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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

* Rigorous and consistent approach throughout

» Notation boxes explain key mathematical language and symbols

* Dedicated sections on mathematical proof explain key principles and strategies

» Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results
y ; collect information

» Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ]

represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics

Finding your way around the book Access an online
digital edition using
the code at the

3 Conic sections 2 front of the book.

Each chapter starts with
a list of objectives

The real world applications
of the maths you are about
to learn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

The Prior knowledge check
helps make sure you are
ready to start the chapter
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

Differgntiation 124

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

m Full worked solutions are #
available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

T oo ot e st o ok e

Use of technology

Explore topics in more detail, visualise @ Find the point of intersection O

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebrao

GeoGebra-powered interactives

Interact with the maths you are learning __—]
using GeoGebra's easy-to-use tools

Simutan=ous equations
y=a'—Gx+1
Zxtly=38

Sohtions: (2,-1) i1, 8)

Access all the extra online content for free at:

www.pearsonschools.co.uk/fplmaths

You can also access the extra online content by scanning this QR code:

Vi



Vectors

After completing this chapter you should be able to:

® Find the vector product a x b of two vectorsaand b - pages 2-6
® |[nterpret |a x b| as an area - pages 7-11
® Find the scalar triple product a.b x ¢ of three vectors a, b and ¢,

and be able to interpret it as a volume - pages 11-16
® Write the vector equation of a line in the form

(r-a)xb=0 - pages 16-20

Find the direction ratios and direction cosines of a line - pages 17-20

Use vectors in problems involving points, lines and planes and

use the equivalent Cartesian forms for the equations of lines

and planes - pages 20-25

1 Find the scalar product of the vectors
3i + 2j — 3k and 4i - 5j + k.
& Core Pure Book 1, Section 9.3

2 Astraight line has vector equation

()49

Write down the Cartesian equation of the
line. « Core Pure Book 1, Section 9.1

3 Aline has vector equation
r=Qi-3j+k) + Al +j - 2k).
A plane has equation r.(3i — 2j + 2k) = 2.
Find:
a the acute angle between the line and
the plane. Give your answer in radians

Additive manufacturing is a technique that
uses 3D printers to build an object up bit
by bit rather than taking a block of material

and cutting bits away. Designers use vectors ~—— correct to 3 significant figures.
to create the 3D models which are then put b the point of intersection of the line
through specialist software to render the and the plane.

object printable. -> Exercise 1C Q11 « Core Pure Book 1, Sections 9.4, 9.5




Chapter 1

m Vector product

You have already encountered the scalar (or dot) product of two vectors.

The scalar (or dot) product of two vectors a and b is written as a.b, and defined as

a.b = |a||b|cos 0, x; x
£
where @ is the angle between a and b. Ifa= (}’1) andb = (J’z)
z; Z,
The scalar product produces a number (or scalar) as an then a.b = x,x, + y,1, + 2,2..
answer. It is useful to define a second type of product « Core Pure Book 1, Chapter 9

that gives an answer as a vector.

@ Use GeoGebra to

explore the cross product of two
vectors.

w fi is the unit vector that

is perpendicular to both a and b.

= The vector (or cross) product of the vectorsaand b
is defined as

axb=|a||b|sinfn

where 0 is the angle between a and b.

Since 0 = ¢ =< 180°, |a||b| sin # is a positive scalar quantity. This means that a x b is a vector quantity

with magnitude |a||b| sin @ that acts in the direction of f.
Problem-solving

You can also use a right-hand rule’
to determine the direction of i, and
hence the direction of a x b.

If ais your first finger, and b is your
second finger, then a x b acts in
the direction of your thumb:

The direction of f is that in which a
right-handed screw would move when
turned fromatob.

Taxb

If the turn is in the opposite sense,

i.e. from b to a, then the movement

of the screw is in the opposite direction
to A, i.e. in the direction of —A.

So b x a = |b||a|sin 0 (—n)

= —|al|b|sinfn
=-axh
m The vector product
" bxa=-axb is not commutative: the order of

multiplication matters.



Find the values of:
aixi b jxk cidxk:

i ini=0 sin @ = 0, as the angle between i and itself is zero.

The angle between jand k is 90° and, as j and k
are unit vectors, each has magnitude 1 unit.

b jxk=1%1%x5090%=i

c ixk==kxi==1x1x5n30%=-j Use the right-hand rule. If i is your k
: : first finger and k is your second
5 Ixl=0 ﬁnge|:, ym{r thumb_ will point away i
fromj,soixk=-j.
n j X i =0
m kxk=0 i
mixj=kandjxi=-k
m jxk=iandkxj=-i

m kxi=jandixk=-j

Asa x b =|a||b|sindn,ax b=0implies thata=0,b=0o0rsind =0.
sin @ = 0 implies that # = 0 or 180°, so a and b must be parallel.

= If a x b =0 then eithera=0, b =0 or aand b are parallel.

a b,
Given thata=| g, |andb=| b, | find a x b.

assume the vector product

ax b =(ai+asj+ask) x (bi+bsj+bsk) is distributive over vector
= ab(i x 1) + ayboi x j) + aba(i x k) addition. This means that
+ ash (j x 1) + azbo(j % j) + axbs(j x k) ax(b+c=(axb)+(@xc

+azbik x i) + azbo(k x j) + azbs(k x k)
= absk + a,bs(=j) + asb,(=k) + aybs(i) + asb.(j) + asb,(-i) Simplify the cross product and
= (azhs — asby)i + (ashy — aibz)j + (@b — azb))k collect like terms.

In determinant form,

i j k
J 32 (!3 (43 (t‘3 [43] (23] _
axb=|d d> dasz|=j - -j i i +k b You can write each component
Be by By 2 73 M 3 ! 2 as the determinant of a 2 x 2
matrix, or the whole vector

= (azbs — asby)i + (ash; — a\b3)j + (abz — azb)k
product as a determinant of a

3 x 3 matrix.

" axb=(ah; — asb,)i + (a3, — arhy)j + (ayh, — azhy)k « Core Pure Book 1, Chapter 6

i
laxb=a1 a; =i;:z gl—jgl zs-l-k;:l ‘;2
bl bz bl 2 3 1 3 1 2



Chapter 1

Given thata=2i-3jandb=4i+j—k,findaxb:
a di
b by a method involving a determinant.

rectly

¢ Verify that a x b is perpendicular to both a and b.

(2i - 3j) x (4i +j - k)

= 80 x i) + 20 x ) — 20 x K) - 12(j x i) - 3(j x j) + 3(j x k) Use the distributive property

to multiply out the brackets.

=0+ 2k+2j+12k- 0 + 3i
=3i+ 2j+ 14k
Simplify the cross products

i 5 B of unit vectors.
5 8 Bl=t ‘_j‘z o“‘z _3‘
4 1 Tl e A # A Problem-solving

- i(?’ N O_J = J2 = X0 & M 12 Using the discriminant is

= 3i + 2gj + 14k usually a quicker way to

Bi+2j+14k.2Ii-3)=Bx2)+2x(-3)+(14x0)=0 evaluate the cross product.

Bi+2j+14k.4i+j-kK=Cx4)+2xN+{14x(-1)=0
Work out (a x b).a and
(a x b).b. If both answers are
0 then a x b is perpendicular
to bothaandb.

Find a unit vector perpendicular to both (4i + 3j + 2k) and (8i + 3j + 3k).

Th

i
4
o}

o1

e vector product will give a perpendicular vector. M You can find vector products

" using your calculator. But you might
J & 2 ‘4 2 4 3 encounter a vector with an unknown in it,
I > 3 ‘ “Js 3|7 k ‘& 3‘ so it is important that you know how to find
3 3 the vector product manually.
=i - 6) - j(12 - 16) + k(12 - 24)
=3i+4j-12k

nce |3i + 4j — 12k| = 37 + 47 + (-12 = 13 ———— Find the magnitude of your product vector.

a suitable unit vector is 75(3i + 4j — 12K).
Divide the vector by its magnitude to obtain

a unit vector.



Find the sine of the acute angle between the vectors a = 2i + j + 2k and b = -3j + 4k.

laxb= |a||b|sin 6 A

56 |a x b s Rearrange the formula to.make sin @ the subject.
|a||b| |fi| =1 so |a x b| = |al|b|sin 6.
| 7 & ]
axb=|2 H =2
0 -3 4 Calculate the vector product.

Il

i(4 + 6) - j& - 0) + k(-6 - 0)

Il

10i - &) — ¢k | r Find the magnitude of a x b.
and |10i — &j — €k| = V100 + 64 + 36

/300 Also find the magnitude of a and of b and
So sinfl = V22t Bt 22 JBR + B sybstitute the three surds into the formula for
1 sin 6.
_ V200
T Vov2s Simplify your answer.
10v2

5 In general, to find the angle between

= two vectors use the scalar product. This gives the
cosine of the angle. Immediately we know whether
the angle is acute or obtuse. In this example it is
not clear whether the angle ¢ is acute or obtuse.

This is similar to the ambiguous case when using
Exercise @ the sine rule.

1

Simplify:
a Sjxk b Jixk ¢ kx3i
d 3ix(%i-j+k) e 2jx(3i+j-k) f Gi+j-—k)x2j

8 I ) X I S L R )

Find the vector product of the vectors a and b, leaving your answers in terms of 4 in each case.
aa=Jli+2j+k b=i-3k
ba=2i-j+7k b=i-1j+3k

Find a unit vector that is perpendicular to both 2i — j and to 4i + j + 3k.
Find a unit vector that is perpendicular to both 4i + k and j - v2k.

Find a unit vector that is perpendicular to both i — j and 3i + 4j — 6k.

1 5
Find a unit vector that is perpendicular to both (6) and to (9)
4 8



10

11

® 13

®) 14
® 15

Chapter 1

4 0
Find a vector of magnitude 5 which is perpendicular to both (0) and (ﬁ )

1 i

Find the magnitude of (i+j - k) x (i — j + k).

Given that a = —i + 2j — 5k and b = 5i - 2j + k, find:
a ab
b axb

¢ the unit vector in the direction a x b.

Find the sine of the angle between each of the following pairs of vectors a and b. You may
leave your answers as surds, in their simplest form.

a a=3i-4j,b=2i+2j+k
b a=j+2Kk b=5i+4j-2k
c a=5i+2j+2k, b=4i+4j+k

The line /, has equation r =i — j + A(i + 2j + 3k) and the line /, has equation
r=2i+j+k+u2i-j+k). Find a vector that is perpendicular to both /, and /,.

| ) w
It is given that a = ( 3 ) and b = (u) and thata x b = (—6), where u, v and w are scalar
-1 v 7

constants. Find the values of u, v and w.

Given that p = ai - j + 4k, that q = j — k and that their vector product q x p = 3i — j + bk where
a and b are scalar constants,

a find the values of ¢ and b
b find the value of the cosine of the angle between p and q.

Ifaxb=0,a=2i+j-kandb=3i+ 4j+ uk, where A and u are scalar constants, find the values
of 2 and pu.

If three vectors a, b and ¢ satisfy a + b + ¢ = 0, show that

axb=bxec=cxa

Challenge

ais a non-zero vector and b and ¢ are non-parallel vectors.

Given thata x b = ¢ x a, show that a is parallelto b + c.



@ Finding areas

You can use the vector product to solve problems involving areas of triangles and parallelograms.

B
E G o
Find the area of triangle OA B, where O is the origin, b
A is the point with position vector a and B is the point
with position vector b.
—
Area of triangle OAB = %(OA)(OB) sinfl 0 a A
1 .
=3 b|sinf
2lal|blsin Use the formula for area of triangle,
= %|a x b| Area = %ab sin C, and let the angle AOB = 6.

—

Use the definition of vector product to obtain this
result.

= If A and B have position vectors a and b respectively, then
Area of triangle O4B = %Ia x b|

c
Example o

Find the area of triangle 4 BC, where the position vectors
of A, Band C are a, b and c respectively.

Area of triangle ABC = %(AB) (AC) sinf

I

b - alle - alsin#

F?J
M
=

(b - a) x (¢ — a)|

Let the angle BAC = ¢.
(bxec)—(bxa)—(axe)+(axa)

(bxe)+(cxa)+(axb) Use the definition of the vector product.
(@axb)+ (bxc)+(cxa) \ Expand using the distributive law.
Useaxa=0axb=-bxaandcxa=-axc

= If A, B and C have position vectors a, b and ¢ respectively, then

1
= mal= M= = )=

Area of triangle ABC = %l,ﬁf x E|
=3l(b-a) x (c-a)|

=3l@@xb) + (bx )+ (cxa)|



Chapter 1

Find the area of the parallelogram 4 BCD, where the D &
position vectors of 4, Band D are a, b and d respectively. N

Area of parallelogram ABCD \\\

9 \\

= area of triangle ABD + area of triangle BCD A ~B

= 2 x area of triangle ABD

= (AB)(AD) sinf L The two triangles are congruent so have equal

area.
=|(b - a) x (d - a) L
=|axb)+(bxd +(dx a) @ is the angle BAD.
A
= If A and B have position vectors a and b respectively, then ¢
a
Area of parallelogram OABC = |a x b|
0
> B

= If A, B, C and D have position vectors a, b, ¢ and d respectively, then

5 3
e Fonine JORNUNINE of
=|(b-a) x (d-a)| explore this relationship.
=[(axb) + (bxd)+ (d xa)|

Find the area of triangle OA4 B, where O is the origin, A is the point with position vector i - j and B
is the point with position vector 3i + 4j — 6k.

Area of triangle OAB = %[ - j) x (3i + 4j - 6K)|

i j k
(. i 1 JT 0 First find the vector product using the
eslin RS B ) determinant method.
3 4 -6
=6i+6j+ 7k
So area of triangle = %|6i +Gj+ 7K=L+ e2+ 72 Tl?en use this to find the area of the
triangle.
V121
=—7% =255



Vectors

Find the area of triangle 4 BC, where the position vectors of 4, B and C are
4i - 2j + k, —12i + 14j + k and —4i — 2j + k respectively.

—
AB = (-12i + 14j + k) - (4i - 2j + k) = -16i + 16 Find vectors representing two of the sides of

AC = (~4i - 2j + k) — (4i - 2j + k) = -Bi the tdangle

i J k . T e
S Area oftnangle:ﬂAB xAC‘. Find 4B x AC
AB x AC =-16 16 O|=128k using the discriminant method, then find half
-6 0 0O its modulus. Remember that |pk| = p for any
So area of triangle ABC = %I126k| =64 scalar p.

Find the area of the parallelogram 4 BCD, where the position vectors of A, Band D are
2i +j -k, 6i + 4j — 3k and 14i + 7j — 6k respectively.

. —_— —
Area of parallelogram ABCD = |AB x AD

—
AB = (6i + 4j - 3k) - (2i + j - k) = 4i + 3j - 2k ‘ Find vectors representing two adjacent sides
k

AD = (14 + 7j - 6K) - (21 + j - K) = 121 + 6] - 5 of the parallelogram,

Pk

—_— —_ : J

AB x AD =|4 3 -2|=-3i-4j-12k — —
12 ¢ 5 Area of parallelogram = |AB x AD|.

So area of parallelogram = |-3i — 4j - 12k| = 13

Exercise @

1 Find the area of triangle OA4 B, where O is the origin, A4 is the point with position vector a and
B is the point with position vector b in the following cases.

aa=i+j-4k b=2i-j-2k
b a=3i+4j-5k b=2i+j-2k
2 2
¢c a=|3 b=| 6
0 -9

2 Find the area of triangle A BC, where the position vectors of 4, Band Care a,band ¢
respectively, in the following cases:
aa=i-j-k  b=4i+j+k  c=4i-3j+k

0 1 2
ba=|1] b=|0] e¢=| 0
2 2 -10
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Chapter 1

Find the area of the triangle with vertices A(1, 0, 2), B(2, -2, 0) and C(3, -1, 1).

Find the area of the triangle with vertices A(-1, 1, 1), B(1, 0, 2) and C(0, 3, 4).

Find the area of the parallelogram 4 BCD, shown in D ¢
the diagram, where the position vectors of 4, Band D
are i+ j+ k, =3i + 4j + k and 2i — j respectively.

Find the area of the parallelogram 4 BCD, shown in
the diagram, in which the vertices 4, B and D have
coordinates (0, 5, 3), (2, 1, =1) and (1, 6, 6) respectively.

Find the area of the parallelogram 4 BCD, shown in the diagram, where the position vectors of
A, Band D are j, i + 4j + k and 2i + 6j + 3k respectively.

Relative to an origin O, the points P and Q have position vectors p and q respectively, where
p=a(i+j+2k),q=a(2i+j+3k)and a > 0.
Find the area of triangle OPQ, giving your answer in terms of a.

a Prove that the area of the parallelogram ABCD is |(b — a) x (¢ — a)|

b Show that (b - a) x (¢ —a)=(b - a) x (d — a) implies that (b — a) x (¢ — d) = 0, and explain the
geometrical significance of this vector product.

The position vectors of the points 4, B and C relative to an origin O are 2i — j — k, 6i — 2k and
3i + 3j respectively.

Find:

—_— —
a AC x BC (3 marks)
b the exact area of triangle ABC. (2 marks)

The sail of a yacht is modelled as a triangle with vertices at A(-3, 2, -4), B(-2, -3, 1) and
(1, 2, —1), where the dimensions are in metres.
—_— —
a Find AB x AC. (3 marks)
b Hence find the area of fabric needed to construct the sail according to this model. (2 marks)

¢ Suggest, with a reason, whether the actual area of fabric needed to construct the sail will be
larger or smaller than this value. (1 mark)

A jeweller makes gold pendants in the shape of a parallelogram 4BCD where sides AB and DC
are equal and parallel. She designs the pendants in 3D space and models the pendants as having
vertices A(-1, 2, 0), B(3, -3, =2) and D(-2, 0, 3) where each unit represents 1 cm.

a Find the coordinates of point C. (2 marks)
Given that gold costs £395 per cm?, and that the pendants will be 3 mm thick,
b find, correct to the nearest pound, the cost of making one pendant. (4 marks)



Challenge

In the diagram below, 4 BCD and CDEF are parallelograms which lie in

the same plane.

— — —_—
AB=p, BC=qand CF=r
By considering area, show that [px (q +r)| = |p x q| + |p x 1.

@ Scalar triple product

You can find the scalar triple product of three vectors

a, b and ¢, and use it to find the volume of a parallelepiped m Use GeoGebra to O
and of a tetrahedron. explore the scalar triple product.

A parallelepiped is a 7
three-dimensional solid with six
parallelogram-shaped faces.
V

You know that b x € = (b,¢; — b3¢,)i + (bs¢;, — bies)j + (byc, — by k, where b = bii + b,j + bsk and
C= Cli + Cai + C3k.

Soif a = a,i + a,j + a;k, then
= a.(b x €) = ay(byc; - byc,) + ay(bsey — bycs) + as(byc; — byey)

This can also be written as

a; da; a
by b, b,

G G G

= a.lbxc)= , and a.(b x c) is known as the scalar triple product.

11



Chapter 1

Given thata=3i—j+4k,b=i+j-k and ¢ = 2i + 3j + 5k, find

a a.bxc) b b.(c x a) ¢ a.(axc)
You could calculate a.(b x ¢) directly as a
determinant:
5 3 -1 4
i j k S =3‘1 —1‘_(_1)‘1 -1 +4‘1 1‘
abxe=|1 1 -1=8i-7j+k 20 3 5 3 5 2 5 2 3
2z 3 5 =24+ T+4=35
S0 a.(b x €) = (3i - j + 4K).(8i — 7j + k)
=24+7+4
- 35 Notice that
- a.(b xc) =b.(c x a)
T
bexa=|2 3 5:17i+7j—11k
3 -1 4
So b.(e x a) = (i + j - k).(17i + 7j - 11k)
=17 +7 +1
=.35
c axe=-exa=-17i-7j+ 1k Use the result thataxec=-cx a
So aJfa x ) = (3i - j+ 4k).(-17i = 7j + 11k)
=-51+7 + 44
— This scalar product is zero since a x ¢is

perpendicular to a.

The above worked example illustrates two important points.

m The scalar triple product is cyclic:

a.bxc)=b.(cxa)=c.(axh
{ ) ( ) ( ) @ You can use the first of these to prove the
= |f a vector is repeated then the scalar triple second:

product is equal to zero: a.@axp)=p.axa)=p.0=0
a.(a x p) = a.(p x a) = 0 for any vector p.

Find the volume of the parallelepiped shown in the
figure, given that O is the origin and A4, B and C have
position vectors a, b and ¢ respectively. The angle
between b and ¢ is # and the angle between the
perpendicular height and a is ¢.

=Y

12



The volume of the parallelepiped is given by

(area of base) x h where h is the perpendicular distance
between the base and the top face.

The base, OBDC is a parallelogram and its area is |b x €. As Cos‘f’:agf

So the volume of the parallelepiped is |b x e|h

But h= OAdcosd Since b x ¢ is in the direction of the
. : perpendicular height, ¢ is the angle

GBI b ER QU ey ’7 between vector a and vector b x c.
= |b x ¢llalcos ¢

= a.(lb x ¢) From the definition of scalar product.

= |If three sides of a parallelepiped are given by vectors a, b and ¢

b
as shown in the diagram, then the volume of the parallelepiped
is given by |a.(b x c)|. a
@ a, b and c can be any three non- < 77
%

parallel sides of the parallelepiped.

Find the volume of the tetrahedron shown in the figure, given that O is the origin and 4, B and C
have position vectors a, b and ¢ respectively. The angle between b and ¢ is # and the angle between
the perpendicular height and a is ¢.

The volume of the tetrahedron is given by the

formula %(area of base) x h The volume of a pyramid is %(area of base) x h.
where h is the perpendicular height.

The triangular base, OBC has area 3|b x €|

And h = OAcos ¢ = |alcos ¢ As in Example 13, b x ¢ is in the direction of
So volume of tetrahedron is 5 x %|b x clla|cos ¢ the perpendicular height, so ¢ is the angle
= Za.(b x ¢) between vector a and vector b x c.

the diagram, then the volume of the tetrahedron is given by %]a.(b x ).

a
@ a, b and c can be any three non-

coplanar sides of the tetrahedron.

= [f three sides of a tetrahedron are given by vectors a, b and c as shown in .

13



Chapter 1

Find the volume of a tetrahedron which has vertices at (1, 1, -1), (2, 4, -1), (3, 0, =2) and (0, 4, 5).

If the vertices are labelled A, B, C and D in the order
given above and have position vectors a, b, ¢ and d
respectively, then:

AB=b-a=i+3j W
A_C':zc-—a=2i-j—-k
—

AD =d - a=-i+3j+ 6k

—_— —
Volume of tetrahedron = &| AB.(AC x AD))|

J the volume.

Find expressions for the vectors
—— describing the displacement from
one of the vertices to the other three.

Use the scalar triple product to find

Problem-solving

_—— —
AB.(AC x AD) is negative. If you

1 3 O
AB(AC x AD)=|2 -1 -1|=-=36 swapped any pair of vectors in this
-1 3 &

So the volume is £|-36| = 6.

1

® 2

14

Given thata =5i+2j - k,b=1i+ j+ k and ¢ = 3i + 4k, find:
a a.(bxc) b b.(c x a) ¢ c(axh)

scalar triple product the answer
would be 6 instead of —6.

—_— —  —
For example, AC.(AB x AD) = 6.

Given thata=1i-j- 2k, b=2i+j-k and ¢ = 2i — 3j - 5k, find a.(b x ¢). What can you deduce

about the vectors a, b and ¢?

Find the volume of the parallelepiped A BCDEFGH where the H

G

vertices A, B, D and E have coordinates (0, 0, 0), (3, 0, 1),

1
(1,2,0) and (1, 1, 3) respectively. /
Find the volume of the parallelepiped A BCDEFGH where the D

vertices A, B, D and E have coordinates (-1, 0, 1), (3, 0, -1), 4
(2,2,0)and (2, 1, 2) respectively.

A tetrahedron has vertices at A(1, 2, 3), B(4, 3, 4), C(1, 3, 1) and D(3, 1, 4).
Find the volume of the tetrahedron.

A tetrahedron has vertices at A(2, 2, 1), B(3, -1, 2), C(1, 1, 3) and D(3, 1, 4).

a Find the area of face BCD.
b Find a unit vector normal to the face BCD.
¢ Find the volume of the tetrahedron.

7

A tetrahedron has vertices at A(0, 0, 0), B(2, 0, 0), C(1, v3, 0) and D( 1, ﬁ, @)

3
a Show that the tetrahedron is regular.

b Find the volume of the tetrahedron.



® 8 A tetrahedron OABC has its vertices at the points O(0, 0, 0), A(1, 2, -1), B(-1, 1, 2) and

c2,-1,1).

a Write down expressions for AB and AC in terms of i, jand k and find ABx AC. (3 marks)
b Deduce the area of triangle ABC. (2 marks)
¢ Find the volume of the tetrahedron. (3 marks)

® 9 The points 4, B, C and D have position vectors a, b, ¢ and d respectively, where

a=2i+j b=3i-j+k c=-2j-k d=2i-j+3k
. —_— — — —
a Find ABx BCand BD x DC. (4 marks)
b Hence find:
i the area of triangle ABC (2 marks)
ii the volume of the tetrahedron A BCD. (3 marks)

® 10 The edges OP, OQ and OR of a tetrahedron OPQR are the vectors a, b and ¢ respectively,

where
a=2i+4j b=2i-j+3k c=4i-2j+5k
a Evaluate b x ¢ and deduce that OP is perpendicular to the plane OQR. (4 marks)
b Write down the length of OP and the area of triangle OQOR and hence the volume
of the tetrahedron. (3 marks)
¢ Verify your result by evaluating a.(b x ¢). (2 marks)

@ 11 An architect is designing landscaping sculptures in the shape of tetrahedra. She designs them in
3D software with the origin as her starting point. The position vectors of vertices 4, B and C
from the origin are 3i + 2j + k, 2i — j — 4k and -2i + 4j — 2k.

. —_— —
a Find OB x OC. (3 marks)
She prints solid prototype models using a 3D printer and a scale of 1 unit in her design
representing 2 cm on the model. The density of the plastic used by the printer is 1.13 g/cm?.
b Find, to the nearest gram, the mass of one prototype model. (5 marks)

12 A scientist is studying the crystal structure of a mineral. The crystal forms a lattice with
parallelepipedal unit cells. He models one cell as having vertices with coordinates (0, 0, 0),
(0.6, 0.6, 0), (0.9, 0.9 ,0), (-0.4, -0.4, -1.3), (0.2, 0.2, -1.3), (1.1, -0.7, -1.3), (0.5, -1.3, -1.3)
and (1.5, -0.3, 0).
Crystallographers measure distances in angstroms, where 10 angstroms is equal to one
nanometre (10~ metres).

Find the volume of the unit cell of the crystal, in cubic angstroms, if one unit on the scientist’s
scale is one nanometre. Give your answer to two significant figures. (6 marks)

15



Chapter 1

13 The diagram shows a parallelepiped ABCEFDHG.

M is the midpoint of EF. The point N lies on 4B such that

AN:NB=2:1.
a Find the ratio of the volume of the parallelepiped to the
volume of the tetrahedron NCME. (6 marks)
b State, with justification, how this ratio varies as N moves A
along the line segment AB. (2 marks)
- - . . C
14 The diagram shows a pyramid with base vertices A(-1, 0, 0), B(0, 2, 1),
((1, 2, 3) and D(0, 0, 2). The vertex of the pyramid is at E(3, 0, 1).
Find the exact volume of the pyramid. (8 marks)
Problem-solving "“ E
Split the pyramid into two tetrahedrons. A

Challenge

a Explain why a.(b x €) = (a x b).c.
b Use the result from part a to show thatd.(@ax b +a x ¢) =d.(a x (b + ).
¢ Hence deducethataxb+axc=ax (b+c).

m Straight lines

You can use the vector product to write a vector equation B ueorar caustionof 5
of a line in a form that doesn’t require a parameter.

straight line passing through a
Suppose that a is the position vector of a point on a line,

point 4 with position vector a, and

and that the line is parallel to the vector b. parallel to the vector b, is r = a + ib,
Let r be the position vector of a general point on the line. where 4 is a scalar parameter.

_ s — « Core Pure Book 1, Chapter 9
AR =OR - OA

=r—a

— —
Since AR is paralleltob, AR xb=0.
So(r—-a)xb=0

= (r-a) x b=0is an alternative form of the vector
equation of a line passing through the point 4 with
position vector a, and parallel to the vector b.

This may also be writtenasrxb=axb.

@ Explore the vector O

equation of a line, written using a
cross product, with GeoGebra.

16



Find the vector equation of the line through the points (1, 2, —1) and (3, -2, 2) in the form
(r—-a)xb=0.

3 ! 2
Any multiple of this vector is also parallel
e e T —2|—| 2 |=|-4
Thewlie: iesincthe dinestion to the direction of the line.
2 —1 3
é ) L You could use the position vector
So the equationis [r—| 2| |x|-4|=0 1 3
> 3 2 | instead of | =2 | in this equation.
-1 2

You can use the direction vector of a straight line to find the angles «, (3 and ~ that the line makes
with the positive x-, y- and z-axes respectively. The angles «, (3 and + lie in the range

0=aq, 5 v=180°
@ For the vector a = xi + yj + zk,
= If a line is parallel to the vector a = xi + yj + zk, the angle made with the positive x-axis is
the direction ratios of the lineare x:y:z, given by cos o = l—a’i'
and the direction cosines of the line are :
X Jy Z
csa=-—,c0sF="—andcosvy=—,
la| la| T al .
a
and are written as /, m and n respectively.
The sum of the squares of the direction cosines o
is always 1: X

xXE+y2+zt  |al?
a2 jalz

P+ m?+n?= *

« Pure Year 2, Section 12.2

= A line with direction ratios x : y : 7 has direction
cosines /, mand n such that /2 + m?2 + n2=1.

1 4
A line has vector equation (r - ( 2 )) X (— 3) —i i
-1 2

a Find the direction cosines of the line, /, m and n.

- -2 -
b Show that the Cartesian equation of the line can be written as - j = )m == : 1

17
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Chapter 1

a

V42 + (-3)2+ 22 V29
P =8 -3 Use the direction vector of the line in the
V42 + (=3)2 + 22 V2o formulae for /, m and n.
2 2

n= =
V42 + (-3)2+ 22 /29
Write the Cartesian equation of the line using the
pise & X=X = z—z
sl MO £ i standard formula s e !
4 -3 2 a b ¢
& Core Pure Book 1, Section 9.1

Multiplying each expression by V29,

e L "32 =L 1 Problem-solving

/25 V22 V23 The direction cosines are in the same ratio as the
_ -2 . iracti i
Which is X 1 . b _z+1 direction ratios.
/ m n Emin=0xyiz

Find an equation of the straight line passing through the point with position vector a which is
parallel to the vector b, giving your answer in the form r x b = ¢, where ¢ is a vector to be found
for the following pairs a and b:

a a=2i+j+2k b=3i+j-2k
b a=2i-3k b=i+j+5k
c a=4i-2j+k b=-i-2j+3k

Find a Cartesian equation for each of the lines given in question 1.

Find, in the form (r — a) x b = 0, an equation of the straight line passing through the points
with coordinates:

a (1,3,5),(6,4,2) b (3.4,12),(4,3,5)
¢ (-2,2,6),(3,7,11) d (4,2,-4),(1, 1, 1)

Find a Cartesian equation for each of the lines given in question 3.

Find, in the form (r — a) x b = 0, an equation of the straight line given by the following
equations, where 4 is a scalar parameter.

ar=i+j-2k+AQi-k) br=i+4j+1Gi+j-5k) ¢ r=3i+4j-4k+Qi-2j-3k)

Find the equation of the straight line with Cartesian equation
x-3 y+l 2;-3
2 5 3
in the form:

arxb=c b r=a + b, where ¢ is a scalar parameter.
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Given that the point with coordinates (p, ¢, 1) lies on the line with equation

2 8
rx =| =7
3 -3
find the values of p and ¢. (4 marks)

Given that the equation of a straight line is

1 =1 m Leta = aji + a,j + ask and
rx| lp={ 2 set up simultaneous equations.
-1 1
find an equation for the line in the form r = a + tb, where ¢ is a scalar parameter. (4 marks)

A line L passes through the points 4 and B with position vectors —3i + 2j + 7k and 3i + 4j — 5k
respectively.

a Find the direction cosines of L. (3 marks)

b Hence or otherwise write a Cartesian equation of the line. (2 marks)

Write down the direction cosines of:

a the x-axis b the y-axis ¢ the z-axis d thelinex=y=z

Lines L, and L, intersect and have direction vectors i + 2j + 3k and 3i + 2j + k respectively.

a Find the direction cosines /;, m; and n; of line L,. (3 marks)
b Find the direction cosines /,, m, and n, of line L,. (3 marks)
¢ Verify that /,/, + m;m, + n,n, = cos § where @ is the angle between the two lines. (4 marks)
d Prove that the above result is true for any two intersecting lines. (6 marks)
The direction cosines of two lines L, and L, are /, = —\/%, m, = V,%,n, = —% and /, = %
it 5 s P e ectivel

2 \/ﬁ FIRg = \fﬁ p y.

Find, in radians correct to three significant figures, the acute angle between the two lines.

A line L makes angles of «, 3 and ~ with the x, y and z-axes respectively.
Show that cos 2a + cos 23 + cos 2y = —1.

—_—
Find, in degrees correct to one decimal place, the angles that the line segment OP makes with
each of the axes given that P has coordinates (2, 3, 4).

A straight line passes through the origin and makes angles of 45° to the x-axis and 60° with the
z-axis. Find two possible equations of the line.

A line L passes through the point (1, 2, —1) and makes equal angles with the axes.

a Find the direction cosines of L. (3 marks)

-_ i b T o
b Hence find the equation of the line in the form x—a_J 8 (2 marks)
[ m n
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17 A telephone wire is modelled as a straight line in 3D space. i and j are the horizontal vectors
/P due east and north respectively, and k is the vertical unit vector. The units are metres.

An engineer inspects the wire at the point with position vector 6k, and finds that it is
horizontal, and directed on a bearing of 015°,

a Find a vector equation of the wire, giving your answer in the form (r —a) x b=0. (4 marks)

b Hence show that the wire will intersect with a second wire with vector equation

5 5- 2(\:'% - \,5}
r=|2)|xl2-2(/6 +/2) ] =0 (3 marks)
1 =5
¢ Give a possible criticism of this model. (1 mark)

Challenge

p il B
Vil
1 __)'i:
f/-// Lrdlmn
i/! / i
M4 i
! | / I
WM _ / _ .y
,|///§'§z/}0' {//
g >
e s 7
X

Spherical polar coordinates are defined by the distance from the origin, r,
the ‘azimuthal angle” (measured anti-clockwise from the x-axis in the xy-plane), 6,
and the ‘polar angle’ (measured from the positive z-axis), .

Aline L passes through the origin and the point with spherical polar coordinates
m T

C23)

a Find, in their simplest form, the direction cosines of L.

b Find, in terms of # and ¢, expressions for the direction cosines of the line which
passes through the origin and the point with spherical coordinates (r, 8, ).

@ Solving geometrical problems

You can use the fact that the vector product a x b is perpendicular to both a and b to solve problems
involving planes and lines in three dimensions.

a Find, in the form r.n = p, an equation of the plane which contains the line / and the point with
position vector a where / has equation r = 3i + 5j — 2k + A(-i + 2j — k) and a =4i + 3j+ k.

b Give the equation of the plane in Cartesian form.

20



b In Cartesian form this may be written as
4x + 2y =22 Replace r with xi + yj + zk and perform the

scalar product.

= 2x+y="N

Find a Cartesian equation of the plane that passes through the points 4(1, 0, 1), B(2, 1, 0) and
C(2, 16, 6).

—_— —_ —
AB=0B-04 =i+j+k
—_— —_ —_—
AC=0C-04 =i+ 16j+ 7k
i j k o e
; : 1 This is the direction of the normal to the

m— —Tp
AB x AC = plane.
T &8 B
=-9i-gj+ 15k

So r(-9i - 6j + 15k) = (i - k).(-9i - 6j + 15k)»——— User.n=a.n,wherea=i-k
= n(-2i-6j+15k)=-9 - 15 =-24

So the equation of the plane may be written as

r.3i+2j-5k) =8

Replace r by xi + yj + zk to obtain the
= (xi+)j +zk).(3i+ 2j - 5k) =8

Cartesian equation.

this plane.

Vectors

= 3x + 2y - 5z =8, which is a Cartesian
i et i You may wish to check that each point lies on

e a The vector —i + Zj - k is perpendicular to n. Line / lies in the plane. The direction of /is
The vector 4i + 3j + k — (3i + 5j — 2k) also —i+2j — k and so this vector is perpendicular
lies in the plane and is also perpendicular to ton.

n, ie. i — 2j+ 3kis perpendicular to n.
i r IR The point (4, 3, 1) lies in the plane, and the
J point (3, 5, -2) lies on the line and so also
Son=-1 2 - : 4
| o 3 in the plane, so the vector joining these two
points also lies in the plane.
=4i+ 2j . . . ;
This vector i — 2j + 3k is also perpendicular
So the equation of the required plane is 1o n.
r.(4i + 2j) = (4i + 3j + k).(4i + 2j)
S rMi+2j)=16+6 n is in the direction of the vector product of
An equation of the plane is r(4i + 2j) = 22 -i+2j—-kandi-2j+3k
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Find the equation of the line of intersection of the planes I7, and 7, where I1, has equation

r.(2i - 2j — k) = 2 and II, has equation r.(i - 3j + k) = 5.

Direction vector of line is given by

2 1
(-2) is normal to I, and (—3) is normal to

=1 1

B R -5
2 =2 of|=|-=38
1 -3 1 -4

II: 2x -2y —-z=2

I, x-3y+z=5
Set z = 0 and solve simultaneously:

2x -2y = ] 5
x-31-5}:>“' b=

So (-1, -2, O) lies on the line, and the equation for
the line is

)6

I1,. The line must be perpendicular to both
normal vectors, so you can use the vector
product to find its direction vector.

Write Cartesian equations of both planes.
Fix the value of one variable and solve
simultaneously to find a point on the line.
Setting z = 0 simplifies the calculation.

Problem-solving

You could also find two points on the line
by setting z =0, and also setting x =0
(for example), then use these to find an
equation for the line.

Show that the shortest distance between the two skew lines with equations r = a + Ab and

r = ¢ + ud, where 4 and y are scalars, is given by the formula

The shortest distance between

the lines is XY where XYis
perpendicular to both lines. X
The common perpendicular to

the two skew lines is in the —

(a—c).(bxd)
[b x d|

direction b x d and a unit vector r 0

in that direction is lbb ):( 3|

If Pis a point on the line with equation r = a + Ab and Q is

a point on the line with equation r = e + pd then
—_—

OP =a-c+/b-pud

The projection of PQ in the direction of the common

perpendicular is
x d

This gives PQ cos @, where @ is the

(@a—-c+ib - pud). |b d

22

angle between PQ and the common
perpendicular.



B bxd

i § . l: ):( j| B H-d-|z i ::| — Using the distributive property.
But b.(b x d) = d.(b x d) = O and the shortest distance
must be a positive quantity, so the shortest distance is
(@a-ec)bxd | Use the modulus to ensure that the
b x d| result is positive.

= (a-c

b x d is perpendicular to both b and d.

given by

= The shortest distance between the two skew lines with equations r = a + Ab and
r = c + pd, where A and p are scalars, is given by the formula
(a—c).(bxd)
|bxd|

Find the shortest distance between the two skew lines with equations r =i + A(j + k) and
r=—i+3j—k + u(2i - j— k), where 4 and u are scalars.

a-c=i-(-i+3j-k=2i-3j+k Usea=iand c=~i+3j-k
i j %
bxd=|0 1 1|=2j-2k Take t.he v?ctor product of the
- two direction vectors.
Sl shertest disaness 2i-3j+k.2j -2k [-8 =
O the Shortes Istance 1s = —| = /
V22 3 (PP i Use the formula for shortest

N distance.

1 Find a Cartesian equation of the plane that passes through the points:
a (0,4,2),(1,1,2)and (-1, 5,0) b (1,1,0),(2,3,-3)and (3, 7, -2)
¢ (3,0,0),(2,0,-1)and (4, 1, 3) d (1,-1,6), (3, 1,-2) and (4, 1, 0)

2 Find, in the form r.n = p, an equation of the plane which contains the line / and the point with
position vector a where:

a /hasequationr=i+j—-2k+i(2i—-k)anda=4i+3j+k
b /hasequationr=i+2j+2k+A(2i+j-3k)anda=3i+35j+k
¢ /hasequationr=2i-j+k + A(i+ 2j + 2k) and a = 7i + §j + 6k

3 Find the equation of the line of intersection of the planes /7, and 1, where:
a II, has equation r.(3i — 2j — k) = 5 and I, has equation r.(4i — j — 2k) =5
b II, has equation r.(5i — j — 2k) = 16 and II, has equation r.(16i — 5j — 4k) = 53
¢ II, has equation r.(i — 3j + k) = 10 and I1, has equation r.(4i — 3j — 2k) = 1
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Find the acute angle between the line with equation (r — 3j) x (-4i — 7j + 4k) = 0 and the plane
with equation r = A(4i — j — k) + u(4i - 5j + 3Kk).

Find the shortest distance between the two skew lines with equations

r=i+AM-3i—12j+ 11k)and r = 3i — j + k + u(2i + 6j — 5k), where 4 and u are scalars.

The plane I7 has equation r.(i+j— k) = 4.
a Show that the line with equation r = 2i + 3j + k + A(-i + 2j + k) lies in the plane /1.

b Show that the line with equation r = —i + 2j + 4k + A(—i + 2j + k) is parallel to the plane IT and
find the shortest distance from the line to the plane.

A tetrahedron has vertices at A(1, 2, 3), B(0, 1, -2), C(3, 6, 1) and D(5, -2, 4). Find:

a the Cartesian equation of the plane ABC (3 marks)
b the volume of the tetrahedron ABCD. (3 marks)
The normal to the plane ABC through point D intersects the plane at point E.

¢ Find the angle CDE, giving your answer in radians correct to three decimal places. (5 marks)

The lines L, and L, have equations

i)}
cofiof)

If the lines L, and L, intersect, find:
a the value of a (4 marks)

b an equation for the plane containing the lines L, and L,, giving your answer in the
form ax + by + ¢z + d = 0, where a, b, ¢ and d are integer constants. (4 marks)

For other values of «, the lines L, and L, do not intersect and are skew lines.

¢ Given that « = 1, find the shortest distance between the lines L, and L,. (3 marks)
The plane IT has equation
1 -1 0
r=|=-2]+4 2 |+ul 2
1 -2 -1
a Find a unit vector perpendicular to the plane /1. (3 marks)

The line / passes through the point A(2, 3, 2) and meets I7 at (1, -2, 1).
The acute angle between the plane I7 and the line / is a.
b Find a to the nearest degree. (4 marks)

¢ Find the perpendicular distance from A to the plane I1. (4 marks)




10 The plane I7, has Cartesian equation 2x — y + 3z - 1 = 0.
E a Find the perpendicular distance from the point (3, -3, 2) to the plane I7,. (3 marks)

The plane II, has vector equation

NERE

where 4 and u are scalar parameters.

b Find the acute angle between I7, and II, giving your answer in radians to three

GIP 11 The plane II, has vector equation

NrEnE

where 4 and u are real parameters.

I1, is transformed to the plane I7, by the transformation represented by the matrix T, where
1 0 2
T=|0 1 -3
0 2 1

(FD 12 Four planes have Cartesian equations
I:2x—y+3z= Il x+y—-3z=2 Il:3x-2y—-z=4 Iy x+y=0

Find the volume of the finite space enclosed by all four planes.

Challenge

a Show that the plane x + y + z = 0 is invariant under the linear transformation represented

2 -1 2
by the matrix ( 2 2 —1).
-1 2 2
b Show that the only invariant point in this plane is the origin.

Mixed exercise o

® 1 The points A, B and C have position vectors a, b and ¢ %
respectively, relative to a fixed origin O, as shown in the diagram.
a=2i+3j b=i-2j+2k c=3i+2j-4k = <
Calculate: c
a bxe (3marks) 4
b a.bxe) (2 marks)
¢ the area of triangle OBC (2 marks) B
d the volume of tetrahedron OABC. (1 mark)

significant figures. (5 marks)
¢ Find a vector equation of the line of intersection of the two planes. (6 marks)

Find an equation of 1, in the form r.n = p. (9 marks)
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2 A soft drinks manufacturer is designing a package in the shape of a tetrahedron. He designs it

26

in 3D software with the origin as his starting point. The position vectors of vertices 4, B and C
from the origin are 2i + j + 3k, i — 4j — 3k and —i + 3j — k respectively.

— —

a Find OB x OC. (3 marks)

He prints prototype packages using a 3D printer and a scale of 1 unit in the design representing

4 cm on the model.

b Given that the thickness of the plastic can be considered negligible, find, in cm?, the volume
of one prototype package. (4 marks)

The diagram shows a parallelepiped A BCEFDHG with D

vertices A(0, 0, 0), E(3, -1, 2), C(4, 1, =2), and F(2, -5, 1).
A tetrahedron is formed by joining vertices 4, C and E
to the point M on side EF such that the ratio EM : MFis2:1.

Show that the volume of the tetrahedron is % of the volume 4
of the parallelepiped. (8 marks) A=

Qta
1

Relative to an origin O, the points 4 and B have position vectors a metres and b metres
respectively, where

a=5i+2j b=2i-j-3k
The point C moves such that the volume of the tetrahedron OA4 BC is always 5 m?.
Determine Cartesian equations of the locus of possible positions of point C. (6 marks)

The lines L, and L, have equations r = a, + sb, and r = a, + tb, respectively, where

a, =3i-3j-2k b, =j+2k

a, = 8i + 3j b, = 5i + 4j - 2k.
a Verify that the point P with position vector 3i — j + 2k lies on both L, and L,. (2 marks)
b Find b, x b,. (3 marks)
¢ Find a Cartesian equation of the plane containing L, and L,. (4 marks)
The points with position vectors a, and a, are A, and 4, respectively.

d By expressing A_,}; and A_Z.ﬁ as multiples of b, and b, respectively, or otherwise, find the area
of the triangle PA,4,. (3 marks)

The position vectors of the points 4, B, C and D relative to a fixed origin O, are —j + 2Kk,
i — 3j+ 5k, 2i - 2j + 7k and j + 2k respectively.

) —_— —

a Findp=ABx CD. (3 marks)

b Calculate /Té.p. (2 marks)
¢ Hence determine the shortest distance between the line containing 4B and the line

containing CD. (3 marks)

Relative to a fixed origin O, the point M has position vector —4i + j — 2k.
The straight line / has equation r x OM = 5i - 10k.

a Express the equation of the line / in the form r = a + tb, where a and b are constant vectors
and 7 is a parameter. (3 marks)
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b Verify that the point N with coordinates (2, -3, 1) lies on / and find the area of triangle
OMN. (4 marks)

A plane passes through the three points 4, B, C, whose position vectors, referred to an
origin O, are (i + 3j + 3k), (3i + j + 4k), (2i + 4j + k) respectively.

a Find, in the form /i + mj + nk, a unit normal vector to this plane. (4 marks)
b Find also a Cartesian equation of the plane. (3 marks)
¢ Find the perpendicular distance from the origin to this plane. (3 marks)

a Show that the vector i + k is perpendicular to the plane with vector equation

r=i+sj+ (i — k). (2 marks)
b Find the perpendicular distance from the origin to this plane. (3 marks)
¢ Hence or otherwise obtain a Cartesian equation of the plane. (3 marks)

The points 4, B and C have position vectors i + j + k, 5i —2j + k and 3i + 2j + 6k respectively,
referred to an origin O.

a Find a vector perpendicular to the plane containing the points 4, B and C. (3 marks)
b Hence, or otherwise, find an equation for the plane which contains the points 4, B and C,

in the form ax + by + cz + d = 0. (3 marks)
The point D has coordinates (1, 5, 6).
¢ Find the volume of the tetrahedron 4 BCD. (4 marks)

The plane II passes through A(3, -5, -1), B(-1, 5, 7) and C(2, -3, 0).

. —_— —
a Find AC x BC. (3 marks)
b Hence, or otherwise, find the equation, in the form r.n = p, of the plane /1. (3 marks)

¢ The perpendicular from the point (2, 3, =2) to IT meets the plane at P. Find the coordinates
of P. (4 marks)

Given that P and Q are the points with position vectors p and q respectively, relative to an
origin O, and thatp=3i-j+ 2kand q=2i+j -k,
a find p x q. (3 marks)
b Hence, or otherwise, find an equation of the plane containing O, P and Q in the form

ax+ by +cz=d. (3 marks)

The line with equation (r — p) x q = 0 meets the plane with equation r.(i + j + k) = 2 at the
point 7.

¢ Find the coordinates of the point 7. (4 marks)

The planes 11, and 1, are defined by the equations 2x + 2y — z =9 and x — 2y = 7 respectively.
a Find the acute angle between I, and I1,, giving your answer to the nearest degree. (3 marks)
b Find in the form r x u = v an equation of the line of intersection of I1, and IT,. (4 marks)
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The plane IT has vector equation

1 4 3
r=3|4+ul1|+v 2
4 2 -1

where v and v are parameters.

The line L has vector equation
Z 2
1 3

-3 -4

where 7 is a parameter.

a Show that L is parallel to I1. (4 marks)

b Find the shortest distance between L and I1. (3 marks)

r= +1

The plane I7 has equation 2x + y + 3z = 21 and the origin is O. The line / passes through the
point P(1, 2, 1) and is perpendicular to IT.

a Find a vector equation of /. (3 marks)
The line / meets the plane I7 at the point M.

b Find the coordinates of M. (3 marks)

X —_— —

¢ Find OP x OM. (3 marks)
d Hence, or otherwise, find the distance from P to the line OM, giving your answer in surd form.
The point Q is the reflection of P in I1. (3 marks)
e Find the coordinates of Q. (3 marks)

In a tetrahedron A BCD the coordinates of the vertices B, C, D are (1, 2, 3), (2, 3, 3) and
(3, 2, 4) respectively. Find:

a the equation of the plane BCD (4 marks)

b the sine of the angle between BC and the plane x + 2y + 3z = 4. (3 marks)

¢ If AC and AD are perpendicular to BD and BC respectively and if 4B = /26, find the
coordinates of the two possible positions of 4. (4 marks)

Points 4 and B have position vectors —2i + j + 5k and 4i + 2j — 3k respectively.

a Find the direction ratios of JZB) i (3 marks)
—
b Find the direction cosines /, m and n of AB. (3 marks)

¢ Write down the Cartesian equation of the line through 4 and B in the form
X=X YW Z—I
! m  n

(2 marks)

A line L makes angles «, 3 and ~ with the x-, y- and z-axes respectively.

Prove that sin v + sin? 3 + sin?~ = 2.

Two lines L, and L, have direction cosines equal to /,, m,, n; and /,, m», n, respectively.

m;  n

; ; I
Show that if the two lines are parallel, then Z ST
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Vectors

20 A radio mast is modelled as a straight rod in 3D space. It is supported by guide wires W, and
W, which are modelled as straight lines. W, passes through the origin and makes angles of 45°,
60° and 60° with the x-, y- and z-axes respectively.

The wire attaches to the pylon at point A.

8+3/2
)
a W, has vector equation r = 0 +4|-4].
52 1
4
Show that I, also passes through 4 and find the coordinates of A. (7 marks)

b The base of the pylon, B, lies in the xy-plane and the pylon is perpendicular to the xy-plane.
Given that each unit in the model represents 10m, find the distance that B is from the
origin. (4 marks)

¢ Give one criticism of the model. (1 mark)

@r‘P 21 The plane I7, has vector equation

() B)

where 4 and p are real parameters.

The plane I, is transformed to the plane 7, by the transformation represented by the
matrix T, where

1 0 3
T=1 -2 -1
-1 0 2

4
Show that the equation of the plane I7, can be written as r.(S) = d where d is a constant to be
found. 4 (9 marks)

Challenge

The plane II cuts the x-, y- and z-axes at the points (p, 0, 0),
(0, ¢, 0) and (0, 0, ) respectively. Given that the shortest distance
between the plane and the origin is d, prove that

1 1 1 1

pz q2+r2_d2
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Summary of key points

1 The scalar (or dot) product of two vectors a and b is written as a.b, and defined as
a.b = |a||b|cos ¢

where @ is the angle between a and b.

2 The vector (or cross) product of the vectors a and b is defined as
axb=a||bjsindn

where @ is the angle between a and b.
3 bxa=-axbh

4 |Ifi, jand k are unit vectors along the x-, y- and z-axes respectively, then:

‘iXi:O K
+jxj=0
’ka:O l

cixj=kandjxi=-k
cjxk=iandkxj=-i
«kxi=jandixk=-j

5 Ifaxb=0theneithera=0b=0oraandb are parallel.

6 axb=(a,b;—ab,)i+ (ash, — a;by)j + (@b, — a,b)k

i j k
e ia_,_ a, jal a3+ka1 d;
Tt e mENs, by by B b, b
bl b_;_ b3 2 3 1 3 1 2
7 If A and B have position vectors a and b respectively, then
Area of triangle OAB = 1|a x b| K
b
f
0 - A

8 If 4, Band C have position vectors a, b and ¢ respectively, then
—_— —
Area of triangle ABC = %‘AB X AC‘
=%|(b —-a)x (c-a)

=3 @xb)+(bxc)+(cxa)l
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Vectors

If A and B have position vectors a and b respectively, then

Area of parallelogram OABC = |a x b|

respectively, then

Area of parallelogram 4BCD = ‘,ﬁ X E‘
=|(b—a) x (d - a)|
=|@xb)+ (bxd)+(dxa)

A
/
If 4, B, C and D have position vectors a, b, cand d o B
D

_/
.

A

When a = (@i + a;j + a;k), b = (b,i + b;j + b:k) and ¢ = (c4i + ¢, + c:k),
a.(b x ©) = a,(b,¢5 — bscy) + ay(byey — bics) + as(byc, — byey)
This can also be written as

a, d, d
a.bxec)=|h, b, by

a.(b x ¢) is known as the scalar triple product.

a.bbxc)=b.cxa)=c.(axbh)
a.(a x p) = a.(p x a) = 0 for any vector p.

If three sides of a parallelepiped are given by vectors
a, b and c as shown in the diagram, then the volume of a
the parallelepiped is given by |a.(b x ¢)|.

If three sides of a tetrahedron are given by vectors

a, b and c as shown in the diagram, then the volume l\

of the tetrahedron is given by %|a.{b x €). a YP
7

(r—a) x b=0is an alternative form of the vector equation of a line passing through the
point 4 with position vector a, and parallel to the vector b.

This may also be writtenasrxb=a x b.

If a line is parallel to the vector a = xi + yj + zk, the direction ratios of the line are x: y:z,
and the direction cosines of the line are

X cosfe - casae B

al al lal

and are written as /, m and n respectively.

oS =

A line with direction ratios x: y: z has direction cosines /, m and n such that /2 + m? + n®* = 1.

The shortest distance between the two skew lines with equations
(@a-c).(bxd)

r=a+ibandr=c+ ud, where 1 and u are scalars, is given by the formula i x d)




Conic sections 1

After completing this chapter you should be able to:

® Plot and sketch a curve expressed parametrically
- pages 33-35
e Work with the Cartesian equation and parametric equations
of a parabola and a rectangular hyperbola -> pages 35-45
e Find the equation of tangents and normals to parabolas
and rectangular hyperbolas -> pages 45-54
® Understand the focus—directrix property of a parabola
~» pages 54-56
® Solve locus problems involving the parabola and
rectangular hyperbola -» pages 55-56

Prior knowledge check
1

1 Sketch the curve with equation y = -

« Pure Year 1, Chapter & |

Find the coordinates of the points of
intersection of the line / with equation
y =-2x+ 16 and the curve C with
equation y = —2x% + 6x + 10.

« Pure Year 1, Chapter 3 This solar power station generates electricity

# by reflecting the sun’s rays onto a glass tube
Find the equation of the tangent to the containing oil. The cross-section of the mirror
curve y = 2x% + 6x — 8 at the point where ® is a parabola, with the tube at its focus.
x=1 4 Pure Year 1, Chapter 12 - Mixed exercise, Challenge




Conic sections 1

@ Parametric equations

You can define a curve using parametric equations, where the x- and y- coordinates of each point
on the curve are given in terms of an independent variable (such as ) which is called a parameter.
The parametric equations of a curve are written in the form

x=p),y=q@
Each value of ¢ within the domain of the functions p and g generates a unique point on the curve.

= To find the Cartesian equation of a curve m

given parametrically you ellmlrlate the A Cartesian equation is an equation in terms of
parameter 7 between the equations. xand y only. « Pure Year 2, Chapter 8

A curve has parametric equations x = ar?, y = 2at, t € R where a is a positive constant. Find the
Cartesian equation of the curve.

v = 2at
So t= é (1) Rearrange one equation into the form ¢ = ...
X =alf (2)

Substitute (1) into (2):

Vg ¥
x= ”(2_) Substitute ¢ = — into x = ar>.
a 2d
“}32
Se x = —— which simplifies to
4a
W2
sl
4a

Hence, the Cartesian equation is
This equation now involves x and y and not .

¢ = 4ax :
Note that a is a constant.

A curve has parametric equations x = ¢, y = % t € R, 1 # 0, where c is a positive constant.

a Find the Cartesian equation of the curve.

b Hence sketch this curve.

a Method 1 To obtain the Cartesian equation, eliminate ¢ from
x=ci the given parametric equations.
So t=% (1) B
: Rearrange one equation into the form ¢ = ...
y=1 (2)
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Substitute (1) into (2): Substitute f = % into y =%

€ r

V=

: ‘

X
?)
I i 2 . c?
S0 pEesz This simplifies to y ==
Hence, the Cartesian equation is
_— c? This equation now involves x and y. Note that ¢ is
e a constant.
Method 2
L (i) Alternatively, you can multiply x by y on this
- t occasion to eliminate «.
i B
Xy==3

Hence, the Cartesian equation is
> This equation now involves x and y. Note that ¢ is
a constant.

1
&

Xy

This also may be expressed as

ra

o
}':_A

» As ¢ is a positive constant, then ¢? is also a
positive constant, which may be denoted by
another constant, k.

» Hence the Cartesian equation represents a

curve of the form y = %, k>0.

& Pure Year 1, Chapter 4

1 Find the Cartesian equations of the curves given by these pairs of parametric equations.

a x=52y=10t b x=32y=t ¢ x =502, y=100¢
dx:%t%y:%t ex=%t2y=5t f x=V32y=2/3t
g x=4t,y=28 h x=6f y=3P

2 Find the Cartesian equations of the curves given by these pairs of parametric equations.

ax:t,y:%,z;éo hx:?:,y:%,z;éo
c x=3v’§t,y=3\;5,r%0 dxzé,yzé,t;é(]

3 A curve has parametric equations x = 3¢, y = %, teR, t#0.
a Find the Cartesian equation of the curve.

b Hence sketch this curve.
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4 A curve has parametric equations x = v2¢, y = @, teR, t#£0.

a Find the Cartesian equation of the curve. b Hence sketch this curve.

@ Parabolas

You have previously encountered parabolas in the form of
quadratic curves, such as y = x2. The parabola is one member
of a family of curves known as the conic sections. These curves
can be obtained by slicing a cone.

The parabola is obtained by slicing the cone parallel

to its slope.

@ The circle is another example of a conic section,
obtained by slicing a cone horizontally. You can learn
about other conic sections later in this chapter and in
the next chapter. = Section 2.5, Chapter 3

You need to be able to recognise and work with the
parametric form of the equation for a parabola.

® The curve opposite is a parabola with & P(x, y)
Cartesian equation y? = 4ax, where a is a positive constant.

* The curve has parametric equations

x=at®, y=2at,teR 0 5

* The curve is symmetrical about the x-axis. -
y° = bax

A general point P on this curve has coordinates

(x, ) or (af?, 2at).
yll

You also need to be able to define a parabola in terms of its P i
focus-directrix properties.

® A parabola is the locus of points that are the same
distance from a fixed point S, called the focus,
and a fixed straight line called the directrix.
In the diagram on the right, SP = PX for all
points P on the parabola. For the parabola vertex
with Cartesian equation y? = 4ax,

€— (] —=

=Y

» the focus, S, has coordinates (a, 0) directrix
* the directrix has equationx +a=0

« the vertex is at the point (0, 0). V2 = hax

x+a=0
@ Explore the focus—directrix properties O

of a parabola using GeoGebra.
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Find an equation of the parabola with:

a focus (7, 0) and directrix x + 7=0

ga 0) and directrix x = —g

b focus

a Focus (7, 0) and directrix x + 7 = 0 ———— The focus and directrix are in the form (g, 0) and

Som =7 X+a=0.
e e B Write equation in the form 32 = 4ax witha = 7.
b Focus ? O) and directrix x = -%_—
X+ ”? =0 Rearrange the directrix to the form x + @ = 0.
Soa= %
So parabola has equation y2 = V3xXe——— \Witha = \?’yz - 4(?)3@

Find the coordinates of the focus and an equation for the directrix of a parabola with equation:
a y?=24x b »2=+32x.
’— This is in the form )? = 4ax with a = 6.

a y?=24x
So the focus has coordinates (6, O) ————— Focus has coordinates (g, 0).

and the directrix has equation x + 6 = O,‘—L
Directrix has equation x + a = 0.

b y?=V32x
So the focus has coordinates (V2, 0) L V32 = 42 s0 this is in the form y? = 4ax with
and the directrix has equation x + v2 = O. a=v2.

Exercise @

1 Find an equation of the parabola with:

a focus (5, 0) and directrix x + 5=0 b focus (8, 0) and directrix x + 8 =0
¢ focus (1, 0) and directrix x = -1 d focus (%, 0) and directrix x = —%

I

IE)
e focus (E 0) and directrix x + % 0

2 3
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2 Find the coordinates of the focus, and an equation for the directrix of each of the following

parabolas.
a y2=12x b y2=20x ¢ pr=10x%
d y2=4/3x e y2=12x f y2=5/2x
3 Find the coordinates of the focus, and an equation of the m The patabotawith
parabola that passes through the general point: general point (672, 121)
a (612 121 b (3V2¢2,6/21) has parametric equations
x=6r y=121.

Challenge

1 Find a Cartesian equation of the parabola with:

a focus (0, 4) and directrix y = -4
b focus (3, 3) and directrix y =0 Problem-solving

¢ focus (8, 0) and directrix x =2 Use a matrix transformation
to rotate the general point
2 The parabola C has focus (2, 2) and directrix x + y + 4 = 0. Show that a (at?, 2at), for a suitable
Cartesian equation for Cis x + y = ~11—§(x -2 value of a.

The point P(8, —8) lies on the parabola C with equation y* = 8x. The point S is the focus of the
parabola. The line / passes through S and P.

a Find the coordinates of S.

b Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where a, b and ¢ are
integers.

The line / meets the parabola C again at the point Q. The point M is the midpoint of PQ.
¢ Find the coordinates of Q.

d Find the coordinates of M.

e Draw a sketch showing the parabola C, the line / and the points P, Q, S and M.

a y?==8x This is in the form y? = 4ax with a = 2.
The focus, S, has coordinates (2, O)
5 e B=0_ -5 — The focus has coordinates (g, 0).
6-2 =
Som = -3 | Usems= fi:i} where (x;, y;) = (2, 0) and
y-0=-3(x-2) (X2 1) = (8, -8).
3y =-4(x - 2)
3y=-4x+8 | Usey—y1=m(x—xl).Herem=—§ and
4x+3y-8=0 (xy, y1) = (2,0).
The line [ has equation 4x + 3y - & = 0.

— Rearrange into the form ax + by + ¢ = 0.
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e k 4x+3y-6=0
C:-y2=5x% |

M ]

Bx+6y-16=0
ye+6y-16=0
(p+&y=2 =0
-Bory=2.

-

¥

Soy=
y = -8 corresponds to point P.

Wheny=2x= j so Q has coordinates
1
2 2)
8+5 _
d The midpoint is ( 2, =

+2)
2

2

i

L

The point M has coordinates (% -3),

e The parabola C has equation
y2=6x
The line [ has equation
4x+ 3y -8=0
The line [ cuts the parabola at the points
P&, -8) and Q(%, 2).
The points S(2, 0) and M(% -3) also lie on
the line 1.

y

N

L,‘"’

F4x+3y-8=0

38

As the line I meets the curve C, solve these
equations simultaneously.

Multiply (1) by 2.

Use 32 = 8x.

Use y = 2 to find the x-coordinate of Q.

X1+X it
2 ( 5 =
P=(xy,y) =8 -8 and Q= (xp ) = (3 2).

), where

Simplify.

The line segment PQ is a chord of the parabola.
A chord which passes through the focus is
sometimes called a focal chord.



Conic sections 1

The parabola C has general point (a2, 2at). The line x = k intersects C at the points P and Q.
Find, in terms of « and k, the length of the chord PQ.

If x = k, then k = ar?. ' The x-coordinate of a point on the curve is x = ar®.
k
So F==
= L— Solve the equation for .
[k
t=Hg

[k /
|f #:= Vﬁ, then y = 2{1\.‘!‘

-.:]

Substitute each value for ¢ separately to obtain

[ the two y-values.

O

tt
= 2vak

Similarly, if t = wv’lg. then y = =2Vak
This is a vertical line segment, so the distance

The coordinates of P and Q are (k, 2Vak) and from P to O can be found by subtracting the
\k, —2Vak). y-coordinates.
The length of the chord PQ is 4Vak.

Problem-solving

You could also solve this problem by finding a
Cartesian equation of C and substituting x = k to
find two corresponding values of y.

1 The line y = 2x — 3 meets the parabola y? = 3x at the points P and Q.
Find the coordinates of P and Q.

2 The line y = x + 6 meets the parabola y* = 32x at m )
g Use the dist f
the points 4 and B. Find the exact length of 4B, 3¢ e distance forouia

giving your answer as a surd in its simplest form.

d= \/(xz = x1)?+ (yz2 = yi)?
¢ Pure Year 1, Chapter 5

3 The line y = x — 20 meets the parabola y* = 10x at the points 4 and B. The midpoint of 4B is
the point M. Find the coordinates of M.

® 4 The parabola C has parametric equations x = 6¢2, y = 12¢. The focus of C'is at the point S.

a State the coordinates of S and the equation of the directrix of C.
b Sketch the graph of C.

The points P and Q on the parabola are both at a distance 9 units away from the directrix of
the parabola.

¢ State the distance PS.
d Find the exact length PQ, giving your answer as a surd in its simplest form.

e Find the area of the triangle PQS, giving your answer in the form kv2, where k is an integer.
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The parabola C has equation y? = 4ax, where a is a constant. The point (% 2, %t) is a general
point on C.

a Find a Cartesian equation of C.

The point P lies on C and has y-coordinate 5.

b Find the x-coordinate of P.

The point Q lies on the directrix of C where y = 3. The line / passes through the points P and Q.
¢ Find the coordinates of Q.

d Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where @, b and ¢ are
integers.

A parabola C has equation y? = 4x. The point S is the focus of C.

a Find the coordinates of S. (1 mark)
The point P with y-coordinate 4 lies on C.
b Find the x-coordinate of P. (1 mark)

The line / passes through S and P.
¢ Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where «, b and

c are integers. (2 marks)
The line / meets C again at the point Q.
d Find the coordinates of Q. (3 marks)
e Find the distance of the directrix of C to the point Q. (2 marks)

The diagram shows the point P which lies on the
parabola C with equation y? = 12x. 0
The point S is the focus of C. The points Q and R
lie on the directrix to C. The line segment PQ is
parallel to the line segment RS as shown in the
diagram. The length of PSis 12 units.

R %
a Find the coordinates of R and S. (2 marks)
b Hence find the exact coordinates of
Pand Q. (2 marks)
¢ Find the area of the quadrilateral PORS,
giving your answer in the form ky/3, c
where & is an integer. (2 marks)

The points P(16, 8) and Q(4, b), where b < 0 lie on the parabola C with equation y* = 4ax.
a Find the values of ¢ and b. (2 marks)
P and Q also lie on the line /,. The midpoint of PQ is the point R.

b Find an equation of /;, giving your answer in the form y = mx + ¢, where m and c are
constants to be determined. (3 marks)

¢ Find the coordinates of R. (1 mark)



® 10

R
Problem-solving

The equation y = v4ax represents the top half of
the parabola y? = 4ax. Use integration to find the
area under this curve between x = 0 and x = 10.

EP 11

Conic sections 1

The line /, is perpendicular to /, and passes through R.

d Find an equation of /,, giving your answer in the form y = mx + ¢, where m and ¢ are
constants to be determined. (3 marks)

The line /, meets the parabola C at two points.

e Show that the x-coordinates of these two points can be written in the form x = 2 & /13,
where 4 and p are integers to be determined. (4 marks)

The point P(af?, 2at) lies on the parabola C with equation y? = 4ax. The line / passes through P
and the focus of the parabola, S.

a Find an expression for the gradient of /in terms of ¢. (2 marks)

The line intersects the parabola again at a point Q.

b Find the coordinates of Q, giving your answer in terms of « and . (4 marks)
% x =10

The diagram shows the parabola with equation l

»?=36x. The region R is bounded by the parabola,

the x-axis and the line x = 10. Find the exact area

of R.

The diagram shows the parabola C with equation y? = %x
The straight line / with equation y = %x cuts C at the g P
points O and P. Find the area of the shaded region R. .

(4 marks)

=V
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12 The diagram shows the points P(2, a) and Q(2, b) which
lie on the parabola C with equation y? = 8x. The point T
lies on the directrix to C.

a Find the values of @ and b. (1 mark)
T and P lie on the line /.

b Find an equation of /, giving your answer
in the form y = mx + ¢, where m and ¢ are

constants to be determined. (2 marks)
¢ Find the area of the shaded region R. (4 marks)
13 A parabola C has equation y* = 16x. Vi
The point S is the focus to C.
a Find the coordinates of S. (1 mark)
The point P with y-coordinate 4 lies on C. \P
b Find the x-coordinate of P. (1 mark) S e
The straight line / passes through S and P. - R !
¢ Find an equation for / giving your answer in the form <
¥ =mx + ¢, where m and c¢ are constants to be found. (2 marks)
The line / meets C again at Q. The shaded region R is ) c

bounded by the curve C, the line / and the x-axis.
d Find the area of the shaded region R. (6 marks)

@ Rectangular hyperbolas

If you slice through a cone in such a way that the slice intersects
both halves, you obtain a curve called a hyperbola.

A hyperbola has two sections. These are sometimes
called different branches of the hyperbola.

In this chapter you will consider one specific type of
hyperbola called a rectangular hyperbola. Hyperbola
This curve has two asymptotes which meet at right angles.

Hyperbola
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® The curve opposite is a rectangular hyperbola with
Cartesian equation xy = ¢?, where c is a positive constant.

* The curve has parametric equations
x=cr,y=§,re R, t#0

* The curve has asymptotes with equations x =0
(the y-axis) and y = 0 (the x-axis).

A general point P on this curve has coordinates (x, y) or (ct, %)

Conic sections 1

P

xy=¢?

The rectangular hyperbola H has Cartesian equation xy = 64. The line / with equation x + 2y — 36 =0

intersects the curve at the points P and Q.
a Find the coordinates of P and Q.
b Find the equation of the perpendicular bisector of

L

(-2y + 36)y = 64
y-16)y-2)=0 J

a x+2y-36€=0=x=-2y+ 36
—2y2 + 36y - 64 =0
V2-18y+32=0
y=2:>x=32:>P{32,2}—‘
y=16=x=4= Q@4,16) |

Midpoint of PQ is (18, 9)

Gradient of PQ is —-é—

Gradient of perpendicular bisector is 2. =

y—9=2(x-18)

=y =2% 27

PQ in the form y = mx + c.
Rearrange to obtain x = ...
Substitute into xy = 64.

Expand and then factorise the quadratic.

Substitute the y-coordinates into either equation
to calculate the x-coordinates.

The midpoint of (x;, yy) and (x;, y3) is
(xl +X; Vi +y2)

2 " 2
Rearrange x + 2y — 36 =0 to obtain y = —%x+ 18.

The gradients of perpendicular lines multiply to
equal —1.

Use y — y; = mlx — x;) with m = 2 and
(x1, }’1) =(18,9).
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44

A rectangular hyperbola has equation xy = 12.

a Sketch the curve.

The line / with equation y = —=3x + 15 intersects the curve at the points P and Q.
b Find the coordinates of P and Q.

¢ Find the equation of the perpendicular bisector of PQ.

d Find the x-coordinates of the points where the perpendicular bisector intersects the
rectangular hyperbola.

The rectangular hyperbola with equation xy = 9 and the straight line with equation y = x
intersect at the points P and Q.

a Find the coordinates of the points P and Q.

The lines 3x — y + 6 =0 and x — 3y — 6 = 0 intersect the rectangular hyperbola at P and also at
the points S and T respectively.

b Find the length of S7.
¢ Show that the midpoint of ST lies on the straight line y = x.

The straight line 3x + 4y + 48 = 0 intersects the rectangular hyperbola with parametric equations
x=0ty =$ , t # 0, at the points P and Q. The straight line 4x — 3y — 11 = 0 intersects the

rectangular hyperbola with equation xy = 36 at the points Q and R. Find the area of the
triangle POR.

The points P(cp, 1%) and Q(cq,é) both lie on the hyperbola with equation xy = ¢2.
Show that the chord PQ has equation x + pgy = ¢(p + q).

The parabola C has equation )2 = 4ax and the rectangular hyperbola H has equation xy = ¢2,
where ¢ > 0 and ¢ > 0. Show that C and H intersect exactly once, and find the coordinates of the
point of intersection, giving your answer in terms of a and c.

. . . . . . ¢
The rectangular hyperbola with equation xy = ¢ contains point P with x-coordinate 5 and

point Q with x-coordinate —4c¢. Find, in terms of ¢, the exact length of the chord PQ.
(5 marks)

A rectangular hyperbola H has parametric equations x = 9¢, y = %, t # 0. The straight line /

with equation 4x — 3y + 69 = 0 intersects H at the points P and Q.

a Show that / intersects H where 12¢> + 23t -9 =0. (3 marks)
b Hence, or otherwise, find the coordinates of P and Q. (4 marks)



Conic sections 1

@ 8 The rectangular hyperbola H has parametric equations x = 12¢, y = %, t#£0.

a Write the Cartesian equation of H in the form xy = 2. (1 mark)

P and Q are points on the hyperbola such that ¢ = % and t = 6 respectively.

b Find the length of the line segment PQ, giving your answer in the form av10. (3 marks)
¢ Find the equation of the perpendicular bisector of PQ. (3 marks)
9 The diagram shows the straight line with equation Y xy =8
X + 2y — 10 = 0 that intersects the rectangular hyperbola \
with equation xy = 8 at the points P and Q.
a Find the coordinates of P and Q. (2 marks) x+2y-10=0
b Find the exact area of the shaded region, R,
bounded by the hyperbola and the line. 5.
. . 0 ~x
Give your answer in the form a + b In ¢,
where a, b and ¢ are constants to be found. (5 marks)

Challenge Problem-solving

The resulting curve is a rectangular
hyperbola with asymptotes y = x
and y = —x.

The rectangular hyperbola with equation xy = ¢? is rotated
through 45° anticlockwise about the origin. Show that the
resulting curve can be written in the form y? — x% = k2, where
k = 0, giving k in terms of c.

m Tangents and normals

You can use parametric differentiation or implicit differentiation to find the gradient of any point on a
parabola. You do not need to be able to use either of these techniques if you are studying for AS level

Further Maths only.
urther Maths only.

3 Parametric differentiation Implicit differentiation Parametric and implicit differentiation are

s dx _ Sy e ki covered in Pure Year 2.
ds « Pure Year 2, Sections 9.7, 9.8
dy dy

y=2at= ar 2a 2)’& =ha These two expressions are equivalent, since

d_y B d_) Jdx 1 ﬂ _2a p— =£. However, it is sometimes useful to

dy de di ; dx T} find the gradient in terms of the parameter.

® For the general parabola )2 = 4ax, the gradient m T

is given by o = 2a in an AS exam, it will be given with the

dv J question. In an A level exam you would

You can find the gradient at any point on a rectangular be expected to derive this result if the
hyperbola by rearranging the equation into the form question says ‘prove’ or ‘use calculus’.

v
3= LT and differentiating.
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The point P, with x-coordinate 2, lies on the rectangular hyperbola H with equation xy = 8.
Find:
a the equation of the tangent, 7, to H at point P

b the equation of the normal, N to H at the point P

giving your answers in the form ax + by + ¢ = 0, where a, b and c¢ are integers.

a Hxy=56
y= % =y =8x"
dy o
d—x: —-6_’( =-F
dy &
When x = 2, mr_dx_—22 = -2

wmnx=ay=%=4

Ty-4=-2x-2)
F2x+y-6=0

Therefore, the equation of the tangent
toHat Pis2x+y-86=0.

b Gradient of tangent at P is my = -2.

=4

So gradient of normal is my = %
N:y-4=%(x-2)
N: 2_1-‘—5=x~2—‘
N:x-2y+6=0_|

|

Therefore, the equation of the normal
toHat Pisx-2y+6=0.

Substitute x = 2 to calculate the gradient of the
tangent to H at P.

Find the y-coordinate when x = 2.
Hence P has coordinates (2, 4).

Use y — y; = mp(x — x,) to find the equation of
the tangent, T.
Here my= -2 and (x;, yy) = (2, 4).

Then rearrange into the required form.

Use y — y; = my(x — x;) to find the equation of
the normal, N. Here m, = % and (xy, 1) = (2, 4).

Rearrange into the required form.

The point P with coordinates (75, 30) lies on the parabola C with equation y? = 12x.

Find the equation of the tangent to C at P, giving your answer in the form y = mx + ¢, where m and

¢ are constants.
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y2 = 12x
2 dy 12 ’7
i
Yax
dit g
dx Y
When\—SOd—l—izésomzé
dA 30 p 3
__1"—30=%(x—75)
= y=3x+15

Therefore, the equation of the tangent to C
at Pis y=2x + 15.

Conic sections 1

dyv
Use implicit differentiation to find d—‘}
X

Students who are only studying for AS Further

Maths could use the result j—y

2a0
=— witha=3.
L=y vitha

d
Use d—y %to find the gradient of the tangent.
X

Use y — y, = m(x — x;) to find the equation of the
tangent. Here m = + and (x,, ;) = (75, 30).

The point P(4, 8) lies on the parabola C with equation y* = 4ax. Find:

a the value of «

b an equation of the normal to C at P.

The normal to C at P cuts the parabola again at the point Q. Find:

¢ the coordinates of Q

d the length PQ, giving your answer as a simplified surd.

a &=4ax4=a=4
b y?=16x
d).,

dy
2)61 =16 Codora

When y =8, my=—- =

24
}

N
L

So gradient of norma! is my = —
y—58=-1x-4)
=yp=-x+12
Therefore, the equation of the normal to C
at Pis y = —x + 12.

c When the normal cuts the curve,
(-x +12)2 = 16x

X2 — 24x + 144 = 16x
- 40x + 144 = O

(x - 4)(x - 36) = J
50.x=4or.x=36
When x = 36, y = =36 + 12 = =24,

S0 @ has coordinates (36, -—24}.'—,—
d PQ=(36 - 47 + (-24 - &)? L
PQ =322 + (-32)% = /2048 = 32/2

Substitute (x, y) = (4, 8) into y? = 4ax and simplify

to find a.
d

Use S or implicit differentiation.
dx ¥

Use m for the gradient of the tangent and n1y
for the gradient of the normal.

-1
My =m—T
Use y — y; = mylx — x;) to find the equation of

the tangent. Here my = —1 and (xy, y,) = (4, 8).
Substitute y = —x + 12 into y? = 16x.
Multiply out and solve the quadratic.

X = 4 corresponds to point P.

Use the distance formula to find the length of
PQ, and give your answer as a simplified surd.
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In this exercise, AS students may use, without proof, the result that, for the general parabola y? = 4ax,
i 24
dx ~ »
1 Find the equation of the tangent to the curve:
a y? = 4x at the point (16, 8) b 32 = 8x at the point (4, 4/2)
¢ xy =25 at the point (5, 5) d xy =4 at the point where x = %
e y?=T7x at the point (7, -7) f xy = 16 at the point where x = 2v2.

48

Give your answers in the form ax + by + ¢ = 0.

Find the equation of the normal to the curve:
a 2 =20x at the point where y = 10
b xy =9 at the point (—%_, —6).

Give your answers in the form ax + by + ¢ = 0, where a, b and c¢ are integers.

The point A(-2, —16) lies on the rectangular hyperbola H with equation xy = 32.
a Find an equation of the normal to H at A.

The normal to H at 4 meets H again at the point B.

b Find the coordinates of B.

The points P(4, 12) and Q(-8, —6) lie on the rectangular hyperbola H with equation xy = 48.
a Show that an equation of the line PQis 3x -2y + 12 =0.
The point A4 lies on H. The normal to H at A is parallel to the chord PQ.

b Find the exact coordinates of the two possible positions of 4.

The distinct points 4 and B, where x = 3, lie on the parabola C with equation y? = 27x.
a Find the coordinates of 4 and B.
Line /; is the tangent to C at A and line /, is the tangent to C at B. Given that at 4, y > 0,
b draw a sketch showing the parabola C. Indicate on your sketch the points 4 and B and the
lines /, and /..
¢ Find:
i anequation for /,
ii an equation for /,
giving your answers in the form ax + by + ¢ = 0, where a, b and c¢ are integers.

The rectangular hyperbola H is defined by the equations x = 3¢, y = g, teR, t #0.

The point P lies on H with x-coordinate 2v3. Find:

a a Cartesian equation for the curve H (2 marks)
b an equation of the normal to H at P. (4 marks)
The normal to H at P meets H again at the point Q.

¢ Find the exact coordinates of Q. (3 marks)



Conic sections 1

® 7 The point P(4¢2, 8¢) lies on the parabola C with equation y? = 16x. The point P also lies on the
rectangular hyperbola H with equation xy = 4.

a Find the value of ¢, and hence find the coordinates of P. (3 marks)
The normal to H at P meets the x-axis at the point V.
b Find the coordinates of N. (4 marks)
The tangent to C at P meets the x-axis at the point 7.
¢ Find the coordinates of 7. (3 marks)
d Hence, find the area of the triangle NPT. (2 marks)

The point P(af?, 2at), lies on the parabola C with equation y? = 4ax where «a is a positive constant.
Show that an equation of the normal to C at Pis y + tx = 2at + at’.

d) dy  2a
2) o 4a so Zx " B
d}' 2 1 = . d}’ 2a
)= = == = - Substitute y = 2at into — = —
If y = 2at, then Tl i u y=cati dx_ ¥

Gradient of tangent at Pis my = %

So gradient of normal is my = —1.

P has coordinates (at?, 2at).
Use y — v; = mylx — x;) to find the equation of the

normal, N. Here my= —t and (x,, y,) = (af?, 2at).

N: y - 2at = —t(x — at?)
N: y - 2at = —tx + at® —‘

N:y+tx = 2at +a® | L Rearrange into the required form.

Therefore, the equation of the normal to C at
Pisy + tx = 2at + ar®

® An equation of the normal to the parabola with equation
V2 = hax at the point P(af?, 2at) is y + tx = 2at + at®

You can use a similar method to find an equation for a tangent to a parabola.

= An equation of the tangent to the parabola with equation
y? = 4ax at the point P(at? 2at) is ty = x + ar? The derivation of this result is left

as an exercise. = Exercise 2F Q4
Example @

The point P(ct, 9, t # 0, lies on the rectangular hyperbola H with equation xy = ¢2 where ¢ is a
positive constant.
a Show that an equation of the tangent to H at P is x + ?y = 2ct.

A rectangular hyperbola G has equation xy = 9. The tangent to G at the point A4 and the tangent to
G at the point B meet at the point (-1, 7).

b Find the coordinates of 4 and B.
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dy o2
et 24—2 o i
dx = TEYT =2
At P, x = ¢t and
dy 2 2
My=——=— e s
dx (ct)? pEr 12

Gradient of tangent at Pis my = -

P has coordinates (c‘t, %)

¢ 1
i y~—?=-!—2{'x—(’f:l
T rPy—ct=—(x- c’!J—|
T Py —ct=-x+ct
T x4+ 2y = 2ct J

Therefore, the equation of the tangent to
Hat Pis x + 7y = 2ct.
b Compare xy = 9 with xy = ¢2

As c is positive, ¢ = 3.

Tangent to Gis x + 2y = 6t (1)
1+ 3(7) = Gt

7E-6t-1=0
(7t+ Dt -N1=0
= = -% o st
P has coordinates (c“f E) = (3£ é)
5 27 )

When t = —%. the coordinates are

43321

1
T
When t = 1, the coordinates are
3

(3x1.2)=@ 3

Therefore, the coordinates of A and B are

(--.‘%, -21) and (3, 3).

Rearrange the equation for H in the form y = x".

Differentiate to determine the gradient of H.

Substitute x = ¢, to calculate the gradient of the
tangent to H.

Use y — y; = my (x — x,) to find the equation of
the tangent, T.

Here m; = —% and (x3, i) = (Ct, %)

Rearrange into the required form.

2=9=c¢=V9=c¢=3.

Substitute ¢ = 3 into the equation of the tangent
derived in part a.

Substitute x = -1 and y =7 in (1) as the tangent
goes through point (-1, 7).

Substitute ¢ = 3 into the general coordinates of P.
. 1. 3
Substitute ¢ = —5 into P | 3¢, 7)-

Substitute t = 1 into P (31, %)

® An equation of the tangent to the rectangular hyperbola with equation xy = ¢? at the point

P(cr, %) isx+rPy=2ct

You can use a similar method to find an equation for a normal to a rectangular hyperbola.
® An equation of the normal to the rectangular hyperbola

with equation xy = ¢? at the point
P( ct, %) istPx—ty=c(t"-1)
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The parabola C has equation y? = 20x. The point P(5p% 10p)
is a general point on C. The line / is normal to C at the P
point P.

a Show that an equation for /is px + y = 10p + 5p°.
The point P lies on C. The normal to C at P passes
through the point (30, 0) as shown on the diagram.
The region R is bounded by this line, the curve C and
the x-axis.

b Given that P lies in the first quadrant, show that

¥

(0] (30, 0)

the area of the shaded region R is %

a 2 =20%
dy dy 10 ~ Use the fact that m; x m, = —1 to find the
2y =20s0 0=+ gradient of the normal.
_ a 10 _1
2 kel g e o
AB PP 0Pk g = 10p P Problem-solving
So, the gradient of the tangent at Pis Since you know the gradient in terms of the
e 4 parameter p, you can find an equation for the
™= p normal at P in terms of p.
Therefore, the gradient of the normal is Use y — y; = my(x — x;) with my = —p and
my = =p. (x4, y4) = (5p%, 10p).
y —10p = —p(x — 5p?)
y = 10p = —px + 5p° Use the fact that the line passes through (30, 0)
px +y=10p + 5p° to find the value of p.

b A(30.0),-80p=10p+ 5p Problem-solving

5p3-20p =0 :
2 -4 =0 The three solutions correspond to the three
BRE == different normals to the curve that pass through
p=0p=-2orp=2 the point (30, 0). You are interested in the one
Discard p=0Oandp=-2,50p = 2. that lies in the first quadrant, so choose p = 2.
Y4
p=2
p=0 (30, 0) R
0 x
p=-2
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Coordinates of P are (20, 20). Substitute p = 2 into P(5p?, 10p).
)'Jk =
P
y E Split the area into two parts as shown. R, can
- R be found using integration. R, is the area of a
R 1 triangle.
PR
0 20 30 x
/
, e 1 11
R, = 20z L x%dx | If y2 = 20x, then y = (20x)? = 207 x 2.
(e h 1
- 202+ Ry= [ ydxwitha=0,b=20and y =20
= §x 207 = 52
R, = %bh - ; x 10 x 20 = 100 : R; is a triangle with base 10 and height 20.

R=R, + R, =100 + 22 =10

3
Exercise @

In this exercise, AS students may use, without proof, the result that, for the general parabola y* = 4ax,
dy_ 24
dx ~ y
1 The point P(372, 61) lies on the parabola C with equation y? = 12.x.
a Show that an equation of the tangent to C at Pis yt = x + 32

b Show that an equation of the normal to C at Pis xt + y = 3£ + 61.

2 The point P(6t, %), t # 0, lies on the rectangular hyperbola H with equation xy = 36.

a Show that an equation of the tangent to H at Pis x + >y = 12¢.
b Show that an equation of the normal to H at Pis £x — ty = 6(¢* - 1).

3 The point P(5¢, 10¢) lies on the parabola C with equation y? = 4ax, where a is a constant
and ¢ #£ 0.

a Find the value of a.

b Show that an equation of the tangent to C at P is yt = x + 5¢%.

The tangent to C at P cuts the x-axis at the point X and the y-axis at the point Y. The point O
is the origin of the coordinate system.

¢ Find, in terms of ¢, the area of the triangle OX'Y.
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® 4 The point P(at?, 2at), lies on the parabola C with equation y* = 4ax, where a is a positive
constant.

a Show that an equation of the tangent to C at Pis ty = x + af’.

The tangent to C at the point 4 and the tangent to C at the point B meet at the point with

coordinates (—4a, 3a).

b Find, in terms of a, the coordinates of 4 and B.

The point P (4!, %) t # 0, lies on the rectangular hyperbola H with equation xy = 16.

a Show that an equation of the tangent to H at Pis x + >y = 8¢.

(4 marks)

The tangent to H at the point 4 and the tangent to H at the point B meet at the point X with

y-coordinate 5. X lies on the directrix of the parabola C with equation y? = 16x.

b Write down the coordinates of X.
¢ Find the coordinates of 4 and B.

(1 mark)
(3 marks)

d Deduce the equations of the tangents to H which pass through X. Give your answers in the

form ax + by + ¢ = 0, where a, b and ¢ are integers.

(4 marks)

The point P(af?, 2at) lies on the parabola C with equation y? = 4ax, where « is a constant

and ¢ # 0. The tangent to C at P cuts the x-axis at the point 4.
a Find, in terms of ¢ and ¢, the coordinates of A.

The normal to C at P cuts the x-axis at the point B.

b Find, in terms of «¢ and ¢, the coordinates of B.

¢ Hence find, in terms of « and ¢, the area of the triangle 4 PB.

The point P(2¢%, 41) lies on the parabola C with equation y? = 8x.

a Show that an equation of the normal to C at Pis xt + y = 213 + 4¢.
The normals to C at the points R, S and 7 meet at the point (12, 0).
b Find the coordinates of R, Sand 7.

(4 marks)

(4 marks)
(4 marks)

(4 marks)

(4 marks)

¢ Deduce the equations of the normals to C which all pass through the point (12, 0). (4 marks)

The point P(af’, 2at) lies on the parabola C with equation y? = 4ax, where « is a positive

constant and 7 # 0. The tangent to C at P meets the y-axis at Q.
a Find in terms of « and ¢, the coordinates of Q.

The point S is the focus of the parabola.

b State the coordinates of S.

¢ Show that PQ is perpendicular to SQ.

The point P(62, 12¢) lies on the parabola C with equation )? = 24x.

a Show that an equation of the tangent to the parabola at Pis ty = x + 612

The point X has y-coordinate 9 and lies on the directrix of C.
b State the x-coordinate of X.

The tangent at the point B on C goes through point X.

¢ Find the possible coordinates of B.

(5 marks)

(1 mark)
(4 marks)

(4 marks)

(1 marks)

(4 marks)
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10 The points P(4p?, 8p) and Q(4¢2, 8¢) lie on the parabola with equation y? = 16x. Prove that the
normals to the parabola at points P and O meet at (8 + 4(p> + pq + ¢%), =4pq(p + q)). (8 marks)

11 The rectangular hyperbola, H, has Cartesian equation xy = 64. The points P|8 J.,§ and
g yp q ) p D> p

Q(Sg, %) lie on H.

a Show that the equation of the tangent at point P is p?y + x = 16p. (4 marks)

The tangents at P and Q meet at the point R.

b Given that the line OR is perpendicular to the line PQ, prove that p?¢”> = 1. (9 marks)

12 A parabola is defined by the parametric equations x = a#*> and y = 2at.
a Show that the equation of the tangent to the parabola at the point P(at?, 2ar) is ty = x + at>.

(4 marks)
b Show that the tangent intersects the x-axis at 7(—at?, 0). (4 marks)
P is the point (a#, 2at) and S is the focus of the parabola.
¢ By considering gradients, or otherwise, show that P7 can never be perpendicular
to PS. (4 marks)

13 The point P(p2, 2p) lies on the parabola C with
equation y? = 4x. The line / is tangent to C at
the point P.
a Show that an equation for / is py = x + p’.
b Find the area of the shaded region R.

@ Loci

(4 marks)
(4 marks)

/ = O _’\'

You can use the focus—directrix property of a parabola to derive its general equation.

The curve C'is the locus of points that are equidistant from the line with equation x + 6 = 0 and the
point (6, 0). Prove that C has Cartesian equation )2 = 4ax, stating the value of a.

X
a / P(x, y)

d

(V3]

|

o 86, 0) %

x+6=0

54

The (shortest) distance of Ptothe linex+6=0
is the distance XP.

The line XP is horizontal and has distance
XP=x+6.

The distance SP is the same as the distance XP.

The locus of P is the curve shown.
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From sketch, the locus satisfies
SP = XP. This means the distance SP is the same as the

Therefore, SP? = XP2: distance XP.

(x-—6F +(y—-02=(x+6)p?
X -12x + 36 + Yy =x° + 12x + 36
—12x + 2 = 12x

Use d? = (x, — x,)% + (y, — y,)? to find SP?, where
S(6,0) and P(x, ).

This simplifies to y# = 24x. This is in the form y2 = 4ax.

So the locus of P has an equation of the form S0 4at = 24, gives a =6,

¥? = 4ax, where a = 6.

You can solve other locus problems involving the parabola and the rectangular hyperbola by
considering general points on each curve.

The point P lies on a parabola with equation
y? = 4ax. Show that the locus of the midpoints
of OP is a parabola.

The general point on the parabola y? = 4ax has

Use the general point on the parabola to find
the coordinates of the midpoint of OP in
terms of the parameter. The locus can then
be determined by considering the parametric

equations for this general point.
coordinates (a2, 2at). q & P

Midpoint of OP = ($af?, at) Problemizoluing

X =2at?, y = at = y? = 2ax
i : ; Any equation of the form y2 = kx is a parabola.
This is the equation of a parabola with focus (za, O) You can find its focus by setting k = 4a.

Exercise @

@1

® 2

® 3

A point P obeys a rule such that the distance of P to the point (7, 0) is the same as the distance
of P to the straight line x + 7 = 0. Prove that the locus of P has a Cartesian equation of the form
12 = 4dax, stating the value of the constant a.

A point P obeys a rule such that the distance of P to the point (2v5, 0) is the same as the
distance of P to the straight line x = —2v5. Prove that the locus of P has an equation of the form
y? = 4ax, stating the value of the constant a.

A point P obeys a rule such that the distance of P to the point (0, 2) is the same as the distance
of P to the straight line y = -2.

a Prove that the locus of P has an equation of the form y = kx2, stating the value of the constant k.
Given that the locus of P is a parabola,

b state the coordinates of the focus of P, and an equation of the directrix to P

¢ sketch the locus of P with its focus and its directrix.

A point P is equidistant from the point (@, 0) and the straight line x + a = 0. Prove that
the locus of P is a parabola with equation y? = 4ax. (4 marks)
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5 A point P is equidistant from the point
P q P
S(3, 0) and the line x + 3 =0.

a Prove that the locus of P has an equation of the form

»? = kx, where k is a constant to be found.

The point Q with y-coordinate 616 lies on the locus.
b Show that the equation of the line through QO

= =
and Sis y = %x - 6;.6

The line also intersects the curve at the point R.

¢ Find the coordinates of the point R.
d Find the area of the trapezium QRV V.

6 Given that P(x, y) is a general point on a
rectangular hyperbola with equation xy = ¢,
show that the locus of points Q(x, %y) is also
a rectangular hyperbola, stating its equation
in the form xyp = k2, where k is given in terms
of c. (5 marks)

m Q is the midpoint of P

and its foot’ on the x-axis.

7 The points A and B lie on the x- and y-axes
respectively. The point M is the midpoint
of AB. A and B vary such that the area of
triangle AO0B is a constant value, g.

a Prove that the locus of M is a rectangular
hyperbola. (4 marks)

b Give the equation of the locus from part a
in the form xy = ¢?, where ¢ is given in
terms of ¢. (1 mark)

Challenge

A coordinate grid is drawn on a piece of paper.
The point (a, 0) and the line x + a = 0 are marked.
The paper is then folded and creased in such

a way that the point meets the line. Prove that
the crease line is a tangent to the parabola with
equation y? = 4ax.

56

(4 marks)

(4 marks)
(3 marks)
(2 marks)
Va
0 x
Va

Problem-solving

The parabola
will form the
envelope to
the family of
crease lines
constructed in
this way.

@ Explore the O

locus of M using GeoGebra.

S OAKSAN
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Mixed exercise o

® 1

A parabola C has equation y? = 12x. The point S is the focus of C.

a Find the coordinates of S. (1 mark)
The line / with equation y = 3x intersects C at the point P where y > 0.

b Find the coordinates of P. (2 marks)
¢ Find the area of the triangle OPS, where O is the origin. (3 marks)

A parabola C has equation y? = 24x. The point P with coordinates (k, 6), where k is a
constant, lies on C.

a Find the value of k. (1 mark)
The point S is the focus of C.

b Find the coordinates of S. (1 mark)
The line / passes through S and P and intersects the directrix of C at the point D.

¢ Show that an equation for /is 4x + 3y — 24 = 0. (2 marks)
d Find the area of the triangle OPD, where O is the origin. (3 marks)

The parabola C has parametric equations x = 12¢2, y = 24¢. The focus to C is at the
point S.

a Find a Cartesian equation of C. (2 marks)
The point P lies on C where y > 0. P is 28 units from S.

b Find an equation of the directrix of C. (1 mark)
¢ Find the exact coordinates of the point P. (3 marks)

d Find the area of the triangle OSP, giving your answer in the form kv/3, where k is an
integer. (3 marks)

The point (472, 8t) lies on the parabola C with equation y2 = 16x. The line / with equation
4x — 9y + 32 = 0 intersects the curve at the points P and Q.

a Find the coordinates of P and Q. (4 marks)
b Show that an equation of the normal to C at (472, 8t) is xt + y = 413 + 8¢. (4 marks)
¢ Hence, find the equations of the normals to C at P and at Q. (1 mark)
The normal to C at P and the normal to C at Q meet at the point R.

d Find the coordinates of R and show that R lies on C. (4 marks)

e Find the distance OR, giving your answer in the form kv97, where k is an integer. (2 marks)

The point P (at?, 2at) lies on the parabola C with equation y? = 4ax, where « is a positive
constant. The point Q lies on the directrix of C, and on the x-axis.

a State the coordinates of the focus of C and the coordinates of Q. (2 marks)
The tangent to C at P passes through the point Q.

b Find, in terms of «, the two sets of possible coordinates of P. (5 marks)
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The point P (cr, %) ¢ >0, t+#0, lies on the rectangular hyperbola H with equation xy = 2,

a Show that the equation of the normal to H at Pis *x — 1y = ¢(t% - 1). (4 marks)

b Hence, find the equation of the normal n to the curve J with the equation xy = 36
at the point (12, 3). Give your answer in the form ax + by = d, where a, b and d are
integers. (2 marks)

The line n meets J again at the point Q.
¢ Find the coordinates of Q. (4 marks)

A rectangular hyperbola H has equation xy = 9. The lines /, and /, are distinct tangents to H.
The gradients of /, and /, are both —%. Find the equations of /, and /.. (5 marks)

The point P lies on the rectangular hyperbola xy = ¢2, where ¢ > 0. The tangent to the
rectangular hyperbola at the point P(ct, %), t > 0, cuts the x-axis at the point X and cuts the
y-axis at the point Y.

a Find, in terms of ¢ and ¢, the coordinates of X and Y. (6 marks)
b Given that the area of the triangle OXY is 144, find the exact value of c. (3 marks)

The points P(4ar, 4at) and Q(16ar?, 8at) lie on the parabola C with equation y? = 4ax,
where a is a positive constant.

a Show that an equation of the tangent to C at P is 21y = x + 4at’. (4 marks)
b Hence, write down the equation of the tangent to C at Q. (1 mark)
The tangent to C at P meets the tangent to C at Q at the point R.

¢ Find, in terms of @ and ¢, the coordinates of R. (5 marks)

A rectangular hyperbola H has Cartesian equation xy = ¢2, ¢ > 0. The point (ct, %),
where ¢ > 0 is a general point on H.

a Show that an equation of the tangent to H at (ct, %) is x + 2y = 2ct. (4 marks)

The point P lies on H. The tangent to H at P cuts the x-axis at the point X with coordinates
(2a, 0), where « is a constant.

b Use the answer to part a to show that P has coordinates (a, (32-) (2 marks)
The point Q, which lies on H, has x-coordinate 2a.

¢ Find the y-coordinate of Q. (2 marks)
d Hence, find the equation of the line OQ, where O is the origin. (2 marks)
The lines OQ and XP meet at point R.

e Find, in terms of a, the x-coordinate of R. (3 marks)
Given that the line OQ is perpendicular to the line XP,

f show that ¢2 = 242 (2 marks)
g find, in terms of «, the y-coordinate of R. (1 mark)



¢ line with equation -y - = 0 intersects the parabola
11 Theli 'hq'2xy12 01 he parabola C
with equation )? = 12x at the points P and Q.

a Find the coordinates of P(a, b) and Q(m, n). (3 marks)

b Find the area of the shaded region R bounded
by the curve C and the lines y = b and x = m. (5 marks)

EP 12

EP) 13

The point P(9p?, 18p) lies on the parabola with
equation y* = 36x. The line / is normal to the
parabola at P.

a Show that an equation for /is y + px = 18p + 9p°.
(4 marks)

Given that the line passes through the point 7127, 0),

b find the coordinates of the three possible positions
of P. (3 marks)

Given further that / has positive gradient, and that it
intersects the parabola again at point Q, as shown in
the diagram,

¢ find the coordinates of Q

Conic sections 1

=Y

= 36x

d find the area of the shaded region R, bounded by /, the parabola and the x-axis.

Points P(ap?, 2ap) and Q(aq?, 2aq) lie on the parabola with equation y? = 4ax.

a Show that the equation of the line joining P and Q is (p + q)y — 2x = 2apq.

Given that the line PQ passes through the focus,
b show that pg = -1

¢ find the coordinates of the point of intersection of the tangents to the parabola

at the points P and Q

d show that this point of intersection lies on the directrix.

(2 marks)
(6 marks)

(4 marks)

(2 marks)

(3 marks)
(2 marks)

If P is a general point on a rectangular hyperbola, and the tangent at P cuts the x- and y-axes

at A and B respectively, show that:
a AP=PB

b the triangle AOB has constant area.

(3 marks)
(3 marks)
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15 The chord PQ of a parabola with equation y* = 4ax
passes through the focus of the parabola as shown in
the diagram. Show that:

a the tangents to the parabola at P and Q meet on the

directrix (7 marks)
b the locus of the midpoint of PQ has equation
y?=2a(x - a) (8 marks)

Challenge

When a ray of light is reflected, the angle between the incident ray and

the normal at the point of contact with the surface is the same as the
angle between the normal and the reflected ray.

The diagram below shows a parabolic mirror, with equation y? = 4ax.
A ray of light parallel to the x-axis hits the mirror at the point

P(ar?, 2at). The line N is the normal to the mirror at the point P, and the

angles of incidence and reflection, e, are shown on the diagram.

Ya
AY
P\/
\\(y
A
@
Ay
AY
A
Ay
X
A}
Ay
- X >
0 S 3 X
A}
A\
kY
N
' = dax

a Provethattana =1t

b Hence find an expression for tan 2« in terms of ¢, and show that the
21
-1
¢ Hence show that the reflected ray passes through the focus of the
parabola, S.

gradient of the reflected ray is
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Summary of key points

1 To find the Cartesian equation of a curve given parametrically you eliminate the parameter ¢
between the equations.

The curve opposite is a parabola with Cartesian P(x,y)
equation y? = 4ax, where a is a positive constant.

+ This curve has parametric equations x = at?, y = 2at, t € R.

« The curve is symmetrical about the x-axis. 73] %

+ A general point P on this curve has coordinates

(x, y) or (at? 2al). 32 = bax

J

A parabola is the locus of points that are the 1
X - -

same distance from a fixed point S, called

the focus, and a fixed straight line called the
directrix. In the diagram on the right,

SP = PX for all points P on the parabola.

For the parabola with Cartesian equation y* = 4ax,

«—a—>fe—a—>/S

« the focus, S, has coordinates (¢, 0) —a 0 a
vertex focus

¥

+ the directrix has equation x + @ =0

+ the vertex is at the point (0, 0).
directrix

)2 = bax
x+a=0

The curve opposite is a rectangular hyperbola with !

Cartesian equation xy = ¢, where ¢ is a positive constant. B
XV
+ This curve has parametric equations

x=ct,y=%rER,t;£O

+ The curve has asymptotes with equations x =0
(the y-axis) and y = 0 (the x-axis).

=¥

+ A general point P on this curve has coordinates (x, y) or (ct, %)

dr_2a

dx V-~

An equation of the tangent to the parabola with equation y? = 4ax at the point P(at?, 2at) is
ty =X+ at®

For the general parabola y? = 4ax, the gradient is given by

An equation of the normal to the parabola with equation y? = 4ax at the point P(at?, 2at) is
¥+ tx = 2at + ar®

An equation of the tangent to the rectangular hyperbola with equation xy = ¢? at the point
P(ct, %) isx+ 2y = 2ct

An equation of the normal to the rectangular hyperbola with equation xy = ¢? at the point
P(ct, %) istx—ty=c(t*-1)
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After completing this chapter you should be able to:

e |dentify an ellipse or a hyperbola from its Cartesian or

parametric equations

- pages 63-67

e Find the foci, directrices, and eccentricity for an ellipse or a

hyperbola

Find tangents and normals to these curves
Solve simple loci questions

| 1 The curve C has equation x?-9y? = 20.

Find the gradient of C at the point (6, 7).
<« Pure Year 2, Chapter 9

Find the x-coordinates of the points of
intersection of the circle with equation
X%+ y* = @? and the line y = kx, giving
your answer in terms of @ and k.

< Pure Year 1, Chapter 6

Find the Cartesian equation for the locus
of points that are equidistant from
A(-8, 4) and B(10, 10).

<« Pure Year 1, Chapter 6

- pages 67-74
—» pages 74-83
- pages 83-87

The Earth’s motion around the Sun can be

! modelled as following an elliptical path,

where the Sun is located at one focus of
the ellipse.




m Ellipses

A In the previous chapter you encountered the
parabola and the rectangular hyperbola,
which are both examples of conic sections.

A circle is a special case of an ellipse

If you slice a cone in such a way as to produce a
closed curve, the resulting curve is called
an ellipse.

Ellipse

sections using GeoGebra.
= A standard ellipse has the Cartesian equation

" p

2

A 2 g2
X J—_l

=1 i

Conic sections 2

m Explore conic O

Yy
b
Whenx—Oy——landso’zztb /\
B ,ba_ } - _a!—’/a
—b

You can define a general point P on the ellipse in terms of a parameter, +.

2
Wheny:U,z—zzland SO X =+d.

= The standard ellipse has parametric equations

_ @ Substituting x =a coszand y = bsint
x=acost,y=bhsint,0<st<2mw 2 2

= A general point P on an ellipse has coordinates

a 4x? + 9y? = 36

4x? A First put the equation for E into standard
36 36 form.

x2 y?

g + ‘E =
Soa=3andb=2 Identify the value of a and the value of b.

So sketeh of E is

E - ; 2
\ Draw the sketch: mark on intersections with
F/ the axes.

b Parametric equations are
x=3cost,y=2sn, 0t <27

into— + w produces cos? ¢ + sin? ¢ which is
a

s

5 equal to 1. « Pure Year 1, Section 10.3
(acost, bsint).
Example o
The ellipse E has equation 4x2 + 9)2 = 36.
a Sketch E. b Write down parametric equations for E.
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Al The ellipse E has parametric equations

x=23cosf,y=5sin0,0=0 <27

a Sketch E. b Find a Cartesian equation of E.
a-5=sy<5
A EFTE Since sinf and cos# are both between
—land 1.
iy
5
E

-2

2 2
X
b a=3and b =5, so the equation is — + LAYS S— Compare with the standard formula.

) 5

1 a Sketch the following ellipses showing clearly where the curves cross the coordinate axes.
ix2+4y2=16 ii 4x2+1y2=36 iii 2 +9y2=25

b Find parametric equations for these curves.

2 a Sketch ellipses with the following parametric equations.
i x=2cosf, y=3sind ii x=4cosf,y=>5sind
iii x=cosf,y=>5sind iv x =4cosb, y =3sind
b Find a Cartesian equation for each ellipse.

(P) 3 The diagram shows the circles with equations x2 + y2 = % and VA
x2 + y? = b2 The line OS makes an angle 6 with the positive s
x-axis and intersects the circles at points P and Q respectively. 0
The point R has the same y-coordinate as P and the same :
x-coordinate as Q, as shown in the diagram. 4 —j;e

a Find the coordinates of R in terms of «, b and 6.

b Hence describe the locus of R as @ varies from 0 to 2, and
give its Cartesian equation.

C
J

)
o
=Y

¢ Sketch the curve with parametric equations
LR .

2 2
showing clearly any points where the curve meets or intersects the coordinate axes.

x =4cost, y = sint,
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Challenge Problem-solving

B The curve C'is formed by rotating the ellipse with equation Write the position vector of a general
2 oint on the original ellipse as
x_z + LD 1 through 45° anticlockwise about the origin. P e orig P
a: bo acost :
(bsin t) and then apply a suitable

YA
linear transformation.

x+y? k=pP

Show that C has equation 9 + R 1
@ Hyperbolas
In the previous chapter, you encountered rectangular hyperbolas with 4

4 . s . oy
parametric equations x=ct,y =7, tER, (=0, where ¢ is a positive

constant. The Cartesian equation of this rectangular hyperbola is
xy = ¢ This family of curves have perpendicular asymptotes with
equations x = 0 (the y-axis) and y = 0 (the x-axis). A general point

P on the curve has coordinates P(cr,%).

In general, hyperbolas do not need to have perpendicular asymptotes.
You can find Cartesian and parametric equations for a standard hyperbola.

= A standard hyperbola has Cartesian equation
xZ yZ
@ pt

When y =0, x*> = ¢® and so the curve crosses

the x-axis at (+a, 0). As x and y tend to infinity,

x2 2

—— “;3—2 and so the equations of the
o’

b
asymptotes are y =+ x.

When a = b, this creates a rectangular
hyperbola with equation x? — y? = a® with
asymptotes at y = x and y = —x.

These asymptotes are perpendicular to one
another.

m The equations of the asymptotes are given in the
formula booklet.

m Although x? — 32 = ¢® is an example of a rectangular

hyperbola because its asymptotes are perpendicular, it is not part of the
family of curves of the form xy = ¢? encountered in the previous chapter.
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B In the previous section you saw that the parametric equations of the ellipse were connected to the
trigonometric relationship cos?d + sin?# = 1. You can use the corresponding relationship for the
hyperbolic functions to find parametric equations for the hyperbola.

= The standard hyperbola has parametric equations cosh? x—sinhZ x = 1
x =zacosht, y = bsinht,t € R ¢ Core Pure Book 2, Chapter 6

= The standard hyperbola has alternative parametric equations
x=asech,y=htanf, -t <0<, O;ﬁ:%
= A general point P on a hyperbola has coordinates (+acosht, hsinh ) or (asec 6, htan 6).

The hyperbola H has equation 9x? — 4y? = 36.
a Sketch H.
b Write down the equations of the asymptotes of H.

¢ Find parametric equations for H.

a Rearrange the equation to get X2 P
f E v Write the equation in the form Pl 1
w e and identify values for  and b.

Soa=2and b=3

=Y

b Equations of the asymptotes are

=) B
y=73xandy=-—3x The equations of the asymptotes are y = :tg—x.

c Parametric equations are
x ==x2cosht, y = 3sinht, t€R Use x =acoshtand y = bsinh t.

A hyperbola H has parametric equations

x=4sect,y=tant,—w =t <m, 1! :t:t%
a Find a Cartesian equation for H.
b Sketch H.
¢ Write down the equations of the asymptotes of H.
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B a Using sec?t — tant = 1,
(x)z 2 _ 1 Alternatively, compare with x = asecf and
-7 =

4 vy =btan# and use the standard equation.
Cartesian equation is

X2 .3 1

e Y =

ba=4andb=1

x2 yZ
By comparing with =i 1 and using
% a=4and b=1
¢ Equations of asymptotes are b
y = tax Usey =+ _x.

1 Sketch the following hyperbolas showing clearly the intersections with the x-axis and the
equations of the asymptotes. -
x2 y’

a X2-42=16 b 4x2-25)% =100 ¢ F-=1

2 a Sketch the hyperbolas with the following parametric equations. Give the equations of the
asymptotes and show points of intersection with the x-axis.
i x=2sech,y=3tanl,-r <0 <m0 = :t%
ii x==4cosht, y=3sinht,teR
iii x=+cosht, y=2sinhs,reR

iv x=5sech, y="Ttand, - £9<1'r,9:t:|:E

2
b Find the Cartesian equation for each of the hyperbolas from part a.

Challenge

The rectangular hyperbola with equation xy = ¢? is rotated
through 45° anticlockwise about the origin. Show that the
resulting curve satisfies the equation y? - x? = ¢, and state the
relationship between @ and ¢ in this case.

@ Eccentricity

You can define the ellipse and hyperbola in terms of The parabola with equation 12 = 4ax
their focus—directrix properties. In order to do this, you = Ef Al the pointqu that};re:

need to generalise the approach used for the parabola in equidistant from a fixed point, S, (the focus)
the previous chapter. To do this you need to consider the 514 3 fixed line (the directrix). « Section 2.2
eccentricity of a particular conic section.
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= For all points, P, on a conic section, the ratio of the distance of P from a fixed point (called
the focus) and a fixed straight line (called the directrix) is constant. This ratio, ¢, is known as
the eccentricity of the curve.

The diagram shows a fixed point, S, a fixed straight line, the directrix,
and a point, P, on a conic section.

For all points, P, on the curve, the ratio % = ¢ is constant.

directrix

= If 0 < ¢ < 1, the point P describes an ellipse.
n If ¢ = 1, the point P describes a parabola.

= If ¢ > 1, the point P describes a hyperbola. m T
represents a circle, and the special case where ¢ is

infinite represents a straight line. These are both
examples of conic sections, but you will not need
to consider them in this chapter.

Example o
1\2 2

Show that, for 0 < e < 1, the ellipse with focus (ae, 0) and directrix x = — has equatlon —*oy ohe =il

Let P be the point with coordinates (x, y).

PS ; =

—— == PS?=¢2PM?

PM
A
T TR Bsssesusas M

# Draw a diagram.
2 !
S"’ : >

] ae X a X

1]
g

PS? = (x — ae)® + y?

Piu'?:(g—,\')ezwj

e E’E

So PS§2 = e2PM? gives

X2 — X + acec + y2 = g — T + e°Xx2
X2 — 2aeX + a ] ¢ 2aex Simplify.
X1 - ) + 7 = a(1 - &)

r 1 Problem-solving

Find expressions for PS? and PM?in terms of a4,
eand x, y.

b
58]

=,
-
ra

+ e —————

az(1 — e2)
So if b? = a2(1 - €?) then you have the
standard equation of the ellipse.
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If e=0, then 1-¢* =1 and the equation reduces
to the equation of a circle. If e > 1, then 1—¢? is
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B Because the ellipse is 4
symmetrical about the y-axis,
the above derivation will also
work for a focus (—ae, 0) with a

i : 4]
directrix x = =7 s’ s

@ Explore the foci

and directices of an ellipse

. LZ + ﬁ z]_
using GeoGebra. Z
- puil
= For an ellipse with equation Fr) + ? =1,and a> b,
+ the eccentricity, 0 < ¢ < 1, is given by b? = a?(1 - ¢?) Foci is the plural of focus and

« the foci are at (+ae, 0) directrices is the plural of directrix.

 the directrices are x = t%
Notice that the foci are on the major axis which in this case is the x-axis because a > b.

If the major axis is along the y-axis (b > a), then the foci will be on the y-axis at (0, +be) and the

directrices will have equations y = :1:%. The eccentricity will be given by a? = b%(1 — €?).

Find the foci of the ellipses with the following equations and give the equations of the directrices.
xZ y2 x2 yZ
a -y - i 1 b 16 + 55 = 1

In each case sketch the ellipse, and show the directrices and foci.

X2 )P Note thata=3 and b= 2.
n gt =1 ’7 Since a > b use b? = a?(1 - ¢?).
b2 = a?(1 - €2) gives 4 = 9(1 — e2) s0 €2 = %
Soe= % Use (xae, 0).
Foci are at (+/5, O). Use x =22

. . S
Directrices are x = i?
\Il’

|

Hio
Gilw
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B. X2 yZ
Bptaes!

a? = b%(1 — e2) gives 16 = 25(1 — €2)

- . =
Soe" =zzande=z%

Note thata=4and b= 5.
Since b = a use a® = b*(1 — ¢?).

Foci are at (O, £3). Use (0, £be).
Directrices are y = i% L b
VA Use y= i_é
) _25
Yrg
5
X N ¥e =1
€~ 35 ) 2
=\ O 4 %
3
y= 25
= 3
Example o
2 48

The ellipse with equation g % =1 has foci at S(ae, 0) and S'(-ae, 0). Show that if P is any

point on the ellipse then PS + PS’ = 2a.

A
3 r
M | M
I
I
g i\
—a\ -—ae 0 X ae Jd X
i J_.2
a A a
= —— fo, iy e
X5 le e

Let M be the point on the directrix x = § where PS = ePM.
Let M’ be the point on the directrix x = —% where PS' = ePM'.||
Let P be (x, p).

Use the focus and directrix
definitions of an ellipse.

PM and PM' are parallel to

a
PM = e
PM' =x+ %
So PS + PS' = ePM + ePM'

=e(%—x)+e(%+.x)=a—ex+a+ex

=g
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B Show that for e > 1 the hyperbola with foci at (+ae, 0) and directrices at x = :1:% has equation

X2

a b

Let P(x, y) be a point on the hyperbola.

P(x,y)
AM A =
m A
/’ ': Draw a diagram.
7 ]
directrix FOCUE’:" 9 : 5
(ae, O) X X
d
X = (—J
LS — ¢ = PS? = 2PM?
PS2 = (x — ge)? 5
(o gel+ 3 ., Find expressions for PS? and
PM? = (x = f)z L fex —ay ;“J J PM?in terms of 4, e and x, y.
[ e

So P§? = e2PM? gives

X% — 2aex + a’e? + y? = X% — 2ae¥ + a° Simplify

a*(e?—1)=xe"~1) - y*

Fos x? y? e > 150 d?(e®— 1) will be
T a® aP(e? - 1) positive.
So if b% = a®(e? — 1) you have the standard equation of a
_hyperbola.
by
12 2 e %
= For a hyperbola with equation T 1,
+ the eccentricity, ¢ > 1, is given by . %
2 — g2{p2 .
b2 = a?(e? - 1) == 0

+ the foci are at (+ae, 0)
« the directrices are x = +%

¢

Find foci of the following hyperbolas.

In each case, sketch the hyperbola and show the directrices.

2 12 52
a——y—zl b ¥

974 % %=1
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Compare the equation with

e soa=3and b= 2.

Eccentricity is given by b? = a®(e? - 1).

xz—y—z—landidenti and b
2 B yanes

4 =9(e? - 1)

Sog+1=e?

Use b2 = a?(e? - 1).

_ ,"E _ V13
Z¢={g T3
Foci are at (13, Q). Use (xae, 0).
Directrices are X = +—— Usex =2
V13 €
VA
X2
5 -
Coniine RN o8
. > and directices of a hyperbola
(9] 3 X
V13 using GeoGebra.
x=—2 v=2
e 15 Compare the equation with
5 2 xt . .
b L_J =1, soa=4andb=5. l_ EE~§=1and|dent|fyaandb.
16 25
Eccentricity is given by b? = a®(e2 - 1).
25 = 16(e® - 1) Use b2 = a?(e? - 1).
25 1 _ o apen A YA
I +1=¢ 509_1”6— 2
Foci are at (+/41, Q). Use (xae, 0).
Directrices are x = £—
V41
4 Problem-solving

¥y 1 In this example b > a.

6 257 However, unlike with an
ellipse, the foci do not move
to the y-axis. Setting x =0 in

v > the general equation of a
0 N\ vz X & 9 32
hyperbola would give 5= 1
which is never satisfied for real
values of y.
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B 1 Find the eccentricity of the following ellipses.

a§+§=1 b%+%2=1 cxf+%=1
Find the foci and directrices of the following ellipses. )
a§+y;=l 2 b%+y72=1 cx§+%=1
An ellipse with equation “—j+;—’2 = 1 has focus (3, 0) and the equation of the directrix is x = 12.
a Explain why a > b.
b Find:
i the eccentricity of the ellipse ii the values of ¢ and b.

¢ Sketch the ellipse, showing the directrices and any points of intersection with the coordinate axes.

-2 2
An ellipse with equation AT 1 has focus (0, 2) and the equation of the directrix is y = 8.
a Explain why b > a.
b Find:
i the eccentricity of the ellipse ii the values of @ and b.

¢ Sketch the ellipse, showing the directrices and any points of intersection with the coordinate axes.

Find the eccentricities of the following hyperbolas.

2 2 22 2 )
o T bg-7=l CR T
Sketch the following hyperbolas, showing clearly the positions of their foci and directrices.
2 2 2 ) 2 g2
b 75 ¢z 5!
a For each of the following hyperbolas, find the eccentricity and show that the foci are at (+5, 0).
X 2 P, )2 o B . x2 )
iog-r= i x*-5, = iii E—gzl vVo-16°

b Hence sketch all four hyperbolas on the same graph, showing the foci and labelling each curve
with its eccentricity.

The latus rectum of an ellipse is a chord perpendicular to the major axis that passes through a

2 2
focus. Show that the length of the latus rectum of the ellipse with equation F - ne 1, where

2
a>b,is % (5 marks)

The distance between the foci of an ellipse is 16 and the distance between the directrices is 25.

a Find the eccentricity of the ellipse. (3 marks)
b Given that both the foci of the ellipse lie on the y-axis, find its equation in the form

x ¥

) + o 1. (2 marks)
The point P lies on the ellipse with equation x2 + 42 = 36, and 4 and B are the points
-3/3,0 and 3v3,0 respectively. Prove that PA + PB = 12. (4 marks)
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X2 2
11 Ellipse E has equation 2t % =1, such that « > b. The foci of E are at S and S’ and the point
£/P Pis (0, b).
Show that cos(PSS’) = e, the eccentricity of E. (6 marks)

@B 12 The ellipse £ has foci at S and S’. The point P on E is such that angle PSS’ is a right angle and
angle PS'S = 30°.
Show that the eccentricity of the ellipse, e, is % (6 marks)

m Tangents and normals to an ellipse

You can use parametric differentiation or implicit

diff LIStIEN TGl th ti Fihat — If you are asked to prove
(ISIEation f) f e.equa lqnso . & ang?n an a result you will need to show enough

normal to an ellipse at a given point. It is often simpler to working to demonstrate your process

derive the equations rather than memorising formulae. for finding the gradient.

Example

Find the equation of the tangent to the ellipse with equation Tra— 1 at the point
P(3cost, 2sint).
Find the gradient.
y =2sint, x = 3cost

dy Problem-solving

dy dar
M You could also differentiate the equation
dx dx -3sint d dr 4
dt implicitly: £x + —éyai— =0and therefore = = -~9-Jx;

2cost

Y= 2sint =mfx bz 3605.’)>—L
Write down the equation of the tangent usin
3ysint — Gsin®t = -2xcost + Gcos®t : e & ing
i y=y=nx—x,).
3ysint + 2xcost = G(cos? [ + sin?i)
3ysint + 2xcost =6 Simplify.

Use cos?t + sin?t = 1.

Example

Show that the equation of the normal to the ellipse with equation 2tpT 1 at the point
P(acost, bsint) is axsint — bycost = (> — b*)costsint

% = f;:;: Find the gradient.
Gradient of normal is gy Use the i i
ot perpendicular gradient rule.
asint

Equation is y — bsint = %(,\‘ —qcost) ——— Use y— y, = m(x - x;) and simplify.
bycost — b?costsint = axsint — a®costsint

axsint — bycost = (a° — b?)cos tsint
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2 2
B = An equation of the normal to the ellipse with equation % e % =1 at the point

P(acost, bsint) is axsint — bycost = (a2 — b?) costsint.
You can use a similar method to find the general equation of a tangent to an ellipse.

= An equation of the tangent to the ellipse with

X2 2 —_— : .
equation — + L 1 at the point P(acost, bsint) m Uit den'vatton Cahi tesult 'S
az ph? left as an exercise. - Exercise 3D Q3

is bxcost + aysint = ab.

I

The point P(Z, %) lies on the ellipse E with parametric equations x = 4cosf, y = 3sinf, 0 < § < 2.
a Find the value of 0 at the point P.

The normal to the ellipse at P cuts the x-axis at the point A.

b Find the coordinates of the point A.

4 9 g P S Set acosf as the x-coordinate and bsin# as the
a A4cost=a=cosf=7s00= - y-coordinate and solve to find 6. Choose the value
i of @ in the given range that satisfies both equations.
35'mr9=3ﬁ z,\sin(?:ﬁs;oﬁzi, A g g T
2 2 3" 3
So f#= % — Use the general point to find the gradient.
dy  3cosl
b ——= X Use the perpendicular gradient rule then
dx —4sinfl = P g
Acing ] substitute the value of 6.
So gradient of normal is
3cosf
At P the gradient of the normal is This can be found by implicit differentiation on
y xZ 2
v3 . the Cartesian equation — + % = 1. Differentiating:
4y 2 _ 43 o 4 16 .
L 2 g— —_— —_= ~——x—
3 x4+ 3 i e + 5V g Osodx 16J/,and
Equati f lakPi d — =
R nc,.]rma TR using the coordinates of P, L
v3  4V3 dx V3 43
¥=ds =g (= 2) 16 x 3—
4/3 2

so normal gradient is 3

Cuts x-axis at =9y3 = 8/3(x - 2)
So 4is (£, 0)
Example @
K

53 ; X ;
Show that the condition for y = mx + ¢ to be a tangent to the ellipse — + 5 = 11is b? + a?m? = (2.
a

Let y =0 and solve to find x.

2 (mx + ¢)?
The line meets the ellipse when > + % = 1— Substitute mx + ¢ for y.

So b2x? + a®mx? + 2a°mxc + a*c? = a®h?® ; s .
Multiply out and rearrange as a quadratic equation
x2(b? + a®m?) + 2aPmex + a®(c? -b%) = 0O inx.
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Use the properties of the discriminant.
& Pure Year 1, Chapter 2

B To be a tangent there must be only one real root.
Therefore the discriminant of this quadratic is O.
(2aPme)? = 4(b* + a®mP)a*(c® - b?) Multiply out and simplify.
So 4a*?m®c® = 4a’(b°c? — b* + a®mPc® — a?bim?)
a2t = bReR = b gemEct = aPh e Cangel &

b* + a?b?m? = b3¢? Problem-solving

2 2312 — p2
e This is a general result about tangents to
ellipses. Unless you are asked to prove it, you
could quote it in your exam.

}!
Example @
2 2 0

x
The ellipse C has equation i ;;2 = 1. The line / is normal C
to the ellipse at P and passes through the point Q, where
C cuts the y-axis, as shown in the diagram. 5 R >
Find the exact coordinates of the point R where / cuts
the positive x-axis. P
/

x2 2 Deduce the values for @ and b from the general

—+—==1sca=5and b=3 ' : e ¥

BE ~ B2 equation of an elllpse,—2+§=1

a

axsin@ — bycosl = (a® — b%)cosfsinf
Sxsinfl— 3ycosb = 16 cosfsinf State the general equation for the normal of an

O cuts the y-axis at (0. 3) — ellipse and substitute @ =5 and b = 3.

—Fcost = 16cosfsinb The ellipse cuts the y-axis at (0, +h) and b = 3.
-9 = 1G6sinf#
@ 695m | Substitute x =0, y = 3 into the general equation
sinf =—yg for the normal to an ellipse.

cosf = 1 = sin2f

_5/7

e Problem-solving

L Use your value of sin# to find the value of cos#

So the equation of [ is: 5/7
The identity cos?6 + sin?0 = 1 gives cosfl = + —
5(_i)\-__3(5"'7),_1g(5"7)(_i) 16
1677 16 = 16 /' 16 ’ However, from the diagram you can see that P is
—3x-{7y=-3J7 in the fourth quadrant, so cosf must be positive.
When y = 0
ey . | Substitute your exact values for sinf/ and cos 6 to
=3x=-3V7 find the equation of /.
X= v
i i Substitute y = 0 to find the points where / cuts the
So [ euts the x-axis at (7, O). T
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B 1 Find the equations of tangents and normals to the following ellipses at the points given.

) 2 32

X ; J :
— 2 — — o —
a 1 +yp2=1at (2cos#, sinfl) b %+ 1 at (5cosf, 3sinf)
2 Find equations of tangents and normals to the following ellipses at the points given.
x+ 2 5 X2 2
a§+T=lat(\/§,§) b g+ 4_lat[2\/§)
.,

X
CFD 3 Show that the equation of the tangent to the elhpse S+
bxcost + aysint = ab.

i = 1 at the point (acost, bsint) is

x>
4 a Show that the line y = x + v/5 is a tangent to the ellipse with equation 21 ITE 1.
b Find the point of contact of this tangent.

5 a Find an equation of the normal to the ellipse with equation 3 + yz = 1 at the point
P(3cos0, 2sinb).

This normal crosses the x-axis at the point (—%, 0).

b Find the value of § and the exact coordinates of the possible positions of P.
2
6 The line y = 2x + ¢ is a tangent to x? +yI= 1.

Find the possible values of c.

7 The line with equation y = mx + 3 is a tangent to x2 + y? =1

Find the possible values of m.
¥ 4R
(E 8 The line y = mx + 4 (m > 0) is a tangent to the ellipse E with equation 3+ yz =1 at the point P.

a Find the value of m. (4 marks)

b Find the coordinates of the point P. (2 marks)

The normal to E at P crosses the y-axis at the point A.

¢ Find the coordinates of A. (5 marks)

The tangent to E at P crosses the y-axis at the point B.

d Find the area of triangle APB. (5 marks)
@2

CE 9 The ellipse E has equation 9+t = 1.

a Show that the gradient of the tangent to E at the point P(3cosf, 2sinf) is —%cot 0. (4 marks)
b Show that the point Q(2, -4 lies on E. (2 marks)
¢ Find the gradient of the tangent to E at Q. (1 mark)
The tangents to E at the points P and Q are perpendicular.

d Find the value of tan# and hence the exact coordinates of the two possible positions
of P. (4 marks)

TR - |
(R 10 The line y = mx + c is a tangent to both of the ellipses 5 9 16 | and {—4 =1

Find the possible values of m and c.
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2 2

%

The ellipse E has equation ) + % = 1. The line /, is tangent to £ at the point P(8cos#d, 4sin0)

and the line /; is normal to E at the point P(8cos#, 4sinf). Line /, cuts the x-axis at A and line

I, cuts the y-axis at B. Find the equation of the line AB. (6 marks)
2

The ellipse £ has equation 5 + % = 1. The line /, is tangent to £ at the point P(5cos#, 3sinf).

a Use calculus to show that an equation for /; is 3xcosf + Sysinf = 15. (5 marks)

The line /, cuts the y-axis at Q. The line /, passes through the point Q, perpendicular to /,.

b Find the equation of the line /. (3 marks)

¢ Given that /, cuts the x-axis at (-4, 0), show that cos 0 = % (3 marks)
N2 2

The ellipse £ has equation T E= 1. The line /, is tangent to E at the point P(2cost, 4sin?).

a Use calculus to show that an equation for /; is 2xcos? + ysint =4, (5 marks)

The line /, passes through the origin and is perpendicular to /,. The lines /; and /, intersect at
the point Q.
b Show that the coordinates of Q are

8 cost 4sint ) (4 marks)

4cos?t +sin?t’4cos?t + sin?t

VA
The line /, is tangent to the ellipse with \
o :
equation = - i 1 at the point (acost, bsint).
Show that the area of the shaded region is
abcosec2t. (6 marks)

o~ (acost, bsint)

5 i 5 o X 4
The diagram shows the ellipse with equation & + - 1.
Show that the area of the shaded region is 87 — 6v3.

(6 marks)

“Y

Problem-solving

Use the substitution 6sinu = x and simplify AT G
the resulting integrand using an appropriate 4
trigonometric identity.

Challenge )

Prove that the area inside the ellipse with equation f; + g_z =1is wab.
a




Conic sections 2

@ Tangents and normals to a hyperbola
D

You can find the equations of the tangent and normal to a hyperbola at a given point.

%2
Find the equation of the tangent to the hyperbola with equation T '% = 1 at the point (6, 2v3).
: o g P 2. dy s o
Differentiating, §x — % o @) Use implicit differentiation.
At (6, 2/3),
12 43 dy - d_) - 443

2 4 dx” = dx - 9
Equation of tangent is

, 4y3
y—2y3 = é (x - 6) Use y — y; = m(x — xy).
or = 403, B3
S BT 3

2 2

Show that the equation of the tangent to the hyperbola with equation 2R 1 at the point

(acosht, bsinht) can be written as bxcosh 7 — aysinht = ab.

(e S e d
X = acosht, y = bsinht Use the chain rule to find —i

) d
dy i % _ M — Remember that %{sinht} = cosh s and
ax % asihe %icosh ) =sinht < Core Pure Book 2, Chapter 6
Equation of tangent is
y—bsinht = %%(,\‘ —acosht) Use y -y = mi(x = xy).

aysinht — absinh?t = bxcosht — abcosh?

aysinht + ab(cosh?t — sinh?t) = bxcosht

aysinht + ab = bxcosh t Use cosh?¢—sinh?¢ = 1.
bxcosht — aysinht = ab

2 2
= An equation of the tangent to the hyperbola with equation x_z - -;;LZ =1 at the point
P(acosht, bsinht) is aysinht + ab = bx cosht. a

You can use the alternative form of a general point on a hyperbola to find a different general
equation of a tangent to a hyperbola.

= An equation of the tangent to the hyperbola with
2 2

X : e : .
equation — - y—z =1 at the point P(asec, btano) The derivation of this result is
a® b left as an exercise. > Exercise 3E Q3

is hbxsec O — aytan 0 = ab.
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B Show that an equation of the normal to the hyperbola with equation ol o 1 at
(asec@, btanf) is by + axsinf = (a> + b?)tan 6.

y=btanf, x = asect

dy
dy de bsec?8 b ; d_y
il ey ey ey Use the chain rule to find T
dfl
asinf

So gradient of normal is — Use the perpendicular gradient rule.

b
Equation of the normal is
asinf
y=btant = ———(x — asect) ——————— Use y— y; = m(x — xy).
by — b?tanfl = —axsin + a®tand
So by + axsinf = (a® + b?)tanf
2 2
= An equation of the normal to the hyperbola with equation — - B2 1 at the point
a
P(asecH, btan®) is by + axsin0 = (a2 + h?) tan 6

You can use the other form of a general point on a hyperbola to find a different general equation of a
normal to a hyperbola.

= An equation of the normal to the hyperbola with
- : & . . m The derivation of this result is
equation @ p 1at the point P(acosh?, bsinh{) left as an exercise - Exercise 3E Q4

is axsinht + by cosht = (a? + b?) sinhfcosht

o o3
Show that the condition for the line y = mx + ¢ to be a tangent to the hyperbola -l ‘Jb% =1lis

that m and c satisfy b + ¢ = a®m?.

Substitute mx + ¢ for y in the equation of the
X2 (mx +¢)? hyperbola.

= =)
a b?
— Multiply out and collect terms as a quadratic in x.

b2x? — a?(m°x? + 2mxce + ¢2) = a®h?
(b2 — a?m?)x? — 2mca®x — a?(c® + b?) =0 — Use discriminant properties.

Since the line is a tangent the discriminant «——/—— Cancel 422

must be zero.

Amcc2at? = —4(h2 — a2Zm?)a?(c? + b2) — Cancel b2

I E B el R s BB By B B B T Problem-solving

This is a general result about tangents to
hyperbolas. Unless you are asked to prove it, you
could quote it in your exam.

b2 + ¢ = aPm?
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Example
.

2
B The tangent to the hyperbola with equation e y? = 1 at the point (3cosh, 2sinh ) crosses

the y-axis at the point (0, —1). Find the value of .

Equation of tangent is
3ysinht + 6 = 2xcosht

Passes through (O, —1)
-3sinht+6 =0

B

50 sinht = 2

Then ! = arsinh 2

but  arsinhx = In(x + VxZ + 1 )]
20 t=In2 +5)

The hyperbola H has equation

x2 2
L

36 9

Conic sections 2

Rezmengber that for a hyperbola with equation
% — 1, the equation of the tangent at point
(acosht, bsinht) is aysinht + ab = bxcosh 1.
Herea=3and b =2.

Substitute x =0and y =-1.

Use the formula for arsinh (x) from the formula
booklet.

The line /; is the tangent to H at the point P(6c¢cosht, 3sinh¢). The line /; passes through the origin

and is perpendicular to /;. The lines /; and /; intersect at the point Q.
6cosht

Show that the coordinates of the point Q are

| The general form of the equation of a tangent
to a hyperbola is aysinht + ab = bxcosht
So the equation of [, is
Gysinht + 16 = 3xcosht

2ysinht+ 6 = xcosht
cosht

The gradient of I is T

i s .. 2sinht
The gradient of a perpendicular line is - L, e
The equation of a perpendicular line through
0,0 isy = _2xsinht
cosht — —
; L _ xcosht -
L2y 5121! + f = ,\coshhf :>6y A e
Xxsinht  xcosht —

L cosht 2 sinht |
—4xsinh?t = xcosh? t — Gcosht
—x(4sinh?t + cosh?1) = -G cosht

_ Gcosht L
7 4sinh?t + cosh?t

- (_25'mht)( & cosht )

“\ cosht/\4sinh2t + cosh?t _11

3 12 sinh ¢

T 4sinh2t + cosh?t
So the coordinates of Q are
( Gcosht _ 12 sinht )

4sinh?t + cosh?t’  4sinh?t + cosh?t

12sinh¢ )

4sinh2¢ + cosh?t’  4sinh?t + cosh?¢

Herea=6and b = 3.

The gradients of perpendicular lines multiply to
equal 1.

The line [ passes through (0, 0), so its equation is
¥y =mx.

Rearrange the equation for line /; into the form
y=...

The lines intersect at Q. Set the two equations
equal to each other.

Simplify to obtain an expression for the
x-coordinate.

Substitute the expression for the x-coordinate
2xsinht

o == cosht
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Find the equations of the tangents and normals to the hyperbolas with the following equations
at the points indicated.

x* _ N2y .
a16"73 = 1 at the point (12, 4) b 610" 1 at the point (12, 6)
x_?. 2 .
¢ 55-7 = 1 at the point (10, 3)

Find the equations of the tangents and normals to the hyperbolas with the following equations
at the points indicated.

x2 }2 x_?. )2
a5 = 1 at the point (5cosh ¢, 2sinh¢) b T 3 = 1 at the point (sect, 3tant)
7 g2
Show that the equation of the tangent to the hyperbola i 1 at the point (asect, btant) is
bxsect—aytant = ab.
2 .
Show that the equation of the normal to the hyperbola T 1 at the point

(acosht, bsinh{) is axsinht + bycosht = (a*> + b?)sinh tcosh .
x2 yZ

The point P(4cosht, 3sinh¢), t # 0, lies on the hyperbola with equation 176- 0= 1.

The tangent at P crosses the y-axis at the point 4.

a Find, in terms of ¢, the coordinates of A.

The normal to the hyperbola at P crosses the y-axis at B.
b Find, in terms of ¢, the coordinates of B.

¢ Find, in terms of ¢, the area of triangle 4 PB.
b oF
The tangents from the points P and Q on the hyperbola with equation o o '% = 1 meet at the

point (1, 0). Find the exact coordinates of P and Q.
KF B
The line y = 2x + ¢ is a tangent to the hyperbola 10~ ,VZ = 1. Find the possible values of c.

x*

The line y = mx + 12 is a tangent to the hyperbola 29° 95 = 1 at the point P.

]

Find the possible values of m.

% 2 2
The line with equation y = m.x + ¢ is a tangent to both of the hyperbolas — —-—=1 and A I
. . 4 15 9 95
Find the possible values of m and c.
x2 2
The line y = —=x + ¢, ¢ > 0, touches the hyperbola Tt 1 at the point P.
a Find the value of c. b Find the exact coordinates of P.
22

The hyperbola H has equation i 1.
a Use calculus to show that the equation of the normal to H at the point (acosht, bsinh?), 1 # 0,

may be written in the form axsinh¢ + bycosht = (a* + b?) sinhzcosh . (4 marks)

The line /, is the normal to H at the point (acosh ¢, bsinh ). Given that /, meets the x-axis at the
point P.

b find, in terms of a, b and ¢, the coordinates of P. (2 marks)
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B The line /, is the tangent to H at the point (a, 0). Given that /; and /; meet at the point Q,

¢ find, in terms of «, b and ¢, the coordinates of Q. (2 marks)
X
@f}) 12 The hyperbola H has equation 29" 25° 1.
The line /, is the tangent to H at the point (7secd, Stan ).
a Use calculus to show that an equation of /, is 7y sin# = 5x — 35cos 6. (5 marks)

The line /, passes through the origin and is perpendicular to /;. The lines /; and /, intersect at
the point Q.
b Show that the coordinates of the point Q are

175cosf)  —245sin fcos 6‘). (5 marks)

25 +49sin?0’ 25 + 49sin?6

@!D 13 P and Q are two distinct points on the hyperbola described by the equation x? — 42 = 16.

The line / passes through the point P and the point Q. The tangent to the hyperbola at P and
the tangent to the hyperbola at Q intersect at the point (m, n). Show that an equation of the
line / is mx — 4ny = 16. (9 marks)

x2 y?
(FD 14 Show that there are exactl?r two ta‘ngents to the hyperbola ot 1 passing through the point
(6, 4) and find each of their equations.

3 &

@fD 15 The hyperbola H has equation x2 —% = 1.
The line / is a normal to the hyperbola at the

point P with x-coordinate 2. The finite region R
is bounded by the hyperbola H, the line / and 5 ' >
the x-axis.

Show that the exact area of R is 103 — arcosh 2.

Problem-solving (10 marks)

You will need to use a substitution such
as x = coshu when integrating.

@f‘D 16 The point P lies on the hyperbola H with equation x> - y? = 1. The tangent to H at P cuts the
asymptotes of P at the points 4 and B.

a Prove that P is the midpoint of the line segment 4B. (6 marks)

b Prove that O4 x OB remains constant as the position of P varies on H. (3 marks)

D

Each of the conic sections can be defined as a locus of points. For example, the parabola is the locus
of points equidistant from a fixed point and a fixed straight line. You can use the properties of the
conic sections, and the general points on each curve, to find other loci associated with these curves.

Example @
x2 2

The tangent to the ellipse with equation — + %2 = 1 at the point P(acost, bsint) crosses the
x-axis at 4 and the y-axis at B. %

Find an equation for the locus of the midpoint of 4B as P moves round the ellipse.
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Parametric equations of the ellipse are

X =acost and y = bsint
dy
dy dt _ beost

Gradient: a = ox = g

dt
Equation of tangent:

. bcost
»— bsint = —="+Hx —acost
J —asint 0s1)

or aysint + bxcost = ab
A is (asect, O). —|

Bis (O, bcosec t).J
The midpoint of AB has coordinates (X, Y) where

_aseclt
X——2

_ bcosect
R

Rearranging:

__a i _ B
cost = 2Xar1d sint = 5
Using cos?t + sin®t = 1

(25) +(2%) =1

¥
gives the locus

@ Explore the locus of the O

midpoint of 4B using GeoGebra.

A diagram might help and it is always
worth drawing a rough sketch.

. dy
Use the chain rule to find ax

This result was found in Exercise 3D
question 3. You could quote it directly in a
question such as this.

Use x=0to find Band y =0to find 4.

To find the locus of the midpoint, let the
coordinates of the midpoint be (X, Y) and
then form parametric equations for X'and Y.

Eliminate the parameter (z in this case) to
find an equation in X and Y.

Problem-solving

In some guestions, you may be asked to
show that the locus has a particular shape,
so you may need to rearrange the final
equation into an appropriate form.

You might also need to use properties of the parabola and rectangular hyperbola when solving loci
questions. This table summarises the results from the previous chapter.

Parabola Rectangular hyperbola
Standard Cartesian equation V2 = bax Sy el
Parametric equations x=afly=2at xX=cty =$
General point, P (at?, 2at) (ct, f)
Equation of tangent at P ty=Xx+ at X+ Fy=2ct
Equation of normal at P V+tx=2at+ar Bx—ty=c(t*-1)
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B The normal at P(ap?, 2ap) and the normal at Q(aq?, 2aq) to the parabola with equation y* = 4ax
meet at R.

a Find the coordinates of R.

The chord PQ passes through the focus (a, 0) of the parabola.

b Show that pg = -1.

¢ Show that the locus of R is a parabola with equation y? = a(x - 3a).

| a To find R, find the intersections of the normals.

Use the standard result for the
equation of a normal to a parabola at
(af?, 2al): y + tx = 2at + ar?

Problem-solving

The factorisations of

Normal at Pis y + px = 2ap + ap?® —‘

Normal at Q is y + ¢x = 2aq + ag® J

Subtracting,
P-qx=2ap-q) +ap®- ¢
(p—q)x =2alp — g) + alp — QP2 + pq + ¢°)

X =2a+ alp? + pg + q°)

=—apq(p + q)
So Ris (2a + a(p? + pq + ¢°), —apq(p + q))

b Chord PQ has gradient
2alp - q) 2(p-4q 2

v = 2ap + ap® - 2ap — ap® - ap*q - apg®

ap>-¢?) " p-p+q " P+4q
Equation of chord is

Pt 23".'} = (x — ﬂpej

_2

P

= y(p+q) =2x + 2apgq

Since the chord passes through (a, O),
O = 2a + 2apg

= pg==]

¢ Using pg = -1 the coordinates of R become
(a + alp® + ¢°). alp + q))
Let R be (X, Y), then
X=a+alp® + ¢°)

Y=alp+gq)
So X=a+alp+qF - 2;}(;)—‘
and using pgq = -1

X=3a+alp+qr J

(P’ £ ¢°) = (p = Qp* + pq + ¢°) are
particularly useful in this type of
problem and should be learned.

Substitute for x to find y.

L e Yi—Jz

Xy — X3

Problem-solving

Notice that if you let p = ¢ in the
equation of the chord you get the
equation of the tangent at Q. This is
sometimes a useful technique to use.

The following technique is particularly
useful when tackling questions of this
sort.

Since (p + q)2 = p* + ¢* + 2pq
then p? + ¢2 = (p + ¢)2 — 2pq.
Using pg =-1gives p> + ¢>* = (p + q)* + 2.

Now use Y to eliminate p and q.

Rearrange to the specified form.
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1 The tangent at P(ap?, 2ap) and the tangent at Q(ag?, 2aq) to the parabola with equation
3 ¥? = 4ax meet at R.

a Find the coordinates of R.

The chord PQ passes through the focus (a, 0) of the parabola.
b Show that the locus of R lies on the line x = —a.

Given instead that the chord PQ has gradient 2,

¢ find the locus of R.

@'P 2 The hyperbola H has equation x_; - % = 1. The line /, is tangent to H at the point
P(asect, btant). 4

a Use calculus to show that an equation for /; is bxsect — aytant = ab. (4 marks)

The line /; cuts the x-axis at A4 and the y-axis at B.
a b

b Show that the locus of the midpoint of 4B is i T =1 (5 marks)
XZ yz
@IP 3 The hyperbola H has equation D~ 1. The line /; is normal to H at the point Pla sect,b tant).
a Use calculus to show that an equation for /, is axsinz + by = (a2 + b3)tan¢. (4 marks)
The line /; cuts the x-axis at 4 and the y-axis at B.
b Show that the locus of the midpoint of AB is 4a’x? = (a* + b2’ + 4b% 2. (5 marks)
5
@fP 4 The ellipse E has equation 35t % = 1. The line /, is normal to E at the point P(5 cosf, 3 sin f).
a Use calculus to show that an equation for /; is 3y cos f = 5x sin§ — 16 sin 6 cos 6. (4 marks)
The line /; cuts the x-axis at M and the y-axis at V.
. _ 25%F 9y
b Show that the locus of the midpoint of MN is R e 1 (5 marks)

@IP 5 The tangent at the point P (cp, )%) and the tangent at the point Q (cq, %) to the rectangular
hyperbola xy = ¢, intersect at the point R.

a Show that Ris (;Tgrpz-:q) (4 marks)

b Show that the chord PQ has equation ypg + x = c(p + q). (3 marks)
¢ Find the locus of R, given that:

i the chord PQ has gradient 2 (2 marks)

ii the chord PQ passes through the point (1, 0) (2 marks)

iii the chord PQ passes through the point (0, 1). (2 marks)

(FD 6 a Find the gradient of the parabola with equation y? = 4ax at the point P(af?, 2at).
b Hence show that the equation of the tangent at this point is x — ¢y + ar> = 0.
The tangent meets the y-axis at 7, and O is the origin.

2
¢ Show that the coordinates of the centre of the circle through O, P and T are (% +a, %t)

d Deduce that, as ¢ varies, the locus of the centre of this circle is another parabola.
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W7 The chord PQ to the rectangular hyperbola xy = ¢? passes through the point (0, 1).

(e/P)  Find the equation of the locus of the midpoint of PQ as P and Q vary. (7 marks)
o S e N
E/P) 8 The point P lies on the ellipse with equation kT 1. The point N is the foot of the
perpendicular from point P to the line y = 6. M is the midpoint of PN.
a Find an equation for the locus of M as P moves around the ellipse. (4 marks)
b Show that this locus is a circle and state its centre and radius. (3 marks)

Challenge
xZ yE

The points 4 and B lie on an ellipse with equation — + i
a

such that the chord 4B has gradient k. Show that the locus of

the midpoints of all possible such chords A4 B has equation

ka®y + b?x = 0, and describe this locus.

Mixed exercise o

1 The ellipse E has parametric equations x = 4cosf, y = 9sin#.

1

a Find a Cartesian equation of the ellipse.
b Sketch the ellipse, labelling any points of intersection with the coordinate axes.

¢ Find the equation of the normal to the ellipse at P(4cos®, 9sin0).

2 The hyperbola H has parametric equations x = +2coshz, y = 5sinh .
a Find a Cartesian equation of the hyperbola.

b Sketch the hyperbola, giving the equations of the asymptotes and show points of intersection
of the hyperbola with the x-axis.

¢ Find the equation of the tangent to the hyperbola at Q(2cosh ¢, 5sinh ).
2 2

%
@fP 3 A hyperbola of the form P % = 1 has asymptotes with equations y = +mx and passes
through the point (a, 0).
a Find an equation of the hyperbola in terms of x, y, @ and m. (4 marks)

A point P on this hyperbola is equidistant from one of the hyperbola’s asymptotes and the
X-axis.

b Prove that, for all values of m, P lies on the curve with equation

(x2=1?2 =4x3(x2 - a?) (3 marks)
@fP 4 a Prove that the gradient of the chord joining the point P(cp, %) and the point Q(cg, é) on
the rectangular hyperbola with equation xy = ¢? is ‘plq (5 marks)

The points P, Q and R lie on a rectangular hyperbola, such that the angle QPR is a right angle.

b Prove that the angle between QR and the tangent at P is also a right angle. (5 marks)
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a Show that an equation of the tangent to the rectangular hyperbola with equation xy = ¢?
(with ¢ > 0) at the point (ct, %) is
£y + x =2ct (4 marks)

Tangents are drawn from the point (-3, 3) to the rectangular hyperbola with equation xy = 16.

b Find the coordinates of the points of contact of these tangents with the
hyperbola. (4 marks)

The point P lies on the ellipse with equation 9x? + 25y? = 225, and 4 and B are the points

(-4, 0) and (4, 0) respectively.

a Prove that PA + PB =10. (4 marks)
b Prove also that the normal at P bisects the angle 4 PB. (6 marks)

A curve is given parametrically by x = ¢¢, y =%

. . c\ .
a Show that an equation of the tangent to the curve at the point (ct —) is 2y + x = 2ct.

N (4 marks)
The point P is the foot of the perpendicular from the origin to this tangent.
b Show that the locus of P is the curve with equation (x2 + y?)? = 4¢2xy. (6 marks)
The points P(ap?, 2ap) and Q(aq?, 2aq) lie on the parabola with equation )2 = 4ax.
The angle POQ = 90°, where O is the origin.
a Prove that pg = 4. (4 marks)
Given that the normal at P to the parabola has equation
V+Xxp=ap’+ 2ap

b write down an equation of the normal to the parabola at Q. (1 mark)
¢ Show that these two normals meet at the point R, with coordinates

(ap® + aq* - 2a, 4a(p + q)) (3 marks)
d Show that, as p and ¢ vary, the locus of R has equation y? = 16ax — 9642 (4 marks)

Show that, for all values of m, the straight lines with equations y = mx = Vb? + a>m?> are
3l

tangents to the ellipse with equation o E =1 (6 marks)
The chord PQ, where P and Q are points on xy = ¢?, has gradient 1.
Show that the locus of the point of intersection of the tangents from P and Q is the

line y = —x. (6 marks)
2 42
The ellipse E has equation = + <— = 1. The line /; is tangent to E at the point
: 36 16
P(6cosf, 4sind).
a Use calculus to show that an equation for /, is 2xcosf + 3ysinf = 12. (4 marks)

The line /, cuts the x-axis at 4 and the y-axis at B.
4
2

b Show that the locus of the midpoint of 4B is % +—=1 (5 marks)
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X2 2
The ellipse E has equation —— + =z = 1. The line /, is tangent to E at the point
169 ~ 25
P(13cos@, 5sinf).
a Use calculus to show that an equation for /; is Sxcosf + 13ysinf = 65. (5 marks)

The line /; cuts the y-axis at A. The line /, passes through the point A4, perpendicular to /,.
b Find the equation of the line /,. (3 marks)
¢ Given that /, cuts the x-axis at the focus of the ellipse (-ae, 0), show that cosf = e. (3 marks)

\72 2
The hyperbola H has equation — = 1. The line /, is normal to H at the point
16~ 64
P(4sect, 8tan6).
a Use calculus to show that an equation for /; is xsin + 2y = 20tan#. (4 marks)

The line /, cuts the x-axis at 4 and the y-axis at B.
b Show that the locus of the midpoint of AB is also a hyperbola and find the equation of this

hyperbola. (6 marks)
2l
The ellipse E has equatlon b2 = 1. The line /, is normal to E at the point P(acost, bsinz?).
a Use calculus to show that an equation for /; is axsint — bycost = (a*> — b?) costsint.
(4 marks)
The line /; cuts the x-axis at M and the y-axis at N.
b Show that the locus of the midpoint of MN is 4b%y? + 4a>x> = (a® - b?)™. (5 marks)
22
The ellipse E with equation sty has foci at S and §'. Prove that for any point P on the
ellipse, PS + PS' = 10. (5 marks)
The line /, is tan gentzto the ellipse A
x2 )
with equatlon S # foh 1. A line segment -
connects point P and the origin. P(acost, bsin 1)
Show that the area of the shaded I
region is %ab tant. ; .
\ ¥

The line /; is tangent to the ellipse with
2 2

equation @ + i 1 at the point

/s

P(S, 3;3) . Show that the exact value

for the area of the shaded region is

9 \a"§ -3

=Y
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@fB 19 The hyperbola H has equation x?> - y? = 1. The tangents to

Chapter 3

-

x2 )2
(? 18 The hyperbola H has equation T8 1. The tangents to the hyperbola at points P and Q

both meet one directrix of H at a single point A4 with y-coordinate 0, and the other directrix of
H at points B and C. Find the area of triangle ABC.

V4

the hyperbola at points P and Q meet at the point (%, O). \

a Find the exact coordinates of P and Q. (3 marks)

b Show that the exact area of the region R enclosed by the
tangents at P and Q and the hyperbola H is arcosh 3 — kv2,
where k is a rational constant to be found. (7 marks)

Challenge

Let P be a point on an ellipse with eccentricity e. The normal to the ellipse
at P meets the major axis at Q. Prove that QS = ePS, where S is a focus.

Va

Summary of key points
xE 2

1 Astandard ellipse has Cartesian equation = - = 1
+ The standard ellipse has parametric equations x = acost, y =bsint, 0 < ¢t < 27
+ A general point P on an ellipse has coordinates (acost, bsin¢).
: L
2 A standard hyperbola has Cartesian equation = 1
+ The standard hyperbola has parametric equations x = +acosht, y = bsinht, t € R

+ The standard hyperbola has alternative parametric equations
x=asecl, y=btanf, -7 =0 <, 8#1%
+ A general point P on a hyperbola has coordinates (+acosh, bsinh ) or (asec#, btan#).
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Conic sections 2

For all points, P, on a conic section, the ratio of the distance of P from a fixed point (called the
focus) and a fixed straight line (called the directrix) is constant. This ratio, e, is known as the
eccentricity of the curve.

+ If 0 < e < 1, the point P describes an ellipse.
« If e =1, the point P describes a parabola.
+ If e > 1, the point P describes a hyperbola.
: : LoX W
For an ellipse with equation 7z + 7 =1,anda>b,
+ the eccentricity, 0 < e < 1, is given by b? = a?(1 — ¢?)
« the foci are at (+ae, 0)
+ the directrices are x = i%
F ks
or a hyperbola with equation Py
+ the eccentricity, e > 1, is given by b2 = a?(e? - 1)
- the foci are at (+ae, 0)

4 = (e}
+ the directrices are x = e

2 2

An equation of the tangent to the ellipse with equation % + % =1 at the point
P(acost, bsint) is bxcost + aysint = ab.

xE 2
An equation of the normal to the ellipse with equation — + ;)Lz =1 at the point
a

P(acost, bsint) is axsin t — bycost = (a® — b?) cos tsint.

2 2
+ An equation of the tangent to the hyperbola with equation % - ;);2 =1 at the point
P(acosht, bsinht) is aysinht + ab = bxcosht.
2 2
+ An equation of the tangent to the hyperbola with equation % - %2 =1 at the point

Plasect, btan#) is bxsecf — aytanf = ab.

2 2
+ An equation of the normal to the hyperbola with equation x_z_ i)% =1 at the point
a

P(acosht, bsinh{) is axsinht + bycosh t = (a* + b?) sinh tcosht.
2 2

+ An equation of the normal to the hyperbola with equation z—z - ?)LE =1 at the point

P(asect, btanf) is by + axsinf = (a® + b*) tan 0.
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Inequalities

oncuves

After completing this chapter you should be able to:
® Manipulate inequalities involving algebraic fractions - pages 93-96
® Use graphs to find solutions to inequalities - pages 96-99

® Solve inequalities involving modulus signs - pages 99-102

a3x-2x-1>0

Inequalities are used in collision-detection b x*+4x-2<0

algorithms in video games. Positions of ¢ Pure Year 1, Chapter 3
objects on a screen can be defined by x-

and y-coordinates, and the area in which a Solve:

player or an object is allowed to move can be a 3x—1|>5 b |4x-8| <2

defined by inequalities. « Pure Year 2, Chapter 2
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Inequalities

@ Algebraic methods

If you multiply both sides of an inequality by a negative number you reverse the direction of the
inequality sign.

You need to be more careful if you multiply or divide both sides of an inequality by a variable or
expression. If the variable or expression could take either a positive or a negative value then you don't
know which direction is correct for the inequality sign. You can overcome this problem by multiplying
by an expression squared.

Suppose you want to solve the inequality % =X 0 ET;

VA y= }T VA = 2 VA y= X3
y=x y=x
| y = ] :
-1 - : -1 :
-1 o 1 X 1
The values of x where the If you multiply both sides of the If you multiply both sides of
graph of y 2% is above inequality by x you get 1 > x2, the inequality by x2 you get
* . The solution to this inequality x > x2. The graph of y = xis
the graph of y = x give you ' P
. is -1 << x < 1, which is not the above the graph of y = x? for
the solution: x < -1 or : ; :
6 g 1 required solution. x<-1and0 < x < 1, which
’ ' is the solution to the original
inequality.
In the third example above, you can solve the inequality x > x> by algebraically rearranging and
factorising.
x-x<0 You can add or subtract any term from both sides of an inequality.
x(x2-1) <0

x(x-1)(x+1) <0

The critical values are x = 0, x = 1 and x = —1. You can consider a sketch of the graph of
y=x(x - 1)(x + 1) to work out which intervals satisfy the inequality.
= To solve an inequality involving algebraic fractions:

« Step 1: multiply by an expression squared to remove fractions

» Step 2: rearrange the inequality to get 0 on one side

« Step 3: find critical values

» Step 4: use a sketch to identify the correct intervals
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Use algebra to solve the inequality ﬁ <x+1,x=2

Multiply both sides by (x — 2)

(x — 2)2 x X (x=22x(x+1) A natural first step would be to multiply both
X "_92 sides by (x — 2) but we cannot be sure that this

(x — 2% x "‘L < (x—-2PFxx+1 is positive. A simple solution is to multiply both

sides of the inequality by (x — 2)? as this will

= A=l x=2F <0 always be positive.

(x=2)x2=(x+Nx-2) <O
x-2)(x2-x*+x+2) <0
or (x=2)x+2) <O
Critical values are x = 22

The sketch of y = (x — 2)(x + 2) is

Do not aim to multiply out but cancel, collect
terms on one side and factorise.

This is a quadratic inequality so you can solve it in
y the usual way. « Pure Year 1, Chapter 3

y=(x-2)(x+2)
m When a question says 'Use

) o 5 algebra..."you can still use a sketch to identify
which intervals to include in your solution

set. However, you should make sure you show
algebraic working to find the critical values.

=y

The solutionto (x — 2)(x + 2) < O
s—2<x<2

When the inequality is not strict you have to be
a bit more careful. In the above example, the
left-hand side of the inequality is undefined
when x = 2, so you cannot include x = 2

in your solution set.

m Values for which one side of the inequality
is undefined will usually be explicitly excluded. In
the above example you are given x = 2.

= When solving an inequality involving =< or =, check whether or not each of your critical
values should be included in the solution set.

Find all values of x such that

using set notation.

% 2
= —— where x # —1 and x # -3, and express your answer
x+1 x+3
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Multiply both sides by
(x + 12(x + 3)2
So
x(x 4+ 1)2(x + 3)2 _ 2(x + 1)23(x + 32

At R x4+3 -
Xx+Nx+ 32 =-2x+1Px+3) =0
(x+NDx+3)xx+3)-2x+1) =0 L
(x+Nx+3)x2+x-2)<0
x+Nx+3)x+2)x-1)=0
So the critical values are:
x=-1,-3,-2or1
Asketchof y=(x+ 1)x + 3)x + 2)(x — 1) is

il

\ ||

NG 1 x

y=(x+Dx+3)x+2)(x-1)

The solution to
(x + )(x + 3)(x + 2)(x — 1) = O corresponds
to the sections of this graph that are on or

- N

below the x-axis.
So the solution is
x:-3<x=-2lulx:=-1<x=1}

1 Solve the following inequalities.

a xX2<5x+6

b x(x+1)=6
e & =2% xzl f 3 <g
X - x+1 x
; 2 P 3 |
! x—4<3 ! xX+2 x-5

Cc

g

In order to remove the fractions and guarantee
that you are not multiplying by a negative
quantity, use (x + 1)2(x + 3)2

Cancel terms on each side.
Collect terms on LHS.
Factorise as much as possible.

To find the critical values you need to solve
(x+1Dx+3)(x+2)(x-1)=0.

Thecurvey=(x+ 1)(x +3)(x+2)(x - 1) isa
quartic graph with positive x* coefficient, so it
starts in top left and ends in top right and passes
through (-3, 0), (=2, 0), (-1, 0) and (1, Q).

The inequality is non-strict so you need to check
whether the critical values should be included in
the solution. The conditions x # =1 and x = =3 are
given in the question, so use strict inequalities to
exclude these values.

2
x2-1
3 2 3
—< —_——
rlo=1 - ! 2T rie=0

>1 d

>
x2+1 }

2 Solve the following inequalities, giving your answers using set notation.

3x2+ 5

3%

e BT 2k

2 " .

x+h+10>2x+? e"\+l>6
x+1 x2

l+x_ 2-x
1-x" 2+x
X2 |

L x+1 6
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Chapter 4

2x+l<x+2

® 3 a Use algebra to find the set of values for which (6 marks)
x+5 x+4
® 4 a Use algebra to find the set of values for which 2;:_ 0 < ﬁ, giving your answer
in set notation. (6 marks)
5 A teacher asks a student to solve the inequality 2 1
Ix+4 x
The student’s attempt was as follows:
X 1
3x+ 4 & &
xZ<3x+4
¥ -3x-4<0
(x—4)x+1)<O
-1<x<4
a Identify the mistake made by the student and explain why it will produce an incorrect
answer. (2 marks)
b Solve the inequality correctly. (6 marks)
6 Use algebra to solve 4 Lx ﬁ giving your answer using set notation. (6 marks)
X
Challenge m You probably won't be able to sketch the
sol ] graph in this question. Find the critical values,
T & then test values within each interval to determine

the solution set.

@ Using graphs to solve inequalities

= If you can sketch the graphs of y = f(x) m Y —_

and y = g(x) then you can solve an inequality algebraically you should not start by
inequality such as f(x) < g(x) by observing sketching graphs.

when one curve is above the other.
The critical values will be the solutions to
the equation f(x) = g(x).

a On the same set of axes, sketch the graphs of the curves with equations y = o + 1 and y =4 - x.
b Find the points of intersection of y = I+l and y =4 - x.
¢ Solve EL <4-x.

3x+1
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a Sketchy=4-xandy=

>
T Bx¥d
y =4 — xis a straight line crossing the axes at
(4, 0) and (O, 4).
i
3x+1

There is a vertical asymptote at x = —%

There is a horizontal asymptote at y = %

S0 the sketch looks like this

Vi

Using algebra to find critical values:
X

4 — x

crosses the coordinate axes at (O, O).

Inequalities

Problem-solving

To sketch unfamiliar curves, look for:

e points where the curve meets or crosses
the axes

e vertical asymptotes (where the
denominators of fractions equal 0)

e behaviour on either side of vertical
asymptotes

e behaviour as x gets very large or very
small

You can find horizontal asymptotes by

rearranging the fraction to see how it

behaves as x — co.

Tx =1( an )=_7_(1_ 1 )

3x+1 33x+1/ 3 3x+1

— 0 so the curve has a

1
3x+1
horizontal asymptote at y =+

As x — oo,

Multiply both sides by 3x + 1. This is an

3x+ 1
Tx=12x+4 — 3x2 — x
3x2-4x-4=0

equation, not an inequality, so you don't
need to multiply by an expression squared.

Bx+2x-2)=0

2
Sox=-3o0r2

c Marking these points on the graph:

Vi

3x +.1
-x

X=-

B

So the solution is

; 2 il :
,\{~30r~3<,\<2

Multiply out and collect terms to form a
quadratic equation.

—

Solve the equation in the usual way: this
one factorises.

Look on the sketch for the places where the
line is above the curve.
These places will give the solution.

m Any vertical asymptotes will

also be critical values when you are finding
your solution set.

m Explore the solution to the O

inequality using GeoGebra.
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1 Sketch the graphs of the following functions.

98

a y=x>-5x+6 b y=x%+2x%-3x
c y= d v= 4x
y_x+l )_1—2)(
Sketch each of the following pairs of functions on the same sets of axes.
a y=x?-2x+landy=4-4x? b)’=-rﬂnd)’=)lc
3 X
cy_2x—landy_x_ dy_4—3xand._v_4x_2

Find the points of intersection of the following pairs of functions.

4 yzx

¢ y=x?-4andy=

a

b

Cc

f(x) :\%’ x#0and g(x) =

a
b

C

andyzx_3 by=x—2andy=x+2

4(x +2)

+ 1

x—=2

On the same set of axes, sketch the graphsof y=x—-1and y = i

Find the points of intersectionof y=x—-1and y = o

Write down the solution to the inequality x — 1 > ﬁ

3_x,x:3

Sketch y = f(x) and y = g(x) on the same set of axes.

Solve f(x) = g(x)

Hence write down the solution to the inequality f(x) > g(x). Give your answer
using set notation.

3x 4x
2_Xandy= = 1)
3x 4x
5% Y= I

Hence, or otherwise, solve the inequality 23—xx < (xixl)z

On the same set of axes, sketch the graphs of y=x—-2and y =
6(2 - x)
(x+2)x-3)
6(2 - x)
Ig——————
(x+2)(x-3)

On the same set of axes, sketch the graphs of y =

Find the points of intersection of y =

6(2 - x)
(x+2)(x-3)

Find the points of intersection of y=x —2and y =

Write down the solution to the inequality x —

X
x+2

On the same set of axes, sketch the graphs of y = % and y =

X
x+2

Find the points of intersection of y = % and y =

Solvel>'—
x x+2

(3 marks)
(2 marks)

(2 marks)

(3 marks)
(2 marks)

(3 marks)

(4 marks)
(2 marks)
(2 marks)
(4 marks)

(3 marks)

(2 marks)

(3 marks)
(2 marks)

(2 marks)



Inequalities

Challenge

a Sketch the circle with equation (x — 2)2 + (v — 4)? = 10.

b Determine the coordinates of all points of intersection between this circle
4x -5

o=

¢ Sketch this curve on the same set of axes as your answer to part a.

and the curve with equation y =

d Hence, or otherwise, find the solutions to the inequality
_ 7
(x—224 (“x—;’-4) <10

@ Modulus inequalities

ﬂ You need to be able to solve inequalities that include modulus signs. It is often useful to sketch the
relevant modulus graph when solving inequalities like this.

Solve | x? — 4x| <3

Sketch y = |x% — 4x| and y = 3 on the same set of
axes. To sketch y = | x2 — 4x| consider the graph of

VA y=|x%-4x| y=x2 - 4x, and reflect any sections of the graph
that are below the x-axis in the x-axis.
3 < Pure Year 2, Section 2.5

i =B
m Solve |x? — 4x| =3 to find the

critical values. You need to consider the two
separate cases: when the argument of |x? — 4x] is

Sketch y = |x2 - 4x] and y = 3:

o 4 g positive and when it is negative. Use your sketch
To find the critical values, solve |x2 — 4x] = 3 to determine whether these critical values all
¥ A= S R Ak — B =0 correspond to points of intersection.
(x=-2F-4-3=0

(x-2PF =7 ’— Complete the square or use the quadratic formula.
x=2+/7

-x*-4x)=3=x*-4x+3=0 The line y = 3 intersects the graph of y = |x? — 4x]
x-3)x-10=0 at four places, so all of these values of x correspond
x=1por3 to points of intersection. Look at example 6 for a

situation where this is not the case.
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Marking these values on the sketch:

Vi y= |.\:2 Lt 4_\‘|

9

BeiT |2
So the solution is:
27 <L Tor3 £ x< 2947

You need to identify where the points of
intersection are on the sketch.

Finally write down the solution to the inequality:
the points where the line y = 3 is above the curve.

Sometimes a little simple rearranging first can make the sketching much simpler.

Solve |3x| + x <2

Rearranging gives:

3x]| =2 -x
Sketching y = |3x| and y = 2 - x gjves
Ya
y=|3x]|
2
y=2-x
0 é\ X
Critical values are given by:
Bx= 2 —x
4x =2
1
X = =]
or
-3x=2-x
-2 =2x
x=-1

Problem-solving

Sketching y = |3x| + x is quite difficult so it is
usually simpler to rearrange and isolate the
modulus function.

Find the critical values in the usual way.
Remember the two cases.

By considering the positions of the critical values,

So the line is above |3x]| for
-l=x= %

100

identify the places where the line is above the
V-shaped graph.



Inequalities

B Sometimes care must be taken to identify the correct roots when solving modulus equations.

Find all values of x such that |x> - 19| = 5(x — 1), expressing your answer in set notation.

Sketching both graphs: @ Explore the solution to the O

ra inequality using GeoGebra.

y=|x2-19] Sketch the graphs.

(@)
y=5(x~- 1}/

X2 =19 =5x=5=x2=505x~14=0
(x—=7)x+2)=0
x=7or=2

L Find the critical values.
—(x*=12)=5x-5=x+5x-24=0

(x+ 8)x-3)=0 m Solving the equations gives four

x=-8or3 values but the graphs only have two crossing
points. The valid critical valuesare x =3 and x = 7.

The set of points for which the line is above

the curve can be written as
[R:i8 = 37 Write down the solution.

1 Solve the following inequalities.

a |x—6|>6x b |x-3]>x2 ¢ |(x=2)(x+6)<9
d 2x+1]=3 e 2x+x>3 T
x| +1

2 a On the same set of axes, sketch the graphs of y =|3x —2|and y = 2x + 4.

b Solve, giving your answer in set notation, [3x — 2| =< 2x + 4.

3 a On the same set of axes, sketch the graphs of y =|x?>—4|and y = vc24— 0

b Solve |x?>-4|= 74
xt=1
; .. 3-x 5 . ;
E/P) 4 Solve the inequality B+ 1 > 2, giving your answer in set notation. (5 marks)
Problem-solving
; s X
(E/P) 5 Solve the inequality |x n 2| <1l-x, To sketch y = xiz rearrange it into the
giving your answer in set notation. form y=A + 5 for constants A4 and B. (5 marks)
X+
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and y = 4|x —al. (5 marks)

&6 a On the same set of axes, sketch the graphs of y =

X

E/P)

b Solve, giving your answer in terms of the constant a, < 4|x - a|. (3 marks)

(E/P) 7 Solve

E/P) 8 A student attempts to solve the inequality | x> + x — 8| < 4x + 2.

X-@

4

X
S
42 X (6 marks)

The working is shown below:

X+x—8=4x+2=2>x>—-3x—-10=0

and

— X2 —x+8=4x+2=2>x*+5x—-6=0
So critical valves are x = —6, —2,1,5.
Solution is:

—E<x< —2and1<x<5

a Identify the mistake in the student’s answer. (1 mark)

b Find the correct values of x for which the inequality is satisfied. (3 marks)

Challenge

flx) =x*+3x2-13x-15

a Show that (x + 1) is a factor of f(x).

b Find the other factors and hence sketch the graph of y = f(x).

¢ Hence or otherwise, solve the inequality | x* + 3x2 — 13x — 15| < x + 5.

Mixed exercise o

® 1 Use algebra to solve o < % (6 marks)
2x2 -2
® 2 Use algebra to solve ) >4, (4 marks)
2 _
@ 3 Use algebra to solve % <d4x-2. (4 marks)
® 4 Use algebra to find the set of values of x for which 2\x+— 13 & % giving your answer
in set notation. (6 marks)
: (X +3)(x+9) 5 i
® 5 Use algebra to find the set of values of x for which = > 3x -5, giving
your answer in set notation. (4 marks)
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® 6 a Sketch, on the same axes, the line with equation y = 2x + 2 and the graph with

equationy =2t
quationy="-:-"7
b Solve the inequality 2x + 2 > 2_;1-;

® 7 a Sketch, on the same set of axes, the graph with equation y = 2?:; and the line with
equation y = 2 — 4ux. 'X

b Solve the inequality 2 — 4x < 2:2" :;
8 a Sketch, on the same set of axes, the graphs with equations y = .; ‘\‘__21 and y = = i 5
) (4 marks)
: O 2
b Solve the inequality A1 S 10 (3 marks)
9 a Sketch, on the same set of axes, the graphs with equations y = i t ; and y = 2;_; 41
(4 marks)
b Solve the inequality i—i; < 2;_'__ 41 (3 marks)
10 Solve the inequality [x2 — 7| < 3(x + 1)
X . 3 2
<
11 Solve the inequality |+ 6 1
12 Find the set of values of x for which |x — 1| > 6x -1 (3 marks)
13 Find the complete set of values of x for which |x? — 2| > 2x (3 marks)

E) 14 a Sketch, on the same set of axes, the graph with equation y = |2x — 3|, and the line

with equation y = 5x - 1 (3 marks)

b Solve the inequality [2x — 3| < 5x -1 (3 marks)

(E 15 a Use algebra to find the exact solution of [2x2 + x — 6| = 6 — 3x (4 marks)
b On the same diagram, sketch the curve with equation y = [2x2 + x — 6| and the line

with equation y = 6 — 3x (3 marks)

¢ Find the set of values of x for which [2x2+ x — 6| > 6 — 3x (1 mark)

@IP 16 a On the same diagram, sketch the graphs of y = [x2 - 4| and y = |2x — 1|, showing the

coordinates of the points where the graphs meet the x-axis. (4 marks)
b Solve |x? — 4| = |2x — 1], giving your answers in surd form where appropriate. (4 marks)
¢ Hence, or otherwise, find the set of values of x for which |x? — 4| > |2x - 1| (1 mark)
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17 A teacher asks a student to solve the inequality

X2+ 3x + 1] > 3x + 2, expressing their answer
E/P in set notation. The student’s work is shown below.

We find critical values

X2 +3x+1=3x+2=x%—1=>x=xl

and

X2 +3x+1=-2-3x=2>x2+6x+3=0=>x=-3%/6
Hence inequality is satisfied when x is in the set

fxix<-3—-Velulx:—1<x<-3+J6lulx:ix>1}

a Identify the mistake in the student’s working. (1 mark)

b Write down the correct solution to the problem. (3 marks)

Challenge

Solve the inequality | x* — 5x + 2| > |x — 3|

Give your answer in set notation, expressing any critical values as surds where appropriate.

Summary of key points

1 To solve an inequality involving algebraic fractions:

« Step 1: multiply by an expression squared to remove fractions
« Step 2: rearrange the inequality to get 0 on one side

» Step 3: find critical values

 Step 4: use a sketch to identify the correct intervals

2 When solving an inequality involving = or =, check whether or not each of your critical values
should be included in the solution set.

3 If you can sketch the graphs of y = f(x) and y = g(x) then you can solve an inequality such
as f(x) < g(x) by observing when one curve is above the other. The critical values will be the
solutions to the equation f(x) = g(x).
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Review exercise

< "
‘i' | ‘

In this exercise, AS students may use, without 5
proof, the result that, for the general parabola

yi=

® 1

GD 2

dax E 24

dx "y
Find the magnitude of the vector
(-i—-j+k)x(-i+j-k). 3

« Section 1.1

2 k
p=|-1]andq={( 1], where k is a real
3 0

constant.

a Find p x q, giving your answer as a
column vector in terms of k. 3)
b Hence find the least possible value of
[p x g, and state the value of k for
which it occurs.

3

« Section 1.1

Referred to a fixed origin O, the position

vectors of three non-linear points 4, B

and C are a, b and ¢ respectively. By

s - —_— —_—

considering AB x AC, prove that the area

of triangle 4 BC can be expressed in the

form%|a><b+b><c+c><a|. 5)
< Section 1.2

The figure shows a £

right prism with
triangular ends ABC
and DEF, and parallel

edges AD, BE, CF. .

Given that % ¢
Ais(2,7,-1),Bis(5,8,2), Cis (6,7, 4)
and Dis (12, 1,-9),
_— —
a find AB x AC 3)
—_—— —
b find AD.(AB x AC) 3)
¢ Calculate the volume of the prism. (2)
¢« Sections 1.1, 1.3

E/P

E@ 7

The points 4, B, C and D have
coordinates (3, 1, 2), (5, 2, -1), (6, 4, 5)
and (-7, 6, —3) respectively.

_— —
a Find AC x AD.

3

b Find a vector equation of the line

through 4 which is perpendicular to

— —

AC and AD. 3
¢ Verify that B lies on this line. 2)
d Find the volume of the tetrahedron

ABCD. 2)

« Sections 1.1, 1.3

The points A, B and C have position
vectors, relative to a fixed origin O,

a=2i-j
b=i+2j+3k
c=2i+3j+2k

respectively. The plane IT passes through
A, Band C.
—_——
a Find AB x AC. 3
b Show that a Cartesian equation of I
is3x—y+2z=17. 3)
The line / has equation
(r=5i-5-3k)x(2i—-j-2k)=0
The line / and the plane I7 intersect at the
point 7.
¢ Find the coordinates of 7. (€)]
d Show that 4, B and T lie on the same
straight line. 4)
& Sections 1.1, 1.4

Vector equations of the two straight lines
[ and m are respectively
r=j+3k+2i+j-k)
r=i+j-k+u-2i+j+k)
a Show that these lines do not
intersect.

)
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The point A with parameter ¢, lies on /
and the point B with parameter u, lies
on m.
. ﬁ .
b Write down the vector AB in terms of
i:! j:! k., l(I and u. (1)
Given that the line AB is perpendicular to
both / and m,
¢ find the values of ¢, and u, and show
that, in this case, the length of AB
C))

« Section 1.4

i§ —

V5

A line L passes through the points with

2 —
position vectors (5) and ( 3 )
0 9

a Find the direction cosines of L. 3)
b Hence or otherwise, write a Cartesian
equation of L. 2)

« Section 1.4

The points A4, B and C lie on the plane I1
and, relative to a fixed origin O, they have
position vectors

a=3i-j+4k

b=-i+2j

c=5i-3j+ 7k
respectively.

X — —
a Find AB x AC. 3)
b Obtain the equation of I7 in the form

r.n=p. 3)
The point D has position vector
5i+ 2j+ 3k.
¢ Calculate the volume of the
tetrahedron ABCD. (2)

« Sections 1.1, 1.3, 1.5

The plane I1, has vector equation
r=>5i+j+u(-4i+j+3k)+v(j+2k)

where « and v are parameters.

a Find a vector n, normal to /7,. 3)

The plane I1, has equation 3x + y — z = 3.

b Write down a vector n, normal

to I, (0))
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¢ Show that 4i + 13j + 25k is
perpendicular to both n, and n..

2
Given that the point (1, 1, 1) lies on both
Il and I1,,

d write down an equation of the line of
intersection of II, and I, in the form
r=a+ tbh, where 7 is a parameter.  (4)

4 Section 1.5

Relative to a fixed origin O, the point A
has position vector a(4i + j + 2k) and
the plane I7 has equation

r.(i - 5j + 3k) = Sa,
where « is a scalar constant.

a Show that A lies in the plane IT. 3)
The point B has position vector
a(2i + 11j - 4k).
e . i
b Show that BA is perpendicular to
the plane I1.
¢ Calculate, to the nearest one tenth
of a degree, £ OBA.

3

3

- Section 1.5

The line /, has equation
r=i+6j-k+A(2i+ 3k)
and the line /, has equation
r=3i+pi+ui-2j+k)
where p is a constant.
The plane I1, contains /, and L.
a Find a vector which is normal to I1,. (3)
b Show that an equation for I7, is
6x +y—4z=16. 3)
¢ Find the value of p. 2)
The plane I1, has equation
ri+2j+k)=2
d Find an equation for the line of
intersection of I1, and I1,, giving your
answer in the form (r-a)xb=0. (4)
¢« Section 1.5

The plane IT passes through the points
P(-1, 3,-2), 04, -1, -1) and R(3, 0, ¢),
where ¢ is a constant.
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. o —_— —_—
a Find, in terms of ¢, RP x RQ.

. —_— —
Given that RP x RQ = 3i + dj + k, where
d is a constant,

b find the value of ¢ and show that

©)

d=4. (2)
¢ Find an equation of IT in the form
r.n = p, where p is a constant. 3)

The point S has position vector
i+ 5j + 10k. The point S’ is the image of
S under reflection in 1.

d Find the position vector of S. 4)
¢« Sections 1.1, 1.5

The points A, B and C lie on the plane I,
and, relative to a fixed origin O, they have
position vectors

a=i+3j-k

b=3i+3j-4k

¢=5i-2j-2k
respectively.
a Find (b-a) x (c - a).
b Find an equation of I7,, giving your

answer in the form r.n = p.

@)

)
The plane 1, has Cartesian equation

x+ z=3and I1,and I, intersect in the
line /.

¢ Find an equation of /in the form

(r-p)xq=0. ©)
The point P is the point on / that is
nearest to the origin O.

d Find the coordinates of P. 3)

« Section 1.1, 1.5

The points A(2, 0, -1) and B(4, 3, 1) have
position vectors a and b respectively with
respect to a fixed origin O.

a Findaxb. 2)

The plane I, contains the points O, A

and B.

b Verify that an equation of I7, is
x=2y+2z=0. 3)

The plane I, has equation r.n = d where
n=3i+j-kanddis aconstant.

UDIG

UBIT

Review exercise 1

Given that B lieson I1,,
¢ find the value of d.

The planes 7, and IT, intersect in the

line L.

d Find an equation of L in the form
r = p + 1q, where ¢ is a parameter.

©)

3)

e Find the position vector of the
point X on L where OXis
perpendicular to L. 4)

« Sections 1.1, 1.5

The points A, B and C have position
vectors j+ 2k, 2i+ 3j+ kandi+j+ 3k,
respectively, relative to the origin O.
The plane II contains the points A4, B
and C.

a Find a vector which is perpendicular

to I1. 4)
b Find the area of triangle ABC. 3)
¢ Find a vector equation of II in the

form r.n = p. 3)
d Hence, or otherwise, obtain a

Cartesian equation of 1. ?2)
e Find the distance of the origin O

from I1. (2)

The point D has position vector

3i + 4j + k. The distance of D from IT

is L_
V17

f Using this distance, or otherwise,
calculate the acute angle between the
line AD and II, giving your answer in
degrees to one decimal place. 3)

« Sections 1.2, 1.5

The plane II passes through the points
A(-1,-1,1), B(4,2, 1) and C(2, 1, 0).

a Find a vector equation of the line
perpendicular to I7 which passes

through the point D(1, 2, 3). 3)
b Find the volume of the tetrahedron
ABCD. 3)

¢ Obtain the equation of I7 in the form
rn=p. 3)
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iew exercise 1

The perpendicular from D to the plane IT ® 20 The rectangular hyperbola, H, with
meets /7 at the point E.

d Find the coordinates of E. 3)
e Show that DE = ”;5’5 2)

The point D’ is the reflection of D in I1.
f Find the coordinates of D'. 4)

« Sections 1.3, 1.5

Relative to a fixed origin O the lines /|

and /, have equations
liir=—i+2j-4k + s(-2i +j+ 3k)
L:ir=-j+Tk+t(-i+j-k)

where s and ¢ are variable parameters.

a Show that the lines intersect and are
perpendicular to each other. 4)

b Find a vector equation of the straight
line /; which passes through the point
of intersection of /, and /, and the

point with position vector 4i + 4j — 3k,

where A is a real number. @
The line /; makes an angle 6 with the
plane containing /, and /..
¢ Find sin @ in terms of A. 4)

Given that /,, /, and /, are coplanar,

d find the value of A. Q)

« Sections 1.4, 1.5

Referred to a fixed origin O, the planes
I1,and I1, have equations r.(2i — j + 2k) =
9 and r.(4i + 3j — k) = 8 respectively.

a Determine the shortest distance from

O to the line of intersection of 7,
and I7,.

Find, in vector form, an equation of
the plane IT, which is perpendicular
to I1,and I1, and passes through the
point with position vector 2j + k.

3

3)
¢ Find the position vector of the point
that lies in I, I1, and I1,. 3)

« Sections 1.4, 1.5

24

; 8 . :
equation x =8¢,y = - Intersects the line

with equation y = %x + 4 at the points 4
and B. The midpoint of 4B is M. Find
the coordinates of M.

“@

« Section 2.3

The curve C has equations x = 3%, y = 61.
a Sketch the graph of the curve C. 3

The curve C intersects the line with
equation y = x — 72 at the points A4 and B.

b Find the length AB, giving your answer
as a surd in its simplest form. 4)
« Section 2.1

The points P(1, a) , where ¢ > 0, and
Q(b, 6) lic on the parabola C with
equation y* = 4x. The perpendicular
bisector of PQ meets the parabola at
the points M and N. Show that the
x-coordinates of M and N can be written
in the form x = A £ 429 , where 4 and u
are rational numbers to be found. (6)
« Section 2.2

A parabola C has equation y* = 16x. The
point S'is the focus of the parabola.

a Write down the coordinates of S.

1)

The point P with coordinates (16, 16) lies
on C.

b Find an equation of the line SP, giving
your answer in the form ax + by + ¢ = 0,
where a, b and ¢ are integers. (2)

The line SP intersects C at the point Q,
where P and Q are distinct points.

¢ Find the coordinates of Q.

“

« Section 2.2

The diagram shows the parabola C with
equation y* = 20x. The straight line / with
gradient % passes through the focus, S, of
the parabola and intersects C at the point
P with positive y-coordinate.
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i#|

Find the area of the shaded region R
bounded by C, / and the x-axis. (6)

« Section 2.2

A rectangular hyperbola H has
parametric equations x =47 and y = % ,

t # 0. The straight line / with equation

2x — y = —4 intersects H at the points P

and Q. Find the coordinates of P and Q.
“

« Section 2.3

The curve H with equation x = 8¢, y = ?

intersects the line with equation
y= %x + 4 at the points 4 and B.
The midpoint of ABis M. Find the
coordinates of M.

®)

& Section 2.3

The diagram shows the straight line
x + 2y = 12 that intersects the rectangular
hyperbola xy = 10 at the points P and Q.

’

Ly
x+2y=12

® 28
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Review exercise 1

a Find the coordinates of P and Q.

b Find the exact area of the shaded
region. Leave your answer in the form
a+ blne, where a, b and ¢ are rational
numbers to be found. 5)

<« Section 2.3

(2

The point P(24¢*, 48¢) lies on the
parabola with equation y* = 96x. The
point P also lies on the rectangular
hyperbola with equation xy = 144,

a Find the value of ¢ and, hence, the
coordinates of P. 3)

b Find an equation of the tangent to the
parabola at P, giving your answer in
the form y = mx + ¢, where m and ¢ are

real constants. (3)

¢ Find an equation of the tangent
to the rectangular hyperbola at P,
giving your answer in the form
y = mx + ¢, where m and ¢ are real
constants.

“4)

« Section 2.4

The point P(at?, 2at), where t > 0, lies on
the parabola with equation y* = 4ax. The
tangent and normal to the parabola at P
cut the x-axis at the points 7'and N

(6)

« Section 2.4

respectively. Prove that % =1

A rectangular hyperbola H has cartesian
equation xy = 9. The point (3t,?3) is a
general point on H.

a Show that an equation of the tangent

to/ EDut (3;, ﬁ) is x + 12 = 6. 2)

t
The tangent to H at (31, ?3) cuts the

x-axis at 4 and the y-axis at B. The point
O is the origin of the coordinate system.

b Prove that, as ¢ varies, the area of the
triangle OAB is constant. 3)
« Section 2.4
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The point P (ct, ?) lies on the hyperbola

with equation xy = ¢?, where ¢ is a

positive constant.

a Show that an equation of the normal
to the hyperbola at P is
Px—ty—c(t*-1)=0. 4)

The normal to the hyperbola at P meets

the line y = x at G. Given that ¢ # +1,

b show that PG* = ¢* (F - %) (5)

« Section 2.4

The parabola C has equation y* = 32x.
a Write down the coordinates of the

focus S of C. ()
b Write down the equation of the
directrix of C. (1)

The points P (2, 8) and Q (32, -32) lic on
S

¢ Prove that the line joining P and Q

goes through S. 3)

The tangent to C at P and the tangent to
C at Q intersect at the point D.

d Prove that D lies on the directrix of C.
Q)

« Sections 2.2, 2.4

The point P(at?, 2at), t # 0, lies on the

parabola with equation y> = 4ax, where a

is a positive constant.

a Show that an equation of the normal
to the parabola at P is
y+ xt =2at + at’.

3)
The normal to the parabola at P meets
the parabola again at Q.

b Find, in terms of ¢, the coordinates

of 0. 3

« Section 2.4

The point P(2, 8) lies on the parabola C

with equation )? = 4ax. Find:
a the value of a

(0))
b an equation of the tangent to Cat P (3)

35

37

The tangent to C at P cuts the x-axis at
the point X and the y-axis at the point Y.

¢ Find the exact area of the triangle

OXY. 4)

« Section 2.4

a Show that the normal to the
rectangular hyperbola xy = ¢, at the

point P(c!, %), t # 0, has equation

y= (2x+§— ct’.

3
The normal to the hyperbola at P meets
the hyperbola again at the point Q.

b Find, in terms of ¢, the coordinates of
the point Q. 4)

Given that the midpoint of PQis (X, Y)
and that ¢ # 1,
X_ 1

¢ show that < = 2

X - )

« Section 2.4

The rectangular hyperbola C has
equation xy = ¢?, where ¢ is a positive
constant.
a Show that the tangent to C at the point
P(cp, E) has equation p?y = —x + 2¢p.
p
3

The point Q has coordinates Q ( q, &)
qg*p-
The tangents to C at P and O meet at N.
Given that p + ¢ # 0,
b show that the y-coordinate of N

v B

s 5o )
The line joining N to the origin O is
perpendicular to the chord PQ.
¢ Find the value of p’¢>. @)

+ Section 2.4

The point P lies on the rectangular
hyperbola xy = ¢?, where c is a positive
constant.

a Show that an equation of the tangent

to the hyperbola at the point P(cp, 1%)

p=>0,is yp>+ x =2cp. 3)
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This tangent at P cuts the x-axis at the
point S.

b Write down the coordinates of S.

1
¢ Find an expression, in terms of p, for
the length of PS. 2)

The normal at P cuts the x-axis at the
point R. Given that the area of triangle
RPSis41c,

d find, in terms of ¢, the coordinates of
the point P. 5)

« Section 2.4

A point P lies on hyperbola H with
equation xy = ¢?. Prove that the locus of
the midpoints of OP, where O is the origin,
form a hyperbola and state its equation. (3)
€« Section 2.5

A point P with coordinates (x, y) moves
so that its distance from the point (5, 0)

is equal to its distance from the line with
equation x = -5.

Prove that the locus of P has an equation
of the form )? = 4ax, stating the value of a.

®)

« Section 2.5

X2 )2
An ellipse has equation— + = =

16 9
a Sketch the ellipse. 2)
b Find the value of the eccentricity e. (2)

1.

¢ State the coordinates of the foci of
the ellipse. 2)
¢« Sections 3.1, 3.3
) 3 2 y2
The hyperbola H has equation 63~ 1.
Find:
a the value of the eccentricity of H

(2)
b the distance between the foci of H. (2)

9
32

16
¢ Sketch H and E on the same diagram,

showing the coordinates of the points
where each curve crosses the axes. (4)
« Sections 3.1, 3.2, 3.3

The ellipse E has equation— + o 1.

42
E/P
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Review exercise 1

2 )2

9t

An ellipse, with equation =1, has

foci S and §'.

a Find the coordinates of the foci of the
ellipse. (2)

b Using the focus—directrix property of
the ellipse, prove that, for any point P
on the ellipse, SP + S'P = 6. 5

« Sections 3.1, 3.3

a Find the eccentricity of the ellipse with
equation 3x2 + 4y% = 12. 3)

b Find an equation of the tangent to the
ellipse with equation 3x? + 4)° = 12 at
the point with coordinates (l, %) 4)

This tangent meets the y-axis at G. Given
that S and S" are the foci of the ellipse,

¢ find the area of triangle SS'G. 5)
« Sections 3.3, 3.4

The points S, and S, have Cartesian

an, 0) and (ﬂ\f‘?, 0)

coordinates (— > )

respectively.

a Find a Cartesian equation of the
ellipse which has S, and S, as its two
foci, and a major axis of length 2a. (4)

b Write down the equations of the
directrices of this ellipse.

)
Given that parametric equations of this
ellipse are

X=dacosg, y=bsing

¢ express b in terms of a.

4

The point P is such that ¢ = % and the

point Q such that ¢ = %r

d Show that an equation of the chord
PQis(V2-1)x+2y-a=0. 3)

« Section 3.3

a Find the eccentricity of the ellipse
x? y? 3
? -+ I = 1 (2)

b Find also the coordinates of both foci
and equations of both directrices of
this ellipse. 2)
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¢ Show that an equation for the tangent
to this ellipse at the point
P(3cosf, 2sinf) is

xcosf ysinf

e )

d Show that, as ¢ varies, the foot of the
perpendicular from the origin to the
tangent at P lies on the curve

(X*+ 7)Y =9x"+ 4 (6)

« Sections 3.3, 3.4

a Show that an equation of the normal

)

-2 2

+ -5 = | at the poi
prikarT at the point

P(acosf, bsinf) is

axsecl — bycosec = a* - b*

to the ellipse

3)
The normal at P cuts the x-axis at G.

b Show that the coordinates of M, the
midpoint of PG are
2a° - b b ¢
( 2 cosf, 2511’19
¢ Prove that, as @ varies, the locus of

M is an ellipse and determine the
equation of this ellipse.

3

(C)

Given that the normal at P meets the
y-axis at H and that O is the origin,

d prove that, if @ > b, then the ratio
of the area of AOMG to the area of
AOGH is b*:2(a* - b?). @

« Sections 3.4, 3.5

The diagram shows the ellipse with
) x2 y2
equation @ + e =

coordinates (4,2/3)

1. The point P has

v
!‘/ X
.\‘2 J’z P |

E@ 48

E@ 49

E/P) 50

Show that the exact value for the area
of the shaded region is aw, where a is a
rational number to be found.

©6)

« Section 3.2

The line with equation y = mx + ¢ is
a tangent to the ellipse with equation
XX )P
PRl |
a Show that ¢ = &’m’ + b%. @)
b Hence, or otherwise, find the equations
of the tangents from the point (3, 4) to
2 2

the ellipse with equation 16 + 35 = 1.(4)

« Section 3.4

2 2

2
The ellipse £ has equation i % =1 and

the line L has equation y = mx + ¢, where
m=>=0andc>0.

a Show that, if L and E have any points of
intersection, the x-coordinates of these
points are the roots of the equation

(B + a’m?)x? + 2dPmex + aX(2 - ) = 0.
“
Hence, given that L is a tangent to £,

b show that ¢ = b* + &*m.

@

The tangent L meets the negative x-axis
at the point 4 and the positive y-axis at
the point B, and O is the origin.

¢ Find, in terms of m, a and b, the area
of the triangle OAB. 3)

d Prove that, as m varies, the minimum
area of the triangle OAB is ab. 3)

e Find, in terms of a, the x-coordinate
of the point of contact of L and E
when the area of the triangle is a
minimum.

@

« Section 3.4

a Find equations for the tangent and
normal to the rectangular hyperbola
x? = y? =1, at the point P with
coordinates (cosh ¢, sinh¢), r = 0.

&)
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The tangent and normal cut the x-axis at
T and G respectively. The perpendicular
from P to the x-axis meets an asymptote
in the first quadrant at Q.

b Show that GQ is perpendicular to this
asymptote. 4)

The normal cuts the y-axis at R.

¢ Show that R lies on the circle with
centre at 7 and radius 7G.
<« Section 3.5

The point P lies on the hyperbola
xZ y2
@ b
perpendicular from P onto the x-axis.

The tangent to the hyperbola at P meets

the x-axis at 7.

Show that OT x ON = &°, where O is the
origin. (6)

« Section 3.5

=1, and N is the foot of the

2 2

5

The hyperbola C has equation T 1.

a Show that an equation of the normal
to C at the point P(asect, btant) is

(6)

axsint + by = (a° + b*)tant

The normal to C at P cuts the x-axis
at the point 4 and S is a focus of C.
Given that the eccentricity of C'is % and

that OA = 308, where O is the origin,
b determine the possible values of ¢,
for0=sr=2nm

©)

« Section 3.5

a Show that the hyperbola x* - y* = &%,
a > 0, has eccentricity equal to V2. (3)
b Hence state the coordinates of the
focus S and an equation of the
corresponding directrix L, where
both § and L lie in the region x > 0. (2)

The perpendicular from S to the line

vy = x meets the line y = x at P and the
perpendicular from S to the line y = -x
meets the line y = —x at Q.

4 @B 54
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Review exercise 1

¢ Show that both P and Q lie on the
directrix L and give the coordinates of

Pand Q. 3)
Given that the line SP meets the
hyperbola at the point R,

d prove that the tangent at R passes

through the point Q. 4)

« Sections 3.3, 3.5

Show that the equations of the tangents
with gradient m to the hyperbola with
equation x* — 4y’ =4 are
y=mx xy4m? — 1, where |m| > %
(6)

<« Section 3.5

2 2

a3+§=1’

where ¢ and b are constants and a > b.

An ellipse has equation

a Find an equation of the tangent at the
point P(acost, bsint). 3)

b Find an equation of the normal at the
point P(acost, bsint). 3)

The normal at P meets the x-axis at

the point Q. The tangent at P meets the

y-axis at the point R.

¢ Find, in terms of a, b and ¢, the
coordinates of M, the midpoint of
OR.

Giventhat 0 < ¢ < %r,

d prove that, as ¢ varies, the locus of M

2ax \? b\?
az—bz) +(2y) =1 @

« Sections 3.5, 3.6

C))

has equation (

a Find the equations for the tangent and

normal to the hyperbola
XE 2
-1
a b

at the point (asecd, bhtan#f). (6)

b If these lines meet the y-axis at P and
O respectively, prove that the circle
with PQ as a diameter passes through
the foci of the hyperbola. 5)

« Sections 3.5, 3.6
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Review exercise 1

1

<

x+1 ©

« Section 4.1

2
Use algebra to solve P

Find the set of values of x for which

)

x-2

> 2x 5)

« Section 4.1

Find the set of values of x for which

2
xx12>1 5)

« Section 4.1

Find the set of values of x for which
) 3
2x-5> %

giving your answer using set notation. (5)
« Section 4.1

Given that k is a constant and that & > 0,

find, in terms of k, the set of values of
X+k k

x+4k" x

x for which

)

« Section 4.1

a On the same set of axes, sketch the
graphs of

2
y_2—xand}_—x_1 3
b Find the points of intersection of
2
y=2-xandy=-—— (2)
¢ Write down the solution to the
inequality
2
2-x> - 2)

« Section 4.2

a On the same set of axes sketch the
4x 2x
graphs of y = 5 and y = w1
b Find the points of intersection of
2x
(x +1)?
¢ Hence, or otherwise, solve the inequality
4x - 2x
2-x (x+1)
giving your answer using set notation.
2

+ Section 4.2

4x
——2_xandy_

) 65

(E) 66
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() 68

w @

a On the same set of axes, sketch the
graphs of
y=|x-5and y=[3x-2]. 3)

b Finds the coordinates of the points of
intersection of y = [x — 5| and

y=3x-2| 3)

¢ Write down the solution to the inequality

|x = 5] <[3x-2] 2)

¢ Section 4.3

a Sketch the graph of y =[x + 2|. 2)
b Use algebra to solve the inequality

2% > [x'+2]. )

« Section 4.3

a Sketch the graph of y = [x - 2a
given that a > 0.

(2)
b Solve |x - 24| > 2x + a, where a > 0.
4)
« Section 4.3
Solve the inequality |\Tr3| <8-x,
giving your answer in set notation. (6)

« Section 4.3

On the same set of axes, sketch the
graphsof y=xand y = [2x - 1|.

-}

3

b Use algebra to find the coordinates of
the points of intersection of the two
graphs. 2)

¢ Hence, or otherwise, find the set of
values of x for which [2x - 1| > x. (4)

« Section 4.3

Use algebra to find the set of real values
of x for which |x - 3| > 2|x + 1|. S

« Section 4.3

@ @D 70 Solve, for x, the inequality

|5x + a| < |2x|, where a > 0.

©)

« Section 4.3

@B 71 a Using the same set of axes, sketch the

curve with equation y = |x* - 6x + §|
and the line with equation 2y = 3x - 9.
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State the coordinates of the points
where the curve and the line meet the

X-axis. 4)

b Use algebra to find the coordinates
of the points where the curve and the
line intersect and, hence, solve the
inequality 2

a Sketch, on the same set of axes, the
graph of y = |(x — 2)(x — 4)|, and the

line with equation y = 6 — 2x. 3)

b Find the exact values of x for which

|(x = 2)(x — 4) = 6 - 2x. A3)

¢ Hence solve the inequality

(x = 2)(x - 4)| < 6 - 2x. @)

« Section 4.3

/
\|

T x+2
5 N %

The diagram above shows a sketch of the
curve with equation

St
|x + 2|
The curve crosses the x-axis at x = 1
and x = -1 and the line x = -2 is an
asymptote of the curve.

y= x#-2

a Use algebra to solve the equation
x2-1
|x + 2|

b Hence, or otherwise, find the set of
values of x for which

x?=1
|x + 2|

<3(1 -x)

Give your answer using set notation.

x2-6x+8/>3x-9. (5

« Section 4.3

=3(1-x) (6)

Review exercise 1

Challenge

1

The hyperbola with equation xy = ¢?is
rotated through 135° anticlockwise about the
origin. Show that the resulting curve can be
written in the form x? — y® = k%, giving k in

terms of ¢. &« Section 2.3
Solve in the range 0 < x < 27,
1_ = —1—~ « Chapter 4
1-sinx sinx

The lines L, and L, intersect and have
direction cosines [, 1, n, and 1, m,, n,
respectively.

a By means of a diagram, show that there
are two lines that bisect the angles
between L, and L..

b Show that these lines have direction ratios
L+L,m+m,n +n,andl, — L, m, —m,,
n, — n, respectively, and explain why these
are not, in general, direction cosines.

« Section 1.4

a Prove that for two lines y = m,x + ¢, and
V=H,X + ¢, M, M, the acute angle o
between the two lines satisfies

M, —
tang=——
1+mym,

b Hence, or otherwise, prove that the
normal to an ellipse at any point P bisects
the angle SPS’, where S and S are the
foci of the ellipse. « Section 3.3

2

« Section 4.3
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The t-formulae

After completing this chapter you should be able to:
e State the r-formulae - pages 117-120
e Apply the ¢-formulae to trigonometric identities -» pages 120-122

® Use the t-formulae to solve trigonometric equations

=> pages 122-124
® Use the t-formulae for modelling with trigonometry

= pages 124-126

. oo |
A Auto R-Wave Deﬂ;ﬁ [ { { l ‘ l 0 -

120

LAD “
» AN I‘. 'No[ma‘

£ 4 SURE I'- D“eﬁ
5 OU.C‘

SRR A0 h h i i Prior knowledge check

2 G” - 1 Show that sec?d =1 + tan?.
" Your blood pressure varies periodically,
based on your pulse rate, and can be
modelled using trigonometric functions.
The t-formulae allow us to convert
trigonometric equations to algebraic
equations. This is a powerful way to 3 Solve the equation
analyse these models and their solutions. ’ cos20=sinf,0<f<2x

= Mixed exercise, Q19

¢ Pure Year 2, Section 6.4

2 Use the double-angle formulae to write
sin3f in terms of sin 6.

« Pure Year 2, Section 7.3

gano

¢« Pure Year 2, Section 7.4

’h A AN
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m The t-formulae

The t-formulae are a set of formulae that allow you to express sinf, cosf and tan@ in terms of

t=tan g- They can be very useful for solving trigonometric equations, and proving trigonometric

identities, as they allow you to write expressions involving sin#, cos@ and tanf in terms of a single
variable, .

= When ( =tan —g-:

21 m You should learn these formulae.

* sin@=

1+12 They are not given in the formulae booklet, and
1 -2 provided you are not asked to prove or derive

* cosf= 1+ 12 them, you may quote them in your exam.

* tanf = £t
1-1¢2

You need to know how to derive the ¢-formulae using the definitions of the trigonometric ratios and the
double-angle formulae. You can do this by constructing a right-angled triangle with acute angle-':(z’3

—

+

—
P

Make the side opposite the angle ¢, and the side adjacent 1.
Then by Pythagoras’ theorem, the hypotenuse has length v1 + 2.

V]

1

Applying the definitions of the trigonometric ratios to this triangle gives:

f
tan==1¢
2
sinﬁ— L
2 1412
cosl = : -
2 1+ ¢2
Therefore, using double-angle formulae gives m The dubleangle formulas re:
sinf=2sinfcoslopt 1 __ 2 . sin2€525in9cos.9
2 Vi+2 i+ 1+t c0s 26 = cos2f — sin2f
=2c0s20-1=1-2sin%60
s 2y 2 _ 42
cos.‘)zcosaﬁ—sinzgz(. L ) —(, : ) o k. tan20 = 2tand
2 Vi+12 Vi+r2) 1412 MY=T tan2e
sin@ 2t 1+ 2 2t « Pure Year 2, Section 7.3

tand = = X =
cosf) 1+1t2 1-—¢2 1-—¢2

The above proof assumes that the angle -g is acute, but the formulae hold in general.

To see this, you can also derive the formulae purely algebraically.

7] 7]
2tan—= 2tan—
nf = i .'?. ..Q.: 9_ 2!2: 2 = 2 e 2!’
5|n0_25m2c052_2tan cos > = = i

2 7]
ec?— 1+ tan?=
2 2
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Similarly,
B ol 9( A
cosfl = cos?= —sin?==cos?—=|1 - tanz—)
7 o g 2\ 2,
.0 .0 m These algebraic proofs make use of the
_ 1 =0 2 1=tan 2 _1-¢2 identity sec?6 = 1 + tan?6.
- 0 - 0" 1+12 L 1
sec2>  1+tan?3 secd=—7
1
Finally, prove the identity for tan 6 exactly as before. cosecl=— o
sin@ 21 1+ ¢2 21 g=_1 h
tanf = = X = cotd = ¢ Pure Year 2, Chapter 6
cosf 1412 1-—2 1-¢2 tang
Example 0
Given that tan-g = %, find the exact values of:
a sinf b cosd
a = 2
: 2t 2[2] 24
So sinf = S = =5 Use the t-formula for sin.
1412 4 (3\2
+ (5)
-3.2
1—¢2 1 [J
b cosll=——-=——"—-=32 Use the ¢-formula for cos.
ek (]

+ !
Example e

; T 0 I AT W=
Given that-2-$-2—<7rand sm-z-:-ﬁ, find:

a the exact value of cotf

b the value of secf + cosecd, correct to 3 significant figures.

.0 0 0
f f —5 . Use sin?= + cos?= = 1 to find the exact value of cos—
a co5--él- = —1._51 - 5'|ngg- =-1-(5) = —l’ ALl 2 2 2

2
.
sing " m Make sure you choose the correct

Sotangy=—7F =7+ -7)="% sign when taking square roots. Since = < ([
cos—— 2 2

2

&

0 you know that cosﬁ must be negative.
Set t = tan-é- = -3z :

= 2145 . Use the definition of cot and the ¢-formula for tan.
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. ] 1 Use the definitions of sec and cosec and the
b sech + cosecl = il — X
cosfl  sinf t-formulae for cos and sin.
i oo Lk iZ
N e g8 2t

14 () 1+ (-2)

= + / \
1-(-8)  2(-#

22831
~ 38640

=0.591 (3 s.f)

1 Given that tan-f— = %— use the 7-formulae to find the exact values of:
a sing b sind
¢ cosd d tan@

2 Given that tang = 2, use the f-formulae to find the exact values of:

a sinf b cos#
¢ tan@ d sect + cotf
3 Given that sing = % and that 0 = g = %, use the 7-formulae to find the values of’
a sinf b cos#
¢ secl o080
sinf(1 + cot#)
4 Given that cos% = —ng and that % = -g— < 1, use the 7-formulae to find the values of:
a cosf b tan?d

sec(

¢ secH + cosecf) _
cosect + cosf

5 Suppose that cosecg = %;5; where -g = £ < 7. Use the ¢-formulae to find the values of:

2 2
a tanf b sin26
¢ cos2d d cot20
9 . V3 -1
® 6 Suppose that 0 < > < > and that sinf) = Yo
a Show that tanf = \i md. (2 marks)
V3 + 1
b Using the ¢-formulae, find sin 26 and cos 26. (3 marks)
¢ Hence deduce the value of 0. (1 mark)
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® 7 Suppose that % =< x < m and that cosx = — i -; ve
-2 )
a Show that tanx = — \.- V_ (2 marks)
V2++v2
b Using the ¢-formulae, find tan2x. (2 marks)
¢ Hence deduce the value of x. (1 mark)
8 Given that ¢ = tan %
a showthat2—-4r+1=0 - (3 marks)
b show further that 1> = i i \g (3 marks)
3
¢ deduce the exact value of 1. (1 mark)
® 9 Consider the following diagram, where ¢ is an acute angle.
1-72
Show that ¢ = tan—g and hence derive the r-formulae for sin @, cosf and tan 6.
@ Applying the t-formulae to trigonometric identities
You can use the ¢-formulae to prove trigonometric identities.
Example o
1 +tan
Prove that 1+ cosecd = 2._ 0+ (2n+ 1)—75, nez.
cotf 0 2
| —tan—
2
] L R _ 1 Use the t-formulae with the identities
Let t = tan—. Then cosecll = and cot =——o L 1 1
2 21 21 cosecf=——and cotf = ——
sind tan#d

1+ cosecl 2t +1+12

So = —
cotf = =
i L The denominator is the difference of
= (‘i}(??} two squares.
1+t
1=t
[7}
1 n—
_Tvhng
u [7)
1 = H—
ta 5
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Prove that tan2fcotf =1 +sec20, 0 # (2n + 1)-4-, neZz.

m

Since this equation uses # and 26 it makes

et = ang 3 sense to use ¢ = tan# rather than ¢ = tang
We have cotf = -: tan26 = 1—?—13 and sec 20 = 1i—;;
fan20cotl = —2 - From the t-formulae and the definition of
- cotf.
il i)
ki 1—12 .
_ier 1ap2
1 =gs =g When proving identities, you should always
=i & T+ if start from one side and work towards the
T—22 other side. For example, if you start with
=1+ sec20 the left-hand side, look at the right-hand
Hence tan20cotf = 1 + sec 20 side to give you an idea of what form you
need your expression for ¢ to be in.
Here, you need to find sec26 = 1 e ;z on

the right-hand side, so you need to try to
isolate this term in your expression.

Exercise @

® 1 Using the t-formulae, prove the following trigonometric identities.

2
a sin?0+cos?f=1 EPLE sin?0
tan=6 + 1
M—ME 1,0+nm,neZ d cot20 + tanf = cosec 20, f):fﬂ,n ez
sinff  tanf 2
® 2 Using the t-formulae, prove the following trigonometric identities.
a tanf + cotf =secfcosecl, 0 = njﬂ, nez
1 +cosf _  sinf
sinff 1 —cos(}’g:nﬁ’ne Z
1 —sinf _ cosf =t(23':'+1)?r c7
cosfl 1 +sinf’ 2 7
( 7
d tanfsinf + cosf = sech, O —21;&1 nez
3 Using the substitution ¢ = tan g prove that sin# + sinf/cot*# = cosecf for 0 # nw,n € Z
(4 marks)
4 Using the substitution ¢ = tan g prove that
cosf cosf) (2n+ Dm
I_Sin9—1+sin9=2tan9for9: 3 ,HEZ (4 marks)
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Using the substitution 7 = tan % prove that

3 COSEC.X COS X
cos“x=T——"—
tanx + cotx

; - 0
Using the substitution ¢ = tan =, prove that

1 )
COS_H + 1+Sm9523600forﬁ=(2—”-|-‘£,nez
1 +siné# cosf 2

: 5o 2
Using the substitution ¢ = tan =, prove that

> y 2 1}1
SCCG+t&1‘lQELS.0'fOI‘0¢u,HEZ
1 —sind 2

Using the substitution ¢ = tan x, prove that

1 +s8in2x — cos2x _ 1 + tanx for x £ no (2n+ Dr
sin2x +cos2x—1" 1 —tanx . ° 4

. o 0
Using the substitution 7 = tan 5> prove that

2n+ D
cosd —tanf = secd, forf?:(—?)—

1 —sind 2 nesz

. _— 0
Using the substitution 7 = tan 5 prove that

int (2
tan?@ + tanfsect + 1 E-l—-'-—s—ln—qur.‘}:ﬂ, nez
cos2f 2

Use the substitution ¢ = tan x to prove the identity

cos2x _cotx+1 T
l—sin2x cotx—1"" #(4n+ 1)4,»*? €Z

Challenge

Using the t-formulae, prove the identity

sin?f + cos?d

WE 1 —sinflcos#

@ Solving trigonometric equations

,HE Z

(4 marks)

(4 marks)

(4 marks)

(4 marks)

(4 marks)

(4 marks)

(5 marks)

The t-formulae can be used to convert equations given in terms of different trigonometric functions of 6
into equations in .

= To solve trigonometric equations using the r-formulae: m

122

use the substitution ¢ = tanvg

write any trigonometric functions in the equation in
terms of ¢

solve the resulting equation algebraically to find the
value(s) of ¢

This substitution is only
valid when tang is defined. If the
original equation has solutions of

the form # = (2n + 1), n € Z this
method will not find those solutions.

find corresponding values of 6 which satisfy the original equation.
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Example

Solve 2sinfl = 3cosf) = 1 for 0 = 0 = 2. Give your answers to 2 decimal places.

Using the substitution t = tang Apply the t-formulae so that everything is in terms of «.
4t 30 -13) _ ’7
T+e5 1+ = Multiply both sides by 1 + /2
4t-3+32=1+1
21 + 4t ~4 =0 Solve the resulting quadratic equation by completing
t+12-3=0 ’7 the square, or using the quadratic formula.

t=-1xy3

S tang oo 2B é% i Problem-solving

p & _ Use the substitution to find the corresponding values
tan 7= ] S of @ that lie within the given range. The range of
0 values of #is 0 < @ =< 27, so the range
2= s R of values forgwill be0 = g = . Make sure you
tang ==1=v3 solve separately for each value of «.
f
2

—=1.9216... s0 0 = 3.64 (2 d.p)
You could also solve the original equation by writing

2sinfl —3 cosf in the form Rcos(# + a).
« Pure Year 2, Section 7.5

Exercise @

1 Using the t-formulae, solve the following trigonometric equations for ¢ in the range 0 =< ¢ = 2,
giving your answers to 2 decimal places in each case.

a

Cc

€

2sinfl —cosf =2 b sinfl + 5cosf = -1
tanfl — Ssecl@ =7 d 7cotf + 3cosecl =9

2cotf —cosect =0

Using the substitution 7 = tan @, show that the equation sin20 — 2c0s26 = 1 — /3 cos 26 can be
written as (V3 — 1)2-2¢ - (V3 = 3)=0. (3 marks)
Hence find the exact solutions of sin26 — 2cos26 = 1 —/3 cos 26 in the range 0 < 0 < 2.

(3 marks)

5 3y g X .

Using the substitution ¢ =1tan > show that the equation Problem-solving
l6cotx—9tanx =0, x # LTE, n € Z, can be written as This quartic equation is a
A4 -172 +4 =0, (3 marks) quadratic in £2. Solve it using

the substitution u = 2.
Hence find all solutions of 16cotx —9tanx = 0 in the range

0 = x = 27 to two decimal places. (4 marks)
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® 4 a Using the substitution 7 = tanﬁ, show that the equation 10sinfcos@ — 3cosfl = -3 can be
written as (1 = 2)(32-4t-5=0. (3 marks)

b Hence find all solutions of 10sinfcosf — 3 cosf = -3 in the range 0 = # = 27 to 2 decimal
places. (4 marks)

5 a Using the substitution ¢ = tan @, show that the equation 3sin26 + cos20 + 3tan20 = 1,

2n + D .
Ty € Z, can be written as t* — 2 + 61 = 0. (3 marks)
b Given that (7 + 2) is a factor of * — £ + 6¢, find all solutions of 3sin260 + cos260 + 3tan20 = 1
in the range 0 < # = 27 to 2 decimal places. (4 marks)
6 a Using the substitution 7 = tan @, show that the equation tan# + cos 26 = 1 can be written
as =22 +1=0. (3 marks)
b Hence find all solutions of tan# + cos26 = 1 in the range 0 = 0 = 27. (4 marks)
7 a Using the substitution ¢ = tanf, show that the equation 2sin 20 — cos40 — 4tanf = -1
can be written as 15+ 2 =22 = 0. (4 marks)

b Hence find all solutions of 2sin260 — cos20 —4tanf = -1 in the range 0 = # < 27. (3 marks)

8 Solve 5cosf—12cosecl = 12 for 0 < f < 2. (7 marks)

Challenge

Show that the equation 5 sin 26 + 12 cosf = —12 has exactly two
solutions in the range 0 = f = 2w, and state their values.

m Modelling with trigonometry

nTrigonometric functions appear frequently in mathematical models describing quantities that
vary periodically. By adding or subtracting multiples of different trigonometric functions, more
complicated situations can be modelled.

Models involving different trigonometric functions can be simplified and analysed using the
t-formulae.

The displacement of a particle moving in a straight line, sm, at time x seconds is given by

s=sindx + 2sin2x + 2

a Show that the velocity of the particle at time x seconds is given by v = (1 =3¢%), ms™,

8
where ¢ = tanx. (1+ 122

b Hence find the value of x where 0 = x = 7 for which the displacement is maximised.
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a Diffeﬁ”t"ati”@ we have To find the velocity you differentiate the
V= K = 4cosdx + 4cos2x displacement with respect to time.
Substituting the t-formulae and using a « Statistics and Mechanics Year 1, Chapter 11
double-angle formula:
y = 4(“ s ) Al— &) €Os 2X = c0os2x —sin?x, so
(1+13)2 (1+15)= 14 17 €05s4x = Ccos?2x —sin?2x

= --—i—ﬂ -2+ 1 =412 +1-19)
(1 +.15)2 :
8 Problem-solving
= '—_._.':1 s 31’2}
(1 #+1=)= You could also substitute using the
. ds t-formulae before you differentiate:
b Solving for —— = O we have 41(1 = 13) 4t
| dx 5 s sin4x +2sin2x +2 = —+ ~+2
t = =— which implies that x = —, = (1+£) Lo
v 6 6 You still need to differentiate with respect
To check which point is a maximum we ds ds di )
differentiate again. to x, so use a0 together with
s _ dv 92 cecty=iw i
dx? dx
= —16sin4x — &sin2x
16 ; i)
= ————{41{1 — %) + 1(1 + 12))
1+ 22 ( )+ K )
161 : -
St ——= (g
@ F=)r D=0
When t = L ddf < O and when t = —;—,
v3 dx= V3
2o
d—"— >0
dx =
so the maximum is at [ = L

v

Conyerting backtom we gt tan is periodic with period m, so we get

infinitely many solutions, but only one of
them is in the correct range.

tanx = T— = x =
v

Exercise @

@fD 1 The displacement of a particle moving in a straight line, sm, at time x seconds is given by
s=10-5sinx—-12cosx, 0 = x = 27.

(e

L si2isup - Sjteiei = tan%

b Hence find all values of x for which displacement is minimised. (3 marks)

a Show that ds =

A= TL (6 marks)

@fP 2 The displacement of a particle moving in a straight line, sm, at time x seconds is given by
s=1+2sinx—-cos2x, 0= x =27,

ds _ 2 . o o VB
a Show that FRAITRpET (1 = t%)(t* + 41 + 1) where ¢ = tan ) (6 marks)
b Hence find all values of x for which the particle is stationary. (3 marks)
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3 The height in cm of a car chassis above the road x seconds after it drives over a speed bump is

modelled by the function h(x) = 3sin2x — 4cos2x + 25,0 = x = 7.

a Show that the vertical velocity of the chassis at time x is given by v(x) = 1_+2!3 (3t2-8r-3)
where ¢ = tan x. (6 marks)

b Find the time between oscillations according to the model. (2 marks)

¢ Using part a find the value of x for which the displacement is minimised. (3 marks)

X

!D 4 The figure below shows the graph of the function y(x) = %sin st sin% + %‘COS% + 2.

YA

O 25 50 75 100 125 150 175 X
a Show that

dy (Br2-8t=5(+2t-1) h % 6 mark
dx 10(1 + 12 where r=tangg - (6 marks)

Below is a graph showing the intensity of x-rays emitted over time by a pulsar, a type of rotating
neutron star that emits a beam of x-rays in a specific direction.

»

0.4+

Intensity
<
(5]

o
%]
I

=
n

O 25 50 75 100 125 150

Time (milliseconds)

The graph of ky(x), where k is a constant and x is measured in milliseconds can be used to
model the predicted intensity of x-ray radiation observed on Earth.

b i Suggest a value of k that could be used to approximate the observed data with the graph

of ky(x).
ii Why might such a model be suitable for predicting the times of the peaks, but not the
intensity of those peaks? (3 marks)

¢ Use the second graph and the result from part a to estimate, to the nearest millisecond, the

time of the most intense peak in the observed data. (6 marks)
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Mixed exercise o

1

Consider the following diagram.

1

e

2

Using the ¢-formulae with ¢ = tan g find the values of:

a cosf b sinf ¢ secf +tand d secfcosect

Consider the following diagram.

4
2

5

Using the t-formulae with 7 = tan g find the values of:

a tanf b secf ¢ sinf d cotf + cosect

Given that tanf = 3, use the substitution 7 = tanf to find:

a sin260 b cos260 ¢ tan?20 Sec 20

cosec 20 + cot 20

Given that 1 = tan = =2, use the ¢-formulae find:
a tan26 b sec2@cosec20 ¢ sec?2d d cot20 + tan20

a Using the ¢-formulae, show that tan’ 6 = sec’f — 1.
~2/2
1+vV3

b Using the result from part a or otherwise, find tan 6.

Suppose that 7 < § < % and that secf =

¢ Using the ¢-formulae, compute sin 26 and cos 26.

d Hence deduce the value of 6.

Lett= tanzg-l-
a By writing down expressions for cos% and sin% in terms of ¢, find the exact value of ¢. (4 marks)

b Using the identity sec2f = tan26 + 1, find sec % and hence deduce the values of sin% and

cos% (2 marks)
. L % l+sinx—cosx 1+sinx
Using the substitution 7 = tan—, show that — = -
& 2 sinx +cosx — 1 COsX
2n+ D
for x # =% @b e Z. (4 marks)
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, e 0 : : (2n+ D)m
Using the substitution ¢ = tani, show that tan?f — sin?f = tan?@sin?f for0 + ————, n e Z.
(4 marks)
Using the substitution ¢ = tan g show that sinfcosftand = 1 — cos?4.
(4 marks)

1 +sinf 1- Sll'lg = 4tanfsecl

; g 0
Using the substitution 7 = tan =, show that

2> 1 —sinf 1+sin
2n+ D
for 0 # 5 o ME Z. (4 marks)
- 2y 2n+ )
Using the substitution 7 = tan i, show that L+1an x = 1 - for x = ; neZz.
2 I —tan?x cos?x —sin’x 4
(4 marks)
Using the substitution 7 = tarl-(2 show that ! - 1 = 2tanfsecl
SRR = gt [—sing 1+sinf -
. 2n+ D
for 0 + T, e Z. (4 marks)
2n+ D
Using the substitution ¢ = tan g, show that tan@ + COS.H =secl for 0 # (—) neZz.
2 1 +sinf 2
(4 marks)
Using the substitution 7 = tan g show that (sin® + cos#)(tan @ + cotd) = sec + cosecl
for 0 # HT?T neZz. (4 marks)
a Using the substitution 7 = tan % show that the equation 3cosx — sinx = — 1 can be written as
12+1-2=0. - (3 marks)
b Hence find all solutions of 3cosx — sinx = —1 in the range 0 = x < 2 to 2 decimal places.
(3 marks)
a Using the substitution ¢ = tan Q show that the equation sinf + cosfl = —_% can be written
as2t2-5t-3=0. (3 marks)
b Hence find all solutions of sinf + cosf = —_% in the range 0 =< # < 27 to 2 decimal places.
(3 marks)

a Using the substitution 7 = tan Q show that the equation 6tané + 12sin@ + cosf) = 1 can be

written as (1t — 202 — 41 -9)=0. (4 marks)
b Hence find all solutions of 6tanf + 12sinf + cosf = 1 in the range 0 = ¢ = 27 to 2 decimal
places. (2 marks)

x
2

a Using the substitution 7 = tan—, show that the equation 5Scot.x + 4 cosecx = % can be written
as2t2+9r-18=0. (4 marks)

b Hence find all solutions of 5cotx + 4cosecx = % in the range 0 = x = 27 to 2 decimal places.
(2 marks)
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19 The graph below shows how arterial blood pressure varies over time in humans.

IOO_

Pressure (Torr)

Y

0 Time

Ursula is trying to model blood pressure mathematically, and uses the following function to
describe blood pressure at time x seconds.

p(x) = 8sin5x + 16cos 5x —4sin 10x + l_?cos 10x + 100.
The graph of y = p(x) is shown below.

VA

]
2 =
lad
i
Lh
(=
-1
oo

) dp  -80u(t +2)(3t> -8t +7)
a Using the ¢-formulae, show that — = = (5 marks)
dx 3(1 + £2)2

b This model is very simple. What might it fail to take into account? (1 mark)

¢ Using the figure and the result from part a, find the time in seconds of the first pressure
low-point in the model. (3 marks)

Challenge

a Given that tang = % find the values of tan#, sinf and cos#

as fractions in their lowest terms.
b Hence construct a right-angled triangle with integer sides and
acute angle 6.

¢ Given that tang is a rational number between 0 and 1, show that

it is possible to construct a right-angled triangle with integer sides
and acute angle 6.
A Pythagorean triple is a set of three positive integers a, b and ¢,
such that a? + b% = ¢2. A Pythagorean triple is primitive if ¢, b and ¢
have no common factors.
d Prove that there are infinitely many primitive Pythagorean triples.

129



Chapter 5

Summary of key points

1

130

The r-formulae are a set of formulae that allow you to express siné, cos@ and tan @ in terms
0
of t=tan=
2
2t
141
1-1¢2

» sinfl =

» cosf =

1+1¢2

2t
1-1¢2

» tanf =

You can use the -formulae to prove trigonometric identities.

To solve trigonometric equations using the ¢-formulae:

« use the substitution 7 = tang

- write any trigonometric functions in the equation in terms of ¢

- solve the resulting equation algebraically to find the value(s) of ¢

- find corresponding values of @ which satisfy the original equation.

Models involving different trigonometric functions can be simplified and analysed using the
t-formulae.



Taylor series

After completing this chapter you should be able to:
® Derive and use Taylor series for simple functions -» pages 132-135
® Use series expansions to evaluate limits - pages 135-139

® Use the Taylor series method to find a series solution
to a differential equation - pages 139-143

&
¥

Differentiate:

a cos(1+ x3) b Inarctan x S "" :

- Slin < « Pure Year 2, Chapter9 _ =& - e gt S
Taylor series can be used to approximate
Find the general SOIUEEJ” to tcl;e functions by polynomials. Mathematicians
differential equation _J; 5 2_y +2y=0. and engineers use them to approximate

dx?  dx and model solutions to complex differential

e S equations such as those that describe
the flow of air over an aircraft wing. In
this chapter you will use Taylor series to
2 find approximate solutions to differential
ae b sinx ¢ Ihix+1) B equations that can't be solved easily by
¢ Core Pure Book 2, Chapter 2 S8 other methods. - Section 6.3

Find the Maclaurin series for the
following functions.

LT TR



Chapter 6

@ Taylor series

I3 in Core Pure Book 2 you used Maclaurin series m The Maclaurin series expansion requires
expansions to write a function of x as an infinite that f?(0) exists and is finite forall n e N.

series in ascending powers of x. However, the
conditions of the Maclaurin series expansion
mean that some functions, such as Inx, cannot be
expanded in this way.

If f(x) = In x then f'(x) = —35 so f'(0) is undefined.
« Core Pure Book 2, Section 2.3

The construction of the Maclaurin series expansion focuses on x = 0 and, for a value of x very close to
0, a few terms of the series may well give a good approximation of the function.

For values of x further away from 0, even if they m An extreme example of this is in using

are in the interval of validity, more and more x = 1in the series for In(1 + x) to find In2;
terms of the series are required to give a good thousands of terms of the series are required to
degree of accuracy. reach 4 significant figure accuracy.

To overcome these problems, a series expansion focusing on x = ¢ can be derived.
This series expansion, called a Taylor series, is a more general form of the Maclaurin series.

Consider the functions f and g, where f(x + a) = g(x). @ For example,

f(x) =lnx, g(x) =In(x + 1)
Thenf(x +a) =g”(x),r=1,2,3....

In particular, f"(a) = g”(0), r=1, 2, 3...
So the Maclaurin series expansion for g,

grr(o) , gm(o) , gm(o)
%

2l 3r C et

R

g(x) =g(0) + g'(0)x +
becomes
@ The Taylor
£
(a)x

£ .
n f(x +a)=f(a) + f(a)x + L'l)xz - ﬂ.1:3 + o+ '+.. (A) seriesallowsyouto
2! 3! ! approximate the value of

Replacing x by x — a, gives a second useful form: f(x) close to x = a.

” " ")
n f(x) =f(a) + f'(a)(x - a) + fz(_f)(x_ a)? + f 3(:1) R P f r(!ﬂ)

(x-a) +... (B)

The expansions (A) and (B) given above are known as Taylor series expansions of f(x) at (or
about) the point x = a.

The Taylor series expansion is valid only if f*(a) exists and is finite for all » € N, and for
values of x for which the infinite series converges.

m Neither version of the Taylor series

expansion is given in the formula booklet so
make sure you learn them both.
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Find the Taylor series expansion of e~ in powers of (x + 4) up to and including the term in (x + 4)°.

Let f(x) = e and a = —4.

Use the Taylor series expansion

fx) = f(—4) + F'(=4)(x + 4) + L;Q(x +4) + fmg;f”(x + 43+ ...

f(x) = e = f(-4) = e*
f'(x) = —e™ = f'(-4) = —e* —‘

(B).

You need to find f(-4), f'(-4),

F(x) = e = f'(-4) = e J
f(x) = —e* = {"(-4) = —e*

Substituting the values in the series expansion gives

eF=et—etx+4) + e—4(vc + 4 ~ 8_4(" +4P 4
B at =t

er=et(l-(x+4) + Tx+ 42 -Lx+ 47 + ..

f(~4) and f"(~4).

Take a factor of e* out of each

term on the right-hand side.

Express tan(x + ?_r) as a series in ascending powers of x up to and including the term x°.

4

You need to use the Taylor

Let f(x) = tanx, then tan (,\‘ - ;]-_T) = F(_x + Zfr)

Fx) = tanx = F(g) =1

F'(x)= sec?x = f*(ir) =2

Plx)= 2 x secx x (secx tanx)

:2><5ec2x><tanx:>f”(%)=2x2x1=4

(x)= 2 x secZx x secZx + 2 x tanx (2 x sec? x tanx)
wf Ty _
=hif (4)—2x2x2+2x4—16

fﬂ' FIH "
Using f(x + a) = f(a@) + f'(@)x + 2('5!’) X2 + %x-” +
L . oA o 16 4
tan(.x-{- 4) =1+2x+ o1~ + 3 X3+,

=1+2x+2x% +8x3 + ...

series expansion (A) with
f(x) =tanxanda = %

@ Explore the O

Taylor series expansion of
f(x) = tan x using GeoGebra.

@ZIXED vk sure you

simplify your coefficients as
much as possible.

a Show that the Taylor series about % of sin x in ascending powers of (x - %) up to and including
the term (x — = 2is in ‘—l+£ i Ly _my
e term (v = ¢) s sinx =5+ 7 (x = ) = 4x = )

b Using the series in part a find, in terms of 7, an approximation for sin 40°.
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B a f(x) =sinx. f'(x) = cosx, f"(x) = —sinx,

Chapter 6

™

6

Find f(a), f'(a) and f'(a) where a =

50 f(ﬂ) - f*(ﬂ)_fi fn(ﬂ)zmi ’7

& 2 'le/ 2' \é 2
e ekl 9 = V3 s E) 8 (r N E)E ” Substitute into Taylor series
¥=g+o-¢g)-zxalr-g expansion (B) witha—%
1, Y3 ey A e
=2+ -g)-al*-¢)
b sin40° = sin (%) s0 substituting x = %

in to the series from part a gives

sin40° = &+ S2( ) - LX)

2" 2\18) " 4\
=4 i ™3 w2 The percentage error in this
2 36 1226 approximation is about 0.1%.

Exercise @

1 a Find the Taylor series expansion of Vx in ascending powers of (x — 1) as far as the term
in (x - 1)%

b Use your answer in a to obtain an estimate for V1.2, giving your answer to 3 decimal places.

2 Use Taylor series expansion to express each the following as a series in ascending powers of
(x — a) as far as the term in (x — a)~, for the given values of « and k.
alnx (a=e¢ k=2) b tanx(a:%,k=3) ¢ cosx(a=1,k=4)
3 a Use Taylor series expansion to express each of the following as a series in ascending powers
of x as far as the term in x*.

. s = . I
i cos (x + 4) ii In(x+)5) iii sin (,\ 3)
b Use your result in ii to find an approximation for In 5.2, giving your answer to

4 significant figures.

(E) 4 Given that y=xe*

n

a show that i (n + x)e* (3 marks)
b find the Taylor series expansion of xe* in ascending powers of (x + 1) up to and including
the term in (x + 1)%. (3 marks)

5 a Find the Taylor series for x*In x in ascending powers of (x — 1) up to and including

the term in (x — 1)*%. (4 marks)
b Using your series from part a, find an approximation for In 1.5, giving your answer to
4 decimal places. (2 marks)
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6 Find the Taylor series expansion of tan (x — «) about 0, where o = arctan(%), in ascending

powers of x up to and including the term in x2. (4 marks)
E) 7 Find the Taylor series expansion of sin2x about % in ascending powers of (x - %) up to
4
and including the term in (x - %) ; (4 marks)
E) 8 Given that y=———,
() ? J(1 +Xx)
‘ dy d%
a find the values of —— and —= when x =3 (3 marks)
dx dx-

b find the Taylor series of , in ascending powers of (x — 3) up to and

‘."I(l + X
including the term in (x — 3)°. (4 marks)

(E 9 Find the Taylor series expansion of cosh x about x =1n 5 in ascending powers of
(x = In5) up to and including the term in (x — In 5)%. (5 marks)

@fB 10 a Given that the coefficient of (x — In2) in the Taylor series expansion of sinh ax about In 2
is %, find the value of a. (3 marks)

b Find the Taylor series of sinh ax about In 2 in terms up to the term (x — In2)3. (3 marks)
@fB 11 Show that the Taylor series of In x in powers of (x — 2) is
) = 2 n
ln2+2(—l)”—1( )
n=1

n2r
Challenge

a Find the Taylor series expansion of In (cos 2x) about 7 in ascending powers of
(x — @) up to and including the term in (x — @)%

(6 marks)

b Hence obtain an estimate for ln(g).

@ Finding limits

In your A level maths course, you considered limits of a function as x approaches 0, or infinity. By
looking at how different parts of the function behave, you can evaluate the limit. Here is a very simple
example:

;!i_,rg Beh=2 m Results like this are used when
differentiating from first principles.

It is clear that as & gets closer to 0, (2 + &) gets
¢ Pure Year 1, Chapter 12

closer to 2.

In general, we say that f(x) — L asx — a if we can M s the (I OF T o5 » Spproaches
make f(x) arbitrarily close to L by choosing a % Youchielimes sy thiat ) ferdi o Las

value of x s‘uﬁﬁmently close to a. If this is possible renils Piel
then we write

limf() = L
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You can use some simple properties of limits to evaluate certain limits. These rules are sometimes
referred to as the algebra of limits:

= Given Jlri_'ﬂ f(x) =L and !r'-'ﬂ; g(x) = M, then:
. Jlri_'ﬂ,(f(x) +g(x))=L+M
* If cis a constant, then lim cf(x) = cL
. Jlri-'n: f(x)g(x) = LM

o M 20, then Jlri_rﬂf‘_xh

L
glx) M
Example o

. v Ly
Find _1%12 g

Im5—-x)=5and lIim(2+x) =2
x—0

x—0
5-x_5 )
o s 2 Uselle o

iy

2 Problem-solving
X

lim 21—:)M-=‘_‘Lr,r)1C ,1- 2-3x—-ocand1l+x—o00asx—ogsoit
L i is not possible to evaluate the limit directly.
fi ( 2 ) However, by dividing each term in the numerator
_Fox—3 =B 3 and denominator by x, you can determine the
\“_'mx(lt i 1) 1 limit.

In many cases, the above methods will not allow m When a function tends to g_'

JORD calu;}ﬂti a limit. Suppose you wanted it is known as an indeterminate form. Other
to find lim == Both the numerator and examples are functions which tend to 22, 0 x o
denominator tend to 0 as x — 0, s0 you cannot or 0°.
use lim o) L

x—0 g(x) M

In order to evaluate this limit, we need a more precise way of comparing sin x and x for values of x
close to 0. You can use a Maclaurin series to do this. The Maclaurin series expansion (or in other words,
the Taylor series expansion at x = 0) of sin x is
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B Therefore we have

i 2, 4
Sme =1- % + % = You can cancel a factor of x from each term.
and so
.k ~4
li msmx = llm(l . )
x=0 x—0 31 5l
Each of the terms containing a positive power of x tends to 0 as x — 0, so lmasm X =1,
XxX—
3 ET G o
sinx — x
Find lmgv—3
e g Dy X This is the Taylor series expansion of x at x =0, or
L8] i . the Maclaurin series expansion.
=x7 X2
sin x 31 "51°
S0 i = lim ’ - ;
S ¥—0 a2 Subtracting x in the numerator leaves terms in x?
= i ( A X ) and higher. You can now cancel a factor of x* from
Tx=0\ 3! 51 7 each term to leave you with one constant term,
. sinx —Xx 1 and terms in positive powers of x, which all tend
Therefore Im ———=-—=
=00 xd G to 0.
ET G o
" . w
Find l1m(x - —)tan X
T 2 z
: Problem-solving
w You cannot expand tan x
Ximse
2

(,( - E)taﬂ g about x =%, 5o rewrite
S T cotx 2
the function as a

i{x) =cobXx . .
Then f'(x) = —cosec?x, '(x) = 2 cot x cosec? x, faorent usmglthe fact
f"(x) = —2(cos 2x + 2)cosect x thattanx = ——
T f”(g) T2 fm(%) T 3_
cotx=f{z) +F(Z)x-2)* =1 (*-2) *+=1 (- 2) Find the Taylor series
: . - o expansion of cot x about
-0-(x-2)+ Bix- B - Z(x- 3+
1 T
g it T o
g AU The subsequent terms

'_.'m:(x - g)tan %= |_‘|rnﬁ = 2 == will have higher powers
ety o w(x - E) - g(x - E) + ... of (x— g)
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. . 3Inx
Find lim —————
e R v on-3
f(x) = Inx then f'(x) = % P = —i;z’ i) = 2.
X o
#01) Calculate the Taylor series
lnx =f(1) + f(1)(x - 1) + 51 (x — 1) + J expansion of nx around x = 1.
S SV DY by SV Y-
=d= gl UF ¥, Factorise the denominator and
Also x2+ 2x -3 =(x-1)(x+3) cancel (x - 1) in the numerator
Bl 3 3(x - 1) : and denominator of each term.
Henes: ) X2+ 2x—3 L (,\' +3 2(x+3) ) of
The second and subsequent terms
will all contain a factor of (x - 1),
which — 0asx — 1.
1 Eval the following limits.
v ua?t'e e following limi Z , . \ l m lHibaras
% Tt X i) ¢ lim—— o d lim X & and d, divide the
x=05— X x=0 X +2 TR 24+ x T34 2x numerator and
2 Evaluate the following limits. denominator by ..
a lim IR b lim <=~ - ¢ li im—————
x—0 X =0 x2 x—0gdr — ] x—0 arctan 4x
3 Evaluate the following limits.
. X=T . sin(x? - 4)
a lim—; Iim————
X—7 $in X x—2  x =2
Evaluate the following limits.
In(1 + x? c
§ T ) b lim—nX
x—0 x2 =11
i g S B 2% d lim e¥’sinx — x
=0 x2 = xIn(l + x) x=0 xIn(l + x?)
5 a Find the Taylor series expansions about x =0 of sinx and e™. (4 marks)
b Hence evaluate lim (L - ) (4 marks)
x—0\sinxy 1-e™*
6 a Find the Taylor series expansions about x = 1 of Inx and V'x. (4 marks)
b Hence evaluate lim (L,_ - ) (4 marks)
—1\Wx lnx-1
7 a Find the Taylor series expansion about x = 0 of sinh x up to the term in x°. (4 marks)
b Hence find l\_iﬁmu(Zx cosech 3x). (4 marks)
8 a Find the Taylor series expansion of V1 + 4x at x = 2 up to the term in (x — 2)%. (4 marks)
; VvIi+4x -3
b Hence find _1\;9} 0,18 (4 marks)
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Challenge

B a Find the Taylor series expansion of \/1 + 5y about y = 0 up to the term in »°.

b Using part a and the substitution y = 31(—, find lim VX2 +5x — x.

@ Series solutions of differential equations

You can use Taylor series to find series solutions
of differential equations that can’t be solved
using other techniques. This can allow you

to find useful approximate solutions, and to

find solutions that cannot be expressed using
elementary functions.

m You can use integrating factors or auxiliary
equations to solve some first and second-order

differential equations directly.
« Core Pure Book 2, Chapter 7

Suppose you have a ﬁéj}—order differential m f(x, ») denotes a function of both
equation of the form —= f(x, y) and know the x and y, such as x%y + 1, or e¥. Such functions
dx cannot always be written as a product of

initial condition that at x = x,, y = y,, then you functions g()h(y).

dv
can calculate d—1| by substituting xg and y,

into the original differential equation. m

d
is used to denote the value ofd—y when
X

dy
By successive differentiation of the original e
2

differential equation, the values of d—é
d3y
dx3

X
X= XU 5
'
X

and so on can be found by substituting previous results into the derived equations.

X

d
= The series solution to the differential equation d—y = f(x, y) is found using the Taylor series
expansion in the form .

d (x = x)? d? (x = xo)® d?
y=J’n+(x—Jfo)gJi i 4 i

+ =5
T 2! dx?|,, 31 da,,

" (€

= |n the situation where x, = 0, this reduces to the Maclaurin series

dy| xz2d?y

3 d3y
y=yo+x—| +—=—= x
dx|, 2! dx2

+.__
0 3! dx3

+ rene (D)

0

Second order, and higher differential equations can be solved in the same manner.
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B Use the Taylor series method to find a series solution, in ascending powers of x up to and including
the term in X3, of

2 d_y dy

dy

The given conditions are x5 =1, yo =1, a‘ =3
= 1
dy
Substituting xo =1, yo=1and 5=| = 2 into
dx |,
dZy dy , d?y
P + 25 =Xy gives 5| = -3

1

140

dzy ;
——=ypy-sinx
dx?
; dy
given that when x =0, y =1 and T 2.
dy
The given conditions are xg =0, yo=1, | =2
axlg
. . d?y . : v
Substituting xg = O and yg =1, into —— =y —sin x First find —
dx? dx?|,
.y .
@IVSSW =1-5sn0=1
TR Differentiate the given differential equation
d3y dy with respect to x.
SL=t mmE W [ ¢
dx3  dx
_ ay ,
Substituting xg = O and ——| = 2 into (1)
dx |,
d% 3 d3y
gives —)3 =2 -cos0=1. Find ——
dx? 5 dx?|,
Substituting the results into
e 22| L 0B2d|  edy
V= Yo+ X —— s ——
FEYOT Y axl, T 2ra|, T 3land],
. 2 x3
gives y=1+xx2+§ xT+§ x14 ...
o P
=1+2x+ > + c s

Given that d_r;]; + Zd =% and that y =1 and 5= 2, at x = 1, express y as a series in ascending

powers of (x — 1) up to and including the term in (x — 1)*.

You need to find
dzy| d?

&l o

d4y

=
obed

1



Taylor series

a3y dey dy Differentiate the given
ax: =Y X M equation with respect to x.
dy 2y
Substituting xo =1, yo = 1, E ] = 2 and x|, =-3 into (1)
d"-‘} '
tal\.fSS d Bl =
dx* d>c°’ =dx T ¥gxZ Tdx (@) . ThE.! fultie
. conditions are given at
dy dsy a? —
Substituting xp = 1, & =2 { =-3and —| =9 Xp =150 you need to
dxl, dx=|, ax: make sure you expand
——— . - about this point in order
nto (2) gives dxt]|, to use the series solution.
Substituting all the values into L
s5n o )d_1‘ . (x = x0)? 4 (x - xo2 &y Z:e:nu;s;?ghylor series
Y=o X = Xg " 1 —2| d\ 3] d’(?" p I ;
gvesy=1+2x-1+ 3(r—1)¢+2(¥—1j +—{A )4+...
2] 3l 41
1420 = 1) =206 = 1)2 + 2(x = 1)3 = 2o(x = 1)*
o= B 24\

Given that y satisfies the differential equation

T - x and that y = 1 at x = 0, find a series

solution for y in ascending powers of x up to and including the term in x°.

The given conditions are xo = O, yo = 1.

b
2

Substituting x, = O and y, = 1 inte ™ P
- : You need to find
gives;z S -G=1 @ d_3y’ E"z
; dx?|, dx3|, " dwdl
d?y d} 1 1
o =2y Vs (M
, Differentiate the given
Substituting y, = 1 and - 1into (1) equation with respect to x.
= Y
i dy
cjwesdx E}Od\ -1=2x1x1-1=1
dﬁl‘ d2y (dl ) . .
— = Py—=- Differentiate (1).
o 2)d\ +El = 2) (1)
Substituting —1dy‘ cham | i
u5|umg}-o—,dx =1an d.\‘zo_ into (2)
&y d?y dy|?
gives — Yoo =| *+2 | =@2RTXT4+2 x1E=4
ax® |, dx<|, axl,
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B Substituting all of the values into

d)"‘ x2 &%y i ds}' Use Tavl : ion (D)
y= +. X% = se laylor series expansion e
=Yoot Foaxl, T A axz|, T B axd |, Y b

gives y =1+ X + 5x% + %ra + ...

Exercise @

(E) 1 Find a series solution, in ascending powers of x up to and including the term in x*, for the

d?y d
differential equation ﬁ = x + 2y, given thatat x =0, y = 1 and d—J; = % (8 marks)
dy dy dy
(E 2 The variable y satisfies (1 + x?) Tt T8 =0and at x=0, y=0and d_ =1,
Use the Taylor series method to find a series expansion for y in powers of x up to and including
the term in x3. (8 marks)

d y
(E) 3 Given that y satisfies the differential equation —’i +y-e*=0, and that y =2 at x =0, find
a series solution for y in ascending powers of x up to and including the term in x3. (6 marks)

¢y dy

(E) 4 Use the Taylor series method to find a series solution for — i iy

+y =0, given

dv
that x=0, y=1and d_}t = 2, giving your answer in ascending powers of x up to and
including the term in x*, (8 marks)

2

(E) 5 The variable y satisfies the differential equation du}i +2 d) =3xy,and y =1 and

dy
az—] atx=1.

Express y as a series in powers of (x — 1) up to and including the term in (x — 1)°. (8 marks)

(E) 6 Find a series solution, in ascending powers of x up to and including the term x*, to the
d2 y d d )

differential equation —— 2t 2yd—y +p3=1+x, giventhatat x=0,y =1 and ——= 1, (8 marks)

dy 5
EP 70 +2x) 5= x+2)°

dy\?
dx

djy dzy
a Show that (1 +2x)ﬁ+4(l -y) F—4

(4 marks)

d
b Given that y = 1 at x =0, find a series solution of (1 + 2x) d_J; = x + 2)?, in ascending

powers of x up to and including the term in x3. (4 marks)
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8 Find the series solution in ascending powers of (x - %) up to and including the term

T dy
L in (x - Z) for the differential equation sin x d_) +ycosx =?given that y=v2 at x = Z
(6 marks)
; ; ; ; . dy
@fP 9 The variable y satisfies the differential equation y: el x2-y2=0.
a Show that:
j 27 2 o 2x=0 2 mark
g2~ gy~ 2x= (2 marks)
d3v -2y dy Z(dy ; 2 2 mark
' dx )dx dx/ (Fiigeke)
b D il fing 2 00 S0 dr 3 mark
erive a similar equation involving — I A’ dod’ dx and . (3 marks)
¢ Given also that y = 1 at x = 0, express y as a series in ascending powers of x in
powers of x up to and including the term in x 4. (4 marks)
. dy : .
@fP 10 Given that cos x gy Tysinx+ 2y? =0, and that y =1 at x = 0, use the Taylor series
method to show that, closeto x =0, y~ 1 - 2x + ,\.2 iﬁx3 (6 marks)
dzy dy
EP 1 = -y ()
a Show that
dy dty  dy
dxs TPXgxa gy
where p and ¢ are integers to be determined. (4 marks)

b Hence find a series solution, in ascending powers of (x — 1) up to the term in x° of

d
differential equation (1), given that y = % =2 when x=1. (5 marks)

Mixed exercise o

m
1 Using Taylor series, show that the first three terms in the series expansion of (x - Z) cot x, in

powers of (x - %) are (x - %) - 2(36 - %)2 + Z(X - g)s
2 a For the function f(x) = In (1 + e*), find the values of {'(0) and f"(0).
b Show that £(0) = 0.

¢ Find the Taylor series expansion of In (1 + %), in ascending powers of x up to and including
the term in x2.
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B 3 a Write down the Taylor series for cos 4x in ascending powers of x, up to and including the term
in 29,

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of

; 128
sin?2x are 4x2 — —‘A4 e %,

(FD 4 Given that terms in x3 and higher powers may be neglected, use the Taylor series for e* and

2 x4
cos x, to show that e ~ e( 1- % + %)

dy :
(E) A a=2+,\+smy
a Given that y = 0, when x = 0, use the Taylor series method to obtain y as a series in

ascending powers of x up to and including the term in x°. (5 marks)

b Hence obtain an approximate value for y at x = 0.1. (1 mark)

(E) 6 Given that |2x| < 1, find the first two non-zero terms in the Taylor series expansion
of In((1 + x)*(1 - 2x)) in ascending powers of x. (5 marks)

(E) 7 Find the series solution, in ascending powers of x up to and including the term in x?, of the
dZy dy
differential equatlon ) —(x+ 2) + 3y =0, given thatat x=0, y =2 and d_) =4. (5 marks)
@IP 8 a Use differentiation and Maclaurin series expansion, to express In (sec x + tan x) as a
series in ascending powers of x up to and including the term in x3. (4 marks)

sin x — In (sec x + tan x)
x(cosx —1)

b Hence find Li_l}a (4 marks)

(P 9 Find an expression in terms of # for the nth term in the Taylor series expansion of cosh x about
In 2 in the case when:

a niseven b nis odd

(x —m)?
p) 10 Find L@rm

?) 11 Find lim 250X —x
x—0 SINXxX-—X

12 Show that the results of differentiating the following series expansions

2 -3 I
X X X
e* = l+x+?+?+ At
sin ﬁ xs X7 + ...+ Clyxr +
X=X ke e S i
~3l 5' 7! (2r+ 1)!
x2 x4+ x® Kt

cosx=1- STtar TGt +(l)"(2)I

agree with the results

: . L R . d e ol
a dx(e-)—e b dx(smz)—cosx ¢ dx (cos x) = —sinx
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Taylor series

i3 9 P et yeOand s
; 2tV ge=xandatx=1,y=0and 3-=2.

Find a series solution of the differential equation, in ascending powers of (x — 1) up to

and including the term in (x — 1)°. (8 marks)
14, & Giventhatoosss 1 -2 42 how that Ll dah 4 mark
(E a Given thatcosx =157+ 57— ..., show that secx = 1 + 5+ x% + ... (4 marks)

-3 5
b Using the result found in part a, and given that sin x = x — % + % - ..., find the first

three non-zero terms in the series expansion, in ascending powers of x, for tan x. (4 marks)

; . tanx
¢ Find lim—
x—0e2x — ]

(4 marks)

@fP 15 a By using the Taylor series expansions of e* and cos x, or otherwise, find the expansion
of e¥cos 3x in ascending powers of x up to and including the term in x°. (4 marks)

e*cos3x — sin X — cos x
X3+ 2x2

b Hence find lrln‘{l] (4 marks)

dy dy . _ dy )
(E 16 dx2+x~a+y=0w1th_y=2atA=OandE=latzzO.

a Use the Taylor series method to express y as a polynomial in x up to and including

the term in x°. (4 marks)
dty
b Show that at x =0, TA = 0. (3 marks)
(E 17 a Find the first three derivatives of (1 + x)2 In(1 + x). (4 marks)

b Hence, or otherwise, find the Taylor series expansion of (1 + x)? In(1 + x) in ascending
powers of x up to and including the term in x°. (4 marks)

(E 18 a Expand In (1 + sin x) in ascending powers of x up to and including the term in x4. (6 marks)

w

b Hence find an approximation for fg In (1 + sin x) dx giving your answer to
3 decimal places. v (3 marks)

3
@fP 19 a Using the first two terms, x + x? in the Taylor series of tan x, show that

2 3
e‘a"*'=1+x+%+%+... (4 marks)

b Deduce the first four terms in the Taylor series of e~'#"~, in ascending powers of x. (2 marks)

glanxy _ ox

¢ Hence find lim

sl (4 marks)
x—0 81N X — X

0" Findt x2(x — sin x)?
@ M0 2cosx2—2 +x*
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dy ( dy )2 -0
Yaet\ax) *r=
. . d3y
a Find an expression for I8 (5 marks)
Giventhat y=1land s—=1latx=0,

dx

find the series solution for y, in ascending powers of x, up to an including the term
H =3
in x3.

b
(5 marks)

¢ Comment on whether it would be sensible to use your series solution from part b to
give estimates for y at x = 0.2 and at x = 50. (2 marks)
: . . . o X x
a Using Maclaurin series, and differentiation, show that In cos x = — H=Th +

b Using cos x = 2 cos? (%) - 1, and the result in part a, show that
2 4
In(1 +cosx)=1112—%—3—6+

In(I +cosx)—1In(2cosx)
I —cosx

Find lvm'(l)

By writing 3* = e*In3, find the first four terms in the Taylor series of 3~

[~

Using your answer from part a, with a suitable value of x, find an approximation for v'3,
giving your answer to 3 significant figures.

Given that f(x) = cosec x,

show that:

i f"(x)=cosec x(2cosec’x — 1)

ii f”(x)=—cosecx cotx (6 cosec’x — 1)

a

Find the Taylor series expansion of cosec x in ascending powers of ( X - %) up to and

m

including the term (x %

mx

a Given that f(x) = ln(l +2 cos( ) )), find f’ and ", (4 marks)
b Hence, using Taylor series, show that the first two non-zero terms, in ascending
2
powers of (x — 1), of ln(l + 2 cos (%)) are —mw(x—1) - %(x -1 (2 marks)
In (1 + 2 cos (%A-))
¢ Find 1\(11)1} @ —%) (4 marks)



Taylor series

Challenge

ﬂ a Use induction to prove that the nth derivative of In x is given by

g (n-1)!
dxn X

Inx = (-1)#+

b Hence write down the Taylor series expansion about x = a of [n (x),
where g = 0.

The ratio test is a sufficient condition for convergence of an infinite

Ay
ay

js. =]
series. It says that a series E;a,, converges if lim_
n=

< 1 and diverges

=1

an+1
a

f fim

n

(If the limit is 1 or doesn't exist then the test is inconclusive.)

¢ Using the ratio test, show that the Taylor series expansion of In x about
x = a converges for x such that 0 < x < 2a.

When the ratio test is inconclusive, one possible alternative is the
alternating series test. |t states that for a series of the form ;(—1}"”13,.,
if the coefficients b, satisfy:

e bh,=0foreachn

e b,=b,, foreachn

e limb,=0

then the series converges to a finite limit.

d Use the alternating series test and the result from part ¢ to show that the
Taylor series expansion of In x about x = a converges for each x such that
0<x=2a
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Summary of key points

" mnr (r)
1 f(x+a}=f(a)+f'(a)x+f2{—?)x2+f3¥ x3+...+fr(!a)x’+... (A)
" " ()
f(x)=f(a)+f’(a)(x—a}+fé—?)(x—a)2+f3—(fﬂ{x—a)3+...+¥(x—a)*+... (B)

The expansions (A) and (B) given above are known as Taylor series expansions of f(x) at (or
about) the point x = a.

The Taylor series expansion is valid only if f®(a) exists and is finite for all » € N, and for values
of x for which the infinite series converges.

2 Given limf(x) = L and lim g(x) = M, then:

X—a

c lim(f(x) +g(x)) =L+ M

X—d

« If cis a constant, then lim,_, cf(x) = cL

« limf(x) glx) = LM
. X)) F
If M?é 0, then Ll_rgm = H
d
3 - The series solution to the differential equation Sl f(x, ) is found using the Taylor series

expansion in the form dx

dy (x = xp)? d-’-y| (x = xg)° d3y|
y=Yo+ (x—xg)—xo+ 51 dlexo 3 dx3|x° ... (©
« In the situation where x, = 0, this reduces to the Maclaurin series
dy| xdy| x»dly
= e e[ = Sl 0=+ S D
SRR NPT ST &
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Methods in calculus

After completing this chapter you should be able to:
® Apply Leibnitz’s theorem for differentiating products
=> pages 150-152
e Understand the use of derivatives to evaluate limits of
indeterminate forms using L'Hospital’s rule - pages 152-156

® Use tangent half-angle substitutions to find definite and
indefinite integrals using Weierstrass substitution - pages 156-158

1 Differentiate;

a e’¥cosx b VxInx When money is invested in a savings

« Pure Year 2, Section 9.4 account, if the interest is paid more
frequently, the size of each payment
decreases. In the limit, we make infinitely
o > . \{ many payments of size zero. ‘Infinity times
Use the substitution 7 = tan > to write zero’ is an example of an indeterminate
2cosx—sinx=1intheformarf+bt+c=0 N& § form.LHospital’s rule is a powerful
where g, b and ¢ are constants to be technique for evaluating limits like this.
determined. + Section 5.3 - Exercise 7B Q13

W o

Show that cosec x — cot x cosx = sin.x.
<« Section 5.1




Chapter 7

@ Leibnitz’s theorem and nth derivatives

ﬂ You can use the product rule to differentiate the product of two functions.
If y = uv, where u and v are functions of x, then

dv
e dv ——+ v% The product rule generates two terms.
dy Ydy T Vdx

Applying the product rule again gives
dzv d2 dudv+gﬁ+ d%u
dxz "dx? Tdvdx Tdxdy dx?
LT
d 2 dxdx dx2

Repeatedly applying the product rule gives

3
¢y d3 gt dud? dudv du The coefficients follow

v
de e T drdae T T dazdx T e —— the same pattern as the

d4 4 3 Fo o2 3 bi ial ion.
_y: ug.kzld_ug.l. 6d_uﬁ+[|%ﬁ+ vd_u and so on. MEaL cxpansion

dxt dat  dxdx® C Tdxfdx® dxPdx o dat

The nth derivative of a product of two functions follows a pattern that is summarised by Leibnitz’s
theorem.

= Leibnitz's theorem gives a general formula for the m m_oal
nth derivative of the product of two functions. (k) Kl — k) is the
If y = uv, where u and v are functions of x, then binomial coefficient.
0. [}
dy & (n) déu dn-ky %:uandﬁ%:u
—= ———— X x
dx” ~ VK dxk dynk
Example o
L dy .
Use Leibnitz’s theorem to calculate dxt for y = e*sinx.
letu=e*and v = sinx
j’:i = e~ for every n The derivative of evis e,
dv _ déy : d3v dv s
grpe = COS5X, 5 = —sinX, 3 = —COsX, —— = sinx o
X ax x ax Apply Leibnitz's theorem for n = 4:
dy _ dtv | odud®v d2ud?® ., d%udv d*u g i s
_4:.‘,{ 4+4? ,3+6—2 2+4—3E+v e _}’= ()giu
dx dx X dx dx?dx dx? a dx It 2 \k) dxk deit
= e¥sinx — 4e*cosx — Ge¥sinx + 4e*cosx + e¥sinx
= —4e¥sinx Simplify.
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Methods in calculus

d3y
Use Leibnitz’s theorem to calculate e for y = x*cosh 2x.

.Let =3 and v = cosh 2x
L = Ex d* -"; G Use the chain rule to differentiate
dx d*‘ Cdx cosh2x and sinh 2x.
dv . d?v - i )
— = 2sinh 2X, — = 4cosh2x, —— = Bsirh 2x
dx dx? b o

i ~ Apply Leibnitz's theorem for n = 3:
d _1’ dSV 3%& +3 dduﬁ s d%u 4 ; . e
dx®  "dx3 ' Tdxdx? | T dxZdx | dx? =2 (3)Md_"

dx? = \k/ dxk dx3-k

= &x%sinh2x + 36x7cosh2x + 36xsinh2x + Gcosh2x

You can use Leibnitz’s theorem to find an expression for the nth derivative of a product.

Given that y = x?e~, use Leibnitz’s theorem to show that for n > 2,

3 (=D)re(x2-2nx + n(n - 1))
dxn 3 :

Problem-solvin

du d2u dku Write a general expression for L

T 2%, ¢‘2 A_Ofrk>2 daxck
% ax dx ) using the fact that (~1) generates

dv - d3y - d3y d*y v

i S — ox — e = (—1)}ke—x the sequence 1,-1, 1, -1, ...

B EogaE s T s gy bR

ay  dw | (mydud"'v | (n\d2u 42y

dxn = My T (1)dx dxmt t (2)

Z — ks T d*u
axsdxr= Apply Leibnitz's theorem. As o 0 for
X
=11

= x2(=1)"e~ + n(2x)(=1)""e~* + ”(”2 T (2)(=1)m-2e~x k = 2, the remaining terms disappear.

= (-1)"e¥x% - 2nx + nn - 1)

| Use the fact that (<1)~1 = (~1)(-1)"

and (=1)"-2= (=1)" to simplify.

1 For each of the following functions:

. dy dZy d3y . dny
i find i a2 and Fe) ii deduce an expression for —— T
a yp=¢* b y=g* c y=x7 d y=xe™
2 Use Leibnitz’s theorem to calculate the following:
d?y d?y .
a3 for y = (2x2 + x — 2)(4x? — 3x + 8) b 52 for y = Inxsinx
9 for y = ¥cos2 d Y oy = s 1
c e ory =e¥cos2x 2 lory=x n(2x + 1)
d3 y d3y
e fory (R-x+2)(x*-1) f Tl for y = V2x sinh3x
d4'_; déy
g mforyz(xz—x)costh h T ——, for y = cosxsinhx
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f% 3 Use Leibnitz’s theorem to calculate the following:

d2y - d3
o _ X ay L Inx
?dx? fory Inx b dx? fory x+3 m Rewrite each
ﬂ for 7 = er+1 q ﬂ for 7 = sin x quotient as a product.
€ @ Y T e dxt 1T gy
4 Sh h % isfi ey 8 o 8y=0 4 k
@ Show that y = e*cos x satisfies dx“+ ax =0 (4 marks)
E/P) 5 Given that y = 2x’e**, use Leibnitz’s theorem to show that
dn
de: =2"2e2Y(8x3 + 12nx2 + 6n(n — 1)x + n(n — 1)(n - 2)) (4 marks)
n !
@fP 6 a Using proof by induction, or otherwise, show that if y = lx then Tn (=1)m ;;! (4 marks)

b Hence use Leibnitz’s theorem to show that if y = x*Inx, then
dny  6( = 1)(n — 4)!

P forn=4 (5 marks)
@fP 7 Given that y = x2sinh kx, where k is a constant, show that for any even integer n,
dn
de: = k" 2sinh kx(k2x? + n(n — 1)) + 2nk"' xcosh kx
and for any odd integer n,
dn
i k"2coshkx(k®x? + n(n — 1)) + 2nk" ' xsinh kx (5 marks)
Challenge Problem-solving
a Given that F(x) = f(x)g(x), show that whenn =1, You can change the summation limits to
the formula simplify an expression:
n n ntl
Fog) = () 9 (g () > fk) = > fk - 1)
k=0 k=0 k=1
reduces to F'(x) = f(x)g'(x) + g(x)f'(x). You can also use the following result when
b Hence use the product rule and proof by induction simplifying binomial coefficients:
to prove Leibnitz’s theorem for alln € Z*. ( k ) + (k) = (k > 1)
r—1 r r

@ L'Hospital’s rule

You can use L'Hospital’s rule to find limits of some indeterminate forms. It allows you to find a limit of
a function that can be written in the form %, where f and g are differentiable functions, at points

where f(x) and g(x) both tend to 0, or both tend to +eo.
= L'Hospital’s rule states that for two functions f(x) and
g(x), if either: m 0 X 00, 00 — o0, 09,

K . 1= and ? are also indeterminate
* limf(x) =limg(x) =0, or

forms, but you can only apply

) 5)_'!; fx) =2 dnd !'c'_[';' B(x) = xeo L'Hospital’s rule to the forms%
0 + oo
then provided that IimE exists, lim fx) =lim f’(x) and T
X—=q g(x) X—i g(x) X—d g (x)
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Example o @ It is often easier to use L'Hospital’s rule to

evaluate a limit than to use Taylor series.

. sinx :
Calculate 1\}98 - « Section 6.2

sinx._. f(x)

Let f(x) = sinx and g(x) = x ~— is in the form )

f(O) = sin0 = O and g(0) = O, so we can =—————1  Check that this expression is an indeterminate

apply [Hospital's rule. form by considering how the value of each

f(x) = cosx and g(x) =1 function behaves at or near x = 0.

By [Hospital’s rule, L

lim Sij‘.x = ‘I_i%wfx i % o Find the derivatives of f(x) and g(x).

m Do not differentiate the whole

expression of é% You need to differentiate f(x)
X

and g(x) separately.

If the limit of the derivatives is also indeterminate, then you can apply L'Hospital’s rule a second time.

= In general, you can apply L'Hospital’s rule repeatedly, provided that the conditions are
met at each step, and that the numerator and denominator can both be differentiated the
required number of times.

. 1 —cosx
Calculate 1\_1113—20
Let f(x) = 1 — cosx and g(x) = x2 fl) . 0
When x = 0, — is the indeterminate form —
fO) =1 - cos0 = 0 and g(0) = 0> =0, ———— TR A 0
so we can apply [Hospital's rule.
f'(x) = sinx and g'(x) = 2x L
By [Hospital’s rule, Find the derivatives of f(x) and g(x).
i —goex lim sinx
x—0 )\‘2 T x50 2x &l
@) =4inQ'=0aid gl0) = 2 ¥ 0 =0 —7p— When x =0, ) is an indeterminate form, so we
P(x) = cosx and g"(x) = 2 can apply L‘Hos'pital's rule a second time.
By LHospital’s rule,
fg =GR, PIDE o L This limit is not indeterminate.
x—=0 )52 =0 2y =0 2 2

You may be able to rewrite functions as a quotient and apply L'Hospital’s rule.
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B Calculate lrlp’g (cosec.x — cotx)

Let f(x) =1 — cosx and g(x) = sinx

so we can apply [Hospital's rule.

; : 1 cCOosX
lim (cosecx — cotx) = lim |— T
x—0 x—=0\sinx  sinx
. 1 =cosx
= lim—
=0 Sinx

f(O) =1 - cos0 = 0 and g(0) = 5in0 = O,

Problem-solving

Use trigonometric relationships to rewrite the
function as a quotient.

)

f
When x =0, ﬂ is the indeterminate form 9
g(x) 0

f(x) = sinx and g'(x) = cosx
By LHospitals rule,

T=cosx _ im 2iNX o _
sinx  a=0COSX |

lim
=0 0

indeterminate forms.

Find the derivatives of f(x) and g(x).

You can use the following rule, together with L'Hospital’s rule, to evaluate the limits of some

= If lim f(x) exists, then limef(*) = elimf()

. i 3 a\y ¢ & 4 i
Use the relationship ¢ = e to calculate lim (1 + ) — lim (1+%)" has the indeterminate form 1=

Use the relationship given in the question to

rewrite the function as an exponential.

. B In(1+%
lim (14 %) = imen(+3)
= 8.@5—"\':‘”(1 +%
; ay® 1 o
lim I (T S Y) = _\I_Lm,\in(1 -+ Y)
!n(1 + Y)

1
Let fx) = In(1 + %) and g(x) = ¢
limf(x) = In1 = O and limg(x) = O

So apply LHospital's rule:

L Apply the rule lim e = eimf™

Consider lim In

A—oo

(1 + %)x and use the rule

lna"=nlna.

Problem-solving

_Li_:;gxln(l + %) has the indeterminate form oo x 0.

Writing the function as quotient will allow you to
apply LHospital’s rule.

a X
, In(‘l ¥ EJ . a a
Im——=lm 1 +5=lm-"
X k2 2
X2
SR

&

Find the derivatives of f(x) and g(x). Use the
chain rule to differentiate f(x).

Simplify and evaluate the limit.
l_ plity

@ Explore the graph of this function O
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Methods in calculus

Use the fact that if J;i_',‘l In (1 + %)x =qa then
e.li_('l'”{“%)x = g4,

1 Use L’Hospital’s rule to calculate the following limits.

a lim t“—_l b lim it ¢ llmln—x
A x2+3x-4 x>d\x 2 = ol
) x2—x e —4x -1 . _arctan4x
d llm—, e lim———— im—
x=0 x2 — Sin X x=0 €¥—Ccosx x=0arctan Sx
CP) 2 Use L’'Hospital’s rule to calculate the following limits.
. xsinx VX .o x2+x+1
a lim——- b lim ¢ lim———
x=0e¥ —] y—0tanx x3e e

CP) 3 Evaluate the following limits, giving your answers as exact values where appropriate.

a _l\_ig‘éx-" b ll_r}}’(_l c Lig‘é] —x3 m Use lim e = elmft
2x2+x—-1 B C
4 a Show that W e :A+3x+ 1 +x— T
be found.
b Hence write down the value of llmM
SN 2T
2% 4% 1
¢ Use two applications of L'Hospital’s rule to evaluate 111'1‘132_—2‘{_1
5 5 o XE—5x 46 ; ;

(P) 5 Anton uses L'Hospital’s rule to find the value of l\1_rg ax . He writes down the following

working: '

| xZ —5x+6 l 2x—58, 6—58 1
w3 4x 5 4 T 4 4

a Explain the mistake Anton has made.

b Write down the correct value of this limit.
@!B 6 a Explain why you cannot use L’Hospital’s rule to evaluate l\(l‘% CZTEX (1 mark)

. o coshx—1
b Find _l\_l_I}a T2 (5 marks)
, sin’x
E/P) 7 Use L'Hospital’s rule to find the value of lma o (5 marks)
2ax

(E/P) 8 Use L’'Hospital’s rule to find the value of lim t;n{z (5 marks)
(E/P) 9 Use L'Hospital’s rule to find the value of lim (In xsin x). (5 marks)
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T aST

i 10 Use L'Hospital’s rule to show that limk% = 3 \2}( (5 marks)
(E/P) TRYR - |
(E/P) 11 Use L'Hospital’s rule to find the value of 1\1_1:% (cos x)¥ (6 marks)

f(x + h) - f(x)

(P) 12 Use the definition of the derivative, f'(x) = ;}na ;

if f(x) = sinx then f'(x) = cosx.

and L’Hospital’s rule, to show that

P) 13 When savings accounts pay interest, they often compound. That is, they pay interest on
previous interest payments.
a Show that a £1000 savings account paying 5% interest each year will contain £1276.28 after
5 years.
Usually interest rates are quoted annually. If the interest is paid more frequently than annually,
then the effects of compounding mean that the interest rate can be measured in two different ways.
The nominal interest rate is the interest paid as a percentage of the initial sum ignoring the effects
of compounding. The effective interest rate is the interest paid as a percentage of the initial sum,
including the effects of compounding. For example, if the nominal interest rate is 5%, and the
interest payments are made monthly, then the savings account will pay 15—2% interest each month.
b Show that if the nominal interest rate is 10%, and payments are made monthly, then the

effective interest rate is approximately 10.47%.
¢ Suppose that the initial amount is 4, the nominal rate @ This is known as ‘continuous
of interest is 100r%, and it is paid in n equal payments compounding’ It is the result of

letting the time between interest
payments go to zero while
maintaining a fixed nominal rate.

throughout the year. Write down a formula for A4,(r),
the amount after 1 year, in terms of 4, r and n.
d Hence show that 4.(r) = lim 4, (r) = Ae".

@ The Weierstrass substitution

You can use the substitution 7 = tan % to simplify integrals.

Find [cosecxdx.

X 1 4 ¢2 Use the ¢-formula sinx = and
Let 1 = tan > then cosecx = > T
) ¢ cosecx=——— « Chapter 5
at d X 1 X
Also — = —( an—) =—seci= slx
dx dx 2 2 2
1 = | sefs — _
= 5(1 + tan —) =3 Use the identity secf = 1 + tan?6.
Daide= - S dt.
1+ ¢2
Hence

1+ 2
fcosecxdx:f 2t 1429

1
:f?d{

=lIn|t]+ ¢

5
= In‘tan—‘ +c
g
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B = The Weierstrass substitution is 7 = tan g, and the corresponding substitution for dx is

2

dx =
1+1¢

dr

When using the Weierstrass substitution, you replace each trigonometric function by the

corresponding function of ¢ using the t-formulae:

Function Substitution
s 2t
sinx T+ P

1-1¢2
oS X 127
2t
tanx 1_ 22
1+ 2
secx 1_p
) 1+1¢°
cosec.x 57
1-1°
cotx T

The t-formulae can be used to prove
trigonometric identities and solve equations.
« Chapter 5

After using the Weierstrass substitution, you are usually left with a rational function, i.e. a quotient
of polynomials. You can integrate this using partial fractions or any other appropriate technique,

then reverse the substitution to get the answer.

y B 1
Find f_r 1 +sinx - cosxdx

3

Using the Weierstrass substitution,

3 |
f; T+ sinx — cosx 9%

The limits have been transformed by the
substitution. When x = E, t=tanZ = 1, and when

Wz wghe

14+ 17 1+ 12

f1 142 2
=JiTs s t= 191+

1
1
f ot + 1)t

Rewriting the integrand,

bl ae WL
He+1) "t o+

2 4
™ it
X==t=lan—=—
Y73 6~ V3
Writet L =i4—+ = sol=A(t+1)+ Bt

(t+1) ¢ t+1'
Then ¢t =0 implies 4 =1 and ¢ = -1 implies B = —1.

So
£ 0 "(1__ 1 )
T+ sinx - cosx9¥ = | {7 714 1)
) v
= [olrll
= t+1 L
=1 i—|r1 1
2 1+43
=In(1+vV3)-1n2
s (1 +\3)

Inltl = Inlt + 11 =ln‘Ll.
r+1

Problem-solving

You don't need to make the substitution back into
x for a definite integral as long as you transform
the limits.
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Exercise @

@ %o ;
B 1 Use the substitution ¢ = tan ) to integrate the following:

1 1 2
a f1+3005xdx b fsecxdx £ fsinx+tanxdx d fl—sinxdx

2 Use the substitution 7 = tan— to evaluate the following:

f% secx o f I-cosx f‘ siny f? cotx
a o 1 +tanx b 1 +sinx + 2cosx ¢ 2 1 + cos?x d x 1+cosecx[1x
(E) 3 a Using the substitution, ¢ = tan> 5 show that the integral

1
flz s

can be written as

1
f6r2— l3r+6dr (3 marks)

3 1

b Hence evaluate fo T — dx (5 marks)

IE]

(P) f ——dx= where « is a positive integer.
0 a+cosx v 3

Find the value of a.

( . XZ)
arccos
. 1+ 7

—_— i e B e T
(P 5 Show thatf0 1+ 22 dx = T

Challenge m Consider the substitution x = siné.

f‘ V1-—x? dx
Evaluate ” o

Mixed exercise o

1 Use Leibnitz’s theorem to calculate the following:
2 d2 d3

_y = 2 _ 3 _ — adx ] L iy
a0 for y = (3x?2 = 2x)(x* + 2x - 6) b a2 fory=e*tan2x ¢ P for y = x2arctan2x

2

use Leibnitz’s theorem to compute Ftanx

- sin x
2 By writing tanx = 55,
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g 3 y =fgh where f, g and h are functions of x.
E

a Use Leibnitz’s theorem to show that

dzy df " fdzgh ; d*h (df dgh df dh dg dh) —
dx2~ dx2® * dx? e T \drdy T ax®dx T dxdx (4 marks)
d2
b Hence compute FIs) for y = e*sin2xcos 3x. (2 marks)
d3 Bx+2
Use Leibnitz’s theorem to calculate d_x}; for % (5 marks)
a Using proof by induction, or otherwise, show that if y = sinx, then
dy nw
T 5111(7 + ).) (4 marks)
b Hence use Leibnitz’s theorem to show that if y = xZsin x, then
dy . nw ) 9 nm
T sm( B3 + ,\)(,\ + n —n*) — 2nx cos (7 - x) (4 marks)
6 Use L’'Hospital’s rule to find:
e -1 ; tan x s XE X2 2 sin x
® dx bln 2x +sinx - xlnx ol x2+7x-8
I
. . cos(gx)
7 Use L'Hospital’s rule to find the value of lim——— (3 marks)
(E/P) 8 Given that n is a positive integer, find lim ; : ;n, giving your answer in terms of n. (4 marks)
E/P) 9 Use L'Hospital’s rule to find the value of lim(1 + ax)s (6 marks)

= o . :
10 Use the substitution 7 = tan = to integrate the following:

2
3 sec.x i 2
a 2+4cosxd'\ b fsimc+20cns;c(bL ¢ fsinx+cosx

. X
11 Use the substitution ¢ = tan 5

fFul 2 w l
a fo ?+25inx+8005di b anZ_ZCOS.de

to evaluate the following:

E]

(E) 12 a Using the substitution, 7 = tan E, show that the integral

| E—
dcosx —3sinx

can be written as
-1

202 +3t-2 ot (3 marks)
1
b Hence evaluate fz dcoss — Asine (5 marks)

3

71 — cosec x —
E/P) 13 Show that f ~sinx =l vk - % where k is a positive integer to be found. (8 marks)

3 v
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Challenge

B Use proof by induction to prove that limz—: =0forallne N

1

160

Summary of key points

Leibnitz’s theorem gives a general formula for the nth derivative of the product of two
functions. It states that if y = uv, where u and v are functions of x, then

B
dx 5o \k/ dx*dxnk
L'Hospital’s rule states that for two functions f(x) and g(x) if either:
* limf(x) = limg(x) =0, or
. ymf(x) =zcoand imf(x) = £
then provided that lim f(—x) exists, limM = limﬁ
X—=d g(x) X—=aq g(x) X—=da g (x)

In general, you can apply L'Hospital’s rule repeatedly, provided that the conditions are met at
each step, and that the numerator and denominator can both be differentiated the required
number of times.

: ; e
If lim f(x) exists, then lim e = elimf)
The Weierstrass substitution is 7 = tan %, and the corresponding substitution for dx is

Z
dt
1412

dx =



Numerical methods

After completing this chapter you should be able to:

e Find numerical solutions to first-order differential equations using
Euler’s method and the midpoint method - pages 162-168

® Extend Euler’s method to find numerical solutions to second-order
differential equations - pages 169-172

® Use Simpson’s rule to find an approximation for a given definite
integral - pages 173-175

Tz

'SE Buronext \

‘ing the exchanging work..

on the curve has x-coordinate x, — A, and the point
O has x-coordinate x; + 4. Show that the gradient of
the chord between P and Q is 2x, + b.

« Pure Year 1, Chapter 5

Differential equations are used to

§ model the prices of stocks, shares
and commodities. Many non-linear

differential equations cannot be

solved exactly using algebra, but

| numerical approximations can

be found to a suitable degree of

accuracy. - Exercise 8A, Q4

Solve, by using an appropriate integrating factor, the

d
differential equation é — y=4sinx, given that

y=0when x=0. « Core Pure Book 2, Chapter 7

3 Use the trapezium rule with 4 strips to find the

3
approximate value off e¥'dx.
! 4 Pure Year 2, Chapter 11 8




Chapter 8

m Solving first-order differential equations

Some first-order differential equations m Solving analytically means to use an algebraic

of the form d
q method. Some differential equations of the form i =flx, »)
Y
dy f(x, ») can be solved analytically by separating the variables or using
b ’ lved Wticall an integrating factor.
can:be:solved analytically. ¢ Pure Year 2, Chapter 11; Core Pure Book 2, Chapter 7;
However, in some cases this might be difficult or impossible. You can use numerical methods to find

approximate solutions to differential equations in this situation.

dy
Consider the first-order differential equation E);? = 2x. This is an equation which describes the

relationship between a given x-value and the gradient of the curve at that point. For example, at the
point where x = 3, the gradient of the curve is 6.

You can use the differential equation to sketch the gradient at any given point in the xy-plane.

VA
1\\[\\\\\4—-/(»’!If|’111
Y EX BN S g 2 Fl )
L EE R 0 B O O W G Y i O e R . v - .
Ll O v NSNS T e vk d L m Diagrams like this are sometimes called tangent
1\\[\\\\\2\‘:_;13:;::111 o .
Fob A R s e B B fields or compass point diagrams.
g O 9 B 0 B Tk BN . T O i O e B |
EAANYANANNs2 2 B L)
| T o e o e B IR
e e @ Explore tangent O
LR ben et fY vt ] fields using GeoGebra.
I\\llll\\_\.z—-lfa’f.rff|]]
| R e R T WL ST T R B
L e I T N U B S B R O e A |
0 T 0 I o W o S S s o e A | i F
U AN AL WY e gl AR et ) Each short line is part of a tangent to one member of the
1\\[\\\\_\_&—-/!JJI|’|’JJJ

family of solution curves.

When you solve a differential equation analytically, you find the general solution
first and then use given initial (or boundary) conditions to find the particular solution.
« Pure Year 2, Chapter 11

For the example given above, you can find the general solution using simple integration:
y= f2xdx =x°+c

If you are given an initial condition, such as y = 2 when x = 1, the value of ¢ can be found and you can
write down the particular solution to the differential equation.

YA . )
g [0 VLAY v voadet TR T Thlspartlcular
L3 it IR e souiion
FixA [ | PRV vy Yy WWWASNT L Ed et
R R Thegenera[ R S IFEEEN COFF@SpOﬂdS
T (L R o T .

H ] b

1 i solution EERER RN RN to the solution
by i 11— corresponds to § U] b vt 1111, = curve through
i X the (infinite) set _Iali{{_:'zing--u}}éﬁﬁ}i% ¥  the point (1, 2).
: T VTN RS i 1 In this case
I of curves that fit {30 ENAR SRR LR b d Sk
! thetangentfield. A1t iNaRIs7s0d et the particular
: LA VU ANSRog g d g e hd solution is
| U T O O T W S S B B B R A A | 2z
| T T 2 0 R I S y=x + 1.
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If the given differential equation is not solvable using an analytical technique, some of these ideas
can be adapted to find approximate solutions using numerical methods.

d
Consider the differential equation b »3 with the initial condition that y = 1 when x = 1.

dx
This equation cannot be solved analytically.

You can, however, work out the gradient of the curve at the given point by substituting into the

d
expression for d—y

Ay _ s s
e 17+ 1°=2
Using this information, it is possible to plot
one line of the tangent field at the point Py(1, 1)

for this differential equation.

A second point on the solution curve can be
approximated by considering a small move along
the tangent line.

Consider a small step of length /4 in the x-direction
from the initial point.

For example, if # = 0.1, the coordinates of the point
P, at the end of the tangent line will be (1.1, 1.2).
This represents the coordinates of the next point
on the approximate solution curve.

This process can be repeated with the new initial
coordinate of (1.1, 1.2):

dy
& 112+1.2°=2938
dx

For a step of 0.1, the coordinates of the next point
on the approximate solution curve will be:

x=11+01=12
y=12+0.1x2938=14938

VA

The gradient of the
solution curve when

P(1,1) ic:landy:lisZ.
0 X
VA
7P.(11.12)  The gradient of the
12h tangent is 2. So, if
B A the x-step is &, the
y-stepis 2h.
0 X
VA
P,(1.2,1.4938)
0 X

m This method of approximation is iterative,
because the first approximation is used as the
starting point for the second approximation.

« Pure Year 2, Chapter 10
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is used to denote

the value of the gradient function L

dx
when x = x;.

are (xq, o) and the next point is (x;, y;), where

X1 = Xg+ #1, you can write | —
=R AR )

In general, if the coordinates of the initial given point m dy
(&

X/o
1= Vo _Yi— o
TX1—=XoT

® Euler’s method for finding approximate solutions
to first-order differential equations uses the approximation

(&)
dx/, h
It is often more useful to write this as an iterative formula:

k(dy) 012
yr+1""yr+ dx F=40,1,¢, ...

Example o
dy x2+y

y = f(x) satisfies the differential equation T m

and the initial condition, f(3) = —1.

Use two iterations of Euler’s method to estimate the value of f(4), giving your answer correct to
2 decimal places.

You need to use two iterations to get from xy; =3

o to x; = 4, so your step length will be 0.5.
(X0, Yol = (3* _T)
Yy | B8R Substitute the values of x, and y; into the
dx 172-3 9
e 2 5 Jd i L differential equation to find the value of
y
- ().
oo dlog/
=-1+05 x (-4)
=8 L Your values of x, and y, determine the starting
(X1, yy) = (3.5, =3) point for the next iteration. Use the differential
(d_v) 8528 _ FEHTA equation to find the gradient at (x;, yy).
dx/,  (-3)2-35" "
dy
Vo= o+ h.d_x 1
=-3+05 x 1.6815...
= -2.152092...
So f(4) = —2.16 (2 d.p) Do not round any values until your final answer.

1 Use Euler’s method to estimate the value at x = 2 of the particular solution to the differential
equation

dy
d_—x =x24 2 m You will need to carry

. ) out 4 iterations.
which passes through the point (1, 2). Use a step length of 0.25.
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2 y =f(x) satisfies the differential equation

d
o =ye¥+ 2e¥
dx

Given that f(2.5) = 0, use five iterations of Euler’s method to estimate the value of f(3).
The differential equation

dy

T In(x+y?)

has a particular solution that passes through the point (e, 2).

S dy Yi=Jo .
Use of the approximation formula, dx). = ogvesy = 24,
0
a Determine the value that was used for the step length, /. (2 marks)

b Using this step length, calculate, correct to three decimal places, the values of y, and ys.
(5 marks)

The value, v thousand pounds, of a particular asset in a stock portfolio ¢ days after it is
purchased is modelled by the differential equation

dy _ ¥t

dt  ve-1¢3

Given that the asset is worth £10 000 two days after it is purchased, use two iterations of the

dv o=
approximation formula (d_-i) W4 7 il to estimate, correct to the nearest hundred pounds,
et |,
the value of the asset five days after it is purchased. (6 marks)

A pendulum consists of a light, inextensible string of length 1 m with a metal ball attached to
one end. The other end is fixed to a point about which the pendulum is free to swing.

The pendulum swings in a vertical plane and the equation of motion is modelled using the
differential equation

do

S = /982 cosf—1)

dt

where @ is the angle the string makes with the downward vertical.

d -y
Given that # = 0 when 7 = 0, use two iterations of the approximation formula (d_{) s P =
el |

to find the value of # when ¢t = 0.3. (6 marks)
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You can visualise Euler’s method by constructing a right-angled triangle with one vertex at (x, ¥,) and
with its hypotenuse as a tangent to the curve at (xg, o).

VA

(x,»)

[~
=¥

The accuracy of Euler’s method can be improved by reducing the
step length. However, another way of addressing this issue is
to use a different method. Consider the diagram to the right:

The gradient of the chord joining points P_, and P, is
approximately the same as the gradient of the tangent
to the curve at P,. Hence you can write

1 ; N
42 “T=En = , where & is the step length x; — x,.

Generalising further, you can write:

(2) T
0

V4

i If the curve representing the particular solution is quite
convex (or concave) near (xp, Vo), the approximation is
quite a long way from the true value.

(0]

S| v s

1

X

® The midpoint method for finding approximate solutions to first-order differential equations

uses the formula

(d_y) zyl—.l’q
dx/, 2h

It is often more useful to write this as an iterative formula:

dy
Vis1 = Vo1 + 2h s K F=0,2,2; ¢

Use the midpoint formula with a step length of 0.25 to estimate the value at x = 0.5 of the

particular solution to the differential equation
Q N Xy+y
dx = p24 a2

which passes through the point (0, 2). Give your answer correct to 4 decimal places.
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Your initial condition will be (xy, ¥p), so rewrite the
midpoint formula using y, and y,.

ciy)

X520y =2, =025

#p=USg m Write down the information you

x, =05 dy
know. You can't calculate (——) without a value
(ﬁ) SOXZHE 3 dx/y
dx/o 22402 2 for y,, so the first step in your method is to use
dy Euler’'s method to find y,.
n=yo+\o) A
R T
=2+%x025
= 2125
(ﬂ) = 025 x 2125 + 2.125 =058020... — Calculate (d_y) using your value of y;.
dx/, 21252 + 0.252 dx/

dy
Yo = Vo + 2;"1 ax 1

=2 + 2 x0.25 x 0.58020..
=2.2901 (4 dp) Use the midpoint formula to calculate y,.

Exercise

dv
1 A particular solution to the differential equation é = x? — y? passes through the point (2, 2).

a Taking (xy, yo) = (2, 2) and x, = 2.25, apply Euler’s method once to obtain a value for y,.

b Apply the midpoint method once to obtain an approximate value for the solution to the
differential equation at x = 2.5.

2 Use the midpoint formula to estimate the value at x = 1.5 of the particular solution to the
differential equation

d
—J\i:lnx+3y

which passes through the point (1, 1). Use a step length of 0.1.

@ 3 A particular solution to the differential equation

dy |
e = Sin )Ly

passes through the point (1, 2).

d -y
a Verify that the approximation formula (d_J;) 5! ) & with a step length of 0.2 gives
X%y

y; = 2.1819 correct to five significant figures. (3 marks)

b Use the midpoint formula with a step length of 0.2 to obtain an estimate of the value of y
when x = 2. Give your answer to four significant figures. (3 marks)
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The population of a given species of rabbit, P, at time 7 months is modelled by the differential
equation

% =3P - 0.002P> - 100 cos (0.61)

Given that the initial starting population of this species of rabbit is 700, use the approximation
formula

(Q) I
dx/, 2k

with a step length of 0.5 to estimate, correct to the nearest 10 rabbits, the population
after two months. (6 marks)

The velocity, v, of a bungee jumper, at the point where the bungee cord becomes taut, is
modelled using the differential equation

dv _ 1.5x-24.8
P T A 0.003v
where x is the displacement from the top of the crane from which the jump was made.
d y1— -
Given that v = 12 when x = 10, use the approximation formula (d_J;)U = 17}1 with a
step length of 0.5 to find the value of v when x = 11.5. (6 marks)
A particular solution to the differential equation
dy
— — '2 — — )
v x+1-2y (1)
passes through the point (1, 1).
d — H
a Verify that the approximation formula (_y) i with a step length of 0.1 gives
dx/ h
31=0.9, (3 marks)
dy Yi—=DYa . ; :
b Use the formula a5 o with a step length of 0.1 to obtain an estimate of the
0
value of y when x = 1.2. (3 marks)

¢ Using a suitable integrating factor, find the particular solution to differential equation (1)
at the point where x = 1. (4 marks)

d Find the exact y-value on the solution curve in part ¢ when x = 1.2 and hence find the
percentage error in using the approximation in part b. (3 marks)

Challenge

A particular solution to the differential equation
dr 2

dx x—1

passes through the origin.

Use Euler’s method once followed by the midpoint formula to obtain an estimate for the y-value of the
particular solution when x = 1. Use a step length of 0.5.

Explain, with reference to the differential equation and the general solution curve, why this estimate is invalid.

168



Numerical methods

@ Solving second-order differential equations

You can extend Euler’s method to find m _ _
approximate solutions to second-order n ordee to fAind a particlllarsolution
dzp sy to a second-order differential equation, you
differential equations of the form 52 = f(x, », d—'i) need two initial conditions. These are often
X J

dy
. A . , iven as a value for y and a value for — at
Consider successive iterations of Euler’s method: g Y dx

some given value for x.
P « Core Pure Book 2, Chapter 7

Vi
5 /
2 ! In this example you are interested in the behaviour of the solution near

¥ the point P,. For convenience, this has been set as the ‘middle’ point, and
;-—h—»!«—h—-; the points on either side have been labelled as P_, and P;.
X, X, x,
. . - Yo=ya _(dy ; ;
The gradient of the line segment P_, P, is given by ; el i and the gradient of the line
1 -

| ST ] d EL
segment P,P, is given by L hJO ~ (é) _
0

The second derivative is a measure of the rate of change of the derivative. As such, you can estimate

21y dZ y d '
(d—}) , the value of d_J; at (xg, yo), by considering the change in é across an interval of width A.
0 X ¢

xZ
(d_}) - (dy ) Problem-solving
0 -1

5 g - e
(d_z) . dx d (dzy) (Gradient of P,P,) — (Gradient of P_, Py
dx?/, h dx?),~ h
Y1i7Vo Yo~ J)a
__h h
h
=&Yt ya
- h?

® Euler’s method can be extended to find approximate solutions to second-order differential
equations using the formula

(ﬂ) ” YVi—2yo+ ¥
dx2/, h?
It is often more useful to write this as an iterative formula:

2

d
Y1 =2y, = y,1+ h? (d_;;) 1=0,1,2,...

dE
If a second-order differential equation is of the form d—J; = f(x, ), you can use a single application of
X

Euler’s method to find y, before applying the above iterative formula.
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dZx dx

—sin(x+17)=0.Whentr=0, x =-1 anda—_’)

dx ) X1 — X (dzx) X - 2xy+ X_,
Use the approximations ( dr ), A T R e

t=0.1and ¢ = 0.2, giving your answers correct to 4 decimal places.

dZ

to obtain estimates for x at

Xo ==t (df] =3 =01

DT ;7( = ) You need two values of x to substitute into the
t
= g 01 w8 approximation for g f You are given x; and you
O o J can use Euler’s formula to find x;,.
2%y
die], o (1 + 1) L Rearrange the original equation to evaluate
. ; .
=sin(-0.7 + O.1) (3—{‘:) , using the value of x, you have just found.
=-0.5646... !

5o
Cp = 2X) — Xg + he(d "'J m Be careful with the index numbers

=
ra
u

dt?/,
; e d?
= 2(=07) = (1) + O12(~0.5646..)) when using the appro;;matlon formula for *d—tg
= -0.4056 (4 d.p.) The index number of-ﬁshouid be one less

than the index number of the value you are
approximating.

If a second-order differential equation includes a term in ——, you will also need to make use of the

dy) Y11= Y=
dx 2h

dy d
The curve y = f(x) satisfies the differential equation i \‘J; =x2+y7+ d_} When x =1, y=4and d—y =3.

Use the approximations (d—)) w2l and (ﬂ) = w
bp dx/,~ 2h dx?/,” R

dx

approximation (

with 1 = 0.2 to estimate the

value of y when x = 1.2.
— Write down the initial conditions and step length.

d ]
}]:&h=02

Yo = 49 (a -

=
E

8

d2y

Evaluate (d 2) using the original equation and
X/

) =124+ 424 3=20
the initial conditions.

Problem-solving
2

dy dzy
Y= Yo imati e
e SR 12 R Use the approximations for T and e to form

two simultaneous equations in y; and y_;.

S
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h?

=T =88 (2
= 004 = W1 th )'—] e ( )

Adding (1) and (2),
2)-’—; =10 = M = B

d Y1=o

i n=2y0+y-
1 Use the approximations (_y) = and ( y) 0 o '
0 0

dx?

(dz)’) P 2Yo + Y
0

to obtain estimates for

dx h dx? h?
71, > and y; for the following differential equations. In each case the initial conditions and step
length are given.

L 1, gi hat wh 2 4 ddy 1,h=0.1

a g 2= Xty- , given that when x =2, y =4 an = bh=0

b I g g hat wh 1 1 ddy 2,h=02
. + »?, given that when x =1, y =1 an qx =2 =0

c : - 2xy + y* =1, given that when x = 2 y=1a11dd—y=1 h=0.1
dx? ’ ’ dx

d : —sin(xy) + 2 =0, given that when x = 3 f—2and2—2h—005
dx? J =& =Rl dx 77 T

to estimate the value

d -y d: -2y, + ¥
2 Use the approximations (_y) Pl ] nd ( y) ol “Rril
0 0

dx 2h dx? h2
of y, for the following differential equations. In each case the initial conditions and step length
are given.
dzy dy : dy
LRt e given that when x =1, y =23nd§=0'5’k=0'1
b dzy—3\:2—gsin , given that when x = 2 ’—3and2—2 h=0.05
dx2 - °X T qxSiny, giventhat when x = 2, y = 3 = 2 h=0.
d%y dy . dy
c Axd 3x 7 + y =0, given that when x =3, y=1 and W 1.h=0.1
d%y dy . aj
d P + 2xya = sin x, given that when x =0, y = 1.5 and ra 0.8, h=02
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2y

A curve C satisfies the differential equation e x? — y? and passes through the point (1, 1).

Given that the gradient of the curve at the point (1, 1) is -1,

dv Js s
a use an approximation of the form (d—'i) g 0 with 4 = 0.1 to find an estimate for the
EhaE !
coordinates of the point on the curve where x = 1.1 (2 marks)
o dy\  yi-2p0+ya .
b use an approximation of the form Iy T with 4 = 0.1 to find further
0

estimates, correct to 4 decimal places, for the coordinates of the points on the curve

where x =1.2 and x = 1.3. (3 marks)
d?y

R i

a2 Isinx +p?=1

. dy i dy Y11= D)o
Giventhatat x=2, y=1and I 0.6, use the approximations o and

¥ 0

d?y Y1—=2p0+ya . .
= with a step length of 0.2 to obtain estimates for yat x =2.2, x =2.4
0

dx? h?
and x = 2.6. (5 marks)

The variable y satisfies the differential equation

d’y x?-ypdy
dx2~ 3x dx
When x =2 0 and oy 3
enx=2,y=0an e
d?y
a Find the value of P atx=2 (1 mark)
: . dz}’) (V1 =2p0+y-) (dJJ) Yi—¥a -
b Use the approximations (ﬁ i = k—2 and d_A . STy with 1 =0.1,
to find an estimate of y at x = 2.1. (6 marks)

The variable y satisfies the differential equation
dzy dy

w+5— sin(xy) =0

Given that y = -3 and d_): = —0.5 when x = 1, use the approximations

dx? I dx 2h
atx=1.09, (7 marks)

d?y =2y 4y dy y1—y-
( ) B L and (—'}) BLil ], with 4 = 0.05, to find an estimate of y
0 0
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Numerical methods

@ Simpson’s rule

Srmpsons rule is a numerical method for finding an approximate value of a definite integral of the

form I:f f(x) dx.

If you consider the definite integral to be the Simpson’s rule approximates each section
area beneath the curve y = f(x) between limits a of a curve as a curve, rather than a straight line.
and b, then Simpson'’s rule works by splitting the Because of this, it usually gives a more accurate
area up into an even number of strips of equal estimate than the trapezium rule.

width and then approximating each section of « Pure Year 2, Chapter 11

the curve by a quadratic function. The area of
each strip can then be found.

2
In the diagram below, four strips of width 0.5 are being used to estimate f (e + cosx + 1) dx.
0

The strips are paired off and a quadratic curve is used to approximate the curve for each pair.

YA m Because the strips are paired off,

41 Simpson’s rule only works with an even number
of strips.
3 -

The section of the curve between x =0 and x = 1 is approximated
by a quadratic which passes through (0, yg), (0.5, »,) and (1, y,).
There is only one quadratic curve which passes through three
given distinct points, so the curve is unique.

A second quadratic is used to approximate the curve between x =1

0 05 1 15 > % and x = 2. This curve passes through (1, y,), (1.5, y3) and (2, v,).

You find the corresponding y-coordinates by substituting these x-coordinates into the given function.
You can then use a formula to find the approximation.

® Simpson's rule for 2n strips of width / is given by

b
f; f(x) dx =~ %k(."o"' G(yi+ i+ +Yoa) + 2002+ yit i 4 Y2,2) +32)

@ You can derive this formula by using the fact that the area
under a quadratic curve which passes through the points (x,, 1),
(xo+ h, y,) and (x, + 2h, p,) is given by 2h(y, + 4y, + y,).

—» Mixed exercise, Challenge

CEEXD vou needto

f f(x) h((endpoints) + 4(odd values) + 2(even values)) learn Simpson’s rule. It's not
given in the formulae booklet.

Informally, Simpson’s rule is
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o Use Simpson’s rule with 4 intervals to estimate @
Explore the use of Simpson's

2
f (e +cosx + 1)dx
0

h=2+4=05
x |© |05 1 1.5 2
Vi B 2.65636... [1.90818... (117613... 0.60216...

2

f (e + cosx + 1)dx
Qa

= % % 0.5(3 + 4(2.65638... + 1.17613...)
+2(1.90818...) + 0.60216...)

=3.791 (4 sf)

Exercise @

CE) 1 Use Simpson’s rule with 4 intervals to estimate

‘Inx
f; —x dx

CE) 2 Use Simpson’s rule with 6 intervals to estimate
f v1+ x>dx
0

(E) 3 The diagram shows the graph of y = f(x) where

f(x) = Vcosx + tan x.

The shaded area is bounded by the curve, the x-axis
and the lines x =0 and x = 1.

a Use Simpson’s rule with 4 intervals to estimate the
shaded area. (5 marks)

b Suggest how you could improve your approximation
using Simpson’s rule. (1 mark)

CE 4 The area shown in the diagram is bounded by the curve
y=1-=1In(1+ cos?x), the x-axis and the lines x = 1 and x = 2.

a Explain why you cannot use Simpson’s rule with

7 intervals. (1 mark)
b Use Simpson’s rule with § intervals to find an estimate
for the shaded area. (6 marks)

174

rule to estimate the integral using GeoGebra.

Make a table of values to show the
x-coordinates for the endpoints of
each strip, and the corresponding
y-coordinates.

Substitute the y-values into the
formula for Simpson’s rule and
round your final answer to a
sensible level of accuracy.

(5 marks)
(5 marks)
VA
0 i x
YA
0 i ] X
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B S
sin x + tan x

5 f(x) =

I Simpson’s rule with /# = 0.25 to find an approximation for

155
f(x)dx (5 marks)
.5

0

b Use the Weierstrass substitution to find the value of the integral

1.5
f(x)dx
0.5

correct to 5 decimal places. (6 marks)
¢ Hence find, correct to 2 decimal places, the percentage error in using the method in

part a. (2 marks)
@fP 6 f(x)=xsinhx

a Use Simpson’s rule with 4 intervals to find an approximation for

f1 3f(x) dx (5 marks)
b Use integration by parts to show that
£3f(x) dx =g+ 2e g~ (6 marks)
¢ Hence find, correct to 2 significant figures, the percentage error in using Simpson’s rule
to approximate f1 3f(x’) dx. (2 marks)
@f P) 7 The diagram shows a curve defined parametrically as VA

x=t+t2,y=t-1?
The region enclosed by the curve and the x-axis is rotated
360° about the x-axis.

a Show that the volume of the solid generated is given by "
1 2
- f (2 - 3 + 265 dt (6 marks)
0

b Use Simpson’s rule with 4 intervals to estimate the volume of the solid. (4 marks)
¢ By calculating the exact volume of revolution, show that the percentage error in using

Simpson’s rule is less than 1.6%. (4 marks)
d Explain how your approximation in part b could be improved. (1 mark)

Mixed exercise o

@ 1 y = f(x) satisfies the differential equation

e A yeX —xlny
o dy\ yi-v
Given that f(2) = 1, use two iterations of the approximation formula (a) ~ ; 2
0

estimate the value of f(3), correct to three decimal places. (5 marks)

to
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The variable y satisfies the differential equation

dy P,
T = ()= (x2- )

Given that a particular solution passes through the point (0, 2), use of the approximation

dJ’) Yi—=Yo .
formula (a S gives y; = 2.6.

a Determine the value that was used for the step length. (2 marks)

b Using this step length, calculate, correct to three decimal places, the values of y, and y;.
(5 marks)

The value, x thousand pounds, of a particular tradeable commodity ¢ days after it is purchased is
modelled by the differential equation

dx  x2-1¢

dt ~ xt-1r2

If the commodity is worth £5000 two days after it is purchased, use two iterations of the

d =gy
approximation formula (d_J;) o 7 L to estimate, correct to the nearest hundred pounds,
i)
the value of the commodity three days after it is purchased. (6 marks)

The velocity, vms™!, of a particle moving in a straight line, is modelled using the differential

equation
dv 2x-256
= 3 0.001v
where x cm is the displacement of the particle from its starting position.
d h=y-
Given that v = 8 when x = 5, use the approximation formula (d—i) wd? 5 f;:} “with a step length
0
of 0.25 to estimate the velocity of the particle when it is 5.75 cm from its starting position.
(6 marks)
A particular solution to the differential equation
dv .
P 10 — 2v (1)
has v =2 when ¢ = 0.
; T dy Yi=Yo . ;
a Verify that the approximation formula W .Ftg with a step length of 0.1 gives v, = 1.6.
e (3 marks)
. dy O T o . .
b Use the formula ) = o with a step length of 0.1 to obtain an estimate of the value
/Ly
of vwhen ¢t =0.2. (3 marks)
¢ By using a suitable integrating factor, find the particular solution to differential equation (1) at
the point where t = 0. (4 marks)

d Find the exact v-value for the particular solution found in part ¢ when 7 = 0.2 and hence find
the percentage error in using the approximation in part b. (3 marks)
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i 2 123
g2~ 2cosx + 3=
Giventhatat x=1,y=2and ﬂ = 0.5, use the approximations (d_y) w2100 and
= L= dx_ 12ty pp dx [J~ h
d’p\ =2ty . — ) )
) T with a step length of 0.2 to obtain estimates for yat x =12, x=1.4
X

and x = 1.6. (5 marks)

The variable y satisfies the differential equation
dx?2~ 3xy dx

dv
Given that when x =1, y = 3 and é =D,
a find the value of d;J; at x =1 (1 mark)
— dzy) (1 =2y +y-1) (dy) i o
b use the approximations (m A T and dx ' v with 4=0.1,
to find an estimate of y at x = 1.1. (6 marks)
The diagram shows the graph of y = f(xx) where f(x) = sin (x?) + x2. VA
The shaded area is bounded by the curve, the x-axis and the lines
x=-2and x=-1.
a Use Simpson’s rule with 4 intervals to estimate the shaded
area. (5 marks) R
b Suggest how you could improve your approximation using 2.t ¢ %
Simpson’s rule. (1 mark)
1
flx)= 1 +sinx
a Use Simpson’s rule with 4 intervals to find an approximation, to 3 significant figures, for
1
f f(x)dx (5 marks)
0
b Use the Weierstrass substitution to find the value of the integral
1
f f(x) dx
0
correct to 5 decimal places. (6 marks)

¢ Hence find, correct to 2 significant figures, the percentage error in using the method in
part a. (2 marks)
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Challenge

B The diagram shows three points, Py, VA
P, and P,. The horizontal distance P(x,y)
thdy il ¢
between each point is 4. The points are !
joined with a parabola.
a Show that the area bounded by the

parabola, the x-axis and the lines | | |
x =Xgand x = x; is $h(y, + 4y, + o). O t X

]
| ! P(x,, 1)

=Y

b By considering further subdivisions of the interval [x,, x,], derive the
formula for Simpson’s rule.

Summary of key points

1 Euler’s method for finding approximate solutions to first-order differential equations uses the
approximation

(d_)’) - ¥ =10
dx/, h

It is often more useful to write this as an iterative formula:

dy
Y1 :yr+h(a)r; =012,

2 The midpoint method for finding approximate solutions to first-order differential equations
uses the formula

(ﬁ) A
dx/ 2h

It is often more useful to write this as an iterative formula:

dy
Vi1 zyi'—l-'-Zh a rl r:'OJ 1! 2: ves

3 Euler’s method can be extended to find approximate solutions to second-order differential
equations using the formula

(ﬂ) . Y1—2Vo+ Y
3 i 48 h?

It is often more useful to write this as an iterative formula;
7

d
yr+lzzyr_yr-l+h2( y)xr:'O; Ll
dx?/.
4 Simpson'’s rule for 2n strips of width /4 is given by

b
f() dx = S[Ya 4 B F P5H sve Poia) 4 2P+ P F o F Pop) + V2]
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Reducible differential
equations

After completing this chapter you should be able to:

® Use a given substitution to transform a first-order differential
equation into one that can be solved - pages 180-183

® Use a given substitution to transform a second-order differential
equation into one that can be solved - pages 183-185
Solve modelling problems involving reducible differential
equations - pages 185-187

1 Find the general solutions of these
differential equations:
dy
ax—=2@p-1)

dx
¢ Pure Year 2, Chapter 11

« Core Pure Book 2, Chapter 7

déy dy
2 Gi that —-4—+4y=2 =
iven tha e dx+ y = 2e

a verify that %e—-" is a particular integral

Many real-life situations can be modelled
using differential equations: for example, the
displacement of a point on a vibrating spring
from a fixed point, or the distance fallen by a
parachutist. -> Mixed exercise, Q13

of this differential equation

b find the general solution of this
differential equation.
¢ Core Pure Book 2, Chapter 7




Chapter 9

m First-order differential equations

B You can use a substitution to reduce a first-order differential equation into a form that you know how
to solve, either by separating the variables, or by using an integrating factor.

a Show that the substitution y = xz transforms the differential equation

dy x2+3y?
dx 2xy
mto
dz 1+22
dx 2z

b Hence find the general solution to the original equation, giving y? in terms of x.

[a V=g (1) ' m Using the substitution, differentiate

] -k d
2 = _rd—‘ tz (2) to get 2 in terms of 93. Note that z is a function
dx  dx T dx d
dy x=+ 3y
Substituting inbo 22 = Y s of x and y, not a constant, so you must use the
dx 2xy product rule.
. B f il
xﬁ +z= il 3:_’6 =
dx 2xz i : . : :
m x2(1 + 322) L Substitute into the differential equation using
-’Ca +zZ= T oy equations (1) and (2).
97 Tt B8
~dx 2z i ’7 Rearrange and simplify your equation.
= 2;d as required.
b f o fT e Separate the variables, then integrate including a
T+z22  dx constant of integration. « Pure Year 2, Chapter 11

In(1 +z28) =lnx + ¢

1+ 2% = Ax, where 4 is a positive . Take exponentials and let 4 = ec.
constant

ye
(1 % (F)) = Ax Use the original substitution to transform the
' i el general solution in z back into a general solution
i in x and y.

=Xz, soz=%and = (%)2

d
a Use the substitution z = y~! to transform the differential equation d—i +xy = x)?, into a
differential equation in z and x.

b Solve the new equation, using an integrating factor.

¢ Find the general solution to the original equation, giving y in terms of x.
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B 2 Asz=y,y=z"
dy _ _1de

dx = z2dx
dy

Rearrange the substitution to make y the subject.

dy z
Differentiate to give i in terms ofd—

T L .
Substituting into Ox T = Xp% gives dx dx
R —
z2dx
= d_: X =ik Rearrange and simplify your equation.
b The integrating factor is ef*4x = ez
22 dz _a? x? To solve a differential equation in the form
g e ——uXe B ZmaXe 2 dy
d", ;5 = + P(x)y = Q(x) , multiply every term in the
% 2l - 2 X
du Ol e e J equation by the integrating factor e/Ptdx,
6—-—-2;; _ —fvce,_?dx ¢ Core Pure Book 2, Chapter 7
e2z=¢e2+¢ ) -
o Integrate to give result then divide each term by
z=1+ce? J the integrating factor.
¢ Asy=1z",
y= 1 Use the original substitution to write y in terms
1+ ce? of x.

Example o
dy y—-x+2

a Use the substitution u = y — x to transform the differential equation A= mo—
into a differential equation in » and x.

b By first solving this new equation, show that the general solution to the original equation may
be written in the form (y — x)? + 6y — 4x — 2¢ = 0, where ¢ is an arbitrary constant.

aletu=y-x

du _ 9y du dy
Then 94 _ @Y _ . : o, ay
S = Differentiate to give ool terms of T
dy y-x+2
Substituting into - gives

32_1:-x+3
@4- g
dx Tu+ 3

i@_u+2

d 3
Make d—‘} the subject and substitute.
X

1

dx u+3
ot .. =l Rearrange and simplify your equation
dx wu+3 5 s E '

b [+ 3)du = —[dx j
UZ +3u=-x+c J

Separate the variables and integrate.

;—(y -xP+3(y-x)=-x+c
(y-xP2+6y-4x-2¢c=0

Substitute back to give your result in terms of x
and y.
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a

m
=
=1

b

C

182

1 Use the substitution z = T to transform each differential equation into a differential equation
in z and x. By first solving the transformed equation, find the general solution to the original
equation, giving y in terms of x.

d d 2
—y=Z+—, Xx>0,y=0 _y=1+ , x>0
dx x dx x )?
d 2 dy x*+4y?
—y=Z+y—, x>0 d—yz y, x>0
dx x x? dx 3xy?
Use the substitution z = y~2 to transform the differential equation
dy g T
REAN Y 1 — e X
e +(3tanx) y (25ecx)j , T3 X< 3
into the differential equation é —ztanx =4 secx. (5 marks)
By first solving the transformed equation, find the general solution to the original equation,
giving y in terms of x. (6 marks)

Use the substitution z = x* to transform the differential equation

dx 1
—— PR =R
dr

into the differential equation d—j + % B %tz. (4 marks)
By first solving the transformed equation, find the general solution to the original equation,
giving x in terms of ¢. (6 marks)

Use the substitution z = y~! to transform the differential equation

dy (x+1)7
g b

into the differential equation g—; + ol (4 marks)

By first solving the transformed equation, find the general solution to the original equation,
giving y in terms of x. (6 marks)

Use the substitution z = »? to transform the differential equation

2(1 +x2)%+ 2xy=)l)

into a differential equation in z and x.

By first solving the transformed equation,

find the general solution to the original equation, giving y in terms of x

find the particular solution for which y = 2 when x = 0.

@f P) 6 Show that the substitution z = y~"~ 1 transforms the general equation

.o B

-

into the linear equation g P(x)(n-1)z=- Q(x)(n-1). (5 marks)

dx
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7 a Use the substitution u = y + 2x to transform the differential equation
dy —(1+2y+4x)
dx~ 1+ V+2x
into a differential equation in « and x. (3 marks)

b By first solving this new equation, show that the general solution to the original equation may
be written as 4x2 + 4xy + y> + 2y + 2x = k, where k is a constant. (6 marks)

Challenge

dy
i e
A
By means of a suitable substitution, show that the general solution
to the differential equation is given by

_ X
Y= "hx+C

where C'is a constant of integration.

@ Second-order differential equations

You can use a given substitution to reduce second-order differential equations into differential

d2y d
equations of the form ad—_)2 + b—y + ¢y = f(x).

X dx
Example o

Given that x = e, show that:

dy dy . 2d2 y d¥y  dy
A X4x T du YA T dw? T du
¢ Hence find the general solution to the differential equation
dy dy
A .. RO
x dx2+)de+J>—()
o — u ﬁ —_ U — -
aA5)\—€,du—8—)\

From the chain rule,

dy dy dx _ . dy . dy
Pt Tl e i e required ——— Use the chain rule to express = in terms ofa
s &Py 4 (d_v)
du? ~ du \du
d (., . . .
an o Differentiate this product using the product rule.
dy d%y dx
= eh’_ 8"— et
dx dx? du dy
dy d2y Use the chain rule to differentiate — with
- ) + x2 ¥ as ﬁ = el = y dx
du 7 dx¥ du respect to u, by differentiating with respect to x,
sapd 2y di - e e
o X e aE oy required. giving o and then multiplying byﬂ
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B ¢ Substitute the results from parts a and b
into the differential equation

2

dey

dy

d? dy e el — Owi

Xd} d\+}_o Th|51_<,|ntheforma:d 2+bd + cy =0 with
2 dy  dy a=1,b=0and ¢ = 1. Find the general solution

to cbtain —; STl F ooty 0 by considering the roots of the auxiliary equation.
d2y ¢ Core Pure Book 2, Section 7.2
—_— + i
a7 &
m?>+1=0 The roots are complex, so the general solution will
m=iorm=-—i be in the form y = er*(4 cosqu + Bsingu), with
So the general solution in terms of u is p=0andg=1. ¢ CorePure Book 2, Section 7.2

y=Acosu+ Bsinu
where A and B are arbitrary constants.

X =¢e" = u=Inx and the general solution to

L D USE - l t i i t

is y = Acos(lnx) + Bsin(lnx)

Exercise @

1 Find the general solution to each differential equation using the substitution x = e, where uis a
function of x.

the differential equation x?

2 2 2
a .r2%+6x%+4y=0 b x2%+5x%+4y=0 c x2%+6x%+6y=0
d r2i+4xd—y—28y=0 e xZi—hd—)—My 0o f r2i+3x—}+2y=0
dx? dx ot dx dx? dx
(E) 2 a Show that the transformation p= E transforms the differential equation
dzy
S =g (s 4;)——4_); 0 (D
into the differential equation
iy 4dé 0 (2) (6 marks)
dx? dx
b Find the general solution to differential equation (2), giving z as a function of x. (4 marks)
¢ Hence obtain the general solution to differential equation (1) (1 mark)

(E 3 a Show that the substitution y = = transforms the differential equation
2t

d2y dy
sl i Ty om
¥ dx? +2x(x+.2) X + 2+ 1py=e> (1) @ Use a particular integral of the form
into the differential equatlon e, « Core Pure Book 2, Section 7.3
g =+ 2E +2z=e> 2) (6 marks)
b Find the general solution to differential equation (2), giving z as a function of x. (7 marks)
¢ Hence obtain the general solution to differential equation (1) (1 mark)
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4 a Use the substitution z = sinx to transform the differential equation
E L. 2ycos’x = 2cos
X+ (- k=
cosx— 7 +sinx 7 — 2ycos’x = 2€08°x
into the equation
d?y i
@—2y=2(l—”) (6 marks)
: &y o dy
b Hence solve the equation cos x a2 +sinx - 2ycos’x =2 cos’x,
giving y in terms of x. . (8 marks)

CE 5 a Show that the transformation x = uf transforms the differential equation

d2x dx
i B PR Vo D
t i 2tdr 2(1-29)x (1)
into the differential equation
d?u
a2 4u=0 (2) (6 marks)
b By solving differential equation (2), find the general solution to differential equation (1) in the
form x = f(1). (8 marks)
Given that x = 2 and ((jj—fz latt=1,
¢ find the particular solution to differential equation (1). (5 marks)
Challenge
Use the substitution u = g—i- to find the general solution to the differential equation
d?y dy
Xa—x—z = d_); =2

@ Modelling with differential equations

Differential equations can be used to model many real-life situations.

A particle is moving along the x-axis and its displacement, x metres, is modelled using the
differential equation

tg—f+x=2t3x3, 0-<f<T15

where ¢ is the time in seconds.

a Use the substitution u# = xt to show that the differential equation can be expressed as
du
— 2 2{
T
b Hence show that the general solution to the differential equation is
1
T HA-1Y)

where A is an arbitrary constant.

X

¢ Given that x = 1 when 7 = 0.5, find the displacement after 1.2 seconds.
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B du dx

a u =‘xf g stk and x =% Find expressions forj%?and forx.
Ej’: o =21 %S
du 2{3(2)1’ L The left-hand side of the differential equation is
j’ F the same as the expression for %
oL T :
i 2u®t as required.
1
b f;du = [21dt Separate the variables.
! ;
- =+
1
T f+c
Xt = 1
T R4e

g Problem-solving

A-12 . vy :
: In order to obtain the equation in the form given,
as required. you need to change the constant from ¢ to —4.

1
R —
1A - 12)
c xX=1whent=05=4=225

Hence when 1= 1.2,
1

T1.2(2.25 — 1.23)
The displacement after 1.2 seconds is
1.03m (3 s.f).

=10288..

X

@IB 1 A particle is moving along the x-axis and its displacement, x, at time ¢ seconds, is modelled using
the differential equation

dx
tx— —x2=3¢

dr
a Use the substitution x = ut to show that the differential equation can be expressed as
du
Uqr = 3t (4 marks)
b Given that x = 3 when ¢ = 1, show that the particular solution to the differential equation
can be written as x = /32 + 6 (5 marks)
¢ Explain the behaviour of the particle as ¢ becomes very large. (2 marks)

@'B 2 The velocity of a particle, v, at time ¢ seconds, is modelled using the differential equation
dv
Wi—=vi+ 13
dr
a Use the substitution v = z¢ to show that the differential equation can be expressed as

3221‘% =1-2z3 (3 marks)
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B b Given that v = 2 when ¢ = 1, show that the particular solution to the differential equation can
be written as

5[+ 15¢
—3
e (8 marks)
¢ Hence find, correct to 3 decimal places, the velocity and acceleration of the particle when
=2, (4 marks)

@r‘P 3 The displacement of a particle, s, at time ¢ seconds, is modelled using the differential equation

@ E — plt
1oy +@-0g - (L +20s=e¥ (1)
a Show that the substitution v = s¢ transforms the differential equation into
% = % _Jy=eX ) (8 marks)

b Show that the general solution to differential equation (2) can be written as
v=Ae’ + Be ' + (1)
where f(¢) is a particular integral to be found. (8 marks)

¢ Find the general solution to differential equation (1) in the form s = g(¢) and state one
condition on ¢ for the model to be valid. (3 marks)

@r‘ P) 4 A spring, fixed at one end, has an external force acting on it such that the other end moves in a
straight line. At time ¢ seconds, the displacement of the end of the spring from a fixed point
O is x millimetres.

The displacement from O is modelled by the differential equation

dx Ldx (2 - tz) 3
b2~ 2q t\ T )=t (1)
a Show that the transformation x = ut transforms equation (1) into the equation
g;‘ tu=1p ) (5 marks)
b Hence find the general equation for the displacement of the end of the spring from O at time
¢ seconds. (8 marks)

¢ State what happens to the displacement as ¢ becomes large and comment on the model with
reference to this behaviour. (2 marks)

Mixed exercise o

(E 1 a Show that the transformation z = y~! transforms the differential equation
dy
SR
xg +y=y’Inx (D
into the differential equation

dz z Inx

T e o (2) (4 marks)
b By solving differential equation (1), find the general solution to differential equation (2).
(6 marks)
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Chapter 9

Show that the substitution z = y? transforms the differential equation

2¢ sxd—y— inx+y't=0 (1)
0SX G- )S yl=

into the differential equation

cosxﬁ—z&nx:—] 2)

Solve differential equation (2) to find z as a function of x.

(4 marks)

(6 marks)

Hence write down the general solution to differential equation (1) in the form y? = f(x). (1 mark)

Show that the substitution z = % transforms the differential equation
(¥ = 2 = xp =0 (1

into the differential equation
dz z?
Ydx T1-22 2

Solve equation (2) and hence obtain the general solution to equation (1).

¥
Show that the transformation z = }E transforms the differential equation

dy yx+y)

dx ~ x(y - x) &)
into the differential equation
dz 2z
Yax T o1 2)

Solve equation (2) and hence obtain the general solution to equation (1).

i ¥ ; ; :
Show that the substitution z = | transforms the differential equation

dy  -3xy
= 2 .2 (1)
dx y2-3x
into the equation
dy 23 .
Ydx = 223 2)

By solving equation (2), find the general solution to equation (1).
Use the substitution u = x + y to show that the differential equation
dy _
d—xz(x+y+ Dx+y-1)

can be written as

LS

dx

Hence find the general solution to the original differential equation.

(4 marks)

(6 marks)

(4 marks)

(6 marks)

(4 marks)

(6 marks)

(3 marks)

(4 marks)



Reducible differential equations

g 7 a Show that the transformation u = y — x — 2 can be used to transform the differential equation
E

Y -x-2p (1)
dx -V
into the differential equation
du
e u>—1 (2) (3 marks)
b Solve equation (2) and hence find the general solution to equation (1). (4 marks)

@fP 8 A particle is moving with velocity v at time 7 such that

r%%+v=2ﬁﬁ, 0<t<\3 (1)
a Use the substitution # = v-2 to show that the differential equation can be transformed into
du 2u
M AW
i 41 (5 marks)

b Given that v= % when 7 = 1, show that the solution to differential equation (1) can be written as
1
\ (c - 41)

where ¢ is a constant to be found. (8 marks)

@r‘P 9 a Find the general solution to the differential equation

t2d2y+4xl+2 =lhx x>0
T odx? dr T TAA 7
using the substitution x = e*. (10 marks)

b Find the equation of the solution curve passing through the point (1, 1)

with gradient 1. (3 marks)
. dy dy A - .
@r‘P 10 Solve the equation ) + tan X + ycos?x = cos?xes¥, using the substitution z = sin x.
: : . dy
Find the solution for which y = 1 and e Jatx=0. (13 marks)

@f P) 11 The displacement of a particle, x, at time ¢ seconds is modelled by the differential equation

Ld2x dx
t~dt2—2tdt+2x_4lnt (1)

a Show that the substitution ¢ = e transforms equation (1) into

d>x ,dx
i 3 7 +2x =4u (2) (6 marks)
b By first solving equation (2), obtain the general solution to differential equation (1)
giving your answer in the form x = f(z). (7 marks)
¢ Describe the behaviour of the particle as ¢ gets very large. (1 mark)
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Chapter 9

12 A particle is subject to an external variable force such that the particle moves in the direction

/P of the x-axis. The displacement, in cm, of the particle from a fixed point O at time ¢ seconds is
modelled by the differential equation
d2x _, dx 2y = 14
2t a2 4¢ T * 4-2x=1t (1)
a Show that the transformation x = ¢v transforms equation (1) into the differential equation
2
2 3:1‘: —2y=1 ) (6 marks)
b Hence find the general equation of the displacement of the particle from O after
t seconds. (7 marks)

@fP 13 The velocity of a skydiver, vms™, at a time ¢ seconds after jumping out of a stationary
helicopter is modelled using the differential equation

1000% =500v+2=0, 0<t<10 (1)
a By means of the substitution u = v, show that differential equation (1) can be transformed

into the differential equation

% +0.54=0.001¢ 2) (5 marks)
b Find the general solution to differential equation (2), and hence find the general solution to
differential equation (1) in the form v = f(¢). (6 marks)

¢ Given that the initial velocity of the skydiver is 2ms™!, find a particular solution to
differential equation (1). (3 marks)

d By considering % or otherwise, describe the behavior of v for large values of ¢, and comment
on the validity of the model in these situations. (2 marks)

Challenge

By means of a suitable substitution, show that the general solution
to the differential equation

dZy _ (dy)z
dx2 ~ \dx

is given by y = 4 — In(x + B), where 4 and B are arbitrary constants.

Summary of key points

1 You can use a substitution to reduce a first-order differential equation into a form that you
know how to solve, either by separating the variables, or by using an integrating factor.

2 You can use a given substitution to reduce second-order differential equations into differential
equations of the form
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Review exercise

®1

® 2

x_m
2 2

sin(%) = %, 0<

Show, without use of a calculator, that

i skl
Colx = =135

3

« Section 5.1

V6 +V2

R <f0<m

a Show, without use of a calculator, that
tanf = -2 — /3. 3)

b Using the ¢-formulae, find sin 26 and
cos26. 3)

¢ Hence deduce the value of 0. 1)

& Section 5.1

sinfl =

S . X
a Use the substitution 7 = tan= to show

that secx + tanx = 1—i:‘,

x#(2n+ l)%,ne z 3)
b Hence show that

secx + tanx = tan(% + %) 3

« Section 5.2

Use the ¢-formulae to show that

2cosz(ﬁ) — 1 =cosé.

5 3)

« Section 5.2

a Use the substitution ¢ = tan% to show
that the equation
3cosx —4sinx=4 (1)
can be written as 712+ 81+ 1=0. (3)
b Hence find all the solutions to equation
(1) in the interval 0 < x < 2. 3)

« Section 5.3

a Use the substitution 1 = tan% to show
that the equation
2sinx+cosx=1 (1)
can be written as (> -2t =0.

(&)

E/P

E@ 8

b Hence find all the solutions to equation

(1) in the interval 0 = x < 27. 3)
- Section 5.3

The displacement, sm, of a particle at
time x seconds is given by

s=2sind4x +4sin2x+ 1,0 < x < 2r¢

a Show that the velocity of the particle,

vms~! at time x seconds is given by
Pe= 16, ~(1 — 3¢*) where ¢ = tanx. (6)
1+ )7

b Hence find the least value of s in the

70 1
504
301

201
104

given interval, justifying thatitisa
minimum.

“4)

+ Section 5.4

(0]

10 20 30 40 50 60 70 80 90 100 X

The diagram above shows the graph of

y = f(x) for the function

o 2K .OX X

f(x) =30+ 10511112 + 1lsm4 + 200054,
x € [0, 100]
a Show that

(t+ DO —49¢2 - 71t + 31)
f'(x) =
) 41+ 17
where 7 = tan% (6)

b Hence find the smallest exact multiple
of m for which the graph has a
stationary point.

2)
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192

Review exercise 2

The function kf(x) is used to model an
electric pump which extracts L litres of
water at time x seconds from a flooded
mine shaft.

The maximum amount of water pumped
is 300 litres.

¢ Suggest a suitable value of k. (§))

d Describe the point in the pumping
cycle when x is equal to the value
found in part b and estimate the
amount of water being pumped at
this point. 2)

« Section 5.4

-]

Find the Taylor series of cos 2x in

ascending powers of (x - %) up to

and including the term in (x _Z) . @

b Use your answer to part a to obtain an
estimate of cos 2, giving your answer to
6 decimal places. 2)

< Section 6.1

a Find the Taylor series of In (sin x) in

ascending powers of (x - gﬁ) up to

. . . 3
and including the term in (x - E) )]
b Use your answer to part a to obtain
an estimate of In(sin 0.5), giving your

answer to 6 decimal places. 2)
€ Section 6.1

Given that y = tan x,
3)

b Find the Taylor series of tan x in

ascending powers of (x - E) up to
and including the term in (x - —) 4)

¢ Hence show that

2 3
m s Fri %

*10%200 T 3000 ©

« Section 6.1

3
tan—ﬂ' =1

® 14

® 15

E@ 16

a Find the Taylor series of Inx

about x = 1. A3)
b Hence find the value of
. 2Inx
{23 ) @

- Section 6.2

a Find the Taylor series expansion about

x =0 for sinh x. 3)
b Hence find the value of
Lig} (x cosech(2x)) )

 Section 6.2
24

i 24
-2 L _
(1 x)dx2 xdx+2y 0
At x 2 and % 1
tx=0,y=2an Fream b
ly
a Find the value of 4o at x = 0. 4)
b Express y as a series in ascending
powers of x, up to and including
the term in x°. 4)
4 Section 6.3
1+2 W s 4y?
(1+2x) x> + 4y
a Show that
- d
Y Y
] +2x)dx2 =1+2#4y- l)a ()
)

b Differentiate equation (1) with respect
to x to obtain an equation involving

“

Given that y = % atx =0,

¢ find a series solution for y, in
ascending powers of x, up to and
including the term in x°. 4)

¢ Section 6.3

d 5

Ezy*+xy+x,y= latx=0

a Use the Taylor series method to find
y as a series in ascending powers of x,
up to and including the term in x°. (6)

b Use your series to find y at x = 0.1,
giving your answer to 2 decimal
places.

C))

+ Section 6.3



EID 18

E@ 20

s@ 21

E;‘D 19 d

Given that y=1.5at x =0,

a use the Taylor series method to find
the series solution for y, in ascending
powers of x, up to and including the
term in x°. (6)

b Use your result to part a to estimate,
to 3 decimal places, the value of y at
x=0.1. 4)

&« Section 6.3
dy (dy)

¥ e + dx +y=0

. . d’y

a Find an expression for P

@
dy

Given that y =1 andd—izlatx=0,

b find the series solution for y, in
ascending powers of x, up to and
including the term in x°. 4)

¢ Comment on whether it would be
sensible to use your series solution to

give estimates for y at x = 0.2 and

at x = 50. (2)
<« Section 6.3
v dy
d.x2_4dx+3y =%
ith 1 and y 0 0
with y =1 an T atx=0.

a Use the Taylor series method to obtain
y as a series of ascending powers of Xx,
up to and including the term in x*. (6)

b Hence find the approximate value
of y when x =0.2. 3)

« Section 6.3

Given that y = x’e™, use Leibnitz’s
theorem to show that

n

T = 3"3e™(27x* + 27nx? + 9n(n — 1)x
+n(n—1)(n-2)) )

« Section 7.1

Use Leibnitz’s theorem to show that
) . ) dy
»y = e'sinx satisfies At Ba -8y = 0.(4)

« Section 7.1

22
E

@ =

E;_B) 24

EID 25

E,’D 27

Review exercise 2

Use L'Hospital’s rule to evaluate

“4)

« Section 7.2

. ( Inx )
lim|—;
x—1 X - l

Show, using L’Hospital’s rule, that
lim(xInx) = 0.

4)

< Section 7.2
Use L’'Hospital’s rule to evaluate

. xe*
lim| —
=0\ 28in x

Show, using L'Hospital’s rule, that

I (e-"— cosx) -1
P X =

“4)

+« Section 7.2

“4)

+« Section 7.2

a Use the substitution 7 = tan% to show
that the integral
1
1 —sinx + cosx

dx
can be written as
1
[

i 1
b Hence evaluate j{; 1 —sinx + cosx

“4)

(4)
« Section 7.3

. X
Use the substitution ¢ = tani to show
that

1 ey
j_; 3sinx — 4cosxdx =sln(a+5/3)

where a and b are rational constants to be
found. W)

« Section 7.3

@ 28 y = f(x) satisfies the differential equation

dy

b . W,

de Y

Given that f(1) = 2, use two iterations of

d -
the approximation formula (_y) o - Yo
i]

dx
to estimate the value of f(1.5). (5)
« Section 8.1
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Review exercise 2

The differential equation
dy
o

has a particular solution that passes

through the point (In2, 1).

Use of the approximation formula,

(d_y) Yi=Xo
dx/,

= ————, gives y,; = 1.6.
a Determine the value that was used for

2e.\' — yZ

h

the step length, A. 2)
b Using this step length, calculate,

correct to three decimal places, the

values of y, and y.. 5)

« Section 8.1

The value, v thousand pounds, of a
financial derivative 7 days after it is
purchased is modelled by the differential

equation
dv _2v-3t
dt  v¥-1

If the derivative is worth £8000 three days
after it is purchased, use two iterations of

: . dy Y=Y
the approximation formula (E)u =
to estimate, correct to the nearest pound,
the value of the derivative five days after
it is purchased. (6)

« Section 8.1

Use the approximation formula
(d_y) T ra
dx/, 2h
x = 1.3 of the particular solution to the
differential equation
dy

dx ™~

which passes through the point (1, 2). Use
a step length of 0.1. (6)

« Section 8.1

to estimate the value at

2lnx -y

A particular solution to the differential

d
equation —J; = cos (x?y) passes through

the point (1, 1).

33

a Verify that the approximation formula
(d_y) Y17 )
dx/,” h

gives y, = 1.108 correct to three
decimal places.

with a step length of 0.2

3)
b Use the approximation formula
(ﬂ) i e
dx/o~ 2k

0.2 to obtain an estimate of the value

of y when x = 1.6. Give your answer to

three decimal places. 5)
« Section 8.1

with a step length of

The population of a bacteria, P, at time
t days is modelled by the differential
equation
i P - 0.00002P>
dr
Given that the initial starting population

of this bacteria is 1000, use the

—0.5c0s(0.81)

T Va

. dy)
approximation formula (a G

with a step length of 1 to estimate, correct
to the nearest bacteria, the population
after three days. (6)

« Section 8.1

Given that the gradient of the curve at
the point (0, 1) is -2,
a use the approximation formula
(ﬂ) ST
dx/, h

estimate for the y-value of the

with 1 =0.1 to find an

particular solution when x =0.1.  (3)
b use the approximation formula
d? =2y, 4y
( y) ST k=01 to
dxr, h

find a further estimate, correct to
4 decimal places, for the y-value when
x=0.3. 5)

+ Section 8.2



® 35

36

37
E/P

%

2

A +sinx—2cosy=2

Given thatat x =1, y =2 and d_{c =0.5,

; ; (dy ) =X
use the approximations (=] =~
0

d),
dd -rcy) 0
al‘ld ( 2

Yi—2p0+ Yy
h?

length of 0.2 to obtain, estimates for y

atx=12,x=14and x=1.6.

}

with a step

(6)

« Section 8.2

d?y 4 (dy)
dx? ™ xy+ dx dy
Whenx=2,y=2 andaz 3

Use the approximations

(ﬂ) " V=24 Y —
dx*ly h?

(dy) _Yi=ya
dx/,” 2k

the value of y when x =2.2.

. with 1 = 0.2 to estimate

(6)

« Section 8.2

Y

=y

The diagram shows the graph of y = f(x)
where f(x) = Vsinx — tanx,
m

Osx<smx% 7
The shaded area is bounded by the curve,
the x-axis and the lines x = 2 and x = 3.
a Use Simpson’s rule with 4 intervals to

estimate the shaded area. (5)

b Suggest how you could improve your
approximation using Simpson’s rule. (1)
€« Section 8.3

38
E/P

(e 39

(z 40

(z 41

Review exercise 2

f(x) = xcosh x

a Use Simpson’s rule with 2 intervals to
find an approximation for

j; 2t“(;»c) dx )

b Use integration by parts to show that

2

f f(x)dx=-3e2+e! +3¢? (6)
1

¢ Hence find, correct to 2 significant

figures, the percentage error in using

Simpson’s rule to approximate

f f(x)dx, ()
1

« Section 8.3

a By using the substitution y = %(u - X),
or otherwise, find the general solution
of the differential equation

dy

e xX+2y “4)
Given that y =2 at x =0,
b express y in terms of x. 3)

« Section 9.1

a Use the substitution y = vx to
transform the equation

dy (@x+y)x+y)

—= = x>0 (1)
into the equation
* 240y 2) @

dx
b Solve differential equation (2) to find
v in terms of Xx.

“4)

¢ Hence show that

y=-2x- , where ¢ is an

Inx+ec
arbitrary constant, is the general

solution to differential equation (1). (3)
« Section 9.1

a Show that the substitution y = vx
transforms the differential equation

dy 3x-4y :
dx 4x+3y ()
into the differential equation
dv 3 +8v-3
Ydx T 3v+4 @ @
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Review exercise 2

Find the general solution of differential
equation (2). 4)

¢ Given that y = 7 at x = 1, show that
the particular solution to differential
equation (1) can be written as
3y - x) (v + 3x) =200 3)

« Section 9.1

(E 42 a Use the substitution u = y~? to

transform the differential equation

dy i

a+2xy=xe' » (1)
into the differential equation

du e

e 4xu = -2xe 2) @

b Find the general solution to differential

equation (2). 4)

¢ Hence obtain the solution to differential
equation (1) for which y=1at x=0. (3)

« Section 9.1

Show that the transformation y = xv
transforms the equation
4%y dy ; =
X2 2xd—x +(2+49%x)y=x" (1)
into the equation
d*v
dx?

+9v=x? (2)
(6)
b Solve differential equation (2) to find
v as a function of x. 4

¢ Hence state the general solution to
differential equation (1). 2)

« Section 9.2

196

44 Given that x=172, x >0, f > 0, and that y

. is a function of Xx,
P 2 g 2
a find - —in terms o q; a0 . 2)
2 2
. y dy dy
Assuming that R 41 a2 +2 ar

b show that the substitution x = 7*
transforms the differential equation

d? d .
Lo (6x - lx)—y - 16Xy = 4x%e™

dx? dx
(1)
into the differential equation
&’y dy
el s LR i 2
Gt -dy=e 2 (6
¢ Hence find the general solution to
(1) giving y in terms of x. (6)

« Section 9.2

(E 45 Given that x=1In¢, 7> 0, and that yis a
function of x,
dy . dy
a find dxn terms of 0 and ¢ 2)

&y dy dy

o~ et

¢ Show that the substitution x = In ¢
transforms the differential equation

b show that 4)

d’y L4y 5
T —(1-6e )dx + 10ye
= Se*gin Je* (1)
into the differential equation
27 6dy 10y =5sin2t (2) (6
d32+ 47 T 10y= sin2t (2) (6)

d Hence find the general solution to (1),
giving your answer in the form
y=1(x). ©)

« Section 9.2




E/P

46 A scientist is modelling the amount of
a chemical in the human bloodstream.
The amount x of the chemical, measured
in mgl-, at time ¢ hours satisfies the
differential equation

d2x ~ 6(dx

2

—) =x2-3x% x>0

xdr2 dt

a Show that the substitution y = %
transforms this differential equation
into

dzy
dr?

Challenge

1 Use the substitutions ¢ = tan
tanx + tany
cotx + coty

+y=3

2
2 2
=tanxtany

2 y=x’e*coshx
Use Leibnitz's theorem to show that
dmy
dx"

(G

and s = tan—'l—i to prove that

= 22148 + 12nx2 + 6n(n — Vx + nin - 1(n - 2)

Review exercise 2

b Find the general solution to differential
equation (1). (7

dx

a =%

¢ find an expression for x in terms of ¢ (3)

Given that at time =0, x = % and

d write down the maximum value of
X as t varies. 2)
« Section 9.3

« Section 5.2

« Section 7.1

3 The function f(x) satisfies the differential equation f"(x) = (f'(x))*.

a Use the substitution u = f'(x) to show that

f(x) =4 — VB — 2x, where 4 and B are arbitrary constants.
b Given that f(0) = 0 and f(1) = 1, find the exact values of 4 and B.

« Section 9.2
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Exam-style practice

Further Mathematics
AS Level
Further Pure 1

Time: 50 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 Use algebra to find the set of values of x for which

| X
x+l<.\’+3 ©)

X

2 a Use the substitution ¢ = tan+ to show that the equation

)
2sinx — Scosx =2 (1)
can be written as 31> +4r—-7=0. 3)

b Hence find all the solutions to equation (1) in the interval 0 < x < 27,
Give your answers correct to 2 decimal places where appropriate. 3)

3 The variable y satisfies the differential equation

dy | d
dx? T dx
dy
When x =0, y=1and T 2

Use the approximations

(9_1_) T2ty
0

dx? h*
d}") Yim= Y
and (dx =
with 4 = 0.1 to estimate the value of y when x = 0.1. (6)
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Exam-style practice

=y

dy 24

[You may quote without proof that for the general parabola y* = 4ax, v 7]

The diagram shows the graph of the parabola C with equation y? = 40x.

The line x = k intersects the parabola at the points P and Q.

The tangent to the curve at P intersects the y-axis at (0, 2v/10).

a Find the value of k. (4)
b Write down the x-coordinate of the point of intersection of the two tangents. (1

The finite region R, shown shaded in the diagram, is bounded by the tangents to the curve at P
and Q and by the parabola C.

¢ Find, correct to three significant figures, the area of R. 7

The diagram shows a model for a new kind of solid tetrahedral dice.

Points A, B and C have position vectors 6i + 4j + 2k, —2i + 2j + 3k and —i + 4j — k respectively
and O is the origin.

L= —
a Find OB x OC. 3
b Find the area of the face OBC correct to three significant figures. 2)

The dice is to be 3D printed using a scale of 1cm per unit and a plastic filament of density
1.35g/cm’.

Given that the manufacturer has 1kg of plastic filament,
¢ work out the number of dice that can be made. 4)

d Give a reason why your answer to part ¢ might be an over-estimate. (1)
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Exam-style practice

Further Mathematics
A Level
Further Pure 1

Time: 1 hour and 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 A tetrahedron has vertices at A(-1, 3, 2), B(1, -4, 2), C(-1, =5, 6) and D(-7, -2, 2).
Find:

a The Cartesian equation of the plane ABC. 3)

b The volume of tetrahedron ABCD. 3)

The normal to the plane A BC through point D intersects the plane at point E.

¢ Find the angle DCE. Give your answer in radians correct to three significant figures. (5)
2

=Y

0 0.5 1.5

1

The diagram shows the graph of y = f(x) where f(x) = W T

The finite region R is bounded by the curve, the x-axis and the lines x = 0.5 and x = 1.5.

a Use Simpson’s rule with 4 intervals to find an approximation for the area of R, giving
your answer to 5 decimal places. 5)

¢ 1.5
b Use the substitution ¢ = tan'-;— to find the value of the integral fo S f(x)dx to

5 decimal places (6)

¢ Hence find, correct to 2 decimal places, the percentage error in using the method in part a,
and suggest a way in which the approximation could be improved. 2)
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Exam-style practice

3 An extreme sports enthusiast jumps from the top of a cliff attached to a parachute. Her velocity,
yms™, is related to the distance jumped, x, where x is measured in hundreds of metres, from the top
of a cliff. She believes the differential equation used to model the relationship between x and y is

dy .
xya+3x-+y*=0 (1)

a Show that the substitution y = vx transforms (1) into the differential equation
dv 3+ 2y
X

&ty 0 @ 3)
b By solving equation (2), find the particular solution to equation (1), given that her velocity
is 5ms~' when she is 100 metres from the top of the cliff. (8)
¢ Assuming that her velocity reaches zero as she lands, find, according to the model, the
height of the cliff. (2)
d By considering your solution to part b, comment on the suitability of this model for small
values of x. (1)
. X - . S5xt=-3x2-1
4 a Explain why you cannot use L'Hospital’s rule to evaluate !‘1_1}?m (1)
, - . Sxh—=3xraD
b Use L'Hospital’s rule to find lim 11— 2% —0x® 3)
5 The line L has equation y = mx + ¢, where m and ¢ are constants.
2 2
The hyperbola H has equation z—z - % = 1, where a and b are constants.
a Given that L is a tangent to H, show that &’m’> = b*> + ¢*. (5)
The hyperbola H' has equation 26" 25" 1
b Find the equations of the tangents to A’ which pass through the point (2, 3). (6)
d2y (dy) ’
6 e + o +2y=0
Given that when x =0, y = é = 1, find a series solution for y in ascending powers of x,
up to and including the term in x°. 9
7 Find the set of values of x such that
X
|x i 3| <2-x
expressing your answer in set notation. )]
8 Given that
y=e sinx
use Leibnitz’s theorem to show that
dy 8 o 8 4
dxe T %dx = % “)
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Answers

CHAPTER 1
Prior knowledge check
1 -1
9 x-1_¥-% zx+2_,
2 3 5
3 a 0.302 radians b 6,1,-7)
Exercise 1A
1 a 5i b -3j
¢ 3 d -3j-3k
e -2i-6k I 2i+6k

« (- ' (o)
() (%)

2 a -6i+(32+1)j-2k b (72-3)i+j+(1-20k
3 —%i - E +§k or %i - %} - %k

4 L1+ 4/2j+4k)

5 1561 + 6j + 7k)

NI PRI

|~

7 —i-2/2j+4k

V8 or 2V2 or 2.83 (1o 3 s.f)

a -14 b -8i-24j-8k ¢ %{—1—31‘—1‘}
v
V21

o o

10 a b 1 c

11

11 Any multiple of (i +j - k)

12 u=-1l,v=4andw =11

13 a a=1andb=-1 b -

14 i:%and,u-_-—%

15 Giventhata+b+e¢=0"%
Take the vector product of this with a.
ax@a+b+ec)=ax0
axa+axb+axec=0
Butaxa=0andaxc=-cxa
Thereforeaxb-ecxa=10
Soaxb=cxa
Take the vector product of * with b.
bx{a+b+e)=bx0
bxa+bxb+bxe=0
Butbxb=0andbxa=-axbh
Therefore —axb+bxe=0
Sobxe=axh
Thereforeaxbh=bhxc=cxa

o

Challenge

axb=cxa

axbhb-cxa=0

axb+axe =0

axb+c)=0

Asa = 0and b and ¢ are non-parallel
ais parallel to b + ¢.

Exercise 1B
1a 45
2 a 2/13
3 %»2
5 5/2
6 10»"?-
7 373
8
9

=
ol
w NI

-2
oo

\-".2

w

2

NELEE

-]

Area of parallelogram ABCD = 2 x area of triangle
ABC

=|AB x AC]
AsAB = (b - a) and AC = (¢ - a)
Area = |(b - a) x (¢ — a)|

b (b-ajx(c-a)-(b-a)x(d-a)=0
=(b-a)xc+(b-a)x(a-a)-(b-a)xd=0
=(h-alxc-d =0
ABis parallel to DC.

10 a 5i-5j+ 15k b 5‘;]
11 a -15i+17j + 20k
b 21.54m?
¢ The area of fabric needed will be larger as there
will need to be excess fabric to attach to the masts
and some slack in the sail to fill with air.
12 a (2,-5.1) b £4481
Challenge
[px(q+r)|=ABFEas BF=q+r
|p x q| = ABCD
|p x r| = CDEF

Ip x q| + |p x r| = ABFE + BCF — ADE
By definition, AD = q and DE =r
|p><q|+lpxr|=ABFE+%|q><r|—%qxr|-_—|p><{q+r}|

Exercise 1C
1 a 21 b 21 c 21
2 0; ais parallel to the plane containing b and ¢
3 17
4 18
3
>3 4
6 a3 b sli+2j-2k) ¢ L
7 a The distance between any two vertices is 2.
b %»"'2
20
8 a AB=-2i-j+3k

iy
AC=1i-3j+2k
ABx AC=T7i+T7j+ 7k
7\,"'-3_
b
2
I

¢ 3

9 a ABxBC=5i-j-7k
BD x DC = 2i - 8j + k

b i 33 i 2
10 a i+ 2§
g —
b 0OP=2/5 N
Area nfOQRzg

5

Volume of tetrahedron = 3

202 @ Full worked solutions are available in SolutionBank.



¢ a.bxe)=10
This is 6 x volume of tetrahedron so verified.

11 a 18i+12j + 6k b 127g

12 1400 cubic angstroms

13 a 12:1 b Ratio will be unchanged as N moves.
14 L units?

Challenge

a Let: a=ai+aj+ak
b = bji+ b.j+ bk
c=ci+cj+ ek
a.(b x ¢) = a,(b.c3 — bycy) + aulbae, — bics) + as(bie, - boey)
ax b = (ab; — ab,)i + (a:b, — a,b3)j + (a,b, — a.b) )k
(a x b).c = (a:b; — azb)e, + (azb, — a,b)e; + (b, — asb)e,
= @3¢, — @by, + ahic, - abyc, + aybye, - ashic,
= a,(b,c, — bye,) + allb,e, — biey) + a,lbic, — bye))
Therefore, a.(b x ¢) = (a x b).¢
b diaxb+axc)=d.(axbh)+d.faxc)
=(d x a).b + (d x a).c
=(d x a).(b+¢)
=d.(a x (b +¢))
¢ Asd can be any vector, il d.fa x b + a x ¢) =d.(a x (b + ¢)),
then it follows thataxb+axc=ax (b + ¢)

Exercise 1D
1 a rx(3i+j-2Kk=-4i+10j-k

b rx(i+j+5k=3i-13j+2k

¢ rx(-i-2j+3k)=-4i-13j- 10k
o2 =1 -2

2 2
473 1 =2
x-2 Y z4+3
b - a3
T 1" b

B 2
o B-4_¥*2_z-1_,
3 - =2 3

d |r-
4 W L= I =2:—5:)1
5 1 -
p 2-3_Y¥-4 _z2-12_.
1 -1 -7
-2
c X2 _Y-°_z 6_jorx+2=y-2
5 5 5 sp e
d ;\:—4_:‘)‘—2__‘2+4_,1
-3 -1 5
5a (r-(@{+j-2k)xQi-k=0
b (r-(i+4)x@Bi+j-5k=0
¢ (r-(3i+4j-4Kk) x(2i-2j-3k) =0
6 a rx(2i+5)+3k =-9i-3+17k
b r=3i-j+3k+(2i+5)+3k

orr=3i-j+ 3k + s(4i + 10j + 3k)
7 p=3andg=3

10

11

12
13

14

16

Challenge
al=m=4

b [=cosfising, m=sinfising, n = cosy

Exercise 1E
3x+y-—z=2
Tx-2y+z=5

2+ 2y-2z=3

2x -6y —z=2

r.(2i - 9j + 4k) = -15
ri-j+kl =2
r.(8i - 5j + k) =22

1

r=—j+2k+tli+j-k)

1.41
Use of formula: cos2x = acoszx -1

LHS:Z(

L=x?4y?+22= 2-3=-1=RHS
68.2°, 56.1°, 42.0°

rx

a L in each direction

hx—lzy—2=z+l
1

(-

b If the wires intersect, then:

a
b

LT - o - - PR ]

t+3_Y-2_z-7

2[x® + y* + 29

[~ = =

s

) =0 (or equivalent)

5-2(/6 -v2)
2-2(/6 +v2)

k6=1-5u=>pu=-1
BAE -V2) =5+ (-1-2(/6 -V2)=>1=2
j: 2006 +42) =2+ (12 - 2(/6 +/2)) = 2(/6 +2)
Therefore the wires intersect.
¢ The cable may not be completely horizontal (it may

1] =



Answers

3 a r=3i+3k+A3i+2j+5k
b r=3i-j+a2i+4j+ 3Kk
¢ r=-3i-13+3i+2j+3k
4 a=21.7"(3s.1)
13
11
6 a The line r = 2i + 3j + k + A(-i + 2j + k) passes
through the point (2, 3, 1).
The point (2, 3, 1) also lies on the plane
rli+j+kl=4as2x1+3x1-1=4.
So the line and plane have a point in common.
The line is in the direction —i + 2j + k.
This direction is parallel to the plane as it is
perpendicular to the normal i +j - k,
as-1x1+2x1+1x-1=0.
As the line also has a common point with the plane
it lies in the plane.

“

b Line is parallel to the other line, which is in the plane.

73 _404(3sf)
7a -llx+6y+z=4 b & ¢ 0918
8 a 4 b -Tx+5y-3z-4=0 ¢ 231(3s.1)
2
3
9 al; b 19° ¢ 1.67
2
s -1 1
10 a 3.74(3s.f) b 0.201 [ r=(0)+t(2)
—42 1 0
11 r.(—41) =147
31
25
12 5968
Challenge

a 2+Yy+z=0=z=-2x-y
Applyving the transformation to a general point on the
plane gives:

2 2t 2 x 2x -y -2x -2y
(2 2 —])( Yy ):(2x+2y+x+y)

-1 2 2/\*-¥ -x+ 2y - 2x -2y

-3y
= (3:1: + 3y)
-3x

-3y +3x+3y—-3x=0
Therefore, the image also lies on the plane.
Hence the plane is invariant under the linear
transformation.

b To be invariant the point must map to itself.

x 2 | 2 ¥ 2x.—y—2z
(y) =(2 2 _1)(5;): 2+ 2y -z
Z -1 2 2/\ —x+ 2y + 2z

x=y+2z (1)
x=g4z-y (2
x=2y+z (3)

Equating (1) and (3):y +2z=2y+z=y=z2
Substituting into (2):x =0

Substituting into (1): 0=3y = y=0and z=0
Therefore, the only invariant point is the origin.

Mixed exercise 1

1 a 4i+10j+8k b 38 d 2

¢ 35 3

204

2a 13i+4-k

3

10

11
12
13

14

15

16

17

18

b 288cm?

Volume of parallelepiped = FA.|EC x EF)
FA=-3i-j-2k
EC =i+ 2j-4k

EF = -i - 4j -k
-3 -1 -2
Volume=|1 2 -4/=53
-1 -4 -1

Volume of tetrahedron = %Eﬁi(fi’* x EM)
FA=-3i-j-2k

—

EC=i+2j- 4k

TR s Tgn s

EM =2i - 8- 2k

3

-3 -1 -2

Volume =(1 1 2 =i %
1_2 8 2
53 3 3

2x-5y+3z+10=0

a

=N = -

-]

g

-~ - - I~ ]

-]

Equation of L, is r = 3i - 3j — 2k + A(j + 2k)
Whens=2:r=3i-j+ 2k, so P lieson L,.
Equation of L, is r = 8i + 3j + u(5i + 4j — 2k)
Whent=-1:r=3i-j+ 2k, soPlieson L,.

-10i + 10j - 5k

2x-2y+z=10

15

i-j-k b -2 ¢ %\-"':?

r=2i-3j+k+ t(-4i+j-2k)

2/5 or 5.59 (3 5.£)
1 (3i+5j+4k) b 3x+5y+4z=30 -
Va0

% or 0.707 (to 3 s.[)

-15i - 20j + 10k or a multiple of (3i + 4j - 2k)

¢ Y+z=1

3% +4y -22-5=0 ¢ 5
6i-4j+2k b rBi+2j-k=0 ¢ (-1,1,-1)
-i+7j+5k b -x+7y+5z=0 ¢ (1,-2,3)

737 (nearest degree)

rx (20 +j + 6k) = (~5i — 32 + 7K)

The normal to the plane I is in the direction
(4i+j +2K) x (3i + 2j - k)

i j k
4 1 2|=-5i+10j+5k
3 2 -1

The line L is in the direction 2i + 3j - 4k

As (-5i+ 10j + 5k).(2i + 3j —4k) = 0

the line L is perpendicular to the normal to the plane.
Thus L is parallel to the plane II.

2/6 = 4.90

r=i+2j+k+i2i+j+3k)

3,34 ¢ 5i-j-3k d 2 ¢ (547
V34

X-y-2z+47=0 b —3 -0.567 (3s.f)
Vv2V14

(0,5,7) or (4,1, -1) _

g 6 1 8

x‘+.2 y-1 -_5 J101° V101" V101

6 1 8

10T 01 a0t

Use trigonometric identity sin®f = 1 — cos®¢

=1

x2+l ¥ i 22 3_(x2+y2+zz):2

ClaP T e faP L

@ Full worked solutions are available in SolutionBank.



Answers

19 IfL, and L, are parallel then [, = l;; m; = m, and 4 a xy=2
. L _my _ n, b 'y
n, = n,, therefore ' s 1 ¥
20 a (2,/2,/2) b 245m =2
¢ Guide wires likely not to be perfectly straight. 3
21 d=-20
Challenge -
Find the equation of the plane passing through 0 x
Alp, 0,0), B0, g, 0) and C(0, 0, r):
AB-0B-0A-= -pi + gj
Eﬁ:ﬁﬁ—?ﬁ:—pi+rk
i j ok
AB x AC = -p q 0 =qri+prj+pgk
-p 0 r Exercise 2B
rgri + prj + pgk) = pi.(gri + prj + pgk) 1 a y=20x b y2=32x ¢ yi=dx
qrx + pry + pgz = pqr d y*=6x e y’=2/3x
Distance bﬁ;;ilen plane and origin: 2 a 3.0:x+3=0 b (5.0:x+5=0
d e e é . . E = -’"_ I ."'_ -
T ¢ (2,0),x+2_0 d (vV3,0);x+v3=0
z 53 oY Y -3
O . S e (ZokxeZo0 1 (22 okx+NZoo
(qr? + (Pry? + (PG)* 64 y ) .
L:{q”2+mn2+{Pq12:L+L+L 3 a (6,0);y°=24x (3v2,0); y* = 12/2x
d? pgry? p:og: ot Challenge
1 a x*=16y b (x-3F=6y-9
CHAPTER 2 ¢ y*=12x-60
Prior knowledge check 2 This is a parabola of the form y* = 4ax, rotated hy%
1 YA anticlockwise about the origin. The distance between
1 . Gl 2T 3 cos)  —sinfl) .
y=x the origin and (2, 2) is 2/2 . Use (sin& oS0 J ith
1 1
6=T1toobtain | V2 Y2,
0 x 4 T %
v2 o 2
Let a = 2/2. Calculate
A
V2 V2| (22 _ (2.!.2 = 45]
2 (1,14) and (3, 10) 11 gz T2ez 4 4t)
d d Z 2
3 Y _i6=2 -10 VZ 2
dx dxl _, Substitute x = 2¢2 - 4f and y = 2t* + 4t into the given
y-0=10x-1) equation.
y=10x - 10
. Exercise 2C
Exercise 2A 3 3
; 1 (3.3 and(I,—E)
1a y*=20x b y*=2x ¢ y*=200x d y*=3x 5 R
e y'=10x [ y*=4/3x g x*=8y h =12y 3 M(;ZS 5)
=z = - el ’
2a xy=1 b xy=49 c xy=45 d xy=4 ¥ b GORELGSD
3 ; xy=9 b yA
h
Y c
xy=9
y 0 %
0 x
c 9 d 122 e 182
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Answers

Exercise 2E

1ax-4y+16=0
*+y-10=0
x+2y+7=0
x+y-15=0

V2x -2y + 42 =0
lox+y-16=0

2x-8y-45=0

5 a y'=>5bx b 5
¢ (-2.3) d 8x-25y+85=0
6 a (1,0 b 4 ¢ 4x-3y-4=0
d (5-1) e
7 a R(-3.0), 53, 0)
b P(9, 613), Q(-3, 63)
¢ 54/3
8a a=1b=-4 b y=x-8 ¢ (10,2)
d y=-2+12 e x=14+2/13
2t a 2a
da =3 b (G-
10 40/10
64
11 o _
12 a a=4,b=-4 b y=x+2 c
13 a S(4,0) W gl ¢ y=—gx+18
d 22 '
3
Exercise 2D
1 a Y4
xy =12
0 x
b P(1,12) and Q(4, 3) ¢ y=1x+3
d x=-10+234
2 a P(-3,-3)and Q(3, 3)
b S(1,9) and 7(9, 1), so ST = 8,2
¢ (5,5) hasy=nx.
3 l!])z:
9\"'5.
4
* 9
5 a Substitute x = 9¢ andy~—mt04x -3y + 69 =0 and
simplify. _
b t=1=@3.27andt=-9= (-2, -4
6 a xy=144 b 22/10 ¢ y=3x-104
7 a P2, 4)and Q(8, 1) b 15-81In4

8 Gradient of PQ is _iq Usey -y, =
either set of coordinates.
9 Solve the equatinm simultaneously to find single

m(x — x,) with

solution, x = and y = (4a)ici.
4 EI}%
Challenge 1 1
. [cos@ —singy .. . =« - [ve o vz
Use (sine Soid ) with 8 = 1 to obtain 11
1 1 Ll
. 75 s | [P I ]
Use general point (¢p, &) |12 V2 [0 P
se general poin (.cp p) . 1 % cp :
= = g
v2 W2 V2 py2
2 a2 2 202
Sr}x2=c’0 -+ CZ, i P + 0%+ c*
2 2p* 2 2p*?
So y? - 2% = 2¢2 So k% = 2¢? and therefore k = /2.
206

wWon
=-J--R - - ]

-

c

b
d
f 2x+y-8/2=0
b
b

x-8y-126=0 (128,1)
Gradient of P() is % Use y — y, = m(x — x;) with
either set of coordinates.

(6vZ, 42 ) or (-6v2, -4v2)

A(3, 9) and B(3, -9)

A

i l;:3x-2y+9=0

iil:3x+2y+9=0
—8\:3)

y:% b 8x-2y-153=0 ¢ (T“;
1
=3

5 P(1, 4) b (-15.0)
l 1,0 d 28

Exercise 2F

1a

b

2 a

=2 &
Eo TR R =

L3 A -

Gradient of tangent 1(;l Usey -y, =
given coordinates.

Gradient of tangent is —¢. Use y — y,
given coordinates.

Gradient of tangent is ——. Use y — y, =
with given coordinates.

Gradient of tangent is t*. Use y — y, = m(x — x,) with
given coordinates.

5

Gradient of tangent 1(;% Usey -y, =

given coordinates.
25 Jl: 3

mlx — x,) with
=mlx — x,) with

mx — x;)

mix — x,) with

Gradmnt of tangent 1(;% Use y — y, = m(x — x,) with
given coordinates.

(a, -2a) and (16a, 8a)

Gradient of tangent is —%2, Use y — iy, = m(x — x,)

with given coordinates.

(-4, 5)

(8, 2) and (-%,-10)

r+4y-16= lJ 25x +4y +80=0
(~at, 0)

(2a + at2, 0)

2a*t(1 + 1?)

Gradient of tangent is —¢. Use y — y,
given coordinates.

(0,0). (8, 8) and (8, -8)
y=0,2x+y-24=0and2x-y-24=0

(0, at) b (a0

Show that the gradient of SQ = —¢, gradient of

il
PQ=+

= m(x - x,) with

@ Full worked solutions are available in SolutionBank.



9 a Gradient of tangent is l Use y — iy, = m(x — x,) with

given coordinates
b -6
¢ (24,24)and (3. -6)

10 Normal at P: y = —px + 8p + 4p*. Normal at Q:
1y =—qgx + 8q + 4¢°. Equate ys and solve for x.
Substitute to find y.

d d
11 a Find o —l, and substitute - = —i, and
dx  p? dx  p?
X, = (Sp,%) intoy -y, = mlx - x,).
Expand and simplify.
b p?y +2x=16p and ¢g°y + x = 16q intersect at

16pg 16 . 1
R(p+q‘p+ q)‘ Gradient {1[‘{)}2:ﬁ

Gradient of PQ = ——

Pg
Perpendicular gradients multiply to —1:
1 1 ;
S e | 22—
pg* pg = TP
dy 1 1 g
12 a E:;and use y — 2at =?[x— at?.

b Substitute y = 0 into ty = x + at®

¢ Gradient of PT = 1 . Gradient of PS = Ll
) (8 ,2'5 =-1= i.z =-1.Bul ? # -1, so lines can
Lo -1

never be perpendicular.
13 a Usey -y, =mlx —x) with m,; = % and
(20, y1) = (p% 2p).
2pt
Iy

Exercise 2G

1 -7RP+y2=(x+7
2-14x+49 + y2 =22 + 14x + 49
y* =28x
a=T

2 (x - 2\5‘5]2 + yz =[x+ 2\-"3.}2
— 450+ 20+ =22 + 4/52 + 20
y =8/5x
a=2/5
3a (y-2P+2°=(y+2°
Y-4dy+4+x2=y*+4y+4

y =g
o 7
k_ﬁ
b (0,2;y+2=0
c e
Y=gt
\ S[Oy
0 x
y=-2
4 (x—a)+y? =(x+a)
—2ax +a*+ y* =27+ 2ax + @*
y* = 4dax

5a (x-3P+y=(x+3P
—6x+9+y =x*+6x+9
yr=12x
k=12

Answers

2 \flg

and then use

b Find gradient of PS =

c H[I; , -6 ]

d Area =m

6 (‘alrulale ay, withx =ctand y = —
xy =
7 a Let the coordinates of M be (x,y)
Area ol triangle = ¢
32x x 2y) =
2vy=q
=
=5
Therefore the locus is a rectangular hyperbola

b C_'L'_

Challenge

Each crease line is formed of all the points that are
equidistant from (e, 0) and a particular point (-a, y,) on
x + a =0, so is the perpendicular bisector of these two

points and has equation y — Y1 _2a, consider the point
(x,, y,) on the crease line. dh

Considering the distances from (x,, y,) to each of (a, 0) and
(~a. y), (x, + a)* = (x, —a)* + y* = y,* = dax,

So all such points (x,, y,) form a parabola with equation

y* = dax.

Solve this equation simultaneously with the equation of the
crease line to see that the crease line meets the parabola at
only one point, and hence is tangent.

Mixed exercise 2

1a (3.0 b (4.4) ¢ 6
2 a E
b (6,0)
¢ Gradient of line through S and Pis -3
Use y — y, = m(x — x,) with mnrdmateq of either §
or P.
d 30
3 a y=48 b x+12=0
[ (16, lﬁ\fi} d 96»’?
4 a (1,4)and (64, 32)
b Gradient of normal is ¢. Use y — y, = m(x — x,) with
given coordinates.
¢ x+2y-9=0and4x+y-288=0
d Coordinates are (81, -36) so are in the form (4¢*, 8¢)
where ¢ = -3,
e 9/97
5 a Focus of Cla, 0), Q(-a, 0)
b (a, 2a) or (a, -2a)
6 a Gradient of tangent is ¢*. Use y — y, = m(x — x,) with

=%

coordinate (e, t

b 4x-y=45 ¢ (-3 -48)
7 x+4y-12=0andx+4y+12=0
8 a X(2ct, 0) and Y( 2“) b 62

9 a Gradlentni‘tangpmm—zl Use iy — y, = m(x — x,)

with coordinates for P.

b 4ty =x+ 16at* ¢ (Bat®, bat)
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Answers

10 a Gradient of tangent is _ilz' Use y — iy, = m(x — x,)

with coordinates for P.
b Substitute (2a, 0) into equation for tangent to find ¢
in terms of . Then use expression for ¢ in general

point of H.
¢2 _ &% 8a
¢ 24 d y=%g ® 5

2 : 2
 Gradient of OQ is " Gradient of XP is ~£=
4q? a?

Use the fact that the product of the gradients is -1
to find the required expression

4a
85
11 a P(3,-6)and Q(12, 12)
b Area =30
dy dy 18
12 a Zya_%:ba_—
Gradient of normal = -1 + (ﬁ) =-p
18p
Equation of normal:
y—18p=—plx - 9p* = y + px = 18p + 9p’
b (9,-18),(0,0) or (9, 18)
c (81, 54)
d 1458
i . I ) e
13 a l"1ndm_p+qandusey Zap_p+q[x ap?) to

show (p + )y — 2x = 2apg.

b Substitute S(a, 0) to obtain -2a = 2apg and
conclude that pg = -1.

¢ (apg. ap + q))

d pg=-1implies x = —a, which is the equation of the
directrix.

14 a Equation of tangentis x + ’y = 2ct. At A, y = 0,
so x = 2el. So A(2cet, 0).
AtB,x=0,50y =% .So B(O,Z_f).
IPBI? = AP = c*{¢2 + 1

b Area= %[2{:.:]( %) = 2¢2, which is a constant.

X
n
tangent at Q: y = % + ag. Given the tangents are

perpendicular, % x % =-1,50 pg = -1. Equate y
terms and simplify to obtain x = apg. As pg = -1,
x = —a, which is the equation of the directrix.

alp* + q?)
2

15 a Equation of tangent at P: y = = + ap. Equation of

b Midpoint = M( Lap + q].)

2 Z
Substitute x = w and y = alp + g) into

y? = 2a(x — a) and simplify using pg = -1.

Challenge

a The gradient of the normal is —. Since the ray is
parallel to the x-axis, the right-angled triangle shown
below gives tana = 1.

1

b

Use the double-angle formula for tan:
2tana _ 21

1-tan’a 1-1(
The gradient of the reflected ray is
tan(r — 6 = —tané.
Check the gradient of the reflected ray is also the
gradient of the line PS.

2at 2al 21

sradient of PS = = =
GLAMEDLD. at*-a altz-1 *-1

tan2a =

122'5 1 using

CHAPTER 3
Prior knowledge check

Exercise 3A

1i a YA

1%+ 4y?

b x=4cosh y=2sind

ii a o

4x? + y? = 36

b x=3cosh y=6sind
iii a y

b x=5cos6, y =3sing

208 @ Full worked solutions are available in SolutionBank.



8]
=]

/ x = 2cosf, y = 3sind

x

b

jz
\: 4cosfl, i = Hsind
j‘l

-
X

o .
2 16725
u a e
b
[\xcnsﬁ,yﬁsinﬁ'
1vj1 %
-5
2
b x2+y—:l
) 25
v a LS

3

/‘ x = 4cosf, y = 3sinf
-3

w2 ¥
169
3 a (bcosf, asind)
; 2 ¥
b Elhpse§+gzl
c WA x =4cost
Y =sint
1 Tepedm
/— 2 2
-1

Answers

Challenge
1 1 a b
vz oz ['a (:f)st) _|v2cost V2Zsint
é L_ bsint I_a s _b
V2 W2 V2cost  V2sind
Show (x + y)* = 2a*cos®t
Show (x — y)* = 2b%sin®t
Substitute into [x2+asz [xz—bi;]f =1 and simplify.
Exercise 3B
1 a y

-7 ax? - 25y = 100

2i a YA

_,—"%259(:9, y = 3tand

kY

209



Answers

11 o _ ¢
V2o vz (et vz w2 a4 _ 058
A, L(%)_C_ﬂ e ¥
V2 2 V2 2
2 €, . € 2 2 = Dp2
y? ="+ ¢+ ——. Therefore y* - x* = 2¢
2 2t*

soa’=2c2 = a=+¢/2, 50 > -2’ =’

Exercise 3C
1ae=%
b e= 4
4
c e= L_
V2
2 a Foci = (x1, 0); directrices x = +4
b Foci = (£3, 0); directrices x = :13—6
¢ Foci = (0, +2); directrices y = :%

210 @ Full worked solutions are available in SolutionBank.

2 2
i T
-— - ¢*+— and

212

3 a The foci are on the x-axis, so a = b.
b ie=1 fia=60b=3/3
c YA
3\5'_5'
=12 6 0 12 x
-343
4 a The foci are on the y-axis, so b > a.
b ie=1 ii a=2/3,b=4
c YA
8
4




=[5
|
I
iy

12

7a i e:%;fociam( S, /7, 0) (£5, 0)
V24 /24

=ct=a’-a’e* + a’e* =’
= c=a

5 ae
S0 0039=?=e

If you use the result that SP + §'P = 2a then since

S'P=SPitis clear SP=a

ae
Hence cosé = =€

I

Answers

J
ii e=5;fociare (5 x 1, 0) = (5, 0)
iii e_—’ I'orlare{ x 4, 0)= (5, 0)

iv e~ ); foci are | x3 0)= (£5, 0)
A

e =5

i
\x

8 Use the fact that (ae, 0) is on the chord.

1
2 2 2 = e2=—, [8 = 0]
[aﬁ;} % = 1 simplifies to y = +b_ /3
a
Therefore the length of the chord is szz Exercise 3D
4 2 1 a Tangent: xcosf + 2ysinf = 2
9a 3 36 T 100" Normal: 2¥siné — ycosf = 3sindcosd

10 Let P have coordinates (x, y).
PA?=(x+3/30 + g2 =22+ 62/3 + 27 + (9—1)
=3(x + 4/3)? 2

x+4»'3>0=:~PA“; +6

Similarly, PB =6 — 73

So PA + PB = 12. 3
11 y

b|P

=Y

Consider APOS

w1

b c
6

ae 7

¢ =b*+a’e®, but b =a*l-e? 8

atet W
PS is y where 2 Ty 1
Y= b1 - e?)
y=bli-&
55" = 2ae

lan30°=%zi_b\‘17€

/3 2ae”  2ae
But & = a*(1 - €%)
1 _all-e2/1-¢

=

V3 2ae
= 26 _1-¢
V3
= el + %e -1=0
V3

b Tangent: 3xcos# + Sysind = 15

Normal: 5xsinf — 3y cosd = 16sinfcosd

a Tangent: 6y +/5x=9
Normal: 3/5y = 18x — 16/5

b Tangent: 2/3y -x =8
Normal: y + 2/3x = =33

dy _ _bcost

dx asint beost

So tangent is iy — bsint = ——
g Y asint

= bxcost + aysint = ab(sin®l + cos®t) = ab

a y=ax+y5 meets the ellipse when
%+{x+\5] =1
= 522+ 8/5x+16=0

This has discriminant (8/5) - 4 x 5 x 16 = 0.
So the line meets the ellipse at only one point,
therefore is a tangent to the ellipse.

b {—%\3,%\.3)
a 2ycosf - 3xsind = -5sinfcosd

b Pis(3,0),(-3,0), (-2, 3) or (-2, -/3)

c=+2y2
m=+2
a m=2 b (-3,1) c (0,

(x — acost)

=Y

=&

211



Answers

dy
dy do  2cosd 2
= = it = —2¢cot#
29 dr dx -3sind 350
de
@ (&
b %+ 45 = +30=1,50 Q(Z, -§) lies on E.
¢ 3
d tanf=13 ( . 2) and (— 2. _ g)
W10 V10 V10 V10

10 m=+/2,¢c=+8
11 3xsinfcosd - 2y = 24sind
_ 3cosf
" —5sinf’
Substitute into y — y, = m{x - x,) and simplify.
3ysindcost — 9cosd = Hasin?f
¢ At(-4,0), -9cos# = -20sin?#
Use sin?# + cos?# = 1 to obtain
20c0s20 + 9 cosd — 20 = 0 and therefore cosf =

13 a d_!!: -2cost

dx sint

ﬂ and (x, y,) = (2cost, 4sint)
sint '

12 a m

(2, 4,) = (5cosd, 3sink)

and substitute into y — y, = mlx - x,)

using m =

b Find /,: 2ycost = x sint and equate/substitute /,and ,.

. " . . b
14 x-interceptisx = L, -intercept is y = —
P cost L ptisy sint

a b . . .
x —— and simplify usin
cost  sing PULY U

sin2t = 2sint cost to obtain answer.

Area =1 x

236 - x*
3

15 Rearrange to obtain y = — and then integrate

using the substitution 6sinu = x. Simplify using
sin®u + cos®u = 1. Integrate betweenx =3 and x = 6
and multiply the answer by 2 (for the area underneath

the x-axis.
Challenge
z | xHI
Rearrange to obtain y = b'n" d=its

Use the substitution siny = %

Integrate between x = 0 and x = ¢ and then multiply the
final answer by 4.

Exercise 3E
1 a Tangent: 8y = 3x - 4
Normal: 3y + 8x = 108
¢ Tangent: 5y =2x -5
Normal: 2y + 5x = 56
Tangent: 5ysinh¢ + 10 = 2xcosht
Normal: 2y cosht + 5xsinh¢ = 29 coshsinht
b Tangent: ytant + 3 = 3xsect
Normal: 3ysect + xtant = 10secttant
dy _ bsect
dx  atant
So tangent is y — btant =

b Tangent: 3y =2x -6
Normal: 2y + 3x = 48

2 a

_bsect
atant
= bxsect — aytant = ab(sec?t — tant) = ab

dy  peoshe

(x — asect)

asinht

4 —= , s0 gradient of normal is —
dx asinht g beosht
So equation of normal is
. sinht
~bsinht = -2l g coshe)
¥ beosht

= axsinht + bycosht = (a® + b*)sinh tcosht

212

=

(=R =R R -

11

12

13

14

15

3
a (0,-
( sinh.-',)
b (0, % sinh¢)
¢ £|(25sinh?t + 9)coth|

P and Q are (4, 3V/3) and (4, -3v3)
c==+6

25 _ﬁ)

3°73

asinht
beosht

and substitute into

a Find normal gradient = -
Y-y =mx-x)

b ((%M)mshz, 0)

(a (a® + b%) sinhtcosht — azsinht.')

c
beosht

a Substitute m = 5 and
7 sinf

(xy, i) = (7sec#,5tand) into iy — y, = mlx — x,).

b [, has gradient ?s?ne’ so equation of l, is i = B
So at Q, —(sin?6)x = 5x — 35cos 6
g 175 cosd _ —245sinflcosd
25 + 49sin?¢’ 25 + 49sin’f
dy_x
dr 4y
Y-y, =mx-x)=xx,-4yy, =16, xx, - dyy, =16
< YU m
E te and substitute (m, n) to ob =
quate and substitute (m, n) to o tamxz_jcl e

This is the gradient of the line joining (x,, y,) and (x., y.)
¥y, :ﬁ[x—x,jﬁfnx—-‘rny: 16

Substitute (6, 4) into the general equation of the
tangent to get 3sect — 4tand = 2 = 2cosf + 4sinf =3
= V20cos(f + 1.107...) = 3

=6+ 1.107...=...,0.835..., 5.447..., 7.118..., ...

This gives two values of ¢ in the range [0, 27), so there
are two tangents to the hyperbola passing through (6, 4).

P=(2,2/3)
dy _4x dy 43
a = ?, soat P E = 3

Line [ has gradient ~5

B By sy Bu-
y—2v3= 4[x 2) =y = 4[3: 10)

Line / cuts the x-axis at x = 10 so the right-angled
triangle has area = 83
The remaining region has area = j? Valx? - 1) da.

1
Substitute x = cosh u and dx = sinh u du so integral
becomes

arcosh 2 - . arcosh i
2 [ Jeosh®u - 1sinhudu=2 [ sinh*udu
] o

arcgsh 2
fﬁ {en o e—ar)(eu = e—u] du
o

)=

mregsh 2
f (e? - 2 + e2)du
o

=

areosh 2

=1[e* - e - 24’

3 =23 —arcosh2

So total area = 10v3- arcosh 2

@ Full worked solutions are available in SolutionBank.



16 a The asymptotes of H are y = x and y = -x.
Let A = (a, a) and B = (b, —b), so the midpoint of

Aqu(a+b [ b)_

2 2
Now we compute a and b for the generic point P on H
P=(XY)

dy «
2y = b AR
Y= %"y

Gradient of the tangent at P is )—}S

Differentiating I7 we get 2x —

So the tangent has equation y — ng(x -X
Atdia-Y=Sa-X)=>a=X+Y

AtB:b—Y:i}f(—h—Xj:» b=Y-X

Sr}X:a”’andY:a;b
|OA|= v2la| and |OB| = v21b|
So |0A| x |OB| = 2|ab| =2|X2 - ¥?| = 2|1| =
which is constant.
Exercise 3F
1 a (apg.alp+q)
b Chord PQ has gradient
2ap - 2aq _ 2alp - q) . 2
ap* —aq®  alp-@p+q  (p+g

Equation of chord PQ is: y - 2ap = ﬁ[x - ap?)

= ylp + q) - 2ap* - 2apq = 2x - 2ap*

= ylp+q)=2x + 2apy

Chord passes through (a, 0) = 0 = 2a + 2apyg
or pg=-1

Locus of Ris x = -

y=a

2¢ %y dy . B %

a? b7 dx dx a 2y

b*asect b

So gradient of tangent at P is ———— =
g g ahbtant asint

z ; b
Equation of tangent is y — btant = x—asect
q g Y mmz{ )

= bxsect — aytant = ab(sec®t — tan®t) = ab
ab

Aiswherey=0=x=———=acost,
bsect
i.e. Alacost, 0).
: ab
Blswherer_0=>-y__atan£ =-becott,

i.e. B(0, =b cot ).

Midpoint of AB is 2(‘0:;.-: —gcott

x=%cost = sect =L
b b
y=——cotf=tant=—-——
#="2 2y
Use sec’t = 1 + tan®!
aZ

== =1+ i which gives locus.
4x? 4y*

o
=]

7

8 a

2¢ 2y dy_, 4y _bx

2z 0 dx a?y
2
So gradient of normal at P is —M =-Zging
b*asect b

Equation of tangent is y — btant = —%s'm.![x —asect)

= axsint + by = (¢® + b*)tant

b g:O:x:(azzbz

)seca = Alis

a® + b*

ke
x:O::-y:( )lant =:-Bl(
o

a® + b? a?
sect,

1an.-:]

Midpoint of AB is ( bb

a’+ b

2ax
xi= secl = secl = :
2a a® + b*
a’+ b

y=—F—tant = tanl = 2by
2b a? + b?

Use sec®t =1 + tan®{:

4a%x? = (a® + b?) + 4b%y?

dy  3cost

dx ~ -5sint

Y-y, =mlx-x,)using m =

a Find — and substitute into

5sinfl
a
3cosf

(x,, y,) = (5cosd, 3sind)

=

Find midpoint (£cos6, —3sing)and use
sin®f + cos?f = 1

Tangent at P is x + p°y = 2cp
Tangent at Q is x + ¢°y = 2cqg
Tangents intersect when (p* —

(2cpq  2¢ )
SDH‘(p+q’p+q

Gy =2clp - q)

f.' P el
cg-cp pq
So equation of PQ is
& —i[x—cp)iypq+x=c{p+q]

Y=p=
Y= ii y=2c%,2<0 iii x=2¢

b Gradient of PQ is ———

i -2x,x# 0
1
T
y - 2at ._—{x at?) = ly — 2at® = x — at®
=x-ty+at*=0
¢ Tis (0, at). Perpendicular bisector of OT is i = %":

Perpendicular bisector of OP is y — at = -5 5
Centre of circle is where perpendicular bisectors
at t at

tersect: & — a———( ——)
intersec 2 13 2.1’} 2

Therefore centre of circle is (% +a, ﬂ;';),
d X=a +%=> at? = 2(X - a)
y=% L oq-ay

2
% YV =4dax2(X-alor2Y*=alX - a)
y=5.2<0
r? 2y -6}
PrAY TR
b Simplifies to x* + (y — 3)* = 4 which is a circle of
centre (0, 3) and radius 2.
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Answers

Challenge
Ais (xy, i) and B is (x,, ).

Theﬂk=y__ x]+x2yl+y2‘

x: 2 ii and the midpoint is (x, y) = ( 5
bzt 22 = g2h? y . .

v avim el o - g = bk - )
bxs + a’y; = a*h*

= @y, + Y)Yy, = y)) = b¥x, + x)(x, — 1))

2 2
= _kbiﬂy] +Y) = () + 2) = ‘kbizy =x = ka’y +bx =0
Mixed exercise 3
x? Y _
1a T i 1
b YA
9
I
-4 0 4 ;
-9

¢ 4xsind — 9ycosfl = —65 cosfisind

x ¥
2a Xx_¥ 9
R T

5
y=3x

¢ 2ysinht + 10 = 5xcosht
2z ¥

Ja ~—--—_=1
a*  a'm®

214

b Ais [az +: b sec.s,()) and B is (0, o+ bztana],
S G G _(a®+ b a’+b? )
So midpoint is (x, y) = [ 5a sect, 2 tant|.
da’x? 4b2y*

Using sec’t = 1 + tan?l, e i
g (aZ + bZJZ [az + b;’].’

So the locus of the midpoint is 4a°2* = (¢ + b*F + 4b°y°.
[

Gradient of chord = g - elo-p) 1

cP-c¢q4 pgclp-q) P9

x

=Y

Gradient of PQ = -1 and gradient of PR = -

So -1 =pigr(1)

Gradient of tangent at P is -
_ 1

chord RQ = r

e (_%)(_#) B pzlqr

But from (1), p*gr = -1
Therefore tangent at P is perpendicular to chord QR.

dy ¢ 1
= -1 i e —-—
y=ctz=ct=—=—1—= =

1
pr
1

» and gradient of

Equation of tangent is: y - ’I = —%[x —ct)

= ytf—ct=-x+ctort’y+x=2ct

-%,-12) and (12, 3]

Let P have coordinates (x, y).

PAZ=(x + 4P + 5> =22 + 82 + 16 + (9 — - x2)
= (2 +5]

r+5>0=PA=tr+5

Similarly, PB = 5 - 2x, so PA + PB = 10.

5

Ha
180° — o
P
<IN
A o 5 N
-4 ol [x 4 x

Normal at Pis Sxsint — 3ycost = 16cost sint
Xis when y =0, ie.x=cost
PB* = (5cost —4)* + (3sint)® = (4 cost - 5)*
= PB=5~-4costand PA=10-PB=15 + 4cost
AX=4+cost,BX=4-Lcost
Consider sine rule on APAX:
sin(180° — ) AX _SIn a4 + 1 cost)
AP 5+4cost

sing = = 2sina

@ Full worked solutions are available in SolutionBank.



Consider sine rule on APBX:

: sina(4 - 18cost
sing = Sin o BX & \ 5 ) ” %sina
PB 5-4dcost 2

So sin¢ = sinf and, since both angles are acute, 6 = ¢

Therefore normal bisects APB.
d 2
a y=ctx=clt= d_y gﬂ :_é
x

Equation of tangent is: y — % = —é{x -ct)

yi—ct=—x+ctor i’y +x=2c¢t

b s

Gradient of tangent is —l,_)
Gradient of OP is ¢*
Equation of OP is y = t°x
Equation of tangent is t*y = 2¢t — x
Solving, t*x = 2¢t -

2ct _ 2el?
T+EY 1+
_ 4 + 4ci° _ 4ct?

T+ 1+0

= X =

= (2% + y?)° = 4cixy

a OP has gradient % = % and 0Q has gradient %
Since OP and OQ are perpendicular, % x % =-1,
s0 pg = —4.

b y+xqg=0aq¢®+2ag

¢ Normal at Pis y + xp = ap® + 2ap
Solve equations simultaneously to get
x=alg?+p*+qp+ 2), y = apqlg + p)
pg=—-4= Ris (ap® + ag® -2, —-4pg(p + q))

d x=allp+q?-2pg-2)=allp+q)?+6)

y=4alp+@)=p+q=—
2
= x=a(y,+6)
a

i y*
=1 - ba=—
16a

yZ

9 g-—mx+cand—+——]

bz
= b*x® + a’(mx + ) = a*b*
= 24(b* + a*m?) + 2a*mex + a®*(c® - ) =0
For a tangent the discriminant is 0:
da*m®c® = 4(b* + a*m?a*(c® - b?)
= c=H/mi+ b
So the lines y = mx + Va’m? + b* are tangents.

10

11

12

13

14

Answers

Chord PQ has gradient -

Y

<
g __cg-p _ 1

G~ pgep-q)~ P4

£
p
cp -

If gradient = 1, then pg = -1.
Tangent at P is p*y + x = 2¢cp
Tangent at Q is ¢°y + x = 2cqg

Intersection: (p* - ¢*)y = 2¢clp - @) = y = p2+cq
2cp*  2epq
2
A= Dy
2cpq 2c)
SoR (
oRis FEX Y
o __2c
But pg =-1 les( p+q,y ]

The locus of R is the line y = —x

dy  4cosh _ 2cosd

a Find — —— = 2 and substitute into
dx ~ -6sing —3sind -
: oS
-y, = mlx - x,) using m = and
Y=gy =mle =) g =

(xy, y,) = (6cosd, 4sind)

3 2 et s
Find midpoint ( — qu}) and use sin”f + cos*f = 1
Scosd »
m —m, (Jf-l, y|J = [130059, 55)1119}

Substitute into y — y, = m(x — x,) and simplify.
Sysinficost — 25 costl = 13xsin?#
(—~ae, 0)=(-12,0) asa=13,b =
Given line passes through this point,
—25¢c0st = -156sin*d

Use sin?# + cos?f = 1 to obtain

156 qu.‘) + 25costl — 156 = 0 and therefore
cosfl=qs=¢e

5and e =33

Find normal gradient = —%19 and substitute into

Y-y, =mlx-x)

A(20secs, 0), B(1, 10tan#) and midpoint of
ABis (10sect, Stanf) g P

Use tan*# + 1 = sec*# to obtain 10025 1
dy _ beost

dx ~ —asint ]
So gradient of normal at (acost, bsint) is %}Ili

asint
beost
= axsint — bycost = (a® — b?)costsint
bZ ¥ bZ

Equation of normal is y — bsint = (x acost)

cost, 0)
- b2

y:O::-x:(.az; )C()SE:)MiS(a

“2‘5’2'] sint = Nis (0,—
b |

x.:O:;.y:—( sina)

2 B2 2 _p2 )
Midpoint of MN is [.ﬂ Zab cost, - be sin L.]
a’ - b 2ax
=2 =% cost = cost ==
x 5g C0St=>cost=—r—r
a-b ; 2by
sint = sint=———
.

sin?t + cos?t = 1 = 4b%° + 4a’x? = (a® - b*)?

y=-
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Answers

15 a=5,b=3= e=1, so foci are (4, 0).
Let P have coordinates (x, y).
PS?=(x+4) +y’ =2"+ 81 + 16 + (9 - 5 x?)
= {%x + 5::|2
SX+5>0=PS5=22+5
Similarly, PS' = 5 - {x, so PS + PS' = 10.

16 x-intercept is x = =4 height is bsint.
cost

Area=1x_2
z " cost

x bsint which simplifies to %ab tant.
17 Area bounded by x-axis, x = 3 and ellipse is
1{/36-x2dx=3r-2V3
3
Area of triangle formed by x = 3, the tangent and the
x-axis is

lyogx

303 213
P

3
Shaded area = AT?»B — (37— %v"’é') =9/3 -3
18 108

il

19 a P(3,2/2)and Q = (3, -2/2)
b The area of R is 2(3)(3)(2/2) - 1
where 7 = | a?-1dx
1
Substitute x = coshu and dx = sinhu du so integral
becomes
arepshd arcosh3
| Veosh®u — 1sinhudu= [ sinh*udu
0 Lt

aregsh 3
f (e" — e (e" — e du
o

=

B sh3

=7 f (e -2 +e™)du
0

areash 3

= i[zte* - e - 2u]

Area of R = 2(8;2

=3/2 - Larcosh3

=7 ) = arcosh3 - 2,2

Challenge

QS = ePS < (5% = e*P5*

5% = a*e*cos?f - 2a*e’cost + a’e’

PS? = a*cos®f — 2a*ecost + a*e® + b*sin*f

Use rearrangements of b2 = a?(1 - ¢? to simplify.

CHAPTER 4

Prior knowledge check
1ax<-jorx>1
2ax>2orx<-3

3
Exercise 4A
l1la -1<=x<6

b -2-6<zx<-2+/6

3 5
b s<x<3

b x=-3orx=2

]

Osz<lorz=3 f z<-lor0<zx<2
r<=-2or-l<x<lorx>2
-l<x<0or0D<x<2
x<4nrx>%
—2<xq5orx>g
{x:x>%}u{x:—5<x{0}
[x:x <0} U {x:2 < x < 5)
[r:x <= -2}U{x:0<x<1)
[:x<=-3}ufx:-1<=x<1)
[x:—%{x<0]u[x:04x<%}
fx: -1 <x < -3 ufrx >

(&%)
L B - T T - R R

o ol | d V3<zx<-lorl<ax</vV3

3 S5<ax<-dand-1-y7 <x<-1+47
5-429 5+ \2—9}
2 2
5 a The student did not square the denominators before
cross-multiplying. Multiplying by negative values
does not preserve the inequality.
b f<x<-lor0O<x<4

4[x;—%<x< U3 <x <

6 [x;—2<x<—1]u{x:—%<x<0]

Challenge
x<Injorx>Inl

Exercise 4B
1 a a
y=x>-5x+6
6
0 73 x
b YA

y=x%+2x%-3x

c Y p
1
-1 0 ‘;x

216 @ Full worked solutions are available in SolutionBank.
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-l<x<lorx=3

b (3,2)and (-1, -2)

c



Answers

5 a
f
b (-3.3)and (3.3 ¢ -3<xr<jorx>3
6 a ! -
] E s 4x
NI T -1
oy: . .
112 "
_‘%'r_; """"""""
e trs

b (0,0),(3,15) and (-1, -1)
¢c r=-lor0=x<lorl<x=s=Zor2<x
7 a WA

=Y

_ 62-x)
Y= 2a-3

b (0,-2),(1,-1) and (2, 0)
c r<-20r0=s=x=lor2=x<3
8 a : Y a

P R TRTRTRUTL, Yl P e e gt

218

b (-1,-1) and (2,3)
—2<r<-lorO0O<x<?2

c

Challenge

a

Y

(x-2P+(y-472=10

=10

b (-1.:3), (1:710.(3: 7). (5. 8).

¢ yll '
PN\ - 22+ (y - 4)2 =10
e N O —
-1 23 5 x
d -l<x<land3<x<5
Exercise 4C
1a x<g
b 1(-T13-1)<t<1(/T3-1)
¢ T<a<=2=-yTor-2+{T<a<3
d xr=lorx=-2
e *x=>lorx<-3
f x>10rx<—%
a Y
y=[3x-2|
4
y=2x+4 20% *

b f{x: —%sxaﬁ]

@ Full worked solutions are available in SolutionBank.
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Al

b -/5=sx<-lorl<x
4 {x:—1<x4%}
5 rx<-1-3lulr:-"2<x<V3-1}

6 a Ya

J

=Y

—

b x<aorx>a-++
7 2<x<0Qorx=2

8 a The student hasn't checked which critical values
actually correspond to intersections of the graphs.

b 1<=x<5

Challenge

a f-1)=(-1P+3(-12-13(-1)-15=-1+3+13-15=0

So by the factor theorem (x + 1) is a factor.
b flx) = (x+ D+ 5)x-3)

Answers

=Y

=15 y =)

¢ x=-51-/5=<x2<1-/3,1+/83=<x=<1+,/5

Mixed exercise &
O=sx=2o0rx=4
2<x<1-y6orx=>1+/6
0{x<2mx>%
o<zr<3iud<z<4)
frx<-1NUufx:l<x<11)

a A

f=a ) I A

2 x
) E
y=2x+2 \

b 1-/f<x<20rx>1+5

7 a Wa
_ 2x-4
Y="7=2
2
O\ 2 ]
y=2—-4x

b ~Z<zx<-lorO<zx<VZorx>3}

219



Answers

9 a i LI

b xr<-4,5-3/3<x<25+3/3<x
10 1=x<5

11 -3 <x<3

12 x<%

13 x<V3-lorx=>y3+1

14 a yA
3

Yy =|2x -3
ofp  : %
_1 5 2
y=5x-1
b x>%

15 8 £=-1-17,0,1,-1+/7

b Iy

y=[2x%+x -0

=Y

50

y=6-3x

¢ x<-1-yTorO<zx<lorxz>-1+V7

16 a ¥a

y=[2x-1|

Y

b x=-1-/6,-1,-1+/6,3
¢c r<-1-/6,or-1<x<-1+/borx>3
17 a The student has correctly found critical values,

but not checked which correspond to points of
intersection.

b {v:ix<-3+/6)U{x:x=>1)

Challenge

Solving x* - 5x + 2 =x - 3 and x* - 5x + 2 = 3 — x we find
that the critical values arex =2 -5,1,2 + 5,5

Sketching the graphs we have
Ya y=lx-3

y=|x*-5x+ 2|

=y

Oz -+51 2++55

x<2-Blulxel<x<2+/5)Ux:x=>5)

Review exercise 1
1 2/2

-3
2 a 3k
2+k
b % which occurs when k = -0.2

220 @ Full worked solutions are available in SolutionBank.
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10

A

=(-a)x(c-a)
=hxe-bxa-axc+axa
=axb+bxc+ecxa

B

b

Area = 1AC x ABsin A = L[AB x AC]

]

]

11 a

12

=%|a>< b+ b xc+cxal, as required.

5i-3j -4k b 100 ¢ 50

-30 2 -2
!

45 2 3

5 o -2
( 2 ) = (1) +,1(_1), i.e. B is the point with 4 = -1.
-1 2 3

35

-6
2
-4 o
A vector equation of Tisr| 2 | =-14
-4
So-6x+2y-4z=-14=30-y+2z=7
(-1,8,9
—_— —_—
t-a=3b-a), so AT and AB are in the same
direction and have A as a common endpoint. Thus
A, B and T lie on the same straight line.
Equating the x- and y-components, and solving
the resulting simultaneous equations gives { = u = %.
Substituting these values into the z-components
gives % for [ and —% for m, which are not equal, so
the lines do not intersect.
(1 =28 = 2u)i + (=t + wy)j + (-4 + £, + uk

'5"-1:%,"4:%
=3 =2 2 p £+3_¥+2 _2-2
A7 AT V7 32 2
i+4j+ 2k b ri+d4j+2k)=7 ¢ 2
i+ 8 - 4k b 3i+j-k
fix
n,xm=[-1 8§ —4 =|8 _—4i—‘_1 _4"+I_1 Slk
e I 3 -18%]3 1

=—4i-13j - 25k = -1(4i + 13j + 25k)
r=i+j+k+(4i + 13j + 25k)
aldi+j+2k).i-5j+3kl=ald x1+1x(-5)+2x3)
=ha

BA = a(di +j + 2K) - a(2i + 11j - 4k)

= 2ali - 5j + 3k)
BA is parallel to i - 5j + 3k, which is perpendicular
to 11. Hence BA is perpendicular to 17.
22.3°(1d.p)
6i +j — 4k
The vector equation for 17, is
(60 +j — 4k) = (i + 6j — K).(6i +j — 4Kk) = 16
So (xi + yj + zk).(6i + j — 4k) = 16
= bx+y-4z=16

13

14

16

17

18

19

20
21

Answers

c -2
d (r-(Gj-2K) x (-9i+ 10j- 11k) = 0
a (-5-4ei+(-6-5c)j+k .
b Equating coefficients of i and j of RP x RQ,
-5-4c=3=c=-2,and thend =-6+ 10 = 4.
¢ rBi+4j+k =7
d -5i-3j+8k
a -15i-10j-10k b rB3i+2j+2k =7
¢ r-Bi-j)x(-2i+j+2k =0
@ [ 25
9' 799
a 3i-6j+6k
b (0,0,0),(2,0,-1) and (4, 3, 1) all satisfy
x—2y+2z=0,50x - 2y + 2z = 0 is the equation of
the plane through 0, A and B.
c 14
d r=4i+3j+k+tj+k
e 4di+j-k -
a 2i-3j-2k "';7
¢ n(2i-3j-2K=-7 28 -3y-2z=-7
e L 3.2° (1 d.p.)
V1T
1 -3
ar= (2 +1 5 b
3 1
-3
¢ x5 ]=1 a (8.
1
e DE*=(1- b_f)z +(2- %)2 +(3 _%}Z =%
11,35
= DE = 35
i (oL s
a Equating the x- and y-components of r for /, and L,
and solving the resulting simultaneous equations
gives s = 2 and ¢ = 5. Substituting these into the
z-components gives 2 for both /, and L, so , and [,
intersect.
(-2i+j+3kl(-i+j-kl=2+1-3=0,801, L1,
b r=-5i+4j+ 2k + ul9i + (i - 4)j - 5k)
& 54+ 11
V4222 -84+ 122
d -1
a /10 b nii-2j-2k=-6
¢ 2i+j+3k
(-8,2)
a y4
c
0 x
b 60/2

221



Answers

22 a=2,b=9
Equation of perpendicular bisector of PQ is

y=-2x+14

x-coordinates 0fMandNar9%+ ,%—
i=Pp=3

23 a (4,0) b 4x-3y-16=0 c (1,-4)

24 3

25 (2, 8), (-4, -4)

26 (-8, 2)

27 a P(2,5)and Q(10, 1) b 24-10In5

28 a _z,(6 24) b y=2x+12

¢ y=-4x +48

29 The equation of the tangent is yt =
coordinates (-at?, 0).
The equation of the normal is y = —{x + af® + 2at, so N
has coordinates (at* + 2a, 0).
F'T2 = (2at?? + (2at)® = 4a2(1 + 12) = PT = 2ati/1 + £#

x + at® so T has

PT 2aty1 + ¢ _

TPNT 2aV1 + 12

dy 9 dy 1
30 a Z=-2 x=3t=>—2=-—"

dx 1 =>dx t?

So the tangent to H at [3.5, é) has equation

y—— ——(x 310), or x + 12y = 61.
b AtA,x_Gz:OA_ﬁz,
6

AtB Py=6l=y= é=>~OB——

Area of triangle OAB = % x B x % =18
dy _ ¢ y_ 1

31a Z=-"x=ct=—"=——
dr  a? - t?

So gradient of normal is (* and equation of normal is
y—%::‘,z[x—cﬁ]z:-y:ﬁzx—ty—c(:‘ﬁ— 1)=
ot - 1)

b y=x=t°r-tx- =0=>x=c£+%

So (; has coordinates (c.-: + %,c.ﬂ 4 %)

il

PG?=(CE+%—L’LJ2+ :

efe

32 a (8,0 b »r=-8
¢ Line through PQ and Q has gradlent o=
so equation of this line is y — 8 = —{x 2).
When y = 0, this gives x = 8, s0 the line goes
through S(8,0).
dy 16
d 2=t
de ¥
Tangentto CatPisy - 8 =1T{’{x— 2)ory=2x+4,
and tangent at Qis y + 32 = ‘Tf’z{x - 32),
ory = —éx - 16.Thus D is such that 2x + 4 = —éx -16
= x = -8, and hence lies on the directrix.
dy  Ja ., dy 1
33 a E—ﬁ,ﬁf:ﬂl’ =>—x=?

So gradient of normal is —¢ and equation of normal is
y - 2at =—tlx - a;zl =y + lx = 2al + at®

b ((z2+2 _ogl? : ))
34 a 8 b y=2x+4 c 4
222

35 a

36 a

37 a

b

dy 2 dy 1

- x=ect=—L=——

o L. de  £F

So gradiem. of normal is ¢? and equation of normal is
y—— Plx — r:t]::vy_azx+'f ct?

So equation of tangent is

y—%:—#[x—cp}¢p2y=—x+2cp (1)
The tangent at Q is ¢°y = —x + 2cqg (2)
Subtracting (2) from (1) gives

3 v e -

1
dy  ¢? dy 1
a=—?.x=cp=>ﬁ=——

pz
So equation of tangent is
el

9=p

(2ep, 0) c

38 Midpoint of OP has general point (%E %]

2
xy = i— which is a hyperbola

39 Distance from P to line =x + 5
Distance from P to (5, 0) is |/(x - 5)2 + y?
So (x + 5)% = (x — 5)? + y? = locus of P has equation
y?=20x,ie.a=5.

40 a

41 a

WA

3 X LY

-3
% C {:tv"-?-' 0]
% b 4 \-"-5

Y

@ Full worked solutions are available in SolutionBank.



42

43

{g\."'ﬁ-, 0]
The directrices are x = +—

9

v
Let the line through P parallel to the x-axis intersect

the directrices at N and N'.
Then NV = 2 x L = 18
v Wb
SP=ePN and S'P=ePN,so
SP + 8'P =ePN + ePN' = e(PN + PN') = eN'N

:‘II;—SXE-_*()

3 /5
5 b y=-1x+2 ¢ 2
b x

¥+ 4y =a®

Pis (%, ‘L) and Q is (0%)

v v

__cl_ —
2,2 221—»"2

2
iz
So equation of line containing chord PQ is
1-42 b
2

Gradient of PQ is =

-

+%=>(\-"§—1]x+2y—a=0

V5 9
Sl b 5,00, x=+=
. (+/5, 0], x = + =
2 cost
—3sing’

_Z m-,f;'{x Jcost),

3sin
siné
which can be rearranged to M + 4 =

35m8x

2¢cost
So foot of perpendicular, (x, y), satisfies

2xcost + 3ysinfd =6
2ycost — 3xsind =0
Solve these simultaneously to find

2
231: and sin# = 52y = 2
x2 + y? + Y

2 2 2
Therefore 32 + ( Y ) =1
12 + yZ xZ + y2

Gradient of ellipse at P is , 80 equation of

tangent is y — 2sin# =

1.

Equation of perpendicular line is y =

cosf =

Rearranging, this gives that the locus of the foot of

the perpendicular as (x* + y%)° = 92% + 44

dx o dy bcos#
¥ _ _asing, -2 = bcosf = -~ =—
T A PR T Y
The gradient of the normal is asing
beosd
So the equation of the normal is
—bsing = 259 _geoss
4 ' b cosd ( J

= axsecH — by cosect = a* — b?
a? -
a
2
b (:039,0)

2
b =x= b cosf

y=0= arsecd =a® -

So G has coordinates (a— =
Midpoint has coordinates

a® - b?
(ac{159+ Tcosfi‘ bsin9+0)
2 ’ 2

2 2
= (2a2a b* cose,gsinﬂ)
2a? - b? 2ax
= TCOSQ = cosf = m
b o0 2y
Y= Zst = sinf = b

So using cos® + sin’d = 1, M has locus
da2y? 4y

m + F = 1, which is an el].ipse.

2
d H has coordinates |0, - @t~
bcmer.‘}
2 _ h2
A, = Area of AOMG = 1 x =0 bging
asecd 2
4b (a? — b2)sind cosf
2 _ k2 2 _ K2
A, = Area of AOGH = 1 x L= b° , @°-b
beosecd  asect
2 _ h2y2
= wsmﬁ cost!
2ab
So A :A, = b*: 2(a® - b?)
47 Area of triangle to left of P is
1x4x2/3=4/3
Area to right of Pis
6= (% ) dx—@—4 3
il
So total area is 443 +&—4v3 _“landa_{
yz
48 a Substitute y = mx + ¢ mt0 — + i 1:
x2  (mx+c)? 1
PE A Y
= (a*m® + b*)x® + 2a’mex + a*(c* - b%) =0

49

50

a

a

As the line is a tangent, need to have “h? -
datm?c? — da(a*m? + b)(c? - b?) =
= dla*m2? - b2+ b =0= ¢*=
y——‘%x+l‘3andy———x+—
22 yz

bz

amz+b'2

Substitute y = mx+ ¢ mtn =i
(mx + c)?
az b*
= (@®m? + b*)x? + 2a’mex + a*(c® - H?) =0
As the line is a tangent, need to have “b% —
datm?c? - Ha*m? + B2 - b3 =0
= a?m?h? - b + b)) =0 = ¢ = a®m? + b*
b* + a*m?
2m
7o b+ a’m?
2m
For a minimum, oL =
dm

=1

N I T LR
_me +zatm

B i = Seos. o R, SN
2bm +50°=0

ba =a*=m’= b,z
2 az
As L has a positive gradient, m =%
2 dZT > bZ a:‘}

Atm = — =— = 0 and so this gives a

@ dm? m* b
minimum value of

v ooft)

2(q)

= 2 bz =
2(a)
V2

Tangent at P: xcosht — ysinht =1
Normal at P: xsinht + ycosht = 2sinh fcosht

Answers

4ac =0".

4ac =0".

Substitute i = 0 into the equation of the normal:

xsinht = 2sinhtcosht = x = 2cosht, so G is
(2cosht, 0).
() has x = cosh ¢, and the asymptote in the first
quadrant is y = x, so @ is (cosht, cosh ).
; ; 0 - cosht
Gradiemt of GQ is ————— = -1
radlent ot GO 2 cosht — cosht

So GQ is perpendicular to the asymptote y = x.

223



Answers

¢ Substitute y = 0 into the equation of the tangent:

xcosht=1=2x=

,s0T = ( 2 ,0)
cosht cosht
Substitute x = 0 into the equation of the normal:
yeosht = 2sinhtcosht = y = 2sinht, so R is
(0, 2sinht).

TG = 2cosht -

cosht _ )
TR? = OR® + OT? = (2sinh1)? + (L)
cosht ,
. 1 ( 1
= 4(cosh?t — 1) + ——— = [ 2 coshi - )
£ Vi cosh?t ( cosht

= TG?
So TR = T and R lies on the circle with centre T
and radius TG.
51 Let the point P have coordinates (acosh, bsinh )

dy _ beosht

dr ~ asinht

beosht

asinht

= aysinh! = bxcosht — ablcosh?t — sinh?{)
= bxcosht — ab

For T,y =0, s0 bxcosht =ab = x =

% = asinht, % =bcosht =

Equation of tangent is y — bsinh( =

e
cosht
The coordinates of N are (acosht, 0)

OT x ON = Ef % acosht = a®
52 a d_x= asect Lant,—y = bsec?
dt de
dy  bsect _ b

dx asectlanl asint

The gradient of the normal is AABLD

The equation of the normal is
_asint

y—btant = (x — asect)

= axsint + by = (@® + b*)tant
p E 27 4z 5m

.

V3 3" 3
" 2

53a £-Y 1 p-aer-1)
a’ a*

=a*=a*=a%e’-1)
=l=ze-1=e=2=¢=2
(@2, 0),x =22

¢ Pis on the line with gradient -1 through (a/2, 0),

y = —x + /2, which intersects y = x at P( 3 3
 is on the line with gradient 1 through (a2, 0),

y = x — a2, which intersects y = —x at Q(%, = a;‘z
P and @ both have x = % so lie on directrix L.

d SPhas equation x +y = a2
So R is where x2 — (a/2 - x)? = a*

=S 3‘12&’ yd:%a d

; ; 3] i Y

-yr=a*=-"=,s50atR,—==3.
#SHESE g g dx

Therefore the tangent is

V2 342
- = 3( - )
y-a=3r-="a

= y=3x-2a/2
g= a\2=2 =y= _a;‘Z, which is the y-coordinate of

(), so the tangent passes through Q.

224

(x — acoshi)

a2 a2 )

)

54 Let the equation of the tangent be y = mx + c.
2?2 —4(mx +c)ff=4= (4m* - 1)2* + Bmex + 4(c* + 1) =0
As the line is a tangent, this equation will have
repeated roots, so 'b? — dac = 0":

64m2c? — 16(4m? - ez + 1) =0 = 16¢2 - 64m2 + 16 =0
= ¢ = +/4m? - 1, so the equations of the tangents are
y =mx +V4m? - 1, where |m| >

55 a aysinl + bxcost = ab
b axsint - bycost = (a® - b%)sintcost

2 2
c ﬁcgs,‘q b
2a 2sint
a? - b 2ax
d x= g cost = cost = 22 p? and
. b
= = sgint = —
Y= 25t 2y

So using cos?l + sin’t = 1, M has locus

(25 (zy) -1

Tangent: bx — aysinf = abcosf

Normal: axsind + by = (@ + b*)tand

b Find the coordinates of P and Q by substituting
x = 0 into the equations of the two lines.

— aysinf = abcost = y = -beotd

56 a

by = (a® + b*tanf = y = Mtanﬂ
2 2
So Pis (0, ~-beotd) and Q is (0,9 b tand).
The focus § with x = 0 is (ae, 0).
: ~beoth -0 _ b
PS has gradient m = S aetote
@+0ng-0
(S has gradient m' = b B bzta.u&
0 - ae abe

2 2
mm' = BT AT -1, since b* = a*(e* - 1), so PS and

ae?

(S are perpendicular. Thus PSQ is a right-angled
triangle, and PQ is the diameter of a circle, C,
through §. By symmetry, € also passes through the
other focus, (—ae, 0).

87 x<-4,-1<x<?2

58 (x:x<0)ufx:2 <x <4}

59 (x:-3<x<0}U{x:x >4}

60 [x:—%<x<0}u ¥ =8

61 (v:x<—-4klU{x:-2k<x<O0)U{x:x> 2k}

62 a y=2-x Y4

=Y

@ Full worked solutions are available in SolutionBank.



Answers

b (0,2) and (3, -1) c x<01<x<3 68 a Ya

63 a YA, y=|2x-1] y=x
E I 2x
LY Y=w+1p .

_I OZI Fx

I 0 1 i
: i 7
1 b (L1 and (1, 1) ¢ w:x>lulrix>1)
: : 69 {x:—5{xq%}
! ! 70 —éasxs—%a
I I 1 a oy Y =|x*—bx + §|

b (0,0)and (-3, -%)
c {x:xs —%} Ufx:2>2)U{x:2=0)

64 a Ya

0 2 ﬁ 4 "x
The curve meets the x-axis at (2, 0) and (4, 0).
The line meets the x-axis at (3, 0).

b (43,053
x{§x>5
72 a i
\ y=|(x-2)x - 4)|
3 13) (7 13
b (-3 %) (&%)
¢ x<-3x>1
65 a Ya
=x
2
y=lx+2| y=6-2x
> b 2- »E and 4 — \? c 2- \uE <x<4- \.E
-2 0 x 73 a x=-},x=-Torx=1
b :x<-Jlule:-I<x<1)
b x>2 Challenge
66 a Ya 1 Use [€05135° —sin 135°) o
sin135%  c0s135°/ |7
Find 2? and y?and show y* — x* = 2¢*
=|x-2a at
y=I | Then k =+v2¢
2a 2 0{x<%,%<x{n
3 a 2 Ly
0 2a " 1
avE;
b x<ia 2
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Answers

&y
b L, has direction vector v, = (mj) and L, has

ny
L,
direction vector v, = [ m, |. Then v, and v, form the
Nz
rhombus with diagonal v, + v,.
B
\E
vy c

(1 + 12

v, + Vv, = | my + ms | bisects angle BAD so is parallel
ny+ Ny

to [,. Hence [, has direction ratios

L, + ly:my + my:ny + n,. The other diagonal of the
rhombus is given by

b =1y

V-V, = (mt - mg) and bisects angle ADC so it is
ny =My

parallel to [,. Hence [, has direction ratios

l, = l,:my — m,:n, — n, respectively.

In general, |v, + v,| and |v, — v,| are not equal to 1,

s0 these values are not direction cosines.

4 a
1z
J=mx+
¥ =max + Cz
Using the identity for tan(A + B):
tan/ - tana my —m
tang = tan(8 - o) = —— =TT
1 +tanFtana 1+ mym;,
as required.
b 74 Normal
"P(a cost, bsint)
sl—ae, 0) O s'(ae, 0) x
d o .
At P, . b{fﬂm, so gradient of normal is gsin
dr  asint beost
Gradient of PS'is — 08I0t 59 gradient of
acost — ae
pgis—bonE
acost + ae
So using the result from part a,
asint  bsint
acost —ae
tana = bcos{ :
(asm.-:]( bsint )
beost/\acost — ae/
226

_ asint(acost - ae) — b*sinlcost
beost{acost — ae) + absin?t

_ la? - bYsint cost — aZesint

ablcos?t + sin?() — abecost

a‘e?sintcost — alesint
ab — abecost

_ a®esint(ecost - 1)  —qe sint

ab(1 - ecost) b
Similarly, tang = %smz
So tana = tan 4, and hence o = 3 as required.
CHAPTER 5
Prior knowledge check

sin®d 1

1 cos®f+sin®f=1=1+ =
© cos?f  cos?l

= 1 + tan®# = sec?d
2 sin 3 = sin2#cosd + sinfcos 20
= 2sinfcos®f + (1 — 2sin®#)sind = 3sinf — 4sin’f
3 cos20=1-2sin?# = sinf
0 =2sin*f + sinf — 1 = (2sinf — 1)(sinf + 1)

-
Hence siné = -1, 1 which has solutions ¢ = %%%
Exercise 5A
2 12 5 12
1a 13 b & ¢ i3 d
4 3 4 29
2 a 3 b -z [ ] 1 d ST
24 7 25 T
3 a o5 b ~25 [ ] e & d 17
119 14400 169 3427320
4a -5 b e € ~Tizo d -5
336 354144 164833 164833
Sa 5 b o6 € 90625 d 35
6 a cnszﬁzl—sinzﬁzl—%=%
$6 cos =12 J,r_],hence tang = 508 _ ‘Eg—_l
2y2 7 costl /3 +1
. /3
b sin26=1 cos26="2 i T
sin 1. c0S 5 =5
i 5 2+V2 _2-\2
7 a sinfr=1-cos’x=1- =
' Bl 4 I
so sinx =22 hence tanx = :’g:;‘; = —g
2 BE 2442
i
b -1 ¢ =17
8
. b 21 : ;
8 a 51n%=12=m=>1+£‘=4£=>£2—4.-:+1=IJ
i _ gz gy i
b cos3T=_Y3 _1-8 . g mp_o_n4
6 2 1+t
= ,{.2=2+—"‘i§
2-3
c 2+V3

9 By considering angles and using Pythagoras’ theorem,
we can calculate

T+ |2
- .
T [

1+

Hencetand=_ 20 _
2 1+t2+1-1¢2
Also, by considering the smaller triangle we see

2t : s 5:& and tang = —2
+ 1* + 12 1-

1-#

t

sind = cosl =
1

!:2

@ Full worked solutions are available in SolutionBank.



Exercise 5B

1

=

a sin®f + cos*f =

424 1-202+ 1 _ (14122

(1 + 32 Tl + 22
p _tan’f 412 _ 42 _ g
tan®d + 1 4:‘,2+[1—£ 12 (1 +t3)?
o Cosectd cotd _(A+¢°)° (1-¢%)° 4¢2_
sind  tan# 412 412 41
T, 2
d cot29+tan951 ¢ +£.51+£ = cosec2f
2t 2t
a tané + cotf = 2 . +1_£}2
1-1¢* 21
232
= M = sect cosect
211 - 13)
p Lrcosd 1+2+1-¢2_1
sing 2t = -
= 21 _ _sing
14+t -(1-1¢%) 1-cosf
¢ L-sinf _1-2t+¢2 1-1
cos 1 -4* 1+t
_1-1* _  cos#
S (1+0* 1+sinf
42 1-¢

d tand sind + cosfl =
anf sinfl + cos o 1l

T+ _ 144

42 261 + 12)

Answers

10 tan®f + tand sech + 1 = - — +
(1-2F @1-t2)
_1+2t+202+208+ 02
B (1-1¢2)2
_ 1+ 12)% + 2001 + t*)
(1 - 12)2
_ 1 +sind
cos*f
1-¢2
cos 2x 1+12 1-1¢2
11 LHS = = =
1 - sin 2x 1- 20 1+12-2¢
1+1¢2
_1-90+8) _1+1¢
Ta-na-n 1-¢
1 1 1
RHS — Cotr + 1 _ _tanx © :T+1_ A Y
"Teotr-17 1 _1_1_1_1(1_“ 1-t
tanx ] i
cos 2x cotx + 1
Hence =
M 1-sin2x cotx-1
Challenge
sin®d +cos®d _ B+ (1-13F 1 -32+82+31°-1°

= cosecf

= 2tanf

—71_54 ——] 25%(:9
_ g2y2
sinf + sinficot*d = 2t - 2'5,[1 t,]
1+t2 1+ 42
=4£2+[1—£2]2=1+,52
a0l +17) 2t
cosf  cosf _  1-¢2  1-1¢
1-sind 1+sind 1+2-2t 1+12+2¢
14t 1-t_ 4t
1=t 1+t 1-t2
cosecx cosx _ (1 -1%)°
tanx + cotx 442 + (1 — (2)2
_g2y2
57[1 t,],zcnszx
(1+12)%
cosf  1+sing _  1-4¢° 1+12+21
1 +siné cosf 142+ 2¢ 1-12
_1-t 1+t_201+¢)
CTlat 11—t 1-1¢
= 2sect
sec&+tan5‘z]+"",2 25,51“1
11—t 1-t* 1-¢
__1- _  cosé
S 1+t*2-2t 1-sind

1+s5in2x—-cos2x _ 1+82+28-1+1¢
sin2x +cos2x -1 2¢+1-¢2-1-1¢2
1+¢_1+tanx

1-¢t 1-tanx

cosfl 1-1¢2 2t
—— —tanf=——— -
1 -sin# 1+822-2¢t 1-¢

_1+: 2t 1+1¢

= - = sect

STt 1 1

sinf + cos® (1 + (262t + 1 -2

1+ 322t +1 -2

1 - sinfcosd = L +12]2—?£[1—£2]: 1 —2;+2£2f2a3+a4
1+ t2e 1+ 122
and 1 -3¢2+ 812 4+ 3¢+ - ¢®
=2t+1 -1 -2t +282+ 282 + %
Exercise 5C
1 a; 1:57.2.50) b 1.97,4.71 ¢ 2.21,3.79
d 0.93,3.54 e 1.05,5.24
2 a sin20-2cos260=1-3cos20
2t 21— _ . V3(-1¥)
142 1+£2  1+182
= W3-1t2-2t-(/3-3)=
7w bm 4w
b t=1,/3. SOB“Z 343
3 a l6cotx - 91anx=u— 158
t 1:—g?

=1

= 8(1 -12)2 - 1812 =8 - 3412 + 814 =0

=4 -1Tt*+4=0

b t==+ 2,_2 so x=0.93,2.21, 4.07,5.36 (2 d.p.)

a 10sinfcostl — 3cosfd = -3
2001 - ¢*) 301 -¢%) _
(1 + t2)? 1+22
= 200(1 = 3) = 3(1 = t*) = -3(1 + 1?)*
= 31+ = 108 + 312+ 10t =0
=13 -102+ 3t +10)=0

When ¢t =2,3t5- 1012+ 3t + 10 =0 so (£ - 2) is a factor.

= I(&—Z][3£2 4t-5)=0
b 1=02,

a 3sin2f + cos20 + 3tan20 =1
61 +1—£2+ 61 -1
1+¢2 1+12 1-1¢2

=61 -2)+ (1 =2 +601 +t3)=1-1¢*
=t —1*+6L=0

b t=0,-2s06=0,2.03,3.14,5.18 (2d.p.)

s0 0=0,2.21,2.26,4.95(2d.p)
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Answers

_ g2
6 a t3119+cn529=1=>£+]—":,=1=>£3—2£2+£.=0
fl_+.=‘,z
b t=0,1500=0 7,7 27 2
4 4

7 a 2sin20 - cos4f — 4tanf = -1
4t (1:=12) 412
== -4t =-1
1+22 (14127 (1+1¢%)?
= 401 +12) = (1 = 122 + 442 = 4t(1 + 122 = = (1 + 13)*
=P+t -212=0 5
b t=0,1s06=0, 4,7,{,:&
8 #=4.07,4.71(3s.[)
Challenge
5sin2f + 12cosf=-12
2001 - #2) |, 12(1 - ¢7) _ 12
(1 + 12)? 1T+02

= t-2)52+4t+3)=0
= t=2s0f=2.21Iis asolution.

Check values of # for which tan(g) is not defined:

5 xsin27 + 12cos7 =-12, so # = 7 is a solution.

Exercise 5D
1a 3 _ _cosx+12sinz=—L1_(52+241-5)
dx 1+
b x=0.395(3s.l)
2 a %: 2cosx + 2sin2x = 2cosx + 4sinxcosxy
_ 2131 +t)  81(1-13)
- (1 + 122 (1 + 122
(] HZ(] —)F+ 4L+ 1)
b g 3 I 1ln
2’267 6
3 a vix) =E[x) = 6c0s2x + 8sin2x
_ g2
SO=F) 168 . 2 fgiE.god
1+1¢ 1+ 1+

b Time betw_een oscillations is 7.
¢ x=arctan(-1] ~ 2.82 (3 s.f)

4 a ay = %mqé +2 qu?x - ﬁqm%
3 -2 2402 -2t +5 _ (3P -81-5t*+ 2t - 1)
1001 + ¢3)? 101 + Izlz
b i Comparing y-values on each graph k = = wnuld
be sensible
ii The model is suitable for predicting times since
both graphs have two distinct sets of peaks and
similar periodicity.
Not suitable for predicting intensity since the
peak height is constant for the model, but varies
in the observed data.
¢ 98 milliseconds
Mixed exercise 5
1ai b 2 c 3 d &
40 41 40 5
2 a ? b -T.i C g d %
: 15
3 a 5 b —F C 5—6 d ET
4 25 5 5
4 a 3 b & c T d
1+ (-7 4¢°
5 a sec’d-1= - = = tan®#
1= (1-¢) (1-192
Ll ¢ sin20=1 cos20=23 ¢ 137
V3 +1 z 2 12
228

6

~1

10

11

12

13

14

15

16 a

18

19

a t= \2—1 .
b sec%:y’@ - 22, sin%:%, cosT =Yo7 Ve
_1+t2+2t -1+ ¢
C2t+ 142142

1 +sinx — cosx _
sinx + cosx — 1
and 1+ sinx

cosx

_1+2+2t _1+1
1-¢2 1=t
4141 + 197 - (1 - ¥
(1 -32(1 + t9)?

_ 44
1 - 12201 + 122
412
1+ 122
sy 1 —t22_  ag2
L=meetp=d (1+022 (1+192
1-sing _ (1 +8* [1-0°_ 8t+8¢°
1+sinf  (1-02 (1+82 (1-¢22
dtanfsect = B¢+ Sfﬁ
(1-1%?
1 +tan?x _ (1 - 32+ 442 _
1-tan?x (1 -1t22-4¢2
1 I i
cosZx —sin?x (1 - (92 - 442
11 1+
1-sinfl 1+ sin#

tan?# — sin?f =

= tan®#sin®f

sinfcosftand =

1 +sinfé
1-sinf

1+ 192
(1 - 122 - 442

1+
1+t2+2¢t

14122t
_ 1+ 34
G
cos 2t 1-1¢2 1+
Lang+il+sin|‘}:1—;2+1+.-:2+2,: 1—.:‘_%39
20+ 1 - .:2)(4# +(1 =22
1+ 211 - 13 )
_l+2t+ 2081
T 201 -1
1+ 1+ 1+2t+20°-1¢4
1-¢2 2t 2001 - ¢3)
a 3cosx - sinxy=-1

=>3(—1‘*:2)——2‘ - 1=¢240-2=0
1+¢2) 1+

= 2tanfsecH

(sinf@ + cosfitand + cotd) = (

secH + cosect =

#=1.57,4.07 (2d.p.)
sind + cosf = -+
21 1-1¢2
1+12 # 1+
b 9=250,5.36(2d.p.)

a 6Otand + 12sin# + cosf =1
= 12t £ 241 +1—£2
1-¢2 1+ 1+t

= =-2)(P-4t-9 =0
b 6=0,2.21,2.79, 4.26, 6.28
a SHcotx + 4dcosecx = 2

5- 5.!2 4 + 41

2t 2t

b x=1.97, 3.47
dp

a ——=10(4cos5x - 8sin5x - 4cos 10x -
dx

104 - 42 ~ 161 - 166° - 4(1 - 61 + 1) -
- (1 +
9t +14) _ -80(¢ + 2)(3¢ -
3(1 + 2 301+ 27

——=:~ 2t2-5t-3=0

=1l=0r-60-1*+18t=0

=25212+9t-18=0

16

“2sin le}

(-

_ —80¢(31* - 2¢* -

8t+7)

@ Full worked solutions are available in SolutionBank.



b The maxima and minima do not change, whereas
we might expect blood pressure to vary with each
heartbeat.

Also this model has a fixed period, whereas heart
rates are not constant, and will vary with, for
example, physical activity. This model doesn't
capture changing heart rates.

¢ At a pressure low-point (local minimum) we have

d
d_p = 0. From part a, this happens when ¢ = 0, -2.
X
We can see from the figure that the solution t =0
corresponds to the maximum at x = 0.
x

Thus at the first minimum we have ¢ = tan= = -2,
and hence x = 2arctan(-2) + 27 = 4.07

Challenge

1
. _A _ 2t 7 _ 3
a Wrmngz_zlhentan.‘)_1_62_E_E,
16
2t 3 1-¢£ i
ing=_=<t _ 2 _8 = 16 _ 15
sml‘)_]+£2_E_1?,0039_1+£2+£_1T
16 16
b
17 8
15
Ift= Lang is rational, then so are sind = -2:..52 and

cosf = % So we can construct the triangle
+

1442
2t

Tt

where all sides are of rational length. Write the length

of each side as a fraction in lowest possible terms, then

scale the triangle by the lowest common multiple of each

of the denominators. The resulting triangle is similar, so

in particular is right-angled with angle 6, but each side is

integer length and the sides have no common multiples.
d Using the above construction, every rational value of

wn% between 0 and 1 gives rise to a primitive

Pythagorean triple. Note that the same triple is
generated by triangles with acute angles 6 and 90 -4,
s0 we gel a unique triple for every 0 = f = g

But there are infinitely many values of 0 = § = — such

x
8 4
that ¢ = tanE is rational.

CHAPTER 6

Prior knowledge check

1 a -3xZsin(l + 29 1

(1 + x?)arctan (x)
—(sinx + cosx)
e*sin®x

2 Auxilliary equation 1* + 24 + 2 = 0 has solution

A =-1+1, 50 general solution is

ylx) = Ae~sinx + Be ™ cosx
3 a e=1 +x+x—+£+

- 2! 3!

Answers

. B ol
b sinx = x—; ﬁ_ﬁ
¢ In(1+x)= x—£+£—£+
2 3 4
Exercise 6A
1a l+3@-D-3@-1P+5@ -1 -3 -1)+
b 1.095 (3 d.p.)
x-¢ (x-ef
2 a 1+ e 262
T 40 w3
b »’%+4(x—§)+4»3{x—§) +T(x—§) + o
¢ cosl-sinl(x-1)- m:;i[x 1)?
‘;ml{x 1 + rgil{x 19% +
3 . v?_ 1 3 4
a i 7(]—x—;x+ AR C AL
i In5+ x50+ et zmuer
iii - (»3+:c+2—3:xZ ,;l x4+ )

b 1.649 (4 s.1)

4 b el(-1+ %{x + 1)+ %{x + 1) +%[x 10+
a
b

=1

@-D+3@-1P+ Lz -1p+ La-1)4
0.4059 (4 d.p.)

3 75
6 i mx—mxz
V3 WY F g TN 20y TP
7 Z:rl(x ) \-3(1 6) g(:t: 6)
V3 Tyt
+T( —g) +
dy 1
™
d*y 3
el =
il £ g
b =v:_[1_+?j=5—m(x—3]+2,([x 3P +
9 %+—(x—1ns]+ B@-In52+2@-n5p

+ 750 5l —In5) +

10 a Let f{x) = sinh(ax), then ['(x) = a cosh (ax) so
flx) = f(ln2) + f'(In2)(x — In2) + ...
= % L"; 2 -0+ ...

Ifa=21hen@ 4+3="

=1

b fx) = 4th{2xj {"(x) = 8 cosh (2x)
Hence f(x) = 2ix-m2)+ T[x -In2)*+
L(x-1n2)?

11 () = Inx, f'(2) = l, f(x) = _#, £(x) = l
e P LGty LI P | T (k- 1!
L gk
Substituting into the Taylor series expansion gives
1
flx) = In2 + 3 (-1 "“ Dl oy
= (x - 2]
- -1 )21
_ln2+%( 1) T
Challenge
a In(cos2y) = -2(x - m? - 5(x - n)* -

b -0.1433 (4 d.p.)
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Answers

Exercise 6B

1a{ b 3 <2 d 2
1 1 1

3 a -1 b 4 i

4a1l b 2 c % d 7

5; sirllx=x—%+§5! e-f~1—x+;?—§—3

Tz
6 a nx=@x-1)-+ lI—1}2+%(x—1]3—

VE=1+30- 1)—%[x—1}2+%(x—1]3+

2

8 2
7 a sinhx= x+§+¥+ b
8a T+4xr=3+2(x-2)-2@x-27+.. b 3
Challenge
a J1+5y=1+3y- y 1{1 ol b 3
Exercise 6C
1 y~1+§q+x*+%+%1
2 y:x—£+,.,

6 3

3 y=2—x+x2—%...

- 1 2,3, 1
4y_1+2x—2x2r—§x?+§x4r+
5y=1-(@-D+3@-12-3@x-10+
6 y=1l+x-22+3x"+... "

7 a Differentiating (1 + ijd_i =x + 2y* with respect to x

dy L, dy _ dy
{1+2x}dx2+2dx_1+4ydx )]
Differentiating (1) gives
dy dy dy dy (dy)z
{1+2x}F+2d2 2@ 4 dxl+4§
dy)
i (dx @

b y=1+2x+zxi+§x?,,.

w7 B s By g B2y, TN
8 y=12 +»2(x 4)+ 5 (x 4) + ..
d
9 a i Differentiating d—f — 2% — y* = 0 with respect to x,
&y, dy
glvmg—Zyd -2x=0 )]
ii Differentiating (1) gives
d?y d’y (dy)z
— oyl Y LD
da? da? dx
d*y d?y (dy)z
So E -2 E -2 E = @
4 3
dy _, d_y_ﬁ(dy)dy
dot da? dx/ da?
c y=1 +x+x2+§x3+3x‘+,..
10 Differentiating cmx% + ysinx + 2% = 0, @) with
respect to x, gives
2
m%x% - qu% + Y COST + qug—y + by? Si 0,
Differentiating again
3 2 2
m%x% - smx% — ysinx + cosx iy + 6y? g =+
dy\?
12 (—) =0,
W\ ®
230

11

Substituting x, = 0, y, = 1 into (@) gives % +2(1)=0
dy ?
s0— =-2
dux,
Substituting x, = 0, y, = 1, —l =-2 into (@) gives
8]
d?y dzy‘
] 1+6(1)-2)=0,80—| =1
dx? b} ’ . [ ][ ] 2 dxz 1]
- dy| _ _, &%
Substituting x, =0, y, =1, [ et 7] = =14
into @ gives
d?y
—f +(1)(=2) + 6(1)(11) + 12(1)(=2)?,
da?],
d:l
50 d—yz =-112
Suhsmuu[lg these values into the Taylor series, gives
y=1+(- 2)x+ ]1 2 £ 13}2]x"+
y=1-2x+21 xi x5 +.
Ignoring terms in x=‘ and hlgher powers,
y=1-2x+ 2232
a Repeated differentiation gives:
&y ,dy Py dy dy | d%
F R P P PR P P
diy  _dy d?%y d*y  d¥y diy
P P PP R PR P
déy diy  dy d*y d4y d*y
L L +4—2 +dr— = dr— + 10—=
dax® dx? et xdx“ xdx4+ dx?

p=4andg=10
b y=2+2(x-1)+2x-17+2x-1P+L2x-1)
+ T x-1F+ ...

Mixed exercise 6

1

3

n
4
fix) = (x - %)[— cosecx) + cotx = f(a) =1

m . - i i e
Let flx) = (x - Z)mtx and a == = fla) =

"(x) = (J: - %]thx cosec?x + (-2 cosec?x) = [Ma) = -4

"(x) = (x - %)!—2 cosectx — 4 cot’xcosec’x)
+ 6eotxcosec?y = ["(a) = 12
Substituting into the Taylor series expansion gives

ﬂx]=0+](x—%) _4(15 E)2+E(x—3)3+

21 4 3! 4
=(x-T\-2(x-7) i i
_(x 4) 2(:: 4) +2(x 4) + ... as required

a M0)=1 =1
E"[P 1} 11 -1)
rl’H = fl’l’fo :0
c ln2+§+%2+...
=0
a 1-8x2+32yt - Z0q0 4

4 prosy = pfpcost- I}

@ Full worked solutions are available in SolutionBank.
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10
11
12

a

—3x* -
y:

a

y=2x+3x2+3x*+... b 02155
227 -
2+4x+20-22%+
x 2
Y=X+—+ .. b 3

6

If fix) = cosh (x) then f'(x) = sinh(x) if n is odd, and
f"(x) = cosh (x) if n is even.

Also, sinh(In2) =2

3, cosh(In2) = 3.

Hence a general Pxpressmn for the nth term is

a

b

=-I N X

-

]

%(x — In2)" when n is even
F(x In 2)* when n is odd
d, .. d o S g el
E(e):ﬁ(1+x+2|+3l 41+ +E+—(r+1]!+
1428, 327 42 (r+1)ar
21 ETITH (r+ 1)
x2 x g
=1 +x+g+§+ S
._el’
d . d IH xﬁ xdr 1
—(sinx) = —[x -2+ =~ 1)+ ...
35 o) dx(x TR Py, )
AT W ...+(—1]"7(2r+ L
3! 5! (2r+ 1)
2oyt gt L oa _
St TR TRl R A
d d ¥ x x“
—(cosx) =—| 1- 1y=—
Pl dx( FTik T TR ][2:»)1
2r +
| o S,
T )
-2 40 6 qp2ret
21 41 6! (2r)!
1yt (2r + 2)x2r+1
{2r+2]'
2 L il
_“5_5" HE e
P x'; , xE r+ 1
_(x_i+§_ P )
= —sinx
13 y=2x-1+4x-12-Jx-1P+
%2 at

14 a You can write cosx =1 - (—

15 a 1+x-4x*-

¥
b x+?+—x"+

+ ) it is not

2 24
necessary to have higher powers
1
SEEHS Cham (2=
B (E T2t )

= |
g ;

= (1 - (E_ﬁ-'— ))
Using the binomial expansion but only requring
powers up to x*

secx=1+ {—1](— (%2 - ﬁ)) +

x2 xt\\°
( 5 24)) !
2 4
' (x__x_
22
-1 25
= +E+ﬁx4+"'

(-1)(=2)
2!

) + x{ + higher powers of x

2

raf—

s c
B+ b -
3

PSP

16 a y=2+x—x‘—%+,,,

b

17 a

18 a
19 a

N
=]
Bowe=o =

22 a

23 a

24 a

Answers

Differentiating with respect to x gives

%mx%mg—img{ 21 2;{ 33 0®
d d2y
Squ;iat!:ltingxl—_le,in.:Ld_x‘én =
and — = -1 into (D gives,
a:lz []0 & 21) + (-2)=0, qndi 0
dat dat

f'lx) = (1 + x)? ] iy +2(1 + x)In(1 + x)
=1+ x]u + 2In(1 + x))
£ = (1 + ) 2 ) +(1+2In(1 + )
1+x
=3+ 2In(1 +2)

2
£(x) =
@) =7
3 1
T+ st oat
xZ x:‘} x4
x—5+€—ﬁ+ b 0‘1]6(3(21.[.'!.)

f(x) = etenr = pr+i+. = pf x ¥
(As only terms up to x* are required, only first
two terms of tanx are needed.)

(1 +x+x_+x_+ )(1 +%3+...)

2t 3!

no other terms required.

o - S '
(1+E+I+§+$+ )
~1+x+%2+§+
]_x+x_2_x_.3+
Cw 2 2
it at))
- 3241
A’ dx b da?

y=l+x-22+ S?x? +.

The approximation is best for small values of x
(close to 0). x = 0.2, therefore, would be acceptable,
but not x = 50.

flx) = Incosx floy=0
ey _ —Sinx _ FprsE
f'(x) = cosy = —tanx ({0 =0
{"(x) = —sec’x £0) = -
f"(x) = -2sec’xtanx " =0
"(x) = -2sectx — 4seciytaniy £710) = -2
Substituting into Maclaurin:
sx = (DX 4 (L X _a_x
Incosx = ( 1]21+{ 2]41+ > " 12

Using 1 + cosx = 2(:032(%),
In(1 + cosx) = ln(z cosz(g)) =In2 +2n cns%)

so In(1 + cosx) =In2 + 2(—%(£)2 —l(xr - )

2 1212
___]_[12_;]5_2_1‘_."_
1 4 96

2
Lety=3%thenlny=In3*=xln3 = y = e»?
S0 31 - eJ'JnH

2 2 3 3
1+xln3+ (I 3) + a (123) +
1.73 (3 s.f)
f{x) = cosecx
f'(x) = —cosecxcotx
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Answers

i ["(x) = —cosecx(—cosec®x) + cotx(cosecx colx)
= cosecx (cosec’y + cot®x)
= cosecx (cosec’y + (cosec’x — 1))
= cosecx (2 coseciy — 1)
ii ["(x) = cosecx (-4 cosecixcoty) —
cosecxcotx (2 cosecy — 1)
= —cosecxcotx(bcosec’x — 1)

b (Z-v2(e-T)+ 32 -m) 12 my,

2 4 [ 4
—wsin[ZE
25 a f'(x)= Tf[;i]
1+ 2cos(%
T ms{‘—' Trzsmz{ ]
f”[.r-] ey

2(1 + 2cos(% ) (1 +2cos(ZE )
b f(1)=0, (1) = -7 and £'(1) = —#2 s0
fle) = —n(x - 1) - %Z[x 124
c n2Z-y)=-@-D-3x-1)2-3x-1)7-
ln(l 5 ZCOS(Z—x))

Hence lim In(2 - x) = %
Challenge
d 1
a Base case: n =1 we have —Inx = —
dx x
Suppose that %lnx = (—l)”*'% then
dJH] = d . n+l [H J g2tk n!
Wlﬂx——(—l] x— [ 1) x"”
(x - a)
st n+l
b Inx=Ina+ Z{ 1) =
¢ Wehavea,= {—1]“+lu_—f}” S0
na
[P | (x s a]rnl nat | e n
= hence
Ay |[x —-a)"(n+ 1)a™! | ﬂ- n+1 o
lim a’”] ‘I a[ and |x ‘ < 1 is satisfied if
0<x<2a.

d At x = 2a the series takes the form
.1yl .

Ina + Z{ 2 =Ina + 3(-1)*b,
n=1 n=1

where b, = %. We can easily verify the three conditions
of the alternating series test
% =0foralln

| =
-

for all n

Hence the alternating series test implies that the series
converges at x = 2a, so we have convergence for any
0<x=2a.

CHAPTER 7
Prior knowledge check
1 a 3e*cosx - e¥sinx b 21.___ (Inx + 2)
VX

2 Lett= tang, then

T+ (-89 _ 4
2t 201 + 3 201 + 17
2t

=1 2=sinx
+ 1

cosecx — cotrcosxy =

3 3+2t-1=0

Exercise TA

d‘g or d_’y or d_:'}y 5x
1ai a=Se--,@=25e--,E=125(1,-
i1 d”y Rapix
ii dx“_be
cody o dy o dly o
b i a=—e ,@ze,ﬁz—e-
dn
ii dy“[ 1)e™
H d‘g -1 dzy - 2
c i a_mx ,dxz_m[m—l)x ;
3
%: mim — 1)(m - 2)xm-3
.o dwy m!
ii xm, provided m = n
4 [m n)!
. dy L 4y L Ay .
d i == =(1-ux)e ,@=[x—2]e ,@=(3—x]e
it YV iyt - me
ii i X — n)e
a 96x2-12x + 10
2 cosx . 1
b T—smx(lnx+?)
¢ e*(5cos2x — 12sin2x)
d 6xln(2x + 1)+ 2% ___4%°

2r+1 (2x+ 17
e 12(5x*-2x+1)

9(3»-"_235 . )rthx + 3( c_j 1 _)sinth
{2.15)1 3

—

Vv2x  (2x)
g 16(x* — x + 3)cosh 2x + 32(2x — 1)sinh 2x
h -4cosxsinhx

i, B (Inx)?

4xi(lnx)?
b 11x? - 6x%Inx + 54x2 + 81x + 54

x3Hx + 3
_2Zetle® + dex + 1)
(er - 1)
4 S0sinx _24cosy 9sinx  2cosx  siny
b %3 xt 23 4x?

dy s e
— = (cosx — sinx)e’
dx

By Leibnitz's theorem:

.
E‘f{ =e’(cosx — 6sinx — 15cosx + 20sinx + 15¢cosx
— 6sinx — cosx) = 8e*sinx
d“y dy ,
dis + 8 — 8y = Be'sinx + 8e*(cosx — sinx) — 8e*cosx
=0
Let u = 2x* and v = e*
du d2u diu dtu
= b6x?, — =12z, ]2—:0fork>3
dx dx? Cdx® dx*
k;
dy my dw | mydudtle |y diu do
dan - (O)Rdx" (1) gt o) G g
(n)& dm*y
3/ dr? dym?

(n-1)

= 22%(2"e?) + n(6x2)(2"1e2) + 1
nin-1)n-2)
! 6

{12.17}(2"_282"-)

(12)(27-3p2%)

= 22020 (823 + 12nx?2 + 6n(n - 1)x + nin - 1)(n - 2))
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dy
6 a Base case:ifn=1 then—Jz—l,=(—
dx i

Inductive step: Suppose that the claim is true for n.
dﬂ+| er
Then:- o 9. ( ) i((—])ﬂ ! ]

1!
1)'=

dewt ~ dx \dxe/ T da L)

(n+ 1)

i {_ 1 Jn+| x"+2

b me part a,
Lnn =L (1) - 1 = Din =1,
Hence by Leibnitz’s theorem

i 5 B noin i 5 du—d‘
dx"[x Inx) = &( )dx‘(x ]—__{lnx]

1
{ ]]ﬂ ][ .'l '}] % { I]HZ(R J'!-“Z)
nin - 1) sl = 3)! 3]
2 g b v
nn-Dn-2) n_4[n—4)!
6 6t-1) x5
{Uz#( (n—-1)n-2)rn-3)+ 3nln-2)n-3)
=3n(n - 1)(n - 3) +nn - 1)n - 2))
6(-1)(n — 4)!
T
7 For m even we have ﬁ[sinhkx) = k"sinh kx, and for

dxm
m odd we have %{sinh kx) = kmcosh kx
Let f{x) = 2% and g(x) = sinh kx. Then "(x) = 0 for all
m = 3. So by Leibnitz's theorem
(fg)™(x) = fx)g™(x) + nf(x)g"-"(x) +
And so if n is even we can write this as
(fg)"(x) = k*?sinh kx(k*x® + n(n — 1)) + 2nk™'x cosh kx
whereas il n is odd we can write this as
(fg)"(x) = k"2 cosh kx(k*x* + n(n — 1)) + 2nk™'xsinh kx

-"!(-"12— 1) f”[x]g‘"‘z'{x]

Challenge
a Whenn=1,
F'(x) = i(l) 1% (x) g{‘l—k] (x)
k=0 1
=[O (x) gV (x) + [V (x) g (x)
= flx) g'(x) + I'(x) glx)
b By part a, Leibniz’s theorem holds for n = 1.
Suppose that the theorem is correct for some n. Then

g( )[\m () g4 (x)

i( )[[‘(k.a‘ll(;” b1 () + 0 (x) gn+1-0) (1))

&
n

F[n+l]{x)

i I

(k z )['(kr(x]g{m.l-kl (x)

k=1
+ Z( )[‘M (x) g1 (x)
= f[x]giriﬂl (x) + fineld {x)g(x}
")+ () o
=§K”21ﬁwumwvwn

So the theorem holds for all n by induction.

Answers

Exercise 7B
1a i b 4 ¢ 0
1 4
2alol b no limit c 0
a 1 b 1 ¢ %
4 a 222+ x-1 - 2x2+x -1
3x7-2x-1 (Bx+Dx-1)
2x*+x -1 B &
If =A ,th
3261~ 3+l z-1 o8

202 +x-1=ABx2-2x-1)+Blx-1) + C3x + 1)
o= = A(O)+B(0)+(“[4]=>~C=%

x=-3:-P=-3B=B=2

=0:-1=-A-B+C=-1=-A-2+3=A=%
a 1
. 2xt+x-1 2 3 z
S ==
O3 —2¢-1 3"3;+1 2-1
b 2

3
(222 2= 1) _ (B0 1) e 2
% plg(sz—Zx—l)_p‘m‘”(éx—Z) Bmfe) =5

5 a hm(w) =9 The limit is not in an
4x *
indeterminate form, so L'Hospital’s rule cannot be
applied.
b 0

6 a The limit of the numerator is 1 and hence the limit
of the fraction is not an indeterminate form.
1
b ¢
71 §1 90
10 lim/x -k =0 and limVx - Yk = 0 0 we can apply

L'Hospital's rulp Differpnliating we haVP

i[v’f- -VE)= and dd V) =

\-x

11 1
d e~ cos -
12 E[sm[x + h) — sin(x)) = cos(x + h) and dh(h] =

hence by L'Hospital's rule
Eﬂ} sin(x + h) — sinx
13 a Total after 5 years = 1000 x 1.05° = 1276.28
b Nominal interest is 10%, so 13% is paid each
month. Hence total after 12 months increases by a
factor (1 + 1z‘] = 1.1047, implying an effective rate
of 10.47%.
¢ AN =A(1+1)
d  Write A,(r) = Ae™, By L'Hospital’s rule,
ln[l + s

limnin(1 + r) = =lim =rso
% ar—a.(l +%}

= lkint} cos(x + h) = cosx

A (r) = limA,(r) = Ae"

Exercise 7C
1 V2 + tan 1+tang
1 a —logl———=| +¢ In +¢
22 B V2 - Lan% 1- tan%
s X 2
5 lnitangl ) tan®3 i 4
2 4 - ta.n%
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Answers

2 a 1.2465 (4 d.p.)
¢ 0.4636 (4 d.p.)

3 a fil dx:fil X—Z,di
12 - 13sinx 12_1252 1+
+ 1=

_ f ot
bE-130+6
b 0.0245 (4 d.p.]

4 Evaluating the integral using the Weierstrass
substitution:

b 0.2218 (4 d.p.)
d -0.0693 (4 d.p.)

¢ 1 2
=] ———% (¢
~£6+0052x s (a+ 1) + (@ - 1)

2 Va- larﬂan(va ])
Ta-1Jg+1 va + 1

Substituting a = 2: 2. %arctan (L_) i
13 V 3/3
5 Using the substitution x = Lan%
2l [} gl
sec’—= 1+ tan®= 1 + tan2%
o 2 - o 2 ,de=—1 24

a2 2 2
Transforming the limits: x =0 =t=0,x=1=1( =%

— 2
_arcms(] x‘)
1+x2

1 — 2 14
arccos (} xz) 5 1+tan2= ¢
bR dr = L % 2 dt
0 (1]

— y2
mst:l a
1+ x2

1+ 1+ tan2t 2
. 2
2t 2] r2 72
= _dﬁz{—] =L ()=
b 2 4], 16 16

Mixed exercise 7
1 a 60x*-24x° + 36x — 44
b 8e*(sec’2x(tan2x + 2) + 2tan2x]
~96x% — 88x+ 9x-3 3x-3
(1 +4x?)? 2(1 + 4;1:*) 8
2 Ztanxsec?x
3 a By Leibnitz's theorem
(flgh))"(x) = £"(x)gh)(x) + 2 (x)(gh)(x) + Had(gh)"(x)
= ["x)gla)hix) + 20'(x)(g'(0)h(x) + gla)h'(x)
+ f{x)(g"(x)h(x) + 2g'(x)h'(x) + glx)h"(x))
b 2e*(2cos2xcos3x — 3sin2xsin3x - 6sin2xcos 3x —
6 sin 3x cos 2x)
d? (\"'m
dx?' cosx
N 9(sec’x + tan*xsecx) 27tanxsecx  81secx
2y3x+ 2 4(3x + 2); B(3x + 2)¢
5 a First check the base case n = 1. We have

) =y3x + 2 (5tanxsec?x + tan® xsecx)

d ,
% = cosx = sin[% + x)
Now suppose the claim holds for some n, then

d™'y _ d (d“y) _d . (o
e rivro R e
nmw e+ Dr
= 003(7 + x) = sm( = x)
So the claim holds for all n by induction.
b Applying Leibnitz’s theorem we get

xy =3 )E(ﬁ ~(sing)

=0

=x %m(m
2

(n 21}71' i x)

J + 2nx ‘;m[

(n 22}~r & x)

+nln - ])‘il]’l[

— qin (T 2 —n3) -2 nw
sm( 9 +x)(x +n-n?) nxm%( > +x)
6a 2 b § ¢ 3 d —;
1
Gl
1
8
n2n-t
91
tan% - tan% -1
10 a b — = = I+e
1an4§— 1
c
11 a b 0.2887 (4 s.f)

1 1 2
12 dx = de
a féh:nsx - 3sinx f4{1 -3 61 T+
1+ 2 1+

2 =1
_f4—4£2—6zd£_f2£2+35—2d£

b -0.3429 (4 s.f))

i 1 - 144
‘1 — cosecx 2t 2
13 | —(——dx= f B _di
sin X TeE 1P
4t -2 -2 1t
B2 =20 oy [1 . —]
f 4 M2l
—ln( ) - —3 1,_
V3 2 243
= lIlv"E - l,_
v3
Challenge
We check the base case, n = 1. By L'Hospital’s rule
lim £ = llml =0
o PI —+00 e.‘l

Now we suppose that the claim holds for some n. Then hy
L'Hospital's rule once again we have

1i_m’-‘"” im0 -0
o P R—C e
CHAPTER 8

Prior knowledge check

1 Plx, - h, x5 - 2hx, + h? + bx, — bh) and
Qlxy + h, 28 + 2hxy + h? + bx, + bh)
Gradient
~ (x5 + 2hxy + h* + bx, + bh) — (x5 — 2ha, + B + bx, — bh)
g + h) =[xy — R}

_ dhx, + 2bh
T 2h
2 y=2e1-e*(sinx + cosx))
3 2317

Exercise 8A

1 87.3(3s.f)

2 2.24(3s.f)

3 a 0.21(2dp)
4 £8400

5 0.885(3s.[)

= 2%y + b

b 2.854,3.363 (3 d.p.)

234 @ Full worked solutions are available in SolutionBank.



Exercise 8B

1 a3 b 3.195(3d.p)
2 4.464 (3d.p.)
(),
3 a |-—) =sin2=0.909297...
dx/
Y1=2 _ 0.909297 2.1819 (5 s.f
55 =% o=y =2.1819 (5 s.f)
b 1.999 (4 s.f)
4 810
5 10.8(3s.f)
dy) .
6 —) =12-1+1-2=-1
(dx 1 ’
n-1_- _
o1 - l...=y,=09
b 0.862(3d.p.)
¢ y=yer2+ix2+1-1x(0.e)
d 0.85516..., % error = 0.80% (2 s.f.)
Challenge

d
-5; Ey is undefined at x = 1, general solution curve has

vertical asymptote.

Exercise 8C

1 a 4.1,4.252,4.45852 b

1.4,1.936, 2.700324

¢ 1.1,1.2441,1.437463 d 2.1, 2.195304, 2.286855
2 a 2.0625 b 3.114647 ¢ 1.14 d 1.66
3 a 09 b 0.8052,0.7212
4 1.12,1.326844, 1.584322
5a 2 b 0.31
6 -3.02455
Exercise 8D
1 0.7206 (4 s.f)
2 14.41 (4 s.f)
3 a 1.202(4s.M)
b Increase the number of intervals.
4 a Simpson’s rule can only be used with an even
number of intervals.
b 0.9223 (4 s.[)
5 a 04471 (4s.f) b 0.44648 ¢ 0.14%
6 a 19.84 (4s.f)
b j;ﬁxsinhx dx = [xcoshalj - j]'Bcoshxd:r
=[x coshx — sinhx]}
_(3e?+3e? gi- e-3) - (91 +el el- e-‘)
B 2 2 2 2
=g+ 2e % - gt
¢ 0.0115%
7 a x=0=t=0,x=2=1t=1
Area =7 [ (1 - (22(1 + 20) dt
i
= wJ['(zz ~ 3%+ 209 dt
1]
b 0.2127 (4 s.[)
¢ Exactarea = % S0 percentage error
g.2127 -1
= [———15] x 100% = 1.56....% < 1.6%
15
d Use more intervals.

Answers

Mixed exercise 8
1 2124.098 (3 d.p.)
2 a 0.05 b 4.581, 25.775
3 £9000
4 7.52(3s.0)
= dey _ b‘x—z__ L
5 a (da){,_ 4, 01 - 4=p =16
b 156 ¢ v=5t-S+3e* d -3+3e04287%
6 2.1,1.979, 1.681
7a -9 b 3.191 (4s.f)
8 a 2.830(4s.f) b Use more intervals.
9 a 070668 (5d.p) b 070659(5d.p) ¢ 0.013%
Challenge

a

=%(yn 4y Yt ) 20t Y+ )+ 1)
CHAPTER 9
Prior knowledge check
] 2e3+¢
1a y=Ax*+1 b y="— ¢ y=Ae* + Be*
3 dy : d’y .
2 _ _ 2. -2
2 a y‘:ae ,a——ﬁe ,@—ge
d2y dy : .
Se o dy= Zer+ e+ Ser=Ze
b y=e*(Ax + B) + 2e™
Exercise 9A
1 a y*=22%nx+c) b y*=32nx +¢)
_x E e
= d y=2Ax -1
© ¥ hmzr+c d‘g x[.x )
2a Givzr;z =y y=z° and d_i - —%z'ﬁ%
1 =
So = + [zlanxy)y = —(2secx) y?
= —%z'jg—i + (]Ztanx]z'i =-2gecxz
dz_ ztanx = 4secx
x
b 1= |COSE
Vdx + ¢
3 a Given that z = x:, x = z2 and 9z _ 5,92
de de
So the equation (cli_f + t%x = (2x* becomes
sz_z + f2gE= 22
de

Assume parabola is y = ax* + bx + ¢, and let x, = —h, 2, = 0
andx, =h,soy,=ah*-bh+c, y, =cand y* = ah® + bh + c.

Then the area under the curve is given by
3 i 3
f:(ax2+bx+c)dx= a‘% = 2ak
B -k
= 1h(2ah? + 6h) = 3 hiy,+ 4y, + y>)
Divide [x,, x,] into an even number n of subintervals of
X, X
equal length A, then h = ”T“
There are a total of n + 1 points with the x-coordinates
Xy Xg+ b, xg+ 2h, ..., xy + nh =x,, and the
corresponding y-coordinates are y,, Y, Yo, ..s Yo

2
+b%+cx + 2¢ch

Area under curve = g{y[, +4y, +y,) + glyz + 4y, +y)+ ..
+ %{yﬂd + 49‘:1—] + yn}
= Rigor ay 24yt Ayt y)

Divide through by 2z: dz 12z =1

s dt
b x=(1+ce™)
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Answers

dy  ,dz
= -1 | . 11
4 a Let;_y ,lheny_f anddx R
So Ey - %y = %yz becomes
3
_2_2% ] %Z_I ) @24 (x + 1)°
3 dz 1 _ e+ 1y
Multiply through by —z* & +z= T
- .
4c—(x + 1)
Az (E+¢
P . _ |
5 a{l+x]dx+2xz_1 b Y=\1+a2
lx+4
C¥=\1+w
dy dy dz__ 1 dz
dr ~dz " dx T -(n- Ny " dx
So differential equation becomes
yﬂ g - n
“h-1%d Y=
S Py = @ -1)
ind d
L2 e = D=
and then & (n-1Pz=-0Qn-1)
7 a Dillerential equation becomes du. 1
dr 1+u

b This solves to give u + ju® = x + c.
2+ 2x) + (y + 2xP> -2x =k (k = 2¢)
=4t +day+ P+ 2y+2x =k

Challenge

Substitute y = % 1 do

dy
dr ~ p?dx
Differential equation becomes
xg( 1dy') el

prdel U p2
= ;1:@+u=—1
dax x

Integrate both sides to get xv = —-Inx + C

" " 1 —-X

Substitute v = = to get y =
y OB Y nric
Exercise 9B
I _ 1
1 a y_F+§ b 9'_[;41+Blmc]><F
A B A
c y=F+F d y=E+Bx“

B

e y:Ax"‘+? f y:%[Acoslnx+Bsinmx]

2 a y:%:bxy:Zﬁndxd—d‘z+y=%
d?y dy d
Also x—y+—y+—y—@

da?  dx dy T da?
So th o 2 a0 _ay=0
0 eequamnxdx2+ - xdx_ i =
d’z dz
becomes — = 4{=—y)-dy=0
dx? (dx J) ¥
. o co B dz
which rearranges to give ——= - 4-—==10
BeS 10 BVe ¢ ~ i
i dr _é E 4r
b z=A+RBe c y=,+¢

dy
2 = e

So x A + 2xy (1)
%y dy dy dzz

and ==+ 2;1:E + 2x£ + 2y = 4 (2)
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b

The differential equation becomes
(4 1 42

P + 4;!:a + Zy) + (szg—‘z + 4xy) + 22y =g*
Using results (1) and (2),

d?z | ,dz -

et 25 +2z=¢@

z=e*Acosx + Bsinx + 1)
e :
y=—(Acosx + Bsinx + 1)
x2
z=sinx = dz = C0SX
dx

dy d
d_i = d—g X COSX
dy dy .,  dy
and T2 = g C0s ¥ g, sina
The equation becomes

2

, . d . d . d
cos-‘x—% —cosxsinx—Y + cosxsinxy -
dz? dz

So

2ycosiy = 2cos"x
Dividing by cos®x gives
dy B
———2y=2cos’xr=2(1-2%
dz? -
y :Aedsln.r i+ Be—\'ZSinI +sinZy
dx du d*x du d*u
Ul U b, = 2
Pl =¥ e de ~f @ Ve
So differential equation becomes
oo du , d?%u du ;
.52(2— +l—| = ZL(u " L—) =-2(1 - 2¢2ut
dt daz_] de
which rearranges to give .-:*(d—_i‘ - 4a) =0
dzﬂ 4 0 .dﬂ_
— -4y =
~ e
x = t{Ae* + Be—¥)

¢ x= .s(i‘eh i e—z:)
de? de2

Challenge
y=Alnx + B + 3x*

Exercise 9C

1a

c

dx = d—ut + U

de de

So £[u£}(i—f£ + u)— wit* = 3

which rearranges to u% =3t

Solve the differential equation in u and ¢ to get

$u? = 31? + ¢, and then use u = % =31ofind ¢ =3.

The particular solution is x = t/31* + 6.

The function increases without limit so the
displacement gets very large.

dv _dz

—=—t+2z

de  de _

So 3z2£f‘(%£ + z) = z** + 1, which rearranges to

i
3z4—==1- 27
di N
Differential equation in z and ¢ solves to give
A
1-221=5

fp=2frt=1thenz=2 and A=|-15|x1=15.
Then 322 - 1) =15 = 2v* - # = 15L.

a3
The particular solution is v = 31’%

2.668; 0.632

@ Full worked solutions are available in SolutionBank.



3 a

2dv  2v

4
t2dt t®

_v ds

A td
So equation becomes

_ldv_» d’s_1d%
tde?

2 dez

1d _2dv, 20|, o _,(lde o) _
v e R
1+ 2&]? =ip¥
Rearranging terms gives
d2p 2 —t\de (20 (@2-0v (1+20v
ETE (_T+ t )da * (__;—z_f)
X d d
: i v de i
which simplifies to e 2v = e,

Auxiliary equation has roots 2 and -1, so the
complementary function is v = Ae* + Be™. To find
the particular integral, try v = ite®.

Then ?;: = e + 2ite* and ;l U 4302 4 date
dzr  de

So—-—-2v=

47e* + 4Ate” — (A + 2ite™)
dez de

- 2Ate* = 31e*

Letting 4 = % gives a particular integral of v = %tezh

Therefore the general solution is
v =Ae + Be + 1te
_Ae¥ + Be’

I +§92?' 10
de _, ,,du dPx _,du ,d%u
de — de’dez ” Tde T Tdee

So differential equation becomes
du d°u ( du (2+£.2'
tl2—+1t=5>|-2 = b=t
(2 + o Ga) - 2luv e+ ()
which rearranges to the required equation.
x = t{Acost + Bsint + 12 - 2)

As t gets large, x gets large; the spring will reach its

elastic limit and/or break.

Mixed exercise 9

1a

b

d
Given that z = y-', then y = z-' s0 i S —z-ZE

d dx
The equation xd—i + y = y*lnx becomes
—.?:Z‘ZE Fgh=tng
dx 4 1

- . z z_ _Ilnx
Dividing through by —vz gwesE T
y= ;, where ¢ is a constant.

1+cx+Inx
; d 1

Given that z = ¢y, y= z: and d_i =1z Elli

the differential equation becomes

tdz - U,
cosxz == _ mginx+z:=0
dx

i = dz .
Divide through by z = cnsxa —zsinx =-1
Z=CSecy —xsecy
y* = csecx — xsecx, where ¢ is a constant

y W e
TY=S0 =z a

- xy = 0 becomes

Given that z =
The equation (x* — y*)—
Sl J]dx

o dz
2 Bl g ik
(a® — z%x }(z +x_dx) xzx =0

=(1-2%z+1(1 —zz}xd—z—z: 0
dx
dz__z _
der 1-2z2°
dz _ _2*
:}xﬁ 1-z2

2y (Iny + ¢) + 22 = 0, where ¢ is a constant

w1
=]

9 a
10 y-=
11 a

Answers

z:%:by:xzand%:z+x%
O_y:y—[x+y] bemme(;z+xE el )
dr  x(y—x) dr  xlxz-x)
Spepdz 21+
dr  (z-1)
L4z _ z(1 + 2) 2z
G — =
dt z-1 £ z-1
21 3lny = FInx + ¢, where ¢ is a constant.
Yo dy _ dz
Gw&nthatz_?y_b;rcandE z+xa

dy

—3x
The equation — = Y_ becomes

dr  y? - 32°
dz —3x%z
g e s SR i
* dx  z%x® - 327
dz -3z —z*
Sox—= —z=
dx z*2-3 ‘ z*-3

2
Iny + % = ¢, where ¢ is a constant.
Y

du dy
Letu=x+y,then =——=1+_"and so
. PR = T e
d—y =(x+y+ 1){x +y—1) becomes
i
%—1_{u+1][u N=u*-1
du 5
dx e
y= x_+ et where ¢ is a constant
du _dy
Given that u = 2
a 4 Y=t ST ax
So —y={y—x—2]2hecomesd—+ 1=u?
.
i 2
Lo e T |
= 5 Wl
y=x+2+ L sten ., where A is a positive constant
1-Ae*
gt v _ 1, adu
M TR
Equation becomes ——u 23—? x ¢+ u" = 2t3%~ which
du  2u
to 5= - E2 = 42,
rearranges to - -

Using integrating factor e-2/14 = g-2i = (-2, get

%[uﬁ-zl =-4=ut?=-4t+c, and u=-4¢* + ct>
Then the general solution for the original equation
T

Jt%(c - 41)
Given that v = 3 when t = 1, % =580 c=8 and
the particular solution is v = — 1

A, B ol i

y= —+x—+1}nx—% b y:E—?+%]nx—}

mf;(%mx] + 3 c;m(t;m x) + 5 P"““

d ld_u__L
AU der T e
dr _dr du dz_diw 1 dv 1

At dudede T du? e du o
So equation becomes

t=¢e" u=Int,

{fn,d_te, 1) 5, o ’
: (duz T e Zt(du dt )+ 2x=4lnled)
which rearranges to STI - ?% +2x =4u
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Answers

b x=A*+Bt+2Int+3

¢ As t gets very large, the distance of the particle
from its original position becomes very large.

dx dv dix dv  ,d%
12 —= p = 2— ,5—.
a T e T T e
Equation becomes
ofpdv AP0} do 200 =14
2(250 +¢52) - 4efo + 1) + (4 - 2090 = ¢

2
which rearranges to 2% -2v=1
b x=Ate'+Ble” - 31*

do 1 du

1 A o ol

- du u? dt
do

IOOOE - 5000 + tv? = O becomes

13 a

—]000:;‘2% =500t +tu2=0

5 % +0.5u-0.0012=0

= 94 | 050 0.0010
dt
___ 5000 __ 500e%
et -2)+ A (¢ — 2) + 252

d v — 0ast— ecosonotvalid for large values of t.

Challenge

d,
Letu = _y‘ s0 equation becomes du _ u*
dx dx

1 1
#fgdu_fdx:-—i=x+3

dy 1
~dx x+B

=y=A-lInlx +b)

Review exercise 2

1 cns%: \'1_—(%}2 2%
L )
t=tan = :;2%=:_§_ﬁ=1_z i 1;—:_%
2 a sin?f= ﬁ cos?f=1 - (2 + ‘73) _2 —4.\‘3
= tanf = — [sin®9 _ _ .'ré+_‘*"§_ —_2_,3
leos20 ~ \2-/3
b t=tanf=-2-/3 -
= sin20 = .2;:,52 = -3 and cos 20 =}+§§= _%
c 9:% 1+¢2 2 (1+1¢2 1
+
3 a secx+tanx = li; 1_££2=(1+”{1 _”21_:
: 1 +tang
b tan(£+§)= - (i ~nd) = }ti:secx+wnx

] 2 el
1-2-0+0) 1-2

2
4 chs2g—l=2(,_1 - = — = cosf
2 V1 + 12 1+12  1+¢(°
5 a 3(1“2}—4( 2t )—4:0
1+¢2 1+
o B=BE B3P o 7P 484120
142

b x=4.71,6.00(2d.p)

238

]

10 a

11 a

12 a
13 a

14 a
15 a

iy
2( 2£.)+(1 t,)—l-—-(]
1+ 2 1+

de+1-0-1-14°
i, SR Sl el T B

=0=1*-2t=0
1+ =
0,2r,2.21(2d.p)
v =% =2cos4x x 4 + 4cos2x x 2 = 8(cos4x + cos2x)
t = tanx = sin2x = —2¢ ,mst:l_L‘z
1+1¢2 1+

cosdx = cos®2x - sin®2x

W2 2
- o=s((15 4 - () + (155)
1+t 1+t 1+ 12
=16 ¢ 3
(1 +¢t3?
Least value of s occurs at x = % and is —4.196m.

: 3 3 ds d’s
It is a minimum because =2 =0and —2| = 0.
B
t=tan%, sosin® =2 _andcos¥=1-C
8 4 1+ 4 1+
f(x) = 5eos L + eost — 5sint
) 2 4 4 4

- 5(:052(%) = 55in2(%) + %ms% = 5sin%

_ 22 2z g \
“s{i5s) -sloee) +Hire o)
_ (9¢% - 401 — 120¢% - 40t + 31)

41 + t3)?
_ e+ 193 - 4912 - 71t + 31)
401 + 13*

br

Accept values in the range [4.8, 5].

It is the second-lowest trough on the left. Accept

values in the range [91.2, 95].

TR W TP L ST WP
2e-g)*(v-g) ~T(F-g)

-0.416147 (6 d.p.)

“In2 + \3(1 = g) -2z~ %f +

b -0.735166 (6 d.p.)

dﬁ =sec’x

% = 2sec’rtanx

% =4sec’rytan® x + 2sectxy
1+2(x-3) +2(x—%f+ %(x—%f+
Letx:%:;-x—%:%

tan3T = 1 + 2(5) + 2o ) + E(L)ﬂ
10 20 20/  3\20
S S O s
10 200~ 3000
{x—l}—%(x—1)2+%(x—1)3+.,,
. _ 1, 17
smhx_x+ﬁx?+mx e
d*y

e
Differentiate the equation with respect to x:

3

b -2
b

B =

1 b 2-x-222+12%+ ..

@ Full worked solutions are available in SolutionBank.



16
17

18

19
20

21

22
23

24

26

dy dzy dy
2&1’[11’21?}@—11‘89’&
dy dy dy dy
(1+2:r)—2_1+8ya—2a_]+2[4y—1}a
dy y (dy)z dzy
c f+;1:+%3t:2+§x3+
a 1+x+2x2+ 229+ b 1.12(2d.p)
a 1.5+08x-0.208x>+0.131982x%+ ...
b 1.578(3d.p)
_l%( dzy ) R ST Lo
a ydxgdx2+1 b 1+x S G

¢ The series expansion up to and including the term in
x* can be used to estimate y if x is small. So it would
be sensible to use it at x = 0.2 but not at x = 50.

a 1+322+223+ 324+ b 1.08(2dp.)

Let u = 27 and v = e?*
3:_3 2 3;; 6x gx“‘ 6,%:0[‘0rk>3
gz 3o, 3 Y =9t = dkk RidiE
-l (lud, ()L, (Giud
= x%(37e™) + n(3x2)(3m-1e™) + —(”(” ) (62)(3n-23)
& nin - 16][n ][6][3“-39,3’]

=3"%e¥(27x? + 2Tnx* + 9n(n - Dx + n(n - 1)n - 2))

Let u = " and v = sinx
dfu
dxt = °
do d> _ d?e dte
— = C0SX, —— = —S§inX¥, —— = —C0sX, — = sinx,
dx dxz dx? dxt
5 51T
g ‘r'i_m‘;x E{l L{ —-sinx
x.)
dy ;
= =ef(sinx + cosx)
dby . . )
Tt = e¥(sinx + 6cosx — 15sinx - 20cosx + 15sinx
+ beosx — sinx)
= —8efcosx
dby dy
926 + 8a + 8y = —8e*(cosx) + 89"[smx + €S x)
— Be¥(sinx) =
1
I
N
lim 122 = )i = = lim(-x) =
x—0 l x—i i x—0
1 ¥ 3
2
lim e — Cosx _ li e’ +siny _ 1
x—0 i ]_
a t=tanX=de=—%5_ z dt,
2 1+
1 & 1 = 1+
1-sinx+cosx 1 __2t ,1-¢ 21—y
142 1442
f 1 T i 0 w2
1 -sinx + cosx 20-8 1+¢2

=£fﬁd:,

1
b ‘L mdx =0.535 (3 d.p.)

27

39

40

41

42

Answers

2
—= _dt
1+ 2

1 ~ 1 1+

x
t=tan= = dx =
2

202t -1+ 2)

3siny - 4cosx 3(%) = 4(: 2 ::)
+ ST

1 d f 1 + .,:2 2
A ———— X = X i
3siny - 4cosx 220 -1t +2) 1+

2 1
- f 52t -1 5+ 2}d£
.

= T %
. 3sinx — 4cosx
2

= %J [ln‘z tan% - 1| = ln‘tan% + ZHrz %111{6 + 5/3)

a=6,b=5
0.734 (3 s.[)
a 0.2
£8063

1.537 (3d.p.)
a y,=1+02cos(1)=1.108(3d.p.) b 0964 (3d.p.)
10660

a 0.8 b 04413(3d.p)

2.1,2.202 (3 d.p.), 2.298 (3 d.p.)

2.94

a 1.09(3s.f)

a 3.8637 (4 d.p.)
b u:x::-%: 1 and ¢ = coshx = v = sinhx

b 2.065, 2.406

b Increase the number of intervals.

LHS = xsinhx - coshx = [xsinhx - coshxl?
=-3e2+e' + 162 =RHS
¢ 0.11%

Ce™ - 2x -1 9e> — 2x -1
L —ax—-1 T i T
4 Y 4

dy _ dv
a Y=px,——=%x—+p
y dx dx
%+U:[4x+vx][x+vx)
dx A%
do
= x—=4+4v+1*=(2 +0)?
T + (2+0)
1
Inx+¢
dy _ do
a Y=0r ——=x—+1v
y dx dx
dv _3x-4dvx _3-4v
dx  4x+3vx 4+ 30
dv _3-4v 302 +8v -3
Jv+4

a y=

=4+ 50+ °

b v=-2-

T

dx 4+ 3p

b 302+ 8v- ¢

3=
xE

_ Yy 3 8y ., ¢
c y_xu:,a_z:.?J,T_g_?
= 3y + Byx - 3x*=C

y=Tatx=1=C=200

Factorising the LHS, (3y — x)(y + 3x) = 200
du dy dy  yidu
— =2 gl T ———
P AT Y W T AT 2 dx
y du
So ——d + 2xp = x07"
du i
— — dxp = -2xe™
=y xe
b p=1le*+Ce™ c é:%e‘f+%e“‘
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Answers

dy de & dv  _d%

B S~ g a
o L dPe dv) . do 2 B
So x {x—d : Z_dx Bx(v + xdx_] + (2 + 9x%)px = x

ﬁxf‘%+9x3 =xh ¢%+99 x?

v =Acos3x + Bsin3x + 34 - &
2

C. = AxmsBx+Bxsm3x+ x*—ﬁx

q
Ldy
44 20—
*
d?y _dy i1\, 2 dy :
b 4.:— 27 ¢ (66 - 1\26: 22 — 16ty = 4te*
T ( L.) T
=>4£%+ 12;%5'—16:5: dtex
¢ y=Ae" +Be™ + Le¥
d?y dy o
E+ %E dy=e
dy
45 —
% Yo
b E-EXQ(E)_Ii(Ld_y)
de? " dx " odede/ T dehde
dy dzy) Ly dy
E(d.f, el Tt tta
2
¢ (a % + z':li’) s ﬁmﬁJr 10y2 = 5¢2sin 2¢
@y dy
d2+6d + 10y = 5sin 2t
d y=e"(Acosle’) + Bsin(e) + L qm[ZPXJ— cos(2e7)
dy dx d% dx) d2x
46 =-2g30% ~ 9 gyt X _ 2y
a g =2 g = (g) -2

Divide the differential equation by —a*

d 2
—Zr‘dg B Gx'*(iﬂ =-x2+3
d? d?
=>F —J+3=>d£2+y=3 ; .
b y=Acost+Bsint+3 c¢cx=—r—= d—
Vecost + 3 V2
Challenge . .
&3
tanx+tany_(1-;2)"{1_.«)_ 4st
cotx +coty ~ (1-£\ . (1-s7) (1 -s21 -2
+ coty (2:)+(2;) (1-s21 - ¢
_{ 2t ( 2s )
= tanxtan
(1—;2 1-s 4

2 d—:[‘rﬂercoshx] = FR;’( )?[Iaidd;:[ercoshx]
= Eﬁ( )_{lijzn k-1 g2z
) + 12x2('rit

= e2204(6( 5] + 122(, 1)+ 82%)
=2r*e*(82% + 12nx* + 6n(n — 1)x + n(n - 1)(n - 2))
3 aZ_opal_pooyy-B-203
dx u?
Then integrate both sides with respect to x.
b A=3B=3

Exam-style practice: AS level
1 x>V3,-3<x<-1,2<-3

g2
2a Ift= tanf, then sinx = 2t —and cosx = 1=t
2 1+ 2

1+
2
21 _51—1! _

Hence, 2sinx — S5cosxy =2 _ = .
1+ 1+

=51-=21+)=4-5+5=2(1+19)
=32+4t-7=0

b x= 3,95,2
3 1.195
4 a k=4 b r=-4 ¢ 337
5 a -14i-5j- 6k b 8.02
¢ 38 dice d Plastic wastage

Exam-style practice: A level

1a Tx+2y+4z=7 b 1 ¢ 0.930 radians
2 a 068778 b 0.68795 ¢ 0.02% error
dy : dy 3x gy
3 a xyE+3xz+gz=>E+?+E (1)
dy do
=X = —=U0+X— 2
4 dx dx @
Substituting (2) into (1) gives: v + x% +y+v=0
do 3 de | 3+ 27
=:~xE+3+20 0= dx+T_0

-

3xt+ 22%y° = 53

x = 2.050 = 205 metres

d Velocity of jumper tends to infinity as distance
from top of the cliff tends to 0. Hence the model is
unsuitable for very small values of x.

a L'Hospital's rule is only applicable for the limits of

functions which tend to —w or &

o

The function given tend‘; to
rule is cannot be used.

14
b T2

2 ;2
a x__J_ ]_
a & #
: x mx + c¢)*
Substitute in y = mx + ¢: S

5 hence L'Hospital's

=1

= b*x* - a*(ma+c)® = a®h*

= b - a*(m*x® + 2Zme + ¢?) = a®h*

= (b* - a®*m*)x” - 2mea’s — a*(c*+ 6% =0

This is in the form of a quadratic equation.

For y = mx + ¢ to be a tangent, discriminant = 0:
dm’cat = —4a*(b* - a®m*)(c* + b?)

= m*c*a® = -b* - b*c® + a*m*c* + a’m*b?
=b+c*=a m2

17 67

b y=x+1,y=—g72+77
322, 2yt
_.]_ ... 00 o 18
Y +x 5 + 3

7 {zx-Vo<x</T-1lulzx<1- \7}

8 Fory=eTsing, let u =e”.

Hence du = ¢* for all values of k&
dx*
de d*v :
Let v = sinx, hence == = cosx, = -ginx,
dx dxz
d*v d* dip deéy .
-C0S%, — = ginx, — = ¢osx, — = -sinx
d® dat dx® dx®

Apply Leibnitz's theorem:

e'sinx + bercosx — 15ersiny — 20e*cosx + 15ersinx
[

+ be‘cosx — e'sinx = —8e"cosx = L

dx®
dy . .
88— = 8e*(cosx + sinx)
dx
déy dy i
Hence —+ 8— = —8e'cosx + 8e'cosx + 8e'sinx
da® dax

= 8e'sinx = 8y

240 @ Full worked solutions are available in SolutionBank.



alternating series test 147
angles, between vectors 5
areas 7-9
asymptotes
horizontal 97
hyperbolas 65
rectangular hyperbolas 42-3, 65
vertical 97

calculus, methods in 149-60

key points, 160
Cartesian equations

curves 334

ellipses 63-4

hyperbolas 65-7

parabolas 35, 54-5, 84

rectangular hyperbolas 43, 84
chain rule 79-80, 84, 151, 154, 183
chords 38-9
circles 35, 68
compass point diagrams 162
conic sections

definition 35

see also ellipses; hyperbolas;

parabolas

continuous compounding 156
critical values 93-3, 96, 99-101
cross products see vector products

differential equations
first-order 162-7, 180-1
modelling with 185-6
reducible 179-90
second-order 169-71, 1834
series solutions 139-42
substitution methods 180-5
differentiation
implicit 45, 74
parametric 45, 74
product of two functions 150-1
direction cosines 17-18
direction ratios 17-18
directrices 35-7, 67-72
distributive property 3
dot products 2
double-angle formulae 117

eccentricity 67-72
ellipses 68-70
hyperbolas 68, 71-2
parabolas 68

ellipses 63-5, 67-70
Cartesian equations 63-4
eccentricity 68-70
general points 63
key points 90-1

normals 74-6
parametric equations 634
tangents 74-6

envelopes 56

Euler’s method 164-7, 169-71

first-order differential
equations 162-7, 1801
focal chords 38
foci 35-7, 67-72
focus—directrix properties 35, 67

gradients

parabolas 45-7

rectangular hyperbolas 45-6
graphs, inequalities 96-7

hyperbolas 42, 65-7
asymptotes 65
branches 42
Cartesian equations 65-7
eccentricity 68, 71-2
general points 66
key points 90-1
normals 79-81
parametric equations 66-7
rectangular see rectangular

hyperbolas

tangents 79-81

implicit differentiation 45, 74
indeterminate forms 136, 152-5
inequalities 92-104
algebraic methods 93-5
critical values 93-3, 96, 99-101
graphical solutions 96-7
key points 104
modulus 99-101
non-strict 94-5
initial conditions 162, 169, 170
integration
approximate value of definite
integral 1734
Weierstrass substitution for
156-7
interest rates 156
iterative methods 163-4, 169-71

Leibnitz’s theorem 150-1
L'Hospital’s rule 152-5
limits
algebra of 136
finding 135-8
indeterminate forms 152-5
lines see straight lines
loci 54-5, 83-5

Maclaurin series 132, 136-7, 139
major axis 69
midpoint method 166-7
modelling
with differential equations 185-6
with trigonometry 124-5
modulus inequalities 99-101

normals
ellipses 74-6
hyperbolas 79-81
parabolas 45-7, 49-52, 84-5
rectangular hyperbolas 45-6, 50,
84
nth derivatives 150-1
numerical methods 161-78
first-order differential
equations 162-7
key points 178
second-order differential
equations 169-71
Simpson’s rule 1734

parabolas 35-9, 45-56
Cartesian equations 33, 54-5, 84
eccentricity 68
general points 35, 55, 84
gradients 45-7
key points 61
normals 45-7, 49-52, 84-5
parametric equations 35, 55, 84
tangents 45-7,49-51, 84

parallelepipeds 11-13

parallelograms 7-9

parameters 33

parametric differentiation 45, 74

parametric equations
curves 334
ellipses 634
hyperbolas 66-7
parabolas 35, 55, 84
rectangular hyperbolas 43, 84

partial fractions 157

planes 20-2

product rule 150-1, 180, 183

Pythagorean triples 129

ratio test 147

rational fractions 157

rectangular hyperbolas 42-3, 45-6,

50, 55

asymptotes 42-3, 65
Cartesian equations 43, 84
general points 43, 55, 84
gradients 45-6
key points 61

241



normals 45-6, 50, &84
parametric equations 43, 84

tangents 45-6, 50, 84
reducible differential equations 179—
90

key points 190
right-hand rule 2

scalar products 2
scalar triple products 11-14
second-order differential
equations 169-71, 1834
series, convergence 147
series solutions, of differential
equations 139-42
Simpson’s rule 1734
spherical polar coordinates 20
straight lines
eccentricity 68
intersections with planes 21-2
shortest distance between 22-3
vector equations 16-18
substitution methods, differential
equations 180-5

242

t-formulae 116-30, 156-7
key points 130
in modelling with
trigonometry 124-5
in proving trigonometric
identities 120-1
in solving trigonometric
equations 122-3
tangent fields 162
tangents
ellipses 74-6
hyperbolas 79-81
parabolas 45-7, 49-51, 84
rectangular hyperbolas 45-6, 50,
84
Taylor series 131-48
finding limits 135-8
key points 148
series solutions of differential
equations 139-42
tetrahedrons 13-14
triangles, areas 7-9
trigonometric equations,
solving 122-3

trigonometric functions, in
modelling 124-5
trigonometric identities 117-18
proving 120-1

unit vectors 2

vector products 2-9
areas 7-9
vectors 1-31
angles between 5
areas 7-9
key points 30-1
plane equations 20-2
scalar triple products 11-14
shortest distance between
lines 22-3
straight line equations 16-18
vertex, parabola 35

Weierstrass substitution 1567
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