So for example, 

reduction (£ / day) reduction (days) the duration of activity B 

could be reduced by 8 

days at a cost of £800, 

but it could not be 

reduced further. 

b Find the most cost-effective way of reducing the total project time to: 

i 33 days ii 30 days 

In each case, you should state which activities have been reduced, and by 

how much, and give the total additional cost. 

c Find the shortest possible time in which the project could be completed, 

ee ay the project gat cannot be eS reduced. wf Ci Forporte: you wil 

The builder decides to formulate a linear programming problem to optimise 

the cost of reducing the total project time to 28 days. 

She defines x;, Xz, X3, X, and x, to be the early times at vertices 1 to 5 

respectively, and yp, Vp, Ye and y, to be the number of days by which 

activities B, D, E and F are reduced. 

need constraints: 

e For the duration of 

each activity, taking 

into account any 

reduction 

d Write down a suitable objective function to minimise. e Forthe maximum 

e Write down constraints which will ensure that the dependencies in the project possible reductions 

are maintained and that the solution satisfies all of the conditions given above. e For the early time of 

You should not attempt to solve the linear programming problem. the sirik node, x. 

Summary of key points 

1 A precedence table, or dependence table, is a table that shows which activities must be 

completed before others are started. 

2 In an activity on arc network, the activities are represented by ares and the completion of 

those activities, known as events, are shown as nodes. 

- Each arc is labelled with an activity letter. 

- The beginning and end of an activity are shown at the ends of the arc and an arrow is used 

to define the direction. The convention is to use straight lines for arcs. 

» The nodes are numbered starting from 0 for the first node, which is called the source node. 

- Sometimes the source node is labelled 1 instead of 0. 

- Number each node as it is added to the network. 

- The final node is called the sink node. 

3 Adummy activity has no time or cost. Its sole purpose is to show dependencies between 

activities. 
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4 Every activity must be uniquely represented in terms of its events. This requires that there 

can be at most one activity between any two events. 

5 The length of time an activity takes to complete is known as its duration. You can add weights 

to the arcs in an activity network to represent these times. 

6 - The early event time is the earliest time of arrival at the event allowing for the completion 

of all preceding activities. 

- The late event time is the latest time that the event can be left without extending the time 

needed for the project. 

The early event times are calculated starting from 0 at the source node and working towards 

the sink node. This is called a forward pass or forward scan. 

The late event times are calculated starting from the sink node and working backwards 

towards the source node. This is called a backward pass or backward scan. 

7 - Anactivity is described as a critical activity if any increase in its duration results in a 

corresponding increase in the duration of the whole project. 

- A path from the source node to the sink node which entirely follows critical activities is called 

a critical path. A critical path is the longest path contained in the network. 

- At each node (vertex) on a critical path the early event time is equal to the late event time. 

8 An activity connecting two critical events isn’t necessarily a critical activity. 

9 - The total float of an activity is the amount of time that its start may be delayed without 

affecting the duration of the project. 

Total float = latest finish time — duration — earliest start time 

- The total float of any critical activity is 0. 

10 A Gantt (cascade) chart provides a graphical way to represent the range of possible start and 

finish times for all activities on a single diagram. 

11 You need to be able to consider the number of workers needed to complete a project. 

You will be told the number of workers that are needed for each activity. 

* No worker can carry out more than one activity simultaneously. 

- Once a worker, or workers, have started an activity, they must complete it. 

* Once a worker, or workers, have finished an activity, they immediately become available to 
start another activity. 

12 The process of adjusting the start and finish times of the activities in order to take into 
account constraints on resources is called resource levelling. 

13 When you are scheduling a project: 

* you should always use the first available worker 

- if there is a choice of activities for a worker, assign the one with the lowest value for its late time. 

14 The lower bound for the number of workers needed to complete a project within its critical 
time is the smallest integer greater than or equal to: 

sum of all of the activity times 

critical time of the project 
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Review exercise 

Two fertilisers are available, a liquid X¥ and 
a powder Y. A bottle of X contains 
5 units of chemical A, 2 units of chemical 
Band $ unit of chemical C. A packet of 
Y contains | unit of A, 2 units of B and 2 
units of C. A professional gardener makes 
her own fertiliser. She requires at least 10 

units of A, at least 12 units of Band at 

least 6 units of C. 

She buys x bottles of X and y packets of Y. 

a Write down the inequalities which model 

this situation. (4) 

b Draw a graph to illustrate the feasible 

region, R. (2) - 

A bottle of X costs £2 and a packet of Y 

costs £3. 

c Write down an expression, in terms of x 

and y, for the total cost £7. (1) 

d Using your graph, obtain the values of x 

and y that give the minimum value of 7. 

Make your method clear and calculate 

the minimum value of 7. (2) 

€ Sections 6.1, 6.2, 6.3, 6.4 

A company produces two types of self- 

assembly wooden bedroom suites, the 

‘Oxford’ and the ‘York’. After the pieces 

of wood have been cut and finished, all the 

materials have to be packaged. The table 

below shows the time, in hours, needed to 

complete each stage of the process and the 

profit made, in pounds, on each type of suite. 

Oxford York 

Cutting elk 4 6 
Finishing 3.5) 4 

Packaging 2 4 
Profit (£) | 300 500 

Answer templates for questions marked * are available on www.pearsonschools.co.uk/d1 maths 

The times available each week for cutting, 

finishing and packaging are 66, 56 and 40 

hours respectively. 

The company wishes to maximise its profit. 

Let x be the number of Oxford, and y 

be the number of York suites made each 

week. 

a Write down the objective function. (1) 

b In addition to 

2x + 3y S 33, 

se 0), 

y= 0, 
find two further inequalities to model 

the company’s situation. (2) 

c Illustrate all the inequalities, indicating 

clearly the feasible region. (2) 

d Explain how you would locate the 

optimal point. (1) 

e Determine the number of Oxford and 

York suites that should be made each 

week and the maximum profit gained.(2) 

It is noticed that when the optimal solution 

is adopted, the time needed for one of the 

three stages of the process 1s less than that 

available. 

f Identify this stage and state by how 

many hours the time may be reduced. (2) 

€- Sections 6.1, 6.2, 6.3, 6.4 

3 The Young Enterprise Company ‘Decide’, 

is going to produce badges to sell to 

decision maths students. It will produce 

two types of badge. 

Badge | reads ‘I made the decision to do 

maths’ and Badge 2 reads ‘Maths is the 

right decision’. 
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‘Decide’ must produce at least 200 badges 

and has enough material for 500 badges. 

Market research suggests that the number 

produced of Badge | should be between 

20% and 40% of the total number of 

badges made. 

The company makes a profit of 30p 

on each Badge | sold and 40p on each 

Badge 2. It will sell all that it produces, 

and wishes to maximise its profit. 

Let x be the number produced of Badge | 

and y be the number of Badge 2. 

a Formulate this situation as a linear 

programming problem, simplifying your 

inequalities so that all the coefficients 

are integers. (4) 

b On suitable axes, construct and clearly 

label the feasible region. (3) 

c Using your graph, advise the company 

on the numbers of each badge it should 

produce. State the maximum profit 

‘Decide’ will make. (3) 

€ Sections 6.1, 6.2, 6.3, 6.4 

Becky’s bird food company makes two 

types of bird food. One type is for bird 

feeders and the other for bird tables. Let 

x kg represent the quantity of food for 

bird feeders made each day, and y kg 

represent the quantity of food for bird 

tables made each day. Due to restrictions 

in the production process, and known 

demand, the following constraints apply: 

x+ys12 

Visa2x 

2y27 

yt+3x 215 

a Show these constraints on a diagram 

and label the feasible region R. (3) 

The objective is to minimise C = 2x + Sy. 

b Solve this problem, making your 

method clear. Give, as fractions, the 

value of Cand the amount of each type 

of food that should be produced. (4) 
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Another objective (for the same constraints 

given above) is to maximise P = 3x + 2y. 

c Solve this problem, making your 

method clear. State the value of P and 

the amount of each type of food that 

should be produced. Your answers must 

be whole numbers (3) 

€ Sections 6.1, 6.2, 6.3, 6.4 

The company EXYCEL makes two types 

of battery, ¥ and Y. Machinery, workforce 

and predicted sales determine the number 

of batteries EX YCEL make. The company 

decides to use a graphical method to find 

its optimal daily production of X and Y. 

The constraints are modelled in the 

diagram below. 

The feasible region, R, is indicated. 

x = the number (in thousands) of type Y 

batteries produced each day, 

y = the number (in thousands) of type Y 

batteries produced each day. 

The profit of each type X battery is 40p 

and on each type Y battery is 20p. 

The company wishes to maximise its daily 
profit. 

a Write this as a linear programming 
problem, in terms of x and y, stating 



the objective function and all the 
constraints. (4) 

b Find the optimal number of batteries 
of each type to be made each day. 
Your answers must be a whole number 
of batteries and you must show your 
working clearly. (4) 

¢ Find the daily profit, in £, made by 

EXYCEI: (1) 

€ Sections 6.1, 6.2, 6.3, 6.4 

Flatland UK Ltd makes three types of 

carpet, the Lincoln, the Norfolk and the 

Suffolk. The carpets all require units of 

black, green and red wool. 

For each roll of carpet, the Lincoln requires 

1 unit of black, 1 of green and 3 of red, the 

Norfolk requires | unit of black, 2 of green 

and 2 of red, and the Suffolk requires 2 

units of black, | of green and | of red. 

There are up to 30 units of black, 40 units 

of green and 50 units of red available 

each day. Profits of £50, £80 and £60 are 

made on each roll of Lincoln, Norfolk 

and Suffolk respectively. Flatland UK Ltd 

wishes to maximise its profit. 

Let the number of rolls of the Lincoln, 

Norfolk and Suffolk made daily be x, y 

and z respectively. 

a Formulate the above situation as a linear 

programming problem, listing clearly 

the constraints as inequalities in their 

simplest form, and stating the objective 

function. (4) 

This problem is to be solved using the 

simplex algorithm. The most negative 

number in the profit row is taken to 

indicate the pivot column at each stage. 

b Stating your row operations, show that 

after one complete iteration the tableau 

becomes (4) 

Review exercise 2 

Basic 

variable 

Vr 

i 

i) fof ta 

= |S 

at bell 

— 
rwol— 

o}lo]e a alts wl et) 

S&S N SS 
Ee 

a 
2 

t 0 |] 0 10 

P —10; 0 |-20| 0 | 40{ 0 | 1600 

c Explain the practical meaning of the 

value 10 in the top row. (1) 

d i Perform one further complete 

iteration of the simplex algorithm. (3) 

ii State whether your answer to part 

diis optimal. Give a reason for your 

answer. 

iii Interpret your current tableau, giving 

the value of each variable. (1) 

€ Sections 7.1, 7.2 

(E/P) 7 T42 Co. Ltd produces three different 

blends of tea, Morning, Afternoon and 

Evening. The teas must be processed, 

blended and then packed for distribution. 

The table below shows the time taken, in 

hours, for each stage of the production of 

a tonne of tea. It also shows the profit, in 

hundreds of pounds, on each tonne. 

; Profit 

[sie Blending Packing | (¢100) 
Morning 

2 
blend : — r : 

a 

Afternoon 3 2 4 5 
blend 

Evening 

blend ‘ : 

The total times available each week for 

processing, blending and packing are 35, 

20 and 24 hours respectively. T42 Co. Ltd 

wishes to maximise the weekly profit. 

Let x, y and z be the number of tonnes of 

Morning, Afternoon and Evening blend 

produced each week. 

a Formulate the above situation as a 

linear programming problem, listing 

clearly the objective function, and the 

constraints as inequalities. (4) 
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Review exercise 2 

An initial simplex tableau for the above 

situation 1s 

Basic 

variable 

b Solve this linear programming problem 

using the simplex algorithm. Take the 

most negative number in the profit row 

to indicate the pivot column at each 

stage. (5) 

T42 Co. Ltd wishes to increase its profit 

further and is prepared to increase the 

time available for processing or blending or 

packing or any two of these three. 

c Use your answer to part b to advise the 

company as to which stage(s) should be 

allocated increased time. (2) 

€ Sections 7.1, 7.2 

A company makes three sizes of lamps, 

small, medium and large. The company is 

trying to determine how many of each size 

to make in a day, in order to maximise its 

profit. As part of the process the lamps 

need to be sanded, painted, dried and 

polished. A single machine carries out 

these tasks and is available 24 hours per 

day. A small lamp requires one hour on 

this machine, a medium lamp 2 hours and 

a large lamp 4 hours. 

Let x = number of small lamps made per 

day 

y = number of medium lamps made 

per day 

z = number of large lamps made per 

day 

where x = 0, y= Oandz=0. 

a Write the information about this 

machine as a constraint. (3) 

b i Rewrite your constraint from part a 

using a slack variable s. (1) 
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ii Explain what s means in practical 

terms. (1) 

Another constraint and the objective 

function give the following simplex 

tableau. The profit P is stated in euros. 

Basic 

variable 

Sea Oa 0 

¢ Write down the profit on each small 

lamp. (1) 

d Use the simplex algorithm to solve this 

linear programming problem. (5) 

e Explain why the solution to part d is not 

practical. (1) 

f Find a practical solution which gives 

a profit of 30 euros. Verify that it is 

feasible. (3) 

€ Sections 7.1, 7.2, 7.3 

A carpenter makes small, medium and 

large chests of drawers. The small size 

requires 25 m of board, the medium size 

10m of board and the large size 15 m of 

board. The times required to produce a 

small chest, a medium chest and a large 

chest are 10 hours, 20 hours and 50 hours 

respectively. In a given year there are 300m 

of board available and 1000 production 

hours available. 

Let the number of small, medium and 

large chests made in the year be x, y and z 
respectively. 

a Show that the above information leads 
to the inequalities 

x + 4y + 6z < 120 

x + 2y + 5z = 100 

The profits made on small, medium 
and large chests are £10, £20 and £28 
respectively. (2) 

b Write down an expression for the profit 
£P in terms of x, y-and z. (2) 



The carpenter wishes to maximise his 
profit. The simplex algorithm is to be used 
to solve this problem. 

¢ Write down the initial tableau using r 
and s as slack variables. (2) 

d Use two iterations of the simplex 

algorithm to obtain the following 

tableau. In the first iteration you should 

increase y. (3) 

Basic p é 
eatiablc a J Zz | y s | Value 

y OM 1} SS Se Jo 

x fat 0) 4p tee | 80 7 
P| 0 | 0 | 22] 0 | 10| 1000 

e Give a reason why this tableau is 

optimal. (1) 

f Write down the number of each type of 

chest that should be made to maximise 

the profit. State the maximum profit. (2) 

€ Sections 7.1, 7.2, 7.3 | 

/P) 10 A linear programming problem 1s defined 

by the following conditions. 

Maximise P = x + 2y + 3z 

subject to: 

a Explain why this problem cannot 

be solved directly using the simplex 

algorithm. (1) 

The initial tableau for the two stage 

simplex method is shown below. 

: Val Basic Galtste ea \nae alue 

variable 

5; t |! Oy @ 0 | 10 | 

eas (ulgleieO. | 00. | 15 

a oS iiaaea 
P eal Og) Or) 0 0 

I On On ala O0)) —12 

Basic 

variable 

Review exercise 2 

b Rewrite the constraints as equations 

using the notation given in the tableau. 

(2) 

c Explain the purpose of the final row 

of the tableau and show how it was 

derived. (3) 

d Choose a suitable pivot and carry out 

one iteration. (4) 

e Explain what your answer to part d 

shows. (1) 

In the second stage of the two-stage 

simplex method, the following tableau 1s 

produced. 

S, | $3 | Value 

1 8 
One: 3 

ares 
| 3 co 

2 14 
a ee eal 

I 38 
| 0 3 ES 

f Explain how you know that the 

solution represented by the tableau is 

not optimal. (1) 

g Carry out one more iteration and 

interpret the result. (4) 

€ Section 7.4 

11 Here is a linear programming problem 

that is to be solved using the two-stage 

simplex method. 

Maximise P= 2x = y +7 

subject to: 

X Py eel 

3X tA yee tO 

2X pO Vena == 20) 

Mey 0 

a Express the constraints as equations 

using slack, surplus and artificial 

variables. (2) 

b Write a new objective function for 

the first stage in terms of non-basic 

variables. (2) 
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E/P) 13 
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c¢ Write the initial tableau for the first 

stage in standard form. (3) 

d Complete the first stage and give the 

basic feasible solution. (5) 

€ Section 7.4 

The Big-M method is to be used to 

solve the following linear programming 

problem. 

Maximise P = x + 3y + 4z 

subject to: 

3x+2y+z< 24 

5x + 3y + 2z < 60 

a Rewrite the constraints as equations 

using slack, surplus and artificial 

variables. (2) 

b Write a modified objective function in 

terms of M and non-basic variables. (2) 

c Construct the initial tableau for the 

Big-M method. (3) 

d Explain why after the first iteration x 

replaces a, as a basic variable. (1) 

e Apply the Big-M method to solve the 

problem. (5) 

€ Section 7.5 

A linear programming problem is 

expressed as: 

Minimise C = 2x - 3y + z 

subject to: 

4x+3y+2z7s 

a Rewrite the constraints as equations 

using slack, surplus and artificial 

variables. (2) 

b Rewrite the objective function in a 

form suitable for using the big-M 

method. (2) 

ec Construct the initial tableau for the 

big-M method. (2) 

d Complete the solution and state the 

values of x, y, z and C. (6) 

€ Section 7.5 

The precedence table for activities 

involved in a small project is shown below. 

Activity Preceding activities : a eeees 
B if 

a ES 

D B 

E A 

cae A 
G B 

jal CL, 

if E 4 

J E 

K EGE | 
if Je the S 

Draw an activity network to model this 

project. You should not include any 

dummies in your network. (5) 

€ Section 8.1 

The precedence table for activities involved 

in manufacturing a toy is shown below. 

Activity Preceding activities 
A = 

B mt 

(omeae | 2 
aes A 
| A 

L lig B 

Care| B 
H CD ram 
I E 
moe E 
K i 
L i 
Maul. Gi, K i 

a Draw an activity network to model this 

process using exactly one dummy. (5) 

b Explain briefly why it is necessary to 

use a dummy in this case. (i) 

€- Sections 8.1, 8.2 



/P) 16 a Draw an activity network for the project 

described in this precedence table, using 

as few dummies as possible. (5) 

Activity a) Must be preceded by: 

A 

| | | 

HILT i 
B,D, E, F 
B,D, E, F 

F,D 
GH 

ee ee eat | 
ic a a Ll 

b A different project is represented by 

the activity network shown below. 

The duration of each activity is shown 

in brackets. 

QIN 11 

> 

B(6) 

Find the range of values of x that will 

make D a critical activity. (2) 

€ Sections 8.2, 3.4 

The diagram shows the activity network 

used to model a building project. The 

activities are represented by the edges. 

Review exercise 2 

The number in brackets on each edge 

represents the time, in days, to complete 

the activity. 

a Calculate the early time and the late 

time for each event. (3) 

b Calculate the total float for each 

activity. (2) 

c Hence determine the critical activities. 

Write down the length of the critical 

path. (2) 

Owing to the breakdown of a piece of 

equipment the time taken to complete 

activity H increases to 9 days. 

d Obtain the new critical path and its 

length. (2) 

€ Sections 8.3, 8.4, 8.5 

A trainee at a building company is 

using critical path analysis to help 

plan a project. The diagram shows the 

trainee’s activity network. Each activity 

is represented by an arc and the number 

in brackets on each arc is the duration of 

the activity, in hours. 

a Find the values of x, y and z. (2) 

b State the total length of the project and 

list the critical activities. (2) 

c Calculate the total float time on: 

i activity NV 

ii activity H (2) 

€ Sections 8.3, 8.4, 8.5 
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(E) 19* A project is modelled by the activity 

network shown below. The activities are 

represented by the arcs. The number 

in brackets on each arc gives the time, 

in hours, to complete the activity. The 

numbers in circles give the event numbers. 

F(5) 

a Explain the purpose of the dotted line 

from event 4 to event 5. (1) 

b Calculate the early time and the late 

time for each event. (3) 

c Determine the critical activities. (1) 

d Obtain the total float for each of the 

non-critical activities. (2) 

e Ona grid, draw a cascade (Gantt) 

chart, showing the answers to parts ¢ 

and d. (3) 

€ Sections 8.2, 8.3, 8.4, 8.5, 8.6 

E/P) 20* A building project is modelled by the 

activity network shown below. The activities 

are represented by the arcs. The number 

in brackets on each arc gives the time, in 

hours, taken to complete the activity. 

a Determine the critical activities and 

state the length of the critical path. (2) 
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b State the total float for each non- 

critical activity. (2) 

c Ona grid, draw a cascade (Gantt) 

chart for the project. (4) 

A manager visits the project site 6.5 hours 

after the start of the project. 

d Given that the project is on schedule, 

which activities must be taking place? 

(2) 
€ Sections 8.4, 8.5, 8.6 

(%21 The table gives information about 

the activities involved in a software 

development project. 

Activity | Immediately Duration | Workers 

preceding (days) 

activities 

A - 3 

B ~ 2 

G A 4 

D B 3 

E Cap 2 

F E 4 

G D 4 

jsf EG 3 

es F 3 

a Draw a resource histogram for the 

project. You may assume that activities 

start at their earliest possible time, 

and that once started, an activity is 

completed without a break. (5) 

b State the minimum time required to 

complete the project and the number 

of workers required. (1) 

c Use resource levelling to show that 

the project can be completed using 5 

workers without extending the time for 

the project. (2) 

d Given that only 4 workers are available, 

calculate the minimum time by which 

the project will be delayed. (2) 

© Sections 8.7 



ip 

22* This activity network represents a project. 
The number in brackets represents the 
duration, in days, of that activity. 

a Copy and complete the diagram to 

show the early and late times for each 

event. (3) 

b State the minimum time required to 

complete the project. (1) 

c¢ Describe the critical path. (1) 

d Draw a resource histogram. Assume 

that one worker is assigned to each 

activity and that each activity starts at 

its earliest time. (4) 

e State the number of workers used. (1) | 

f Use resource levelling to show that the 

project can be completed, using just 

two workers, without extending the 

time for the project. (4) 

< Sections 8.3, 8.4, 8.7 

/P) 23* The network below shows the activities 

involved in the process of producing a 

perfume. The activities are represented 

by the arcs. The number in brackets on 

each arc gives the time, in hours, taken to 

complete the activity. 

a Calculate the early time and the late 

time for each event, showing them ona 

diagram. (3) 

b Hence determine the critical activities. 

(1) 

A 

Review exercise 2 

c Calculate the total float time for D. (1) 

Each activity requires only one person. 

d Find a lower bound for the number 

of workers needed to complete the 

process in the minimum time. (1) 

Given that there are only three workers 

available, and that workers may not share 

an activity, 

e schedule the activities so that the 

process is completed in the shortest 

time. Use a time line. State the new 

shortest time. (4) 

€~- Sections 8.3, 8.4, 8.8 

(E/P) 24* A project is modelled by the activity 

network shown below. The activities are 

represented by the edges. The number in 

brackets on each edge gives the time, 1n 

days, taken to complete the activity. 

a Copy and complete the diagram to 

show the early and late times for each 

event. (3) 

Hence determine the critical activities 

and the length of the critical path. (2) 

Obtain the total float for each of the 

non-critical activities. (2) 

Draw a cascade (Gantt) chart showing 

the information obtained in parts b 

and ec. (3) 

Each activity requires one worker. 

Only two workers are available. 

e Draw up a schedule and find the 

minimum time in which the two 

workers can complete the project. (3) 

€ Sections 8.3, 8.4, 8.5, 8.6, 8.8 
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Review exercise 2 

Challenge 

1 A linear programming problem is given as: 

Maximise P = x + 5y 

subject to: 

x+4y <5 24 

yox=0 

Be SS 

x,y20 

a Show the feasible region for this problem on a graph, and find the optimal values of x and y. 

b Given the further restriction that x, y € Z, find a solution to the problem by testing values near your 

answer to part a. 

c Show that the optimal integer solution does not lie near your answer to part a. 

d With reference to the gradient of the objective line, describe conditions in which the optimal integer 

solution may not lie close to the optimal vertex of the feasible region. 

€- Sections 6.1, 6.2, 6.3, 6.4 

2 Alinear programming problem is expressed as: 

Minimise C= 2x-3y+z 

subject to: 

4x + 3y+2z = 36 

x+42z= 52 

x+y 10 

xy, 2 0 

Choose a suitable method to solve this problem, giving the optimal values of C, x, y and z. 

< Section 7.5 
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Exam-style practice 
Further Mathematics 
AS Level 
Decision 1 
Time: 50 minutes | 
You must have: Mathematical Formulae and Statistical Tables, Calculator 

1 a Use the bubble sort to write these numbers in ascending order. 

Peloton LS ton O31 0 

You should only show the state of the list at the end of each pass. (3) 

b Show that the bubble sort algorithm has quadratic order. (3) 

A computer takes 0.018 seconds to apply the bubble sort to a list of 50 numbers. 

c Estimate how long it would take the computer to sort a list of 1000 numbers using the 

bubble sort. Explain why your answer 1s only an estimate. (2) 

2* The diagram shows the time taken, in minutes, to drive along some sections of road. 

a Use Dijkstra’s algorithm to find the quickest route from A to /. State the time required. —_(5) 

Roadworks cause a delay of 5 minutes on the section GH. 

b Find the new quickest route and the corresponding time required. (2) 

3 A magazine offers two advertising packages for its classified section: 

Package A: picture area: 20 cm”, price: £40 including up to 25 words 

Package B: picture area: 30cm’, price: £55 including up to 60 words 

In a particular issue, up to 1000 cm? of picture space is available, and at most 1600 words can 

be used in total. 

The magazine needs to generate a minimum of £1200 of revenue from the advertising sales. 

The profit made on each Package A sold is £24. 

The profit made on each Package B sold is £32. 
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4* 

5* 

270 

Exam-style practice 

Formulate this as a linear programming problem in which the object is to maximise the total 

profit. Write each constraint in its simplest form. 

You should not attempt to solve the problem. (6) 

The diagram shows a network of tunnels that are to 

be inspected. The number on each arc represents the 

time required, in minutes, to inspect each tunnel. 

The inspection route is to start and finish at B and 

every tunnel must be traversed at least once. 

The total time taken is to be minimised. 

The total weight of the network 1s 144. 

a Use an appropriate algorithm to determine which 

tunnels need to be traversed twice and state the 

total time required for the inspection. (5) 

A new tunnel is added to the network, joining A directly to E. A manager states that after this 

addition, only tunnel FG should be traversed twice to create a minimum inspection route. 

b Explain why the manager is incorrect. (2) 

Following the introduction of the new tunnel, the duration of the minimum inspection route is 

found to have increased by 4 minutes. 

ec Find the length of the new tunnel. (2) 

Here is an activity network for an engineering project. The number in brackets on each arc 

gives the time in hours to complete the activity. 

a Draw a precedence table for the project showing the immediately preceding activities. (3) 

b Explain the purpose of the dotted line between events 3 and 4. (1) 

¢ Draw a diagram showing the early time and late times for each event. (3) 

d Describe the critical path. (1) 
e Calculate the total float for activity D. (2) 



Exam-style practice 
Further Mathematics 
A Level 
Decision 1 
Time: 1 hour and 30 minutes | 
You must have: Mathematical Formulae and Statistical Tables, Calculator 

1* a Explain why there is no Hamiltonian cycle for this network that begins AB... (1) 

Cc D 
B 

eh; 
A 

G 

H 3 

b Complete the Hamiltonian cycle for the network that begins AH... (1) 

¢ Use the planarity algorithm to determine whether the graph is planar. 

You must make your method clear. (4) 

2 The following lengths of cable, in metres, are required for a building project. 

AS Oe Gomi! al Ay 12", 2A 16 

a Carry out a quicksort to put the lengths in decreasing order of size. (4) 

The cable is supplied in reels of length 80 metres. 

b Use the first fit decreasing algorithm to determine the number of reels required. (3) 

The quicksort algorithm has order n log n. A computer applies the quicksort to a list of 800 

numbers in 0.034 seconds. 

c Estimate the time required for the computer to sort a list of 5000 numbers. Explain why your 

(3) answer is only an estimate. 

one 



Exam-style practice 

3* a Explain what is meant when a network is described as semi-Eulerian. (1) 

The diagram represents a road network that must be checked for damage after a storm. 

The number on each arc is the length of the corresponding road in miles. 

6 Total weight of network is 74 

10 

Each road must be traversed at least once to complete the inspection, starting at £ and finishing 

at B. The total distance travelled is to be kept to a minimum. 

b Work out the minimum length of the route. (6) 

c¢ State which roads need to be traversed twice. (2) 

d In achange of plan, the route 1s to be finished at C. Work out how this affects the total 

distance travelled. (3) 

4* a Name an algorithm that can be used to find the shortest path between two vertices in a 

network. (1) 

Floyd’s algorithm is to be applied to a network. The initial distance table and route table are 

shown below. 

A B CC D E A B C D Ef 

A — S) oe) ee) ore) A A B (6s D E 

B 2S) _ 1] 16 ore) B A B (C: D E 

C 10 1] 8 6 Cc A B cS D yah 

D oO 16 8 ~ 10 D A B C. D Es 

E ore) oe) 10 = E A B C D E 

b Name the arc that can only be traversed in one direction. (1) 

c¢ Use Floyd’s algorithm to produce a complete table of least distances. Show the distance and 
route tables after each iteration. (7) 

d Find the shortest distance from A to E and state the route used. (2) 
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Exam-style practice 

5 Angie supplies two types of party-pack for children’s parties: 

A mini-pack containing 12 sandwiches, 5 slices of cake, 5 orange drinks and 6 blackcurrant 
drinks. 

A mega-pack containing 30 sandwiches, 20 slices of cake, 5 orange drinks and 12 blackcurrant 
drinks. 

Angie can make at most 240 sandwiches. 

The number of sandwiches she can make is at most double the number of slices of cake she can 

make. 

She wants to use at least 55 orange drinks and at least 96 blackcurrant drinks. 

Assume that Angie makes x mini-packs and y mega-packs. 

a Write and simplify 4 inequalities to represent the constraints, other than the non-negativity 

constraints. (4) 

b Represent the inequalities on a diagram and label the feasible region R. (4) 

Angie makes a profit of £8 on each mini-pack and £21 on each mega-pack. She wants to 

maximise her profit. 

c Use vertex testing to work out how many of each pack she should make and state the 

corresponding profit. (4) 

6* The diagram shows an activity network for a publishing project. The activities are shown on 

arcs and the figures in brackets represent the duration of each activity in days. 

a Complete the diagram by showing the early and late event times. (2) 

b Draw a resource histogram for the project. Assume that each activity is started as soon as 

possible and may be completed by one worker without any breaks. State the number of 

workers required in this instance. 
(4) 

¢ Describe how the project can be completed using just 3 workers without extending the time 

for completion. (2) 
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Exam-style practice 

7 

274 

a Describe the purpose of the first stage of the two-stage simplex method. (2) 

A linear programming problem is described as: 

Maximise P= x+2y+z 

subject to: 

2x+y+z= 50 

x+3y+2z<=60 

x =10 

The partly completed initial tableau for this problem is 

Basic 

variable 

In the tableau, s, and s, are slack variables, 5, is a surplus variable, a, is an artificial variable and 

Tis a modified objective function. 

b Complete the tableau. (3) 

¢ Find the optimal solution for the first stage and state the value of each of the variables. (3) 

d Set up the tableau for the second stage. Give the value and position of the pivot. (2) 

e Complete the solution and state the values of P, x, y and z. (6) 



CHAPTER 1 

Prior knowledge 1 
rae b 24 

2 300 

Exercise 1A 

arene 

it 

3 

1 

eo 

Sm 064 <4 — 116 

4 Answer is a 

It divides the first fraction by the second fraction. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100 
The first 10 square numbers. 

A all 

wo 

ces 

s 

Answers 

mR 

16.542 
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iw) on ww 

Print 8.889 
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1 [4275] md oe 
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aun oa 
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5 65.425 
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ls 

b Finds the square root of A. 

— ~ 

ale = | oO Do S| & 

a 

Hz \\ JN Sle 

oS) 2 

ah lie hes on 

Cc 

9) 

Equal roots are 1.5 

Roots are -| and 5 
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Answers 

No real roots 

i Output is 21 ii Output is 5 
It will find the largest number in the list. 
Box 6 — changed to ‘Is n < 8?’ 
1.8041 (4 d.p.) 
1.8041 (4 d.p.) 
The sequence produced in part b is initially quite 
different to the sequence produced in part a but 
both sequences converge to the same root. 
i 13 ii 17 iii 15 
The algorithm finds the highest common factor of 
the two input values. 

Calculates remainder when A is divided by B. 
0 

Exercise 1C 

1 i 

iii 

276 

a 16 15 23 18 25 11 19 34 

PaO Ms 231925 34 

TS MG6 USA 19923525 34 

TSO MIS 923 25534 

15 11 16 18 19 23 25 34 

1115 16 18 19 23 25 34 

STS ipa S OZ 3525534 

b 23 16 3418 25151911 

23) Gen MS ZB IMG WS) IS) Wal 

SATO Om eon loml | 

34 25 23 19 18 16 15 11 

yn 2d) aes) 19) alkes 11) Ns) ala 

a ENTORKSW 

ENORKSTW 

ENOKRSTW 

ENKORSTW 

EKNORSTW 

ER RSNTORSSulavyy 

bNTWORKSE 

TWORNSKE 

WTROSNKE 

WTRSONKE 

WTSRONKE 

WTSRONKE 

a Ad D2 Al B4 C7 C2 B3 D3 

Ad Al B4 C7 C2 B3 D2 D3 

Al Ad B4 C2 B3 C7 D2 D3 

AUGAOIB AIDS G2 C7 D2a)3 

Al A5 B3 B4 C2 C7 D2 D3 

Al Ad B3 B4 C2 C7 D2 D3 

b D3 D2 A5 B4 C7 C2 B3 Al 

D3 D2 B4 C7 C2 B3 A5 Al 

D3 D2 C7 C2 B4 B3 A5 Al 

D3 D2 C7 C2 B4 B3 A5 Al 

Ch St Br Bu Cr Ev Yo 
Ch Br Bu Cr Ev St Yo 
Br Bu Ch Cr Ev St Yo 
Br Bu Ch Cr Ev St Yo 
Bridlington, Burton, Chester, Cranleigh, Evesham, 

Stafford, York 

a l 
b One pass is sufficient if the items are already in 

ascending order. 
con 
d 7 passes are needed if the smallest item is at the 

end of the list. 

a Move through the list comparing each pair of 
numbers. If the first number of a pair is greater 
than or equal to the second, make no change. If the 
first number of a pair is less than the second, swap 
them. 

b 63 57 55 48 48 72 49 61 39 32 
63 57 55 48 72 49 61 48 39 32 
63 57 55 72 49 61 48 48 39 32 
63 57 72 55 61 49 48 48 39 32 
63 72 57 61 55 49 48 48 39 32 
72 63 61 57 55 49 48 48 39 32 
72 63 61 57 55 49 48 48 39 32 

Exercise 1D 
1 

2 

2523) (4, 256) i 
oo f @ o 4 3 

@ iil We ay iss AO 22 25 2D BO 
S10) 28) 26) 2 A) NS ii eae 

(G18, “isl Wie Ik. IME INT IP RS 
Ge iB lal Wh I I MI IN) PIR SS 

Amy 93 Greg 91 Janelle 89 Sophie 77 
Dom 77 Lucy 57 Alison 56 Annie 51 
Harry 49 Josh 37 Alex 33 Sam 29 
Myles 19 Hugo 9 

b 93°91 89:77 77 57 56 51 49 37 33 29199 

_ n(n-1) 
hae 

8 
2 

sere re of 

M—=1) 42) 8 Seed 

b The bubble sort would be quicker, for example, if 
the items are to be put in increasing order and if 
the only item out of place is the largest. 

c i Bubble sort. Only the 7 is out of place and it will 
be moved to its final position in the first pass. 
A second pass is still needed to complete the 
bubble sort. A total of 11 comparisons is needed 
for the bubble sort and 14 are needed for the 
quick sort. 

Quick sort. This is the worst case for the bubble 
sort. The 1 is at the wrong end of the list and 
only moves one place with each pass. 

a There are 9 names in the list. The 5th name (Mellor) 
is taken as the pivot. Starting at the beginning of 
the list, each name is compared with Mellor and 
placed on the appropriate side to produce two sub 
lists. The process is repeated for each sub-list with 
pivot of G on the left and Mi on the right. 

b HS F GMC Mi W A (Mis the pivot) 
H FG@C A Mes @ W (ist pass) 
F (©) A[G|@) Mel [Mi] SW) (2nd pass) 

ir i 

Challenge . 
a Answers will vary. 

b Put the Ace of Hearts at the end. 

"Online Full worked solutions are available in SolutionBank. ee 



Exercise 1E 
1 a 5SDbins 

Derk somal 18 47404295" 763 
Bin 258 + 27 
Bin 3: 19 + 26 
Bin 4: 30 
Bin 5: 35 
Bin 6: 32 

re [BviM ile Baye tye al ne} 

Bin 2:32 +18 

Bin 3: 30+ 19 
Bin 4: 27 + 23 
Bin 5: 26 

in Bins 32 4 18 
Bin 2: 27 + 23 

Bin 3:35+8+4+3 
Bin 4: 19 + 26 
Bin 5: 30 

2 a Bin 1: A(30) + B(30) + C(30) + D(45) + E(45) 
Bin 2: F(60) + G(60) + H(60) 
Bin 3: 1(60) + J(75) 
Bin 4: K(90) 
Bin 5: L(120) 
Bin 6: M(120) 

b Bin 1: M(120) + I(60) 
Bin 2: L(120) + H(60) 
Bin 3: K(90) + J(75) 
Bin 4: G(60) + F(60) + E(45) 
Bin 5: D(45) + C(30) + B(30) + A(30) 
Lower bound 5 so b optimal. 

d_ Bin 1: M(120) 
Bin 2: L(120) 
Bin 3: A(30) + K(90) 
Bin 4: F(60) + G(60) 
Bin 5: H(60) + I(60) 
Bin 6: J(75) + E(45) 

Bin 7: B(30) + C(30) + D(45) 
e.g. First-fit does not rely on observation. 
4 
Binge eAw SO.) Bink2-94, li): Bin 3 aGalt 
Each of the three lanes is full, so solution is optimal. 

a 4rolls 
b 5 rolls, 15 m wasted 
c 
d 

full bins 

a 

full bins 

ame 

Doesn't always give an optimal solution 
Coa pine An Geb bil 2b Deon Bins: G@, tol, 

Bin 4: J, K 
No carpet is wasted. 

5 a Bin 1: H(25) + A(8) 
Bin 2: G(25) 
Bin 3: F(24) + B(16) 
Bin 4: E(22) + C(17) 
Bin 5: D(21) 

b_ Lower bound is 4. 
There are 5 programs over 20 MB. It is not possible 
for any two of these to share a bin. So at least 5 
bins will be needed, so 4 will be insufficient. 

QO 

Exercise 1F 
1 a 1.12 seconds b 5.19 seconds 

2 a To pack the kth item requires at most k — 1 

comparisons (if every item placed so far is ina 
separate bin). Hence the total number of 

Answers 

comparisons for n items is kk -1) =$n(n-1) 

which is a quadratic expression. 

b 0.72 x ene = 173 seconds (3 s.f.) 
400 

c The exact run-time will depend on the specific 
lengths of pipe. 

3 a Ifthe size of the problem is multiplied by k, then 
the algorithm will take approximately k? times as 
long to run. 

2 

b 0.028 x (200) = 0.028 x 100 = 2.8 seconds 
4 Ifthe runtime of bubble sort is an?+ bn + c and the 

runtime of first-fit bin-packing is pn? + gn +r then the 
combined runtime will be (an? + bn + c) + (pn? + qn +r) 
= (a+ p)n? + (b+ g)n + (c +r) which is a quadratic 

expression, so the combined process has quadratic (n?) 
order. 

5 n': The bubble sort (n’) is applied to a list of n? items. 

Mixed exercise 1 

1 ely 26927 165, 138 
Da Si. AVS il Pag 8S 
ey Ge SS WE EIS 
2 1b 16mem 38 
je2, vlSy Loree ress 

2a 23125 aoe lee? 

42 31 26 41 25 22 
42 31 41 26 25 22 
are al yl 20) 26) 2 

b 15 

pep Oe hoi IG 
ees ee ile) Ooh aig 
[2)) 82 A aG@) 6 ots 

Fs @9 BOR 
Q}J4] 3 OB 
[2] 4] @® [9] bal 3) 

sa leek Te Oi 680682 eins 93 
111 @03 115 [98] 77 81 82 93 
111 15 [103] [98] 77 81 62 93 68] 

i GD oj BS] @ BY 7 @ fas 
115] [111] [103] fos} [93] [82] 81 @2 [6s] 

b i Bin 1: 115 + 82 
Bin 2: 111 + 81 
Bin 3: 103 + 93 
Bin 4: 98 + 77 
Bin 5: 68 

ii No room in bin 1 (3 left) or bin 2 (8 left) or bin 3 
(4 left) but room in bin 4. 

5 a Rank the times in descending order and use them 
in this order. Number the bins, starting with bin 1 
each time. 

ZUL 



Answers 

b Bin 1: 100 2 

Bin 2: 92 
Bin 3: 84 + 30 
Bin 4: 75 + 42 
Bin 5: 60 + 52 
unused tape: 65 minutes 

c There is room on tape 2 for one of the 25-minute 
programmes but no room on any tape for the 

second programme. 

The two 1.2m lengths cannot be ‘made up’ to 1 
2m bins since there are only 3 x 0.4m lengths. Two 
of these can be used to make a full bin, 
1.2 + 0.4 + 0.4, but the second 1.2m cannot be 2 
made up to 2m since there is only one remaining 

0.4m length. 
b Bin 1: 1.6 + 0.6 

Bin 2: 1.441 
Bin 3: 1.2 + 1.2 
Bin 4: 1+ 1+ 0.4 
Bin 5: 0.6 + 0.6 + 0.6 + 0.4 

ES 

rel la 

©) O © 
Exercise 2A 

a i astudent ii thata pair of students are friends 

b Becky, Dhevan, Esme 
c e.g. Alex and Chris, Esme and Fred 
a A B G: D E F 

Bin 6: 0.4 : : : : 
ee Pin oo Oe Oe Maths Physics Chemistry Biology Art English 

Bin 2:1.4+1 Maths and art 

Bin 3:1.241.2 3. a i Marylebone, Oxford Circus, Victoria 

Bin 4:14 140.4 ii Marylebone, Baker St, Green Park, Victoria 
Bin 5: 0.6 + 0.6 + 0.6 + 0.6 b i 11min 

7 a Output 4.8 ii 12 min 40 sec 
b It selects the number nearest to 5. iii 7 min 

c It would select the number furthest from 5. c e.g. It will take longer to change at some stations 
8 © isijose: 2.0 11.8 1.0 0.3 1.8 0.3 0.2 2.0 Od Ol than others. 

2nd pass: 2.0 1.6 1.3 1.3 0.3 0.3 2.0 0.5 0.2 0.1 a eo 0 ee 
3rd pass: 2.0 1.6 1.3 1.3 0.3 2.0 0.5 0.3 0.2 0.1 Ae cop eee 
4th pass: 2.0 1.6 1.3 1.3 2.0 0.5 0.3 0.3 0.2 0.1 c Dublin - it is the airport with the most connections 
Sun passes 20 1.6 ie 2.0 1.3 0.5 O13 O35 OA Oil 5 a PIV 

Ochpass wen O Me OnztO Mes ales OnomOr sm ORs Oba Os . , 

7th pass: 2.0 2.0 1.6 1.3 1.3 0.5 0.3 0.3 0.2 0.1 b Not correct. PTORSV is 25 km 
8th pass: 2.0 2.0 1.6 1.3 1.3 0.5 0.3 0.3 0.2 0.1 Challenge 

b Bin 1: 2.0; Bin 2: 2.0; Bin 3: 1.6 +0.3+0.1 a Oo eee 
Bin 4: 1.3 + 0.5 + 0.2; Bin 5: 1.3 + 0.3 

5 lengths of pipe needed Exercise 2B 
c Yes: Total length required is 9.6 m, so lower bound 1a For example 

is 4.8, rounded up to 5 lengths of pipe. 

9a M VeCr@) EB Ks 
c(A) B[D]M v®)s 
A] C @DI[K] MQ) s : 
AlB]©/D]k] MGV 
A][B][c]D]_K] @D[s]Lv 

1000 log 1000 1000 x3 
b 0.3 x ———___= 0.3 x == 4.5 d *~100 log100 * 100 x2 toi 

Challenge c 
a i 0.977 seconds ii 5191 seconds 
b 192 

c e.g. If it checks small potential factors first, all even 
numbers will be factorised very quickly compared to a 
number which is a product of two large prime factors. 

CHAPTER 2 

Prior knowledge 2 
1 Ifa=b+c, then ABC would be on a straight line, and if 3 

a >b+c, then sides 6 and c would not have sufficient 

combined length to meet at a single point A. 

278 Full worked solutions are available in SolutionBank. 

a is not simple. There are two edges connecting C 
with D. 
b and ¢ are simple. 

d is not simple. There is a loop attached to U. 

a and ¢ are connected. 

b is not connected, there is no path from J to G, for 
example. 

d is not connected, there is no path from W to Z, for 
example. 



a Any four of these 

FABD FED 

FACBD FECBD 

FABCED FECABD 

FACED 

e.g. FACBDEF, DBAFED 

fens [a [# | c] 
bewee [3 [3 [> 

d Here are examples. (There are many others.) 

iAe li F 

ec 

Be 

E 

G D 

e Sumofdegrees =3+3+3+2+3+2=16 

number of edges = 8 

sum of degrees = 2 x number of edges for this graph 

wore [7 [ee [w [NP Teas 
oer fete bf fs[2 hte 
Here are some possible subgraphs (there are many 
others). 

ae ii Q 

s Pe 

eL 

iii J © es 

Sum of degrees =1+2+3+1+1+4+2+1+1=16 

number of edges = 8 

sum of degrees = 2 x number of edges for this graph 

6 a For example 

[| 
4 vertices of degree 2 

b For example 

VY 
3 vertices all even, all of degree 2 

c The sum of degrees = 2 x number of edges, so the 

sum of degrees must be even. Any vertices of odd 

degree must therefore ‘pair up’. So there must be 

an even number of vertices of odd degree. 

Answers 

2 16 

4 8 

a A Hamiltonian cycle is a cycle that includes every 
vertex. 

PQRSTP, PQSRTP, PTSRQEP, PTRSQP 
A subgraph of some graph G is a graph whose 
edges and vertices are all edges and vertices of G. 
e.g. or 

an 

Q 

Exercise 2C 
1 a and b are trees. 

c is not a tree, it is not a connected graph. 
d is not a tree, it contains a cycle. 

i 

ii 
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Answers 

xX 

os Te 1 8 
BCEF 

A,C 

a_i Aconnected graph with no cycles 

ew 

co 

tree 
b The graph is not connected. 

| DX 

b Each vertex will have a degree of n — 1 
C0) 

a 

Eavars 
<< Coa 

- iM 
Exercise 2D 

1 Meee oD.) <hr re 
0 1 1 0 2 0 0 
1 2 1 0 0 0 0 
1 1 0 2 0 dl 0 
0 0 2 0 0 1 1 
2 0 0 0 0 1 0 
0 0 1 1 1 0 1 
0 0 0 1 0 1 0 

Sp Al B 

G 

E D 

280 

b 4 B 

C 
D 

cA B 

ii A subgraph which includes all vertices and is a A 

a ast BS 

4 AUB. 1G SG. ere, 
Ai \ <Senalitta Wipe © "Same 
Bo ees Ste ao en 
Cole cs (= ose 

ee ee AO 
E if 

F — = = = 9 sa 

> Full worked solutions are available in SolutionBank. ee | 



‘Cael B 

as EB D 

Exercise 2E 
1 a Starting with ABC leaves no return path to A to 

complete the cycle. 
b ABEDFCA or ABEFDCA 
Cc e.g. B 

A E 

C D 

F 

BC (I), BF, CD, EF, 
BC (1), BF (I), CD (0), EF 
BC (0), BF ()), CD (0), EF (D) 
Graph is planar. 

B 

A E 

"s D 

2 a Aplanar graph is one that can be drawn in a plane 
such that no two edges meet except at a vertex. 

b e.g. AGBHCEDFA 
c G 

AE (I), GF, GD 
GF and GD cross so graph is non-planar. 

There are still two edges crossing inside the 

polygon. Neither can be removed without crossing 

the edge that is already outside. 

Answers 

Similarly, taking AF or BF outside first, the 
remaining edges cross inside and neither can be 
taken outside without crossing the outside edge. 

The conclusion is that the original graph is not 
planar. 

Q 

E R 

U Ss 

ip 
b The connections can be made without crossing any 

wires. 

Q 

p R 

r U 

S 
JPN: (WW), JAGL IBS, (QUE 8S), JNIL, (GP 
PR (0), PU, PS, QU (O), RS (D, RT (D, UT 
RT and RS must be in the same set, and hence PS 
and 7U must be in the same set, but they cross, so 
graph is non-planar. 

G Wy 6 

A Hamiltonian cycle is AWCEBGA. Redraw the graph 
inside a hexagon: 

Fix edge AE and try to take edges BW and CG outside 
the cycle so that they don’t cross. This is impossible. 

so 

eu 
Repeat, fixing edges BW and CG, which will also result 
in edges crossing. Therefore conclude that the graph is 
not planar. 

Challenge 
a_ The graph has no Hamiltonian cycle. 

b Take edges AC and EC outside. No edges cross. 
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Mixed exercise 2 

Lo 11 B 

8 

2 a,eand hare isomorphic. 
b and i are isomorphic. 
c and g are isomorphic. 
d and f are isomorphic. 

3 a e————_ 

ee 

> 

4 
co 

4 a A distance matrix gives the weights of edges 
between pairs of vertices, whereas an adjacency 
matrix gives the number of edges between pairs of 
vertices. 

Weight = 104 
5 v-1 

6 PQR, PQTR, PTR, PSR 

282 Full worked solutions are available in SolutionBank. 

7 a3 
b i e.g. BEAD ii e.g. ACEA 
Cee. A 

E B 

D G 

ii e.g. 2 

B 

¢ 

8 a Thesum of the degrees of the vertices must be 
even. However, 3 + 1 + 2 =7 is odd, so there is no 

4-vertex graph whose vertices have these degrees. 

AGBECFDHA 

BH (1), GC, DE 
BH (1), GC (O), DE 
BH (1), GC (0), DE (D) 
Graph is planar. 

G 

A 

H 

D C 

F 

10 a e.g. ACEBFDA 
b Drawing the graph inside a hexagon gives 

A 

D C 

F E 

B 

DC), AF, CF, CB, DE, DB 
DC (I), AF (0), CF, CB, DE, DB 
DC (I), AF (O), CF, CB, DE (1), DB (D) 
DC (I), AF (O), CF (O), CB (0), DE (D), DB (D 
Graph is planar. 



Answers 

a 

c The graph is not planar. Working should show that 
two arcs always cross. 

B 

BF, FG, AB, CE, BC, CD; weight 27 

c G 
Challenge 

Ws in Ie se NS IR SS 18 0 Se SAB Sa 

b D 

a; F 

Sell 

Va Pee ena ale 4d DE, EF, CD, EG, GJ, AB, GH, BH; weight 22.4 
© H=h,soV+R—-B=V=1 : é é 

Z ? ; ; 2 a _ i Atreeis a connected graph with no cycles. 
d_ We will prove the following statement by induction: ii A minimum ee is a tree ae tinas 

The relationship V + R — EF = 1 holds for all connected total weight that connects all of the nodes. 
planar graphs with n vertices’. Basis step: part ¢ shows b Writing the arcs in order of their weights: YZ (15), 
that this statement holds for n = 1. Induction step: vw 6) XY (1 2) UW ‘el 7) UX (18), WX (Ce 

Assume true for any planar graph with n — 1 vertices. SU (18) WZ (1 8). UV (19) TU (20) oT (22) j 
Then, given a graph G of n vertices, contract one edge TV(2 3) ——< 

to obtain a graph G’ of n — 1 vertices. The induction Underlined arcs are in the minimum spanning tree. 
hypothesis implies that G’ satisfies the relation, and Total weight = 121 
then part d implies that G also satisfies the relation. € 

CHAPTER 3 

Prior knowledge 3 
as 15 

b 

d The minimum spanning tree is not unique. For 

example, UX can be replaced with WX. 
3 fh 

1 

8 

4 
c e.g. AF (4), FG (3), GE (2), EC (5), BC (7), CD (9). 

Total weight 30. : 

Exercise 3A The three shortest edges do not form a cycle. 

1a A 

EF, BD, CD, AH, DF, AC, GH; weight 98 
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Answers 

Arcs were added in the order MCI (0.8), SAR (1.1), 

CIS, CeR, CeH, SR, ME, PE 

b 15 km 

Exercise 3B 

1 

284 

A 

weight: 98 

weight: 27 

weight: 22.4 

In Prim’s algorithm, the starting point can be any node, 

whereas Kruskal’s algorithm starts from the arc of 

least weight. 
In Prim’s algorithm, each new node and arc is added 
to the existing tree as it builds, whereas in applying 
Kruskal’s algorithm, the arcs are selected according to 
their weight and may not be connected until the end. 

a 

b 
a 

Cc 

Jel GC Ball 

Selection order: AH, AG, AB, BC, CD, BF, EF 

£17 340 

Q TE 27 W 

£231000 
Replace WX with VX. This is the cheapest way to 
link X to the spanning tree. The total cost is now 
£231000 + £28000 — £19000 = £240 000 

Prim’s algorithm identifies the next node to link to 
the existing tree. Linking a new node cannot form a 
cycle. 
One minimum connector is shown below. 

Order of 

connection 

Total weight = 87 IK 

The minimum connector is not unique; there are 
three minimum connectors with total weight 87. 

Exercise 3C 
a Arcs in order 1 

i Full worked solutions are available in SolutionBank. 

AF (9) 
FB (14) 
AG (20) 
AE (25) 
DE (26) 

weight = 94 

Arcs in order 

RS (28) 
ST (16) 

SU (19) 
CVS) 
weight = 100 



Answers 

z ee a coe c Shortest route A to H not using CE: A- D-F-E-H 
SM (44) Length 95 
SN (56) 6 Shortest route: S-B-C-T 
NL (37) Length of shortest route: 10 
werent 186 yey Quickest route is SCEHT. Shortest time = 31 min. 

B) tay coe ©1014 b i Route changes to SABDGT. New time = 32 min 

bop ii The driver should change the route to HEGT to 
save 1 minute. Total travel time 38 min. 

2 

© 0.026 x (=| = 0.026 x 16 = 0.416 seconds 

d The time required is not directly proportional to the 
square of the number of locations — this is just an 
approximation. 

Exercise 3E 
1 a 

ci [tis cheaper to translate from E to H then from H 
to G at a cost of 48 + 52 = 100 euro rather than 

Initial tables 

159 euro per 1000 words. fe Oe Vie oS) Pe Oe, 
ii A direct translation is likely to be more accurate [ 

then a translation via another language. 0) ag a Bue 2. Sees 
4 a order of arcs Q|}9 - 3 if QI © ik § 

XE (26) 
EG (18) R 3 = co) R 1? Q R Ss 

EH (23) SMPs G7 ASS par Swi ten Ome Le E..S: 
HA (25) 
AF (20) Ist iteration 

FB (16) 
AD (22) Ss + PemcOMmRME S: 

FC (24) Bi = GY & ile IPN OAR SS 
CI (26) C26 j OF 9 een QP @ & & 

oA i || & Bo = ily I || PO lik IB 

xX S| ee Si I" oO Ae OS 

B 

BO pS 
D === 

b 9 oil rigs and 1 depot make 10 nodes. Po ey 7) Ss 
24 oil rigs and 1 depot make 25 nodes. Ol>Po wn aR aEES: 

Estimated time = 0.7 x (= = 10.9 seconds (1 d.p.) Ro | P.2 FO MeR am 

ci Any distance less than 26 miles will change the Ste FORRO mS 

minimum connector as / will link directly to X. 
ii Any distance of 26 miles or more will not change 

the minimum connector as the shortest way to 
connect / to the rest of the tree will be to connect 

to C. 

Exercise 3D 
1 a Shortest route: S-B-E-H-G-C-F-T 

Length of shortest route: 20 
b Shortest route: S-A-B-D-F-H-T 

Length of shortest route: 15 
AtoQ A-F=E-I-N=P-Q Length 37 

AtoL A-F-G-M-L Length 19 4th iteration (no change) 

MtoA M-G-F-A Length 17 

PtoA P-N-I-E-F-A Length 24 Pee OP Th aes 

3 Shortest route: A-B-E-C-G-F Length 38 

4 Shortest route: S;-B-C-F-E-G-T = oO ie 

Length of shortest route: 1660 oI ULese 

5 a 94-18=76 FH 76-24=52 CE 
iy Bd) 

2a, 0D 

aonen 

52 —-22=30 BC 30-30=0 AB 

Shortest route A to H: A- B-C-E-H 

Length 94 

b Shortest route A to H via G:A -D-G-H 

Length 96 

HR wa oO DV 
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Answers 

b The 4th iteration route table shows that the shortest 

a 

b 

a 

b 

286 

route from R to S is via Q. 
It also shows that the shortest route from R to Q is 

direct and the shortest route from Q to S is direct. 

It follows that the shortest route from R to S is RQS. 

AY 1 GID 

(Agneta lh earls eee S 

Bol Sie a=) 9 4 16. 

GNA Fas 5 

Das paar 

J ik, Wal 

Uo dal 2h 

ik | o 2 Y © 

ib | hf 

M/;|4 8 7 = 

The distance table is not symmetrical about the 
leading diagonal. 
=O =O,2= 23 

The output of Floyd’s algorithm gives the shortest 
distance between every pair of nodes. The output of 
Dijkstra’s algorithm gives the shortest distance from 
the start node to every other. 

i Ke ME Vie 0s a ne 
2 a 
By ee ee 5 wee ee es 

oN MO eee a a cee i 
Dy Be a Gs 
Puls Mate 3 66 = sg 
Te og es 7 ee 2G 
| Sul, ene: 6 = 

AA eG Daur GC 
oy eS 
Byles ee ee as 
(GPa gk) ae” Re i 
Dine 4 = 6 & & 
ole ie os 6 = 
Pe aaee dtd gO. ec, Wl OEE, 9G 
Gee Se 21. mo YO 6.) 2 

AERP SEC LD Siar MG 
Wire OD wine eae 
By \eAe CPC yD. Eo GAL A 
Gl whee o ke D. wall seth iad 
DOA? AB SO. BD gael, Res TC 
EA; (BC) De Ee SN 
al ee DE eG 
Go| Ae Saye pier Be 

6 

a 

a Jared : Dijkstra’s 

b 1st iteration (no change) 

Amy : Floyd’s 

A. AB (1G Deas 

Aa ee re 

Bild «ea a22 6S OS 

Cie 22) = 148 a0 

Dp) oe pee tee ee 
E | 25 ae 

Fo\o it Woo 21 

A BG Dp) oF 

Hel SEO 2? Da ae SE 

Ba Bo CP ag or 

Cis Bb Copper 

Dia Bt ie ere 

Bel Al Ie? 0D ee 

FHM MG ie is ie 

2nd iteration 

Be fee GID EIB 

AN | = 1S 8 29 23 S26 

lie || iisy eS ee IL 

CG 3h 228 > 14304 10 

D\|n2 « 14 o 6 

ig || way BO) eek NY) 

| A tah KO GW) = 

ae one 2 

b cubic 
3 

CORO (a) = 0.44 sec (2 d.p.) 
100 

Mixed exercise 3 
1 

Full worked solutions are available in SolutionBank. 

a i Arcs are labelled with initial letters of the nodes. 

CK add to tree 

SH add to tree 

CE add to tree 
EK reject 

CH add to tree 

HW add to tree 
CS reject 
HQ add to tree 

QS reject 
QD add to tree 

KS reject 
DW reject 
EW reject 



li EC 

weight: 2953 W D 

th YLgF Ih, M N 

ii MQ (3.7) add to tree 

LT (3.8) add to tree 
MT (4.1) add to tree 
NQ (4.7) add to tree 
MN (5.3) reject 

ee (6.6) add to tree 
QR (6.6) add to tree 

NP (6.8) add to tree 
reject remaining arcs 

Start off the tree with QT and PR then apply 
Kruskal’s algorithm. Prim’s algorithm requires the 
‘growing’ tree to be connected at all times. When 
using Kruskal’s algorithm the tree can be built from 
non-connected sub-trees. 

IL 

84 On 58 41 

Ig A 18) D 

Selection order: AC, AE, ED, AF, FB 

length 332mm 

0.02 x (=?) = 0.54 sec 
80 

The time required is not directly proportional to n’ 

but this is used as an approximation. 

Arcs in order: Entrance 2-office; Entrance 2— 

Entrance 4; Entrance 4—Entrance 3; Office—-Entrance 

1 

Entrance 1 

Answers 

Entrance 2 Entrance 3 

Entrance 4 

b length 3112m 

5 a 29 27 30 19 9 26 17 18 (8) 12 24 20 14 14 22 26 

[8] 29 27 30 19 9 26 1748) 12 24 20 14 14 22 26 
9 17 G2) 14 14 [18] 29 27 30 19 @6) 24 20 22 26 8 

8 |@)[2] 17 G4) 14 [18] 19 24 @0) 22 [26] 29 27 Bd) 26 
8 
8 

9 |[i2][14] 17 C4 [13]49 [20] 24 @2) [26] 29 7) 26 [30] 
9 | 12] [14] [14] [18][19][20] [22] 24) [26] @6)[27] 29) [30} 

EF CD EJ FJ GI CG DG BC FI HK EK CF JK AE AB AH 

22 x 14 
J I Total weight = 172 

d e=v-1 
a_ weight = 45 so 4500 m needed 

Cae H 

b weight = 47 so 4700m 
7 a Possible paths areA -H-G-E-I-K 

andA-H-J-I-K 

andA-~B-C-K 

JAY, 1835 18 JEL ID, Ge, th 18, GIL AK 

fi 44—9=35 IK 44-9=35 IK 

35). = 110 = 25 EI 39 =1/ jiS Wl 
25 =O 15 GE OTe Sere. ll) ee 
15-—5=10 HG NO wll O10 eae 
LON OEO. AH 

or 

WEN — BD = BD Gk 
BP = 2 = BG 

7 —f=0 AB 

i) ASaGahWalaik ginclA =i = I= I aIK 
andA-B-—C-—K 

c The arcs could be roads. 

The nodes could be junctions. 
The number on each arc could be distance in km. 

The network, together with Dijkstra’s algorithm, 
could be used to find the shortest route from A to K. 

Order of vertex labelling: 
SG iN IF IB. AG ie IP 

Route: S-C-EH-F-T 

Ani = Oil =al@. /27r 

SO) = TA = ii ae 

ISAS = IA Ge 

102)= 102 =0 SC 
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Answers 

9a B 

iy 
A 

15 : 
Ie Total weight = 72 

B al p 

b Students’ own answer 
c Prim’s algorithm may be quicker on a graph with a 

large number of arcs, such as a complete network, 
as Kruskal’s algorithm would require arcs to be 

sorted by weight. 
10 a 

1st iteration 

Po mom 2S PS Oe aes, 

Page 2. ghee al 6 TA = 0, Vie 

OV = il Ze O\| i @ ie 

R c thy > ako ie | PP OG Ie § 

S| le 2O 1 = Se @ i 8 

2nd iteration 

P @ iF S§ 

2 eee ©) ee (0) eS) 

Q\| IP @ jk IP 

ge | OO @O Rm SS 

S| 2 @ Tk S 

b From route table: shortest distance from R to P is 

via S. 

Shortest distance from R to S is direct. 

Shortest distance from S to P is direct. 

So shortest route from R to P is RSP. 

Prim’s algorithm or Kruskal’s algorithm. 
20 miles 

Dijkstra’s algorithm 
Shortest distance = 11 miles 

Route: ADEFG 

e Floyd's algorithm 

aon7e. 

Challenge 
For a network of n vertices, after the rth vertex has been 

selected you need to compare (n — r) values of min(Y) 

with XY, where X is the most recently selected vertex. You 
then need to choose the smallest value of min(Y), which 

288 Full worked solutions are available in SolutionBank. 

requires a further (n — r — 1) comparisons. The number of 

comparisons at each step is (@= 1) Saar = l= 2a= Br = iL. 

so the total number of comparisons is: 
n-1 n-1 n-1 p= 1 

Scien = 2h — 1) 2d on 2dr wi 
r=1 r=1 Tl 

= 2n(n — 1) —n(n-1)-(n- 1) 

=n?—2n+1 

Which has order n’. 

r=1 

CHAPTER 4 

Prior knowledge 4 
1 a 16 

b Sum of valencies = 2 x number of arcs 
c 4 
d From part b, the sum of the valencies must be even. 

Exercise 4A 

U2 Vertex, ANB © Deg F 
Degree | EV Teen aN a ak 35) 

There are 4 nodes with odd degree so the graph is 
neither Eulerian nor semi-Eulerian. 

Dverter | 0Ce ea ee 
Degree 3 4 BeTe2) i 

There are precisely 2 nodes of odd degree (G and /) so 
the graph is semi-Eulerian. 

A possible route starting at G and finishing at / is: 
G-H-K-I-J-K-G-H-I. 

© Vertex. lie We wN AP) 0 ak 

Degree 2 Ae ee) eee 

All vertices have even degree, so the graph is Eulerian. 
A possible route starting and finishing at Z is: 
L-~-M-N-P-M-R-P-Q-R-L. 

28} Vertes: HAD CG 4D ee een 
Degree |i 02 04 (2 

Vertes ide GD Pe 
Degree 4 4 2 4 2 4 4 

b_ i A possible route is: 

A-B-C-A-F-C-E-G-H-F-D-A. 
ii A possible route is: 
ASO S18 =A 18 1 = G=/8—=D= Gali =D = A, 

PU WN sie t Vertex ime 

Degree eee ee OL Mae Roh 

Precisely 2 vertices of odd valency (T and U) so 
semi-Eulerian. 

Vertex Ish de IE I IE IN 

Degree 2 Aeyede D2ies) wet} yet 

Precisely two nodes of odd degree (J and L) so 
semi-Eulerian. 

i A possible route starting of T and finishing at U is: 
I= SU = We Y= P= Uy, 

ii A possible route starts at J and finishes at L: 
UI IL IM dl I IE IN = = JE = IN = Ih, 

im” _ 



4 a There are an odd number of odd nodes. 
b ix=1 

ii Semi-Eulerian since there are two odd nodes. 
¢ Numerous possible answers e.g.: 

{ eS 
5 a Not connected. There are no connections from A,B 

or Cto Dor E. 

b Neither. To be Eulerian or semi-Eulerian the graph 
must be connected. 

ee Sq ae ‘ 
C D 

6 The graph is Eulerian since all of the nodes are even. 
7 a nmust be odd. 

t @—--__@ 

8 The example given in the question 1a is a 
counterexample. ABEFCDA is a Hamiltonian cycle, but 
the graph is not Eulerian. 

Challenge 
ae A 

ie 
B 

Vertex DN dep AC 18) 

Degree Sear oe 13. 

There are more than two odd nodes, so the graph is 
not traversable. 

b A 

G D 

8th bridge 

B 

We will start at A and finish at C so these still need to 
have odd degree. We can only have two odd degrees 
so B and D must have even degrees (see table). 

We need to change the degree of B and of D. So we 

build a bridge from B to D. 

Vertex 

Degree with 7 bridges | odd odd odd _ odd 

Degree wanted odd even odd even 

c A 

D 

9th bridge 

B 

Answers 

We will start at B and finish at C so these vertices 
need to be the two vertices with odd degree. We 
need A and D to have even degree (see table). 
We need to change the degree of node A and of 
node B. 
So we build a bridge from A to B. 

Vertex 

Degree with 8 bridges | odd even odd _ even 

Degree wanted j even odd odd even 

A 

B 10th bridge 

All vertices now need to have even degree. 
This means we need to change the degrees of nodes 
Band C. 
So the 10th bridge needs to be built from B to C. 

Vertex A B (Ge D 

Degree with 9 bridges | even odd odd_ even 

Degree wanted even even even even 

Exercise 4B 
a_ All degrees are even, so the network is traversable 

and can return to its start. 

A 

D 

A possible route is: 

A= IRC = (DB GID = 18 =GH A a1 = = A, 
length of route = weight of network 

= 285 

The degrees of D and £ are odd; the rest are even. 
We must repeat the shortest path between D and E, 

which is the direct path DE. 
We add this extra arc to the diagram. 

A B G 

EB D 

A possible route is: 
I 13 1G =1D) 18 =D Tey = Jet = A. 
length of route = weight of network + arc DE 

=61+11 
2 HZ 

289 



Answers 

Cc 

b 

290 

The degrees of B and £ are odd; the rest are even. 
We must repeat the shortest path from B to &. 
By inspection this is BCE, length 260. 
We add these extra arcs to the diagram. 

B C. 

EB 
G 

A possible route is: 
A= IBSG ID SG PG ig Si = Gk 
length of route = weight of network + BCE 

= 1055 + 260 
= 13s 

The degrees of B and G are odd; the rest are even. 
We must repeat the shortest path from B to G. 
By inspection this is BDHG, length 183. 
We add these arcs to the diagram. 

A possible route is: 
A= IB = 1B =F =I) = 18 = ID = ASG lal = 19 = del 

ID) = fil IG SG = IA, 
length of route = weight of network + BDHG 

= 995 + 183 
2117s 

Odd degrees at B, D, E and F. 
Considering all possible pairings and their weights. 
BD + EF = 130 + 85 = 215 ~< least weight 
BE + DF = 110 + 178 = 288 
BF + DE=125 +93 = 218 
We need to repeat arcs BD and EF. 
The length of the shortest route 

= weight of network + 215 
= 908 + 215 
= 1111253 

Adding BD and EF to the diagram gives: 

A B G 

PF E D 

A possible route is: 

A= 1 = (C= 1D) = I 18 = 1D) = 1 = 1 = 1B A, 

Odd degrees at C, D, E and G 
Considering all possible pairings and their weights 
CD + EG = 130+ 75 = 205 
CE + DG = 157 + 92 = 249 
CG + DE = 82 + 120 = 202 ~— least weight 
We need to repeat arcs CG and DE. 

Full worked solutions are available in SolutionBank. 

The length of the shortest route 
= weight of network + 202 
= 938 + 202 
= 1140 

Adding CG and DE to the diagram gives: 

A 

B 

ig 

C 

D 

E 

A possible route is: 
J 15, =O GD) 16) (6, 92 =I) = 1 = G; 

—B =F — A; 

The odd nodes are B, D, G and J. 

The minimum path lengths for each pairing are: 
BD + Gl= 22 + 30 =52 

BG + DI =37 +42=79 

BI + DG =32+18 = 50 

The arcs to be traversed twice are B/ and DG. 

Adding B/ and DG to the diagram gives: 

A 
il 

F 

A possible route is 

Hale Je = (6 JD) IB I I — 1B I = G = JD = 
C= =1) = @ = lel = = A. 

Minimum time required = 326 + 50 = 376ms 

Odd degrees at B, D, FE and F. 
Considering all possible pairings and their weight 
BD + EF = 250 + 200 = 450 < least weight 
BE + DF = 350 + 380 = 730 
BF + DE = 300 + 180 = 480 
We need to repeat arcs BD and EF. 
Adding these to the diagram gives: 

A B 

B D 

A possible route is: 
A= B= C=) SB =) her 2 ieee 
length = 1910 + 450 = 2360m. 



b We will still have two odd valencies. 
We need to select the pair that gives the least path. 
From part a our six choices are 
BD (250), EF (200), BE (350), DF (380), BF (300) and 
DE (180). 
The shortest is DE (180) so we choose to repeat this. 
It is the other two vertices (B and F) that will be our 
start and finish. 
For example, start at B, finish at F 
length of route = 1910 + 180 = 2090m 

5 a Each arc must be traversed twice, whereas in the 
standard problem each arc need only be visited once. 
This has the same effect as doubling up all the edges 
The length of the route = 2 x weight of network 

= 2x 89=178km 
b Odd nodes are C, D, E, G. 

Considering all possible pairings. 
CD+EG=13+4+5=18 
CE+DG=15+43=18 
CG + DE=10+7 =17 + least weight 
We need to repeat arcs CG and DE. 
Length of route = 89 + 17 = 106 km 

c As EG can be omitted the valencies of £ and G 
become even, therefore the only odd nodes are C 
and D. Shortest route from C to D is 13. 
Length of route = 84+ 13 =97 km 

Exercise 4C 
1 There are 6 odd nodes B, C, D, E, G and H. 

B and G remain as odd nodes. 
The minimum path lengths for the pairings are: 
CD + HH=3+14=17 
CE+DH=4+413=17 

CH + DE =10+1=11 — least weight 
The edges that must be traversed twice are CH and DE. 
Length of route = 96 + 11 = 107km 

2 a There are 6 odd nodes B, C, D, EL, F and G. 

Starting at C so always remains odd 
Case (i): Finishing at F 
The pairings are: 
BD + FG =21+7=28 
BF + DG =16+19=35 
BG +DF=9+ 12 = 21 <= least weight 
Case (ii): Finishing at G 
The pairings are: 
BD + EF=21+8=29 
BE + DF = 24 + 12 = 36 
BF + DE =16+11=27 
The edges that must be traversed twice are BG 

and DF. 
b The length of the route is 106 + 21 = 127 km 
c Case (i): Finishing ath FG=7 

Case (ii): Finishing atG EF = 8 
Total length of minimum route is 
106+7+BD=127+5BD 
ABD = 127 - 113 = 14 > BD = 28 

3 a AG,GB,CD 
b 630 + 2220 = 2850 m 
c¢ 570+ 2160=2730m 

4 a PQWVRUTS, 286 m 
b Since the path represents the shortest route from 

P to S, passing through every other vertex along 

the way, the shortest route between any pair of 

vertices must be contained within it. In particular, 

the shortest route between any pair of odd vertices 

must be contained within it. 

Answers 

c Using the answer to part b, the minimum pairing is 
found by using the path found in part a. The pipes 
to be traversed twice are PQ, WV, UT and TS. 

Length of route = 853 + 48 + 35 + 22+ 31=989m 

Mixed exercise 4 
1 a Eulerian — all nodes even 

b Neither — more than 2 odd nodes 

3 

Any not connected graph with 6 even nodes 

hk Ge 3 
The orders of the vertices are 29, 21, 17 and 3 

The graph is neither Eulerian not semi-Eulerian 

since it has more than 2 odd vertices. 

A 13 GD) IG dal Sf 

Ou ae Sun Sse. 

Vertex 

Degree | 2" 2 2 

DE Hl = 195 36)= 50 
DH + FI = 22 + 27 = 49 < least weight 
DI + HF = 46 + 41 = 87 
Repeat DH and FI 
Add these to the network to get 

E 

A possible route is 
A-B-F-I-J-G-E-J-H-D-F-I-H-D 
-C-E-D-A. 
Length = 725 + 49 = 774 

The odd vertices are Q, R, T and V. 

QR + TV = 104 + 189 = 293 
QT + RV=171 + 115 = 286 
QV + RT = 163 + 123 = 286 
The postman can either repeat Q7 and RV or QV 
and RT. 
The total length of the route is 1890 + 286 = 2176m 
Only QV now needs to be repeated. 
Total length = 1890 — 123 + 163 = 1930 m 
The route is now 246 m shorter. 

15 m. The route is GHD. 

The odd vertices are G, B, C and D. 

GB +CD=16+3=19 < least weight 
GOEOBD = Seelo= 28 

GD BG = 15+ 7 = 22 

GA, AB and CD should be traversed twice. 

Total length = 118+ 19=137m 
en Oa ONSOm G9 

29) 
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Answers 

Wed |A  G ID If J IG Je i 

Degrees | 2. 3 4 3 4 2.6 3 38 

Odd valencies at B, D, H and J. 

Considering all possible complete 

pairings and their weight 
BD Hh Vedat 34026 
BH+DI=7.+4=11.6 
BI + DH = 5.6 + 4.3 = 9.9 < least weight 

Shortest routes: BD is BED; BH is BEGH, DI is DGI BIMBELDHGDGH 
Repeat BE, EI and DG, GH. 

Adding these arcs to the network gives 

A possible route is: 
A= B= == H=G == B= C=iD=—G 
D=F=EG=H—~F =E=C=-A, 
Length = 51.4 + 9.9 = 61.3km 
If BD is included B and D now have even valency. 
Only H and J have odd valency. 
So the shortest path from H to I needs to be repeated. 
Length of new route = 51.4 + BD + path from #H to | 

=51.44+64+3.4 
= (61,2 )a00 

This is (slightly) shorter than the previous route so 
choose to grit BD since it saves 0.1 km. 

Odd nodes are B, C, E and H 
Consider possible pairings and weight 
BC + EH = 68 + 150 = 218 
BE + CH = 95 + 73 = 168 < least weight 
BH + CE = 141 + 85 = 226 
Repeat BD, DE and CH 

A possible route is: 
A-B-C-H-E-G-H-C-D-B-D-E-A 
F-E-D-A 

Total length = 1011 + 168 = 1179m 
If the salesman can start at B and end at C those 
nodes can stay odd, therefore only route to be 
travelled twice is EH at 150m. 
Total length = 1011 + 150=1161m 
This would decrease the total distance the salesman 
has to walk. 
Route inspection algorithm: 
Identify any vertices with odd valency. 
Consider all possible complete pairings of these 
vertices. 

Select the complete pairing that has the least sum. 
Add a repeat of the arcs indicated by this pairing to 
the network. 
Odd vertices B, D, F, H 
Considering all complete pairings 
BD+FH=14+15 =29 
BF + DH = 10 + 26 = 36 
BH + DF = 12 + 16 = 28 ~— least weight 
Repeat BH and DF. 

Adding these arcs to the network gives 

10 

VE a 
AN 

G K 

A possible route is: 
JN 1B = JE SG I Il = = Wf = HIE lf = IK 
= 15) = DJF ID) Je = = (G = Je = Al, 
Length of route = 249 + 28 = 277 
i We will still have to repeat the shortest path 

between a pair of the odd nodes. 
We will choose the pair that requires the shortest 

path. 
The shortest path of the six is BF (10). 
We will use D and H as the start and finish nodes. 

1259 
e Each edge, having two ends, contributes two to the 

sum of valencies for the network. 
Therefore the sum = 2 x number of edges 
The sum is even so any odd valencies must occur 
in pairs. 

a Odd nodes are A, B, D, £, F and G 
Starting at B so can leave as odd 
Case (i): Land at D 
AE +FG=19+10=29 
AF +HG=7+22=29 
AG +EF=6+ 12 = 18 — least weight 
Case (ii) Land at F 
AD + EG = 26 + 22 = 48 
AE + DG = 19 + 20 = 39 
AG+ED=6+ 14= 20 
Better to use landing strip at D. 

b 168 + 18 = 186 miles 
c Odd notes unchanged. 

Case (i): Land at D 
AE +FG=40+13=53 
AF+EG=7+34=41 
AG + BF=6+47=53 
Case (ii) Land at F 
AD + EG = 26 + 34 = 60 
AE + DG = 40 + 20 = 60 
AG + ED =6 + 14 = 20 < least weight 
Now better to land at F. 
168 — (10 + 25 + 12) + 20 = 141 miles 

a0 

Challenge 
a 

Full worked solutions are available in SolutionBank. 

Shortest time from A to B is 30 minutes. 

Route A-C-D-G-H-E-F-B 

OLA] C=) =] 6 == 8 

143 + AC + DG + HE + FB 

= 1434+24+5+4+4+8=162 minutes 



CHAPTER 5 

Prior knowledge 5 
ik 

A Dee Oe i =) is 

B oe ae) 
G ig eh es eee 

D 300 S89 e-= -s 

E = 19 el 5. 

F Pie a Shs ays (25 
G 2 = = 962 5 = 

b_ i Using the matrix form of Prim’s algorithm: 

I a ey eee 

= Oe 
a -sa2 Sy 

atin De) eS SSS 

7 = Sa eee 
= 5) poy 5 

vA B 

8 

15 G 18 

115} 
4 EVs 2G 

ig D 

ii Using Kruskal’s algorithm: 
8 AG 

iat CF 
15 AE and EF 
18 BC 
ng DE 

5A B 

8 

15 G 18 

15 
ESS 

E G 

tg D 

Exercise 5A 

1a 

AC —the shortest route is ABC length 10 

AD~—the shortest route is AED length 9 

BD-—the shortest route is BCD length 11 

BE-the shortest route is BAF length 12 

Answers 

AL 1 NG JD: 

7A ce ye ae 

oy NE) ee fy Da. WE 

CA IZ ee Sa, 

DW i TR 2 a5: Se ee 

LN SP ae ee 

AC-—the shortest route is ABDC length 12 
AE -the shortest route is ABDE length 9 
BC-—the shortest route is BDC length 7 
BE-the shortest route is BDE length 4 
CE—the shortest route is CDE length 7 

AC—the shortest route is ABDEC length 18 
AF -the shortest route is ABDF length 18 
BC-—the shortest route is BDEC length 8 
BE-—the shortest route is BDE length 5 
BF-the shortest route is BDF length 8 
CD-—the shortest route is CED length 5 
CF-—the shortest route is CEDF length 10 
EF -the shortest route is EDF length 7 

A Dae Ce) ee ee me Ce 

A 10 = 9 10 tf BO 20 

xe (10 = 3 2 tl 1 20 

Gyo 8 = dW & ts 2s 

D1) AO Sy = ee A © 

je \ ily iil @ 27 => 8 We 

@ |) A) NO) as AD = IO 

GAZ O20 RZ LOS ee OR 

AC-—the shortest route is ABF length 20 
AG-—the shortest route is ADG length 20 
BE-the shortest route is BCE length 11 
CF—the shortest rotue is CBF length 13 
CG-—the shortest route is CBFG length 23 
DE-—the shortest route is DACE length 27 

In the classical problem, each vertex must be visited 
exactly once. In the practical problem, each vertex 
must be visited at least once. 

i ABECEDEBA (20) 
ii ABCDEA (26) 

PQRTSUQP (39) 

Consider removing the arcs RS and TU, since they 
have the greatest weight. Also disregard PQ for the 
moment — it must be included (twice) in order to 
access P. All vertices are then even which makes 
the remaining network Eulerian. The minimum 
length route is then made up of the length of the 
Eulerian circuit plus 2 x PQ. This will be the same 
regardless of the starting point. 

Every route must visit Q twice. 
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Answers 

4 Students’ own answers, e.g. 

Challenge 

1 Since the network is complete, every vertex is accessible 
from every other vertex. From any start vertex, there 
must exist a route that visits every other vertex directly 
in turn. There must also exist a direct route back to the 
start vertex. The solution is given by the route of this 
type for which the total distance is a minimum. 

= 4py 
2 The number of distinct Hamiltonian cycles is a 

The order of the algorithm is (n — 1)! 
The value of (” — 1)! grows rapidly as n increases 
showing that the algorithm is no use for large n. 

Exercise 5B 

th fy 
A 24 B Initial upper 

9 bound = 102 

B 

b DE shortcut route length 79 
c ABCDEA length 79 

SNA eS eee ee le wee 

8 

E 

b 74 

c BE as shortcut or AB as shortcut (other answers 

possible) 

d i Using BE: ACEBDCA length 62 
ii Using AB: ACECDBA length 58 

Initial upper bound = 284 
b Many possibilities, e.g. DE, EC, DF and EC 
c DE gives ACAFBEDA length 231 

EC gives ADAFBECA length 217 
DF and EC gives ACEBFDA length 190 

S Boy Ay aie XK 

10 
iS 

Lh 

Initial upper bound = 230 
b For example use VS 

c Route SWYXZVS length 190 

294 Full worked solutions are available in SolutionBank. 

Exercise 5C 

1 oa 45 
b The lower bound represents a tour so it must be 

optimal. 

50 (deleting A) 49 (deleting B) 
Better lower bound is 50 since it is the highest. 
183 (deleting A) 177 (deleting B) 
Better lower bound is 183 since it is the highest. 
183 < optimal value < 190 
170 (deleting S) 145 (deleting V) 
Better lower bound is 170 because it is higher. 
170 < optimal value < 190 one aes Sa 

Exercise 5D 

aD BG bane 60 

b £.C\,A,;B;DyE = 53 or EsC\,D7By3A\4E = 53 
c The better upper bound is 53 since this is lower. 

2 a LX 15YaoVs5WaoS70Z = 220 

b XZ 5Vs0¥4sWa0S55X = 195 

Vi5Z10%15Y45W30S75V = 190 

c The better upper bound is 190 because it is lower. 

3 Applied to n vertices the algorithm has cubic order. 

0.27 x teal = 1.25 seconds 

4 a 1200 minutes 

b U320S 1504 120Vi501 139W270U = 990 

and 

12015020150 5240W270U = 1050 

C  Vyx0F150S120U 1207 1g0W300V = 990 and 

Vi20Fi50U120S2101 ig9Wa00V = 1080 and 

Vi20P50U 1201 i:0W240S210V = 1020 

d The better upper bound is 990 because it is lower. 
5 a Nearest neighbour route from B has length 648 + x 

Nearest neighbour route from A has length 639 + x 
Total length = 1287 + 2x = 1419, => x = 66 

b An upper bound for the optimal length = 639 + 66 
= 705 miles 

Mixed exercise 5 

1 a Either Kruskal’s: EF, DE, CD, BD, AC, EG 

or Prim’s (e.g.): AC, CD, DE, EF, BD, EG 

b 7004 

c e.g.use AB and DG 

Route ACDEFEGDBA length 6005 

lex A3E5D7B,,C\3A = 45 
AEDBDCA (BC is not on the original network) 

Noe 0.85 x = ='11 75 seconds a 0 
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Oo lo) 
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The time taken to complete the algorithm is not 
proportional to the cube of the number of hostels. 
However, the calculation in part d is based on this 
as an approximation. 
SC SF FA AB«<CD DE 

Pee ea eS oC 19) Ds Be @—__e—_e——_e——_e—__e__—_ Tree 1 

SO OCB (BN NE GD IE 

Boles) OG th Bo Ars 
Tree 2 

2 

S 

74 

Tree 1: use BE as short cut 

Route: SCDEBAFS length 56 
Tree 2: use EF as short cut 
Route: SCBAFEDCS length 53 

CyS5F3A,B 7D, 3E2,C = 63 

Dy 2CS5F3A2B iE )3D = 56 

The better upper bound is 53 since it is smaller 
Route SCBAFEDCS 
44 

In the classical problem each vertex must be visited 
exactly once before returning to the start. 
In the practical problem each vertex must be visited 
at least once before returning to the start. 

R 29 T 

Order: PQ QU US QR (es 

Use VT and QS as shortcuts giving a length of 213 
Route PQUSQRTVP 

P19Q23U 21S 5:R29 137 VooP = 209 

186 
186 < optimal value = 209 

eee OO} A BS EG ot Sir 

56 

B 59 G 

Order: AD DE EC EB CF BG 
596 
The minimum connector has been doubled and 

each arc in it repeated 
Use AE and GF as shortcuts 
Route: ADEBGFCEA length 427 
352km 
The lower bound will give an optimal solution if it is 

a tour. 

If the minimum spanning tree has no ‘branches’ so 

the two end vertices have valency 1, and all other 

vertices have valency 2, then if the two least arcs 

are incident on the two vertices of valency 1 an 

optimal solution cannot be found. 

Answers 

Order: LO OB BN LC OE 
b i 824 miles 

li Use NC as a shortcut 

Route: LOEOBNCL length 653 
NYS 

( Va Minors r= 40%so7—= 30 

b 151 miles 

IMS) Pe SBE er BS 
B-A—-E-C-—-G-F-D-B8B 

ec 81+19+ 20=120 miles 

d 120 < optimal length < 140 

Challenge 
For n vertices: The number of distance to compare from 
some start vertex is 

(n= +(n-2)+...4241= (2A Wn 

The process must be repeated for each vertex. This gives 
2 

the total number of comparisons as woe Finally, 

select the tour of shortest length (n — 1 comparisons) to 

(n—1)n? Ty ene) 
oe +n—-1l= ero give , which is cubic order. 

Review exercise 1 

645} 255] 2.53] 2 |510}135 

255] 135/1.89} 1 |135}120 

answer is 15 

'135]120]1.13| 1 [120] 15 

rol ts 8 [= [120] 0 | 
b_ The first row would be 

255 645 0.40 0 0 255 No 

but the second row would then be the same as the 

first row in the table above. So in effect this new 

first line would just be an additional row at the start 
of the solution. 

c Finds the highest common factor of a and 0. 

2 a Total length = 390cm, so 4 planks are needed. 
b 6 planks 
c 5 planks 
d There are 5 lengths over 50cm, so none of these 

can be paired together. Therefore minimum of 
5 lengths are required. 

le) nS Co => on on se) us “Ni on to on t on —_— “ 

Anan wwwww 

b 403 = 100 = 4.03 so 5 bins are needed. 

c Binl1:844+5+3 

Bin 2: 80+ 17 

Bin 3: 75 + 25 

Bin 4: 55 + 34 

Bin 5: 25 

4 a Forexample, 45 37 18 56 79 90 81 51 
For example, 56 45 79 46 37 90 81 51 18 

c 0.576 seconds (3 s.f.) 

295 



Answers 

296 

For example, 10 a i Method: 

¢ Start at A and use this to start the tree. 

eae, a (k) ee an ¢ Choose the shortest edge that connects a 

B (H) G in IP NG (T) M W vertex already in the tree to a vertex not yet in 

the tree. Add it to the tree. 

B @ R (?) M Ne (w) ¢ Continue adding edges until all vertices are in 

FB 

| (M) ®) I () the tree. arc for}. 

Be GR ae I Ps Ye BC 

erie Tes ©) ae acl or 
list in order 

2000 x log 2000 3 8 
mete = 0.043 seconds (3 d.p.) 

1200 x log 1200 

Since the graph is simple, there are no loops, so 
each of the degree-5 vertices must be joined to each 
of the other vertices. This means that each of the 8 
other vertices has degree at least 2. D 

eS iii The tree is not unique, there are 2 of them (see 

above). 
b i number of edges = 7 -1=6 

ii number of vertices =n + 1 

| 11 a 

4 Cae) 
A Hamiltonian cycle is a cycle that includes every 

vertex. 

ABDCFGEA 
A B BG(), BF, BC, AF, EF 

BG(), BF, BC, AF(O), 
D_ EF(O) : 

a BG(), BF(D), BC, 
: AF(O), EF(O) ; 

BG(), BF(D, BC), i AF(O), EF(O) c¢ DB, DF, BC, CA, DE 

B Graph is planar. node, whereas Kruskal’s algorithm starts from the 
A arc of least weight. 

D In Prim’s algorithm, each new node and arc is 
added to the existing tree as it builds, whereas in 
applying Kruskal’s algorithm, the arcs are selected 

G according to their weight and may not be connected 
until the end. 

ia b i GH, GI, HF, FD, DA, AB, AC, DE 
ii GH, AB, AC, AD, reject BD, DF, GI, reject BC, FH, 

A B 

Gg 

G F 

0.024 x 

GC dD 

Ne) JE ey Oe Jee Ala Je 

AC bh BD. | DF 
\, BC, reject CD, DE; length 18km 

12 a In Prim’s algorithm, the starting point can be any 

reject DG, DE 
BG(), BE, BC, AF, c Pati is 76 
poe igen Howess tc ee xe 

DED and EF cross so eee G —T, length: 82 

E graph is non-planar. 

zi ang 
GC, FD, GF, reject CD, ED, reject EF, BC, AG, reject AB. 
A54G 30 F 25 D 35 E 

20\._50 

G B 

cost = (20 + 25 + 30+ 35 + 50 + 54) x £1000 

= £214000 

On ine ) Full worked solutions are available in SolutionBank. 



b For example 82-12=70GT 
TOA 6154566 

54 —- 20 = 34 AC 
34-34=0 SA 

c Shortest route from StoH+HT S-B-—-F-H-T 
length: 84 

14a 

For example 

Nei SAIL, Ore NA ih = 8 
12-2=10GH NA athe oh NK 
I= h= 5 JAE Sr OM 
5-4=1 EF QSL yell 
1-1=0 AEF Le ONPAr 

. {A-E-F-G-H-L 
Shortest path is {47 >> GH — Fl length 13 

b State the other path. 

15 a Initial tables 

Sass BB BR RS Bow dls 

SB Be BPS SI Sy Syllios SS Sess) BDBww Bd 

Second iteration 

VX Qo SeSeSesiis 

At A Bie AGH AaD A ie CD 

Aa e=o LOW Rox Sky BAN a Ge 183 

27 lls ry Bijhe we CG Dw 

(Goi “Sie. BY ake) Go AN BG BS 

2) SN eae Ont c= Dy | AL AND 

Third iteration 

AD Bae Gee. Are 8 ta Gi ae. 

ARR 38) ES TELS Ae AC ae Cea G 

|| Ge a BRS joy || Ge IB G0) 

Go Be By AN, Gl AN BB © 

De eee Oh — De Ae een) 

Fourth iteration 

A ee Gn IB) Ae een Cae) 

A N= 3 16) AN Wo AG GG 

Baie See = eS) aah 1B | Ge 1G ID) 

(Ol By RE AND (Ga ee Cee 

iD} ih % Ww = D\| A B AL YW 

16 

17 

18 

19 

Answers 

b 15 miles 

c The final route table shows that the shortest route 

from A to D is via C. The shortest route from C to D 

is via B. 

So, the shortest route from A to D is ACBD. 

C= CDS DAR 72 ll Oe ale/ 

y=AB+BC=5+3=8 
Z=AB+BD=5+6=11 

a i Shortest path through A is 18 + y or 26 both of 
which are greater than i7. 

Shortest path through C is 23, which is greater 
than 17. So SuNAleS path cannot go through A 
Ome 

ii Shortest oan must go through B. 
S-B-D-T=13+% 

b Ify=0 shortest path is S-A-D-T=18 
If y = 5 shortest path is S- C-D-T= 23 
so range is 18 to 23. 

c For example, a person seeking the quickest route 
from home to work through a city. The arcs are the 
roads that may be chosen, the number the time, 
in minutes, to journey along that road. The nodes 
represent junctions. 

a Odd vertices are B,, B,, EB, G 

B, B, + EG= 65 + 18 = 83 
B,E +B, G= 41 + 42 = 83 
B, G+ B, E= 26 + 30 = 56 < least weight 

Repeat B,D, DG, B.A, AE 
Route: For example, F-A-E-A-B,- 
E-~F-~G-D-H-G-D-B,-D-F 
(All correct routes have 17 letters in their ‘word’) 

length = 129 + 56 = 185km 
b Now only the route between # and G needs 

repeating so repeat EF + FG = 18 
length of new route = 129 + 18 

= 147km 

a All arcs are to be traversed twice, this is, in effect, 

repeating each arc. So all valencies are even 
b E.g.A-B-D-G-F-G-D-C-E-A-E-C- 

AE =) — aI} = =A R= ID = =A 
(all correct routes will have 23 letters in their name) 

length = 2 x 6=12km. 

Shortest route is A - B- # -F-H —T, length 22km 
b i Odd vertices are A and / (only), so we need to 

repeat the shortest route from A to /. This was 
found in a. 
So repeat AB, BE, EF, FH, HI. 

ii For example A-B-C-A-D-C-E-H-I 
H-E-F-I-G-F-E-B-F-B-A (20 

letters in route) 

rhit Gil = AP = ANAS ana 
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21 12 

338 645 

Total length = 2260m 
Odd nodes P, Q, S, T, U, V 
T and P remain odd. 

QS + UV = 246 + 126 = 372 < least weight 
QU + SV = 275 + 223 = 498 
QV + SU = 205 + 349 = 554 
QS and UV gives the shortest pairing. 
a Roads to be traversed twice: QR, RS, UV 

b Shortest route is 2260 + 372 = 2632m 

22 Odd valencies are at A, B, C, D, F, G 

Route starts at A and finishes at G so these can remain 

odd. 

Remaining odd vertices are B, C, D, F: 

IBG SDF = 0.8 & liv = 25 

(BD) + CF = 18 4 2.3 = 3.6 

BF +CD=1.5 + 0.7 = 2.2 < least weight 
Repeat BF and CD 
a length=9.5+2.2=11.7km 
b A-~B-C-A-G-B-D-C-D-E-F-B-F 

G (14 letters in route) 

c Repeating AC and BF = 2.1 
Minimum distance = 11.6km 

The engineer is correct. His new route is 0.1 km 
shorter. 

23 a In the practical T.S.P. each vertex must be visited at 

least once. 

In the classical T.S.P. each vertex must be visited 

exactly once. 

FG De b AB, DF, DE, (reject EF) le FH 2 or 

c 170km 

d e.g. when CD is part of tree 
Use GH (saving 26) and BD (saving 19) giving a new 
U.B. of 125 km 
Tour ABDEHGFDCA 

e.g. when BE is part of tree 
Use CG (saving 40) giving a new U.B. of 130km 
Tour ABEHEDFGCA 

298 

24 

25 

26 

Pact 

28 

sreont 

Full worked solutions are available in SolutionBank. 

D | 32 5) 15) oy fee 

Be ee Coa 20a 0 mene 

F|i5 16 19 @4 16 0 

101 km tour AEFBCDA 
In the original network AD is not a direct path. 
The tour becomes AEFBCDEA 

e.g. BCDEAFB 
CBFAEDC 

DCBFAED 

EAFBCDE 

FAEDCBF 

i 714 

ti 552 (ACBDEC) 

472 
472 < solution < 552 

45 
i AEFCDBA - length 49 

ii Choose a tour that does not use AB 

e.g. DB(6), BC(10), CF (8), FE(7), EA(7) 

Complete with AD(8), DBCFEAD 
Total length 46 

Order of arcs: AB, BC, CF, FD, FE 

A. 85. . Bo 886" G 173 2 esta 

length 88 

92 

E 

i 744 
ii e.g. AD saves 105 giving 639 

or AE saves 180 giving 564 
AF saves 96 giving 648 
DE saves 66 giving 678 

498 

Order of arcs: AC, AD, DF, CE, EB 

F D A Gg E B 

eo OZ 
ii Finding a shortcut to below 360, e.g. FB leaves 351 
M.S.T. is DF, CE, EB, FB length 244 
The 2 shortest arcs are AC (53) and AD (54) giving 

a total of 351 

The optimal solution is 351 and is 
A-C-E-B-F-D-A 



29 a Order of arcs: AB, AF, FG, EG, DG, CG 
B 

b 778km 
c e.g. AC asa shortcut gives ABCGDGEGFA with 

length 632km 

d B 82 C 

Os) 85 

A D 

65 65 

F E 

e 470km 
f Route ABCDEGFA, length 482 km 

Challenge 
1 a LetG be any finite simple graph with more than 

one vertex and with number of vertices = n = 2. 
The maximal degree of any vertex in Gis <n - 1. 
Also, if our graph G is not connected, then the 
maximal degree is <n —- 1. 
Case 1: Assume that G is connected. We cannot 
have a vertex of degree 0 in G, so the set of vertex 
degrees is a subset of S = {1, 2, ..., m — 1}. Since the 
graph G has n vertices and there are n — 1 possible 
degree options, there must be two vertices of the 
same degree in G. 
Case 2: Assume that G is not connected. G has no 
vertex of degree n — 1, so the set of vertex degrees 
is a subset of S’ = {0, 1, 2, ..., m — 2}. Again we have 
n vertices and n — 1 possible degree options, so 
there must be two vertices of the same degree in G. 

b i Possible sets are: 
Blue: ABD, ACD 
Red: BCF, DEF 

ii For K, any vertex will have a valency of 5, an 
edge to each of the other points. 

A 

With 5 lines there must be at least three of one 
colour so there are four points connected by the 

same colour. 

A 

QO 

Answers 

For the three lines connecting the new points, 
if one is the original colour then a set of three 
vertices is made with the original colour. If none 
are the original colour then the three vertices 
make a set of three themselves. 

ViaA H-E-A-G 
ViaB H-E-C-B-G 

165 + 5x = 265 + 2x > x = 334 
So range is 0 < x < 33} 
95x - 26 
The only vertices of odd order are B and C, we have 
to repeat the shortest path between B and C. 
If « = 9 the shortest path is BC (direct) 

Weight of network + BC = 100 

(95a - 26)+"=100>x=12 
If « < 9 the shortest path is BAC of length 2x — 9 

(5a - 26) + 2x-9=100 > x=11¢ 49 
so inconsistent. 

Se se 2) 
Minimum spanning tree = 751 
Initial upper bound = 2 x 751 = 1502 
Taking shortcut AH saves 120 + 131 - 144 = 107 
Tour length = 1395 
Tour route: ABACAEHFGDGFHA 
Delete G and use Prim’s algorithm starting at A 
RMST = 672 
Lower bound by deleting G = 672 + 144 + 155 = 971 
Route is not a tour, so does not give an optimal 
solution. 

length 165 + 5x 
length 265 + 2x 
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CHAPTER 6 

Prior knowledge 6 

2 

l G@2A82¢9S GS 1 

Exercise 6A 
1 

300 

Number of boxes of gold assortment = « Number of boxes of silver assortment = y 

Objective: maximise P = 80x + 60y 
Constraints 
e time to make chocolate, 30x + 20y < 300 x 60 which simplifies to 3x + 2y < 1800 
e time to wrap and pack 12x + 15y < 200 x60 which simplifies to 4x + 5y < 4000 
e ‘At Jeast twice as many silver as gold’ 2x < y 

e non-negativity x, y = 0 

In summary: maximise P = 80x + 60y 
subject to 
3x + 2y < 1800 
4x + 5y < 4000 

Die Ey) 
10) 

Number of type A = x Number of type B= y 
Objective: minimise C = 6x + 10y 
Constraints 
e Display must be at least 30m long x + 1.5y = 30 which simplifies to 2x + 3y = 60 
e ‘At least twice as many x as y’ 2y <x 
e At least six type By = 6 
e non-negativity x, y = 0 

In summary: minimise C = 6x + 10y 
subject to: 
2x + 3y = 60 

2y <x 

y2=6 
mye 0) 

Number of games of Cludopoly = « Number of games of Trivscrab = y 
Objective: maximise P = 1.5% + 2.5y 
Constraints 
e First machine: 5x +8y < 10x60 which simplifies to 5x + 8y < 600 
e Second machine: 8x +4y =< 10x60 which simplifies to 2x + y < 150 
e ‘At most 3 times as many x as y’ 3y => x 
e non-negativity x, y = 0 

In summary: maximise P= 1.5x + 2.5y 
subject to: 
5x + 8y < 600 
2x +y < 150 

Bil) 22 40 
“%,y20 

Number of type 1 bookcases = x Number of type 2 bookcases = y 
Objective: maximise S = 40x + 60y 
Constraints 

e budget 150x + 250y = 3000 which simplifies to 3x + 5y < 60 
e floor space 15% +12y< 240 — which simplifies to 5x + 4y < 80 

e ‘At most ‘ of all bookcases to be type 2’ y S 4 (x+y) which simplifies to 2y < x 

e Atleast 8 type 1x = 8 

e non-negativity x, y = 0 

Full worked solutions are available in SolutionBank. 



Answers 

In summary: maximise S = 40x + 60y 
subject to: 
3x + 5y < 60 
5x + 4y < 80 

2y <x 
13 2 (6) 

x,y =0 
Let x = number of kg of indoor feed and y = number of kg of outdoor feed 
Objective: maximise P = 7x + 6y 
Constraints 
e Amount of A 10x + 20y <5 x 1000 which simplifies to x + 2y < 500 
e Amount of B 20x + 10y <5 x 1000 which simplifies to 2x + y < 500 -————_______ e Amount of C 20x + 20y <6 x 1000 which simplifies to x + y = 300 
e 

e 

‘At most 3 times as much y as x’ y < 3x 
Atleast 50kg ofx x >= 50 

¢ non-negativity y = 0 (x = 0 is unnecessary because of the previous constraint) 
In summary: maximise P = 7x + 6y 
subject to 
x+2y < 500 
2x +y < 500 
x+y < 300 

y = 3x 
x = 50 

y 20 
Number of A smoothies = x Number of B smoothies = y Number of C smoothies = z 
Objective: maximise P = 60x + 65y + 55z 
Constraints 
e oranges x+ 3Y + 2Z = 50 which simplifies to 2x + y + 4z < 100 

raspberries 10x + 40y + 15z < 1000 which simplifies to 2x + 8y + 3z < 200 
kiwi fruit 2x + 3y +z =< 100 
apples 2x + ty + 2z < 60 which simplifies to 4x + y + 4z < 120 
non-negativity we, ve = OB) 

In summary: maximise P = 60x + 65y + 55z 
subject to: 
2x +y+4z =< 100 

2x + 8y + 3z < 200 
2x + 3y +z =< 100 
4x+y+4z=<=120 

i 8 
Let Use of hours of work for factory R = x Let number of hours of work for factory S = y 
Objective: minimise C = 300x + 400y 
Constraints 
e milk 1000x + 800y = 20000 which simplifies to 5x + 4y = 100 
e yoghurt 200x + 300y = 6000 which simplifies to 2x + 3y = 60 

e ‘At least + of total time for R’ x = x (x + y) which simplifies to 2x = y 

e ‘At least + of total time for S’ y > 4 (x+y) which simplifies to 2y > x 
e non-negativity Gata) 
In summary: minimise C = 300x + 400y 

subject to: 
5x + 4y = 100 
2x + 3y = 60 

24 2y 
2y =x 

x,y 20 

Exercise 6B 

1 

OR ease eon 7S OF TO. 

301 



Answers 

d 

302 

3a + 4y =|24 

5x + 6y = 60 
T Ale Ty Ln 

Zest Om Om LOM 2 Se 

R f 
? 

F 
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w yh 

2=0 
7004 Y 

6004 

5004 

400 - 

x= 200 

x+y =400 

T 4 

0 100 =200 300 ©6400. ~=©500 

Let x represent the number of type A and y represent 

the number of type B. 

y 2y : 
x = 200, 9 fo Sa ee a US BUOY, G 2 

oO 

2000 4 

16004 
x + y = 3000 

1200-5 

800 4 

© =200 

T 7 T + oe \P T > 
O 100 800 1200 1600 2000 2400 2800 ~*~ 

OG AG 
ay =o LO y= =) 

2 ; 4 

by 
AO 

30 
3x + 4y = 120 

O 10 
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Exercise 6C 
1 a Need intersection of 4x + y = 1400 and 3x + 2y = 1200 

(320, 120) m = 760 
Objective line passes through (200, 0) and (0, 400). 

b (0, 400) N=1600 *——— Objective line passes through (400, 0) and (100, 0). 

c Need intersection of x + 3y = 1200 and 3x + 2y = 1200 

(1712, 3428) p=5142 

d= (350, 0) CEZ100 

2 a (0,90) B=90 
b Need intersection of 6y = x and 3x + 7y = 420 

(100.8, 16.8) F=168 
¢ Need intersection of 9x + 10y = 900 and 3x + 7y = 420 

7 (634,328) G=3212 
d Same intersection as in b (100.8, 16.8) H = 201.6 »——— Objective line passes through (120, 0) and (0, 20). 

3 a Need intersection of 3x + y = 60 and 5y = 3x 

(163,10) s=562 
b Need intersection of y = 4x and 9x + 5y = 450 

(1533,622) K=770 
c Need intersection of 3x + y = 60 and y = 4x *—— Objective line passes through (10, 0) and (0, 60). 

4 942 5 (84, 342) L = 852 
d Need intersection of 9x + 5y = 450 and 5y = 3x 

(Cie5nZ275) =O D 
6 ec ad Doe G fA “eB hD iG 4D 
5 Te Oe 7 

Objective line passes through (80, 0) and (0, 60). 

Objective line passes through (40, 0) and (0, 80). 

Objective line passes through (0, 350) and (300, 0). 

Maximum point is (200, 100). P,,, = 2000 

Objective line passes through (0, 15) and (20, 0). 
Intersection of 2x + 3y =60 5x + 4y = 100 

(82, 142) value = 82857 

‘5x + 4y = 100 
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7 a 

wa ie 
Tihs | 

J \ 2x +4 =160 

| | 

i 
\ A (40, 

iy 

il \ 

I l 
iN} 

NNN | ANON 

Cly=x+Yy C, = 2x + 3y 

(objective for d) (objective for c) 

G30 ZY 

(objective for b) 

b  Vertices C=35 ney 

(0, 160) 320 

(40, 80) 280 

(90, 30) 330 

(180, 0) 540 

so minimum is (40, 80) value of C = 280 
ce (90, 30) Gr 20 
d C, is parallel to x + y =120 so all points from A to B 

are optimal points. 

| a 
2 2 i i) i) i 

Se i 
NO 
2 1 LN i eae 
73°43 <— en 

aun IN ?3 108 mn i 
l eae ih D i 

| Wh = i Dn Un 
i ( . ~ i 

! Wi f i a i 

4x + y = 60 

Q=6x+y 

b i (134,65) P=334 

ii (342,174) Q=2218 

304 Full worked solutions are available in SolutionBank. 

9 

by 1 G2os Ge) z= 760 

ii (53,5214) z=7835 

c Optimal point (334, 3334) optimal value of 
x + 2y = 700 

Challenge 
a 

b Gradient of objective line = —3 
Max value of P occurs at the point where the objective 
line is a tangent to the curve x° + y = 10 

Gradient of curve is = = —-2% 

=A i On pO hee alae 
Max? = 3 50105 ee fe (oa 2e2 5 

Exercise 6D 
i 



ae eee Seuserozes itt Ht 

Solving 2y = x and 5x + 4y = 800 simultaneously 

gives (1142, 573) 

Test integer values nearby. 

x 

So optimal point is (114, 57) 
Value 684 

Solving 3x + 16y = 2400 
3x” + Sy = 1500 

simultaneously gives (3634, 813) 

Taking integer point 

Value 808 

with integer coordinate. 

684 press 
ae 

fais.sn| x | 

i263) | 
ics, 525| panne ea | 

So optimal integer point is (363, 82) 

x 

J 

x 

v 

Answers 

2 The table shows points in R on, or close to, a vertex 

Maximum value of P = 167 when x = 13, y = 34 
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3 YA 5 a 5x + 8y < 600 

90 ‘ 2x +y <= 150 

S Yj= 2 BY > x 
800 ry 20 

7004 b,c ay 

\ooo-4 160 

50Q4 140 
\ 400 < ee 

300>—\ 
x 4x + 5y = 4000 100 

2004 ‘ 
%. 

1004 / “x\N% 80 
e\e 

ait Rees tia “A 60 pa l6 10 
. 200 \YOO 600 800 1000 * | (5457, 4041 

3x + 2y = 1800 HQ R x= Sy 

Intersection of 4x + 5y = 4000 and 3x + 2y = 1800 2054 SC 5a + 8y = 600 

gives (1422, 6852 ae 

resting nearby integer points 0} 20 40 20 80 100-120 140 -* 

Points | 4x + 5y < 4000 | 3x + 2y < 1800 | 80x + 60y Objective 
fF 2 1.54 + 2y 

(142, 685) | WA Jv 52 460 
= L A ee : 

(142. 686) J J 52520 Intersection of 5x + 8y = 600 

oe Dis = 150 giving (542, 4012) (143. 685) | e y 52 5A) 2x + y = 150 giving (54,7, 4077] 

(143, 686) | x x — Points 5x + 8y < 600 | 2x+y=<150 | 1.5x + 2y 

So maximum integer solution is 52540 pennies at (94, 40) v L 161 

(143, 689) (54, 41) Zi / 163 

4 a 2x+3y > 60 (55, 40) J J 162.5 
oY =% (55, 41) x x = 

y=o 

x,y 20 So maximum value is 163 at (54, 41). 

b, ¢ 6 a Let x be the number of type 1 bookcases purchased. 

Let y be the number of type 2 bookcases purchased. 
Maximise: S = 40x + 60y 

subject to: 
3x + 5y < 60 

ox + 4y < 80 

2y sx 

N92 (03 

Cay 0 

b 

Intersection of 22 

SO nuniMumM cost 

306 

2 4 6 8 10 TR1416 118 20 22 24 96 28 ° 0.32 oe 

Objective 

ox 4 LOy 

+ 3y = 60 and y = 6 (21, 6) 
6x + 10y 

6x 21+ 60 

£186 

cost C 

Full worked solutions are available in SolutionBank. 

Objective line 5x + 4y = 80 
40x + 60y 



Answers 

Using Method 1 from Example 13 shows you that 2 
the optimal integer solution is (11, 5) giving 740m 
of shelving. 
Using Method 2 gives you the following solution: 
Intersection of 3x + 5y = 60 

5x + 4y = 80 giving (124, 44) 

0.08x + 0.08y < 6.4 sox+y < 80 
cost: 6x +4.8y <420 5x +4y < 350 
Display 30x < 2x 20y 3x < 4y 

ao Sf 

3x + Sy < 60 | 5x + 4y < 80 | 40x + 60y 
2,9 
(2.5 
3.4 
03.9) 

Maximum value is 720 at (12, 4). 

In this instance, the solution produced by Method 2 
is actually incorrect, but it requires a very particular 
set of circumstances to create this discrepancy. It 
is generally safe to assume that a solution found 
using Method 2 will be correct, but do check your 
graph to see whether there could be an alternative 
optimal integer solution. 

e Maximum integer solution is 1950 at (43, 33) so the 
Mixed exercise 6 librarian should buy 43 CD storage units and 33 
1 a flour: 200x+200y< 2800 sox+y<14 DVD storage units. 

fruit:  125x + 50y < 1000 so 5x + 2y < 40 3 a i Total number of people | 
b Cooking time 50x + 30y = 480 so 5x + 3y < 48 54% + 24y = 432 so 9X + 4y = 72 
c ii number of adults x + y < 12 

iii number of large coaches % < 7 

dl PP 300 ale oy 
e Maximum integer solution is £28.50 at (6, 5) so 

Mr Baker should bake 6 cakes and 5 fruit loaves. : 

Fo Prax = £28.50 Objective 
84(4x + 3y) 

c minimise C = 336% + 252y 
= 84(4% + 3y) 

d Objective line passes through (0, 4) (3, 0) 
e Minimum integer solution is 3108 at (7, 3) so the 

headteacher should hire 7 large coaches and 3 
small coaches for a cost of £3108. 

4 a 4x + 5y =< 47 
Y 22% —8 

4y -x-18<0 
eee) 

b Solving simultaneous equations y = 2x — 8 
4x + 5y = 47 

64, 48 
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c i For example where x and y ii (6, 4) 
e types of car to be hired 

e number of people etc 

5 a 25x + 3y < 300 [5x + 6y < 600) 
5x + 2y = 400 

2y = 150 [y < 75] 
b Maximise P = 2% + 4y 

Pacaeunes eee ne | 

1804 
peeps aoa role 

Nise aob tt 
Bub ON ON 0 OS a 

bee Gee Eee 
AR anne 

SanaaE 

MO a 
RSs 0h ss Se 
eae NEE 

0 

cH scl Neer | 
Be Ee 

\ aS 

Maximum integer solution is P = 30 at (30, 75) so 
the company should make 30 plates and 75 mugs 
for a profit of £360. 

d The optimal point is at the intersection of y = 75 

and 25x + 3y = 300. 
So the constraint 5% + 2y < 400 is not at its limit. 
At (30, 75) 5x + 2y = 300 so 100 minutes are unused. 

Challenge 
ar (6023 0%55)) 
b (60, 30, 35) From solving x + y + 2z = 160, x — z= 25, 

y + 2z=100 
(40, 70, 15) From solving x — z = 25, y + 2z = 100, 

where z= 15 

(60, 70, 15) From solving x + y + 2z = 160, y + 2z = 100, 

where z = 15 

(40, 90, 15) From solving x + y + 2z = 160,x -z= 25, 

where z = 15 

(60, 30, 35) 

(40, 70, 15) 

(60, 70, 15) 

(40, 90, 15) 

Optimum value of P is 335 when x = 40, y= 90 and z=15 

CHAPTER 7 

Prior knowledge 7 

ih B= MOS = 
2 24 

3 a 2x+3y-Zz=5 (1) 
3y + 2z=0 (2) 

() x 2: 44 +4 6y— 2z= 10 (3) 

(2) + (3): 4x + 9y = 10 as required. 
Fee Gp ee ia bo f= 32 fa 2 == 
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Exercise 7A 

1 Let x,, x, and x, be the numbers of round, square and 

rectangular boxes respectively. 

Maximise P=12x, + 10x, + 11x, 

subject to: 4a, + 2x, + 3x, +r = 360 
Diy a 3Xy 4 bats = 00 
en TS =U) 

Let x, Xp, X-_ and x, be the numbers of types A, B, C 

and D backpacks made. 
Maximise P= 8x, + 7X, + 6%. + 9Xp 
subject to: 2.5%, + 3%, + 2x, + 4a) + r = 1400 

10x, + 12%, + 8%, + 15xp + s = 9000 
5X, + 7Xp_ + 4%. + 9X + C = 4800 
Xy + Xp t+ Xe + Xp + u = 500 

DO Beane Rey Ubi lly nin hee 

Let x,, x, and x, be the numbers of adults, children and 

senior members. 
Maximise P=40x, + 10x, + 20x, 

subject to: 24, +%.+%;+r=100 
ie Ni Si) 
-2X, +X +xX,+t=0 

Gayle vene sea) 

Let x,, x, and x,, be the numbers of batches of rock 
cakes, fairy cakes and muffins made. 
Maximise N= 10x, + 18x,+ 12x,, 

Subject to: 220x, + 100x,+ 250x,, + r = 3000 
100x, + 100%, + 50x,, + s = 2000 

50x, + 100x,+ 75x, + t = 1500 

Ne sop tries st al) 

Let x,, x,, and x, be the numbers of small, medium and 

large boxes. 
Minimise 

subject to: 
C20 3580 Sa + O82; 

x, + 3x,,+ 7x, = 280 

3x, + 8x, + 18x, = 600 
-X, +X, +x, <0 

—X, + 2x, < 0 

Ge Gee) 

Exercise 7B 

1 

mB Ww I 

: Online ») Full worked solutions are available in SolutionBank. fe De 

(P= axe) WANege =O) Vas vas ad) sol 

P=Z260i when = 07 — 40) ez OF 10) as 0 

Pawlenty — alee) — OS — Oa 

P= 105.5 when x, =, x, = 0, x, = 94, x, = 0,r = 33, 

s=0,t=*2 u=0 

P = -336 when x =0,y=0,z=4,r= 

iO) p= 6 

gona se 0; i= 2=0 7p =O, SS4s7 = tl 

For Q1 

b P+Sxtr+is = 38 

420, s = 84, 

1 eee st t+Y+s5r=3 

iu+z-tr+is=5 

(Piss BYe) Sx -r $s 

so increasing x, r or s would decrease P. 
For Q2 

b P+ia+2r+3s = 260 
1 ee qe ty ters =40 

1 Dene qx +Z+45=10 

c P= 260 -5x - 2r-3s, so increasing x, r or s would 
decrease P. 



For Q3 

b P+8z+ir+3s=11 

4%-5z+2r-45=2 

y+5z-irt+3s=1 

15zZ— 72 2st t= 1 
o 4 4 P i : Ce R—wie 87 Fle 35, so increasing z, r or s would 

decrease P. 

For Q4 
211 i A 1 = b P+ pt2 + 5%, + 5S + U = 

4x, —3x,+r—2s+u= 33 

—p%2 +43 + 3x, +4s—ly = 2 

Oxy - S24 os ++ su = 

as 3 
Ce 2p Ee 5h - 5s U, SO increasing X», #4, $ or 

u would decrease P. 

For Q5 

b P-5x-12y - 2t =-336 

=70 + 3y +r —3¢ = 420 

3x —ly +s 3t = 84 

at +pytz+tt=4 

c P=-366 + 5x + 12y + 2t, so increasing x, y or ¢ 
would decrease P. 

For Q6 

b P-6x-4z-r=-2 

Qxt+yt+sz+gr=1 

e) 1 
X + GX, + $+ 5U = 

-6x% -2r+s=4 
5 3 = 

34 +35Z2-Sr+t=1 

lr) P=-2 + 6x + 4z +7, so increasing x, z or r would 
increase P. 

Soja Oy 0, 75 

b 3x+4y+r+P=3 

9 a P-x+2y-2z=0 

b 

oY Pap wien a =O, 7= 0,2 = 1, 7 =O,S= 0, ra" 

Exercise 7C 
i a P=39 when «= 13, y= 0 

b P=148 whenx=0,y=9 

2 a 2x+ 3y+z= 80 
4x + 2y + 3z <= 140 
3a + 4y + 2x < 96 

b «20,y20,z20 
The most negative value in the objective row is —6, 

so the pivot is in the z column. The smallest positive 

¢ value is 46, which is in the s row. So the pivot 

value is 2 in row s, column z 

Qa 

Answers 

Basic 

variable 

This is an optimal solution. Examining the profit 
equation, increasing x, s, or t would reduce profit, so 
this solution is optimal. 

P=756 -x- 38-4 
GO v=O,4= il e=2e 

Exercise 7D 

1 a Max P=30whenx=15,y=0 

b Min C=-2 whenz=¥#,y=4,2=0 
@ Max P=24 when 7=0,y=0) z= 12 

2 Applying the first stage of the two-stage simplex 
method produces the following tableau after one 
iteration. 

There are no negative values in the bottom row, so the 

maximum value of / is -2 + 0 and there is no feasible 

solution. 

3 a i Surplus variables represent the amount by 
which the actual quantity exceeds the minimum 
possible value of that quantity. 

ii Artificial variables are added to = constraints so 

that s = 0 and a basic feasible solution can be 

obtained. 

b There are no negative values in the bottom row of 
the tableau so it is optimal, and /= 0, so there is a 
basic feasible solution. 

c (Initial tableau interpreted from question) 

Basic 

variable 

$s; 



Answers 

(2nd iteration) 

18) 2 1D, Sy = 2 = 2S 8) 0 

Exercise 7E 
1a a0 

b The pivot is the 2 in the z column. The most 
negative value in the P row is ns the z column and 
the smallest @ value is given by & oe 

c Inthe next iteration, a, remains as a basic variable 

# 0 so this cannot represent a feasible solution. 1 

“a+ 3y+2Zz+s,=100 
3x -—Y + S.= 52 

x -—S,+a,= 20 

M is an arbitrarily large number. 
The pivot is the 3 in the x column. 
The constraints include a mixture of < and = 
3x -—yt+s,=110 
x+ 2y-S,+a,=45 
Minimise C = 4x + 3y 
Maximise D = —4x — 3y — Ma, 
D = -4x - 3y — M(45 — x - 2y + Ss) 
D+x(4-—M) + y(3 - 2M) + Ms, = -45M 

signs. wo 

oPf aes 

lr) 

ai 

3x+Y+2Z-S,+a,= 24 

b P=3x+ 5y-—z-Ma, 
pi tal ream ey 3 

— (3 + 3M)x — (5 + My — (2M - 1)z + Ms, = -24M 

) Full worked solutions are available in SolutionBank. 

Sieh, = SSS) = 

Mixed exercise 7 
a_ There are no negative numbers in the profit row. 

b P+3x+2r=840 
so P = 840 - 3x -Gr 
Increasing x or r would decrease P. 

c i Maximum profit = £840 
ii Optimum number of A = 0, B = 56 and C= 75 

a Maximise P= 14x + 20y + 30z 
subject to: 5x + 8y + 10z+r=25000 

5x + 6y + 15z +s = 36000 
where r and s are slack variables x, y, z,r,s = 0 

Pept [i [0 
Pea fe [a [a 
pe fee po Po [2 Treo 

rset 

A | Ri=4 | oa: 

2 a 2300 | R2-2 

74000 | R3 +8R1 

b 

a 

ERKACIES CIE 
Pe Pe [aro [ae | [ree 
Ci = |600 y= OR — 22,00 

ii Profit is £744 

iii The solution is optimal since there are no 
negative numbers in the profit row. 

a tat+y+D2zy> -x+4y-z=<0 

60x + 100y + 160z < 2000 = 3x + 5y + 8z < 100 
s=0 y2=0 220 

b S=2x+4y + 6z 
c There are three variables. 
d Writing inequalities as equations: 

—% + 4y-z+r=0 
3x + 5y + 8z2+t=100 

S- 2x -4y-6z=0 
Enter coefficients to get initial tableau. 



e Pivot is 8 in initial tableau. 

Row 
operation 

R1 + R2 

R2+8 

#]ee | oo} | ao}— 
R3 + 6R2 | 

a 

Row 
Value we 

operation 

ay 926 + 4? 
37 on Rl 45 

ES 30 6 5 1022 | R2-45R1 
Sl} 

telh joo] N 
7522 | R3+41R1 

g There are no negative numbers in the objective row. 
h Osmall, 2 medium and 11 large tables (seating 74) 

at a cost of £1960 
a 0.05x + 0.08y = 20 > 5x + By = 2000 

ta + Ay <48> 3x + 2y = 720 

c Optimal solution x=1252 y= 1712 

Integer solutions needed, so point testing gives 

Be AXoy = AUG 
d_ The first point is A if y is increased first 

The second point is C 
a 54x + 72y + 36z < 1800 = 3x + 4y + 2z <= 100 

60x + 36y + 48z < 1500 = 5x + By + 4z< 125 
P=12x + 24y + 20z 

Ajo 

Row 

thane operation 

25 R1+4 

50 R2- 3R] 

600 |R3+ 24R1 

Value HOW | 
operation 

R1 + 5R2 

R3 + 8R2 

e There are no negative numbers in the profit row. 

f TypeA=0 TypeB=15 Type C = 20 

Profit = £760 

a Maximise P = 14x + 12y + 13z 

subject to: 

Carving Qn + 2.5y + 1.52 < 8 = 4x + Sy + 3z <= 16 

Answers 

Sanding 25x + 20y + 30z S 120 
=> 5x + 4y + 6z < 24 

r and s are numbers which indicate the slack time. 
P- 14% -12y - 13z=0 
4x + 5y+3z+r=16 
5x + 4y + 6Z+5 = 24 
Use these equations to create the initial tableau. 

From a zero stock situation we increase the number 

of lions to 4. We are increasing the profit from 0 to 
£56. 

34+ 2y+s,=15 
2x + SY + S, = 20 
Y—S,+a,=2 

Maximise / = -a, = y — $3 - 2 

I=0, a, = 0 as required 2 the first stage. A basic 
feasible solution for the second stage is P = 6 when 
3, = lil, Sys IOs 2 

The x column contains the most negative value in 
the P row. 

The 6 values are = 70, #° = 180, 3° = 75 

The pivot is 1 in the « column and the a, row. 

Row 

operation 

10 

1 Ta [no ena | 
[70 
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Answers 

P=300 whens = 10,7 = 11052 = 0) s; = 10; 

Ss 35 = Oy = (0) 
Optimal since values in bottom row all positive. 

9 a Not feasible since a, = 8 #0 
b The pivot is the first 2 in the « column. « column 

has the most negative P row and 2 gives the 
smallest positive @ value. 

10 a The basic simplex method can only be used if all 
the non-negativity constraints are <. As z > 200 we 
have to use non-basic variables. 

Dea 6 00 RYO a2 00 
c M represents an arbitrarily large number 
d P-100x - (80 + 4M)y — (60 + 6M)z + Ms, + Ms, 

= -1200M 

e The most negative value in the objective row is 
—(60 + 6M) in the z column 

The smallest positive @ value for the z column is 
200 in either the a, or a, row, so either the 1 or 5 
can be used as the pivot value 
Divide all elements in the chosen pivot row by the 
pivot value 
Use the pivot row to eliminate the pivot’s variable 
from all other rows, such that the pivot column now 
only contains 1s and Os 
Repeat until there are no negative values in the 
objective row 

Challenge 

[Pres Ao), when x =3,y = 

312 ' Full worked solutions are available in SolutionBank. 

CHAPTER 8 

Prior knowledge 8 

1 Route: AC CE ED DB, length: 20 

Exercise 8A 
1 One possible solution is 

Activity Depends on 

A — 

B A 

| a TS 
ie 6 

E D 

F E 

G F 

Another possible solution is 

Activity | Depends on | 

EERE 

iS 

Ae 

; 

N x ~ 



é 1 
Exercise 8B 
il Ae 

Activity 2, 

2 a The dummy shows that activity F depends on 3 
activities B and D, whereas activity G only depends 
on activity B. 

1 

2 

b 

Answers 

1st dummy. 
S depends on P only. 
T depends on P and Q. 
2nd dummy. 
So that S and R don’t share a start and end event. 

Exercise 8C 
x is the largest of 7+ 5 =12,5+8=13 and9+5= 14. 
x=14 

Wi [aap 

= Mi, As ©) 

Exercise 8D 
B= 3, i= 10,2 = Ue 

a 
b 

fer) 

The critical activities are B, H, H, J and N. 

I, even though it connects too critical events the 

duration of / can be increased by up to 14 hours 
without affecting the total time. 

7+14 14 
The critical path is B- F- F-I. 

313 



Answers 

Bm = iO ja it¥ 9) 
Total float=3=15—y—a 

y 
Minimum value of c= 10+ 2 = 12 
Maximum value of total float of R= 19-4-12=3 

= Hj = NO), z= ie 
AD ean Cel 

Total float is 5 days 

iS) 

ame ao 

Exercise 8F 

111213141516 17 18 1920 
| 

ar 

c Critical path: B- &-J/-L —- length 21 days 

Exercise 8E 

ante 

103-027 
15-8-6= 

14-4-3=7 
2055 14= 

22 awh a7 
28-8-19= 
DDO 
20 eee ll 

314 ' Online ) Full worked solutions are available in SolutionBank. ee 



Answers 

aw=26 %x=29 y=34 7=26 
b Critical activities: B, FE, H,M,O 
c Total float for G = 26-5-13=8 

Total float for N= 39-5-29=5 

d 01 2 3 4 5 6 7 8 9 1011121314 15 1617 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 
aa ‘eal =e Tat T ae 

1 Gael @ ja 
2 E,G 
3 78 9 101112 13 1415 16 17 18 19 20 21 22 23 24 25 26 

See eee ee 

B,D and E may be happening at midday on day 5. 

b Only A must be happening at midday on day 7. 

AO Sipe 25,2520 

DB anil 

c A max float 7 

C max float 7 
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e Yes, activity / can start on day 22 and the project can still be completed on time. 

Exercise 8H 

S
o
o
d
 

O
N
!
 
(
4
 

SIOYIOM 

On BERe 45 6 ww S29 10411213 14915 16 1718. 19:20 2122 

Days 

b 3 workers 

SIOYION. 

OM 2 3456. 7 8 9 LOU 213.1415 16.17 1819 20 2122 

Days 

b 5 workers 

SIOYION, 

ON 235455 67 8 MONT A? 1S a6 17 1819 20.2122 

Days 

5 workers are needed. 
b Delay starting Activity H until day 16, project does not need to be extended. 
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p Peer serine a [ Bi 1 , 6 M | me fey rae 
5 GGiGps|M| || Nate eet 
& 4(CIcICciclFlFiFluiK HIAlH|AIALAININININININ] ||| [it = 3|e|B/B/B Bele ele|KIC Lc eel ii fiir iri rz r[NiNinin| [PPP IPIPIP IPP LP 
2|4/A\4/4/Al4/A|AlAlD[D dD Diplo i ririr|r r{7| 1010/0 ofo|P PPP PPP PP 
1 {AlAlalalalalalala[p[p[p[plplpi ri rir ririr[rirfolololololp pip|P PlP|PlPlP 
0123 4 5 6 7 8 91011 121314151617 18 19 20 21 22 23 24 25 26 27 28 29 3031 32 33 34 35 36 37 

: ee float on activity V is only 1 day, so delaying it by 2 days would cause the project to be delayed. 
ours 

Exercise 81 

1 a $=2.9... so, lower bound = 3 
b 2 hours is less than the total float for activity B (3 hours). 
ce Activities Jand H 

d 0.1 2 3.4 5 6 7 8 9 101112131415 161718 19 20 21 22 
ue idee sop id i 

4 workers are needed to complete the project in 22 hours. 

Za Owe 23 4 5657 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 

CS Ue eS eee aE | 

be] | 
ahaa PSL Te L| | 

ieeal [ | 4 

| lial 
aiee calatbaroelee | 

re neee 

x [ea a ee Sal ais 

DOs ds) 3 4 amore so) 1001 12.13 14 1516 tel 22 23 24 25 26 27 28 29 30 31 

3 workers are needed to complete the project in the critical time. 

Answers 

S17. 



Answers 

3 The minimum time to complete the project using two workers is 25 days, using the following schedule diagram. 

OW lez S450 (89 LOMAS AS e6n Sor Z Oe Zero si 

| | 

EER VEE AS ERR Ae Sees 
ee ; 
L ne Casi ccallyes ail 

Mixed exercise 8 
1 a Activity D depends on activities A and C, whereas activity / depends only on activity A. 

This shows that a dummy is required. 
Activity J depends on activities G and /, whereas activity H depends only on activity G. 
This shows that a second dummy is required. 

b Dummy 1 is needed to show dependency. 
F and F depend on C and B, but D depends on B only. 

Dummy 2 is need so that each activity can be uniquely represented in terms of its event. 

b There are two critical paths: 
A-C-G-I-MandA-C-H-K 

The critical activities are A, C, G, H, 1, K 

c Total float on Dis 21-5-14=2 

Total float on Fis 42 -20-14=8 

318 Full worked solutions are available in SolutionBank. apc 
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| 

Gh @ 24 6 8 1012 14 16 18 20 22 24 26 28 30 32 eG 38 40 42 44 46 48 50 52 54 
Ce me Mer TTT errr ery | i 

e Day 15: G 
Dave25aGa link. ke 

4 a Jdepends on H alone, but L depends on H and / 

c Total floaton D=20-7-8=5 

Total float on F = 20-11-9=0 

Total float on F = 29-5-8=16 

ah 
Geo aM 

K 

cs = 2.5 so 3 workers 

f Forexample 0 2 4 6 8 10 36 38 40 12 14 16 18 20 22 24 26 28 30 32 34 

eum) wor 4 ts 

Answers 
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Answers 

320 

The critical.paths are: A-E-H-KandA-E-L 
A critical path is a continuous path from the source node to the sink node such that a delay in any activity results in 
a corresponding delay in the whole project. 

Sum of all of the activity times 110 

critical time of the project 30 

Lower bound for number of workers is 4. 
ID eh, th, Ii tt 
The answers to part e show that at least 5 workers are needed on day 20 in order to complete the project in the 
minimum time. 

On 27 3 475 Gy (89 1011 1213 14 1s 16 117 18 12.2021 22 23 2425 26 27 28 29 30 
i ici a) ual BE Occ 

| 1 i T 1 T 

ee | fot 4 

este 

|23|24|25/26|27|28| 

“Yi Full worked solutions are available in SolutionBank. 



SIOYION, 

Days 

EEE EE VK KGS KG KG 

Je SEN IE SEN TENE Te 

DED DAD IND \ ie iia En 

CNGRG (Gi | GaGanG 

Sonae 
| | 

eect 

i RI 

CaGG GIT sl TT mien 
G1 21304 5 6 7.8 9 10 11 12 1314 15:16 17 18 19 2021 22 23.24 25 26 27 28 

K 

F 

G 

| 

Ge COR CECE CGE KG 

AAA AA A|D D 

SIOYLOM, 

Days 

b B-E-H-KandB-E-H-J-L 

O15? 345 6 7 8 9 LOdL 12 Ie 15 Te 171s 
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Answers 

d 9 
8 |A|AIA 
7 |A\A\A —|DID 
6 |A|A|A DD DDD LIL 
5 |ala|A[p|p|DIclc E TSU 
4|BB BB BB CC E\E E I i 
3|BBBBBBCCC E|E|B\E|E|E Agee 
2|B BB BB Bic|cl|c i|E|E E\E|E Eli] 7) 1K] K|K| 
1|BlBlB|BlBlB|cicic GIE\E|E/BEIEIB| IT 1|KIKIK 

O11 23.456 7-8 9 10 14 12 13 14.15 16 17.18 19. 20.21.92)93 94 

Challenge 
a A, D, F critical. Total floats are B: 2, C: 8, BE: 8 
b i Reduce F by 3 days and D by 1 day, total cost £650. 

ii Reduce F by 3 days, D by 4 days and B by two days. Total cost £1450. 
c 27 days. Activity E has already been reduced by 2 days, and critical path is now ACE. No further reduction possible on 

critical path so no further reduction in total project time possible. 
d P=100y, + 200y, + 400y, + 1504, 
GO a 2112 

X+Yp = 25 
%3 — XY = 19 
%4— 4, = 8 
Xs —%4e+Yp=9 

%; —%3 + Y, = 10 

dix — btn = (0) 

Yz <8 
Yp = 10 

Ye S2 
Yp = 3 
ie SDE 

X1, Xz, X3, X4, Xs YB Yos Yes Yr = O 

Review exercise 2 
1 a Chemical A: 5x + y = 10 

Chemical B: 2x + 2y = 12, which simplifies to x + y = 6 
Chemical C: $4 + 2y = 6, which simplifies to x + 4y = 12 

2x + 3y 

Us Aho se BU) 
(4,2) T=14 

Maximise P = 300% + 500y 
Finishing 3.5% + 4y < 56 > 7x + 8y < 112 (0.e.) 
Packaging 2% + 4y < 40 = x + 2y < 20 (0.e.) 

bt 

Sse a0 

322 ) Full worked solutions are available in SolutionBank. . 
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For example, Point testing 
e test all corner points in feasible region 
e find profit at each and select point yielding maximum. 
Profit line 
e Draw profit lines. 

e Select point on profit line furthest from the origin. 
Using a correct, complete method. 
make 6 Oxford and 7 York, profit = £5300 
Finishing time required = 49 hours, so reduce finishing time by 7 hours. 

Objective: maximise P = 30x + 40y (or P = 0.3x + 0.4y) 
subject to: 

x+y = 200 
x+y <= 500 

r= weyls4eey 100) 

a <0 (w+y) => 3x <2y 
x,y 20 

c Visible use of objective line method — objective line drawn or vertex testing 
Vertex testing 
(40, 160) — 7600 
(80, 120) — 7200 

(100, 400) — 19000 
(200, 300) — 18000 P des 
Intersection of y= 4% andx+Y= 
Maximum ee of £190 at (100, 400), so ‘Decide’ should make 100 Badge 1 and 400 Badge 2. 

Answers 

5238 



Answers 

Lt 

at ayn 
Visible use of objective line method — objective line drawn or vertex testing. 

Minimum cost is £254 at (32, 35) so Becky should make 32kg of bird feeder food and 35kg of bird table food. 

Visible use of objective line method — objective line drawn, or vertex testing. 
Maximum profit is £32 at (8, 4) so Becky should make 8kg of bird feeder food and 4kg of bird table food. 

Objective: maximise P = 0.4% + 0.2y (P = 40x + 20y) 

subject to: 
~ = 6.5 
y<8 
xt+y=12 
y = 4x 
x,y20 
Visible use of objective line method — objective line drawn [e.g. from (2, 0) to (0, 4)] or all 5 points tested. 
vertex testing 

((O, 0) — 0; (2, 8) — 2.4; (4, 8) — 3.2; (6.5, 5.5) — 3.7; (6.5, 0) — 2.6] 
Optimal point is (6.5, 5.5) > 6500 type X and 5500 type Y 
P = 0.4(6500) + 0.2(5500) = £3700 

Maximise P= 50x + 80y + 60z 
subject to «+y+2z < 30 

x+2y+z=< 40 
34+ 2y+z=50 

where =O 
The solution found after one iteration has a slack of 10 units of black per day. 

Piel |: 
Paola = ae 
ee 
De [ato Do [ast [ato [aay [nam _| 

ii Not optimal as there is a negative value in the profit row. 

Hie —10) y = 162 z= 65 

PEs r=0) S=aO) G=i10 

Objective: Maximise P = 4x + 5y + 3z 
subject to 3x + 2y+4z =< 35 

a+ 3y+2z< 20 
2x+4y + 3z < 24 

where 60, 4 =) 

wile fwle 

b P=47 24 =licy=22=0;r=0)s=(7,0=0 

324 Online Full worked solutions are available in SolutionBank. 
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Answers 

. 3 . . is 5 . . There is some slack (7 7) on s, so do not increase blending; therefore increase processing and packing which are both at their limit at present. 
x+2y+4z< 24 
i x+2y+4z+s5=24 
ii s(>0) is the slack time on the machine in hours. 
1 euro 
Profit=3leuros y=7 z=2.5 x=r=s=0 
Cannot make } a lamp. 
e.g. (0, 10, 0) or (0, 6, 3) or (1, 7, 2) checks in both inequalities 
2.5% + 10y + 15z < 300 > x + 4y + 6z < 120 
10x + 20y + 50z < 1000 > x + 2y + 5z < 100 
P= 10x + 20y + 28z 

ousreuin 

R1+4 

R3 + AN | 

b.v. ie t Io erst ea Value | Row 
operation y 

y 1 | = | $°! -$-l° 10 R1 - 4R2 

ee ee 
P 0 0 22 0 10 | 1000 R3 + 5R2 

This tableau is optimal as there are no negative numbers in the profit line. 
small 80, medium 10, large 0, profit £1000 

The constraints include a mixture of < and = variables. 
x+y+2z+s,=10 
%+ 3Y+Z+5S,=15 
2X+Y+Z—-S3;+a,=12 

The final row represents the new objectives function needed for the first stage of the two-stage simplex method. 

There are no negative values in the bottom row, so the optimal value of / is O when a, = 0. 

There is a negative value in the bottom row. 

eS in P 

BPN ] NR es 

~| 

23 Pe 5 25 The maximum value of P is a = 147 which occurs when x =>, y==,z= 

329 



Answers 

11 a x+2y+3z+s,=18 
3x+Y+Z-S,+a,=6 
2x + 5y + Z— $3 + A, = 20 

b New objective is maximise / = —(a, + a,) 
-a,=3x+y+zZ-s,-6 
-A, = 2x + 5y+z-S8,- 20 
In terms of non-basic variables, the new objective is maximise / = 5x + 6y + 2z — s, — $s, — 26 

Ce Oe 

Seg Te | 
Se Dela) 

Hon 
| 

Ee 

Basic feasible solution is x = 19 oe 0,s,= 38, 3-9 17> — 
12 a 3x+2y+z+5,= 24 

5x + 3y + 2z+s,= 60 
G=S,4+0,=2 

b P=x+3y+4z-Ma, 
=x+3y+4z-M(2-x+s8;) 

P=x(1+M)+3y+4z-2M-Ms, 
P-(1+M)x - 3y - 4z+ Ms, = -2M 

326 (oN Full worked solutions are available in SolutionBank. fe Se 



13 a 

All entries in the P row are non-negative so the tableau represents the optimal solution. 
x=2,y=0,z=18,s,=0,s,=14,s,=0,a,=0 
4x + 3y + 2z+ 5s, = 36 
topaz S552 
Weseii—= Se 38 OF = 10) 

Maximise P = —2x + 3y — z — Ma, 

=-2x + 3y-z-M(10-x-y+s,) 
= x(M — 2) + y(M + 3) -z- 10M - Ms, 

Rearranging gives 

P—(M - 2)x —-(M + 3)y+z+Ms, =-10M 

+e ales aa ele 

a) 

“|e -|- 

Maximum value of P = 36 

Minimum value of C = —-36 

(ihis occunsnwienen — Oni l2ns — Ons — Ons esa — 2 

b For example / and J depend only on £. H depends on C, D, # and F. 

Answers 

BA 
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b 

17 a 

a0 

18 a 

328 

K 
D will only be critical if it lies on the longest path 

So we need 13 + x to be the longest, or equal longest 
13+%215 

i = 2 

Total float on A = 20—0-—5=15 Total float on H = 27-19-4=4 

Total float on B= 10-0-10=0 Total float on /= 22 -19-3=0 

Total float on C= 22 -O0-11=11 Total float on J= 35-18-3=14 

Total float on D= 20 -10-8=2 Total float on K = 27 - 22-5=0 

Total float on F = 27 -10-10=7 Lotal floatomL = 35— 27 = = 0 

Total float on F=19-10-9=0 Total float on M = 35 - 22-4=9 

Total float on G=27-18-7=2 
Critical activities: B, F,/, K and L length of critical path is 35 days 
New critical path is B, F, H, L length of new critical path is 36 days 

0) 

Gat [latest out of (3 + 2) and (5 + 2)] 
i) [earliest out of (13 — 4) and (19 — 7) and (16 — 2)] 
Length is 22 
Critical activities: B, D, E and L 

On ‘-) Full worked solutions are available in SolutionBank. oe 



20 

c i Total floaton N= 22-14-3=5 
ii Total floatonH=16-5-3-=8 Toten ; $e soa pea a it shows dependence but it is not an activity. G depends on A and C only but H and / depend on 

So Cn ELIE NG df hovel Ib Cc C—I1 
B Ss Sa 

E—FO 

d Total floatonA=11-0-9 

Nota oatonw) — lil 3 7 
Total floaton G = 18 —11 — 

e @ 2 4 6 8 NO DW Ne iN, SS AO BE DS AD) 

| cae 
L He a 4 sah i £21 

a Critical activities are B, F, J, K and N, length of critical path is 25 hours, / is not critical. 

b Tota! floatonA=5-O0-3= 

Total float on C=9 -0O- 

Total float on D= 11 - 3 

Total float on H =9 - 3 - 

Total floaton G=9-4- 

Total float on H = 16-7 

Total float on/=16-9-5=2 

Total float on L = 22-11-4=7 

Total float on M = 22 -16-2=4 

Total float on P= 25-18 -3=4 

Sig SS ht i Rone ll eo aS 

on 

we) 

Answers 
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Answers 

Workers 

b 16 days, 7 workers 

c Delay the start of H until time 13 

d 3 days 

22a) 

b 

c ADFIKN 

d 

2 
o 
eA 

5 
= 

0 2 4 6 8 10) i) i ome aioe 
Days 

e 4 workers 

f e.g. delay the start times of: 4 to time 4 
G to time 7 

FH to time 12 

J to time 10 

L to time 13 

M to time 16 

330 » Full worked solutions are available in SolutionBank. oat: 



b A, CE, H, J, K and L 
c Total float=35-17-14=4 
d Either 226 ~ 87 = 2.6 (1d.p.) so at least 3 workers needed 

or 69 hours into the project activities J, K, and M must be happening so at least 4 workers will be needed. 

0 5 Sl eS ac ei aR e 

Se 

Critical activities: A, C, F and H; length of critical path = 21 
Total floatonB=10-5-4=1 
Total float on D=12-9-2=1 

Total float on B = 21-12-7=2 

Total floaton G=21-9-8=4 

| 

i | 

Minimum time for 2 workers is 24 e 

a 



Answers 

Challenge 

1a 

d 

24 
5 Optimal values x = y = 

Bes ON 0) Ah SID ee 
fo =! 5), i) Gh eS 1? = 2h) 

w= a4 = Ps 2H 

If the gradient of the objective line is similar to the gradient of a constraint that runs through the optimal vertex, then 
the optimal integer solution may not lie close to the optimal vertex 

2 Number of variables > 2 so must use simplex method not a graphical method. 
Ye lA, 2 =2Z= 0 

C= -36 

Exam-style practice (AS Level) 

la 

332 

21 16 11 ae) 18 15 Ze) 10 

For a list of n items: 
The 1st pass requires (nm — 1) comparisons. 

The 2nd pass required (n — 2) comparison. 

The process continues until the final pass, which requires 1 comparison. 
The total number of comparisons is 
14273 + o.Pn=2)4 (n= 1) 

This is an AP with sum > (7 = 11) 

Thus the bubble sort has quadratic order. 
2 

0.018 x (| = 7.2 seconds 

This is an estimate only because the time taken is not directly proportional to n2. This is used as an approximation. 

) Full worked solutions are available in SolutionBank. eos 



Answers 

Quickest route: AEFCGHI Time required: 30 minutes 
b New quickest route: AEHI (or AEFHI) Time required: 31 minutes 
Maximise 24x + 32y 

Subject to: 2% + 3y < 100 
8x + 11ly = 240 
OG 12y = 320 
x2=0,y20 

a Odd nodes A, £, F, G 

Pairings: INSANE; vee Nil = 240) 
AF+EG=5+16=21 
AG + EF=6+4=10 

The sections that need to be traversed twice are AG and EF. 

Total time required = 144 + 10 = 154 minutes 

FG = 12, Route via A =11, this is shorter so repeat FA and AG 

ec 158-144-11=3 

Activity Immediately preceding 
activities 

A 

b The dotted lines represent a dummy activity showing that activity H depends on activities B and C whereas activity E 

depends on activity C only. 

eyo i) 



Answers 

d 

e 

The critical path is CEFGI. 

Total float for activity D is 17 - 5 - 4 = 8 hours 

Exam-style practice (A Level) 
1a Starting with AB means that H cannot be included without repeating either B or A. 

b AHBCEFGDA 

334 

AB(1), AG, BF, BG, CD, CF 
AB(I), AG(), BF, BG, CD, CF 
AB()), AG(), BF), BG(I), CD(O), CF 
AB(I), AG(), BF(D, BG(), CD(O), CF) 
The graph is planar. 

een aes OS Tot Ale aot ee. iG 

42 36 41 47 i Ss moo ee Wel 24 OG 

4? AAT 36 Bi) 18 2 es) 16 

42 31 18 24. 46 

18 16 

18 

All of the numbers have now been selected as pivots, so the list is in order. 

18 
Bye all AE Ne 
47 42 41 36 16 

5 reels are required. 

5000 log 5000 

800 log 800 
This is only an estimate because the time taken is only approximately proportional to nlogn 

0.034 x = 0.27 seconds 

) Full worked solutions are available in SolutionBank. 



a0 

of 

A network is semi-Eulerian if it has exactly two odd nodes. 
The odd nodes are A, B, C, D, E, F 
Possible pairings: AC + DF = 10+ 10 = 20 

AD + CF=11+9=20 
AF CDi = 2+ 10 12 

Minimum length = 72 + 12 = 84 miles 
AF, CD 
Possible pairings: AB+DF=4+10=14 

AD BE = Vi 45'= 116 
AF + BD =2+13=15 

The route is extended by 14 — 12 = 2 miles 

Dijkstra’s or Floyd’s Algorithm 
Arc CA 
1st iteration (no change) 

22, ABCE 
12x” + 30y < 240, ie. 2x + 5y < 40 

; Be 
12x + 30y < 2(5x + 20y), ie. % < Sy ory 2 = 

5 
5a + Sy = 55, ie.x+y211 
6x + 12y = 96, i.e.x + 2y = 16 
y ie , 

10 

wo FD Cw 

i = = 

CAG Se O14 168183 200% 

= 40 

Answers 

635 



Answers 

c : 

Vertex. || (atoms) G6) (2, 2) Ta 
Profit £153 £166 | £139.43 

So Angie should make 5 mini-packs and 6 mega-packs 
and the corresponding profit will be £166. 

£162.67 

So 4 workers are required. 
Delay the start of activity 7 by 2 days and the start of activity J by 2 days. 

7 a The purpose of the first stage is to provide a basic feasible solution as a starting point for the second stage. 

lor) 

The pivot is the 3 in the y column. 
Cn oO whenny —slOMy ia Ome 0) 

326 Gi Full worked solutions are available in SolutionBank. 



activity networks 223-4, 226-8, 230-1, 

236, 238-9, 244 

critical activities 232-4, 236, 238 

see also critical path analysis 

adjacency matrices 41 

algorithms 1—28, 52-84 

bin-packing 16-19 

bubble sort 10-12, 21-2, 23 

Dykstra’s 66-71 

Egyptian multiplication 4 

flow charts 6-8 

Floyd’s 73-7 

Kruskal’s 53-6, 107 

nearest neighbour 118-20 

order 21-3 

passes of 10 

planarity 43-6 

Prim’s 57-8, 60-3, 107, 118 

quick sort 13-14 

route inspection 89-98 

run times 21-3 

Russian peasant’s 4 

simplex see simplex algorithm 

in words 2-4 

arbitrarily large number 205, 207 

arcs 

activities on 223 

see also edges 

artificial variables 199-203, 205, 207-11 

backward pass (scan) 230 

basic feasible solution 183, 186, 199 

basic variables 183, 199, 211 

Big-M method 205-11 

bin-packing algorithms 16-19 

bubble sort algorithms 10-12, 21-2, 23 

Chinese postman algorithm see route 

inspection algorithm 

columns, Prim’s algorithm 60-3 

complete graphs 39 

constraints, linear programming 139-70, 

172-4, 188 

contraction 50 

critical path analysis 221-58 

critical activities 232-4, 236, 238 

critical path definition 232 

dummy activities 226-8 

early event times 230-1, 232-3 

float of activity 236, 238 

Gantt charts 238-40, 242, 249 

late event times 230-1, 232-3 

project modelling 222-4 

resource histograms 242-6 

scheduling diagrams 249-52 

see also activity networks 

cycles 

graphs 35 

minimum spanning trees 53-6 

decision box 6 

decision variables 139-40, 172-3 

degree, of vertex 34, 86-7, 89-92, 94-6 

dependence tables see precedence tables 

digraphs 36 

Dikstra’s algorithm 66-71 

directed edges (arcs) 36, 70-1 

distance matrices 41—2, 60-3, 104 

distance tables 73-7 

dummy activities 226-8 

early event times 230-1, 232-3 

edge set 34 

edges (arcs) 

graphs 30, 32 

minimum spanning trees 53-6, 57-8, 

60-3 

Egyptian multiplication algorithm 4 

equations, linear programming 174 

Eulerian circuits 86 

Eulerian graphs 86-7 

Euler’s handshaking lemma 36 

even degree 34, 86-7, 89-92, 94-6 

event times 230-1, 232-3 

events 223 

feasible regions 139, 145-7, 149-58, 

163-5, 176 

feasible solutions 139 

final vertex label 66 

first-fit bin-packing algorithm 16, 17 

first-fit decreasing bin-packing 

algorithm 16, 18, 19 

float of activity 236, 238 

flow charts 6-8 

Floyd’s algorithm 73-7 

forward pass (scan) 230 

full-bin packing algorithm 16, 18-19 

Gantt (cascade) charts 238-40, 242, 249 

graphs 29-51 

complete 39 

connected 35, 86—7 

Eulerian 86-7 

isomorphic 39 

linear programming 145-70 

matrix representation 41-2 

modelling with 26-8 

planar 43-6 

semi-Eulerian 86-7 

simple 35 

spanning trees 38 

theory 34-6 

trees 38 

Hamiltonian cycles 35, 44, 46, 103, 

114-17 

inequalities, linear programming 139, 174 

initial upper bounds 108-12 

instruction box 6 

isomorphic graphs 39 

Kruskal’s algorithm 53-6, 107 

late event times 230-1, 232-3 

linear order 23 

linear programming 138-70, 171-220 

formulating problems 139-43, 172-4 

graphs 145-70 

optimal point location 149-58 

solutions with integer values 162-5, 

196-7 

see also simplex algorithm; simplex 

tableaux 

lists, sorting 10-12 

loops 35 

lower bounds 

bin-packing 16, 17, 19 

critical path analysis 251 

travelling salesman problem 103, 114-17 

matrices 41-2, 60-3, 104 

maximum points 152 

minimum connectors see minimum 

spanning trees 

minimum points 152 

minimum spanning trees (MST) 53-6, 

57-8, 60-3 

lower bounds 114-17 

RMST 114-16 

upper bounds 107-12 

modelling, with graphs 26-8 

modulus function 5 

MST see minimum spanning trees 

nearest neighbour algorithm 118-20 

networks 29-51 

matrix representation 41-2 

with more than four nodes 94-6 

route inspection algorithm 89-98 

undirected 105 

weights 89-92 

nodes 

events as 223, 230 

see also vertices 

non-basic variables 199, 205, 208, 210 

objective function 139-40, 149, 156, 173 

maximising 140, 149, 173, 186, 197 

minimising 140, 149, 173, 186 

objective line method 149-58 

odd degree 34, 86-7, 90-2, 94-6 

optimal integer solutions 162-5 

optimal point location 149-58 

optimal solutions 16, 17, 19, 139, 186 

order 

of algorithm 21-3 

of vertex see degree 

paths 34, 35 

pivot column 183, 188, 191, 201 

pivot row 181, 188, 191, 193, 201 

planar graphs 43-6 

planarity algorithm 43-6 

precedence tables 222-4, 226-7 

Prim’s algorithm 57-8, 60-3, 107, 118 

3ST 



quadratic order 22, 23 

quick sort algorithms 13-14 

residual minimum spanning trees (RMST) 

114-16 

resource histograms 242-6 

resource levelling 242, 244 

route inspection algorithm 89-98 

route tables 73-7 

rows, Prim’s algorithm 60-3 

ruler method 149-58 

run times, of algorithm 21-3 

Russian peasant’s algorithm 4 

scheduling 249-52 

semi-Eulerian graphs 86-7 

shortcuts 107, 109-12, 118 

shortest path 

Dykstra’s algorithm 66-71 

Floyd’s algorithm 73-7 

route inspection algorithm 89-98 

simple graphs 35 

simplex algorithm 171-220 

Big-M method 205-11 

two-stage method 199-203 

simplex tableaux 176, 178, 181, 182-94 

338 

problems requiring integer solutions 

196-7 

reducing number 191 

sink nodes 223, 230 

size of problem 21 

slack variables 174, 176-7, 188, 199-203, 

208 

sorted lists 10 

source nodes 223, 230 

spanning trees 38 

see also minimum spanning trees 

start/end box 6 

subgraphs 34 

surplus variables 199, 208 

table of least distances 104-5 

tours 103 

trace tables 3, 7 

trails 35 

travelling salesman problem 102-27 

classical problems 103-5, 114 

practical problems 103-5 

trees 

graphs 38 

minimum spanning 53-6, 57-8, 60-3 

triangle inequality 103 

upper bounds, travelling salesman 

problem 103, 107-12, 118-20 

valency see degree 

vertex set 34 

vertex testing method 156-8 

vertices (nodes) 

degree 34, 86-7, 89-92, 94-6 

graphs 30, 34, 35 

minimum spanning trees 53-6, 57-8, 

60-3 

shortest path algorithms 66-71, 73-7 

walks 34, 35, 103 

weighted graphs see networks 

weights 

arcs 230 

minimum spanning trees 53-6, 57-8, 

108 

networks 89-92 

worker activity assignment 242-6, 

249-52 

working lists 10 
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