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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof
» Rigorous and consistent approach throughout
» Notation boxes explain key mathematical language and symbols
» Dedicated sections on mathematical proof explain key principles and strategies
* Opportunities to critique arguments and justify methods
2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results
collect information
» Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ] ’
. . represent information
3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it
* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model
» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

ﬂl‘lﬂu

::—m_ Dl
? s e

m Full worked solutions are : ;

available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise w Find the point of intersection O

problems and consolidate your understanding graphically using technology.
using pre-made GeoGebra activities.

GeaGebrao

GeoGebra-powered interactives

Interact with the maths you are learning __—]
using GeoGebra's easy-to-use tools

Access all the extra online content for free at:

www.pearsonschools.co.uk/fm1maths

You can also access the extra online content by scanning this QR code:
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Circular motion

After completing this chapter you should be able to:

e Understand and calculate angular speed of an object moving in a
circle - pages 2-4
e Understand and calculate angular acceleration of an object moving
on a circular path - pages 5-10
® Solve problems with objects moving in horizontal circles
- pages 11-18
Solve problems with objects moving in vertical circles - pages 19-25
® Solve problems when objects do not stay on a circular path
—» pages 26-30

Prior knowledge check

1 Asmooth ring is threaded on a light inextensible string.
The ends of the string are attached to a horizontal
ceiling, and make angles of 30° and 60° with the ceiling
respectively. The ring is held in equilibrium by a horizontal
force of magnitude 8 N.

30°

8N

Find
a the tension in the string b the mass of the ring.
< Statistics and Mechanics 2, Section 7.1

= A box of mass 4 kg is projected with speed 10 m s~! up the
A car travelling around a : line of greatest slope of a rough plane, which is inclined
bend can be modelled asa | at an angle of 20° to the horizontal. The coefficient of
particle on a circular path. friction between the box and the plane is 0.15. Find:
Police use models such as a the distance travelled by the box before it comes to
this to determine likely instantaneous rest
speeds of cars following b the work done against friction as the box reaches
accidents. - Exercise 1C, Q18 instantaneous rest. « Further Mechanics 1, Section 2.3




Chapter 1

Q Angular speed

When an object is moving in a straight line, the speed, usually measured in ms~! or km h-!, describes
the rate at which distance is changing. For an object moving on a circular path, you can use the same
method for measuring speed, but it is often simpler to measure the speed by considering the rate at
which the radius is turning.

B As the particle P moves from point 4 to point B on the
circumference of a circle of radius » m, the radius of the circle
turns through an angle 6 radians.

The distance moved by P is rff m, so if P is moving at vm s~

P
R S S « /S
Q weknowthat;_dt(rﬁi)_rdt_rxf}'

PR Notation

6 is the rate at which the radius is turning about O.
It is called the angular speed of the particle about O.

The angular speed of a particle is usually denoted by w, and measured
inrads-'.

= If a particle is moving around a circle of radius r m with linear speed v ms! and angular
speed wrads!then v = rw.

Example

A particle moves in a circle of radius 4 m with speed 2 m s~!. Calculate the angular speed.

Using v = rw, 2 = 4w, so w = 0.5rad s™

Example

Express an angular speed of 200 revolutions per minute in radians per second.

Each complete revolution is 27 radians, so m
200 revolutions is 4007 radians per minute. Sometimes an angular speed is
described in terms of the number of revolutions

Therefore the angular speed is ; ) :
completed in a given time.

428“ = 209rads (3 i)




Circular motion

A particle moves round a circle in 10 seconds at a constant speed of 15ms~!. Calculate the angular
speed of the particle and the radius of the circle.

The particle rotates through an angle of 2w radians |
2

in 10 seconds, so w = = = 0.628rads™ (3 s.f)

=g

Using v = rw, r = i = @_?—25 =239m (3 s.f)

1 Express:

a an angular speed of 5 revolutions per minute in rad s™!
b an angular speed of 120 revolutions per minute in rad s™!
¢ an angular speed of 4 rad s~! in revolutions per minute

d an angular speed of 3rads™! in revolutions per hour.

Find the speed in ms~! of a particle moving on a circular path of radius 20 m at:
a 4rads!

b 40revmin~!

A particle moves on a circular path of radius 25 cm at a constant speed of 2ms-!.
Find the angular speed of the particle:

a inrads™!

b in revmin-!

Find the speed in ms~! of a particle moving on a circular path of radius 80 cm at:
a 2.5rads™!

b 25revmin~!

An athlete is running round a circular track of radius 50 m at 7ms-'.
a How long does it take the athlete to complete one circuit of the track?
b Find the angular speed of the athlete in rad s~'.

A disc of radius 12 cm rotates at a constant angular speed, completing one revolution every 10
seconds. Find:

a the angular speed of the disc in rad s™!
b the speed of a particle on the outer rim of the disc in ms™!
¢ the speed of a particle at a point 8 cm from the centre of the disc in m s~
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Chapter 1

A cyclist completes two circuits of a circular track in 45 seconds. Calculate:

a his angular speed in rad s!

b the radius of the track given that his speed is 40 km h~'.

Anish and Bethany are on a fairground roundabout. Anish is 3 m from the centre and Bethany
is 5m from the centre. If the roundabout completes 10 revolutions per minute, calculate the
speeds with which Anish and Bethany are moving.

A model train completes one circuit of a circular track of radius 1.5m in 26 seconds. Calculate:
a the angular speed of the train in rad s™!

b the linear speed of the train in ms-!.

A train is moving at 150 km h-! round a circular bend of radius 750 m. Calculate the angular
speed of the train in rad s™'.

The hour hand on a clock has radius 10 cm, and the minute hand has radius 15cm. Calculate:
a the angular speed of the end of each hand
b the linear speed of the end of each hand.

The drum of a washing machine has diameter 50 cm. The drum spins at 1200 rev min~".
Find the linear speed of a point on the drum.

A gramophone record rotates at 45 rev min~'. Find:
a the angular speed of the record in rad s-!

b the distance from the centre of a point moving at 12cms!.

The Earth completes one orbit of the sun in a year. Taking the orbit to be a circle of radius
1.5 x 10" m, and a year to be 365 days, calculate the speed at which the Earth is moving.

A bead moves around a hoop of radius r m with angular velocity 1 rad s-!. The bead moves at a
speed greater than 5ms~!. Find the range of possible values for r.

Challenge

Two separate circular turntables, with different radii, are both mounted
horizontally on a common vertical axis which acts as the centre of
rotation for both. The smaller turntable, of radius 18 cm, is uppermost
and rotates clockwise. The larger turntable has radius 20 cm and rotates
anticlockwise. Both turntables have constant angular velocities, with
magnitudes in the same ratio as their radii.

A blue dot is placed at a point on the circumference of the smaller
turntable, and a red dot likewise on the larger one. Starting from the
instant that the two dots are at their closest possible distance apart,
it is known that 10 seconds later these dots are at their maximum
distance apart for the first time. Find the exact angular velocity of the
larger turntable.



Circular motion

@ Acceleration of an object moving on a horizontal circular path

When an object moves round a horizontal circular path at constant speed, the direction of the motion
is changing. If the direction is changing, then, although the speed is constant, the velocity is not
constant. If the velocity is changing then the object must have an acceleration.

Suppose that the object is moving on a circular path of
radius r at constant speed v.

Let the time taken to move from A to B be d¢, and the angle
AOB be 66.

At A, the velocity is v along the tangent AT. At B, the
velocity is v along the tangent TB.

The velocity at B can be resolved into components:
v cos o6 parallel to AT and

vsin o6 perpendicular to AT.

change in velocity

e , 5o to find the acceleration of the object at the instant

We know that acceleration =

veosdf — v vsindd — 0
5 AT
These will be the components of the acceleration parallel to A7 and perpendicular to 47 respectively.

when it passes point 4, we need to consider what happens to as ot — 0.

For a small angle 60 measured in radians, cos 66 = 1 and sin 66 = 46, so the acceleration parallel to

AT 'is zero, and the acceleration perpendicular to AT is v% = .

. . y?
Using v = rw, ww can be written as rw? or .

= An object moving on a circular path with constant linear speed v and constant angular speed

2
w has acceleration rw? or v?’ towards the centre of the circle.

A particle is moving on a horizontal circular path of radius 20 cm with constant angular speed
2rads~!. Calculate the acceleration of the particle.

The radius needs to be measured in metres if the

Acceleration answer is to be in ms2.
=0 x 27 B
= 0.85ms"2 towards the centre of the circle. Using a = ru?.
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A particle of mass 150 g moves in a horizontal circle of radius 50 cm at a constant speed of 4ms~.
Find the force towards the centre of the circle that must act on the particle.

Acceleration is given by: Write down the formula for acceleration in terms
v2 A2 of speed and radius.

a=7=ﬁ=32m5‘2

F=ma=015 X 32 = 48N Make sure lengths are in metres and masses are

in kg before substituting.

One end of a light inextensible string of length 20 cm is attached to a particle P of mass 250 g.
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves in
a horizontal circle centre O at constant angular speed 3 rad s~'. Find the tension in the string.

m Explore circular motion of a

particle attached to a light inextensible string
using GeoGebra.

r

0.25k
3rad sq-j' The force towards the centre of the circle is due

to the tension in the string.

Suppose that the tension in the string is T'N.
Then T = mrw? = 0.25 x 0.2 x 9 = 045 N. /——— Use F=ma with a = ru?.

A smooth wire is formed into a circle of radius 15cm. A bead of mass 50 g is threaded onto
the wire. The wire is horizontal and the bead is made to move along it with a constant speed of
20cms~!. Find the horizontal component of the force on the bead due to the wire.

Looking at the wire m If a question just says "speed

Looking at the wire
< then it is referring to linear speed.

from above: from the side:
il ﬁ The forces acting on the bead are weight
1’_? 0.05g N, the normal reaction, R, and the
— horizontal force, H.
——e
H
The force towards the centre of the circle
v is due to the horizontal component of the
0.05¢gN reaction of the wire on the bead.



Circular motion

Let the horizontal component of the force exerted

on the bead by the wire be H.

_mv® _ 005 x 0.22
e = o1

A particle P of mass 10 g rests on a rough horizontal disc at a distance 15 cm from the centre.
The disc rotates at constant angular speed of 1.2rads™!, and the particle does not slip.
Calculate the force due to the friction acting on the particle.

= 0.013N (2 s.f) Resolve towards the centre of the circle.

The force towards the centre of the circle is
due to the friction between the particle and

g 01k the disc. This is the force that is providing the
12 rafg] angular acceleration of the particle.

Suppose that the frictional force is FN.
| Then F = mrw® = 0.01 x 0.15 x 1.22 = 0.00216 N.

A car of mass M kg is travelling on a flat road round a bend which is an arc of a circle of radius
140 m. The greatest speed at which the car can travel round the bend without slipping is 45 km h~!.
Find the coefficient of friction between the tyres of the car and the road.

Resolve towards the centre of the circle.

[
L

A The force towards the centre of the circle is
due to the friction between the tyres of the
car and the road.

140 m

Let the frictional force between the car tyres Mark the forces on the diagram and resolve
in the direction of the acceleration and

perpendicular to it, i.e. horizontally and
vertically.

and the road be F, and the coefficient of friction
be u. The normal reaction between the car and
the road is R.



Chapter 1

R(T):R= Mg
mye As the car is about to slip at this speed, we
Rie) o= By ==~ know that F= F,,, = uR
1 = Lyay = MU
— Resolve towards the centre of the circle.
y= 45kmh- = % = 12.5ms"!
< | Convert the speed from kmh=! to ms~! so
= uMg = % that the units are consistent.

e T 0.1 (2 =.f) Problem-solving

You can cancel M from both sides of the
equation. This tells you that the answer is
independent of the mass of the car.

Whenever a numerical value of g is required take g = 9.8 ms-2

1 A particle is moving on a horizontal circular path of radius 16 cm with a constant angular
speed of 5rads-!. Calculate the acceleration of the particle.

2 A particle is moving on a horizontal circular path of radius 0.3 m at a constant speed of
2.5ms"!. Calculate the acceleration of the particle.

3 A particle is moving on a horizontal circular path of radius 3 m. Given that the acceleration of
the particle is 75 m s-2 towards the centre of the circle, find:

a the angular speed of the particle
b the linear speed of the particle.

4 A particle is moving on a horizontal circular path of diameter 1.2 m. Given that the
acceleration of the particle is 100 m s—? towards the centre of the circle, find:

a the angular speed of the particle
b the linear speed of the particle.

5 A car is travelling round a bend which is an arc of a circle of radius 90 m. The speed of the car
is 50 km h~!, Calculate its acceleration.

6 A car moving along a horizontal road which follows an arc of a circle of radius 75 m has an
acceleration of 6 ms—2 directed towards the centre of the circle. Calculate the angular speed of
the car.

7 One end of a light inextensible string of length 0.15 m is attached to a particle P of mass 300 g.
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves
in a horizontal circle centre O at constant angular speed 4 rad s~!. Find the tension in the string.
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Circular motion

One end of a light inextensible string of length 25 cm is attached to a particle P of mass 150 g.
The other end of the string is attached to a fixed point O on a smooth horizontal table. P moves
in a horizontal circle centre O at constant speed 9 ms~!. Find the tension in the string.

A smooth wire is formed into a circle of radius 0.12m. A bead of mass 60 g is threaded onto
the wire. The wire is horizontal and the bead is made to move along it with a constant speed of
3ms~!. Find:

a the vertical component of the force on the bead due to the wire

b the horizontal component of the force on the bead due to the wire.

A particle P of mass 15 g rests on a rough horizontal disc at a distance 12 cm from the centre.
The disc rotates at a constant angular speed of 2 rad s™!, and the particle does not slip.
Calculate:

a the linear speed of the particle

b the force due to the friction acting on the particle.

A particle P rests on a rough horizontal disc at a distance 20 cm from the centre. When the disc
rotates at constant angular speed of 1.2rad s™!, the particle is just about to slip. Calculate the
value of the coefficient of friction between the particle and the disc.

A particle P of mass 0.3 kg rests on a rough horizontal disc at a distance 0.25 m from the centre
of the disc. The coefficient of friction between the particle and the disc is 0.25.
Given that P is on the point of slipping, find the angular speed of the disc.

A car is travelling round a bend on a flat road which is an arc of a circle of radius 80 m.
The greatest speed at which the car can travel round the bend without slipping is 40 km h-'.
Find the coefficient of friction between the tyres of the car and the road.

A car is travelling round a bend on a flat road which is an arc of a circle of radius 60 m.
The coefficient of friction between the tyres of the car and the road is % Find the greatest
angular speed at which the car can travel round the bend without slipping.

A centrifuge consists of a vertical hollow cylinder of radius 20 cm rotating about a vertical axis
through its centre at 90 revs—'.

a Calculate the magnitude of the normal reaction between the cylinder and a particle of mass
5 g on the inner surface of the cylinder.

b Given that the particle remains at the same height on the cylinder, calculate the least possible
coefficient of friction between the particle and the cylinder.

A fairground ride consists of a vertical hollow cylinder of diameter 5 m which rotates about a
vertical axis through its centre. When the ride is rotating at W rads~! the floor of the cylinder
opens. The people on the ride remain, without slipping, in contact with the inner surface of the
cylinder.

a Given that the coefficient of friction between a person and the inner surface of the cylinder
is % find the minimum value for W. (5 marks)

b State, with a reason, whether this would be a safe speed at which to operate the ride. (1 mark)
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Chapter 1

Two particles P and Q, both of mass 80 g, are attached to the ends of a light inextensible string
of length 30 cm. Particle P is on a smooth horizontal table, the string passes through a small
smooth hole in the centre of the table, and particle Q hangs freely below the table at the other
end of the string. P is moving on a circular path about the centre of the table at constant linear
speed. Find the linear speed at which P must move if Q is in equilibrium 10 cm below the table.
(4 marks)

A car travels travels around a bend on a flat road. The car is modelled as a particle travelling at

a constant speed of vms~! along a path which is an arc of a circle of radius R m. Given that the

car does not slip,

a find the minimum value for the coefficient of friction between the car and the road, giving
your answer in terms of R and g. (4 marks)

b Describe one weakness of the model. (1 mark)

One end of a light extensible string of natural length 0.3 m and modulus of elasticity 10 N is
attached to a particle P of mass 250 g. The other end of the string is attached to a fixed point O
on a smooth horizontal table. P moves in a horizontal circle centre O at constant angular speed
3rads~!. Find the radius of the circle.

A particle P of mass 4 kg rests on a rough horizontal disc,
centre O, which is rotating at wrad s~!. The coefficient of
friction between the particle and the disc is 0.3.

The particle is attached to O by means of a light

elastic string of natural length 1.5 m and modulus

of elasticity 12 N. The distance OP is 2m. Given that

the particle does not slide across the surface of the

disc, find the maximum possible value of w. (7 marks)

Challenge

A particle is moving in the horizontal x-y plane. Its x- and y-coordinates at time ¢ seconds are given by the
parametric equations

x=pt,y=qt5t=0

where ¢ is the time in seconds, and p and ¢ are positive constants.

a
b
c

Sketch the path of P and write its equation in the form y = f(x).

Find the acceleration of the particle and its speed, v m s, at the origin.

Find the equation of the lower half of a circle with centre (0, R) and radius R, giving your answer in the
form y = g(x).

By comparing second derivatives, find, in terms of p and ¢, the value of R for which this circle most closely
matches the path of P at the origin.

A second particle Q moves around this circle with linear speed yms-1.

e
f

10

Find the acceleration of Q.
Comment on your answer.




Circular motion

@ Three-dimensional problems with objects moving in horizontal circles

In this section you will find out how the method of resolving forces can be used to solve a problem
about an object moving in a horizontal circle.

A particle of mass 2 kg is attached to one end of a light inextensible string of length 50 cm.

The other end of the string is attached to a fixed point 4. The particle moves with constant angular
speed in a horizontal circle of radius 40 cm. The centre of the circle is vertically below A. Calculate
the tension in the string and the angular speed of the particle.

m Explore circular motion in

three dimensions using GeoGebra.

Summarise the information in a diagram.

w As the particle moves round

the circle, the string follows the surface
of a cone - this model is called a conical
pendulum.

Let the tension in the string be T, and the anqular »——L

speed be w Name any dimensions and forces that you

might want to use or find in your working.
Suppose that the string is inclined at angle € to the

horizontal.

Then R(1): T'sin@ = 2g Resolve T into horizontal and vertical
components.

and R(«=): T costl = 2 x 0.4 x w? L

But from the dimensions given we know that Resolve towards the centre of the circle.

cosl = % and sinf = %
The diagram is a 3, 4, 5 triangle.

so, T=2gx2=3266...N L

Tecos8 _ 3266...%x 08 _ Substitute the values of cos f and sin # to
= =B266.«
06 0.8 solve the equations.
w=57rads™ (2 s.f).

A particle of mass m is attached to one end of a light inextensible string of length /. The other end
of the string is attached to a fixed point A. The particle moves with constant angular speed in a
horizontal circle. The string is taut and the angle between the string and the vertical is . The centre
of the circle is vertically below 4. Find the angular speed of the particle.

and w? =

11
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mg

Suppose that the tension in the string is T,
and that the angular speed of the particle is w.
The radius of the circular path is sin 6.

R(T): Teos b = mg

&
R{«): Tsinfl = m x [sinf x w? t

= T = mh?

mlw? cosf = mg

o
Y= Tcosh
g

S "."flfcosﬁ L

Draw and label a diagram.

Use the right-angled triangle.
Resolve T into horizontal and vertical components.
Resolve towards the centre of the circle.

Simplify the second equation by dividing through
by the common factor.

Substitute the result into the first equation and
rearrange to find w.

A car travels round a bend of radius 500 m on a flat road which is banked at an angle 6 to the
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there is no
tendency to slip. If there is no frictional force acting on the car when it is travelling at 90 km h-!,

find the value of 6.

fa

w|-‘

Problem-solving

There is no frictional force between the
car and the road. This means that the
angular acceleration must be entirely
due to the component of the reaction
that acts towards the centre of the
circle.

mg

Suppose that the mass of the car is m, and that the
normal reaction is R.

12

Draw and label a diagram.



_ 90 x 1000

20kmh'=—/——"= 25 ms™

3600
R(T): Rcosl = mg

Circular motion

Resolve the normal reaction into

vertical and horizontal components.

mx 252
500

R(«<): Rsinf =
252

L Resolve towards the centre of the circle.

=tanf = mx—g =028 @=7.37 (2 s1) »—L
Divide the second equation by the first.

The diagram shows a particle P of mass m attached by two
strings to fixed points 4 and B, where A is vertically above B.
The strings are both taut and P is moving in a horizontal
circle with constant angular speed 2,/3g rad s

Both strings are 0.5 m in length and inclined at 60° to the vertical.
a Calculate the tensions in the two strings.
The strings will break if the tension in them exceeds 8mg N.

The angular speed of the particle is increased until the strings break.

b State which string will break first.
¢ Find the maximum angular speed of the particle before the
string breaks.

The radivs of the circular path is

V3

60°
0.5m

60° 0.5m

Copy the diagram and show all the forces.

0.5¢cos30° = m This is an equilateral triangle.

4

B} T 08 €0= Tycon6Q +mg Resolve both tensions into their horizontal and
ST y=Typ=2mg (1) vertical components.

R(«):T4cos 30 + Tzcos 30 = mrw? -—L

/3 /3 Resolve towards the centre of the circle.
S5 (Ty+ Ty =mx 5= x4x3g

T+ To=Emg (2) Simplify and solve the pair of simultaneous

equations (1) and (2).
= T,=4mgN and Ty = 2mgN

13
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b The upper string will always have greater

tension so will break first.

c lLet maximum anqular speed be w,_,. ’— The string will snap if T, > 8mg.

At this speed, T, = &mg, so from (1),
Ty = cEmg.

V3 i R
So Ty (Bmg + 6mg) = m I Wrax
28g o wmgxz

Wiay = \-I28g =17 rad 5_‘I (2 SF:]

Problem-solving

Don't repeat work from part a when answering
part c. All of the working in part a up to the point
where w is substituted still applies, so use
T,—Tg=2mgand T, cos30°+ Ty cos30° = nrw?

An aircraft of mass 2 tonnes flies at 500 km h~! on a path which follows a horizontal circular arc

in order to change course from due north to due east. The aircraft turns in the clockwise direction
from due north to due east. It takes 40 seconds to change course, with the aircraft banked at an
angle a to the horizontal. Calculate the value of « and the magnitude of the lift force perpendicular

to the surface of the aircraft’s wings.

500 x 1000 _ 5000 _ __,

= -1 —
Speed = 500kmh™ = 3600 =3z

The aircraft completes one quarter of the circle in
40 seconds, so

Problem-solving

In normal flight the lift force acts vertically
and balances the weight of the aircraft. By
banking the aircraft the lift force is now
doing two things: the vertical component
is balancing the weight, and the horizontal
component is the force which causes the
acceleration towards the centre of the
circular arc that the aircraft is to follow.

5. «——— Convert the speed from kmh-1to ms-'.

i
40x@@=ix2wr

Distance travelled = speed x time.

36 £

J\‘,=4O><SOOO><2M:_,)540m
36 xw

2000 x (M)g

36

R(—): Tsina = 3540

~ 109086

L Equate this to one quarter of the
circumference of the circle to find the
radius of the circle.

Resolve towards the centre of the circle.

R(T): Tcosa = 2000g = 12 600 ‘ Resolve horizontally and vertically to form

102086

= tana =

two equations in T'and a.

15 €00 ~ 0557, a= 29

and T 12899 _ 55 400N

14

L Solve the simultaneous equations.



Circular motion

In this question use g = 9.81 ms2.

A hollow right circular cone is fixed with its axis of symmetry vertical
and its vertex V' pointing downwards. A particle, P of mass 25 g moves
in a horizontal circle with centre C, and radius 0.27 m, on the rough
inner surface of the cone. P remains in contact as it moves with constant
angular speed, w, and does not slip. The angle between VP and the
vertical 1s 6, such that tan 6 = 0.45.

The coefficient of friction between the particle and the cone is 0.15.

Find the greatest possible value of w.

Problem-solving

Begin by drawing a cross-section showing the
three forces acting on the particle whilst in
motion. You are looking for the greatest possible
value of w, so the particle is on the point of
slipping up the side of the cone. This means that
the frictional force acts down towards V.

. The angular acceleration is due to the horizontal
(RT): R sinf = 0.025 x 9.81 + Fcosf :

. ,— components of the normal reaction and the
(R—):R cosf + Fsinfl = 0025 x 0.27w? frictional force.

Using F = pR means F = O.15R

R 5inf — O15R cosf = 0.245 25 ) Resolve vertically and horizontally to form two

simultaneous equations.

R cos@ + 0.15R sinfl = 0.00675w? (2) »—L
Dividing (2) by (1): Substitute to eliminate F.

_cosf + Q.15 sinf
~ sinf — 0.15 cos

> _ 14015 tand
Thus 0.02752...w* = tanf - 0.15

Q.02752.. .w?

Divide the numerator and denominator by cos .

w="M4rads" (35f) «——— Use the fact that tan @ = 0.45

Whenever a numerical value of g is required take g = 9.8 ms2

1 A particle of mass 1.5 kg is attached to one end of a light inextensible string of length 60 cm.
The other end of the string is attached to a fixed point A. The particle moves with constant
angular speed in a horizontal circle of radius 36 cm. The centre of the circle is vertically
below A. Calculate the tension in the string and the angular speed of the particle.

15
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A particle of mass 750 g is attached to one end of a light inextensible string of length 0.7 m.
The other end of the string is attached to a fixed point A. The particle moves with constant
angular speed in a horizontal circle whose centre is 0.5 m vertically below A. Calculate the
tension in the string and the angular speed of the particle.

A particle of mass 1.2 kg is attached to one end of a light inextensible string of length 2 m.
The other end of the string is attached to a fixed point A. The particle moves in a horizontal
circle with constant angular speed. The centre of the circle is vertically below 4. The particle
takes 2 seconds to complete one revolution. Calculate the tension in the string and the angle
between the string and the vertical, to the nearest degree.

A conical pendulum consists of a light inextensible string 4B of length 1 m, fixed at 4 and
carrying a small ball of mass 6 kg at B. The particle moves in a horizontal circle, with centre
vertically below A4, at constant angular speed 3.5 rad s~'. Find the tension in the string and the
radius of the circle.

A conical pendulum consists of a light inextensible string AB of length /, fixed at 4 and
carrying a small ball of mass m at B. The particle moves in a horizontal circle, with centre
vertically below 4, at constant angular speed w. Find, in terms of m, / and w, the tension in

the string. (5 marks)

A conical pendulum consists of a light inextensible string 4B fixed at 4 and carrying a small
ball of mass m at B. With the string taut the particle moves in a horizontal circle at constant
angular speed w. The centre of the circle is at distance x vertically below 4. Show that

Wwix=g. (5 marks)

A hemispherical bowl of radius rcm is resting in a fixed Problem-solving

position with its rim horizontal. A small marble of mass m :
; . . ; o The normal reaction of the bowl
is moving in a horizontal circle around the smooth inside :
; ; on the marble will act towards

surface of the bowl. The plane of the circle is 3 cm below

. . the centre of the sphere.
the plane of the rim of the bowl. Find the angular speed
of the marble.

A hemispherical bowl of radius 15cm is resting in a fixed position with its rim horizontal.

A particle P of mass m is moving at 14 rad s~! in a horizontal circle around the smooth inside
surface of the bowl. Find the distance d of the plane of the circle below the plane of the rim
of the bowl.

A cone is fixed with its base horizontal and its vertex 4 m below the centre of the base.

The base has a diameter of 8 m. A particle moves around the smooth inside of the cone a
vertical distance 1 m below the base on a horizontal circle. Find the angular and linear speed
of the particle.



Circular motion

10 A particle P is moving in a horizonal circle, with centre C

11

12

13

15
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and radius r. P is in contact with the rough inside surface
of a hollow right circular cone. The cone is fixed with its
axis of symmetry vertical and its vertex V pointing
downwards. The radius at the top of the cone is 6m and
the cone has a perpendicular height of 2m.

When r = 0.1 m, the maximum constant angular speed at which the particle can move,
without slipping from its path, is 14V/5 rad s~".
Find the maximum angular speed without slipping for r = 0.3 m. (10 marks)

A car travels round a bend of radius 750 m on a road which is banked at an angle f to the
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there
is no tendency to slip. If there is no frictional force acting on the car when it is travelling at
126 km h-!, find the value of 6.

A car travels round a bend of radius 300 m on a road which is banked at an angle of 10° to the
horizontal. The car is assumed to be moving at constant speed in a horizontal circle and there is
no tendency to slip. Given that the road is smooth, find the speed of the car.

A cyclist rides round a circular track of diameter 50 m. The track is banked at 20° to the
horizontal. There is no force due to friction and there is no tendency to slip. By modelling the
cyclist and bicycle as a particle of mass 75 kg, find the speed at which the cyclist is moving.

A bend in the road is modelled as a horizontal circular arc of radius r. The surface of the
bend is banked at an angle « to the horizontal, and the friction between the tyres and the road
is modelled as being negligible. When a vehicle is driven round the bend there is no tendency
to slip.

a Show that according to this model, the speed of the vehicle is given by ,/rgtana. (5 marks)

b Suggest, with reasons, which modelling assumption is likely to give rise to the greatest
inaccuracy in this calculation. (1 mark)

A girl rides her cycle round a circular track of diameter 60 m. The track is banked at 15° to
the horizontal. The coefficient of friction between the track and the tyres of the cycle is 0.25.
Modelling the girl and her cycle as a particle of mass 60 kg moving in a horizontal circle, find
the minimum speed at which she can travel without slipping.

A van is moving on a horizontal circular bend in the road of radius 75 m. The bend is banked
at arctan% to the horizontal. The maximum speed at which the van can be driven round the
bend without slipping is 90 km h-!. Calculate the coeflicient of friction between the road surface
and the tyres of the van. (4 marks)

17
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A car moves on a horizontal circular path round a banked bend in a race track. The radius of
the path is 100 m. The coefficient of friction between the car tyres and the track is 0.3.

The maximum speed at which the car can be driven round the bend without slipping is

144 km h-!. Find the angle at which the track is banked, to the nearest degree.

A bend in a race track is banked at 30°. A car will follow a horizontal circular path of radius

70 m round the bend. The coefficient of friction between the car tyres and the track surface is
0.4. Find the maximum and minimum speeds at which the car can be driven round the bend
without slipping. (10 marks)

An aircraft of mass 2 tonnes flies at 400 km h~! on a path which follows a horizontal circular
arc in order to change course from a bearing of 060° to a bearing of 015°, It takes 25 seconds
to change course, with the aircraft banked at a° to the horizontal.

a Calculate the two possible values of «, to the nearest degree and the corresponding values of
the magnitude of the lift force perpendicular to the surface of the aircraft’s wings. (4 marks)

b Without further calculation, state how your answers will change if the aircraft wishes to
complete its turn in a shorter time. (3 marks)

A particle of mass m is attached to one end of a light, inextensible
string of length /. The other end of the string is attached to a point
vertically above the vertex of a smooth cone. The cone is fixed
with its axis vertical, as shown in the diagram. The semi-vertical

angle of the cone is @, and the string makes a constant angle of

with the horizontal, where % << %

Given that the particle moves in a horizontal circle with angular
speed w, show that the tension in the string is given by

%m(wzf + g cosec ) (8 marks)

A light elastic string 4 B has natural length 2 m and modulus of elasticity 30 N. The end A4

is attached to a fixed point. A particle of mass 750 g is attached to the end B. The particle is
moving in a horizontal circle below A with the string inclined at 40° to the vertical. Find the
angular speed of the particle. (7 marks)



Circular motion

m Objects moving in vertical circles

(A When an object moves in a vertical circle it gains height as it follows its circular path. If it gains height
then it must gain gravitational potential energy. Therefore, using the work-energy principle it follows
that it must lose kinetic energy, and its speed will not be constant.

You can use vectors to understand motion in a vertical circle.

If O is the centre of the circle of radius r and P is the VA
particle, we can set up coordinate axes in the plane of
the circle with the x-axis horizontal, and the y-axis vertical.

Let the unit vectors i and j be parallel to the x-axis and
y-axis respectively.

At time 7 the angle between the radius OP and the
x-axis is @ and the position vector of Pisr.

=Y

r=(rcos@)i+ (rsinf)j

By differentiating this with respect to time we obtain
the velocity vector

V= %(r) = (-rsin0)0i + (rcos @)0j = rf(-sin O + cos 0j)

Looking at the directions of r and v, we find that the lines representing them have gradients
rsing . (_rcosﬂ

) respectively.

rcosf rsind
g rsing (— FEos 9) = -1, so these two vectors are perpendicular. Alternatively, using the scalar
rcosd rsind

product we see that the vectors are perpendicular since (cos #i + sin#j) « (-sin @i + cos ) = 0.

This means that the acceleration has two components, one of magnitude 62 directed towards the
centre of the circle, and one of magnitude rf directed along the tangent to the circle.

Using § = w gives:

2
= For motion in a vertical circle of radius r, the components of the acceleration are rw? or "?
towards the centre of the circle and 16 = v along the tangent.

The force directed towards the centre of the circle is perpendicular to the direction of motion of the
particle, so it does no work. If the only other force acting on the particle is gravity, then it follows
(using the work-energy principle) that the sum of the kinetic energy and the potential energy of the
particle will be constant. You will use this fact to solve problems about motion in a vertical circle.

m The work-energy principle states that the change in
the total energy of a particle is equal to the work done on

the particle. This means that where the only force acting on
a particle is gravity, the sum of its kinetic and gravitational
potential energies remains constant.

¢ Further Mechanics 1, Section 2.3
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B A particle of mass 0.4 kg is attached to one end A of a light rod 4B of length 0.3 m. The rod is free
to rotate in a vertical plane about B. The particle is held at rest with 4B horizontal. The particle is
released. Calculate:

a the speed of the particle as it passes through the lowest point of the path,
b the tension in the rod at this point.

@ Explore vertical circular motion O

using GeoGebra.

Represent the given information on a
diagram.

04¢

Let the speed of the particle at the lowest point

be vms~', and the tension in the rod be TN.

You need to say which level you are
measuring the PE. from.

a Take the lowest point of the circle as the zero
level for potential energy. At the lowest point

the particle has fallen a distance 0.3 m, so ) ) o
e TE lost =04 g% 08, ndli this KE The. change in )fertlcal height is equal to the
radius of the circle.

gained = % x 0.4 x v2. -—L
S04 xgx03 = % x 0.4 x v The particle was initially at rest.

" =06xg=588v=24ms" (2 sf) L
b At the lowest point, the force towards the

Using conservation of energy.

centre of the circle is given by

Q.42 Resolve towards the centre of the circle using
R(T):T—O/}g——ﬁ E ye
g acceleration = -
4 :
= T=04g + Oixoofg =1.2g = 118N (3 s)

Questions about motion in a vertical circle will often ask you to consider whether or not an object will
perform complete circles. The next two examples illustrate the importance of considering how the
circular motion occurs.

20



through B

\ 0.3cosf
.\

0.3-03cos 9/“’_

a Take the lowest point of the circle as the zero

level for potential energy.
At the lowest level the particle has

KE =3 x 0.4 x 42 = 0.2u7

FE. =0
When the rod is at angle 6 to the vertical the

1

particle has
KE =3 x 0.4 x v2 = 0.212
PE.= 04 x g x 0.3(1 — cos )
c.0.2u7 = 0.2v2 + 012g(1 — cosB)

Juz — 0.6g(1 — cos )

v
b If the particle is to reach to top of the circle
then we require v > O when # = 180°.
= u? - 0.6g(1 - co5180° > O
uw?> > 0.6g x 2
u>12g

Circular motion

A particle of mass 0.4 kg is attached to one end A4 of a light rod 4B of length 0.3 m. The rod is free
to rotate in a vertical plane about B. The rod is hanging vertically with 4 below B when the particle
is set in motion with a horizontal speed of ¥ ms~!. Find:

a an expression for the speed of the particle when the rod is at an angle 6 to the downward vertical

b the minimum value of u for which the particle will perform a complete circle.

Represent the given information on a
diagram.

You need to say which level you are
measuring the PE. from.

Conservation of energy means that the total
energy at each point will be equal.

cos180° = -1

Problem-solving

Note that if u = /1.2g then the speed of the
particle at the top of the circle would be zero.
In this case the rod would be in thrust, with
the force in the rod balancing the weight of
the particle.

21
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B A particle 4 of mass 0.4 kg is attached to one end of a light inextensible string of length 0.3 m.
The other end of the string is attached to a fixed point B. The particle is hanging in equilibrium
when it is set in motion with a horizontal speed of ¥ms-!. Find:

a an expression for the tension in the string, in terms of u, when it is at an angle 6 to the downward
vertical through B

b the minimum value of u for which the particle will perform a complete circle.

Represent the given information on a
diagram.

']
il
1

" 0.3cos#

0.3-03cos 9’/~*
A

a Take the lowest point of the circle as the zero )
You need to say which level you are

level for potential energy. measuring the PE. from

At the lowest level the particle has

KE = % 04 X 42 = 021

FE.=0
When the string is at angle @ to the vertical
the particle has

KE. = % x 0.4 x v2

FE.= 04 x g x 0.3(1 — cosf)
So0.2u% = 0.2v2 + 0.12g(1 — cos6)
Resolving towards the centre of the circle:

Conservation of energy means that the total
energy at each point will be equal.

12 12
R(\): T - OAgeos == = O Usea=2
T =0.4gcosb + 2u? — 0.6¢ + 0.6g cos b)
zfuz 1L Express v? in terms of u?
=1.2gcosf + 3 - 0bg

b If the particle is to reach to top of the circle

then we require T > O when 8 = 1860°. Problem-solving

4u?

= -12g+-3--08¢g>0 In the previous example the rod could be in
Au? =28 thrust, and could support the particle. In this
3 example the string must remain taut for the
W > eg particle to perform a complete circle. The
4_ condition for the string to remain taut is that
u > \f% the tension on the string remains positive.
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B Examples 17 and 18 above illustrate the difference between particles attached to strings and rods.
You can use these conditions to determine whether particles moving in a vertical circle perform
complete circles.

= A particle attached to the end of a light rod will perform complete vertical circles if it has
speed > 0 at the top of the circle.

= A small bead threaded on to a smooth circular wire will perform complete vertical circles if it
has speed > 0 at the top of the circle.

= A particle attached to a light inextensible string will perform complete vertical circles if the
tension in the string > 0 at the top of the circle. This means that the speed of the particle
when it reaches the top of the circle must be large enough to keep the string taut at the top
of the circle.

Whenever a numerical value of g is required take g = 9.8 ms-2.

1 A particle of mass 0.6 kg is attached to end A4 of a light rod 4B of length 0.5 m. The rod is free
to rotate in a vertical plane about B. The particle is held at rest with 4B horizontal. The particle
is released. Calculate:

a the speed of the particle as it passes through the lowest point of the path
b the tension in the rod at this point.

2 A particle of mass 0.4 kg is attached to end A of a light rod 4B of length 0.3 m. The rod is free
to rotate in a vertical plane about B. The particle is held at rest with A4 vertically above B.
The rod is slightly displaced so that the particle moves in a vertical circle. Calculate:

a the speed of the particle as it passes through the lowest point of the path
b the tension in the rod at this point.

3 A particle of mass 0.4 kg is attached to end A of a light rod 4B of length 0.3 m. The rod is free
to rotate in a vertical plane about B. The particle is held at rest with 4B at 60° to the upward
vertical. The particle is released. Calculate:

a the speed of the particle as it passes through the lowest point of the path
b the tension in the rod at this point.

4 A particle of mass 0.6 kg is attached to end A4 of a light rod 4B of length 0.5m. The rod is free
to rotate in a vertical plane about B. The particle is held at rest with 4B at 60° to the upward
vertical. The particle is released. Calculate:

a the speed of the particle as it passes through the point where 4B is horizontal
b the tension in the rod at this point.

5 A smooth bead of mass 0.5 kg is threaded onto a circular wire ring of radius 0.7 m that lies in a
vertical plane. The bead is at the lowest point on the ring when it is projected horizontally with
speed 10 ms~!. Calculate:

a the speed of the bead when it reaches the highest point on the ring

b the reaction of the ring on the bead at this point.
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6 A particle of mass 0.5 kg moves around the interior of a sphere of radius 0.7 m. The particle
(g moves in a circle in the vertical plane containing the centre of the sphere. The line joining the
centre of the sphere to the particle makes an angle of ¢ with the vertical. The particle is resting
on the bottom of the sphere when it is projected horizontally with speed #ms-!. Find
a an expression for the speed of the particle in terms of « and ¢
b the restriction on u if the particle is to reach the highest point of the sphere.

@fP 7 A particle 4 of mass 1.5 kg is attached to one end of a light
inextensible string of length 2m. The other end of the
string is attached to a fixed point B. The particle is hanging
in equilibrium when it is set in motion with a horizontal
speed of ums~!. Find:
a an expression for the tension in the string when it is at
an angle ¢ to the downward vertical through B (3 marks)

b the minimum value of « for which the particle will
perform a complete circle. (3 marks)

@IP 8 A small bead of mass 50 g is threaded on a smooth circular wire of radius 75 cm which is fixed
in a vertical plane. The bead is at rest at the lowest point of the wire when it is hit with an
impulse of /N s horizontally causing it to start to move round the wire. Find the value of 7 if:

a the bead just reaches the top of the circle (4 marks)
b the bead just reaches the point where the radius from the bead to the centre of the circle

makes an angle of arctan% with the upward vertical and then starts to slide back to its
original position. (3 marks)

@IP 9 A particle of mass 50 g is attached to one end of a light inextensible string of length 75 cm.
The other end of the string is attached to a fixed point. The particle is hanging at rest when it is
hit with an impulse of /N s horizontally causing it to start to move in a vertical circle. Find the

value of [ if:

a the particle just reaches the top of the circle (4 marks)

b the string goes slack at the instant when the particle reaches the point where the string makes
an angle of arctan% with the upward vertical. (3 marks)

¢ Describe the subsequent motion in part b qualitatively. (1 mark)

10 A particle of mass 0.8 kg is attached to end A of a light rod 4B of length 2m. The end B is
attached to a fixed point so that the rod is free to rotate in a vertical circle with its centre at B.
The rod is held in a horizontal position and then released. Calculate the speed of the particle
and the tension in the rod when

a the particle is at the lowest point of the circle
b the rod makes an angle of arctan% with the downward vertical through B.

11 A particle of mass 500 g describes complete vertical circles on the end of a light inextensible
string of length 1.5m. Given that the speed of the particle is 8 m s~! at the highest point, find:

a the speed of the particle when the string is horizontal
b the magnitude of the tangential acceleration when the string is horizontal

¢ the tension in the string when the particle is at the lowest point of the circle.
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12 A light rod AB of length 1 m has a particle of mass 4 kg
attached at 4. End B is pivoted to a fixed point so that
AB is free to rotate in a vertical plane. When the rod is
vertical with 4 below B the speed of the particle is 6.5ms™!.
Find the angle between 4B and the vertical at the instant
when the tension in the rod is zero, and calculate the speed
of the particle at that instant. (7 marks)

E/P

(P 13 A particle P of mass m kg is attached to one end of a light rod of length r m which is free to
rotate in a vertical plane about its other end. The particle describes complete vertical circles.
Given that the tension at the lowest point of P’s path is three times the tension at the highest
point, find the speed of P at the lowest point on its path.

(P 14 A particle P of mass m kg is attached to one end of a light inextensible string of length r m.
The other end of the string is attached to a fixed point O, and P describes complete vertical
circles about O. Given that the speed of the particle at the lowest point is one-and-a-half times
the speed of the particle at the highest point, find:

a the speed of the particle at the highest point
b the tension in the string when the particle is at the highest point.

@fP 15 A light inelastic string of length r has one end attached to a fixed point O. A particle P of mass
mkg is attached to the other end. P is held with OP horizontal and the string taut. P is then
projected vertically downwards with speed ,/g7.

a Find, in terms of 6, m and g, the tension in the string when OP makes an angle ¢ with the
horizontal. (4 marks)

b Given that the string will break when the tension in the string is 2mg N, find, to 3 significant
figures the angle between the string and the horizontal when the string breaks. (3 marks)

@fP 16 The diagram shows the cross-section of an industrial roller.
The roller is modelled as a cylinder of radius 4 m. The cylinder
is oriented with its long axis horizontal, and is free to spin
about this axis.

A handle of mass 0.4 kg is attached to the outer surface of

the cylinder at a point S, which is 3.8 m vertically above O.
The cylinder is held in place by this handle, then released

from rest. The handle is modelled as a particle, P.

In the subsequent motion, OP moves in part of a vertical
circle, making an angle # above the horizontal,

a show that the linear speed of the handle at any point in its motion is given by

/7.6g — 8g sinf (5 marks)
b According to the model, state the height of the handle above O at the point where the

cylinder next comes to rest. (1 mark)
¢ State, with a reason, how this answer is likely to differ in reality. (1 mark)
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@ Objects not constrained on a circular path

(A In some models, for example a bead threaded on a ring or a particle attached to the end of a light
rod, the object has to stay on the circular path. If the initial speed is not sufficient for the object to
reach the top of the circular path then it will fall back and oscillate about the lowest point of the path.
Other particles may not be constrained to stay on a circular path, for example a particle moving on
the convex surface of a sphere.

® |f an object is not constrained to stay on its circular path then as soon as the contact force
associated with the circular path becomes zero the object can be treated as a projectile
moving freely under gravity.

A particle P of mass m is attached to one end of a light inextensible string of length /. The other
end of the string is attached to a fixed point O. The particle is hanging in equilibrium at point
A, directly below O, when it is set in motion with a horizontal speed 2,/g/. When OP has turned
through an angle # and the string is still taut, the tension in the string is 7. Find:

a an expression for 7'
b the height of P above A at the instant when the string goes slack
¢ the maximum height above A4 reached by P before it starts to fall to the ground again.

@ Explore motion of a O

particle not constrained on a circular
R path using GeoGebra.

Draw and label a diagram.

a When ZAOP = 6, P has speed v and the tension in
the string is T.
Let 4 be the zero level for FE.
At A, Phas FE.= O and KE. = £ x m x u? = Zm x 4gl

When ZAOP = 6, P has FE. = mgl(l — cos 6) and Find thetatal ofBE -+ KE atboth

KE = %mvz levels.
co2mgl = mgl(l — cos ) + %mve
v2 = 2gl(1 + cos6) Energy is conserved.
Resolving parallel to OP:
R(N):T—mgcosf = my- . T Bp0 weesy) Using the equation for circular motion.

s
= T =2mg + 2mgcos6 + mgcosfl

/

= 2mg + 3mgcos
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AN b When T = O, cos = -2, so0 the height of P above A

51

Circular motion

String slack, so T'= 0.

is (1 —cost) = 3
c From the energy equation, we know that when the
2gl
string becomes slack v2 = 2gl(1 + cos @) = ?g

At this point the horizontal component of the velocity

[ogl
is veos (180 - 6) = 3 |
If the additional height before the particle begins to
fall is A, then
i 4 28 =5 2gl
mg.-’1+§xmx§x?_zxmxvdzgxmx?.
41 _ 5l

fr+f=§=>h =55

" total height above original level = 57 + = 3y
Example @
rest at the highest point of the hemisphere.

a an expression for R

hemisphere

L Substitute for cos 6.

Problem-solving

P is now moving freely under gravity.
The horizontal component of the
velocity will not change.

At the maximum height the vertical
component of the velocity is zero.

Conservation of energy.

m The particle is not

necessarily above 4 when at its
maximum height.

A smooth hemisphere with radius 5m and centre O is resting in a fixed position on a horizontal
plane with its flat face in contact with the plane. A particle P of mass 4 kg is slightly disturbed from

When OP has turned through an angle # and the particle is still on the surface of the hemisphere
the normal reaction of the sphere on the particle is R. Find:

b the angle between OP and the upward vertical when the particle leaves the surface of the

¢ the distance of the particle from the centre of the hemisphere when it hits the ground.

Draw and label a diagram.

a let the horizontal plane be the level of zero FE.
At the top of the hemisphere, KE. = O and
FE=4 % % 5=20p
When OP is at an angle 0 to the upward vertical,

LE. = %mvz =y

PE.=4 x gx 5cos6 = 20gcos8

Choose a zero level for PE.

Find the total of PE. + K.E. at both

points.

27



Chapter 1

B . 20g = 2v2 + 20gcos Energy is conserved.
v2 =10g(1 — cos )

Resolving parallel to PO:

2 4 x10g(1 — cos ) Use the equation for circular motion
R(N\) : 4 0-R="T0" =
(\J):4gcos ! 5 and substitute for vz,

= 8g(1 — cos )

so R=4gcosl - 8g+8gcosl =12gcosf - &g Problem-solving

The particle leaves the hemisphere

b Th rticle | the hemisph hen R = O. ;
o il el st L kit Q when there is no contact force.

This is when cosf = £

0= arcoﬁ% =46.2° (3 =) The particle is now a projectile with
¢ When the particle leaves the hemisphere: initial velocityﬂl—g—g at an angle arcos%
vertical distance OP = 5cosf = g below the horizontal.
horizontal distance OP = 5sinfl = 5;5
2\ _10g
L o E AT
and v —10g(1 3)— 3
10g V5

w ag. ,i S 7 . = IIl = Mot
initial vertical speed = vasinf {3 X 3°%°

10_[50, 1 _,

3=\t ed .

Using s = ut + 5at* and solving the
e E8a s — /z - F]

e+ 2iB0m—elv =0 quadratic equation for ¢.

t=04976...
Horizontal distance travelled in this time

[10g . 2 ; .
=vecosf x t = {5 *gk 0.4276... = 1.696... No horizontal acceleration.
. 55 ' :

Total distance from O = = 1.896... =5.6m (2 sf) Add the two horizontal distances.

Exercise @

Whenever a numerical value of g is required take g = 9.8 ms2.

CP) 1 A particle P of mass m is attached to one end of a light inextensible string of length /.

The other end of the string is attached to a fixed point O. The particle is hanging in
equilibrium at a point A4, directly below O, when it is set in motion with a horizontal speed
/3gl. When OP has turned through an angle § and the string is still taut, the tension in the string
is T Find:

a an expression for 7'
b the height of P above A at the instant when the string goes slack

¢ the maximum height above 4 reached by P before it starts to fall to the ground again.
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A smooth solid hemisphere with radius 6 m and centre O is resting in a fixed position on a
horizontal plane with its flat face in contact with the plane. A particle P of mass 3 kg is slightly
disturbed from rest at the highest point of the hemisphere.

When OP has turned through an angle ¢ and the particle is still on the surface of the hemisphere
the normal reaction of the sphere on the particle is R. Find:

a an expression for R

b the angle, to the nearest degree, between OP and the upward vertical when the particle leaves
the surface of the hemisphere

¢ the distance of the particle from the centre of the hemisphere when it hits the ground.

A smooth solid hemisphere is fixed with its plane face on a horizontal table and its curved
surface uppermost. The plane face of the hemisphere has centre O and radius r. The point A4 is
the highest point on the hemisphere. A particle P is placed on the hemisphere at A4. It is then

given an initial horizontal speed u, where #? = ig. When OP makes an angle # with OA4, and
while P remains on the hemisphere, the speed of P is v. Find:

a an expression for »2

b the value of cos @ when P leaves the hemisphere

¢ the value of v when P leaves the hemisphere.

After leaving the hemisphere P strikes the table at B, find:

d the speed of Pat B

e the angle, to the nearest degree, at which P strikes the table.

A smooth sphere with centre O and radius 2 m is fixed to a horizontal surface. A particle P of
mass 3 kg is slightly disturbed from rest at the highest point of the sphere and starts to slide
down the surface of the sphere. Find:

a the angle, to the nearest degree, between OP and the upward vertical at the instant when P
leaves the surface of the sphere

b the magnitude and direction, to the nearest degree, of the velocity of the particle as it hits the
horizontal surface.

A particle of mass m is projected with speed v from the top of the outside of a smooth sphere of
radius a. In the subsequent motion the particle slides down the surface of the sphere and leaves

v 3ga
the surface of the sphere with speed Zg . Find:

a the vertical distance travelled by the particle before it loses contact with the surface of the

sphere (4 marks)
b v (4 marks)
¢ the magnitude and direction, to the nearest degree, of the velocity of the particle when it is at

the same horizontal level as the centre of the sphere. (5 marks)
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A smooth hemisphere with centre O and radius 50 cm is fixed with its plane face in contact with
a horizontal surface. A particle P is released from rest at point 4 on the sphere, where OA is
inclined at 10° to the upward vertical. The particle leaves the sphere at point B.

a Find the angle, to the nearest degree, between OB and the upward vertical.

b Describe the subsequent motion qualitatively.

A smooth laundry chute is built in two sections, PQ and QR. Each section is in the shape of an
arc of a circle. PQ has radius 5m and subtends an angle of 70° at its centre, A. QR has radius
7m and subtends an angle of 40° at its centre, B. The points A, Q and B are in a vertical straight
line. The laundry bags are collected in a large bin %m below R. To test the chute, a beanbag of
mass 2 kg is released from rest at P.

A

70°

Sm

7m

40°

B

The beanbag is modelled as a particle and the laundry chute is modelled as being smooth.

a Calculate the speed with which the beanbag reaches the laundry bin. (2 marks)
b Show that the beanbag loses contact with the chute before it reaches R. (5 marks)
In practice, laundry bags do remain in contact with the chute throughout.

¢ State a possible refinement to the model which could account for this discrepancy. (1 mark)

Part of a hollow spherical shell, centre O and radius «, is removed to form a smooth bowl with a
plane circular rim. The bowl is fixed with the rim uppermost and horizontal. The centre of the

circular rim is % vertically above the lowest point of the bowl. A marble is placed inside the

bowl and projected horizontally from the lowest point of the bowl with speed u.

a Find the minimum value of u for which the marble will leave the bowl and not fall back in
to it. (10 marks)

In reality the marble is subject to frictional forces from the surface of the bowl and air resistance.

b State how this will affect your answer to part a. (1 mark)



Circular motion

Mixed exercise o

® 1

; ; ; ; ; . 3a
A particle of mass m moves with constant speed « in a horizontal circle of radius 5 on the

inside of a fixed smooth hollow sphere of radius 2a. Show that 9ag = 2v/7u2.

A particle P of mass m is attached to one end of a
light inextensible string of length 3a. The other
end of the string is attached to a fixed point 4
which is a vertical distance ¢ above a smooth
horizontal table. The particle moves on the

table in a circle whose centre O is vertically

below A, as shown in the diagram. The string

is taut and the speed of P is 2/ag. Find:

a the tension in the string

b the normal reaction of the table on P.

A light inextensible string of length 25/ has its ends
fixed to two points 4 and B, where A4 is vertically
above B. A small smooth ring of mass m is threaded
on the string. The ring is moving with constant
speed in a horizontal circle with centre B and

radius 12/, as shown in the diagram. Find:

a the tension in the string

b the speed of the ring.

A car moves round a bend which is banked at a constant angle of 12° to the horizontal.
When the car is travelling at a constant speed of 15ms~! there is no sideways frictional force
on the car. The car is modelled as a particle moving in a horizontal circle of radius r metres.
Calculate the value of r.

A particle P of mass m is attached to the ends of
two light inextensible strings AP and BP each of
length /. The ends A and B are attached to fixed
points, with A vertically above B and AB =1,
as shown in the diagram. The particle P moves
in a horizontal circle with constant angular

speed w. The centre of the circle is the midpoint

of AB and both strings remain taut.

a Show that the tension in AP is %(25' + I?). (3 marks)

b Find, in terms of m, /, w and g, an expression for the tension in BP. (2 marks)
2g

¢ Deduce that u? > E (1 mark)
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® 6 A particle P of mass m is attached to one end of a
light string of length /. The other end of the string
is attached to a fixed point 4. The particle moves
in a horizontal circle with constant angular speed
w and with the string inclined at an angle of 45°
to the vertical, as shown in the diagram.

a Show that the tension in the string is v2mg.
b Find w in terms of g and .

7 A particle P of mass 0.6 kg is attached to one end of a light inextensible string of length 1.2 m.
The other end of the string is attached to a fixed point 4. The particle is moving, with the
string taut, in a horizontal circle with centre O vertically below 4. The particle is moving with
constant angular speed 3 rad s~!. Find:

a the tension in the string
b the angle, to the nearest degree, between AP and the downward vertical.

® 8 A particle P of mass m moves on the smooth inner surface of a spherical bowl of internal
radius r. The particle moves with constant angular speed in a horizontal circle, which is at a

depth L below the centre of the bowl. Find:

4
a the normal reaction of the bowl on P (2 marks)
b the time it takes P to complete three revolutions of its circular path. (4 marks)

9 A bend of a race track is modelled as an arc of a horizontal circle of radius 100 m. The track
is not banked at the bend. The maximum speed at which a motorcycle can be ridden round
the bend without slipping sideways is 21 m s~!. The motorcycle and its rider are modelled as
particles.
a Show that the coefficient of friction between the motorcycle and the track is 0.45. (6 marks)
The bend is now reconstructed so that the track is banked at an angle « to the horizontal.
The maximum speed at which the motorcycle can now be ridden round the bend without
slipping sideways is 28 ms~!. The radius of the bend and the coefficient of friction between the
motorcycle and the track are unchanged.
b Find the value of tan a. (8 marks)

10 A light rod rests on the surface of a sphere of radius r,
as shown in the diagram. The rod is attached to a point
vertically above the centre of the sphere, a distance r from
the top of the sphere. A particle, P, of mass m is attached
to the rod at the point where the rod meets the sphere.
The rod pivots freely such that the particle completes
horizontal circles on the smooth outer surface of the
sphere with angular speed w.

E/P

a Find the tension in the rod above the particle,
giving your answer in terms of m, g, w and r. (8 marks)
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Given that the rod remains on the surface of the sphere,

b show that the time taken for the particle to make one complete revolution is at least Wa%_

(3 marks)

¢ Without further calculation, state how your answer to part b would change if the particle
was moved:
i up the rod towards the pivot
ii down the rod away from the pivot. (2 marks)

A rough disc rotates in a horizontal plane with constant angular velocity w about a fixed vertical
axis. A particle P of mass m lies on the disc at a distance %a from the axis. The coefficient of
friction between P and the disc is % Given that P remains at rest relative to the disc,

5
a prove that w? = ?—i (7 marks)

The particle is now connected to the axis by a horizontal light elastic string of natural length
Sm
% and modulus of elasticity Tg The disc again rotates with constant angular velocity w about

the axis and P remains at rest relative to the disc at a distance %a from the axis.

b Find the range of possible values of w’. (8 marks)
A particle P of mass m is attached to one end of a light A
inextensible string of length a. The other end of the string Ea «

is fixed at a point O. The particle is held with the string

taut and OP horizontal. It is then projected vertically
downwards with speed u, where u? = % ga. When OP has '
turned through an angle § and the string is still taut,

the speed of P is v and the tension in the string is 7,

as shown in the diagram. Find:

a an expression for v? in terms of a, g and 0
b an expression for 7'in terms of m, g and 0
¢ the value of # when the string becomes slack to the nearest degree.
d Explain why P would not complete a vertical circle if the string were replaced by a light rod.

A particle P of mass 0.4 kg is attached to one end of a light inelastic string of length 1 m.

The other end of the string is fixed at point O. P is hanging in equilibrium below O when it is
projected horizontally with speed ¥ ms~'. When OP is horizontal it meets a small smooth peg
at Q, where OQ = 0.8 m. Calculate the minimum value of « if P is to describe a complete circle
about Q.

A smooth solid hemisphere is fixed with its plane face on a horizontal table and its curved
surface uppermost. The plane face of the hemisphere has centre O and radius a. The point 4 is
the highest point on the hemisphere. A particle P is placed on the hemisphere at A.

a
It is then given an initial horizontal speed u, where > = _23,_' When OP makes an angle # with

OA, and while P remains on the hemisphere, the speed of P is v.
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a Find an expression for 1.

b Show that P is still on the hemisphere when # = arccos 0.9.
¢ Find the value of:
i cosf when P leaves the hemisphere
ii v when P leaves the hemisphere.
After leaving the hemisphere P strikes the table at B, find:
d the speed of P at B

e the angle, to the nearest degree, at which P strikes the table.

Part of a hollow spherical shell, centre O and radius r,
is removed to form a bowl with a plane circular rim.
The bowl is fixed with the circular rim uppermost and
horizontal. The point C is the lowest point of the bowl.
The point B is on the rim of the bowl and OB is at an
angle « to the upward vertical as shown in the diagram.
Angle « satisfies tan v = %. A smooth small marble of
mass m is placed inside the bowl at C and given an
initial horizontal speed u. The direction of motion of
the marble lies in the vertical plane COB. The marble
stays in contact with the bowl until it reaches B.

When the marble reaches B it has speed v.

a Find an expression for v?.

(2 marks)
(2 marks)

(3 marks)

(2 marks)
(3 marks)

(4 marks)

b If u? = 4gr, find the normal reaction of the bowl on the marble as the marble reaches B.

¢ Find the least possible value of « for the marble to reach B.
The point A is the other point of the rim of the bowl lying in the vertical plane COB.

(3 marks)
(3 marks)

d Find the value of # which will enable the marble to leave the bowl at B and meet it again

at 4.

A particle is at the highest point 4 on the outer surface
of a fixed smooth hemisphere of radius « and centre O.
The hemisphere is fixed to a horizontal surface with
the plane face in contact with the surface.

The particle is projected horizontally from A

with speed u, where u < \/ag. The particle leaves

(4 marks)

the sphere at the point B, where OB makes an
angle @ with the upward vertical, as shown in the diagram.
a Find an expression for cos § in terms of «, g and a.

Sa
The particle strikes the horizontal surface with speed Tg

b Find the value of 0, to the nearest degree.

(3 marks)

(4 marks)
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The diagram shows the curve with VA

equation y = f(x), x > 0, where fis a

strictly increasing function. fis a strictly increasing

The curve is rotated through 27 radians y=f(x) function, so f'(x) = 0 for

about the y-axis to form a smooth all x > 0. This means that

surface of revolution, which is oriented the particle will be able

with the y-axis pointing vertically - to complete circles at any

upwards. A particle is placed on the o & position on the inside of

inside of the surface and completes the surface, and that the

horizontal circles at a fixed vertical height, with angular speed w. height of the particle will be

a In the case where f(x) = x2, show that w is independent of the uniquely determined by its
vertical height of the particle, and that w = /2g. horizontal distance from the

b Conversely, show that if w is independent of the height of the J-axis.

particle, then f(x) must be of the form px? + ¢, where p and ¢ are
constants.

Summary of key points

1 If a particle is moving around a circle of radius » m with linear speed vm s~! and angular speed
wrads-!then v = rw.

2 An object moving on a circular path with constant linear speed v and constant angular speed w

2z
has acceleration rw? or v?' towards the centre of the circle.

2
3 For motion in a vertical circle of radius r, the components of the acceleration are rw? or v?

towards the centre of the circle and 0 = v along the tangent.

4 A particle attached to the end of a light rod will perform complete vertical circles if it has
speed > 0 at the top of the circle.

5 A small bead threaded on to a smooth circular wire will perform complete vertical circles if it
has speed > 0 at the top of the circle.

6 A particle attached to a light inextensible string will perform complete vertical circles if the
tension in the string > 0 at the top of the circle. This means that the speed of the particle
when it reaches the top of the circle must be large enough to keep the string taut at the top
of the circle.

7 |If an object is not constrained to stay on its circular path then as soon as the contact force
associated with the circular path becomes zero the object can be treated as a projectile
moving freely under gravity.

35



Centres of mass of
plane figures

After completing this chapter you should be able to:

Find the centre of mass of a set of particles arranged along a straight line - pages 37-38
e Find the centre of mass of a set of particles arranged in a plane -> pages 39-43
e Find the positions of the centres of mass of standard uniform plane laminas -> pages 43-47
® Find the positions of the centres of mass of composite laminas - pages 47-54
e Find the centre of mass of a framework - pages 54-58
® Solve problems involving a lamina in equilibrium - pages 58-64
® Solve problems involving a framework in equilibrium - pages 64-68
® Solve problems involving non-uniform laminas and frameworks - pages 68-72

Prior knowledge check

1 Work out the values of x and y:
X 3 2
8(}’) - 4(1)+6(2)

2 Auniform plank AB of length 6 m and
mass 16 kg lies on the edge of a table.
A mass of 4 kg is attached to one end of
the plank at B, causing the plank to be
on the point of tilting.

0

Find the distance AC.
« Statistics and Mechanics 2, Chapter 4 |

3 Find the area of quadrilateral ABCD.

The centre of mass of large vehicles must
be calculated, tested and sometimes

# adjusted, so that the vehicle does not
topple over easily.




Centres of mass of plane figures

@ Centre of mass of a set of particles on a straight line

You can find the centre of mass of a set of particles arranged along a straight line by considering
moments. You will use the fact that > _m;x,=X>_m;

A system of 3 particles, with masses 2kg, 5kg and 3 kg are placed along the x-axis at the points
(3,0),(4,0),..., (6, 0) respectively. Find the centre of mass of the system.

2kg Skg 3kg m Explore the centre of mass of O

0 T T : -
I I I X systems of particles using GeoGebra.

2 o8 3¢ Draw two diagrams, the first showing the weights

% 7 5lF : :
0 X < > of the three particles, the second showing the
I o total weight Mg acting at the centre of mass G.
;Mg

Compare the two systems vertically.
Note that the g cancels.

2¢ + 5g + 3g = Mg
10=M
Taking moments about O:
(2g x 3) + (5g x 4) + (3¢ x 6) = Mg x X ———— Equate the moments of the two systems about O.

Px3)+Bx4)+3x6)=10x
6+20+186=10% ]— Substitute for M.
44 =X
The centre of mass is (4.4, O).

ETE

A system of n particles, with masses m,, m-, ..., m, are placed along the x-axis at the points
(x1, 0), (x5, 0), ..., (x,, 0) respectively. Find the centre of mass of the system.

n, }?12 n,

(0] & L 2 >
(x, O) (x,, Q) (x,, O) ¢
i Draw two diagrams.

x

e

G

Then M=) ¥ & ... +01, '7 There is no need to include g as it cancels.
and myx;+ myx, + ... +mx, = MX

nrn

e nmx,+naxo+ . rmx, =+ my+ . +m)X

oF Yo mx;=X3., m This is a key result and should be learned.
i=1 i=1

n
> mx;
— i=1
S0 ¥eg—

> m

i=1

Note that this result holds for positive and
negative coordinates.
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If a system of # particles with masses m,, m,, ..., m, m THIE resil couldlalso be
are placed along the x-axis at the points used for a system of particles
(x4, 0), (xz 0), ..., (x,, 0) respectively, then: placed along the y-axis:

n n n n
Zm,-x,-ﬂzm,- Y my;=yy.m
i=1 i=1 i=1 i=1

where (X, 0) is the position of the centre of mass of the system.

1

@ @ 06

6

EP) 10

Find the position of the centre of mass of four particles of masses 1kg, 4kg, 3kg and 2kg
placed on the x-axis at the points (6, 0), (3, 0), (2, 0) and (4, 0) respectively.

Three masses 1 kg, 2 kg and 3 kg, are placed at the points with coordinates (0, 2), (0, 5) and
(0, 1) respectively. Find the coordinates of G, the centre of mass of the three masses.

Three particles of masses 2 kg, 3 kg and 5 kg, are placed at the points (-1, 0), (-4, 0) and (5, 0)
respectively. Find the coordinates of the centre of mass of the three particles.

A light rod PQ of length 4 m has particles of masses 1 kg, 2 kg and 3 kg attached to it at the
points P, Q and R respectively, where PR = 2m. The centre of mass of the loaded rod is at the
point G. Find the distance PG.

Three particles of masses 5 kg, 3 kg and m kg lie on the y-axis at the points (0, 4), (0, 2) and
(0, 5) respectively. The centre of mass of the system is at the point (0, 4). Find the value of m.

A light rod PQ of length 2 m has particles of masses 0.4 kg and 0.6 kg fixed to it at the points P
and R respectively, where PR = 0.5 m. Find the mass of the particle which must be fixed at Q so
that the centre of mass of the loaded rod is at its midpoint.

The centre of mass of four particles of masses 2m, 3m, 7m and 8m, which are positioned at the
points (0, @), (0, 2), (0, =1) and (0, 1) respectively, is the point G. Given that the coordinates of
G are (0, 1), find the value of a.

Particles of masses 3 kg, 2kg and 1 kg lie on the y-axis at the points with coordinates (0, -2),
(0, 7) and (0, 4) respectively. Another particle of mass 6 kg is added to the system so that the
centre of mass of all four particles is at the origin. Find the position of this particle.

Three particles 4, B and C are placed along the x-axis. Particle A4 has mass 5 kg and is at the
point (2, 0). Particle B has mass m, kg and is at the point (3, 0) and particle C has mass m, kg
and is at the point (-2, 0). The centre of mass of the three particles is at the point G (1, 0).
Given that the total mass of the three particles is 10 kg, find the values of m; and m,. (3 marks)

Four particles of masses (m — 1) kg, (5 — m) kg and m kg lie on the y-axis at the points with
coordinates (0, —1), (0, 1) and (0, 2). A fourth particle of mass (m + 1) kg is added at the point
(0, 0) so that the centre of mass of all four particles is at the point (0, 1).

Show that m = 0.5 kg. (3 marks)

Challenge

Three particles, of masses 1 kg, 2 kg and 3 kg respectively, lie on the x-axis at points £, Q and R with
PQ:OR = 2:3. The centre of mass of the particles is at G. Show that the ratio of the lengths PO: PGis 12:19.

38



Centres of mass of plane figures

@ Centre of mass of a set of particles arranged in a plane

You canuse > _m;x;=x »_m;and >_m; y; =y Y _m, to find the centre of mass of a set of point masses
arranged in a plane by considering the x-coordinate and y-coordinate of the centre of mass separately.

Find the coordinates of the centre of mass of the following system of particles:
2kgat (1, 2); 3kgat (3, 1); Skgat (4, 3)

VK @ Explore the centre of mass of

4 particles arranged in a plane using GeoGebra.
5k
3 9
> 2 kg
1 3kg
0 {1 2 3 4 ¥ Draw two diagrams, the first showing the three
. — particles, the second showing the total mass M
4 placed at the centre of mass (X, ).
)M
L ]
(x, )
0 X

2g + 3g + 5g = Mg Equate the total weights.
10=M Note that g cancels.

Method 1
Taking moments about the y-axis:
(g x 1)+ (3gx3)+ (52 x4) = Mgx

CPxN+Bx3+EGEx4=2+3+5X
2+9+20=10X

Sli=5

Equate the moments of the systems about the
y-axis.

Substitute for M.

Taking moments about the x-axis:
(2g x 2)+(3g x )+(5¢ x 3)=(2 + 3 + 5)¢F Equate the moments of the systems about the
0o=7 alll x-axis.

The centre of mass is (3.1, 2.2).
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' Problem-solving
Method 2

You can reduce the working by using position

1 4 X
22) +3(3 )+ 5(3) = +3+5)5) vectors
(&) +(5) + (%) = (ioy)
15 10y The top line is
2[5 T
. d and the bottom line is
( 2)=(5) S5 S
The centre of mass is at (3.1, 2.2).
' —— Divide both sides by 10.
If a system consists of n particles: mass
my with position vector r;, mass m;, with
posit!on vector r, ..., mass m, with m The position vector of a point can be
position vector r,, then written in terms of i and j or as a column vector.
S mr,=F> m, For example, the position vector of
where r is the position vector of the centre the point (3, 4) is 3i + 4j or (2)

of mass of the system.

Find the coordinates of the centre of mass of the following system of particles:
4kgat (-1, 3); 2kg at (-2, —-4); 8kg at (4, 0); 6kg at (1, -3)

The result applies with positive or negative

()22 o) ve( ) = e2resa(f) T coorinaees

() + () + 3(6) + (%) = 20(5)

. 20@ — Simplify the LHS.

Centre of mass is (1.5, =0.7)

® If a question does not specify axes or coordinates you will need to choose your own axes and
origin.
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Centres of mass of plane figures

A light rectangular plate ABCD has AB =20cm and AD = 50 cm. Particles of masses 2 kg, 3 kg,
Skgand 5 kg are attached to the plate at the points A, B, C and D respectively.
Find the distance of the centre of mass of the loaded plate from:

a AD b AB
yA First draw a diagram.
5kg Skg Choose point 4 as the origin and put it
D C in the bottom left-hand corner of your
diagram.
Using 4B and AD as ‘axes’ 4 is (0, 0),
Bis (20,0), Cis (20, 50) and D is (0, 50).
2kg 3ka,
A '
fe; 20 20 oy _ x .
2(o)+3(5) + 5(50) ¥ 5(50_] SRR ra s 5J(}") Using ZmK; =1 ¥ ony
0 60! 100 O X!
(o) * (%) + (250) * lo50) = ™15)
160\ _ ?) e
(500) = 15()__‘ Simplify LHS.
32 .
3 ) = (f) Divide both sides by 15.
100 )-’
B 3
a A cm =

b Lem m Check that your answers are

sensible in the context of the question.
Example o

The centre of mass should lie inside the
rectangle.

Particles of masses 4 kg, 3 kg, 2kg and 1 kg are placed at the points (x, »), (3, 2), (1, =5) and (6, 0)

respectively. Given that the centre of mass of the four particles is at the point (2.5, —2), find the

values of x and y.

a(y) + 3(2) F 2(]5_] + 1(8] LS LB 1)(%5)-7 Using Sm,F,= ¢y m,

(&) + @)+ (5 +(6) = (5

(4x+17):(25)

4y - 4 -20
AN+ =25 Equate the i and j components.
4y - 4 =-20

b Solve the two equations for x and y.
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Three particles of masses 2 kg, 1 kg and m kg are situated at the points (-1, 3), (2,9) and (2, -1)
respectively. Given that the centre of mass of the three particles is at the point (1, ), find:

a the value of m
b the value of 7.

2(“31) + 1(;] + m(i) =@ +1+ m}(}l) T - Using Somif,= £ m,

(2)+(2)« )= omll)

(152—{” m) = (_(33++n:lf)

2m=3 +m
15-m=@+m7 f— Equate the i and j components.

a m=3
b15-3=3+3)7 - The first equation is easy to solve for m.
12 =6y
2=7 Substitute for m in the second equation and solve

for y.

1 Two particles of equal mass are placed at the points (1, =3) and (5, 7). Find the centre of mass
of the particles.

2 Four particles of equal mass are situated at the points (2, 0), (-1, 3), (2, -4) and (-1, -2).
Find the coordinates of the centre of mass of the particles.

3 A system of three particles consists of 10 kg placed at (2, 3), 15 kg placed at (4, 2) and 25kg
placed at (6, 6). Find the coordinates of the centre of mass of the system.

4 Find the position vector of the centre of mass of three particles of masses 0.5kg, 1.5kg
and 2 kg which are situated at the points with position vectors (6i — 3j), (2i + 5j) and (3i + 2j)
respectively.

5 Particles of masses m, 2m, Sm and 2m are situated at (-1, —1), (3, 2), (4, -2) and (-2, 5)
respectively. Find the coordinates of the centre of mass of the particles.

6 A light rectangular metal plate PORS has PQ =4 cm and PS = 2 cm. Particles of masses 3 kg,
Skg, 1 kg and 7 kg are attached respectively to the corners P, Q, R and S of the plate.
Find the distance of the centre of mass of the loaded plate from:

a the side PQ b the side PS.

42



Centres of mass of plane figures

® 7 Three particles of masses 1 kg, 2kg and 3 kg are positioned at the points (1, 0), (4, 3) and
( p, q) respectively. Given that the centre of mass of the particles is at the point (2, 0), find the
values of p and q.

® 8 A system consists of three particles with masses 3m, 4m and 5m. The particles are situated at
the points with coordinates (-3, —4), (0.5, 4) and (0, -5) respectively. Find the coordinates of
the position of a fourth particle of mass 7m, given that the centre of mass of all four particles is
at the origin.

® 9 A light rectangular piece of card ABCD has AB = 8cm and AD = 6 cm. Four particles of
masses 300 g, 200 g, 600 g and 100 g are fixed to the rectangle at the midpoints of the sides 4B,
BC, CD and DE respectively. Find the distance of the centre of mass of the loaded rectangle
from the sides AB and AD. (4 marks)

10 A light rectangular piece of card ABCD has AB = 8cm and AD = 6 cm. Three particles of
masses 3 g, 2 g and 2 g are attached to the rectangle at the points 4, B and C respectively.

a Find the mass of a particle which must be placed at the point D for the centre of mass of
the whole system of four particles to lie 3 cm from the line 4B. (2 marks)

b With this fourth particle in place, find the distance of the centre of mass of the system from
the side AD. (4 marks)

Challenge

A light triangular piece of card ABC has sides AB=6cm, AC=5cm
and BC =5 cm. Three particles of masses m kg, 0.2 kg and 0.2 kg are
fixed to the triangle at the midpoints of the sides 4B, BC and AC
respectively. The point P lies at the intersection of the lines joining each
vertex of the triangle with the midpoint of the opposite side. Given that
the centre of mass of the whole system lies at P, find the value of m.

@ Centres of mass of standard uniform plane laminas

You can find the positions of the centres of mass of standard uniform plane laminas, including a
rectangle, a triangle and a semicircle.

= An object which has one dimension (its thickness) very m Eor example, a stieet of
small compared with the other two (its length and width) paper or a piece of card could
is modelled as a lamina. This means that it is regarded as be modelled as a lamina.

being two-dimensional with area but no volume.
A lamina is uniform if its mass is evenly spread throughout its area.

® |f a uniform lamina has an axis of symmetry then its centre of mass must lie on the axis of
symmetry. If the lamina has more than one axis of symmetry then it follows that the centre
of mass must be at the point of intersection of the axes of symmetry.
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Uniform circular disc

Since every diameter of the disc is a line of symmetry the
centre of mass of the disc is at their intersection. This is
the centre of the disc.

Uniform rectangular lamina

A uniform rectangular lamina has two lines of symmetry,
each one joining the midpoints of a pair of opposite sides.
The centre of mass is at the point where the two lines meet.

Uniform triangular lamina :
A uniform triangular lamina only has axes of symmetry if it
is either equilateral or isosceles.

A uniform equilateral triangle has three axes of symmetry, *G :
each one joining a vertex to the midpoint of the opposite i

side. These three lines are called the medians of the triangle.

=

—"

1

® The centre of mass of a uniform : @ lt cantbe proved thet
. . . \
trlangular lamina is at the the centroid G (and therefore

mt.erseftlo.n of the medians. . the centre of mass) of any
This point is called the centroid triangle is two-thirds of the

of the triangle. way down each median from
each vertex:

Note that the medians are not axes of
symmetry of the triangle unless the
triangle is equilateral (in which case all
three medians are axes of symmetry) or
isosceles (in which case one median is also
an axis of symmetry).

A7 B
where 4" is the midpoint of
BC, B' is the midpoint of C4
and C' is the midpoint of AB:
AG _BG _CG _2

e GA T GB GC 1

m |f the coordinates of the three vertices of
a uniform triangular lamina are (x,, y,),
(x5, y,) and (x,, y;) then the coordinates of
the centre of mass are gwen.by taking the L
average (mean) of the coordinates of the X
vertices: is its midpoint, ( > 5 )

X1+X+ X + +
Gisthepoint( ) ; 3,.1’1 J;z y;)

LI This is the two-dimensional version of a
similar result for a uniform rod: if the ends of the
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Uniform sector of a circle

. A uniform sector of a circle of m Although this result is
radius r and centre angle 2a, given in the formulae booklet,
------ Axis of symmetry Where v is measured in radians,  A-level students may need to
has its centre of mass on the prove it using calculus.
r axis of symmetry at a distance - Section 3.1
2rsin o

from the centre.

A uniform triangular lamina has vertices
Explore centres of mass of

Ad, 4,)-’ B(3,2) .and (5, 3). Find the standard uniform plane laminas using GeoGebra.
coordinates of its centre of mass.

Find the mean of the vertices of the triangle.
This is the centroid of the triangle.

1+3+5)1 (4+2+3

Gia th 't(
is the poin 3

. B

Find the centre of mass of the uniform R
triangular lamina shown:

)= 39—

-
P 2a Q

Takiflg P'as the origin arid P sndl PR a5 axes: Here we need to choose our own axes and origin.

Pis (0, 0); Qis (2a, O); Ris (O, @)
Write down the coordinates of each of the three

G is the point vertices.
(O+2a+0 O+O+a):(g ﬂ)
3 ' 3 3" 3 L Find the mean of the three vertices.

The centre of mass is % from PR and % from PQ.
m When you choose your own axes you

must not leave your answer in coordinate form.
Example @

The diagram shows a uniform semicircular lamina of 'C
radius 6 cm with centre O.
Find the centre of mass of the lamina.

Gi

0]

«—— fcm —><— 6cm —>
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The centre of mass must lie on the line
through O which is perpendicular to AB. ————— This is the axis of symmetry of the lamina.

Let OG = y. Then:

o R
_ 2x6xsins We use the result for a sector which is in the
= 37 formula booklet with » = 6 and « =g
2
. 12 x 1
T 3m o
— sin—=1
2 2
p=12x 8 You must give the angle in radians for this formula.
3w
y= % Simplify.

The centre of mass of the lamina is on the

line OC at a distance %cm from O.

1 Find the centre of mass of a uniform triangular lamina whose vertices are:
a (1,2),(2,6)and (3, 1) b (-1,4),(3,5) and (7, 3)
¢ (-3,2),(4,0)and (0, 1) d (a, a), (3a, 2a) and (4a, 6a)

2 Find the position of the centre of mass of a uniform semicircular lamina of radius 4 cm and
centre O.

3 The centre of mass of a uniform triangular lamina 4BC is at the point (2, a). Given that A is the
point (4, 3), B is the point (b, 1) and C is the point (-1, 5), find the values of a and b.

4 Find the position of the centre of mass of the following uniform triangular laminas:

a B 3a C b 4 d B
2a
da
A
C
C d B
2a
4 < da > —> C
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® 5 A uniform triangular lamina is isosceles and has the line y = 4 as its axis of symmetry.
One of the vertices of the triangle is the point (2, 1). Given that the x-coordinate of the centre of
mass of the lamina is -3, find the coordinates of the other two vertices.

® 6 A uniform rectangular lamina 4 BCD is positioned such that 4B lies on the line y = 2x + 1.
Given that A is at the point (0, 1) and C is at the point (6, 7), find:

a the coordinates of the points B and D
b the coordinates of the centre of mass of the lamina.

7 A uniform triangular lamina 4 BC has coordinates A(2, 1), B(4, 1) and C(x, y). The centre of
mass of the lamina lies on the line x = 3. Given that the triangle A BC has an area of 4 cm?,

work out:
a the possible values of x and y (3 marks)
b the possible coordinates of the centre of mass. (4 marks)

8 The diagram below shows an equilateral triangle A BC where AC is 4 cm.

B
A 4cm
. 43
Show that the centre of mass lies 3 om from B. (3 marks)

@ Centre of mass of a composite lamina

A composite uniform lamina consists of two or more standard uniform laminas joined together. You
can find the centre of mass of a composite lamina by considering each part of the lamina as a particle
positioned at its centre of mass. The masses of each part of the lamina will be proportional to their

areas.

ET TG Q

A uniform lamina consists of a rectangle PQRS joined to an 5 R
isosceles triangle QRT, as shown in the diagram. T

Find the distance of the centre of mass of the lamina from: 4cm r
a PO l o g T —

b PS s e >0 3cm
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Let the mass per unit area be nmkg per cm2.
Split the lamina along the line OR:

s R R S R

I
L]
Q

(5 - T

P 0 0 P 0

Area of PORS =& x 4 = 32cm?
So, mass of PORS = 32m

[

Similarly, mass of ORT = 3 x 4 x 3 x m
=6&m

So, total mass of the lamina = 32m + 6m = 38m

Take P as the origin, and axes along PQ and PS

The centre of mass of PORS is at the point (4, 2

The coordinates of Q are (8, O).
The coordinates of R are (8, 4).
The coeordinates of T are (11, 2).
The centre of mass of AQRT will be

(8+6+T1 O+4+2)
3 = 3
=(2;2)

Replace the lamina by two particles:
32m placed at (4, 2)

and 6ém placed at (9, 2)

son(3) + () - 200
(22)+ (32)- (5
(182) 12)

a Distance from PQis 2cm.

b Distance from PS is %cm.

—

Since the lamina is uniform, the mass
per unit area will be a constant.

You must always split the lamina up
into standard shapes.

G, is the centre of mass of the
rectangle.

G, is the centre of mass of the
triangle.

Area of A is
3 x base x height.

It's usually a good idea to take the
origin at the bottom left-hand
corner of your diagram.

This is the centre of the rectangle, G..

Take the mean of the coordinates of
the vertices of the triangle.

This is G.

This is the key idea behind the
method.

(f) is the position vector of the

centre of mass.

Cancel the ms and simplify.

Problem-solving

Note that you could have got the
answer to part a using the fact that
the lamina has an axis of symmetry.
You should always use this as it will
considerably reduce the amount of
working required.

® The centre of mass of a uniform plane lamina or framework will always lie on an axis of

symmetry.
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The diagram shows a uniform lamina.

' E
& J |_
< 6cm >
4em D T
2cm
VO uf!
A= 8cm » B

Find the distance of the centre of mass of the lamina from:

m You can find the centre

of mass in three different ways.

You can summarise the area of each part of the
shape and the positions of G, and G, in a table.
Because the lamina is uniform you only need to
know the area of each piece.

The centre of mass of the first rectangle is (1, 2).

The centre of mass of the second rectangle is at
its centre (5, 1).

Using Y “m;r;=r) m,

Simplify.

Solve for X and y.

Split the shape using the dotted line shown.
The centre of the square is (1, 3).
The centre of the rectangle is (4, 1).

a AF b AB
Method 1
sler—m = 4
Area 3 12 20
x 1 5 X
y - ! ¥y
o2+l -l oL
1% ?g B 20(;) L
£9)-=of) 1
34=X
14=75
Method 2 ——
E + =|r- ——
.G,
Area 4 16 20
X 1 4 X
Y 3 ! y
4(3) + 1¢(3) = 20(5)
(12) + 5 = 203)
(22) = 20(5)
34=X
14=75

‘— As before.
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— ' You obtain the lamina by starting with a rectangle
5 < — 1 and removing another rectangle.
wefnanery - = ‘ \:l G, is at (4, 2).
: G, isat (5, 3).
Area | 32 12 20
x 4 S x
¥ 2 3 ¥

Note the subtraction, since you are removing, not
adding, the second rectangle.

a2(3) - e(Z) -2
(c4) - (5¢)=2
(J

|| |1
f'-_"'\-\ f'-_-"\-\
R B M B I B
Niiihol S 2

Il
,-—--h
e

X

As before.
1. 4
a Distance from AFis 3.4 cm. Remember to give your answers in the form
b Distance from AB is 1.4 cm. asked for.

A uniform circular disc, centre O, of radius 5 cm has two circular holes cut in it, as shown in the
diagram.
Va

The larger hole has radius 2 cm and the smaller hole has radius 1 cm. The coordinates of the
centres of the holes are (0, 2) and (2, —2) respectively. Find the coordinates of the centre of mass of
the remaining lamina.
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' Problem-solving
Q O When you remove part of a lamina, you can deal

with the removed sections by adding sections
with negative mass.

Area|n x 52 |7 x 22| 7t x 12 || @(52 — 22 - 1?) Setting out the key information in a table helps

X O 0 2 % to clarify your working.

y 0 2 il 7

l [ [T Note the subtraction signs for each removed

2(O) L o2(O) L sy 2)_ yse d o2l 2 (f section.

#e(g) - #2(3) < el ) =mep 222 ) T)
(8) - (g) - (_22) = 20(-,) Cancel the ws and simplify.
(:é) = 20(_,) Collect terms.
(_g;) - (;] Solve for X and y.

The coordinates of the centre of mass of the
lamina are (-0.1, —0.3).

Exercise @

1 The following diagrams show uniform plane figures. Each one is drawn on a grid of unit squares.
Find, in each case, the coordinates of the centre of mass.

a ' b - 1 ' c M

“y
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f Y T g Vi

Y
Y

o o

® 2 The uniform lamina PQRST is formed by removing the P R
triangle POR from the rectangle PRST with centre Q.
The rectangle has sides of length 4a and 2a. Find the
distance of the centre of mass of PORST from Q. Q 2

(4 marks)

da

® 3 The uniform lamina shown in the diagram is formed by
removing a square DEFG of side length a from the equilateral
triangle ABC of side length 5a. The centre of mass of DEFG
lies on the perpendicular bisector of AC. Given that AC and
DG are parallel and a distance a apart, work out the distance
of the centre of mass of the whole lamina from B. (6 marks)

4 The diagram shows a metal template in the shape of a
right-angled triangle 4 BC. The template is modelled
as a uniform lamina. 18cm

a Find the distance of the centre of mass of the lamina . .
from A. (4 marks) A 24cm &

The mass of the template is 15kg. A particle of mass 5 kg is attached to vertex C of the
template.

b Find the position of the centre of mass of the template with the attached particle. (3 marks)

Problem-solving

When you attach a particle to a lamina or framework, you can work
out the new centre of mass by considering the lamina as a single
particle whose weight acts at its centre of mass.
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5 The diagram shows a uniform lamina formed from P 12¢m 0
two rectangles. All the angles are right angles. 2cm
a Find the position of the centre of mass of the Goivi "
lamina. (4 marks)

The mass per unit area of the lamina is 30 gcm—2,
Two particles of masses 200 g and 500 g are attached
to points P and Q on the lamina respectively.

] 6em

b Find the new centre of mass of the lamina, giving any lengths correct to 3 significant figures.

(3 marks)

6 The diagram shows a uniform piece of card ABCDEFGH B e

where AB=6cm, BC=10cm, CD =8cm, DE=2cm,

EF=4cm, FG=6cm, GH=2cm, H4 =2cm.

Assume that A is the origin and A H lies on the x-axis.

a Show that the centre of mass lies at the point (|3 , ﬂ] G F

(7 marks) 4 bt

The template needs to be changed so that the centre

of mass lies at the pomt ?g T;) To achieve this, two E B

squares of side length 3 cm are cut out of the card.

Their midpoints are (a, %] and (5%]

b Explain how you can use symmetry to determine the value of . (2 marks)

¢ Find the value of a. (5 marks)

@ 7 A uniform circular disc has centre O and radius 3a.
The lines AB and CD are perpendicular diameters of
the disc. A circular hole of radius x is made in the disc,
with the centre of the hole at the point £ on 4B and
the edge of the hole touching O to form the lamina
shown on the right. Given that the centre of mass
of the lamina lies on the line AB a distance of %a
from the point B, find the value of x in terms of a.

(6 marks)
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Challenge

A regular hexagon A BCDEF of side length x has the triangle DEF removed to
leave the irregular pentagon A BCDF as shown in the diagram below.

o D & D
X
B E B
A il A F
Given that the centre of mass of the hexagon is at the point M and that the centre
of mass of the pentagon is at the point N, show that the length of MN is i%x.

@ Centre of mass of a framework

You can find the centre of mass of a framework by @ The centre of mass of & Uit
using the centre of mass of each rod or wire which straight rod is located at its midpoint

makes up the framework. « Statistics and Mechanics 2, Section 4.4

Uniform circular arc

u\ G m This result can be found in the
€

""""""""""""""" Axis of symmetry formula booklet.

A uniform circular arc of radius r and centre angle 2a, where « is measured in radians, has its centre of
Fsin a
—~

mass on the axis of symmetry at a distance from the centre.

® A framework consists of a number of rods joined together or a number of pieces of wire
joined together.

Provided that you can identify the position of the centre of mass of each of the rods or pieces of wire
that make up a framework you can find the position of the centre of mass of the whole framework.
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Centres of mass of plane figures

A framework consists of a uniform length of wire which has been bent F 2 E

into the shape of a letter L, as shown.

Find the distance of the centre of mass of the framework from 4B and AF.

m Explore centres of mass of a O

framework using GeoGebra.

Since the wire is uniform, the mass of each edge will be
proportional to its length. The centre of mass of each
edge will be at its midpoint.

Taking A4 as the origin and axes along AB and AF:

)
)

o)+ () 2 +5(2) 2 (;)+s(2)— 2of

(0)+(5) *+ (3) + (75) + () + (

Distance from AF is 1.5 cm.

Distance from ABis 2.5 cm.

5
6
D C
| ]
A 4 B

Each term on the LHS consists of the
length of an edge multiplied by the
position vector of the midpoint of the
edge.

Simplify and collect terms.
This is X.

Thisis y.

Find the position of the centre of mass of a framework constructed from a uniform piece of wire

bent into the shape shown:
A B

E 2cm D

where the wire BCD is a semicircle, centre O, of radius 3 cm and wire BAED forms three sides of a

rectangle ABDE.
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Take O as the origin and axes along OC and OB.

Chapter 2

Use the result for the centre of mass of a

l

an(

0]

%) + 2(_';)) + 2(

(o) +(Ce) +

uniform circular arc with a = g andr=3to

-31) + 6('02) = (10 + 3¢r)(;) find the centre of mass of the arc BCD.
5 12 = 3w is the length of the arc.
o)+ (o) =0+ 3m(3)

_L Simplify.
1L

Collect terms.

y=0 ’—L You could have used the symmetry to deduce

this without any working.

G is the centre of mass of the framework, on

2
the axis of = et istance ————
axis of symmetry, a distanc 0+ 3?Tcm

to the right of O.

1 By regarding the shapes shown below as uniform plane wire frameworks, find the coordinates of
the centre of mass of each shape.

a
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Centres of mass of plane figures

EP) 2

Find the position of the centre of mass of the framework A
shown in the diagram, which is formed by bending a
uniform piece of wire of total length (12 + 27r)cm to form a
sector of a circle, centre O, radius 6 cm. (4 marks)

6em

A framework consists of a uniform length of wire which A 3a B

has been bent into the shape of a letter 7', as shown. a

Find the distance of the centre of mass of the framework H TR
from AB. (6 marks)

F a E

A uniform framework is constructed by bending wire into the shape of a semicircle and a
diameter. The semicircle has radius 15 cm.

a Find the distance of the centre of mass of the framework
from AB. (4 marks)

The metal used to form the framework has a mass of 8 grams
per cm. Two identical particles of masses 100 g are attached A S e P
to the framework, at 4 and B.

b Find:
i the total mass of the loaded framework
ii the distance of the centre of mass of the loaded framework from A4B. (4 marks)

The diagram shows a triangular framework formed from A 3m B
uniform wire. Particles of masses 10 kg, 20 kg and 30 kg

are attached to vertices 4, B and C respectively.

The mass of the unloaded framework is 15 kg. 4m

Find the position of the centre of mass of the loaded
framework. (8 marks) c

A uniform length of wire is bent to form the shape shown in D E
the diagram.

ACB is a semicircle of radius 3 cm, centre O.

ADO and BEQO are both semicircles of radius 1.5cm.

Find the position of the centre of mass of the framework. (6 marks)
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7 A 3.5m ladder is modelled as a framework made from uniform wire
as shown in the diagram. The rungs are 50 cm wide and are 50 cm
apart and the top and bottom rungs are 50 cm from the base and
top of the ladder respectively. The base of the ladder rests on
horizontal ground and the ladder stands vertically.

a Find the height of the centre of mass above the ground. (2 marks)
The bottom rung is removed from the ladder. I500m
b Show that the height of the centre of mass of the ladder has
increased by % m. (4 marks) S0cm
A metal framework A BCDE is made B D
from two congruent right-angled C

triangles such that ACD and BCE

are straight lines, as shown in the

diagram. A E
Given that AB=4cm and CD = 3 cm, work out the distance between C
and the centre of mass of the framework.

@ Lamina in equilibrium

You can solve problems involving a lamina in equilibrium. A lamina can be suspended by means of a
string attached to some point of the lamina, or can be allowed to pivot freely about a horizontal axis
which passes through some point of the lamina.

® When a lamina or framework is suspended freely from a fixed point or pivots freely about a
horizontal axis it will rest in equilibrium in a vertical plane with its centre of mass vertically
below the point of suspension or the pivot.

@ The first lamina is suspended from a
fixed point. There are only two forces acting on

Fixed point it: the weight of the lamina and the tension in

String

Point of » the string. Both forces pass through the point of
slispension Pivot suspension.

' The second lamina is free to rotate about a fixed
horizontal pivot. There are only two forces acting
on it: the weight of the lamina and the reaction
of the pivot on the lamina. Both pass through the
pivot.

The resultant of the moments about @ in both
laminas is zero.
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Find the angle that the line 4B makes with the vertical if this F 2m E
L-shaped uniform lamina is freely suspended from:
a A
b B 4em
¢ E 6cm
Ao [ 6
B D
2cm
A 4em B
First find the centre of mass of the lamina.
Split the lamina along CD', Split the lamina into two rectangles.
Take A as the origin and axes along AB and AF:
2 ( 1 ) B (Y) Area ABCD'=8
8(1)’“84 iRy Area DEFD' =8
24 (f
(40) 7 L Simplify.
=15
s
a F E
M Downward vertical Problem-solving
You do not need to draw the lamina
; hanging.
G
L Draw a line from the point of suspension
T D c to the centre of mass. Mark this in as the
I vertical.
2.3 —— This is the angle
l P / between the vertical
A4—1.5—b:—| S and the line AB
_#5
tanf = 5
= 6 =59.0° (3 sf) 6 is the angle required.
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b F E
G
//
T NJD ol
25 L Downward This time draw a line from B to G and
5 vertical mark this as the vertical.
:—l X
A+15—> B
tana = 3 2_51’ 5 « is the angle required.
_ 25
=25
= o = 45°
(= F E
——— Domfnward This time draw a line from E to G and
vertical mark this as the vertical.
/(;
T b & (3 is the angle required.
25
3 : FEG = {3 (alternate angles)
A<15—> B
Using angle FEG:
: g-25 -
tan3 = 515 tan 8 AF -y
L T EF-Xx
=05

= 3=2819°(3 sf)

The L-shaped lamina in Example 16 has mass M kg. Find the angle that FE makes with the vertical
when a mass of % M kg is attached to B and the lamina is freely suspended from F.

60

Problem-solving

Consider the lamina as a single particle whose
weight acts at its centre of mass.

Recall from Example 16 that the centre of mass
of the lamina is at (1.5, 2.5).

The centre of mass of the added mass is at (4, 0).



Centres of mass of plane figures

So the centre of mass of the loaded lamina is

at the point (12, 22).

F_HE
e

Redraw the diagram showing the angle that you
require.

G is the centre of mass and 6 is the angle FE
G o makes with the vertical when the lamina is
suspended from F.

0 =65.1° (3 sf)

1 a The diagram shows a uniform lamina. E_ D

The lamina is freely suspended from the point O and hangs
in equilibrium.

Find the angle between OA4 and the downward vertical. G g ¢ 3
0 A
b The diagram shows a uniform lamina. C B
The lamina is freely suspended from the point O and hangs E D
in equilibrium. Find the angle between OA and the '
downward vertical.
] A
¢ The diagram shows a uniform lamina. E D
The lamina is freely suspended from the point O and hangs
in equilibrium.
Find the angle between OA and the downward vertical. = 1
0 A

61



2

62

Chapter 2

The diagram shows a uniform lamina.

The lamina is freely suspended from the point 4 and hangs
in equilibrium. A
Find the angle between A B and the downward vertical.

B
The diagram shows a uniform lamina. ¢
The lamina is free to rotate about a fixed smooth horizontal axis
perpendicular to the plane of the lamina, passing through the
point A, and hangs in equilibrium. D B
Find the angle between 4B and the horizontal.
A

The framework in question 2, Exercise 2E is freely suspended from the point 4 and allowed to
hang in equilibrium. Find the angle between OA4 and the downward vertical.

The shape in question 4, Exercise 2E is freely suspended from the point 4 and allowed to hang in
equilibrium. Find the angle between OA and the horizontal.

PQRS is a uniform lamina. §<—4cm—>R
Find the distance of the centre of mass of the I
lamina from: %o
a PS (4 marks) J'
b PO (4 marks) [ ]
The lamina is suspended from the point Q and B t0cm 0
allowed to hang in equilibrium.
¢ Find the angle that PQ makes with the vertical. (3 marks)
The L-shaped lamina shown has mass M kg. B c
Find the angle that BC makes with the vertical
when a mass of 0.2M kg is attached to F and the dem
lamina is freely suspended from C. (8 marks)
D 6cm E
2cm
A 8cm F
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8

EP) 10

EP 11

The lamina shown is a quarter circle with radius 4 cm and B
mass M kg. Find the angle that 4B makes with the vertical
when a mass of 0.5M kg is attached to C and the lamina is
freely suspended from B. (6 marks) A C

The diagram shows a uniform lamina suspended from a
horizontal ceiling by two light inextensible vertical strings
attached at points 4 and B, such that 4B is horizontal. A om B

a Find the distance of the centre of mass of the lamina 2m
from AC. (2 marks) ckh 4m

b Given that the mass of the lamina is 12 kg, find the
tensions in the strings. (4 marks)

2m
The string at 4 breaks, and the lamina hangs in equilibrium
suspended from point B.

¢ Find, to the nearest degree, the angle that 4 B makes with the horizontal. (5 marks)

Problem-solving

For part b, you will need to consider the horizontal moments about
A and B. Have a look at Example 19 for an example of this technique.

The diagram shows a uniform semicircular lamina of mass mkg.
The lamina is suspended by two light inextensible vertical strings,
such that PQ hangs vertically. The tensions in the strings are 7
and 75, as shown in the diagram. A mass of km kg is attached

to the lamina at Q, where k is a constant, and the lamina hangs
in equilibrium with PQ still vertical and 7 = 575.

Find k. (6 marks)

A sign is modelled as a uniform rectangular lamina A BCDE which B 2a C
has a quarter circle removed from its bottom right corner as shown
in the diagram.

a By taking A as the origin show that the centre of mass of the sign lies 3a
. (2a(38-37)  104a
D
at the point ( 304—7) *32A-1)) (6 marks)
The sign is suspended using vertical ropes attached to the sign at B A= E

and at C and hangs in equilibrium with BC horizontal. The weight
of the sign is W and the ropes are modelled as light inextensible strings.

b Find the tension in each rope in terms of W and . (4 marks)
The rope attached at B breaks and the sign hangs freely in equilibrium suspended from C.

¢ Find the angle CD makes with the vertical. (4 marks)
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Challenge

The mobile of mass M shown in the diagram hangs in equilibrium from
a ceiling on a 25 cm cable.

B2 ¢ F—2 @
10 10

15 D 25 25 E 15

A 60 H

Work out, in terms of M, the smallest mass that can be fixed at 4 that
will cause G to touch the ceiling.

m Frameworks in equilibrium

Problems involving frameworks in equilibrium can be solved using the same methods that are used to
solve problems involving laminas in equilibrium.

The inverted T-shaped uniform framework of weight W shown in the diagram is freely suspended
from D and G by two vertical strings, so that A H is horizontal. The strings and the framework lie in
the same plane.

a Find, in terms of W, the tensions 7' and 7. T}
The string at D breaks and the framework hangs freely in pl2em .
equilibrium from G. AT
b Find the angle that DE makes with the vertical when the G _
framework comes to rest in equilibrium.
B 2cm E G
a Let AH lie on the x-axis and AB lie on the 2cm ¢
y-axis with the point 4 at the origin. A ppey H

2(0) " 2(1] + 6(2) ¥ 2(3) o 6(4)
1 \2 Z g’ 5_‘_ First find the centre of mass of the framework.
+ 5)+2( )+6( ):2&(1,)
2 1 Y

(0]
5 8(?) g . Problem-solving

5 3 The framework is in equilibrium, so the resultant
=)

?
(6
8

moment must be 0. The centre of mass of the

framework is a horizontal distance of 1 cm from

ResMILi+T,=W D, so the clockwise moment is 1 x W = W,
Taking moments about D gives The anticlockwise moment is due to 7 so is equal
W=4T,= T,=+Wand T, = 3W to 47,
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b The centre of mass lies %—fcm from AH.

D JEJ E
! Redraw the diagram showing the angle that you
require.
! O is the centre of mass and 6 is the angle DE
E makes with the vertical when suspended from D.
o
B G
& F
A H
tan9=%=8m%=$—-4
DM 1 !

6 =784° (3 sf)

The inverted T-shaped uniform framework used in Example 19 has mass Wkg.
a Find the location of the centre of mass when a mass of % Wkg is fixed at point H.
b Find the angle that DE makes with the vertical when the system is freely suspended from E.

3 1
aW22+Z

7

3

Recall from Example 19 that the centre of mass
of the lamina is at (3, %).
The centre of mass of the added mass is at (6, 0).

Il
Rlw
=) =)
SRl

B Ln
CEDNSD
1

- |

@ al;

—

| =)

S
Il

&

w
9

Am,ﬂ
olz IR v S 5

Sl
1
B o /. A

Find the centre of mass of the framework and the

So the centre of mass is at the point (?f—f) S
® D I_‘,D A E
\' Redraw the diagram showing the angle that you
£ 3 require.
‘-" O is the centre of mass and 6 is the angle DE
i makes with the vertical when the framework is
i suspended from E.
B o G p
“ F
A H
[ola)
tanf = i 05 =1L
- PE @l -7
o}

f=664°(3sf)

65



Chapter 2

1

2

66

The uniform framework shown opposite is freely suspended from the B
point B and hangs in equilibrium. Find the angle between BC and the
downward vertical.

10 cm
4 6em C
The uniform framework shown opposite is freely suspended from the B - Wem . &
point D and hangs in equilibrium. Find the angle between CD and 3 S5cm
the downward vertical. = D
15cm
.
A5em F
The uniform framework shown opposite is freely suspended P xem B
from the point 4 and hangs in equilibrium.
a Given that the angle between 4B and the downward 6 cm
vertical is arctan %, work out the value of x. (4 marks) c
The framework has mass M kg. booxem
b A particle of mass kM kg is attached to 4 and the framework is then freely suspended from
the point B so that it hangs in equilibrium. Given that the downward vertical now makes an
angle of arctan % with BD, work out the value of k. (4 marks)

The uniform framework shown in question 1 has mass M kg. A particle of mass 0.75M kg is
attached to 4 and the framework is then freely suspended from the point B so that it hangs in
equilibrium. Find the angle between BC and the downward vertical.

The uniform framework shown in question 2 has mass M kg. A particle of mass 0.15M kg is
attached to F and the framework is then freely suspended from the point B so that it hangs in
equilibrium. Find the angle between BC and the downward vertical.
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6 The uniform framework shown in the diagram is made of a square
of side 4 cm and two quarter circles and has mass M kg. A particle
of mass 0.1 M kg is attached to C and the framework is then freely

suspended from the point A so that it hangs in equilibrium.

Find the angle between FE and the downward vertical. (6 marks)

The uniform framework of weight W shown in the diagram
is suspended by two vertical strings from 4 and D such

that FE is horizontal. The strings and the framework lie in
the same plane. The lengths shown are in metres

and all the angles are right angles.

a Work out, in terms of W, the tensions 7, and 7, (6 marks)

The string at A4 snaps and the framework hangs in equilibrium
suspended from D.

b Find the angle that DE makes with the vertical. (3 marks)

A uniform framework made from uniform rods is shown
opposite. It has weight ¥ and is suspended by one vertical
string attached at 4 and one string angled at 60° to the
vertical attached at D. The strings and the framework lie
in the same plane. The framework hangs such that FE

is horizontal. The lengths are AB = 6cm, AH = 4cm,
BC=2cm, CD =3cm and DE = 10 cm. There is only

one rod in the span BG.

a Work out, in terms of W, the tensions 7, and 7, (6 marks)
The string at D snaps.

b Find the angle that A B makes with the vertical when
the framework comes to rest in equilibrium. (3 marks)

A
F B
E 8
D
T A
AL
ALI:'"2
8
12
C D
4
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Challenge

A square uniform framework ABCD is suspended by two light
inextensible strings. the first string is perpendicular to AB and is
attached at the point P, which lies on 4B such that AP:PB=1:3.
The second string is attached at C and makes an angle of 6 with the
horizontal, as shown in the diagram.

Given that the framework rests in equilibrium with AC horizontal,
find 6, giving your answer in degrees, correct to one decimal place.

@ Non-uniform composite laminas and frameworks

You can use the methods developed in this chapter to solve problems involving non-uniform laminas
and frameworks.

The lamina shown is made from a square piece of cardboard 4 BCD that has had the corner C
folded to the centre of the square. Find the position of the centre of mass of the lamina.

B
Problem-solving

You can model this situation as a composite
lamina made up of three different uniform
laminas. The folded section of card is modelled
as a lamina with twice the density of the other
A T om D sections.
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B E
. _ Redraw the diagram, splitting the lamina into its
C; i composite parts.
A 7 D
4 cm

Let 4 be the origin so that AD lies on the
x-axis and AB lies on the y-axis.

The coordinates of the centre of mass of the
rectangle ABEF are (1, 2).

The coordinates of the centre of mass of the
square CGDF are (3, 1).

The coordinates of the centre of mass of

the triangle CEG are Use COM of a triangle with vertices at (xy, y),
(2 +24+4 244+ 2) . (55_ Q) (x,, 15), (x5, »5) is found at:
3 ? <! ThAS8 X1t Xp+ X3 Pit)e+t)s
3 ' 3

Rectangle ABEF has area & cm?, square
CGDF has area 4 cm?. Triangle CEG has area

2 cm?, but this material is twice the density of
Y Remember that the card is folded over so the

the othe terial. . }
it triangle CEG is made of two layers.

o) +4(;) +4

23
(Y) o (5
J: T Y28

12

= 15(3) L
Y Use 4 for the mass of the triangular section.

Wite Wi

So the centre of mass of the lamina is at

(5 5)
12y

The triangular framework shown is made from three VA
pieces of uniform wire, AB, AC and BC of mass 2M, 3M
and 5M respectively. Find the coordinates of the centre
of mass of the framework.
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5)= 22

1

1)+ 3m(Z) + s

g ) = TOM‘(J{,

So the coordinates of the centre of mass are
at (2.3, 2.2),

@1
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The rectangular lamina shown is made from a rectangular piece
of cardboard ABCD where ABis 6¢cm and BC is 4 cm.

The rectangular lamina is folded along the line EF to make the
square AEFD.
Find the position of the centre of mass of the square lamina.

The rectangular lamina shown is made from a rectangular piece of
cardboard ABCD where ABis 10cm and BC'is 6cm.

The lamina is folded so that the side AD lies along the side AB.
Find the position of the centre of mass of the resulting lamina.

The diagram shows a rectangular lamina A BCD, where AB = 10cm
and BC = 6 cm. The lamina is folded so that D lies exactly on top
of B. It is then suspended freely from 4. Find the angle that AD
makes with the vertical. (8 marks)

The framework shown is made from four pieces of uniform
wire, AB, BC, CD and DA of masses 2M, 3M, M and 5M
respectively. Find the coordinates of the centre of mass

of the framework.

_?J ' Multiply the mass of each piece of wire by the
y position of its centre of mass.
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® s

The framework shown is made from three pieces of uniform
circular wire made from the same material. The wire used

to make BC and AC is twice as thick as the wire used to
make 4B. Find the coordinates of the centre of mass of

the framework.

The framework shown is made from four pieces of VA
uniform wire, AB, BC, CD and AD. AD and BC are G
made of the same material and 4D has mass M. '
AB and CD each have mass 0.5M. The framework
is suspended freely from B. Find the angle that BC
makes with the vertical. (8 marks)

The diagram shows a sign for an ice-cream shop. The sign B
is made from a sheet of wood in the shape of an isosceles 1.3m

triangle, attached to a semicircular sheet of painted

metal, as shown in the diagram. The triangle is modelled A 0
as a lamina of mass 4 kg, and the semicircle is modelled

as a lamina of mass 16 kg. 1.3m

a Find the distance of the centre of mass of the D
composite lamina from BD. (4 marks)

The shop owner wants to suspend the sign by two inextensible vertical wires, so that the axis of
symmetry AOC is horizontal. She attaches one wire to point B.

b State, with a reason, whether she should attach the other wire to point 4 or point C. (1 mark)

¢ Using your answer to part b, find the tension in each wire. (3 marks)
The diagram shows a mobile made from two different flat materials C
attached at one edge. The mobile is modelled as a square lamina Sem Scm
ABDE of density 20 gcm2, and an isosceles triangular lamina B D

BCD of density 60 gcm=2.
The mobile is suspended from point B and hangs in equilibrium.

a Find, correct to 1 d.p., the size of the acute angle that 4 B makes
with the vertical. (8 marks)

A mass of 500 g is attached to point 4. A 8cm E

b Find, correct to 1 d.p., the size of the new angle that 4 B makes with the vertical. (5 marks)
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Challenge

The first two steps in constructing a paper aeroplane from a rectangular
piece of paper are as follows:

1 Fold 4B and BC to the centre line of the paper.
2 Fold DE and EF to the centre line of the paper.
A B & E G

AL | DINNF

a Given that the resulting shape is an isosceles triangle, show that the
sides of the original rectangle are in the ratio 2:v2 + 1.

b Given that the width of the original rectangle AC = x cm, find the
position of the centre of mass of the folded isosceles triangle in
terms of x.

Mixed exercise o

1 The diagram shows a uniform lamina consisting of a
semicircle joined to a triangle ADC.

The sides AD and DC are equal.

a Find the distance of the centre of mass of the lamina
from AC. (4 marks)

The lamina is freely suspended from 4 and hangs at rest.

b Find, to the nearest degree, the angle between AC
and the vertical. (2 marks)

The mass of the lamina is M. A particle P of mass kM is attached to the lamina at D.
When suspended from A, the lamina now hangs with its axis of symmetry, BD, horizontal.

¢ Find, to 3 significant figures, the value of k. (6 marks)

2 A uniform triangular lamina A BC is in equilibrium, suspended o
from a fixed point O by a light inextensible string attached to
the point B of the lamina, as shown in the diagram. B

Given that AB=9cm, BC = 12¢cm and ABC = 90°, 9cm
find the angle between BC and the downward
vertical. (8 marks)
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® 3 Four particles P, Q, R and S of masses 3 kg, 5kg, 2kg and 4 kg are placed at the points (1, 6),
(-1, 5), (2, -3) and (-1, —-4) respectively. Find the coordinates of the centre of mass of the

particles. (4 marks)
4 A uniform rectangular piece of card ABCD has D E

AB = 3a and BC = a. One corner of the ‘[

rectangle is folded over to form a trapezium 5

ABED as shown in the diagram. l

Find the distance of the centre of mass of the

trapezium from: A% 24 e . 2

a AD (4 marks)

b AB (4 marks)

The lamina ABED is freely suspended from E and hangs at rest.

¢ Find the angle between DE and the horizontal. (2 marks)

The mass of the lamina is M. A particle of mass m is attached to the lamina at the point B.
The lamina is freely suspended from E and it hangs at rest with 4B horizontal.

d Find m in terms of M. (4 marks)

5 A thin uniform wire of length 5« is bent to form the shape A
ABCD, where AB = 2a, BC =2a, CD =aand BC is
perpendicular to both 4B and CD, as shown in the diagram.

a Find the distance of the centre of mass of the wire from: D
i AB i BC (4 marks) %

The wire is freely suspended from B and hangs at rest. a

b Find, to the nearest degree, the angle between 4B and o
the vertical. (2 marks) B a C

@ 6 A uniform lamina consists of a rectangle A BCD, where AB = 3a D C
and AD = 2a, with a square hole EFGA, where EF = a,
as shown in the diagram.

Find the distance of the centre of mass of the lamina from: 2a E T
a AD (6 marks) a

b AB (2 marks) " l L
A= 3a »B

7 The rectangular lamina shown in the diagram is folded so that A 5cm B
C lies exactly on top of A.

A mass of 0.25M is then attached at D and the lamina is freely 3em
suspended from B. Given that the lamina has mass M, find the
angle that BC makes with the vertical. (12 marks) D ¢
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The lamina shown in the diagram is suspended from a point A4. A 3 B

a Find the angle made by A H with the vertical. (8 marks) E 4 F
A mass of SM kg is now attached at point B. 4
Given that the lamina has a mass of 10M: =

b find the change in the angle made by A H with
the vertical. (6 marks)

The framework shown is made from four pieces of Y3
uniform wire, AB, BC, CD and AD. AD and BC

are made of the same material and 4D has mass M.

AB has mass 0.25M and CD has mass 0.5M.

The framework is suspended freely from B.

Show that 4 B makes an angle of arctan%

with the vertical. (12 marks)

=Y

The rectangular lamina shown is made from two
rectangular pieces of cardboard ABCD and BEFC vy AL
where ABis 12cm, BCis 8 cm and BE is 4cm.
The two pieces of cardboard are attached to each
other along the line BC.

The density of the cardboard used to make BEFC
is three times the density of the card used to make
ABCD and ABCD has mass M. b ¢

The lamina is supported by two vertical strings,
one attached at the midpoint of 4B and one attached
at E. The lamina is positioned such that 4D is vertical.

a Work out the tensions 7, and 75 in terms of M and g, the acceleration due to
gravity. (6 marks)
The string at E snaps.

b Work out the angle A B makes with the vertical when the lamina has come to rest in
equilibrium. (4 marks)

A piece of card is in the shape of an equilateral triangle
ABC of mass 4M and side length 10 cm. The triangle T A AT,
is folded so that vertex C sits on the midpoint of 4B, A C B

as shown in the diagram.

A mass of 2M is attached to the lamina at D.
The lamina is suspended by two vertical strings
attached at 4 and B causing 4B to lie horizontally.



Centres of mass of plane figures

a Work out, in terms of M and g, the acceleration due to gravity, the values of 7, and 75

(6 marks)

The string at 4 snaps.

b Work out the angle 4B makes with the vertical when the lamina has come to rest in

equilibrium. (4 marks)

Challenge

The shape shown is made from an B
isosceles triangular framework ABC 5cm

of mass 8 and a square lamina ACDE
of mass 9M.

When the shape is suspended from 4
the vertical cuts the side CD at the
point F.

The lamina is then folded along the E 6cm D
line EF and allowed to hang freely
from A again. Work out the angle 4C makes with the vertical.

Summary of key points

1

The centre of mass of a large body is the point at which the whole mass of the body can be
considered to be concentrated.

If a system of n particles with masses m;, m,, ..., m, are placed along the x-axis at the points
(xy, 0), (x5, 0), ..., (x,, 0) respectively, then:

n n
2mx; =X m
=i i=l
where (X, 0) is the position of the centre of mass of the system.

If a system consists of n particles: mass m; with position vector r;, mass m;, with position
vector r,, ..., mass m, with position vector r, then:

Zmi ri = ?Zm:

where T is the position vector of the centre of mass of the system.

If a question does not specify axes or coordinates you will need to choose your own axes and
origin.

An object which has one dimension (its thickness) very small compared with the other two

(its length and width) is modelled as a lamina. This means that it is regarded as being two-
dimensional with area rather than volume.
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10

11

If a uniform lamina has an axis of symmetry then its centre of mass must lie on the axis of
symmetry. If the lamina has more than one axis of symmetry then it follows that the centre of
mass must be at the point of intersection of the axes of symmetry.

The centre of mass of a uniform triangular lamina is at the intersection of the medians.
This point is called the centroid of the triangle.

If the coordinates of the three vertices of a uniform triangular lamina are (x;, yy), (x;, ;) and
(x5, y3) then the coordinates of the centre of mass are given by taking the average (mean) of
the coordinates of the vertices:

X1+ X+ X3 1+ ), +y3)
3 ‘ %]

G is the point (

The centre of mass of a uniform plane lamina or framework will always lie on an axis of
symmetry.

A framework consists of a number of rods joined together or a number of pieces of wire
joined together.

When a lamina or framework is suspended freely from a fixed point or pivots freely about a
horizontal axis it will rest in equilibrium in a vertical plane with its centre of mass vertically
below the point of suspension or the pivot.



Further centres
of mass

After completing this chapter you should be able to:

® Use calculus to find the centre of mass of a lamina - pages 78-87
e Find centres of mass of uniform bodies - pages 87-98
® Use symmetry and calculus to find the centre of mass of a uniform
solid of revolution - pages 88-98
Find centres of mass of non-uniform bodies - pages 98-103
® Solve rigid body problems in equilibrium - pages 103-109

® Determine whether a rigid body on an inclined plane will slide or
topple - pages 110-117

Prior knowledge check

1 A particle of mass m is
suspended by two inelastic
light strings as shown.
Find 7, and T3 in terms of
mand g.

mg

<« Statistics and Mechanics 2, Section 5.1

The region bounded by the curve with equation

y =vx Inx, the x-axis and the line x = 4 is rotated
through 360° about the x-axis. Show that volume
of the resulting solid is w(A In 4 — B) where A and
B are positive rational constants to be found.

¢« Core Pure 1, Section 5.1

When a gymnast balances,
they adjust their body
position so that their centre
of mass is in a favourable
« Pure Year 1, Section 13.1 position.

3 Giventhat y = (1 + 2x), evaluate —01—

J; p2dx
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@ Using calculus to find centres of mass

B In the previous chapter you found the centres of mass of laminas by considering moments and
symmetry. For a system of particles m1,, m,, ... positioned at (x;, y), (x,, y,), ... respectively in the
plane:

® ) m;x;=X y m;and Zm;yf=f2m;

You used this result to find the centre of mass of a composite lamina by considering the centres
of mass of its component parts as particles. You can also use these results in conjunction with
integration to find the position of the centre of mass of a uniform lamina.

Suppose you need to find the centre of mass of the uniform lamina bounded by the curve with
equation y = f(x), the x-axis and the lines x = @ and x = b shown shaded in the diagram below.

VA

y=Ff(x)
P_o
__---'"""'-;.;—_

0 a S R b %

-

dx

Consider the lamina as made up of small m : :
The rectangle PORS of width dx is

rectangular strips such as PORS, where PO
is parallel to the x-axis. Let P have coordinates
(x, ) and let the width of the strip be dx.

sometimes called an elemental strip of the [amina.

The height of the strip is y so its area is ydx. m oIS the Grock ister thet [ this
The mass of the strip (1) is py dx, where p is chapter p might represent mass per unit area,

the mass per unit area of the lamina. mass per unit length or density (mass per
unit volume). You will be told which quantity it
represents in the question.

As the lamina is uniform, as dx — 0 the centre of mass of the strip — (x, %y]

Let the coordinates of the centre of mass of the whole lamina be the point (¥, 7).

> mix;=XY _m;
S0 > ((pyéx)x) = ¥ >_pydx ——— The summation is taken across all the strips between x = a and x = b.
_ _ 2 lpydx)x)
>_pyox
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Further centres of mass

B As dx — 0 the summations become integrals, giving:

b
pxy dx
X = —

[ovas

Because the lamina is uniform, p is a constant, so it cancels.
Use the equation of the curve to write y as f(x).

fa bxf(x) dx

I "f(x) dx
Similarly:

YoMy =yy om
So Z( (pydx) %) = 7Y _pydx — The vertical coordinate of the centre of mass of each strip is half of its height.
Z((ﬂy&r) %)

> _pyox

As dx— 0 the summations become integrals, giving:

V=

fub%ﬂyzdx

o ffﬂy dx

h
[ 3¢ ezdx

b
f f(x) dx
® The centre of mass of a uniform lamina may be found using the formulae:

fﬁ xydx fb 2y3dx
. f:%and j;=“57
f ydx fa ydx

it

b b b
* Mx= f pxydx and My = f %pyz dx, where M = f py dx is the total mass of the lamina,

and p is the mass per unit area of the lamina.
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Use calculus to find the position of the centre of mass of a A
right-angled triangular lamina OPQ with base d and height #,
as shown in the diagram.

[ —

O0<— d—»Q

Find the equation of the line OP by calculating the
gradient of OP and using y = mx + ¢, with ¢ =0.

The equation of OP is y = %_x

The mass M of the triangular lamina

Use area of triangle formula and let the mass per
unit area be p.

=X aredis piR %dh

b
Using the formula for X, Mx = f pxy dx

a

d d
v= [ ptivan=2o[ s2ax
M,\—L,mdxdx—dp OJL dx

= %p [%xg]; = %phdz
B e ';'Phde .y Use the formulae for the centre of mass of a
T Lohd lamina to find X and 7.

1 .52
_ zphid
Ba = Tohd =g Notice that the centre of mass is at
3 — Xi+X;+X3 i+t s
So the centre of mass is at the point (gd, gk). N E— 3 ' 3 '
i.e.(o"'g"'d,o"'g"'h). ¢« Section 2.3

Find the coordinates of the centre of mass of the rA
uniform lamina bounded by the curve with
equation y =4 — x?, the x-axis and the y-axis,
as shown.

“y
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B ' The curve meets the x-axis when x = 2.

Lzﬁﬂ_L2ﬂ4—ﬂmx

¥ =

fobydx i f: (4 — x2)dx

2 2
f x(4 - x3)dx = f (4x — x3) dx
0O Qa
=[2x?~ ]2 =B -4 =4

o

foe (4 — x2) dx = [4x _ %A@];

e 2
e
3
2
f 1y2dx f 5(4 - x2)2dx
u o}

| ydx f: 4 - x?)d

The coordinates of the centre of mass are

Ich)

VA

0

SR

where P has coordinates (x, y).

Let PORS be an elemental strip with width dx,

Further centres of mass

Put y = 0 and solve 4 — x? = 0 to obtain x = 2.

Substitute y = 4 — x% into the formula for x.

Integrate and evaluate x.

Substitute y = 4 — x? into the formula for y.

Integrate and evaluate y.

A uniform semicircular lamina has radius rcm. Find the position of its centre of mass.

Take the diameter of the lamina as the y-axis, and
the midpoint of the diameter as the origin.
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B The centre of mass of this strip is at the

point (x, O).

lamina is also on the x-axis.

As point P lies on the circumference of
the circle radius r, x% + y2 = 12, and so

y=vré - x?

the lamina.

obtained from:
== [ 2ol =32
Mx = f02p,w(; Xx<) dx

- pfo 2x(r2 - xz)i'dx

1y

= pl-5[r2 - x2;

The centres of mass of all such strips are on
the x-axis and so the centre of mass of the

The area of the strip is 2y dx and so its mass
is 2py dx, where p is the mass per unit area of

The mass M of the lamina is +nr2p and X is

The width of the strip may be ignored as it is small.

T Use a symmetry argument to explain why the

centre of mass lies on the x-axis. This is the axis
of symmetry of the lamina.

Note that the length of the strip is 2y, due to the
symmetry of the semicircle.

The area of the semicircle is %m‘z

The integration may be done by substitution or

= %pr3

|
34" _ Ar

5pTr? 37

Sax=

37
diameter.
Example °
y=1x
y s
y= WX
0 X

mass of the lamina.
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The centre of mass is on the axis of symmetry

at a distance of L from the straight edge

by inspection using the chain rule in reverse.

m You might be asked to prove this

result using calculus in your exam. If you are not
specifically asked to use calculus or integration,
you may quote this result when solving problems.

The diagram shows a uniform lamina occupying the shaded region bounded by the curve with
equation y = vx, and the straight line with equation y = %x. Find the coordinates of the centre of



Further centres of mass

B ' Consider an elemental strip such as PORS, where P is
the point (x, y,), which lies on the curve y = Vx, and Q

is the point (x, y,), which lies on the line y = Zx.

The area of the strip is (y; — ¥2) dx and its mass is

dx is the width of the strip.
p(y; — yz) 6x where p is the mass per unit area of the
lamina.

The centre of mass of the strip lies at the point
(x, 31 + ¥2))

) - Square both sides and solve the
The line meets the curve when vx = 3x,

resulting quadratic equation x = %;xz

ie. when x = 0 and x = 4.
The mass M of the lamina is given by:

Sum the strips and let dx — 0, so that

b 4
M= = Vo dx = "'I_?C - L,\f dx
f" P = y2) pL (v 2) the summations become integrals.

S0 M=l - 37l = (5 - 5) =%

h 4 . o x=h
Using MX = L px(y; — yo)dx = pfo (x? — $x2) dx —t | Use MX = xga,ox(yl — y,) 8x and let
o 8 3 2 =m ae dx — 0, so that the summation
=p|Xx- éxs]o = p(? = f) = 0P becomes an integral.

-

Divide £ p by p, asm=2p

| o
o
=
&
b
1l
e
raf—
=]
53
+
i
N
=
|
)
N,
jn i
=

xX=l
- +
Use My=x§=:ﬂ,¢;'y—~—~—1 Z'VZ(y1 -y, 0x
and let éx — 0, so that the
= lpf/’(r — 1y2)dx summation becomes an integral.
s A "

1

= 3pf (V& + x)(v& - ) x

Sop=3x3=1 Divide 5p by 3p, as M = %p

4
The centre of mass is at the point (%, 1.

Find the centre of mass of a uniform lamina in the form of a sector of a circle, radius r and
centre O, which subtends an angle 2« at O.

. VA / VA /
i 0
; a5
/.i ) ‘G P
¥/
o

(4
R

Y
Oy
Y
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B Divide the lamina into elements such as OPQ, which is a This is the formula for the area of a

sector subtending an angle 86 at O. r sector of a circle.
The area of OPQ is 51280 and its mass is 572 pdf : ¢ Pure Year 2, Chapter 5

The sector is approximately a triangle and so its centre : .
PP i 3 The centre of mass of a triangle lies at

the intersection of the medians. This
is % of the way along the line joining
The mass M of the whole sector is: each vertex with the midpoint of the
opposite side.

of mass, G, is at a distance %r from O. L

The distance marked OR on the diagram is %r cosfl

)
p % zr%2a = pria

f=a

Use Mx = Z %prz(ﬂ‘ﬁ % %r cosf Point R is the foot of the
f=—a i perpendicular from G onto the x-axis.

As 68 — O, the summation becomes an integral

(23 £ (5- i
and MX = f spr3cos0df = Zpr [sind]”, [ | Fe e (6 & 26) ~ cosfand

o this is a reasonable approximation.
= gpro2sina
3

2 o i y .
P— 5prisina prsina
préa 3a

The distance of the centre of mass from O is grsina This formula (5 Incllided n the
3a formula booklet, but you should

understand and learn how to derive
it, as in this example.

and it lies on the axis of symmetry.

Find the centre of mass of a uniform wire in the form of an arc of a circle, radius r and centre O,
which subtends an angle 2a at O.

YA Y
V4 .
¥ 0 \ P
P " ] ; -
ONa X o R X
This is the formula for arc length.
Divide the arc into elements and note that the arc PO ’— < Pure Yeat 2 Cghapters

shown has length réf and mass préf

The length OR is rcos 8

| Risthe foot of the perpendicular

The mass M of the whole wire is p x r2a = 2pra from P to the x-axis.

f=a

Use MX = > préf x rcosf

f=-a
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Further centres of mass

B | As 660 — O the summation becomes an integral and

Mx = f_ précosfdl = pre [sinfll, = pré2sina

2présina _rsina
2praa T @

And so X =
This result is given in the formulae
The centre of mass lies on the axis of symmetry, and is «——— booklet, and you may quote it without

rsino proof.

o from O.

at a distance

1 Find, by integration, the centre of mass of the uniform triangular lamina enclosed by the lines
y=6-3x,x=0and y=0.

2 Use integration to find the centre of mass of the uniform lamina occupying the finite region
bounded by the curve with equation y = 3x2, the x-axis and the line x = 2.

3 Use integration to find the centre of mass of the uniform lamina occupying the finite region
bounded by the curve with equation y = x, the x-axis and the line x = 4.

4 Use integration to find the centre of mass of the uniform lamina occupying the finite region
bounded by the curve with equation y = x> + 1, the x-axis and the line x = 1.

5 Use integration to find the centre of mass of the uniform lamina occupying the finite region
bounded by the curve with equation y? = 4ax, and the line x = a, where « is a positive constant.

6 Find the centre of mass of the uniform lamina occupying the finite region bounded by the
curve with equation y = sinx, 0 < x < 7 and the line y = 0.

7 Find the centre of mass of the uniform lamina occupying the finite region bounded by the

curve with equation y = ,0<x<1landthelinesx=0,x=1and y=0.

T 1l+x

@,fP 8 Find, by integration, the centre of mass of a uniform lamina 4 /

@f‘ P) 9 The diagram shows a uniform lamina bounded by the curve

in the shape of a quadrant of a circle of radius r as shown.
(6 marks)

TS
=

y = x3 and the line with equation y = 4x, where x > 0.
Find the coordinates of the centre of mass of the lamina.
(10 marks)
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10 The diagram shows a uniform lamina occupying
B the finite region bounded by the x-axis, the
curve y = v24 — 4x and the line with
equation y = 2x. Find the coordinates of
the centre of mass of the lamina.
(10 marks)

@‘ P) 11 The diagram shows the uniform lamina bounded
x+5
(x +2)2x + 1)

, and the lines x =0

by the curves with equations y =

S g
(x+2)2x+1)

and x = 4.

and y =—

Find the coordinates of the centre of mass of
the lamina. (7 marks)

@r‘ P) 12 A uniform lamina is bounded by the curve

the x-axis, and the lines x = 0 and

1
¥= Vx2+4
x = 3, as shown in the diagram.

Find the coordinates of the centre of mass
of the lamina.
(10 marks)

86
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Further centres of mass

Challenge

n The diagram shows the curve C with parametric equations x = 2,

y=ttelR
Va /E___..-—-—
R
0 14 X
\

A pendant is modelled as a uniform lamina in the shape of the region R
enclosed by the curve and the line x = 4.

The pendant is suspended in equilibrium from a string attached at a
point P on its perimeter, such that no part of the pendant is higher
than P.

Find the exact coordinates of the six possible positions of P.

@ Centre of mass of a uniform body

You can use symmetry to find the centre of mass of some uniform solids.

® « For a solid body the centre of mass is the point where the weight acts.
*» For a uniform solid body the weight is evenly distributed through the body.
» The centre of mass will lie on any axis of symmetry.
* The centre of mass will lie on any plane of symmetry.

Uniform solid sphere

* The centre of mass of a uniform solid sphere is at the centre of the sphere.
This point is the intersection of the infinite number of planes of symmetry and is the only point
which lies on all of them.

‘ Centre of mass
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() Uniform solid right circular cylinder

» The centre of mass of a uniform solid right circular cylinder is at the centre of the cylinder.
This point is the intersection of the axis of symmetry and the plane of symmetry which bisects the
axis and is parallel to the circular ends.

Centre of mass

There is another group of solids which are formed by rotating a region through 360° about the x-axis.
It is possible to calculate the position of the centres of mass of these solids of revolution by using
symmetry and calculus.

Va

This is the solid of revolution formed by
rotating the finite region enclosed by the curve
v = f(x), the coordinate axes and the line x = «
through 360° about the x-axis. It has volume

=

] ' wazdx. « Core Pure 1, Chapter 5
0

ox :

Suppose you need to find the centre of mass of the solid of revolution shown above.
Divide the volume up into a series of very thin circular discs of radius y and thickness dx.

Each disc has a volume of 7y%dx and each has a centre of mass that lies on the x-axis at a distance x
from O.

So if the distance of the centre of mass of the whole solid of revolution from Q is X, then

XY _pry2ox =Y pry?xdx

where p is the density, or mass per unit volume

Use > m,x;=X»_m, applied to this volume.
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Further centres of mass

B As dx — 0, the number of discs becomes infinite and in the limit the sum is replaced by an integral:

_ Jpmyixdx [prx?ydy
X = - If the rotation were about the y-axis you would use y = ————
f pryédx [prx?dy
which may also be written

MX = [pry?x dx

where M is the known mass of the solid.

The results from above are summarised below. Note that because the solid is uniform, p is constant so
it cancels in the formulae for X and . 7 is also a constant so it cancels in these formulae.

m For a uniform solid of revolution, where the revolution is about the x-axis, the centre of
mass lies on the x-axis and its position on the axis is given by the formulae

2x dx
X = _[y_ or Mx = [pmy?xdx, where M is the known mass of the solid and p is its density.

frrdx

m For a uniform solid of revolution, where the revolution is about the y-axis, the centre of
mass lies on the y-axis and its position on the axis is given by the formulae

Jxydy
Jx3dy
This is obtained from the previous result by interchanging x and y.

Find the centre of mass of the uniform solid right circular cone with radius R and height /.

y= or My = [pmx?y dy, where M is the known mass of the solid and p is its density.

VA The gradient of the straight line through O is m,

where m =%

y=mx=gx

> h : The centre of mass lies on the axis of symmetry,
which is the x-axis in the diagram.

v

This is a formula you can use if you are finding
[ f;; the centre of mass of a volume of revolution.
0

e [yzax ~ f” L The cone is generated by the straight line
o Wi= %x, which is rotated through 27 radians

about the x-axis.
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2
R and h are constant so take % outside the

integrals and cancel.

@ Explore the centre of mass of a O

solid of revolution using GeoGebra.

m The centre of mass of a uniform right circular cone lies on the axis of symmetry and is at a
distance >/ from the vertex, or ;4 from the circular base.

Find the centre of mass of the uniform solid hemisphere with radius R.

X+ =R, x=0

The centre of mass lies on the axis of symmetry,

20

=Y

which is the x-axis in the diagram.



J(R2x = x3) dx

J(R? = x?)dx
les-5
o)
%)
(25
)
= 2R

Further centres of mass

Divide the sphere up into a series of circular discs.
Each disc has mass pmy? dx and centre of mass at
a distance x from O.

So if the distance of the centre of mass of the
sphere from O is X, then, as dx — 0

Jomy?xdx  [y*xdx

X=

Jomyrdx — [y?dx

The sphere is generated by the circle y? = R? — x?
which is rotated through 27 radians about the
x-axis, so replace y? by R? — x?

m You might be asked to prove the

results for the centre of mass of a cone and
sphere using calculus. Otherwise, you can
quote these results without proof when solving
problems.

m The centre of mass of a uniform solid hemisphere lies on the axis of symmetry and is at a

distance 2R from the plane surface.

Find the centre of mass of the uniform solid of revolution formed by rotating the finite region
enclosed by the curve y = x2 + 1, the x-axis and the lines x = 0 and x = 3 through 360° about the

x-axis as shown in the diagram below.

Vi

W}f=_r2+1

/|
N

£
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£ [y2xdx

It is a good idea to write out the formula you are

T

f“(x"s + 2x3% + xldx
X = Oq

fc_(x“ + 2x2 + 1)dx

1B Mol 2]
[G”\ o B )

T I
5X7 + 33X+ X|g

 [E@e + 314 + 20317

[2(3)° + 5(3)° + 3]
333
2 555
= 348 ~ 232

w

Va

The centre of mass lies at the point (

555

o

)

using before substituting.

y=x2+1 so p?=x%+2x7+1 ’—l_
y2= (% +1)?

m In questions such as this you need

to show full algebraic working. This means that
you should show the integrated function together
with the limits, and the step of substituting

the limits. You should not use the numerical
integration function on your calculator.

Find the centre of mass of the uniform hemispherical shell with radius R.

92
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A hemispherical shell is a hollow hemisphere.

Problem-solving

You can obtain a hollow hemisphere by removing
a solid concentric hemisphere of radius X from
the solid hemisphere of radius R, and then
considering what happens as X — R.



Shape Mass Centre of mass
Solid hemisphere |, 3
s R3 =R
radius R 3Pm (& ’ O)
Solid hemisphere | 5 3
e X'% £ X‘ O
radiuvs X e (& )
Hollow shell Zpm(R® - X?) | (X, 0)

Taking moments about a horizontal axis through O in
the plane face of the hemisphere:

%,(J?TR3 X %R - %{)’JTXE’ % %X — %p:rr(R-"3 - X3 xXx

Sox=3x RI=X_3 (R-X(R+ X(R + X7)
TET R -3 2T (R-X)RE+ RE+ X°)
_3 R+ X(R + X7
"8 (RE+RX + X?)

As X — R you obtain the result for a hemispherical
shell:
(2R)(2R?)

(3R?)

X X

1l
o

R

.

I
naf—=

Further centres of mass

From symmetry you can deduce that the
centre of mass lies on the x-axis.

This result is given in the formulae
booklet, and you may quote it without
proof.

= The centre of mass of a uniform hemispherical shell lies on the axis of symmetry and is at a

distance %R from the plane surface.

Show that the centre of mass of the uniform hollow right circular cone with radius R and
height 4 is at a distance %h from the base along the axis of symmetry.

VA

-

=¥
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One is shown in the diagram.

. 2,
base is h — 5h =zh

the base.

7 em

4 cm

have height h.

From similar triangles

h
H

B Divide the surface of the cone up into triangular
strips with vertices at O and with bases on the
circumference of the circular base of the cone.

Each of these triangles has centre of mass % of
the distance from O to the base of the cone.

So the centre of mass of the hollow cone is
also % of the distance from O to the base of
the cone, but is on the axis of symmetry.

The distance of the centre of mass from the

=%orH=4h

ButH=7+h.sok=%,andH=%

Let the large cone have height H and the small cone

Centre of mass

Shape Mass
Large cone %pﬂ'42H
4
== prh

(3#.0)=(50)

Small cone | L pm12h = %[Jﬂfi

(7 +2h0) = (%

0)

Frustum %mrh = 21pmh

(x 0)

7

Sox=(#2-2)z221=2

of symmetry.
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Taking moments about the base of the frustum:

%pﬂh X E - %pﬂ'h X ?—21 = 21prhx

The centre of mass is %cm above the base on the axis

Use symmetry to obtain this result.

m The centre of mass of a conical shell lies on the axis of symmetry and is at a distance %h from

Find the position of the centre of mass of the frustum of a right circular uniform cone, of end
radii 1 cm and 4 cm, and of height 7 cm.

A frustum is a portion of the cone lying
between two parallel planes. It may be
considered as a large cone with a small
cone removed from the top.

Problem-solving

The masses are in the ratio 64:1:63
and you can use these ratios in your
moments equation to simplify the
working.

So you would have 64 x £ -1 x 2 = 63%



Further centres of mass

AR

The finite region bounded by the curve
y = x? — 4x and the x-axis is rotated
through 360° about the x-axis to form
a solid of revolution. Find the coordinates of its centre of mass.

m In questions 1-4 use symmetry to find the
coordinates of the centre of mass of the solid.

The finite region bounded by the curve (x — 1)> + y? = 1 is rotated through 180° about the
x-axis to form a solid of revolution. Find the coordinates of its centre of mass.

The finite region bounded by the curve y = cos x, % =x= 3% and the x-axis, is rotated

through 360° about the x-axis to form a solid of revolution. Find the coordinates of its centre
of mass.

The finite region bounded by the curve y? + 6y = x and the y-axis is rotated through 360° about
the y-axis to form a solid of revolution. Find the coordinates of its centre of mass.

Find, by integration, the coordinates of the
centre of mass of the solid formed when the
finite region bounded by the curve y = 3x2,

the line x = | and the x-axis is rotated through 360° about the x-axis.

m In questions 5-10 use integration to find
the position of the centre of mass of the solid.

Find, by integration, the coordinates of the centre of mass of the solid formed when the finite
region bounded by the curve y = vx, the line x = 4 and the x-axis is rotated through 360° about
the x-axis.

Find, by integration, the coordinates of the centre of mass of the solid formed when the finite
region bounded by the curve y = 3x? + 1, the lines x = 0, x = 1 and the x-axis is rotated through
360° about the x-axis.

Find, by integration, the coordinates of the centre of mass of the solid formed when the
finite region bounded by the curve y = %, the lines x = 1, x = 3 and the x-axis is rotated

through 360° about the x-axis.

Find, by integration, the coordinates of the centre of mass of the solid formed when the finite
region bounded by the curve y = 2e*, the lines x = 0, x = | and the x-axis is rotated through
360° about the x-axis. (10 marks)

Find, by integration, the coordinates of the centre of mass formed when the region bounded
by the curve xe” = 3, the lines y = 1, y = 2 and the y-axis is rotated through 360° about the
y-axis. (10 marks)
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(? 11 Find, by integration, the coordinates of the centre of mass formed when the region bounded
E

@p 14

EP) 15

(E/P) 16
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by the curve y = E

the x-axis.

Find the position of the centre of mass of the frustum of a
right circular uniform solid cone, where the frustum has end
radii 2cm and 5cm, and has height 4 cm. (8 marks)

The diagram shows a frustum of a right circular uniform cone.

The frustum has end diameters of 4cm and 8 cm, and

height 8 cm. A cylindical hole of diameter 2 cm is drilled
through the frustum along its axis. Find the distance of

the centre of mass of the resulting solid from the larger

face of the frustum. (12 marks)

A thin uniform hemispherical shell has a circular base of
the same material. Find the position of the centre of mass
above the base in terms of its radius (6 marks)

A thin uniform hollow cone has a circular base of the same
material. Find the position of the centre of mass above the
base, given that the radius of the cone is 3 cm and its

height is 4 cm. (6 marks)

m The curved surface area of a cone of

slant height / and base radius r has area nr/.

A cap of a sphere is formed by making a plane cut across the
sphere. Show that the centre of mass of a cap of height / cut

from a uniform solid sphere of radius « lies a perpendicular

oo ) e i Bt suebace of 12 mark
distance AGa—h) rom the flat surface of the cap. (12 marks)

, the lines x = 0, x = 4 and the x-axis is rotated through 360° about
(10 marks)

Y

8cm

A
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@f P) 18 A uniform solid is formed from two right circular cones. The cones each

@fP 19 A uniform solid cylinder has height / and radius 2r.

Further centres of mass

17 The finite region R, shown shaded on the diagram, is bounded
by the curve with equation y = 8 — x* and the coordinate axes.

The region is rotated through 27 radians about the y-axis to
form a uniform solid of revolution. S.

a Find, using algebraic integration, the y coordinate of the
centre of mass of S. (8 marks)

=y

A solid chocolate egg is formed by attaching a uniform solid
hemisphere to the base of the solid S, as shown in the diagram.
The units of measurement are cm.

b Find the distance of the centre of mass of the chocolate v
egg from its base, X, giving your answer correct to
3 significant figures. (5 marks) ¥

have base radius r and heights x and kx respectively, where k is a constant.
The point O lies at the centre of the common plane face of both cones.

Given that the centre of mass of the solid is a distance %x above O,
find the value of £. (5 marks)

A hole is drilled in the cylinder in the shape of an
inverted cone of base radius r and height /.

The vertex of the cone lies on the base of the
cylinder, and the axes of the cone and the
cylinder are both vertical. The centre of the

top plane face of the cylinder, O, lies on the
circumference of the base of the cone.

a Find the distance of the centre of mass of the
solid from its top plane face, giving your answer in the form ki where £ is a rational constant

to be found. (7 marks)
b Fully describe the position of the centre of mass of the solid. (5 marks)
@fP 20 A game piece is modelled as a solid cone of base radius 5 cm
and height 12 cm, sitting on top of a solid cylinder of radius [
5cm and height 3cm. The cone and cylinder are made of the

12cm

3cm
J
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D a Find the distance of the centre of mass of the game piece from the base of the cylinder.
(6 marks)

In order to save money, the manufacturer decides to make the game piece hollow. The game
piece is now modelled as the curved surfaces of a cone and cylinder, and a single circular face
on its base. All the surfaces are made from the same uniform material.

b Find the distance of the centre of mass of the hollow game piece from the base of the
cylinder. (6 marks)

Challenge

Using calculus, find the VA
centre of mass of the
uniform hemispherical
shell withradius R. |\  pwormomomm-0-
m Divide the shell
into small elemental
cylindrical rings, centred
on the x-axis, with radius
Rsin 6, and height R 46,
where @ is the angle
between the radius R and
the x-axis.

Rsinf

=

m Non-uniform bodies

You can find the centres of mass of composite bodies made from materials of different densities.

A uniform solid right circular cone of height 2R and base radius R is joined at its base to the base
of a uniform solid hemisphere. The centres of their bases coincide at O and their axes are collinear.
The radius of the hemisphere is 2R.

Find the position of the centre of mass of the composite body if the cone has four times the
density of the hemisphere.
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Further centres of mass

R
l Problem-solving

Y% Although each separate
«— 2R

=Y

solid has uniform
density, the composite
body does not. Use p to
represent the density
(mass per unit volume)
of the hemisphere,

Let p be the mass per unit volume for the hemisphere and 4p be the so that the cone has
mass per unit volume for the cone. density 4p.
Ratio of | Dista fi (0]
Shape Mass S The masses are in the
masses |to centre of mass .
5 ratio 1:2:3 and you
Cone 14pTRZ(2R) 1 2(2R) =3 can use these ratios
; 5 P 3R in your moments
Hemisphere | 5pm(2R)? 2 —5(2R) = - 4 equation to simplify
Composite ' s o N the working.
ey z4pmRE(2R) + Spm(2R)? | 3 X
The centre of mass lies on the common axis of symmetry. IFyou toke .movme.nts
Take moments about an axis through O: G el
e the body, be careful
1% % -2 x% 3% =3xx with your positive and
56% = —1R negative signs. The
=g centre of mass of the
The centre of mass of the composite body is a distance -+ R below O, whole body is below O.

on the common axis of symmetry.

In some cases the density of a body may vary continuously along the length of the body. You can use
integration to find centres of mass of non-uniform rods, where the mass per unit length of the rod is
given as a function of distance.

This cylinder is modelled as a non-uniform rod. At a distance Problem-solving
x along the rod, the mass per unit length of the rod is given Because the cylinder is

by p = f(x). modelled as a rod and density
dax is given as mass per unit length,

< X -

= you do not need to consider
O D ) the volume of the cylinder.
You could use a similar model
The mass of a section of length dx at a distance x from the end for any prism with a constant

of the rod is pdx = f(x)dx. So the mass of the whole rod is D _f(x)dx.  cross-section, where density
varies as a function of height.
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B If the centre of mass of the rod is a distance X from the end, then

XY _f(x)ox =D _xf(x)dx

f;xpdx B f;xf(x) dx

fo iz ) fo "(x) dx

R

a rod, find:
a the mass of the telegraph pole

10
a Total mass = ‘L (20 - %x) dx

10
0]

= [20010) - %5(10)7]

= |20x — ‘Lxg
[20x ~ 57

= (200 - 10}

The moment of one section of the cylinder is xpdx = xf(x)dx
As jx — 0 the summation can be replaced by an integral.

m For a non-uniform rod with a variable mass per unit length, p = f(x), and length /, the
distance of the centre of mass from the end of the rod is given by:

A non-uniform telegraph pole is 10 m long. At any distance x metres from its base, the mass per
unit length of the telegraph pole is given by m = 20 — %x kgm~!. By modelling the telegraph pole as

b the distance of the centre of mass of the telegraph pole from its top.

Problem-solving

The mass per unit length of the telegraph pole
varies along the length of the pole. To find the
total mass you need to integrate the mass per
unit length across the length of the whole pole.

= 190kg

b Taking moments about the base of the
telegraph pole:

Integrate then substitute in the limits.

Where X is the distance of the centre of mass

10
190% = [ "x(20 - L) dx
- [10x2 - 572
= [10(10)? - 75 (10)%]

200
= 1000 - =

_ 2800

from the base of the telegraph pole.

— 3

- _ 280
X = 57 m

So the centre of mass is %?Qm from the
base of the telegraph pole and therefore
%m from the top of the telegraph pole.
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Further centres of mass

Cg 1 A uniform solid right circular cone of height 10 cm and base radius 5cm is joined at its base to

the base of a uniform solid hemisphere. The centres of their bases coincide and their axes are
collinear. The radius of the hemisphere is also 5 cm. The density of the hemisphere is twice the
density of the cone. Find the position of the centre of mass of the composite body.

CP 2 A solid is composed of a uniform solid right circular cylinder of height 10 cm and base radius
6 cm joined at its top plane face to the base of a uniform cone of the same radius and of
height 5cm. The centres of their adjoining circular faces coincide at point O and their axes are
collinear. The mass per unit volume of the cylinder is three times that of the cone. Find the
position of the centre of mass of the composite body.

@P 3 a Prove that the centre of mass of a uniform right square-based pyramid of height / lies a

distance 14_1 from its base. (6 marks)

A solid is composed of a cube of side 8 cm joined at its top plane face to the base of a uniform
square-based pyramid of side 8 cm and perpendicular height 6 cm. The centres of their adjoining
square faces coincide at the point O and their axes are collinear.

b Given that the cube has twice the density of the pyramid, find the position of the centre of
mass of the composite body. (4 marks)

@P 4 a Find the distance of the centre of mass of a solid tetrahedron from its base, giving your

answer in terms of the height of the tetrahedron, /. (6 marks)
A solid is composed of two solid tetrahedrons of side 9 cm joined together. The centres of their
adjoining faces coincide at the point O and their axes are collinear.

b Given that the bottom tetrahedron has three times the density of the top tetrahedron, find the
position of the centre of mass of the composite body. (4 marks)

@B 5 A truncated square-based pyramid has a height of 5cm
5cm and a base length 10 cm. The top face of the
truncated square-based pyramid has an area of 25cm?.

a Find the height of the centre of mass of the Scem
truncated square-based pyramid above its base. )
(6 marks) 10 cm

The truncated square-based pyramid and a cube of side length 5 cm are joined at the smaller
square face of the truncated pyramid. The centres of their adjoining square faces coincide at the
point O and their axes are collinear.

b Given that the cube has twice the density of the truncated square-based pyramid, find the
distance of the centre of mass of the composite body from O. (4 marks)
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A non-uniform fence post is 1.2m long. At any distance ¢ metres from its base, the mass per

unit length of the fence post is given by m = 10(1 - %) kgm~!. By modelling the fence post as a
rod, find:

a the mass of the fence post (3 marks)
b the distance of the centre of mass of the fence post from its base. (4 marks)
In reality, the post has a roughly circular cross-section. The model is refined so that the fence

post is modelled as a cylinder of radius 0.1 m with densitleO(l - %) kgm™3 at a distance dm

from its base.
¢ State, with reasons, whether your answers to parts a and b will change under the new model.
(2 marks)

A solid wooden bowl is modelled as a uniform solid
right circular cylinder with height 2r and radius 4r.
The centre of one face is at O. A hemisphere of
diameter 2r is removed from the bowl. The centre

of the hemisphere lies on a diameter of the circular
face of the cylinder, and the point O lies on the
circumference of the circular face of the hemisphere.

a Show that the centre of mass of the whole
bowl is at a vertical distance % from the
plane face containing O. (6 marks)

The hemisphere is filled with water. The density of the water is twice the density of the wood

from which the bowl is made.

b Find:
i the vertical distance of the centre of mass of the filled bowl from the plane face containing O
ii the horizontal distance from the axis of the cylinder, OX, to the centre of mass of the filled
bowl.

In each case, give your answer in the form kr where k is a rational number to be found. (6 marks)

A non-uniform rod of length /m is such that, at a distance x m from the end of the rod, the mass
per unit length of the rod is given by m kg m~!. In each of the following cases, find the distance
of the centre of mass from the end of the rod, giving your answers to 3 significant figures where
appropriate.

al=6andm=(x+1)>

b /=10and m =10 - jx

c )'=2ar1dm=Tx2

d /=5and m= e’
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Further centres of mass

9 The mast of a ship is 18 m high. The mast is modelled as a non-uniform rod, such that, at a
height m above its base, the mass per unit length of the mast, mkgm™!, is given by the
formula m = 50e-0-01

Find, correct to 3 significant figures:
a the mass of the mast (3 marks)

b the height of the centre of mass of the mast above its base. (6 marks)

@D 10 A non-uniform rod 4B of length 2 m is such that, at a distance x m from A4, the mass per unit

length of the rod is given by (5 — px) kgm~!.

Given that the mass of the rod is 7 kg, find:

a the value of p (3 marks)
b the distance of the centre of mass of the rod from A. (4 marks)

Challenge

A non-uniform post is 2m long and has mass 10 kg. At any distance

x metres from its base, the mass per unit length of the post is given by
m = all — bx) kg m~1, Given that the centre of mass of the post is 1.5m
above its base, work out the possible values of @ and b.

€D Rrigid bodies in equilibrium

You can solve problems about rigid bodies

. . R m You can combine resultant forces and moments
which are suspended in equilibrium.

to solve problems involving ladders leaning against

If a body is resting in equilibrium then there walls. « Statistics and Mechanics Year 2, Chapter 7
is zero resultant force in any direction.

This means that the sum of the components of all the forces in any direction is zero, and the sum of
the moments of the forces about any point is zero.

= When a lamina is suspended freely from a fixed point or pivots freely about a horizontal axis
it will rest in equilibrium in a vertical plane with its centre of mass vertically below the point
of suspension or pivot.

This result is also true for a rigid body.

Let the body be suspended from a point 4. The body rests in equilibrium and Y
the only forces acting on the body are its weight, I¥, and the force at point A4, P. 3

This implies that the forces must be equal and opposite and act in the same l
vertical line.

m When a rigid body is suspended freely from a fixed point and rests in
equilibrium then its centre of mass is vertically below the point
of suspension.
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B A uniform solid hemisphere has radius r. It is suspended by a string attached to a point 4 on the
rim of its base. Find the angle between the axis of the hemisphere and the downward vertical when
the hemisphere is in equilibrium.

Draw a diagram showing the centre of mass, G, of
the hemisphere below the point of suspension A.

Mark the angle between G4 and the axis of the
hemisphere and mark the radius and length XG.

The distance from the centre of mass to the

base i % 50 X6-= 3"5—”

Let ZXGA be 6 Use trigonometry to solve the problem.

Then tanf = 3L =
So the required angle is 63.4° (3 s.f)

A non-uniform cylinder has height 20 cm and radius 2 cm. At any height 2 cm above its base,

wiee

the density of the cylinder is given by p = 3(2 - %) gcem2. The cylinder is freely suspended from

a point P that lies on the circumference of its top face. Find the angle between the downward

vertical and the top face of the cylinder.
Problem-solving

O You need to work out the mass of a disc of
height dx, then integrate to find the sum
Sh @ 20em of these masses. Because the cylinder has
T a constant, uniform cross-section, and you
know the centre of mass lies on its axis
© 4 of symmetry, you could also tackle this

problem by modelling the cylinder as a
«—4cm—> non-uniform rod with mass per unit

50

Mass of elemental disc = prr2h = 3?(2 - —h—) 226h length of3(2 —%) gem™

104



20
Total mass = 121'Tfo (2 - %) dh
h2 120

= 12?‘1’ [2:’1 = @ S

= f2O]2)

5 12».T(2(2OJ -

= 12740 - 4)

=4327

o

43217 = 12ﬁf0 h(z - 5O)dh

where 7 is the distance of the centre of mass above

Further centres of mass

Use My = [pmr?hdh to find the position

[ of 7.

Take moments from the base of the

the base of the cylinder
_ 20 he
365 _fo (_213- 5O)dh

20

150,

20°
150

- [r2

= 207 -

160
== 4OO T

_ 1040
- 2

=

cylinder.

Draw a clear diagram to represent the
situation. You need to find the angle

tana = O—C

oP

where O is the centre of the top face of the cylinder
and C is the centre of mass.
260
20—
= Tay
a =721 (3 sf)

tana =

between the top face and the vertical
which is marked as « on this diagram.

Problem-solving

The density of the cylinder reduces as the
height increases, so it is bottom-heavy.
The centre of mass will be less than half-
way up the cylinder, and the angle will be
greater than arctan 3‘;?', the angle made
between the top face and the diagonal.
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B The diagram shows a uniform solid right circular cone,

of mass M with radius r and height 3r. P and Q are points
at opposite ends of a diameter on the circular plane face

of the cone. The cone is suspended from a horizontal beam
by two vertical inelastic strings fastened at P and Q.

Given that the cone is in equilibrium with its axis at an angle
of 45° to the horizontal, find the values of the tensions in the
strings, giving your answers in terms of M and g.

Let the tensions in the strings be T, and T.

Resolve vertically:

I+ T, = Mg () Moments could be taken about a number
Take moments about point P: of points, but choosing point P eliminates
T, % 2Fcos45° = M’g(l‘cos45° 4 %5‘”,1450) 2) T, and simplifies the algebra.

Divide equation (2) through by 2rcos 45°,

then Ts = %Mg The distance PWis PZ + Z V.

1 Also ZW = YG.
Substitute into equation (1) to give T = gMg So from the diagram:
So the tensions are %Mg and éMg PW = rcos 45° +£Sin45°
' : 4
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Further centres of mass

B Two smooth uniform spheres of radius 4 cm and mass 5 kg are suspended from the same point 4
by identical light inextensible strings of length 8 cm attached to their surfaces. The spheres hang in
equilibrium, touching each other. What is the reaction between them?

From symmetry, the tensions in the two strings

are equal.
Resolve vertically:
Tcos# =5g (1)
Resolve horizontally:
Tsinf =R (2)
Eliminating T gives R = S5gtané Divide equation (2) by equation (1) to eliminate 7.
From the geometry of the diagram
sinf = 2 =1 and 50 tanf = 21_ As sin§ =  the triangle XYZ can be X
e L used to find XY using Pythagoras’ A

So R = 5*?_ =17 (2 sf) theorem, and then to find tan ¢:

¢ XY2=32-12 - XY=y8=2/2 Z°7Y

1 A uniform solid right circular cone is suspended by a string attached to a point on the rim of
its base. Given that the radius of the base is 5cm and the height of the cone is 8 cm, find the
angle between the vertical and the axis of the cone when it is in equilibrium.

2 A uniform solid cylinder is suspended by a string attached to a point on the rim of its base.
Given that the radius of the base is 6 cm and the height of the cylinder is 10 cm, find the angle
between the vertical and the circular base of the cylinder when it is in equilibrium.

3 A uniform hemispherical shell is suspended by a string attached to a point on the rim of
its base. Find the angle between the vertical and the axis of the hemisphere when it is in
equilibrium. (8 marks)
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4 a Find the position of the centre of mass of the frustum of
E a uniform solid right circular cone, of end radii 4 cm and
Scm and of height 6 cm. (Give your answer to 3 s.f.) (8 marks)

This frustum is now suspended by a string attached to a
point on the rim of its smaller circular face, and hangs
in equilibrium.

b Find the angle between the vertical and the axis of the frustum.

CE 5 The diagram shows a uniform solid cylinder of
mass 2 kg, height 2 m and radius 0.5 m. The cylinder
is suspended from two light, inelastic, vertical
strings attached to the upper rim of the cylinder

at points 4 and B. The line AB forms a diameter

of the top face of the cylinder and is inclined at

an angle of 10° to the horizontal.

Given that the cylinder is in equilibrium,
work out the tension in each string. (5 marks)

CE 6 A non-uniform rod PQ of length 1 m is freely
suspended from its ends by two light, inelastic
strings which hang vertically. The tensions in
the strings are 7', and 7, respectively, and PQ
makes an angle of 45° with the vertical,

as shown in the diagram.

At a distance /4 along the rod from Q, the
mass per unit length of the rod is given by:

- 10 ey

V1+h (@]
a Find the distance of the centre of mass of the rod from Q. (8 marks)
b Find 7| and T, (4 marks)

@B 7 The diagram shows a non-uniform rod 4B of length 10 m, which rests on two pivots P and Q
that are positioned 1 m from each end of the rod.

P 0
A== A

At a distance x along the rod from A4, the mass per unit length of the rod is (1 + 3x)kgm~'.

B

a Find the reaction on the rod of each pivot. (9 marks)
A mass of m kg is attached to the rod at B so that the rod is on the point of turning about Q.
b Find the value of m. (4 marks)
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Further centres of mass

A non-uniform solid cylinder has height 30 cm and base radius 10 cm. At a height #cm above
the base of the cylinder, its density is given by ¢*!" g cm™,

. . . 10(2¢* + 1)
a Show that the centre of mass of the cylinder lies a distance =g

the cylinder. (8 marks)

cm above the base of

The cylinder is suspended from a point on its upper rim.

b Find, to the nearest degree, the angle that the upper plane face of the cylinder makes with
the vertical. (4 marks)

A solid is formed by removing a solid hemisphere of diameter
6 cm and centre O from a solid, uniform right circular
cylinder of height 10 cm and diameter 10 cm. The point O

lies at the centre of one circular face of the cylinder. ™ A

The cylinder is suspended by two light, inextensible
strings, which hang vertically. The strings are attached
to points A and B on the rims of the solid, such that
AB is parallel to the axis of the cylinder.

10cm

The solid has a density of %kg m? , and hangs in equilibrium
with A B horizontal.

a Find the tensions in the strings. (10 marks) «—10cm—>

The string at B breaks, and the solid hangs in equilibrium
from point 4.

b Find the angle between the circular plane face of the solid and the vertical. (3 marks)

A uniform solid right circular cone has base radius r, height 4r O
and mass mkg. One end of a light inextensible string is attached

to the vertex of the cone and the other end is attached to a

point on the rim of the base. The string passes over a smooth )

peg and the cone rests in equilibrium with the axis horizontal,

and with the strings equally inclined to the horizontal at an

angle 0, as shown in the diagram.

- =

a Show that angle 6 satisfies the equation tan § = % (4 marks)

b Find the tension in the string, giving your answer as an exact multiple of mg. (4 marks)

A plastic mould is formed by removing a solid hemisphere of - 60cm >

radius 40 cm and centre O from a solid hemisphere of metal :r4—400m—i'i
of radius 60 cm and centre O, as shown in the diagram. '

The mould is filled to the brim with molten plastic,
which is allowed to solidify. The metal used to form
the mould has 10 times the density of the plastic.
After the mould is filled and set, it is suspended
from a point on the outer rim of its plane face,

and hangs in equilibrium.

Find the angle that the plane face makes with the vertical. (10 marks)
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€5 Toppling and sliding

BYou can determine whether a body will remain in equilibrium or if equilibrium will be broken by

sliding or toppling.

m If a body rests in equilibrium on a rough inclined plane,
then the line of action of the weight of the body must pass
through the face of the body which is in contact with
the plane.

In the diagram, the weight of the body produces a clockwise
moment about 4 which keeps it in contact with the plane.

If the angle of the plane is increased so that the line of action of
the weight passes outside the face 4B then the weight produces
an anticlockwise moment about A. If the plane is sufficiently
rough to preventy sliding, then the body will topple over.

w Explore toppling and sliding using GeoGebra. O

The only forces acting on the body are its weight and the total reaction
between the plane and the body. The total reaction between the plane
and the body consists of a normal reaction force and a friction force.
As the body is in equilibrium, these forces must be equal and opposite
and act in the same vertical line.

circular end of the cylinder.

a Find the position of the centre of mass of the composite body.

prevent sliding,

b show that equilibrium is maintained provided that tan o < %

a | Shape Mass Ratio Height of centre
of of mass above

masses | base in cm

Cylinder pr32x5=45pw | 5 2.5

Hemisphere %mr33 = 16pm 2 5+ % %3 =8425
Composite N

iy E3 pm i X
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A solid uniform cylinder of radius 3 cm and height 5 cm has a solid uniform hemisphere made from
the same material, of radius 3 cm, joined to it so that the base of the hemisphere coincides with one

The composite body is placed with the circular face of the cylinder on a rough inclined plane,
which is inclined at an angle « to the horizontal. Given that the plane is sufficiently rough to

Draw a diagram and use a
table to show masses and
positions of centres of mass.



Further centres of mass

B Sob %25 % 2% 6125 =7X Take moments to find the
and % =242 = 22 position of the centre of

mass of the composite body.

b From the diagram, tana = % =3 x % = %
= The limiting case is shown

in the diagram, where the
point vertically below the
centre of mass, G, is on the
edge of the area of contact.

If v is smaller than this value, G is above
a point of contact and equilibrium is
maintained. Equilibrium is maintained
provided that tana < %

If tan & > 22 then the body
will topple over because
there will be a turning effect
about the point 4.

A uniform solid cube of mass M and side 2a rests on a « 2a >P
rough horizontal plane. The coefficient of friction is .
A horizontal force of magnitude P is applied at the
midpoint of an upper edge, perpendicular to that

edge, as shown in the diagram. The reaction between 28 l

the plane and the cube comprises a normal Mg 2

reaction force R and a friction force F and acts at T )
L J o

a distance / from a lower edge of the cube as shown s =
in the diagram. -

Find whether the cube remains in equilibrium, or whether the equilibrium is broken by sliding or
toppling, in each of the following cases. Also determine the value of F and the value of / in each

case, giving your answers in terms of M, g and « as appropriate:

| 3 1 1
a P=0 b P=5Mgand u=3 ¢ P=gMgand p =5
' For equilibrium: First use the conditions for
Resolve horizontally — equilibrium in the general case,
P-F=0,50F=P %) i.e. resolve horizontally, resolve
Resolve vertically | vertically and take moments.
R-Mg=0soR=M 2
i & ) ol i A is the point on the bottom edge of
Take moments about point A: ] -
the cube shown in the diagram.
Px2a+Rxh=Mgxa (3)
a When P=0

For part a substitute

Substituting result from equation (2) into equation (3):
3 £ ( 9 3) P =0in equations (1), (2) and (3).

O + Mgh = Mga

In part a the normal reaction acts at

h=a
Substituting P = O into equation (1) gives F = O, L
the centre of the base.

The cube remains in equilibrium. It does not slide and does
not topple.
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b When P = Mg
Substituting result from equation (2) into equation (3):

For part b substitute P = %mg in
equations (1), (2) and (3).

%Mg x 2a + Mgh = Mga
h = 0, and the cube is about to topple.
Substituting P = %Mrg into equation (1) gives F = -;:M'g

But uR = %Mrg so F < puR and the body does not slide.

c When P = ;Mg
Substituting result from equation (2) into equation (3):

7 Mg x 2a + Mgh = Mga

L In part b the normal reaction acts at
A and so toppling is about to occur
around the edge through 4.

This implies that the body does not

K= %a, and the cube does not topple.

Substituting P = j—‘Mg into equation (1) would give F = j—‘Mg

But this is impossible as the maximum value that F can
take is pR and pR = %Mg so F= —;Mg

topple as the reaction is within the
area of the base.

Assuming equilibrium leads to a

The cube will slide if the force P is maintained.

m A body is on the point of sliding when F = uR

| contradiction. This cube will slide as
the force P exceeds the maximum
friction force.

m A body is on the point of toppling when the reaction acts at the point about which turning

can take place.

A uniform solid cube of mass M and side 2a, is placed on a rough inclined plane which is at an
angle o to the horizontal, where tan o = % The coefficient of friction is p.

Show that if pu < % the cube will slide down the slope.

R(\) R - Mgcosa =0 |

R=Mgcosaw
R(/ ) F—- Mgsina =0
F=Mgsina

" . F
For equilibrium F < uR, ie. pu > R

Mgsina

RO > Mgcosaw

ie. pu>tana and so p > % for equilibrium.

Soif pu < % the cube will slide.
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Draw a diagram showing G the centre of mass
of the cube, and points 4 and B on the edges
of the cube in the same vertical plane as G.

First use the conditions for equilibrium, i.e.
resolve along and perpendicular to the plane
and use F = pR, where Fis the force of
friction and R is the normal reaction.

As tan o = 5 the limiting case is when p = 3



B Let the point Z, vertically below the centre of
mass G, be at a distance x from 4 vp the plane.

Let C be the midpoint of AB.

From triangle GCZ, % = tano = é

So2a—-2x=a
ol
X =3a

So Z is between A and B and the cube does not

topple.

topple about the lower edge.

i

As > %
the cylinder
will not slip.

Let the point Z, vertically below the centre of
mass G, be at a distance x from A down the
plane.

Let C be the midpoint of AB.

a+ X

: - = w— 5
From triangle GCZ, 5y = tana = 3

So 2a + 2x = 3u

.
X =3a

S0 Z is not between 4 and B and the
cylinder will topple.

Further centres of mass

Draw an enlarged
triangle if it helps.

The normal reaction would act at point Z,
' which could also be established by taking
moments and using the equilibrium conditions.

So the weight of the cube acts through a point
within the area of contact.

The cube in the previous example is now replaced by a cylinder of mass M with base radius ¢ and
height 6a. The cylinder is placed on the rough inclined plane, which is inclined at an angle « to
the horizontal, where tan o = % The coefficient of friction is p. Show that if p > % the cylinder will

This condition was shown in Example 21, and the
working here would be identical.

i.e. Resolve along and perpendicular to the plane
and use F = uR.

The points 4, B, C, G and Z are defined as in
Example 21.

Draw an enlarged triangle
G7C.

Another method you could use is to let the
reaction act at point 4 and show that even in this
position there will be a turning moment about 4
and therefore no equilibrium.
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Exercise @

1
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A uniform solid cylinder with base diameter 4 cm stands on a rough plane inclined at 40° to the
horizontal. Given that the cylinder does not topple, find the maximum possible height of the
cylinder.

A uniform solid right circular cylinder with base radius 3 cm and height 10 cm is placed with
its circular plane base on a rough plane. The plane is gradually tilted until the cylinder topples
over. Given that the cylinder does not slide down the plane before it topples,

a find the angle that the plane makes with the horizontal at the point where the cylinder
topples

b find the minimum possible value of the coefficient of friction between the cylinder and the
plane.

A uniform solid right circular cone with base radius 5 cm and height /cm is placed with

its circular plane base on a rough plane. The coefficient of friction is g The plane is
gradually tilted.

When the plane makes an angle of ¢ with the horizontal, the cone is about to slide and topple
at the same time. Find:

ad

b A

A uniform solid right circular cone of mass M with base
radius r and height 2r is placed with its circular plane
base on a rough horizontal plane. A force P is applied
to the vertex V of the cone at an angle of 60° above the
horizontal as shown in the diagram.

The cone begins to topple and to slide at the same time.
a Find the magnitude of the force P in terms of M.

b Calculate the value of the coefficient of friction.

A frustum of a right circular solid cone has two plane circular end faces with radii r and 2r
respectively. The distance between the end faces is 2r.

a Show that the centre of mass of the frustum is at a distance % from the larger circular face.

b Find whether this solid can rest without toppling on a rough plane, inclined to the horizontal
at an angle of 40°, if the face in contact with the inclined plane is:

i the large circular end ii the small circular end.

¢ In order to answer part b you assumed that slipping did not occur. What does this imply
about the coefficient of friction y?
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6 A uniform cube with edges of length 6a and weight W stands on a rough horizontal plane.
b The coefficient of friction is y. A gradually increasing force P is applied at right angles to a
vertical face of the cube at a point which is a distance a above the centre of that face.

a Show that equilibrium will be broken by sliding or toppling depending on whether
,u..<%or.u >%.

b If u= %, and the cube is about to slip, find the distance from the point where the normal
reaction acts, to the nearest vertical face of the cube.

@fP 7 Two uniform, rough, solid cuboids of dimensions 30cm

20cm x 20cm x 30 cm are stacked as shown in the 20em
diagram shown opposite. Cuboid A has density p and 20cm
cuboid B has density kp, for some constant k. A

30cm

B
20cm
20cm

The cuboids are placed on a rough plane inclined at an

angle of # to the horizontal, as shown in the diagram opposite.
The line of greatest slope of the plane is parallel to the plane
faces shown in the diagram, and the angle of inclination of
the plane is gradually increased.

a In the case when & = 3, find the angle of inclination at
which the whole body begins to topple. (8 marks)
b Given that cuboid 4 topples off cuboid B before the
whole body topples, find the range of possible values
of k. (4 marks)

@fP 8 A non-uniform cylinder is 1.5 m high and has radius 0.25 m. At any height, x m, above its base,
the density of the cylinder is given by p = coshx kg m~. The cylinder is placed on a rough slope.
Assuming that the cylinder does not slide down the slope, what is the maximum possible angle

of the slope to the horizontal, before the cylinder topples over? (10 marks)
@! P) 9 A uniform solid cylinder of base radius r and height / has the same
density as a uniform solid hemisphere of radius r. The plane face of
the hemisphere is joined to a plane face of the cylinder to form the
composite solid S shown. The point O is the centre of the plane base of S. '[
2 h
a Show that the distance from O to the centre of mass of S'is 6 + 8hr + 31
4(3h + 2r)
(8 marks) r—>
0
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The solid is placed on a rough plane which is inclined at an angle « to the
horizontal. The plane base of S is in contact with the inclined plane.

b Given that s = 3r and that S is on the point of toppling, find « to the nearest degree.
(4 marks)

¢ Given that the solid did not slip before it toppled, find the range of possible values for the
coefficient of friction. (4 marks)

A uniform solid paperweight is in the shape of a frustum of a cone.
It is formed by removing a right circular cone of height / from a
right circular cone of height 2/ and base radius 2r.

a Show that the centre of mass of the paperweight lies at a
height of -é%h from its base. (6 marks)

When placed with its curved surface on a horizontal plane, the
paperweight is on the point of toppling.

b Find 0, the semi-vertical angle of the cone, to the nearest degree. (4 marks)

A uniform solid cone of mass M, height 8 cm and radius 3 cm, is placed with its circular base
on a horizontal plane. The coefficient of friction is . A horizontal force of magnitude P is
applied at the vertex of the cone.

a Find the value of P which will cause the cone to slide giving your answer in terms of p, M

and g. (4 marks)
b Find the value of P which will cause the cone to topple, giving your answer in terms of M
and g. (2 marks)
¢ State whether the cone will slide or topple if:
i op=j (1 mark)
iiop=3 (1 mark)
iii p=1 (1 mark)
P

A uniform solid cylinder of mass 200 g, height 4 cm
and radius 3 cm rests with its circular base on a plane.
The plane makes an angle o with the horizontal where
tana = %. The coefficient of friction is %

A horizontal force P is applied to the highest point of
the cylinder as shown in the diagram. 4

(83

a Find the value of P which will just cause the cylinder to topple about the highest point of the

base. (4 marks)
b Find the value of P which would cause the cylinder to slide up the plane. (6 marks)
¢ Show that the cylinder topples before it slides. (1 mark)
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Challenge

n A child’s toy is made from joining a right circular

uniform solid cone, radius r and height /, to a

uniform solid hemisphere of the same material

and radius r. They are joined so that their plane

faces coincide as shown in the diagram.

a Show that the distance of the centre of mass '

of the toy from the base of the cone is:

HE—3r2
4(2r + h)
The toy is placed with its hemisphere in contact with a horizontal plane
and with its axis vertical. It is slightly displaced and released from rest.

b Given that the plane is sufficiently rough to prevent slipping, explain
clearly, with reasons, what will happen in each of the following cases:

i h>r/3 i h<r/3 i h=r/3
@!D 1 The curve shows a sketch of the region R bounded 3 L —
by the curve with equation )* = 4x and the line y=dx -

with equation x = 4. The unit of length on both
the axes is the centimetre. The region R is rotated

through 7 radians about the x-axis to form a solid S. o R . .
a Show that the volume of the solid S is 327 cm?. \ f
(4 marks)
b Given that the solid is uniform, find the _
distance of the centre of mass of S from O. ~
(6 marks) x=4

@fP 2 The region R is bounded by the curve with equation 4

y= %, the lines x = 1, x = 2 and the x-axis, as shown

in the diagram. The unit of length on both the axes
is 1 m. A solid plinth is made by rotating R through
27 radians about the x-axis.

a Show that the volume of the plinth is % m’.
(4 marks)

b Find the distance of the centre of mass of the 0
plinth from its larger plane face, giving your
answer in c¢m to the nearest cm. (6 marks)
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The diagram shows a cross-section of a uniform solid standing on horizontal /\

ground. The solid consists of a uniform solid right circular cylinder, of
diameter 80 cm and height 40 cm, joined to a uniform solid hemisphere of
the same density. The circular base of the hemisphere coincides with the
upper circular end of the cylinder and has the same diameter as that

of the cylinder. Find the distance of the centre of mass of the solid

from the ground. (6 marks)

A simple wooden model of a rocket is made by taking a uniform cylinder,
of radius r and height 3r, and carving away part of the top two-thirds to
form a uniform cone of height 2r as shown in cross-section in the diagram.
Find the distance of the centre of mass of the model from its plane

face. (6 marks)

The diagram shows a cross-section containing the axis of symmetry of a

uniform body consisting of a solid right circular cylinder of base

radius r and height & surmounted by a solid hemisphere of radius r. E’

a Given that the centre of mass of the body is at the centre C of the
common face of the cylinder and the hemisphere, find the value of &,
giving your answer to 2 significant figures. (5 marks)

b Explain briefly why the body remains at rest when it is placed with any part of its
hemispherical surface in contact with a horizontal plane. (1 mark)

A uniform lamina occupies the region R bounded by Figure |
the x-axis and the curve with equation

y= %x(4 - x), 0 = x =4, as shown in Figure 1.

y=344-x)

a Show by integration that the y-coordinate of the
centre of mass of the lamina is % (8 marks)

Y

A uniform prism P has cross-section R. The prism is placed

with its rectangular face on a slope inclined at an angle 6

to the horizontal. The cross-section R lies in a vertical :

plane as shown in Figure 2. The surfaces are sufficiently ]

rough to prevent P from sliding. Figure 2

b Find the angle 6, for which P is about to topple. (2 marks)

A uniform semicircular lamina has radius 2« and the midpoint
of the bounding diameter AB is O.

a Using integration, show that the centre of mass of the

lamina is at a distance g—i from O. (8 marks)
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The two semicircular laminas, each of radius ¢ and with AO
and OB as diameters, are cut away from the original lamina to
leave the lamina AOBC shown in the diagram, where OC is perpendicular to AB.

b Show that the centre of mass of the lamina AOBC is at a distance 4—?:.2 from O. (6 marks)

The lamina AOBC is of mass M and a particle of mass M is attached to the lamina at B to
form a composite body.

¢ State the distance of the centre of mass of the body from OC and from OB. (1 mark)
The body is smoothly hinged at 4 to a fixed point and rests in equilibrium in a vertical plane.
d Calculate, to the nearest degree, the acute angle between 4B and the horizontal. (3 marks)

A uniform wooden ‘mushroom’, used in a game, is made by joining

a solid cylinder to a solid hemisphere. They are joined symmetrically,
such that the centre O of the plane face of the hemisphere coincides
with the centre of one of the ends of the cylinder. The diagram shows
the cross-section through a plane of symmetry of the mushroom, as it
stands on a horizontal table.

The radius of the cylinder is r, the radius of the hemisphere is 3r, and the centre of mass of the
mushroom is at the point O.

a Show that the height of the cylinder is r\/g (6 marks)
The table top, which is rough enough to prevent the mushroom from sliding, is slowly tilted

until the mushroom is about to topple.

b Find, to the nearest degree, the angle with the horizontal through which the table top has
been tilted. (3 marks)

Figure 1 shows a finite region 4 which is bounded by the r4 y* =dax
curve with equation y? = 4ax, the line x = ¢ and the x-axis.

A uniform solid S| is formed by rotating 4 through 27
radians about the x-axis.

a Show that the volume of S, is 2ma?. (3 marks)

-

b Show that the centre of mass of S, is a distance 23_& from 0 x=a

the origin O. (4 marks) Figure 1

Figure 2 shows a cross-section of a uniform solid .S which has
been obtained by attaching the plane base of solid S, to the

plane base of a uniform hemisphere S, of base radius 2a.

¢ Given that the densities of solids S, and S, are p, and p, Figure 2

respectively, find the ratio p, : p, which ensures that the
centre of mass of S lies in the common plane face of
S and S5. (6 marks)

d Given that p, : p, = 6, explain why the solid S may rest in equilibrium with any point of the
curved surface of the hemisphere in contact with a horizontal plane. (2 marks)
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10 A mould for a right circular cone, base radius r and
height A, is produced by making a conical hole in a
uniform cylindrical block, base radius 2r and height 3r.
The axis of symmetry of the conical hole coincides
with that of the cylinder, and AB is a diameter of the
top of the cylinder, as shown in the diagram.

a Show that the distance from 4B of the centre of

- T —

216r2 — i?

mass of the mould is 3G6r—h) (8 marks)

The mould is suspended from the point A4, and hangs
freely in equilibrium.

M

b In the case /i = 2r, calculate, to the nearest degree, the angle between 4B and the downward

vertical.

A compound solid is made from an inverted frustum and a
hemisphere as shown opposite.

The base of the frustum has a radius of 5c¢m and the
hemisphere has a radius of 10cm.

a Given that the density, p, of the hemisphere is three
times the density of the frustum, find the height of
the centre of mass of the compound solid from its base.
(8 marks)

The compound solid is placed on a rough plane inclined at 45°
to the horizontal.

b Given that the total mass of the compound solid is m kg,
work out the minimum horizontal force, in terms of 1,
that must be applied at 4 to stop the solid from toppling
over. The plane is sufficiently rough to prevent

slipping. (4 marks)

A solid is formed by rotating the region enclosed V1
2 . . 3

by the curve y = T the linesx=2and x =4

and the x-axis, though 360° around the x-axis.

The solid is then placed on its smaller circular end
on rough horizontal ground.

a Find the height of the centre of mass of the
solid above the ground. (10 marks)

The solid is then placed on a rough inclined ramp
angled at 6° to the horizontal.

(4 marks)

Ocm

e

b Assuming that the solid does not slip, work out
the value of # when the solid is on the point of tipping.
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13 A concrete pile is used as a foundation for a bridge. The pile is modelled as a vertical non-
uniform rod. The top of the pile is flush with the ground, and the base of the pile is 9 m deep.
The mass per unit length of the pile, mkgm™!, at a depth of xm is given by the formula
m = 1000 + 400x

a Show that the pile has a mass of 16200 kg. (3 marks)
b Hence find the depth of the centre of mass of the pile. (4 marks)

@fP 14 A non-uniform solid right circular cylinder has base radius 4 cm and height 90 cm. The cylinder

is modelled as a non-uniform rod, with mass per unit length (20 — %fz) grams cm~! at a height /
above its base.
a Using this model, calculate the height of the centre of mass of the cylinder above its

base. (7 marks)
The plane base of the cylinder is placed on a rough surface, which is inclined at an angle 6 to
the horizontal. The cylinder rests in equilibrium on the point of toppling.
b Comment on the suitability of the model for calculating:

i the centre of mass of the cylinder

ii the value of 6. (2 marks)

¢ Find the value of ¢ in degrees to 3 significant figures. (3 marks)

@fP 15 A non-uniform rod 4B of length 12 m hangs in horizontal equilibrium, supported by two light

inextensible strings, which hang vertically, attached at 4 and B. The mass per unit length,

-2
mkgm™!, of the rod at a distance x m from A is given by the formula m =2 + ‘"Z

Find the tension in each string. (9 marks)

@fP 16 The diagram shows a non-uniform rod 4B resting on horizontally on two pegs. One peg is

positioned at A and the other peg is positioned three-quarters of the way along 4AB. At a
distance x m from A4 the mass per unit length of the rod is given by (35 - %x) kgm-.
= 3/ < /
Al 15
A A
Given that the reactions of each peg on the rod are the same, find the length of the rod.
(10 marks)

Challenge

A non-uniform solid right circular cone
has base radius 2 m and height i m.

At a distance x m above its base, the cone
has density (x + 1) kg m=2.

a Show that the mass of the cone is vllz—h3(k + 4) kg.

b Given that the centre of the mass of the cone is a distance %h above
its base, find the value of /.

¢ Show that as / varies the height of the centre of mass of the cone
above its base cannot exceed %h.
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Summary of key points

D 1 Thecentre of mass of a uniform lamina may be found using the formulae:

b b
fxydx f%yzdx
S andy=—=

. e
fydx fydx

b b
. MY:f pxydxand My = f %py-’-dx

i (/]

of:

b
where M = f pydx, and is the total mass of the lamina, and p is the mass per unit area
a

of the lamina.

2 Standard results for uniform laminas and for arcs

Lamina Centre of mass along axis of symmetry
Semicircle, radius r ;’—; from the centre

Sector of circle, radius r, angle at centre 2a 2”;% from the centre

Circular arc, radius r, angle at centre 2« % from the centre

V]
.

For a solid body the centre of mass is the point where the weight acts.

For a uniform solid body the weight is evenly distributed through the body.

The centre of mass will lie on any axis of symmetry.

The centre of mass will lie on any plane of symmetry.

4 From symmetry, the centre of mass of some uniform bodies is at their geometric centre. These
include the cube, the cuboid, the sphere, the right circular cylinder and the right circular prism.

5 For a uniform solid of revolution, where the revolution is about the x-axis, the centre of
mass lies on the x-axis, by symmetry, and its position on the axis is given by the formulae

_ Jmxdx
T [my2dx

%

or Mx = [pry*xdx
where M is the known mass of the solid and p is its density.

6 For a uniform solid of revolution, where the revolution is about the y-axis, the centre of
mass lies on the y-axis, by symmetry, and its position on the axis is given by the formulae
__Jrxiydy

Yo redy

where M is the known mass of the solid and p is its density.

orMy= fpﬂ-xzy dy
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n 7 Standard results for uniform bodies

Body

Centre of mass along axis of symmetry

Solid hemisphere, radius R

2 R from the centre

Hemispherical shell, radius R

1R from the centre

Solid right circular cone, height &

2 from the vertex, or +4 from the circular base

Conical shell, height &

£/ from the vertex, or 34 from the circular base

_ f(:xp dx ) f;xf(x) dx

A= = pl
fopdx fof(x}dx

9 Arigid body is in equilibrium if:

in any direction is zero, and

point of suspension or pivot.

can take place.

8 For a non-uniform rod with a variable mass per unit length, p = f(x), and length /, the distance
of the centre of mass from the end of the rod is given by:

« there is zero resultant force in any direction, i.e. the sum of the components of all the forces

+ the sum of the moments of the forces about any point is zero.

10 - When a lamina is suspended freely from a fixed point or pivots freely about a horizontal
axis it will rest in equilibrium in a vertical plane with its centre of mass vertically below the

« When arigid body is suspended freely from a fixed point and rests in equilibrium then
its centre of mass is vertically below the point of suspension.

11 If a body rests in equilibrium on a rough inclined plane, then the line of action of the weight
of the body must pass through the face of the body which is in contact with the plane.

12 You can establish whether equilibrium will be broken by sliding or by toppling by considering:
+ a body is on the point of sliding when F= uR
« a body is on the point of toppling when the reaction acts at the point about which turning
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Revie exercise

A circular flywheel of diameter 7 cm is
rotating about the axis through its centre
and perpendicular to its plane with
constant angular speed 1000 revolutions
per minute.

Find, in ms™" to 3 significant figures,
the speed of a point on the rim of the
flywheel. 2)

« Section 1.1

A particle P of mass 0.5 kg is attached
to one end of a light inextensible string
of length 1.5m. The other end of the
string is attached to a fixed point 4. The
particle is moving, with the string taut, in
a horizontal circle with centre O vertically
below 4. The particle is moving with
constant angular speed 2.7 rad s™'. Find:
a the tension in the string 4)
b the angle, to the nearest degree, that
AP makes with the downward vertical.
(C))

« Section 1.2

A particle P of mass m is attached to one
end of a light string. The other end of the
string is attached to a fixed point A. The
particle moves in a horizontal circle with
constant angular speed w and with the
string inclined at an angle of 60° to the
vertical, as shown in the diagram above.

4

®

The length of the string is L.

a Show that the tension in the string
is 2mg. 2)

“4)

« Section 1.3

b Find win terms of g and L.

A car moves round a bend which is
banked at a constant angle of 10° to the
horizontal. When the car is travelling at
a constant speed of 18 ms™, there is no
sideways frictional force on the car. The
car is modelled as a particle moving in
a horizontal circle of radius r metres.
Calculate the value of r. (6)

« Section 1.3

5 A cyclist is travelling around a circular

track which is banked at 25° to the
horizontal. The coefficient of friction
between the cycle’s tyres and the track
is 0.6. The cyclist moves with constant
speed in a horizontal circle of radius
40 m, without the tyres slipping.

Find the maximum speed of the cyclist.

®

« Section 1.3

A light inextensible string of length 8/ has
its ends fixed to two points 4 and B, where
A is vertically above B. A small smooth
ring of mass m is threaded on the string.
The ring is moving with constant speed



in a horizontal circle with centre B and
radius 3/, as shown in the diagram. Find:

©)
(6))

a the tension in the string

b the speed of the ring.

¢ State briefly in what way your
solutions might no longer be valid if
the ring were firmly attached to the
string.

(1)

« Section 1.3

A metal ball B of mass m is attached to
one end of a light inextensible string.
The other end of the string is attached

to a fixed point 4. The ball B moves in a
horizontal circle with centre O vertically
below A4, as shown in the diagram. The
string makes a constant angle a® with

the downward vertical and B moves with
constant angular speed /2gk, where k is a
constant. The tension in the string is 3mg.

By modelling B as a particle, find:
a the value of o

@
(6))

« Section 1.3

b the length of the string.

® 8 A particle P of mass m moves on the
smooth inner surface of a spherical
bowl of internal radius r. The particle
moves with constant angular speed in a
horizontal circle, which is at a depth %r
below the centre of the bowl. Find:

a the normal reaction of the bowl

on P 4)
b the time for P to complete one
revolution of its circular path. (6)

« Section 1.3

E/P) 9

Review exercise 1

A particle P of mass m is attached to

two light inextensible strings. The other
ends of the string are attached to fixed
points 4 and B. The point A4 is a distance
h vertically above B. The system rotates
about the line A B with constant angular
speed w. Both strings are taut and inclined
at 60° to A B, as shown in the diagram.
The particle moves in a circle of radius r.

—

a Show that r = %h 3)

b Find, in terms of m, g, h and w, the
tension in AP and the tension in BP. (3)

The time taken for P to complete one
circle is 7.

—_—

¢ Show that 7' < ﬂ'v'll% ()

« Section 1.3

One end of a light inextensible string is
attached to a fixed point 4. The other end
of the string is attached to a fixed point
B, vertically below A, where AB = h.

A small smooth ring R of mass m is
threaded on the string. The ring R moves
in a horizontal circle with centre B, as

125
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shown in the diagram. The upper section
of the string makes a constant angle
with the downward vertical and R moves
with constant angular speed w. The ring
is modelled as a particle.
5 B{145in 9)
a Show that w?= h(—sinf} A 5)
%
b Deduce that w > VIT' 2)
3¢

Given that w = 17
¢ find, in terms of m and g, the tension
in the string. 4)

« Section 1.3
T

da

Y

V

A hollow cone, of base radius 3a and

height 4a, is fixed with its axis vertical

and vertex V' downwards, as shown in the

diagram. A particle moves in a horizontal

circle with centre C, on the smooth inner

surface of the cone with constant angular

||’@ s .

speed V'%. Find the height of C above V.

®

« Section 1.3

A particle P of mass m is attached to one
end of a light inextensible string of length
2a. The other end of the string is fixed

13

to a point 4 which is vertically above the
point O on a smooth horizontal table.
The particle P remains in contact with the
surface of the table and moves in a circle
with centre O and with angular speed
V3a°
the motion the string remains taut and
ZAPO = 30°, as shown in the diagram.

where k is a constant. Throughout

a Show that the tension in the string is

2kmg
== 3)

b Find, in terms of m, g and k, the
normal reaction between P and the

table. A3
¢ Deduce the range of possible values
of k. 2)

The angular speed of P is changed to

V'IFg. The particle P now moves in a
horizontal circle above the table. The
centre of this circle is X.

d Show that X is the midpoint of OA. (7)

« Section 1.3

A particle P of mass m is attached to the
ends of two light inextensible strings AP
and BP, each of length /. The ends A4 and
B are attached to fixed points, with A4
vertically above B and AB = %I, as shown
in the diagram above. The particle P
moves in a horizontal circle with constant
angular speed w. The centre of the circle
is the midpoint of 4B and both strings
remain taut.
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(™)

a Show that the tension in AP is

em(3lw? + 4g). )
b Find, in terms of m, /, w and g, an
expression for the tension in BP.  (2)
4
¢ Deduce that w? = _g (2)

3/
« Section 1.3

A rough disc rotates in a horizontal plane
with constant angular velocity w about a
fixed vertical axis. A particle P of mass m
lies on the disc at a distance %a from the
axis. The coefficient of friction between P
and the disc is % Given that P remains at
rest relative to the disc,

a prove that 2{9_g
pro YT =200

The particle is now connected to the axis
by a horizontal light elastic string of
natural length @ and modulus of elasticity
2myg. The disc again rotates with constant
angular velocity w about the axis and P
remains at rest relative to the disc at a

. 4 .
distance 3a from the axis.

b Find the greatest and least possible
values of w?.
€« Section 1.3

The diagram shows a particle of mass

2 kg attached to a light elastic string

of natural length x m and modulus of
elasticity 10g N. The other end of the
string is attached to a fixed point A, and
the particle moves with constant speed
vms 'in a horizontal circle with centre O,
where O is vertically below 4 and

0OA = xm.

@p 16
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a Find:
i the tension in the string
ii the angle 0 that the string makes

with the vertical. (5)
b Show that v = k/gx, where k is a
rational constant to be found. @

« Section 1.3

One end of a light inextensible string of
length / is attached to a particle P of mass
m. The other end is attached to a fixed
point 4. The particle is hanging freely at
rest with the string vertical when it is

[5¢l
projected horizontally with speed VITg
a Find the speed of P when the string

is horizontal.

“4)

When the string is horizontal it comes
into contact with a small smooth fixed
peg which is at the point B, where AB is
horizontal, and AB < [. Given that the
particle then describes a complete semi-
circle with centre B,

b find the least possible value of the
length AB. (9

« Section 1.4

One end of a light inextensible string of
length /is attached to a fixed point 4.
The other end is attached to a particle P
of mass m, which is hanging freely at rest
at point B. The particle P is projected
horizontally from B with speed /3g/.
When A P makes an angle # with the

downward vertical and the string remains
taut, the tension in the string is 7.

a Show that 7= mg(1 + 3 cos ). (6)

b Find the speed of P at the instant
when the string becomes slack. 3)

¢ Find the maximum height above the
level of B reached by P. (5)

« Section 1.4
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(0]

A==y

A particle of mass m is attached to one
end of a light inextensible string of length
[. The other end of the string is attached
to a fixed point O. The particle is hanging
at the point 4, which is vertically below

O. 1t is projected horizontally with speed
1. When the particle is at the point P,
ZAOP = 0, as shown in the diagram. The
string oscillates through an angle & on
either side of OA where cosa = %

3

When £ AOP = 6, the tension in the string
is 7.

mg
b Show that T'= T(9 cosfl — 4).

a Find u in terms of g and L

(C))
¢ Find the range of values of 7 during

the oscillations. 2)
« Section 1.4
4 ums! I 0.2m

B

A smooth solid hemisphere, of radius
0.8 m and centre O, is fixed with its plane
face on a horizontal table. A particle of
mass 0.5 kg is projected horizontally with
speed um s~ from the highest point 4

of the hemisphere. The particle leaves
the hemisphere at the point B, which is a
vertical distance of 0.2 m below the level
of A. The speed of the particle at B is
vms™' and the angle between OA4 and OB
is 0, as shown in the diagram.

a Find the value of cos .
b Show that v> = 5.88.

(0))
3

EP)21

¢ Find the value of u.

3

« Section 1.5

(E) 20 A smooth solid sphere, with centre O and

radius «, is fixed to the upper surface of
a horizontal table. A particle P is placed
on the surface of the sphere at a point A4,
where OA4 makes an angle o with the

g
X The

particle is released from rest. When
OP makes an angle ¢ with the upward
vertical, and P is still on the surface of
the sphere, the speed of P is v.

upward vertical, and 0 < a <

a Show that v? = 2ga(cos o — cos ).

“@

Given that cosa = %, find:
b the value of @ when P loses contact

with the sphere (5)
¢ the speed of P as it hits the table.  (4)

« Section 1.5

The diagram shows a fixed hollow sphere
of internal radius «¢ and centre O.

A particle P of mass m is projected
horizontally from the lowest point 4 of

the sphere with speed 5 ag. It moves in

a vertical circle, centre O, on the smooth
inner surface of the sphere. The particle
passes through the point B, which is in
the same horizontal plane as O. It leaves
the surface of the sphere at the point

C, where OC makes an angle  with the
upward vertical.

a Find, in terms of m and g, the normal

reaction between P and the surface of
the sphere at B. )



/P)22

(m)

b Show that 8 = 60°. )]

After leaving the surface of the sphere, P
meets it again at the point A.

¢ Find, in terms of @ and g, the time P
takes to travel from C to A. 4)
« Section 1.5

A trapeze artist of mass 60 kg is attached
to the end A of a light inextensible rope
OA of length 5m. The artist must swing
in an arc of a vertical circle, centre O,
from a platform P to another platform Q,
where PQ is horizontal. The other end

of the rope is attached to the fixed

point O which lies in the vertical plane
containing PQ, with ZPOQ = 120° and
OP = OQ = 5m, as shown in the diagram.

As part of her act, the artist projects
herself from P with speed V15 ms™'ina
direction perpendicular to the rope OA
and in the plane POQ. She moves in a
circular arc towards Q. At the lowest
point of her path she catches a ball of
mass m kg which is travelling towards
her with speed 3ms' and parallel to QP.
After catching the ball, she comes to rest
at the point Q.

By modelling the artist and the ball as
particles and ignoring her air resistance,
find:

a the speed of the artist immediately

before she catches the ball “@
b the value of m (6)
¢ the tension in the rope immediately

after she catches the ball. 2)

« Section 1.4

Review exercise 1

The diagram represents the path of a

skier of mass 70 kg moving on a ski-

slope ABCD. The path lies in a vertical
plane. From A4 to B, the path is modelled
as a straight line inclined at 60° to the
horizontal. From B to D, the path is
modelled as an arc of a vertical circle of
radius 50 m. The lowest point of the arc
BDis C.

At B, the skier is moving downwards with
speed 20ms~'. At D, the path is inclined
at 30° to the horizontal and the skier is
moving upwards. By modelling the slope
as smooth and the skier as a particle, find:

(2)
b the normal reaction of the slope on the

skier at C 2)
¢ the speed of the skier at D ?2)

d the change in the normal reaction of
the slope on the skier as she passes B.

“4)

a the speed of the skier at C

The model is refined to allow for the
influence of friction on the motion of the
skier.

e State briefly, with a reason, how the
answer to part b would be affected
by using such a model. (No further
calculations are expected.)

)

« Section 1.4

A particle P of mass

m is attached to '\P
one end of a light
inextensible string of
length a. The other
end of the string is
attached to a point
O. The point A4 is
vertically below O,
and O4 = a.

A \ag

129



® 25

130

Review exercise 1

The particle is projected horizontally
from A with speed \/(3ag). When OP
makes an angle # with the upward vertical
through O and the string is still taut, the
tension in the string is 7" and the speed of
P is v, as shown in the diagram.

a Find, in terms of @, g and #, an
expression for v2, 3)

b Show that 7= (1 — 3 cos O)mg. 3

The string becomes slack when P is at the
point B.

¢ Find, in terms of «, the vertical height

of B above A. 2)
After the string becomes slack, the
highest point reached by P is C.

d Find, in terms of a, the vertical
height of C above B. 5)

« Section 1.5

A particle P of mass m is attached to one
end of a light inextensible string of length
a. The other end of the string is fixed at a
point O. The particle is held with the string
taut and OP horizontal. It is then projected
vertically downwards with speed u, where
e %ga. When OP has turned through an
angle ¢ and the string is still taut, the speed
of Pis vand the tension in the string is 7,
as shown in the diagram above.

a Find an expression for v? in terms of «,
gand 0. 2)

b Find an expression for 7 in terms of

m, g and 0. 3)
¢ Prove that the string becomes slack
when 6 = 210°. 2)

d State, with a reason, whether P would
complete a vertical circle if the string
were replaced by a light rod. 2)

®) 26
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After the string becomes slack, P moves
freely under gravity and is at the same
level as O when it is at the point 4.

e Explain briefly why the speed of P at 4
1

The direction of motion of P at A makes
an angle ¢ with the horizontal.

f Find ¢.

.13
18 V“Ega.

“@

+ Section 1.5

A particle is at the highest point 4 on

the outer surface of a fixed smooth
sphere of radius a and centre O. The
lowest point B of the sphere is fixed to a
horizontal plane. The particle is projected
horizontally from A with speed u, where
u < |/(ag). The particle leaves the sphere
at the point C, where OC makes an angle
@ with the upward vertical, as shown in
the diagram above.

a Find an expression for cos# in terms
of u, g and a.

@)
The particle strikes the plane with speed
[9ag

)

b Find, to the nearest degree, the value
of 0.

@)

« Section 1.5

Part of a hollow spherical shell, centre O
and radius a. is removed to form a bowl
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with a plane circular rim. The bowl is
fixed with the circular rim uppermost and
horizontal. The point 4 is the lowest point
of the bowl. The point B is on the rim of
the bowl and £ AO0B = 120°, as shown

in the diagram above. A smooth small
marble of mass m is placed inside the
bowl at 4 and given an initial horizontal
speed u. The direction of motion of the
marble lies in the vertical plane 40B. The
marble stays in contact with the bowl until
it reaches B. When the marble reaches B,
its speed is v.

a Find an expression for v2.

(3)

b For the case when u* = 6ga, find the
normal reaction of the bowl on the
marble as the marble reaches B.

3)
¢ Find the least possible value of u for
the marble to reach B.

3

The point C is the other point on the rim
of the bowl lying in the vertical plane
OAB.

d Find the value of « which will enable
the marble to leave the bowl at B
and meet it again at the point C.  (7)
« Section 1.5

Three particles of masses 3m, Sm and Am
are placed at the points with coordinates
(4, 0), (0, -3) and (4, 2) respectively.

The centre of mass of the three particles
is at (2, k).

a Show that A =2.

b Calculate the value of k.

C))
2

« Section 2.2

Particles of masses 2M, xM and yM
are placed at points whose coordinates
are (2, 5), (1, 3) and (3, 1) respectively.
Given that the centre of mass of the three
particles is at the point (2, 4), find the
values of x and y.

(6)

« Section 2.2

Review exercise 1

@ 30 Three particles of masses 0.1 kg, 0.2kg
and 0.3 kg are placed at the points with
position vectors (2i — j) m, (2i + 5j) m and
(4i + 2j) m respectively. Find the position
vector of the centre of mass of the
particles.

® 31

®)

« Section 2.2

Three particles of mass 2M, M and
kM, where k is a constant, are placed at
points with position vectors 6i m, 4jm
and (2i — 2j) m respectively. The centre
of mass of the three particles has
position vector (3i + ¢j) m, where ¢ is

a constant.
a Show that k = 3. (4)

©)

« Section 2.2

b Hence find the value of ¢.

< 20cm

=B
A

10cm

D C

Y

The figure shows a metal plate that is
made by removing a circle of centre

O and radius 3 cm from a uniform
rectangular lamina 4 BCD, where

AB =20cm and BC = 10 cm. The point
O is 5cm from both 4B and CD, and is
6c¢cm from AD.

a Calculate, to 3 significant figures, the
distance of the centre of mass of the

plate from AD. (6)

The plate is freely suspended from 4 and
hangs in equilibrium.
b Calculate, to the nearest degree, the

angle between 4B and the vertical. (2)
<« Section 2.4, 2.6
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A 8a B
|
G
bu . Xee—4da "5
[ 1
E D

The figure shows a uniform lamina
ABCDE such that ABDE is a rectangle,
BC=CD, AB=8a and AE = 6a. The point
X is the midpoint of BD and XC = 4a. The
centre of mass of the lamina is at G.

a Show that GX = 11a. (6)

The mass of the lamina is M. A particle

of mass A M is attached to the lamina at C. 36
The lamina is suspended from B and hangs

freely under gravity with A4 B horizontal.

b Find the value of A. 3)

« Sections 2.4, 2.6

A uniform square plate ABCD has mass
10M and the length of a side of the plate
is 2/. Particles of masses M, 2M, 3M
and 4 M are attached at 4, B, Cand D
respectively. Calculate, in terms of /, the
distance of the centre of mass of the
loaded plate from:

a AB
b BC

(7)
3
The loaded plate is freely suspended from
the vertex D and hangs in equilibrium.

¢ Calculate, to the nearest degree, the
angle made by DA with the downward
vertical.
« Sections 2.4, 2.6

3a

S
A

A uniform lamina ABCD is made by
taking a uniform sheet of metal in the
form of a rectangle ABED, with AB = 3a
and AD = 2a, and removing the triangle
BCE, where Clies on DE and CE = a, as
shown in the figure.

a Find the distance of the centre of mass
of the lamina from AD. 5)

The lamina has mass M. A particle

of mass m is attached to the lamina at

B. When the loaded lamina is freely
suspended from the midpoint of AB, it
hangs in equilibrium with 4 B horizontal.

b Find m in terms of M.

“)

« Sections 2.4, 2.6

The figure shows a decoration which is
made by cutting two circular discs from

a sheet of uniform card. The discs are
joined so that they touch at a point D on
the circumference of both discs. The discs
are coplanar and have centres 4 and B
with radii 10 cm and 20 cm respectively.

a Find the distance of the centre of mass
of the decoration from B. 5)

The point C lies on the circumference

of the smaller disc and ZCAB is a right
angle. The decoration is freely suspended
from C and hangs in equilibrium.

b Find, in degrees to one decimal
place, the angle between 4B and
the vertical. )

« Sections 2.4, 2.6
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r

(&)

D

10cm

A uniform lamina L is formed by taking
a uniform square sheet of material ABCD
of side 10 cm and removing a semicircle
with diameter 4 B from the square, as
shown in the figure.

a Find, in cm to 2 decimal places, the
distance of the centre of mass of the
lamina from the midpoint of 4B.

@

@)

[The centre of mass of a uniform
semicircular lamina, radius «, is at a

. 4q
distance rr from the centre of the
I

bounding diameter.]

The lamina is freely suspended from D
and hangs at rest.

b Find, in degrees to one decimal
place, the angle between C'D and
the vertical.

@

« Sections 2.4, 2.6

The figure shows a template 7" made by
removing a circular disc, of centre X

Review exercise 1

and radius 8 cm, from a uniform circular
lamina, of centre O and radius 24 cm.
The point X lies on the diameter AOB of
the lamina and AX = 16 cm. The centre
of mass of T lies at the point G.

a Find AG. “)

The template 7 is free to rotate

about a smooth fixed horizontal axis,
perpendicular to the plane of 7, which
passes through the midpoint of OB. A
small stud of mass %m isfixedat B, and T
and the stud are in equilibrium with AB
horizontal.

b Modelling the stud as a particle, find
the mass of 7"in terms of m. 3)
« Sections 2.4, 2.6

Va
TA'-’-lm
4
B
Ole 9 — 6m X
4
cT2m

The figure shows a triangular lamina
ABC. The coordinates of 4, Band C
are (0, 4), (9, 0) and (0, —4) respectively.
Particles of masses 4m, 6m and 2m are
attached at A, B and C respectively.

a Calculate the coordinates of the centre
of mass of the three particles, without
the lamina. 4)

The lamina 4 BC is uniform and of
mass km. The centre of mass of the
combined system consisting of the three
particles and the lamina has coordinates
4, 2).

b Show that k= 6.
¢ Calculate the value of 1.

(&)
)
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The combined system is freely suspended
from O and hangs at rest.

d Calculate, in degrees to one decimal
place, the angle between AC and the

vertical. 3
« Sections 2.4, 2.6
A 0
4111 ¢- Bm
2a
D Sa

A loaded plate L is modelled as a uniform
rectangular lamina 4 BCD and three
particles. The sides CD and AD of the
lamina have lengths 5¢ and 2a respectively
and the mass of the lamina is 3m. The
three particles have masses 4m, m and 2m
and are attached at the points A, Band C
respectively, as shown in the figure.

a Show that the distance of the centre

of mass of L from AD is 2.25a. 3)
b Find the distance of the centre of
mass of L from 4B. 2)

The point O is the midpoint of AB. The
loaded plate L is freely suspended from O
and hangs at rest under gravity.

¢ Find, to the nearest degree, the size
of the angle that 4B makes with the
horizontal.

3
A horizontal force of magnitude P is
applied at C in the direction CD. The
loaded plate L remains suspended from

O and rests in equilibrium with 4B
horizontal and C vertically below B.

d Show that P =3 mg. @)
e Find the magnitude of the force on
LatO. 4)

+ Sections 2.4, 2.6

A triangular frame A BC is made by
bending a piece of wire of length 24 cm,
so that AB, BC and AC are of lengths

2" () 2

() 43

6cm, 8 cm and 10 cm respectively. Given
that the wire is uniform, find the distance
of the centre of mass of the frame from:

a AB “)
b BC 2)
The frame is suspended from the corner
A and hangs in equilibrium.

¢ Find, to the nearest degree, the acute
angle made by 4B with the downward
vertical. 3)

« Sections 2.5, 2.7

A C (6m)
2a

¥ D(2m
A « 3a > )

The figure shows four uniform rods
joined to form a rectangular framework
ABCD, where AB=CD =2a and

BC = AD = 3a. Each rod has mass

m. Particles of masses 6m and 2m are
attached to the framework at points C
and D respectively.

a Find the distance of the centre of mass
of the loaded framework from:
iAB iiAD 7)
The loaded framework is freely suspended
from B and hangs in equilibrium.

b Find the angle which BC makes with
the vertical. 3)

« Sections 2.5, 2.7

Three uniform rods AB, BC and CA of
masses 2m, m and 3m respectively have
lengths /, / and V2 respectively. The rods
are rigidly joined to form a right-angled
triangular framework.

a Calculate, in terms of /, the distance of
the centre of mass of the framework
from:
i BC

ii AB @)



b Calculate the angle, to the nearest
degree, that BC makes with the
vertical when the framework is freely
suspended from the point B. ?2)

&« Sections 2.5, 2.7

G F E

The figure shows the L-shaped lamina
that is made from the rectangle A BFG
and the square CDEF. AB has length d
and AG has length 3d. CD and DE have
length d. The density of the square is
three times that of the rectangle.

Find, in terms of d, the distance of the
centre of mass of the lamina from:

a AG “4)
b GE (2)
The lamina is suspended from the point
A and hangs freely in equilibrium.

¢ Find, to the nearest degree, the angle
that A B makes with the vertical. 3)
« Section 2.8

B C
~ J /
4em £ it
¥ —| /
A< 4cm »D

A framework is made from thin

uniform wire of total length 20 cm. The
framework is in the shape of a trapezium
ABCD, where AB=AD =4cm,

CD = 5cm and AB is perpendicular to
BC and AD as shown in the diagram.

Review exercise 1

AB, BC and AD are made from wire of
mass 0.01 M kg percm. CD is made from
wire of mass 0.015M kg per cm.

a Find the distance of the centre of
mass of the framework from AB.  (6)

The framework has mass M. A particle
of mass kM is attached to the framework
at C. When the framework is freely
suspended from the midpoint of BC, the
framework hangs in equilibrium with BC
horizontal.

b Find the value of £. (5)

« Section 2.8

A shop sign of weight WN, that can be
modelled as a lamina and is shown in the
diagram below. The sign is suspended by
two ropes that can be modelled as light
inelastic strings.

T, b 3 A3“"2
4 80cm B
40cm
E 80cm
D 40em ©

a Find the distance of the centre of mass
of the lamina from AE. 4)

b Find the tension in each string. 4)

The rope attached at A4 will snap when
the tension in it exceeds 10W/'N.

The rope attached at B will snap when the
tension in it exceeds 8/ N.

A particle of weight kW is attached to
the sign at C. Given that neither rope
breaks,

¢ find the largest possible value of k. (4)

« Section 2.8

135
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region enclosed between the curve with
equation y = 'x, the x-axis and the line

x =4, through one complete revolution
about the x-axis. Find the distance of the
centre of mass of the solid from the
origin O. 5)

« Section 3.1

g 47 A uniform solid is formed by rotating the
E

(E 48 a Use integration to show that the centre
of mass of a uniform semicircular
lamina, of radius a, is a distance

4a o ; ;
= from the midpoint of its straight
[

edge, O. 4)

A semicircular lamina, of radius b with
O as the midpoint of its straight edge, is
removed from the first lamina.

b Show that the centre of mass of the
resulting lamina is at a distance X from
O, where b

a>+ab + b?

%( (a+b) : ©)

¢ Hence find the position of the centre
of mass of a uniform semicircular arc
of radius a. 2)

« Section 3.2

X =

@fP 49 A uniform triangular lamina ABC has
ZABC=90°and AB = c.

a Using calculus, prove that the centre of
mass of the lamina is at a distance %c
from BC. (6)

The diagram shows a uniform lamina in
which PQ = PS=2a, SR=a.

The centre of mass of the lamina is G.

5 R

P 0

b Show that the distance of G from
PSisga. 5)

¢ Find the distance of G from PQ. (5)

« Section 3.2

136

E/P

50 4
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The shaded region R is bounded by the

curve with equation y = Gyt the x-axis
and the lines x = 1 and x = 2, as shown
above. The unit of length on each axis

is I m. A uniform solid S has the shape
made by rotating R through 360° about

the x-axis.

a Show that the centre of mass of S
is %m from its larger plane face. 8)

T

A sporting trophy 7 is a uniform solid
hemisphere H joined to the solid S. The
hemisphere has radius %m and its plane
face coincides with the larger plane face
of S, as shown above. Both H and S are
made of the same material.

b Find the distance of the centre of
mass of 7 from its plane face. (6)
« Sections 3.1, 3.2



51 a Show, by integration, that the centre of
/P mass of a uniform solid hemisphere,
of radius R, is at a distance %R from its
plane face.

The diagram shows a uniform solid top
made from a right circular cone of base
radius « and height ka and a hemisphere
of radius a. The circular plane faces of
the cone and hemisphere are coincident.

4 (6)

b Show that the distance of the centre of
mass of the top from the vertex V' of
the cone is

(3k> + 8k + 3)a
4k +2)

The manufacturer requires the top to

have its centre of mass situated at the

centre of the coincident plane faces.

¢ Find the value of k for this

requirement. 5)
« Section 3.2

(6))

@fP 52 A bowl consists of a uniform solid metal
hemisphere, of radius a and centre

0, from which is removed the solid
hemisphere of radius %a with the same
centre O.

a Show that the distance of the centre of
mass of the bowl from O is %a. (6)

The bowl is fixed with its plane face
uppermost and horizontal. It is now filled
with liquid. The mass of the bowl is M
and the mass of the liquid is kM, where k
is a constant. Given that the distance of
the centre of mass of the bowl and liquid
together from O is %a,

b find the value of k. (6)

« Section 3.3

E/P
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Review exercise 1

Y

0
The shaded region R is bounded by part
of the curve with equation y = %(x -2)%,
the x-axis and the y-axis, as shown above.
The unit of length on both axes is 1 cm.
A uniform solid S is made by rotating

R through 360° about the x-axis. Using
integration,

a calculate the volume of the solid S,
leaving your answer in terms of = (4)

b show that the centre of mass of §

w o] s
is 3cm from its plane face. @)
Scm
4cm a S
r Y F 3
A B

A tool is modelled as having two
components, a solid uniform cylinder

C and the solid S. The diameter of C is
4 cm and the length of Cis 8 cm. One
end of C coincides with the plane face
of S. The components are made of
different materials. The weight of C'is

10 W newtons and the weight of Sis 2W
newtons. The tool lies in equilibrium with
its axis of symmetry horizontal on two
smooth supports A and B, which are at
the ends of the cylinder, as shown above.

¢ Find the magnitude of the force of
the support 4 on the tool. 5)
« Sections 3.2, 3.4
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b=
=

v

An ornament S is formed by removing a
solid right circular cone, of radius r and
height %h, from a solid uniform cylinder,
of radius r and height /4, as shown in the
diagram.

a Show that the distance of the centre of
mass of S from its plane face is %h. (6)

The ornament is suspended from a point
on the circular rim of its open end. It
hangs in equilibrium with its axis of
symmetry inclined at an angle « to the
horizontal. Given that & = 4r,

b find, in degrees to one decimal place,
the value of a.

(C)

« Sections 3.2, 3.4

@@ 55 a A uniform triangular lamina X'YZ has

XY = XZ and the perpendicular
distance of X from YZ is h. Prove, by
integration, that the centre of mass of

o : 2h
the lamina is at a distance 3 from X.
A

B 2 C
A uniform triangular lamina 4 BC has
AB=AC = 5a, BC=8aand D is the
centre of mass of the lamina. The
triangle BCD is removed from the
lamina, leaving the plate ABDC shown
in the diagram.
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b Show that the distance of the centre of

mass of the plate from 4 is 5—; (6)

The plate, which is of mass M, has a
particle of mass M attached at B. The
loaded plate is suspended from C and
hangs in equilibrium.
¢ Prove that in this position CB makes an
angle of arctané with the vertical.  (4)
¢« Sections 3.2, 3.4

A closed container C consists of a thin
uniform hollow hemispherical bowl of
radius a, together with a lid. The lid is a
thin uniform circular disc, also of radius a.
The centre O of the disc coincides with the
centre of the hemispherical bowl. The bowl
and its lid are made of the same material.

a Show that the centre of mass of Cis
at a distance %a from O. “@

The container C has mass M. A particle
of mass %M is attached to the container
at a point P on the circumference of the
lid. The container is then placed with a
point of its curved surface in contact with
a horizontal plane. The container rests in
equilibrium with P, O and the point of
contact in the same vertical plane.

b Find, to the nearest degree, the
angle made by the line PO with the
horizontal.

®)

+ Sections 3.2, 3.4

A uniform solid right circular cone has
base radius « and semi-vertical angle

«, where tan o = % The cone is freely
suspended by a string attached at a point
A on the rim of its base, and hangs in
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()

equilibrium with its axis of symmetry
making an angle of 6° with the upward
vertical, as shown in the diagram. Find,

to one decimal place, the value of .  (4)
€« Sections 3.2, 3.4

A uniform solid hemisphere H has base
radius « and the centre of its plane
circular face is C.

The plane face of a second hemisphere
K, of radius %,

material as H, is stuck to the plane face
of H, so that the centres of the two plane
faces coincide at C, to form a uniform
composite body S.

and made of the same

a Given that the mass of Kis M. show
that the mass of Sis 9M, and find, in
terms of «, the distance of the centre
of mass of the body S from C. 5)

A particle P, of mass M, is attached to
a point on the edge of the circular face
of H of the body S. The body S with P
attached is placed with a point of the
curved surface of the part H in contact
with a horizontal plane and rests in
equilibrium.
b Find the tangent of the acute
angle made by the line PC with the
horizontal. 5)

« Sections 3.2, 3.4

a Prove, by integration, that the position
of the centre of mass of a uniform
solid right circular cone is one quarter
of the way up the axis from the base.

@®)

A solid is formed by removing a solid

cone of height / and radius a from a solid

cone of height H and radius a. The axes
of the two cones coincide.

b Show that the centre of mass of the
remaining solid S'is a distance

T(H - h)

from the vertex of the original cone.
(10)
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The solid S is suspended by two vertical
strings, one attached to the vertex and
the other attached to a point on the
bounding circular base.

¢ Given that S is in equilibrium, with
its axis of symmetry horizontal, find,
in terms of H and A, the ratio of the
magnitude of the tension in the string
attached to the vertex to that in the
other string.
<« Sections 3.2, 3.4

\ __/

A child’s toy consists of a uniform

solid hemisphere attached to a uniform
solid cylinder. The plane face of the
hemisphere coincides with the plane face
of the cylinder, as shown in the diagram
above. The cylinder and the hemisphere
each have radius r and the height of

the cylinder is 4. The material of the
hemisphere is six times as dense as the
material of the cylinder. The toy rests in
equilibrium on a horizontal plane with
the cylinder above the hemisphere and
the axis of the cylinder vertical.

a Show that the distance d of the centre
of mass of the toy from its lowest
point O is given by

W+ 2hr + 517
2(h + 4r)

When the toy is placed with any point

of the curved surface of the hemisphere

resting on the plane it will remain in
equilibrium.

de (7

b Find 4 in terms of r.

)

« Sections 3.3, 3.4
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«— p—»

A child’s toy consists of a uniform solid
hemisphere, of mass M and base radius

r, joined to a uniform solid right circular
cone of mass m, where 2m < M. The cone
has vertex O, base radius r and height 3r.
Its plane face, with diameter 4 B, coincides
with the plane face of the hemisphere, as
shown in the diagram above.

a Show that the distance of the centre of
mass of the toy from 4B is
3(M - 2m)

8(M +m) ®)

The toy is placed with OA on a horizontal
surface. The toy is released from rest and
does not remain in equilibrium.

b Show that M > 26m )
« Sections 3.3, 3.4
EP) 62 ys
0 F X

The diagram shows the region R bounded
by the curve with equation y? = rx, where
1 is a positive constant, the x-axis and the
line x = r. A uniform solid of revolution
S is formed by rotating R through one
complete revolution about the x-axis.

a Show that the distance of the centre of
mass of S from O is %r. (6)

140

The solid is placed with its plane face on
a plane which is inclined at an angle « to
the horizontal. The plane is sufficiently
rough to prevent S from sliding. Given
that S does not topple,

b find, to the nearest degree, the
maximum value of a.

“@

« Sections 3.2, 3.5

b

Figure 1

0 T X
A uniform lamina occupies the region R

bounded by the x-axis and the curve
y=sinx, 0 = x = 7, as shown in Figure 1.

a Show, by integration, that the
y-coordinate of the centre of mass of

the lamina is % (6)

Figure 2

A uniform prism S has cross section R.
The prism is placed with its rectangular
face on a table which is inclined at an
angle 0 to the horizontal. The cross
section R lies in a vertical plane as shown
in Figure 2. The table is sufficiently rough
to prevent S sliding. Given that S does
not topple,

b find the largest possible value of 0. (3)

« Sections 3.2, 3.5
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A uniform solid cylinder has radius 2a
and height %a. A hemisphere of radius a
is removed from the cylinder. The plane
face of the hemisphere coincides with the
upper plane face of the cylinder, and the
centre O of the hemisphere is also the
centre of this plane face, as shown in the
diagram above. The remaining solid is S.

a Find the distance of the centre of
mass of S from O.

(6)

The lower plane face of S rests in
equilibrium on a desk lid which is
inclined at an angle ¢ to the horizontal.
Assuming that the lid is sufficiently rough
to prevent S from slipping, and that S'is
on the point of toppling when 6 = v,
b find the value of a.

3

Given instead that the coeflicient of
friction between S and the lid is 0.8, and
that S is on the point of sliding down the
lid when 0 = 4,

¢ find the value of 4.

©)

« Sections 3.2, 3.5

A uniform solid hemisphere, of radius 6a
and centre O, has a solid hemisphere of
radius 2a, and centre O, removed to form
a bowl B as shown above.

a Show that the centre of mass of B

.30
is {34 from O.

(6)

/P) 66
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[§Y7]

S
The bowl B is fixed to a plane face of a
uniform solid cylinder made from the
same material as B. The cylinder has
radius 2a and height 6« and the combined
solid S has an axis of symmetry which
passes through O, as shown.

b Show that the centre of mass of S

. 201
is %7 a from O.

(6)

The plane surface of the cylindrical base
of S'is placed on a rough plane inclined
at 12° to the horizontal. The plane is
sufficiently rough to prevent slipping.

¢ Determine whether or not S will
topple.

“4)

« Sections 3.2, 3.5

(0]

The diagram shows a cross section of a
solid formed by the removal of a right
circular cone, of base radius ¢ and height
a, from a uniform solid hemisphere of
base radius a. The plane bases of the
cone and the hemisphere are coincident,
both having centre O.

a Show that G, the centre of mass of

the solid, is at a distance % from O. (5)
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The second diagram shows a cross section
of the solid resting in equilibrium with

a point of its curved surface in contact
with a rough inclined plane of inclination
«v. Given that O and G are in the same
vertical plane through a line of greatest
slope of the inclined plane, and that OG
is horizontal,

b show that o = % 4)

Given that o = %,

¢ find the smallest possible value of
the coefficient of friction between
the solid and the plane. 4)

« Section 3.5

4 —

An experimental plastic traffic bollard

B is made by joining a uniform solid
cylinder to a uniform solid right circular
cone of the same density. They are joined
to form a symmetrical solid, in such a
way that the centre of the plane face of
the cone coincides with the centre of

one of the plane faces of the cylinder, as
shown in the diagram.

The cylinder has radius 4r and height r.
The cone has vertex O, base radius 3r and
height /.

a Show that the distance from O of the
centre of mass of Bis

3217 + 64rh + O
4(16r + 3h)

The bollard is placed on a rough plane
which is inclined at an angle a to the
horizontal. The circular base of Bis in
contact with the inclined plane. Given
that s = 4r and that B is on the point of

toppling,
b find a, to the nearest degree. 4)
« Sections 3.2, 3.5

(6)

F EEE s

A model tree is made by joining a
uniform solid cylinder to a uniform solid
cone made of the same material. The
centre O of the base of the cone is also
the centre of one end of the cylinder, as
shown in the diagram. The radius of the
cylinder is r and the radius of the base
of the cone is 2r. The height of the cone
and the height of the cylinder are each /.
The centre of mass of the model is at the
point G.

a Show that OG =15 h. @®)
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()

The model stands on a desk top with its
plane face in contact with the desk top.
The desk top is tilted until it makes an
angle o with the horizontal, where

tan v = % The desk top is rough enough
to prevent slipping and the model is

about to topple.
b Find r in terms of /.

)

« Sections 3.2, 3.5

A body consists of a uniform solid
circular cylinder C, together with a
uniform solid hemisphere H which is
attached to C. The plane face of H
coincides with the upper plane face of C,
as shown in the diagram. The cylinder C
has base radius r, height # and mass 3 M.
The mass of H is 2M. The Sections O is
the centre of the base of C.

a Show that the distance of the centre of
mass of the body from O is
14h + 3r

0 3
The body is placed with its plane face on a
rough plane which is inclined at an angle «
to the horizontal, where tan o = %.
The plane is sufficiently rough to prevent
slipping. Given that the Sections is on the

point of toppling,
b find / in terms of r.

“)

« Sections 3.3, 3.5
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A toy is formed by joining a uniform
solid right circular cone, of base radius 3r
and height 4r, to a uniform solid cylinder,
also of radius 3r and height 4r. The cone
and cylinder are made from different
materials, and the density of the cone is
three times the density of the cylinder.
The plane face of the cone coincides with
a plane face of the cylinder, as shown in
the diagram. The centre of this plane face
is O.
a Find the distance of the centre of
mass of the toy from O.

(6)
The point A lies on the edge of the plane
face of the cylinder which forms the base
of the toy. The toy is suspended from A
and hangs in equilibrium.

b Find, in degrees to one decimal
place, the angle between the axis
of symmetry of the toy and the
vertical.

C))
The toy is placed with the curved surface
of the cone on horizontal ground.

¢ Determine whether the toy will

topple. “4)

« Sections 3.3, 3.4, 3.5

A non-uniform rod is 1.5m long. At any
distance icm from its base, the mass per
unit length of the rod is given by

3 .
m= m kgm™'. Find:
a the mass of the rod 4)
b the distance of the centre of mass
of the rod from its base. (€))

« Sections 3.3, 3.4, 3.5
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72 A wooden oar is 2.4 m long.

E/P The oar is non-uniform rod, so that, at a
distance x metres from its end, the mass
per unit length of the rod, mkgm™is

given by the formula m = T

Find, to 2 decimal places:
a the mass of the oar 4)

b the distance of the centre of mass of
the oar from its end. 4
« Section 3.3

@fP 73 A non-uniform rod AB of length 20 m

is such that, at a distance x m from the

A, the mass per unit length of the rod

is given by (10 + kx) kgm™, where k is a

positive constant.

a Without calculation, explain why the
centre of mass of the rod will be closer

to B than to A. N
Given that the mass of the rod is 750 kg,
find:

b the value of k 3)
¢ the distance of the centre of mass

of the rod from 4. 4)

< Section 3.3

@f P)74 A non-uniform rod AB is suspended
horizontally from two strings attached
at A and B respectively. The two strings
hang vertically. At a distance x m from
A the mass per unit length of the rod is
given by (8 + x?) kgm™!

Given that the tension in the string at
A is half the tension in the string at B,
find the exact length of the rod. (12)

« Sections 3.3, 3.4
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Challenge

1 The diagram shows two beads P, and P,, of

masses 5m and 7m respectively, threaded onto
a smooth circular horizontal ring. The beads are
projected in opposite directions at the same
speed.

The beads collide with coefficient of restitution
e at the point 4, then collide again at the point
B, where ZAOB = 90°, as shown in the diagram.

Pl PZ

Find the value of e.
« FM1, Chapter 4

A roulette wheel is modelled as a circular ring of
radius R resting on a smooth horizontal surface.
A ball of mass m is held against the ring, and
projected tangentially along the inside of the
ring with initial speed u. The coefficient of
friction between the ball and the ring is .

S

a Show that r seconds after the ball is
uR

R+ upt’
Given that R=0.5m, u=40ms™" and p = 0.25,
b find the time taken for the ball to complete

its first complete revolution of the ring.
& Section 1.2

projected its speed is



3 Apiece of card is in the shape of an isosceles
triangle A BC of mass 4 M and side length
AB=10cm, BC = CA4 = 15cm. The triangle is
folded so that vertex C sits on the midpoint of
AB, as shown in the diagram.

E D

The lamina is suspended by two vertical strings
attached at 4 and C and a string angled at

45° to the horizontal attached at B, causing A B
to lie horizontally.

a Work out, in terms of M and g, the
acceleration due to gravity, the values of T,
T,and T..

A mass of 10M is attached to the lamina at B
causing the strings attached at B and C to snap.

b Work out the angle 4B makes with the
vertical when the lamina has come to rest in
equilibrium.

« Section 2.8

A non-uniform solid hemisphere has radius
rcm. At a distance x cm from its plane face, the
density of the hemisphere is (5x + 2) gcm™.

The hemisphere is placed with is plane face on a
rough slope inclined at an angle arctan 2 to the
horizontal.

Given that the hemisphere is on the point of
tipping, find the exact value of .
<« Sections 3.3, 3.4, 3.5

Review exercise 1
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Kinematics

After completing this chapter you should be able to:

® Use calculus with a particle moving in a straight line and
with acceleration varying with time -> pages 147-155

® Use calculus with a particle moving in a straight line and
with acceleration varying with displacement - pages 155-161

® Use calculus with a particle moving in a straight line and
with acceleration varying with velocity -> pages 161-166

Prior knowledge check

1 |Integrate with respect to x
8

a e e
(2 —3x)3
« Pure Year 2, Sections 11.2, 11.4

b 4e3 € sin57x

y__v
dx (x+2)°
Find y in terms of x given y = 3 when

o « Pure Year 2, Section 11.10 An object moving through a fluid, such as

water or air, experiences a frictional force

1 g4xein k find k. called drag, which increases as the object

2
Glvenithat 1 X2+ x moves faster. You can use differential

where k is a rational constant to be equations to solve problems where
found. « Pure Year 2, Section 11.7 acceleration is a function of velocity.



m Acceleration varying with time

You can use calculus for a particle moving in a straight line with acceleration that varies with time.

= To find the velocity from the displacement, you differentiate with respect to time.
To find the acceleration from the velocity, you differentiate with respect to time.

_dx dv _d%x
= =G ae

= To obtain the velocity from the acceleration, you integrate with respect to time.
To obtain the displacement from the velocity, you integrate with respect to time.

v=fadrandx=fvdr

These relationships are summarised in the
following diagram.

Displacement (x)

Differentiate Yy A Integrate

Velocity (v)

Differentiate y \ Integrate

Acceleration (a)

Kinematics

m When you integrate, it is important

that you remember to include a constant of
integration. Many questions include information
which enables you to find the value of this
constant.

If you are given a = f(£) you can use direc

t

integration to find expressions for v or x in terms
of ¢. « Statistics and Mechanics 2, Chapter 8

A particle P starts from rest at a point O and moves along a straight line. At time 7 seconds the

acceleration, ams-2, of P is given by

6

azm, t=0.

a Find the velocity of P at time ¢ seconds.

b Show that the displacement of P from O when ¢ =61s (18 — 12In2)m.

a a=6(t+2)

-1
x_fadr fé + 2)2dt = {"32} + A

To integrate, write aslt+2)°

1
(t+2)?

Find the velocity by integrating the acceleration
with respect to time. It is important to include a
constant of integration. The question includes

information which enables you to find this constant.

P starts from rest. This means that v = 0 when

constant of integration.

¢ = 0. This initial condition enables you to find the
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The velocity of P at time ¢ seconds is

(3-725)ms

b Let the displacement of P from O at time
t seconds be s metres.

s—fi’df f3-——_;6'§
+ B

=3t—-GIn(t+ 2) +

Whent=0,5s=0

O=-6h2+B=B=¢CIh2

s=3t—-6In{t+2)+6In2
Whent = 6
§=18-6InB+6In2

- 1&-em(%) =18 -GCIn4 =18 - 12In2 .

The displacement of P from O when t = &
is (18 — 12In2)m, as required.

Find the displacement by integrating the
velocity with respect to time. Use a different
letter for the constant of integration.

As P starts at O, s = 0 when ¢ = 0. This enables
you to find the second constant of integration.

Use the laws of logarithms to simplify

your answer into the form asked for in the
question. This can be done in more than one
way. The working shown here uses

ln8—ln2=ln(—g—)=ln4
and

Ind =lIn2==2ln2:
< Pure Year 1, Chapter 14

A particle P is moving along the x-axis. At time ¢ = 0, the particle is at the origin O and is moving
with speed 2 ms~!in the direction Ox. At time 7 seconds, where ¢ = 0, the acceleration of P is

4¢~"5'm s-2 directed away from O.
a Find the velocity of P at time ¢ seconds.

b Show that the speed of P cannot exceed 10 ms-1.

¢ Sketch a velocity—time graph to illustrate the
motion of P.

a a=4e0
1

Let the velocity of P at time t seconds be vms™.

v= |ladt= [48_0“=”d!

==8g 02t +.C

Whent=0,v=2
2==-6+C= C=10
v =10 = 895t

The velocity of P at time t seconds is
(10 = Be 93 ms,

b Forall x, e¥ > 0 and so for all £, 803 > Q.

Use the rule fe‘”dr =%e’“ L

Remember to include a constant of integration.

Va

|

=

This sketch of y = e* illustrates that e* > 0,
for all real values of x; both positive and
negative.

It foll that 10 — 803 <10 f il e
olows el “8e Diforz 10 minus a positive number must be less

Hence, the speed of P cannot exceed 10m

148
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€ v(ms')4
The curve approaches the line v = 10 but
W rmmmnersnamns s e does not reach it. The line is an asymptote to
the curve.
.  Notation ]
0 PR The velocity 10 m s—! is the terminal or
2 limiting velocity of P.

A particle P is moving along the x-axis. At time 7 seconds, the velocity of P is vms™,
where v = 4sin (277). When 1 =0, Pis at O. Find:

a the magnitude of the acceleration of P when ¢ = %
b the greatest distance from O attained by P during the motion.

a let the acceleration of P at time t seconds be

ams2.

Find the acceleration by differentiating the
velocity with respect to time.

_idv .
# =igp = Omaos (B ad—r(sin ki) = k cos kt

2
When t = 3 Here k = 2.
- 4_1'r) - . T

PSSR cos( 7 e Sosaa When differentiating and integrating
The magnitude of the acceleration of P when trigonometric functions, angles will always be
t=%is 4rms2, measured in radians: cos (533) = —%

b Let the displacement of P at time t seconds be
X metres. Find the displacement by integrating
@ L_ the velocity with respect to time. Use the
L f‘" dt = -5 cos(@ml) + C initial condition in the question to find the

constant of integration.

1l

~% cos (2nt) + C

Whent=0,x=0 When =0,
cos (2mf) =cos0=1
il ._2
=-=+C=C=x%
2 The cosine of any function varies between +1
X = T

(1 = cos (2mt)) L and -1 and so 1 — cos (271) varies between

0 and 2. Its greatest value is therefore 2. You
do not need to use calculus in this part of the
question.

The greatest value of X occurs when
cos (2wt) = =1

The greatest value of xis %(1 - (1) = %

The greatest distance from O attained by P

during the motion is %m,
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A particle P is moving along the x-axis. Initially P is at the origin O. At time ¢ seconds
(where ¢ = 0) the velocity, vms~', of P is given by v = re™*. Find the distance of P from O when the
acceleration of P is zero.

=t =i
-slef=¢ "'(1 = %1’) 1 The first step is to find the value of ¢ for
which the acceleration is zero. Find the
acceleration by differentiating the velocity

) S
Sl

{
Whena =0, as e 4 # O,

Bl=

]

T %; == f= | using the product rule
i i(m!) = v% +uE
x:fvdt:fre‘*df d dr dr

ot
withu=randv=e 4

ll

—4te 4 + Jﬁe‘zdr
Find the displacement by integrating the

velocity with respect to time. You need to use
integration by parts

] E
=—4le 4 - 1G6e 4+ + A

A - & F (41 + 16)
- = dv ,, du
Whent=0,x=0 fuadt =uy— fva?dr
O=A4A-16=A4=16 t

I

with u = t and dv_ e 4
Hence de

x=16 - 8_%(41 + 16)

Use the information that P is initially at the
When t = 4

L origin to find the value of the constant of
x=16-e(4 x 4 +16) = 16(1 - 2¢”') ——  integration 4.

When the acceleration of P is zero,
OP = 16(1 — 2e-)m. Substitute ¢ = 4 into your expression for the

displacement.
Example o

A particle is moving along the x-axis. At time ¢ seconds the velocity of P is vms~! in the direction
of x increasing, where

B 2t, 0si<s?

"= 24 %, £>2

When ¢ = 0, P is at the origin O.

a Sketch a velocity—time graph to illustrate the motion of P in the interval 0 =< ¢ < 5.

b Find the distance of P from O when ¢ = 5.
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a y(ms')a
4 __________ 1
) | Sy G fosicsd o
(0] 2 5 ;(57

b The distance moved in the first two seconds is
represented by the area labelled (.

Let this area be A,

A= 15 Xx2x4=4
The distance travelled in the next three

seconds is represented by the area labelled @).
Let this area be A..

Tt 2
AE_£(2+I)dr

=[2t+4In13
=(10+4In5) - (4 + 4In2)
=G +4(n5-In2)=6+4In3
The distance of P from O when t =5 is
446+4nZ =(10+4I3)m

A particle P moves on the positive x-axis.

Forv=2t, whent=0,v=0and whent=2,
v = 4. The graph is the line segment joining
(0,0) to (2, 4).

Forv=2+%whent=2,v=4

and when ¢t =5, v=2.8.The graph is part of a
reciprocal curve joining (2, 4) to (5, 2.8).

The distance moved by P is represented by
the area between the graph and the t-axis.

The area labelled @) can be found using the
formula for the area of a triangle
5 x base x height.

The area labelled (@) in the diagram can be
found by definite integration.

Integrate the function 2 + % between the
limitst=2and r=5.

The velocity of P at time ¢ seconds is (22 = 7t + 3)ms™', 1 = 0.

When ¢ =0, Pis 10 m from the origin O.
Find:
a the values of 7 when P is instantaneously at rest

b the displacement of P when =35

¢ the total distance travelled by P in the interval 0 = ¢ =< 5.

a v=212 -7+ 3

212 =71+ 3 =0

(2t = 1)(t = 3) =0 so Pis instantaneously at

rest whent =05 and t =3

Set v =0 to find the times when the particle
is instantaneously at rest.

P is instantaneously at rest when v = 0.

Kinematics
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s = [(212-7t+3}d!=—§—13—§:2+3!+ &

When t=0,5s=10sc C=10

v 232 Tz
§ =5t st= 4 34 10

When t = 5:

s=(5x53) - (£x52 +(3x5) +10="2=2083m

Foal
(=]

Velocity—time graph for the motion of the particle:

VA

=]
o)
o

=¥

- ‘['(212 ~ 7t + 3)dt

Between t= 0 and t = ~

z
i

2 7 o 7

[§£3—§E‘+3f]o

_ o 133 7 . (132 1 i

=(Ex@) -Zx@)+3x1)-0=1%

|

Between t = 5 and t = 3:
[%s?’ - éﬁ + 31]3
= ((2x33) - (Zx 32 +(3x3)
-(Bx ()’ -Fx () +3x3)

125

2 24 24

=L ___"__J__,

Between t =3 and t = 5:

EIS - 512 - 31]2

(Ex5%) - x5+ x5)
- ((5x3%) - (§x3?9) +(3x3))

§;3_(_2)_£
) =

[ 1

Total distance travelled by Pin the interval O < 1 < 5:

17, 125 | 46 _
a-i'- 2 T3 =21.25m

Integrate the expression for velocity to
obtain the displacement.

Use the initial conditions given to find
the value of C.

This is the expression for the
displacement of P from the origin at
time ¢.

Problem-solving

The particle changes direction twice
in the interval 0 = r =< 5. If you were to

iy
find fo vdt you would be working out

the displacement of the particle at
time ¢ = 5 from its position at time

¢ = 0. To work out the distance
travelled you need to find the total
area enclosed by the velocity-time
graph and the x-axis. Sketch the
graph to show the critical points, and
work out three separate integrals.

Distance travelled

e f:svd; = f:sv dr + f;vdt

The negative term arises because the
definite integral will be negative for an
area below the x-axis.

The distance travelled between ¢ = 1

F
2 125
and ¢ =3 is <7 m.
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1 A particle P is moving in a straight line. Initially P is moving through a point O with speed
4ms~!. At time ¢ seconds after passing through O the acceleration of P is 3e-2¥ms~2 in the
direction OP. Find the velocity of the particle at time ¢ seconds.

2 A particle P is moving along the x-axis in the direction of x increasing. At time ¢ seconds, the
velocity of Pis¢sintms~'. When 7 =0, P is at the origin. Show that when ¢ = %r,
P is 1 metre from O.

3 At time ¢ seconds the velocity, vm s, of a particle moving in a straight line is given by

V=35 t =0,

When ¢ = 0, the particle is at a point A. When ¢ = 3, the particle is at the point B. Find the
distance between A4 and B.

4 A particle P is moving along the x-axis in the positive direction. At time ¢ seconds the
acceleration of P is 4e*'ms-2 in the positive direction. When 7 = 0, P is at rest. Find the distance
P moves in the interval 0 < ¢ =< 2. Give your answer to 3 significant figures.

5 A particle P is moving along the x-axis. At time ¢ seconds the displacement of P from O is
xm and the velocity of P is 4 cos 3rms~!, both measured in the direction Ox. When ¢ = 0 the

particle P is at the origin O. Find:
a the magnitude of the acceleration when ¢ = 12
b xin terms of ¢

¢ the smallest positive value of ¢ for which P is at O.

6 A particle P is moving along a straight line. Initially P is at rest. At time ¢ seconds P has
velocity vm s~! and acceleration ¢ m s=> where

g=—00
e+ or

Find v in terms of 1.

t =0,

® 7 A particle P is moving along the x-axis. At time ¢ seconds the velocity of Pis vms~!in the
direction of x increasing, where
4, O0sr=3
' 5—% 3<1<6

2

When 7 = 0, P is at the origin O.
a Sketch a velocity—time graph to illustrate the motion of P in the interval 0 < 7 < 6.
b Find the displacement of P from O when 7 = 6.
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A particle P is moving in a straight line with acceleration sin%t ms~2 at time ¢ seconds,
t = 0. The particle is initially at rest at a point O. Find:

a the speed of P when t =27

b the displacement of P from O when ¢ = %

A particle P is moving along the x-axis. At time ¢ seconds P has velocity vm s~ in the direction
x increasing and an acceleration of magnitude 4¢’2'ms~2 in the direction x decreasing.

When ¢ =0, P is moving through the origin with velocity 20 ms~! in the direction x increasing.
Find:

a vin terms of ¢ (3 marks)
b the maximum value of x attained by P during its motion. (3 marks)

A car is travelling along a straight road. As it passes a sign S, the driver applies the brakes.
The car is modelled as a particle. At time 7 seconds the car is x m from S and its velocity,

vms~!, is modelled by the equation v = (_33_0}? s
Given that when 7 = 0, the speed of the car is 40 ms~! and its deceleration is 0.5 ms~2, find:
a the value of ¢ and the value of k

b xinterms of ¢.

where ¢ and k are constants.

A particle P is moving along a straight line. When 7 = 0, P is passing through a point 4.

At time ¢ seconds after passing through A the velocity, vms-!, of P is given by
v=e¥—lle'+ 15¢

Find:

a the values of ¢ for which the acceleration is zero

b the displacement of P from 4 when ¢ =In 3.

A particle P moves along a straight line. At time ¢ seconds (where 7 > 0) the velocity of P is
(2t +In(z + 2))ms~!. Find:

a the value of ¢ for which the acceleration has magnitude 2.2 m s-2

b the distance moved by P in the interval 1 = ¢ <4,

A particle P moves on the positive x-axis.
The velocity of P at time ¢ seconds is (32— 5¢+2)ms™, t =0

When ¢t =0, P is at the origin O.

Find:

a the values of 7 when P is instantaneously at rest (2 marks)
b the acceleration of P whent =15 (3 marks)
¢ the total distance travelled by P in the interval 0 =< ¢t =< 5. (5 marks)

When ¢ =0, P is at the origin O.

d Show that P never returns to O, Problem-solving

explaining your reasoning. (3 marks) In part d, form an expression for the displacement
and show that ¢ # 0 for any value of t except ¢ = 0.



Kinematics

14 A particle moving in a straight line starts from rest at the point O at time ¢ = 0. At time ¢
seconds, the velocity vm ! of the particle is given by

y=26(t-5), 0<t<6

V= %_, 6<t<12
a Sketch a velocity—time graph for the particle for 0 = ¢ = 12. (3 marks)
b Find the set of values of 7 for which the acceleration of the particle is positive. (2 marks)
¢ Find the total distance travelled by the particle in the interval 0 < 7 < 12. (5 marks)

Challenge

A truck travels along a straight road. The truck is modelled as a particle.
At time ¢ seconds, ¢ = 2, the acceleration is given by %% ms—2wherekisa
positive constant.

When ¢ = 2 the truck is at rest and when ¢ = 5 the speed of the truck is 9m s
Show that the speed of the truck never reaches 15 ms-1.

m Acceleration varying with displacement

BYou can use calculus for a particle moving in a straight line with acceleration that varies with
displacement.

When the acceleration of a particle is varying with time, the displacement (x), velocity (v) and
acceleration (a) are connected by the relationships

_dv_dix
T dr de?
Using the chain rule for differentiation
_dv_dv dx
= drTdx *de
_dx
Asv= 3
R |
a=g o XV=Vo (1)

Also, if you differentiate %va implicitly with respect to x, you obtain

%(%vﬂ:%xhx%:v% (2)
Combining results (1) and (2), you obtain
_p,dv_d 1,
"= I"l:l.\:-dx(zv )

You can use these two forms for acceleration to solve problems where the acceleration of a particle
varies with displacement.
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B For example, if you have an equation of the form
a=f(x)

you can write this as
d
() =109

Integrating both sides of the equation with respect to x,

%vz = ff(x) dx

A particle P is moving on the x-axis in the direction of x increasing. When the displacement of P
from the origin O is x m and its speed is vms~', the acceleration of P is 2xms™2. When P is at O, its
speed is 6ms~!. Find v in terms of x.

1

=2 x F Usea = dd_x (Eva)

x( 1’2) =X

> 3

Q.
nol—

Integrate both sides of the equation with respect

%"’2 = f2x dx to x. As integration is the inverse process of
24 C L differentiation,
= X% +
d/i, 1.5
Whenx=0,v=6 fa(il’)dX—Ev

3 S0 £= 1
e = . Multiply by 2 throughout the equation and make

12 = x2 418 ’7 v the subject of the formula.

JE 2
e As the question tells you that P is moving in the

v=y2x2 + 36 direction of x increasing, you do not need to

consider the negative square root.
Example o

A particle P is moving along a straight line. The acceleration of P, when it has displacement x m
from a fixed point O on the line and velocity vms~', is of magnitude 4xms-2 and is directed
towards O. At x =0, v = 20. Find the values of x for which P is instantaneously at rest.

4x ms=
< As its acceleration is towards O when P has positive
o — displacement, the acceleration is in the direction of
0] P X X decreasing, so the acceleration is negative.

a=-4x
m When integrating, you must

d (1 ; ]
dx (51'2) =—-4x remember to include a constant of integration. In
this question the information that at x =0, v =20
enables you to evaluate the constant.
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B A =0 » =20

$%202=0+C= C=200

Fv2 = —2x2 + 200

V2 = 400 — 4x?

When v =0
0 = 400 - 4x? = x? = 100
x ==£10

The values of x for which P is instantaneously
at rest are 10 and =10.

Given that v=6 at x = 1, find v in terms of x.

oo 5% _18
T x3 Xx®
d (1 54 18
ol Bl i
=54x3 - 18x>
—2 ~—i}
pe=24 102, ¢
g e =)
C =2 + 57
At x=l, v

2 Bt .89 fw @F
1)_81_3034')(‘_(9 xz)
':9“_1‘%

a vinterms of x

b xinterms of r.

Kinematics

The particle is instantaneously at rest when v = 0.
Substitute v = 0 into this expression and solve the
resulting equation for x.

There are two points at which v = 0. The particle
reverses direction at these points and will
oscillate between them.

A particle P is moving along the positive x-axis in the direction of x increasing. When OP = xm,

54 18

the velocity of P is vms~! and the acceleration of P is (? E E) ms— where x = 1.

Integrate both sides of this equation with
A d 1 2 1o
respect to x using f&;(i" ) dx =3v*and
o - X+l
fl dx= n+1
Remember to include a constant of integration.

Multiply throughout by 2 and then factorise the
right hand side of the equation.

Ttake the square root of both sides of this

equation. As P is moving in the positive direction
(the direction of x increasing), you can reject the
3

other square root v = —(9 - _E)- This expression is
X

negative for x = 1.

A particle P is moving along the x-axis. Initially P is at the origin O and is moving with velocity
1 ms~!in the direction of x increasing. At time ¢ seconds, P is x m from O, has velocity vms~! and
acceleration of magnitude %e—-" m s~ directed towards O. Find:
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B ke ' As the acceleration is directed toward O, it is in
ks the direction of x decreasing and is negative.
d 1 Yo
Zx(27%) = —ze

In this example there are two different constants
sv2=ze" + A of integration. The initial conditions given in the
question enable you to evaluate both constants.

Abax =14 ¥i="]
=3 +A4A=A4=0
Los A The question requires you to make v the subject
£ of the formula.
e
v=e" dx
This is a differential equation of the form s flx).
ax _ -
3 dr = ¢° You can solve it by separating the variables.
s dx ’ 4 Pure Year 2, Section 11.10
©ar T
fei o 43— f? dt
2e°=1(+B

Whent=0,x=0

2=0+B=B=2
2et=1+2 To make x the subject of this formula, take
e’ = "E + 1 logarithms on both sides of the equation and use
- y the property that ln e = f(x).
S=m(z+1)
N £
x_m42+ﬂ

A particle P is moving along the positive x-axis. At OP = x m, the velocity of P is vms~! and the

acceleration of P is (hkwm s~2, where k is a constant, directed away from O. At x=1,v= 10

and at x =6, v =1/120.
a Find the value of £.
b Show that the speed of P cannot exceed 130 ms-!.

3 k ' Integrate both sides of this equation with respect
T (2x + 3)2 ’7 to x. For constants @ and b and n # -1,
d(12). __k +b)rdx = —L c+ by +
dx(2 )_(2x+3F IMx b m+1m“* et
LR SR -
e e v
G k Multiply this equation throughout by 2. Twice one
T arbitrary constant is another arbitrary constant.
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Abx=1v=10

k

TOO:B-g (1)

At x =6, v =120

The conditions given in the question give you a
pair of simultaneous equations in B and k. You

Kinematics

| find & to solve part a. You will also need to find B

to solve part b.

120=B=3 (2
(2} =1
w Kk EY. 2k
20=-f5-(-£)- &
k=20 % 3 =150

Substituting k = 150 into (1)
100 =B -2 = B=130
150

2x + 3

As X is moving along the positive x-axis
150
2x+3

v2 =130 -

X >0, and so beoth 2x + 3 and
are positive.

Hence

150
2x+ 3

v2 =130 - <130

The speed of P cannot exceed Y130 ms™.

1 A particle P moves along the x-axis. At time ¢ = (0, P passes through the origin O with velocity

As x increases, the velocity of P approaches
v130 mstin the direction Ox asymptotically.

5ms~!in the direction of x increasing. At time ¢ seconds, the velocity of Pis vms™' and
OP = xm. The acceleration of P is (2 + %A) m s~%, measured in the positive x direction.

Find v? in terms of x.

A particle P moves along a straight line. When its displacement from a fixed point O on the line
is x m and its velocity is vms-!, the deceleration of P is 4xms-2. At x =2, v = 8. Find v in terms

of x.

A particle P is moving along the x-axis in the direction of x increasing. At OP = xm (x > 0),

the velocity of P is vms~! and its acceleration is of magnitude %m s~2 in the direction of x

increasing. Given that at x = 2, v = 6, find the value of x for which P is instantaneously at rest.

A particle P moves along a straight line. When its displacement from a fixed point O on the line
is x m and its velocity is vm s~!, the acceleration of P is of magnitude 25x ms~* and is directed
towards O. At x =0, v =40. In its motion P is instantaneously at rest at two points, 4 and B.

Find the distance between 4 and B.
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5 A particle P is moving along the x-axis. At OP = xm, the velocity of Pis vms~!and its
P acceleration is of magnitude kx> ms~2, where k is a positive constant in the direction of x
decreasing. At x =0, v = 16. The particle is instantaneously at rest at x = 20. Find:

a the value of k
b the velocity of P when x = 10.

6 A particle P is moving along the x-axis in the direction of x increasing. At OP = xm,
the velocity of P is vms~! and its acceleration is of magnitude 8x* ms-2 in the direction PO.
At x =2, v=32. Find the value of x for which v = 8.

7 A particle P is moving along the x-axis. When the displacement of P from the origin O is x m,
the velocity of P is vms~! and its acceleration is 6 sin % ms—2. At x =0, v=4. Find:
a »?in terms of x

b the greatest possible speed of P.

(E 8 A particle P is moving along the x-axis. At x = 0, the velocity of P is 2ms~! in the direction
of x increasing. At OP = xm, the velocity of P is yms-! and its acceleration is (2 + 3e~) ms2,
Find the velocity of P at x = 3. Give your answer to 3 significant figures. (6 marks)

(E 9 A particle P moves away from the origin O along the positive x-axis. The acceleration of P is

of magnitude 2x4+ [m s—2, where OP = xm, directed towards O. Given that the speed of P

at Ois4dms™!, find:

a the speed of Pat x =10 (4 marks)
b the value of x at which P is instantaneously at rest. (6 marks)

Give your answers to 3 significant figures.

(E 10 A particle P is moving along the positive x-axis. At OP = xm, the velocity of Pis yvms-!and
its acceleration is (x - % ) ms—. The particle starts from the position where x = 1 with

velocity 3ms~! in the direction of x increasing. Find:
a vin terms of x (4 marks)

b the least speed of P during its motion. (6 marks)

@B 11 A particle P is moving along the x-axis. Initially P is at the origin O moving with velocity
15ms~! in the direction of x increasing. When the displacement of P from O is x m, its
acceleration is of magnitude (IO + %x) m s~ directed towards O. Find the distance P moves
before first coming to instantaneous rest. (7 marks)

@P 12 A particle P is moving along the x-axis. At time ¢ seconds, P is x m from O, has velocity vms~!
and acceleration of magnitude 6x*ms=2 in the direction of x increasing.
When t =0, x=8 and v = 12. Find:

a vin terms of x (4 marks)

b xin terms of t. (4 marks)
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Challenge

A particle P moves along the x-axis. At time ¢ = 0, P passes through the
origin moving in the positive x direction. At time ¢ seconds, the velocity
of Pis vms! and OP = x metres. The acceleration of Pis %5(25 - Xx).
Given that the maximum speed of P is 12 m s, find an expression for v?
in terms of x.

@ Acceleration varying with velocity

When acceleration is given as a function of velocity, you can form and solve a differential equation to
find an expression for velocity in terms of time.

® When the acceleration is a function of the velocity you 5
Links i
can use - This type of problem usually

~dv
dr
for questions which involve working with time

A van moves along a straight horizontal road. At time ¢ seconds, ¢ = 0, the acceleration of the van
i 625 — v?
200

a Find vin terms of ¢.

gives rise to a differential equation
a of the form gﬁ = f(v), which can be

solved by separating the variables.
« Pure Year 2, Section 11.10

ms—2, where vms~! is the velocity of the van. The van starts from rest.

b Show that the speed of the van cannot exceed 25 ms-'.

_€25-12
200 Separate the variables by dividing both sides by
dv _ 625 - y? 625 — v
dt~ 200 1 dv_ 1

: , 625 —v2dr 200
., 1
625 — y2 200

To integrate
1 A B 625 — v?

Let 25 —v2 (25 + ¥) N (25 —v) 625 — v2 = (25 + v)(25 — v) and use partial
fractions.

you must factorise

Multiplying through by (25 + v)(25 — v)
1=A(25 - v) + B(25 + v)

Letvie= 25

1=508B= B=7zs

let v =-25

e % Find the values of 4 and B by setting v = 25 and

r==—5
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H
enee @ Explore terminal or limiting O

kel WO A v T 4 ity usi
56 125 — vdx + 50[25 - pdm- = fmd" velocity using GeoGebra.

=5IN(25 + v) = 25In(25 - v) = 555 + C

R R L) I S Use lna —Inb = In (%) to simplify the left-hand
50'”(_25 =t € sidle (3 e
23 v\ _ t 8
(52 25) =5%(z55+ ©)
e*50C = ot x @50C
25 + l’) L. ef'l-+5o(' G 50C j
o is a constant, so %€ is a constant. You can
simplify your working by writing e50¢ = D.
» (25 + v) _ iy
25 — vl ~

Whent=0,v=0
Use the boundary conditions given to find the

25 o iy
5c = De®= D =1

value of D.
Hence
(25 + 1’) = &t
25 — vl =
25 + v = 25e7 — ves )
f . m Read the question carefully. You
vie® + 1) = 25(e* — 1) need to find vin terms of 7 so rearrange to make
- 25(eF — 1) v the subject.
er +1
b Forallreal t,ei —1<ei+1 x -1 < x + 1 for any real value of x
Hence 67_ ~ 1 ‘ <o For t = 0 both the numerator and denominator
et+ L of this fraction are positive and, as the
) numerator is less than the denominator, the
“0 25(:5 =1 < 25 value of the fraction must be less than 1.
et + 1

So the speed of the van cannot exceed
25ms™

In Example 12, if a graph of v against ¢ is plotted, you obtain b4

The speed approaches 25 m s~! asymptotically but cannot
exceed it. Such a speed is called a terminal or limiting
speed.

L] S SRR TTTTT Ty

~ Y

In this context, as the motion is in one direction, the
terminal or limiting speed is often called the terminal or
limiting velocity.
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The terminal or limiting speed of a body occurs when the acceleration is zero.

In Example 12, the acceleration was given by
dv _ 625—y?

dr 200

Setting % =0, and noting that v is positive, gives v = 25 and

the terminal velocity is 25 m s~

This result is confirmed by the answers to parts a and b above.

Kinematics

LELTT The terminal velocity is

never actually attained by the van.

) = If you have to find distances in problems where acceleration varies with velocity, you can use

dv

the relationship a = Y dx’

the particle is given by ¢ = 4vms~2.

Find the distance moved by P as the velocity
increases from 10ms~' to 15ms-'.

a=4y
.
! TP 4y
dv
dx = =
V= f4d.\”
v=4x + A

A particle P moves in a straight line. When the velocity of the particle is vms~!, the acceleration of

As the velocity is positive throughout the motion,
you need to find the displacement of P, xm, from

the point where it has a velocity of 10ms.

Problem-solving

-

When x =0, v =10
S010=4x0+A4=A4A=10
Hence v = 4x + 10

When v =15
15=4x+ 10

e =10
DEX= P =125

The distance moved by P as the velocity

increases from 10ms™" to 15ms™" is 1.25m.

The question asks you to find a distance so use
a=vd
dx

The distance is measured from the point where
the velocity of Pis 10 ms-! so use x = 0 when
v = 10 to find the constant of integration.

M You could solve this problem by

d
solving d—: = 4y to obtain v = 10e*, and then

integrating this expression. However, the correct

15
integration would not be fm 10e* dt, as the

limits would have to be values of ¢, not v.
You would have to solve 15 = 10e* to find the
appropriate upper limit.
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A particle P moves along the positive x-axis. At time ¢ seconds, the acceleration of the particle is
—(k* + v?) where vm s~ is the velocity of the particle and k is a positive constant. When 7 = 0,
Pis at O and v = U. The particle comes to rest at the point 4. Find, in terms of k and U:

a the distance 04 As the acceleration is negative the particle is
b the time P takes to travel from O to 4. decelerating.

a a=—(k® + v9)
) You are asked to find the distance when P
v B —(k? + v2) dv
dx comes to rest so use a = P
X
Separating the variables and integrating
v Use the reverse chain rule to integrate the
L‘Q 98 = —fd.\' left-hand side. As - (k2 + v2) = 2v then
o ae. — ve) =cv
1 dv
=nk® + v®)=-x+ B v
2 o 1 :
[mrsdv=3intk +v)

Whenx =0, v=U

%In(:’(e + U?) =-0+ B=B=3Ink? + U?) —lri Use the initial conditions to find the

constant of integration.
Hence

1 1 = s & .
zIN(kZ + v?) = =x + zIn(k? + U?) m In questions involving unknown

constants the constant of integration might

x =3In(k? + U?) = 5In(k? + v?) include these constants.
- Lln('kE + UE)
T2\ k2 4 y2 L From the laws of logarithms

a

At A, v=0and x = 04 lna—lnb=ln(g)

§ { 1-2 Fi
04 =§ln(‘k L ) L
.k The particle comes to rest when v = 0.

b a=-(k?+v?)

av _ e 2
e (k2 + v2)

Separating the variables and integrating

1
f.-’(z + 2 = n—-fd[

You are asked to find the time when

dv
P comes to rest so use a = =

You can use the standard result

larctan ( 1) =—t+C f L dx =larctan§fr0m the
k k as+ x° a a
Whiend=lk v= 17 formulae booklet. « Core Pure 2, Section 3.3

1 E)__ 9 5 gm A Q]
karctan(k =-0+C=C —karctaﬂ(k

Hence

%arctan (i) ==+ %arctan (%)
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B Sa

t= %arctan (%) - %ar‘ctan (]Z,)

When v =0

f= ;—Carctan(%) Using arctan 0 = 0.

The time P takes to travel from O to A4 is

1 U
P arctan ( X )

1 A particle moves in a straight horizontal line. When the velocity of the particle is yms~!,
the acceleration of the particle is given by @ = e ms~2. The particle starts from rest. Find:

a vinterms of ¢

b the speed of the particle after 10 seconds.

2 A particle moves in a straight horizontal line When the velocity of the particle is vms~!, the
acceleration of the particle is given by @« = —8v m s=2. Find the time taken for the particle to slow
down from 18 ms~! to 6ms~'.

3 A particle P moves in a straight horizontal line with acceleration ¢ = —(3 + 0.6v) m s~2, where
vms~! is the speed of P at time ¢ seconds. When 7 =0, P is at a point 4 moving with speed
12ms~!. The particle P comes to rest at the point B. Find:

a the time P takes to move from 4 to B
b the distance AB.

® 4 A particle P falls vertically from rest. After ¢ seconds it has speed vms-'.

As it falls it has an acceleration of g — 2v. Problem-solving

a Show that 2v =g(1 —e™?) . :
In part b, mtegrate your expression
b Filld the diStanCG that P fa,llS ill the ﬁrSt for v with respect to t.

two seconds of its motion.

® 5 A lorry travels along a straight horizontal road. At time 7 seconds, the speed of the lorry is
vms~! and the acceleration is (3 — 0.25v) ms~2. The lorry starts from rest. Find:

a vin terms of ¢ (4 marks)

b the maximum speed of the lorry. (4 marks)

is vms~!, the acceleration is 0.6v> ms~2. Initially the particle is at the origin and is moving with a

PG A particle moves along the x-axis in the direction of x increasing. When the speed of the particle
speed of 14ms~!. Find the distance the particle moves before its speed is doubled.
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A particle moves in a straight line with an initial velocity of #ms~!. When the particle is moving
with a velocity of v m s~! the acceleration is —(k + v?) where k is a constant. Find the distance the
particle moves before coming to rest. (5 marks)

A particle P of mass m is moving along the x-axis Ox in the direction of x increasing. At time
t seconds, the velocity of P is vms~' and the acceleration is —(¢? + v*) ms=2, where « is a constant.
Attime =0, Pisat O and its speed is Ums™'. Attimet=T, v =%U.

-1 U_ E)
a Show that 7'= k(arctan P arctan % (4 marks)
b Find the distance travelled by P as its speed is reduced from U to %U. (4 marks)

A car is moving along a straight horizontal road. At time ¢ seconds, the speed of the car is yms™!

. _1600-v2
(0 < v < 30) and the acceleration of the car is: T eay  mST
The time taken for the car to accelerate from 10ms-! to 20ms-! is 7 seconds.
Show that 7'= 321n3. (4 marks)

Mixed exercise o

@ 1

A particle P is moving along the x-axis. At time 7 seconds, the displacement of P from the origin O
is xm and the velocity of P is 4e’**ms~! in the direction Ox. When ¢ =0, P is at O. Find:

a xintermsof ¢ (6 marks)

b the acceleration of P when ¢ =1n9. (3 marks)

A particle P moves along the x-axis in the direction of x increasing. At time ¢ seconds, the velocity
of Pis vms-! and its acceleration is 207e~" ms-2. When ¢ = 0 the speed of P is 8ms~!. Find:

a vin terms of ¢ (3 marks)

b the limiting velocity of P. (2 marks)

A particle P moves along a straight line. Initially P is at rest at a point O on the line. At time

¢ seconds, where ¢ = 0, the acceleration of P is s~2 directed away from O.

18 i
(2t +3)
Find the value of ¢ for which the speed of P is 0.48 ms~'. (4 marks)

A car moves along a horizontal straight road. At time ¢ seconds the acceleration of the car is
100

mm s2 in the direction of motion of the car. When ¢ = 0, the car is at rest. Find:
a an expression for v in terms of ¢ (3 marks)
b the distance moved by the car in the first 10 seconds of its motion. (3 marks)
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® 5 A particle P is moving in a straight line with acceleration cos® 7 ms= at time 7 seconds.
The particle is initially at rest at a point O.

a Find the speed of P when ¢ = .

b Show that the distance of P from O when ¢ = 7:— is %(71‘2 + 8)m.

Kinematics

(4 marks)
(4 marks)

6 A particle P is moving along the x-axis. At time 7 seconds, the velocity of P is vms~'in the

direction of x increasing, where
{%rﬁ, 0<r<4
= e, >4
When 7 = 0, P is at the origin O. Find:
a the acceleration of P when ¢ =2.5

b the acceleration of P when =5
¢ the distance of P from O when ¢ = 6.

@ 7 A particle P is moving along the x-axis. At time 7 seconds, P has velocity vm s~ in the

direction of x increasing and an acceleration of magnitude
x increasing. When ¢ = 0, P is at rest at the origin O. Find:
a vin terms of ¢

b the distance of P from O when ¢ = 2.

8 A particle moving in a straight line starts from rest at the point O at time 7 = 0.
At time ¢ seconds, the velocity vms~! of the particle is given by

(2 marks)
(2 marks)
(3 marks)

2:_:'13 ms~2 in the direction of

(5 marks)
(3 marks)

32— 141+ 8, 0=r=5
V= f2
18 = 5 S<it=T
where T'is the first time the particle comes to momentary rest when travelling with velocity
i
18 - S ms.

a Find the value of T.

b Sketch a velocity—time graph for the particle for0 =t = 7.

¢ Find the set of values of 7 for which the acceleration of the particle is positive.
d Find the total distance travelled by the particle in the interval 0 =t < 7.

(2 marks)
(3 marks)
(2 marks)
(5 marks)

9 A particle P moves on the x-axis. At time ¢ seconds the velocity of P is vms~'in the direction

of x increasing, where v = (1 — 4)(3t - 8), t = 0.

When ¢ = 0, P is at the origin O.

a Find the acceleration of P at time ¢ seconds.

b Find the total distance travelled by P in the first 3 seconds of its motion.

¢ Show that P never returns to O, explaining your reasoning.

(2 marks)
(3 marks)
(3 marks)
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Chapter 4

A particle moves on a horizontal plane with acceleration —kv? where vm s-!is the speed of the
particle and k is a positive constant. At time ¢ = 0 the particle has speed Ums~'.

Find, in terms of k and U, the time at which the particle’s speed is %U ; (5 marks)

A particle P moves on the positive x-axis with an acceleration at time ¢ seconds of (3¢ —4)ms~2.

The particle starts from O with a velocity of 2ms!.

Find:
a the values of 7 when P is instantaneously at rest (4 marks)
b the total distance travelled by P in the interval 0 < 1 < 4. (4 marks)

A particle P moves along a straight line. When the displacement of P from a fixed point on
the line is x m, its velocity is vms~! and its acceleration is of magnitude % ms~2in the
direction of x increasing. At x =3, v=4.

Find v in terms of x. (4 marks)

A particle is moving along the x-axis. At time 7 = 0, P is passing through the origin O with
velocity 8 m s~! in the direction of x increasing. When P is x m from O, its acceleration is

(3 + ﬁx) m s~ in the direction of x decreasing.

Find the positive value of x for which P is instantaneously at rest. (5 marks)

A particle P is moving on the x-axis. When P is a distance x metres from the origin O, its

acceleration is of magnitude %m s2 in the direction OP. Initially P is at the point where

x = 5Sand is moving toward O with speed 6 ms~'.

Find the value of x where P first comes to rest. (6 marks)

A particle P is moving along the x-axis. At time ¢ seconds, the velocity of P is vms~' and the
acceleration of P is (3 — x) ms~ in the direction of x increasing. Initially P is at the origin O
and is moving with speed 4 ms~! in the direction of x increasing. Find:

a v interms of x (3 marks)

b the maximum value of v. (3 marks)

A particle P is moving along the x-axis. At time ¢ = (0, P passes through the origin O.

After ¢ seconds the speed of Pis vms~!, OP = x metres and the acceleration of P is

2
x3—x . . . : - .
ko 3 )m s~ in the direction of x increasing. At x = 10, P is instantaneously at rest. Find:

a an expression for v? in terms of x (4 marks)
b the speed of P when ¢=0. (2 marks)
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Kinematics

A particle P moves away from the origin along the positive x-axis. At time ¢ seconds,

the acceleration of P is 57(2?_ S m s72, where OP = x m, directed away from O. Given that the

speed of Pis 3ms~!at x =0, find, giving your answers to 3 significant figures,
a the speed of Patx=12 (4 marks)
b the value of x when the speed of Pis 5ms~'. (3 marks)

A particle P is moving along the x-axis. When 7 = 0, P is passing through O with velocity 3ms™!
in the direction of x increasing. When 0 = x = 4 the acceleration is of magnitude (4 - %,\) ms~?
in the direction of x increasing. At x = 4, the acceleration of P changes.

For x > 4, the magnitude of the acceleration remains (4 + %\) m s~2 but it is now in the
direction of x decreasing.

a Find the speed of P at x =4. (4 marks)
b Find the positive value of x for which P is instantaneously at rest.
Give your answer to 2 significant figures. (3 marks)

A particle P is moving along the x-axis. At time 7 seconds P is xm from O, has velocity yvms~!
and acceleration of magnitude (4x + 6) ms-2 in the direction of x increasing. When 7 = 0,

P is passing through O with velocity 3 m s~ in the direction of x increasing. Find:

a vinterms of x (3 marks)

b xin terms of ¢ (4 marks)

At time 7 seconds a particle P is moving in a straight line with speed v m s~! and acceleration
—k(U? + v?) where k is a positive constant and U is the speed of P when ¢ = 0.

Show that, as v decreases from U to %U, P travels a distance % In % (5 marks)

o
A cyclist travels along a straight horizontal road with acceleration % m s~ where yms~!
is the speed of the cyclist. Find the distance the cyclist travels as her speed increases from

4ms~!'to8ms . (5 marks)

169



Chapter 4

Challenge

A rocket is launched straight upwards from the Earth’s surface with an
initial velocity of 32 500 km h=. The flight of the rocket can be modelled

as a particle with an acceleration of —% km s=2 where ¢ = 4 x 10° and xkm
X

is the distance from the centre of the Earth. The radius of the Earth is
6370 km. Work out the maximum height above the surface of the Earth
that the rocket will reach.

Summary of key points

1 To find the velocity from the displacement, you differentiate with respect to time.

170

To find the acceleration from the velocity, you differentiate with respect to time.

_dv_dx
anda='q; =gz

_dx
T dt

To obtain the velocity from the acceleration, you integrate with respect to time.
To obtain the displacement from the velocity, you integrate with respect to time.

v=fadtandx=fvdt

When the acceleration is a function of the displacement you can use

o r= (1)

When the acceleration is a function of the velocity you can use a = % for questions which
involve working with time.

If you have to find distances in problems where acceleration varies with velocity, you can use

; ; dvy
the relationship a = VI



Dynamics

After completing this chapter you should be able to:

® Use calculus to apply Newton'’s laws to a particle moving in a
straight line - pages 172-181

e Use Newton’s law of gravitation to solve problems involving a
particle moving away from (or towards) the Earth'’s surface
-> pages 181-184
® Solve problems involving a particle moving in a straight line with
simple harmonic motion - pages 184-193

® |nvestigate the motion of a particle attached to an elastic spring
or string and oscillating in a horizontal line -> pages 193-198

® |nvestigate the motion of a particle attached to an elastic spring
or string and oscillating in a vertical line -> pages 198-206

Prior knowledge check

1 Acarof mass 1500 kg moves in a straight line.
The total resistance to motion of the car is
modelled as a constant force of magnitude 80 N.
The car brakes with a constant force, bringing it to
rest from a speed of 30 ms™! in a distance of 60 m.

a Find the magnitude of the braking force.
b Find the total work done in bringing the car to
ESSE « FM1, Section 2.1

2 A particle travels along the positive x-axis
A= 3{2

with acceleration a = £ at time ¢s.

The particle starts from rest at the origin, O. Find:
a the velocity of the particle whenr=3s

These toys can be modelled as
particles hanging vertically by
an elastic string. The toys will
experience simple harmonic

b the displacement from O when ¢ =2s.
< Statistics and Mechanics Year 2, Section 8.3

3 Anelastic string of natural length 2.5 m is fixed at

one end and is stretched to a length of 3.4 m by a motion, and their displacement-
force of 5 N. Find the modulus of elasticity of the time graphs will be in the shape of
string. < FM1, Section 3.1 a sine curve. -» Section 5.5

1. Wl




Chapter 5

@ Motion in a straight line with variable force

B You can use calculus to apply Newton’s second law ¥inks
F=ma to a particle moving in a straight line when
the applied force is variable.

When the acceleration is a
function of x, r or v, it can be written
as d", v o &
The applied force F can be a function of the displacement x, dr dx  dr?
time ¢ or velocity .

« Chapter 4

Suppose Fis a function of time, then using a = dv

d dt
v -
m—=1F
dt
fm dv= det Separate the variables.
W J‘th Integrate both sides. Mass is assumed to
be constant.

When you work out det you must remember to add a constant of integration. You will often be given
boundary conditions that allow you to work out the value of this constant.

A particle P of mass 0.5 kg is moving along the x-axis. At time 7 seconds the force acting on P has
magnitude (57 + ¢"?) N and acts in the direction OP. When ¢ = 0, P is at rest at O. Calculate:

a the speed of P when =2
b the distance OP when ¢ = 3.

a F = ma Use F = ma with F= 5¢ + e%2!
572 + 02t = 054 ’7 and m = 0.5.
=dv _ =0 fo¥ ey
0.5%; = 512 + % Replace a with 5
Gav=g5 a4 L | Integrate with respect to #. Remember

to add the constant of integration.

v = -54” + 10e%2 + D

| Divide by 0.5. Change C'to D instead

£=0,y=0=0=0+10+D of dividing.

. 1 1y 10 43 0.2

.D=-10 and v = 512 + 10e%2 — 10 Use v =0 when ¢ =0 to find the value
— of D and complete the expression

s 2 1=f\+ 10e4 =10 =31.58... for v.

When t = 2 the speed of Pis 31.6ms™" (3 s.f). Now substitute ¢ = 2 to obtain the

required value.
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b v=28f +10e%% - 10

dx _10 3 021 _ Replace v "E|'1E
T ERr# 10e%2t — 10 P v wi dr
x=944 (Fi-e'-"“ - 10t + K .
= HE Integrate with respect to . Use a
L different letter for the constant of

=0, x=0=0=0+50-0+K

integration.
- K=-50and x = 1914 + 33e%% - 10t - 50
— Use the initial conditions to find K.

o]
e

t=3 =3x8y 34,. 900 _10%3-50=7860...

Now substitute ¢ = 3 to obtain the
When t = 3._ OPis 78.6m {3 5” required value.

A pebble of mass 0.2 kg is moving on a smooth horizontal sheet of ice. At time 7 seconds
(where ¢ = 0) a horizontal force of magnitude 272 N and constant direction acts on the pebble.
When 7 = 0 the pebble is moving in the same direction as the force and has speed 6 ms™'.
When ¢ = T the pebble has speed 36 ms™!. Calculate the value of 7.

F=ma .

"y Use F=mawith F=2fand m=0.2
029 = 2

dt As Fis a function of ¢ replace a with %
02v=284+C
t=0,v=6=202x6=0+C 1 Integrate with respect to ¢ and use the initial
. C=12and 0.2v=213+1.2 conditions to find the value of C.

- 2 5 L3 273
t=1v=36=02x36+3I"+12——1  gbstitute ¢ =T'and solve for T:
y I AW

T = 2.080...
=208 (35f)

Po e

Suppose F is a function of displacement, x, then using a = d—d-(% 12) = v-gﬁ,
X X
dv
L
my—
[mvdy = [Fdx Separate the variables.

~;-mv2 = de.\’ HE

where C'is the constant of integration ——————— mis constant so [mvdv =3mv?+C
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B A particle P of mass 1.5kg is moving in a straight line. The force acting on P has magnitude
(8 — 2cos x) N, where x metres is the distance OP, and acts in the direction OP. When P passes
through O its speed is 4 ms™!. Calculate the speed of P when x = 2.

F = ma

& —2cosx=15a

‘J.E'Jr-di =8-2cosx
dx

1.5‘]‘1-'011-‘ = fc% — 2cosxdx

IR =8x - 2sinx+ C

1.5 % 3
x=0,v=4=315x3x42=0-0+C
S C=12 and 0.75v2 = 8x — 2sinx + 12
x=2=075¥=(8x%x2)-2sn2+12
vi= 5.908..

When x = 2 the speed of Pis 5.91ms™ (3 s.f).

-

Use F=mawith F=8—-2cosxandm=15

As Fis a function of x, replace a with v%

Separate the variables and integrate with respect
to x.

Use the initial conditions to find C.
Substitute x = 2 to find the required speed.

Remember that as calculus has been used,
X must be in radians.

A stone S of mass 0.5 kg is moving in a straight line on a smooth horizontal floor. When S'is a
distance x metres from a fixed point on the line, 4, a force of magnitude (5 + 7cos x) N acts on S in
the direction AS. Given that S passes through A4 with speed 2ms™!, calculate:

a the speed of S as it passes through the point B, where x = 3

b the work done by the force in moving S from A to B.

a F=ma

Use F=mawith F=5+T7cosxandm=05

O.51'-d—1]_ =5+ 7cosx
dx

fO.51-‘dv = f{5 + 7 cos x) dx

5% 7;-1'2 = BxX4-F5nKn -k &

As Fis a function of x, replace ¢ with v%

X =0 1-‘:2=>O.5x{‘2—><22=6‘

- C=1and ‘lIl-‘g =5x+ 7sinx+1

x=3=>v2=4(15+7sn3+1)
vZ2.=67.95...
v=58.243...

| Separate the variables and integrate. Use
the initial conditions to find the value of C.

S passes through B with speed 824 ms™' (3 s.f)
b Work done = increase in K.E.
:1',-><O.5 x67,95—é-><0,5 % g2
= 1528
The work done is 16.0J (3 s.f).
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Substitute x = 3 to find the value of v.

Use the work-energy principle. The work
done is equal to the increase in kinetic
energy. « FM1, Chapter 2
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You can use calculus when a particle moves in a straight line against a resistance which varies with the
speed of the particle.

= In forming an equation of motion, forces that tend to decrease the displacement are
negative and forces that tend to increase the displacement are positive.

A particle P of mass 0.5 kg moves in a straight horizontal line. When the speed of P is vms~!, the
resultant force acting on P is a resistance of magnitude 3v N.

Find the distance moved by P as it slows down from [2ms™' to 6ms™!.

yms
) You measure the displacement of P, x m, from
| 3N @p the point where it has a speed of 12 ms-L.

+—— X T—»

Y5
0.59 As the resistance to motion is acting in the

R(—): F=ma direction which decreases the displacement xm,

I S the term 3v, representing the resistance in the
S equation of motion, has a negative sign.
—3v = 0.5v 9
ax
—j—‘\ =-6 When the question asks you to relate distance
p= Togux to speed, choose the expression a = v % for the
acceleration.
=-6x + A
Atx=0,v=12: L The displacement is measured from the point

where the speed of Pis 12 ms-!. Evaluate the
constant of integration using x = 0 when v = 12.

12=(-Ex0)+A4A=4=12

Hence
v=12 - Gx
When v = G:
c=12 - 6x
pu Bl

The distance moved by P as it slows down

from12ms~"to Ems~tis 1m.
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BA particle P of mass m is moving along Ox in the direction of x increasing. At time ¢, the only
force acting on P is a resistance of magnitude mk(c> + v*), where v is the speed of P and ¢ and k
are positive constants. When 1 = 0, Pis at O and v = U. The particle P comes to rest at the point A.
Find:

a the distance OA
b the time P takes to travel from O to 4.

= As the resistance to motion is acting in the
direction which decreases the displacement

| x, the term mk(c? + v?), representing the

resistance in the equation of motion, has a

v negative sign.
mg

a R(—): F=nia
—mk(c® + v2) = ma

i P comes to rest when its speed is 0. Time is

—itke(c? + v2) = i &Y
MR Y S not involved, so you use a = v%
Separating the variables and integrating
v ;
f ———dv = - Ik dx F(x
J e+ s . f%dx =|n f(x) + a constant

_:;e_m({.z +12) = —-kx + B

—— As9- (2 + 12) = 2, then
kx=B- 5In(c® + v2) dv
L ix = y= /: v gL
AT.: X O._ ¥ b fmdl—zln(fz'i'vz)
(R 72 S [ el 2
O=B-3zlin(c+ U?) = B=zln(c* + U?) You need only put the arbitrary constant on
Hence one side of the equation.
5 ] . 2 P Year 2, Chapter 11
kx = Elln{(*' £ )= Zlnler+ ) e Tear i
o ) (Ee__+_i_-§ ) Use the initial conditions to find the constant
2k \et+ v of integration.
Ao p=andig= 04
04 = j m(’ g2 ; UZ‘J Using the law OZIogarithms
na-Inb=In(%)
b R(—): F=.ma
—mk(c? + v¥) = ma _—— The particle comes to rest where v = 0.
—mk(c® + vZ) = m%
P comes to rest when its speed is 0.
dv

Distance is not involved, so you use a = o
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B Separating the variables and integrating

j'_T_ i _J‘k it Use the following standard result from the
e V2 formulae booklet:
[ 1= Larctan(X
Earccan[;) =—kt+ D faz+x2 dx aal‘ttaﬂ (u)
Hence You need only put the arbitrary constant on
e e g;arctan; one side of the equation.
When t =0, v = U:
Q=D - l‘arctan(g) = = -17 arctan (L)
C \ £ C €
Hence
| - i 4 v
kt = FEIFCEEH’I(.T.) - -(jarctan(?)
When v = O:
kt = %arctan (g) Using arctan0=0

= ifarctan (%)

The time P takes to travel from O to A4 is

iar‘ctan (%)

A car of mass 800 kg travels along a straight horizontal road. The engine of the car produces a
constant driving force of magnitude 2000 N. At time ¢ seconds, the speed of the car is vms~!.
As the car moves, the total resistance to the motion of the car is of magnitude (400 + 4v%) N.
The car starts from rest.

a Find vin terms of ¢.

b Show that the speed of the car cannot exceed 20ms™'.

(400 + 4v?) N

l The driving force is in the direction of x increasing
800gN and so the term representing the driving force,
R(—): F = ma 2000, is positive in the equation of motion.

The resistance is in the direction of x decreasing
d and so the term representing the resistance,
dt 400 + 4%, is negative in the equation of motion.
Dividing throughout by 4:
- dv
400 - v? = 200
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Separating the variables:

L= —
f4oo - dv =555 f1 dt
Let

. 1 .
; . 1 4, B To integrate 756 —2 You must factorise
400 —v2 7 (20+v)(20-v) T 20+v 20 -v 400 — v2 = (20 + v)(20 — v) and use
e partial fractions.
Multiplying throughout by (20 + v)(20 — v):
1= A(20 - v) + B(20 + v)
let v = =20
1 =d0d = 4= 5
Let v =20
1=40B = B =35
Hence
i F 1 M Yo 1 i
'46](20+ vt 20 =) 9 = 7]“"
25 N(20+9) =In(20 —¥)) = 5551 + C na-lnb=In(7)so
/ 20+ v
in(59+2) = 41+ D, where D = 40C In@0+1) - 1n@20-v) =In(53*Y)

20+ v L5y Do — Fof

—20——r = c” =& e ) ‘
Gl L Replace the arbitrary constant e? with a
Whent =0, v=0: different arbitrary constant, F.
2040 _ peo, pe
A0 Fe? = =
Hence
20+v _ 1 To complete part a, you must make v
==y the subject of this formula.

20 +v =206 —ves
1‘(&‘,;' + 1) = 20(5!-' =1}

20(6:[ - ")
W .
(e'> -+ 1_)
b Forallrealt,ef —1<e® +1 x—1< x+ 1 forall real values of x.
Hence
es — 1 < 1 For ¢ > 0, both the numerator and
s + 1 denominator of this fraction are
and positive and, as the numerator is less
20(ef - 1) than the denominator, the value of the
———| % 20 fraction must be between 0 and 1.
(e'- + 1)
So the ‘5pead of the car cannot exceed 20ms™, 20m <! ic called the terminal of limiting
as required. speed. « Chapter 4
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Exercise @

D

A particle P of mass 0.2kg is moving on the x-axis. At time ¢ seconds P is x metres from the
origin O. The force acting on P has magnitude 2cosN and acts in the direction OP.
When 1 =0, Pis at rest at O. Calculate:

the speed of P when r =2

b the speed of P when ¢ =3

¢ the time when P first comes to instantaneous rest
d

e

=

the distance OP when 1 =2
the distance OP when P first comes to instantaneous rest.

A van of mass 1200 kg moves along a horizontal straight road. At time ¢ seconds, the resultant

304_0(5};)2 N and acts in the direction of motion of the van.

When ¢ = 0, the van is at rest. The speed of the van approaches a limiting value V’'ms™!. Find:
a the value of V

b the distance moved by the van in the first 4 seconds of its motion.

force acting on the car has magnitude

A particle P of mass 0.8 kg is moving along the x-axis. At time 7 = 0, P passes through the
origin O, moving in the positive x direction. At time ¢ seconds, OP = x metres and the velocity
of Pis vms™!. The resultant force acting on P has magnitude %(1 5—=x)N, and acts in the
positive x direction. The maximum speed of Pis 12ms™!.

a Explain why the maximum speed of P occurs when x = 15.

b Find the speed of P when ¢ =0.

A particle P of mass 0.75kg is moving in a straight line. At time ¢ seconds after it passes

through a fixed point on the line, O, the distance OP is x metres and the force acting on P has

magnitude (2e™* + 2) N and acts in the direction OP. Given that P passes through O with speed

Sms™!, calculate the speed of P when:

a x=3

b x=7

¢ Calculate the work done by the force in moving the particle from the point where x = 3 to the
point where x = 7.

A particle P of mass 0.5kg moves away from the origin O along the positive x-axis.

When OP = x metres the force acting on P has magnitude N and is directed away from O.

x+2
When x = 0 the speed of Pis 1.5ms™!. Find the value of x when the speed of Pis2ms™!.

A particle P of mass 250 g moves along the x-axis in the positive direction. At time ¢ = 0, P passes
through the origin with speed 10 ms™!. At time ¢ seconds, the distance OP is x metres and the
speed of P is vms™!. The resultant force acting on P is directed towards the origin and has

magnitude -N.

(t+1)
a Show thatv= 2(% - 11). (5 marks)
b Find the value of x when ¢ = 5. (5 marks)
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7 A particle P of mass 0.6 kg moves along the Problem-solving

x-axis in the positive direction. A single force

E/P : e =
acting on P is directed towards the origin, O,

The boundary conditions give the velocity for two
different displacements. You need to set up and
N where solve two simultaneous equations.

: k
and has magnitude (x + 2P

OP = x metres and k is a constant.
At time ¢ = 0, P passes through the origin. When x = 3 the speed of Pis 5ms™!, when x = 8
the speed of Pis 3 ms~!. Find the value of k. (6 marks)

8 A particle P of mass 2.5kg moves in a straight horizontal line. When the speed of Pis vms™!,
the resultant force acting on P is a resistance of magnitude 10vN. Find the time P takes to slow
down from 24ms™! to 6ms™.

9 A particle P of mass 0.8 kg is moving along the axis Ox in the direction of x increasing. When the
speed of P is vms™!, the resultant force acting on P is a resistance of magnitude 0.4v>N. Initially
P is at O and is moving with speed 12ms™. Find the distance P moves before its speed is halved.

10 A particle P of mass 0.5kg moves in a straight horizontal line against a resistance of magnitude
(4 + 0.5v) N, where vms™! is the speed of P at time ¢ seconds. When ¢t =0, P is at a point 4
moving with speed 12ms~!. The particle P comes to rest at the point B. Find:

a the time P takes to move from 4 to B b the distance AB.

(P 11 A particle of mass m is projected along a rough horizontal plane with velocity ums™!. The
coefficient of friction between the particle and the plane is ;. When the particle is moving with
speed vms™!, it is also subject to an air resistance of magnitude kmgv?, where k is a constant.
Find the distance the particle moves before coming to rest.

@/P 12 A particle P of mass m is moving along the axis Ox in the direction of x increasing. At time
t seconds, the velocity of P is v. The only force acting on P is a resistance of magnitude
k(a®>+v?). Attime t =0, Pisat O and its speed is U. Attimet =T, v = %U.

m U ] U\
a Show that T'= S (arctan (?;) — arctan (-23)) (6 marks)
b Find the distance travelled by P as its speed is reduced from U to %b (5 marks)

@r’P 13 A lorry of mass 2000 kg travels along a straight horizontal road. The engine of the lorry
produces a constant driving force of magnitude 10000 N. At time 7 seconds, the speed of

the lorry is vms™!. As the lorry moves, the total resistance to the motion of the lorry is of
magnitude (4000 + 500v) N. The lorry starts from rest. Find:

a vin terms of ¢ (6 marks)

b the terminal speed of the lorry. (2 marks)

@/P 14 At time ¢ = 0, a particle of mass m is projected vertically upwards with speed U.

mgy
The particle is subject to air resistance of magnitude —f— where v is the speed of the particle at

time 7 and k is a positive constant.

a Show that the particle reaches its greatest height, H, above the point of projection at time, 7,

kK (k+
where T = —ln( 9
g k

b Find the greatest height, H, above the point of projection in terms of U and k. (6 marks)

(6 marks)
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15 At time ¢ = 0, a particle of mass m is released from rest and falls vertically. At time ¢, the speed
of the particle is v and the particle has fallen a distance x. The particle moves against air
resistance, whose magnitude is modelled as being mgkv> where v is the speed of the particle at
time ¢ and k is a positive constant. Find:

a an expression for v in terms of x and k (6 marks)
b the terminal speed of the particle. (1 mark)
After a given time, the particle is observed to be falling with constant velocity.

¢ Comment on the model with reference to this observation. (2 marks)

Challenge

A particle P of mass m kg is acted on by a single force, FN, and moves in a straight
line, passing a fixed point O at time ¢ = 0. At the point when the displacement of the
particle from O is x m, the force acts in the direction OP and has magnitude
F=3x2-VxN
a Show that the work done by the force between times ¢t = a and ¢ = b is independent
of the velocity of the particle at the point when it passes O.

b Find the work done by the force in the first 6 seconds of the motion of the particle.

@ Newton’s law of gravitation

You can use Newton'’s law of gravitation to solve problems involving a particle moving away from
(or towards) the Earth'’s surface.

Newton'’s law of gravitation states:

= The force of attraction between two bodies of masses M, and M, is directly proportional
to the product of their masses and inversely proportional to the square of the distance
between them.

This law is sometimes referred to as the inverse m Newton§ lawof gravitatior? should
be used when modelling large changes in

distance relative to the sizes of the bodies, such
as a rocket being launched into orbit. For small

square law. It can be expressed mathematically
by the following equation:

s F= % changes in height (such as when a ball is thrown
d? into the air), gravity can be modelled as a
where G'is a constant known as the constant constant force.
of gravitation.

This force causes particles (anq bodies) to fall to m The numerical value of G was first
the Earth and the Moon to orbit the Earth. determined by Henry Cavendish in 1798.In S.I.

units, G is 6.67 x 10~ kg='m?s-2.
Example 8 demonstrates the extremely small

When a particle of mass m is resting on the surface gravitational attraction between two everyday
of the Earth the force with which the Earth attracts ObjECtS. You can ignore the gra\;itationa[ force

the particle has magnitude mg and is directed between small objects in your calculations.
towards the centre of the Earth.

Relationship between G and g
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B By modelling the Earth as a sphere of mass M and radius R and using Newton's law of gravitation:
GmM

F= =2 and F=mg
GmM _
o) = = mg2

gR This relationship means you can answer questions
and hence G==+ : ;i SR e
M involving gravity without using G explicitly.
When a particle is moving away from or towards the Earth the distance d between the two particles is

MM,

G
changing. As the force of attraction between them is given by F = L2 it follows that the force

dE
is a function of displacement and the methods of Section 5.1 must be used to solve problems.

Two particles of masses 0.5kg and 2.5kg are 4cm apart. Calculate the magnitude of the
gravitational force between them.

o (;m;; M,
< GMM,
_GEY 107"k 05 x 25 Use F= dlz Z with
A G=6.67x 107", M, =05, M, =2.5and d = 0.04.
=5.210... % 102
The:magnitusie of thegravitational ferze L This value is so small that it can be ignored in
between the particles is 5.21 x 102N (3 s.f). most calculations.

Above the Earth’s surface, the magnitude of the force on a particle due to the Earth’s gravitational
force is inversely proportional to the square of the distance of the particle from the centre of

the Earth. The acceleration due to gravity on the surface of the Earth is g and the Earth can be
modelled as a sphere of radius R. A particle P of mass m is a distance (x — R), (wWhere x = R),
above the surface of the Earth.

. - : . mgR®
a Prove that the magnitude of the gravitational force acting on P is iz

A spacecraft S is fired vertically upwards from the surface of the Earth. When it is at a height 2R
above the surface of the Earth its speed is %\g—R Assuming that air resistance can be ignored and
the rocket’s engine is turned off immediately after the rocket is fired,

b find, in terms of g and R, the speed with which S was fired.

k

a Fox —1-;. or F=—5
x2 i p
So on the surface of the Earth F = Riz
On the surface of the Earth the magnitude of the
force = mg. The force is the weight of the particle.

comg = }%é = k = mgR? i
; i i . mgR=
.". the magnitude of the gravitational force is Z
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F =ma
mgR= o Taking upwards as the positive direction,
x? > the force acts vertically downwards.
dv gR-
T R
i The force is a function of x so replace a
| = dx
72'!’2 = QR":' + C
x=3R v=1/gR Separate the variables and integrate.
0 - 1 — Don't forget to include the constant of
=z X78R=gR* x 35+ C integration.
C=-2gR
2 | Use the information in the question to

obtain the value of C.

Finally make x = R and obtain an
expression for v as required.

Exercise @

Above the Earth’s surface, the magnitude of the force on a particle due to the Earth’s

gravitational force is inversely proportional to the square of the distance of the particle from

the centre of the Earth. The acceleration due to gravity on the surface of the Earth is g and

the Earth can be modelled as a sphere of radius R. A particle P of mass m is a distance (x — R)

(where x = R) above the surface of the Earth. Prove that the magnitude of the gravitational
mgR?

o
-

force acting on P is

The Earth can be modelled as a sphere of radius R. At a distance x (where x = R) from the
centre of the Earth the magnitude of the acceleration due to the Earth’s gravitational force is A.
On the surface of the Earth, the magnitude of the acceleration due to the Earth’s

gR?
m In questions 3 to 6 you

gravitational force is g. Prove that 4 = )
may assume either of the results

proved in questions 1 and 2.

A spacecraft S is fired vertically upwards from the surface of
the Earth. When it is at a height R where R is the radius

of the Earth, above the surface of the Earth its speed is \/gR.
Model the spacecraft as a particle and the Earth as a sphere of radius R and find, in terms of g
and R, the speed with which S was fired. (You may assume that air resistance can be ignored and
that the rocket’s engine is turned off immediately after the rocket is fired.) (7 marks)

A rocket of mass m is fired vertically upwards from the surface of the Earth with initial

speed U. The Earth is modelled as a sphere of radius R and the rocket as a particle. Find an
expression for the speed of the rocket when it has travelled a distance X metres. (You may
assume that air resistance can be ignored and that the rocket’s engine is turned off immediately
after the rocket is fired.)
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u where #> = 3gR and R is the radius of the Earth. Find, in terms of g and R, the speed of the

C? 5 A particle is fired vertically upwards from the Earth’s surface. The initial speed of the particle is
P

particle when it is at a height 4R above the Earth’s surface. (You may assume that air resistance
can be ignored.)

6 A particle is moving in a straight line towards the centre of the Earth, which is assumed to be a
sphere of radius R. The particle starts from rest when its distance from the centre of the Earth
is 3R. Find the speed of the particle as it hits the surface of the Earth. (You may assume that
air resistance can be ignored.)

@:’P 7 A space shuttle S of mass m moves in a straight line towards the centre of the Earth.

The Earth is modelled as a sphere of radius R and S is modelled as a particle. When Sis at a
distance x (x = R) from the centre of the Earth, the gravitational force exerted by the Earth
on S is directed towards the centre of the Earth. The magnitude of this force is inversely

proportional to x2. p
mgR*

v2

When S is at a height of 3R above the surface of the Earth, the speed of Sis 2gR.
Assuming that air resistance can be ignored,

a Prove that the magnitude of the gravitational force on S is

b find, in terms of g and R, the speed of § as it hits the surface of the Earth. (7 marks)

Challenge

Given that G = 6.67 x 10! kg-'m?s7?, g = 9.81 ms-2 and that the
radius of the Earth is 6.3781 x 10° m, estimate:

a the mass of the Earth
b the average density of the Earth.

@ Simple harmonic motion

You can solve problems about a particle which is moving in a straight line with simple harmonic motion.

= Simple harmonic motion (S.H.M.) is motion m The point O is called the centre
in which the acceleration of a particle P is of oscillation.
always towards a fixed point O on the line of

motion of P and has magnitude proportional @ O —" o
to the displacement of P from O. motion using GeoGebra

The minus sign means that the acceleration is
always directed towards O.

@ You usually use ‘dot’ notation when

We write X=—-wix

This can be shown on a diagram:

wix analysing simple harmonic motion.
' ' 2
X= doe and X = gx
0 *% dt dr
4 X » « Core Pure Book 2, Section 8.2
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B As X is a function of x, we use X = v-d—‘i to derive an expression for the velocity of P:

dx

dv
Vo = —wiX

dx

fv dv = f—w-’-x dx Separate the variables and integrate.
1

Epa =-w?x5x2+C C'is the constant of integration.

The speed of P is the modulus of v or the modulus of %—}3

This speed is zero when x has its maximum or minimum value.
Let the maximum displacement of P from O be a. This gives:

Oz—wzx%aa-t-C

Ci= %wzaz

Lo . oo .35
SV = —swXT +swa

or v = w¥a?® - x?)

You can derive an expression for the
displacement of P at time ¢ by solving the

differential equation X = —w?x directly: You could also write this equation
d®x
B wBae ) aSF+w x =0. Itis a second-order linear

differential equation.

The aumhary equation is: « Core Pure Book 2, Section 7.2

nm?+w?=0
m=zxwi
This has two imaginary roots, so the general solution is:
x=Acoswt+ Bsinwt
where 4 and B are arbitrary constants. ———————— This is the general solution when the auxiliary
_ _ _ equation has two purely imaginary roots.
This can be rewritten in the form

x=asin(wt + o)

where a and « are arbitrary constants and @ > 0. —— By choosing « appropriately it is possible to make
a > 0 for any possible boundary conditions.

So the motion of the particle is a sine function with maximum and minimum values +« and
period %T— The value « is called the amplitude of the motion, and —a = x =< « for all values of 1.

We can use different values of a to investigate the motion further.
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BCase 1: =0
When a = 0, the equation x = asin (wt + @)
becomes x = asinwt.

Here is the graph of x = asinwt:

As the graph passes through the origin, we have
x =0when ¢ =0. Thus x = asinwt gives the
displacement from the centre of oscillation of a

particle moving with S.H.M. of amplitude a and
period %_5 which is at the centre of the oscillation

and moving in the positive direction when 7 = 0.

Case2: o=

o AT
The graph of x = asin (wr + 2]

Case 3: « is neither of the above.

When « takes some value other than 0 or g
the graph of x = asin(wt + a) is a
translation of the graph of x = asinwr
through a distance £ to the left:

~ Y

Once again, the amplitude is @ and the period is -255

X = asinwt + «)

When a = % the equation x = asin (wf + o) becomes x = asin (wt + -723)

The graph of x = asin (wt + %) is the
same shape as the graph of x = asinwt but

is translated "2% to the left.
« Pure Year 2, Section 2.6

x = asin|c r+£)
d (.A) 2

This is also the graph of x = acoswt. When ¢ = 0 the particle’s displacement from O is a.

X =asin(wt + «)

The particle is neither at the centre nor at
an extreme point of the oscillation when
t=0.
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B = For S.H.M. of amplitude « defined by the equation ¥ = —w?x,
o 12 = w?(a? - x?)

If P is at the centre of the oscillation when 7 = 0, use x = asin wt. @ These are
standard results
which may be quoted
If P is at some other point when 7 = 0, use x = asin (wf + a). without proof in your

The period of the oscillationis 7= %? exam.

« If Pis at an end point of the oscillation when ¢ = 0, use x = acos wt.

Geometrical methods
You can also use a geometrical method to solve a simple harmonic motion problem.
VA

A particle P is moving round a circle of radius 4, centre m el sbesdl i the ratear
the origin O. The particle has a constant angular Wik the radiie s tljrn;ng measured
speed w in an anticlockwise sense. The foot of the in rad -1 ; Sacton 1

perpendicular from P to the x-axis is the point A.

The motion is timed from the instant when P is at the point Q on the x-axis. So ¢ seconds later,
/POA =wtand OA = x = acoswt.
Hence x=-—awsinwt

and  X=-aw?coswt =-w’x

This shows that the point A is moving along the x-axis with simple harmonic motion.

The amplitude is @ and the period is %;-L

The circle associated with any particular simple harmonic motion is called the reference circle. Using
the reference circle can be useful when calculating the time taken for a particle to move between two
points of the oscillation, as shown in Example 14.

A particle is moving along a straight line with S.H.M. The amplitude of the motion is 0.8 m.
It passes through the centre of the oscillation O with speed 2ms-!. Calculate:

a the period of the oscillation
b the speed of the particle when it is 0.4 m from O

¢ the time the particle takes to travel 0.4 m from O.
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a vZ = w(a® — x2)
22 = w?(0.82 - 0)
W = 5:_&? = 2 b
period = 25‘:
.
Ti2BET 1B
The period is ﬁfa
b vZ = w?(a® - x?)

v? = 2.5%(0.86% — 0.4%)

V=732

The particle’s speed is 1.73ms" (3 =.f).

c X =asinwt

0.4 = 0.8sin 2.5t

sin2.5¢t = 0.5
2.5t = arcsin(0.5

{ = ﬁgarc sin0.5 = 0.2024...

The particle takes 0.2095s (3 s.f).

Use v2 = w?(@® — x?) withv=2,a=08and x =0.

Solve for w.

Use period = % withw =25

Use v2 = w?(a? — x2) with w = 2.5,
a = 0.8 and x = 0.4 and solve for v.

Take t = 0 at the centre and use x = asinwt with
w=25a=08andx=0.4

m Remember to have your calculator

in radian mode.

A particle P of mass 0.5kg is moving along a straight line. At time ¢ seconds, the distance of P
from a fixed point O on the line is x metres. The force acting on P has magnitude 10x and acts in

the direction PO.

a Show that P is moving with simple harmonic motion.

b Find the period of the motion.

—_—

@
P

a F=ma
=10x=0.5%
X=—120%
s SHM.

b X =-20x

:

Period = 2n _ 2

w V20
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If you need to show that a particle is moving with
simple harmonic motion you must show that
X = —w?x and state the conclusion.

Compare the equation for P found in a with
X=—-w?xto find w.

The answer can be left in its exact form or given
correct to 3 s.f. (1.405).



B A particle is moving in a straight line with simple harmonic motion. Its maximum acceleration is
12ms~2 and its maximum speed is 4ms~!. Calculate:

a the period of the motion

b the amplitude of the motion

the oscillation.

The amplitude is 2 1.33m (3 s.f).

c Taking the initial displacement from O as O.

Need to find t such that —% = %f—;‘inSf = %
jgm At = 3
sin3t =5 =t = 0.08423...

XA

Total time within 3m = 4 x 0.08423...
=(0.3375 (3 s.f).

a v?=w(a® - x?
42 = w2a?
wa =4 (1)
X = —w2x [
12 =wa (2)
wea _ 12
wa 4
W = 3
period = £L = £z 2.094...)
The period is %ﬁ (or 2.09s (3 s.1)). ——r
(wa)P* 42 4
b w2aq ~ 127 3
= ‘_t = B33

Dynamics

¢ the length of time, during one complete oscillation, that the particle is within %m of the centre of

As v2 = w?(a? — x?), v is maximum when x = 0.

As X= —w?x, and hence [¥| = [-w?X| = w?|x]
acceleration is maximum when [x| = a.

Divide equation (2) by equation (1) to find w.

Unless you are told the accuracy required, give
the exact answer.

Square equation (1) and divide by equation (2) to
find a.

The exact answer, £ or 13, is acceptable.

y . -
X = asinw! 0 X = 35in3! Problem-solvmg

The initial displacement does not affect the
answer, so take x = 0 when ¢ = 0 to simplify the
expression for the displacement of the particle.

Choose the first positive value of ¢ that
satisfies the equation, and then draw a sketch
to determine the total time that the particle
is within % m of O. You could work out all the
solutions of 5 sin 3 = 1 in one complete
oscillation, but it is easier to use symmetry.
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BA small rowing boat is floating on the surface of the sea, tied to a pier. The boat moves up and
down in a vertical line and it can be modelled as a particle moving with simple harmonic motion.
The boat takes 2s to travel directly from its highest point, which is 3m below the pier, to its lowest
point. The maximum speed of the boat is 3ms~!. Calculate:

a the amplitude of the motion

b the time taken by the boat to rise from its lowest point to a point 5m below the pier.

The time taken from the highest point to the

lowest point is half the period.

The maximum speed of the boat occurs when it

a Period = =5 =4
_2m_m
= W= 4 =
ye = ._{._.2(“;2 = _\-2}
32 = (%‘)Z{HZ -0)
O =
A5 =8" K (*r)
a=5=1909..
T
The amplitude is 1.21m (3 s.f).
s = =
3m
T bemmmemme- Highest level of boat
2m
271 I ) Centre of oscillation
———————— Boat 5m below pier
b bosmssmesnaaay Lowest level of boat

passes the centre of oscillation, or when x = 0.

Time from the lowest point is needed so use
X =acoswt.

Using the exact values of ¢ and w gives a more

’7 accurate answer.

X is measured from the centre of the oscillation.
The diagram shows that x = (2 — @) m.

v = Scos( T)
2l Eu %(135( “—!]
1 G"L vl \ / 6
COE( -’2‘-:‘): g X (2 - ?T)
gr =1.523..
f= % x 1.523... = 0.9699..

The time taken is 0.970s (3 s.f).
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This analysis considers down as the positive
direction, to simplify the working. If you want to
consider up as the positive direction you could write
the displacement as

6 T 6
X 'ECOS(E’) and set x = == 2

A particle P is moving with simple harmonic motion along a straight line. The centre of the
oscillation is the point O, the amplitude is 0.6 m and the period is 8s. The points 4 and B are points
on the line of P’s motion and are on opposite sides of O. The distance OA4 is 0.5m and OB is 0.1 m.
Calculate the time taken by P to move directly from A to B.



Dynamics

Draw a diagram showing a reference circle of radius
0.6 m. The diameter of this circle represents the

B (A\D\ 4

“¥

01m0O 05m

As P moves from A to B, the point on the
circle moves round an arc of the circle which
subtends an angle of m — 0 — ¢ at O.

05
6 = arccos ( =

=]

3
) = arccoe(g)

line on which P is moving. Show points 4 and B on
this diameter.

@ Explore calculations for simple O

harmonic motion with a reference circle
using GeoGebra.

Use the diagram to find # and ¢. Keep the exact

Cx &

forms.

T — arccos ((J — arccos [;—]
= 2
=1467...

The time to travel from A to Bis 1.47 s (3 s.f).

Exercise @

The period is 8s. This corresponds to an angle of
2 at the centre. Use proportion to find the time
taken.

1 A particle P is moving in a straight line with simple harmonic motion. The amplitude of the
oscillation is 0.5m and P passes through the centre of the oscillation O with speed 2ms-!.

Calculate:
a the period of the oscillation
b the speed of P when OP =0.2m.

A particle P is moving in a straight line with simple harmonic motion. The period is %s and

P’s maximum speed is 6ms~!. The centre of the oscillation is O. Calculate:

a the amplitude of the motion

b the speed of P 0.3s after passing through O.

A particle is moving in a straight line with simple harmonic motion. Its maximum speed is

10ms™! and its maximum acceleration is 20ms=2. Calculate:

a the amplitude of the motion

b the period of the motion.

3

A particle is moving in a straight line with simple harmonic motion. The period of the

motion is 5 S and the amplitude is 0.4 m. Calculate the maximum speed of the particle.
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B 5 A particle is moving in a straight line with simple harmonic motion. Its maximum acceleration
is 15ms= and its maximum speed is 18 ms~!. Calculate the speed of the particle when it is 2.5m
from the centre of the oscillation.

6 A particle P is moving in a straight line with simple harmonic motion. The centre of the
oscillation is O and the period is i}s. When OP = 1.2m, P has speed 1.5ms™.

a Find the amplitude of the motion.

At time ¢ seconds the displacement of P from O is x metres. When ¢ = 0, P is passing
through O.

b Find an expression for x in terms of .

7 A particle is moving in a straight line with simple harmonic motion. The particle performs
6 complete oscillations per second and passes through the centre of the oscillation, O, with
speed 5ms-!. When P passes through the point 4 the magnitude of P’s acceleration is 20 ms-!.
Calculate:
a the amplitude of the motion

b the distance OA.

CP) 8 A particle P is moving on a straight line with simple harmonic motion between two points
A and B. The midpoint of ABis O. When OP = 0.6 m, the speed of P is 3ms~! and when
OP = 0.2m the speed of Pis 6ms~'. Find:

a the distance AB

b the period of the motion.

9 A particle is moving in a straight line with simple harmonic motion. When the particle is 1 m
from the centre of the oscillation, O, its speed is 0.1 ms~!. The period of the motion is 27
seconds. Calculate:

a the maximum speed of the particle

b the speed of the particle when it is 0.4m from O.

(P 10 A piston of mass 1.2kg is moving with simple harmonic motion inside a cylinder. The distance
between the end points of the motion is 2.5m and the piston is performing 30 complete
oscillations per minute. Calculate the maximum value of the kinetic energy of the piston.

11 A marker buoy is moving in a vertical line with simple harmonic motion. The buoy rises and
falls through a distance of 0.8 m and takes 2 s for each complete oscillation. Calculate:

a the maximum speed of the buoy

b the time taken for the buoy to fall a distance 0.6 m from its highest point.

(E 12 Points O, A and B lie in that order in a straight line. A particle P is moving on the line with
simple harmonic motion. The motion has period 2s and amplitude 0.5m. The point O is the
centre of the oscillation, O4 = 0.2m and OB = 0.3 m. Calculate the time taken by P to move
directly from A4 to B. (5 marks)
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13 A particle P is moving along the x-axis. At time ¢ seconds the displacement, x metres, of P
from the origin O is given by x = 4sin 2¢.

o a Prove that P is moving with simple harmonic motion. (5 marks)
b Write down the amplitude and period of the motion. (2 marks)
¢ Calculate the maximum speed of P. (3 marks)
d Calculate the least value of ¢ (¢ > 0) for which P’s speed is 4ms-1. (3 marks)
e Calculate the least value of ¢ (1 > 0) for which x = 2. (2 marks)

@!P 14 A particle P is moving along the x-axis. At time ¢ seconds the displacement, x metres, of P

from the origin O is given by x = 3sin (:4.* + %)

a Prove that P is moving with simple harmonic motion. (5 marks)
b Write down the amplitude and period of the motion. (2 marks)
¢ Calculate the value of x when ¢ = 0. (2 marks)
d Calculate the value of ¢ (1 > 0) the first time P passes through O. (3 marks)

@B 15 On a certain day, low tide in a harbour is at 10 a.m. and the depth of the water is 5m. High tide
on the same day is at 4.15 p.m. and the water is then 15m deep. A ship which needs a depth of
water of 7m needs to enter the harbour. Assuming that the water can be modelled as rising and
falling with simple harmonic motion, calculate:

a the earliest time, to the nearest minute, after 10 a.m. at which the ship can enter the
harbour (4 marks)

b the time by which the ship must leave. (3 marks)

@fP 16 Points 4, O and B lie in that order in a straight line. A particle P is moving on the line with
simple harmonic motion with centre O. The period of the motion is 4s and the amplitude

is 0.75m. The distance OA is 0.4m and 4B is 0.9 m. Calculate the time taken by P to move
directly from B to A. (5 marks)

Challenge

A particle P is moving along the x-axis with simple harmonic motion.
The origin O is the centre of oscillation. When the displacements
from O are x, and x,, the particle has speeds of v, and v, respectively.
Find the period of the motion in terms of xy, x,, v; and v,.

m Horizontal oscillation

You can investigate the motion of a particle which is attached to an elastic spring or string and is
oscillating in a horizontal line.

If an elastic spring has one end attached to a
fixed point 4 on a smooth horizontal surface a
particle P can be attached to the free end.
When P is pulled away from A4 and released P
will move towards A. ! x
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B Hooke's law: T = Ax ] s :
{ 4 is the modulus of elasticity of the spring
F=ma and /s its natural length. « FM1, Chapter 3
-T=mx
. AX
X =
_ A % A, mand [ are all positive constants, so the
ml equation is of the form ¥ = —w2x.

So P is moving with S.H.M.
The initial extension is the maximum value of x, so is the same as the amplitude.

When the particle is attached to an elastic spring, the particle will perform complete oscillations
because there will always be a force acting — a tension when the spring is stretched and a thrust when
the spring is compressed. The centre of the oscillation is where the tension is zero; that is the point
when the spring has returned to its natural length.

When the particle is attached to an elastic string, the particle will move with S.H.M. only while the
string is taut. Once the string becomes slack there is no tension and the particle continues to move
with constant speed until the string becomes taut again.
= For a particle moving on a smooth horizontal surface attached to one end of an elastic spring:
* the particle will move with S.H.M.
* the particle will perform complete oscillations.

= For a particle moving on a smooth horizontal surface attached to one end of an elastic string:
* the particle will move with S.H.M. while the string is taut
« the particle will move with constant speed while the string is slack.

= To solve problems involving elastic springs and strings:
* use Hooke’s law to find the tension
* use F = ma to obtain
« use information given in the question to obtain the amplitude.

Sometimes the particle is attached to two springs or strings which are stretched between two fixed
points. When this happens you will need to find the tensions in both the springs or strings.

A particle P of mass 0.6kg rests on a smooth horizontal floor attached to one end of a light elastic
string of natural length 0.8 m and modulus of elasticity 16 N. The other end of the string is fixed to
a point A4 on the floor. The particle is pulled away from A until 4 P measures 1.2m and released.

a Show that, while the string remains taut, P moves with simple harmonic motion.
b Calculate the speed of P when the string returns to its natural length.

¢ Calculate the time that elapses between the point where the string becomes slack and the point
where it next becomes taut.

d Calculate the time taken by the particle to return to its starting point for the first time.
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—»pi
A i B
< 0B m st = =
g = )!;l ’7
_lex _
= 08 = 20x
F = ma
20x = -0.65 ]
o 20 . . 00
="ggr = B8
The particle is moving with S.H.M. L
b = —l% X
L2 _ 100
W=y )
12 = wi(a? - x%)
2 100 )
v == x 04° L
v=2.309...

At the natural length P has speed 2.31ms™" (3 s.f).

¢ The particle now moves a distance 1.6 m at
2.309...ms7,
3G
2309,
The string is slack for 0.693 5 (3 s.f).

Time taken = =BE228...

d Period of the SHM. = &% = 27 x |55 = 1.088...

Total time = 1.086... + (2 x 0.6928...) = 2473... ——
The time taken is 2.47 5 (3 a.f).

Dynamics

Use Hooke's law with A = 16 and / = 0.8 to
find the tension.

Use F = ma with F= T =20x and m = 0.6.
Remember that the positive direction is

the direction of x increasing, and that the
acceleration acts in the opposite direction.

The equation reduces to the form
X=-w?x, 50 S.H.M. is proved.

Compare the equation obtained in a with
X= - w?x to find w?

The amplitude is the same as the initial
extension and at the natural length x = 0.

The particle moves at a constant speed
while the string is slack.

The particle moves through a complete
oscillation and two intervals of constant
speed (when the string is slack).

A particle P of mass 0.8 kg is attached to the ends of two identical light elastic springs of natural
length 1.6 m and modulus of elasticity 16 N. The free ends of the springs are attached to two
points 4 and B which are 4m apart on a smooth horizontal surface. The point C lies between A
and B such that 4 BC is a straight line and AC = 2.4m. The particle is held at C and then released

from rest.

a Show that the subsequent motion is simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Calculate the maximum speed of P.
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P — —p
E T.l O? k@ T.f} -
e PY > Problem-solving
A° 2m i 2m "B Use Hooke's law to find the tensions in
L5 each spring. Use your diagram to work
R Tep out the extensions.
16(0.4 + .
T,-z = 6( 1 6 _YJ
16{04 - Use F' = ma to form an equation of
Ty= 1 c = motion for P. Reduce this to the form
F= pitii X = —w?x to establish S.HM.
TE = T,r = 08.\
16(04 - x) 16(04 + x) _ 2
N
~2x X = os#
o l6x . ¢
VSR g
The motion is S.H.M. ~ Compare the equation found in a with
() Y= =2 )
b ¥=-25y X=—-w?x to find w.
wf=25w=>5
P S B You can give an exact value or a 3 s.f.
RS B answer (1.265s) for the period.
Amplitude = 0.4 m
¢ v2 =2t = x2) | Asthe springs are identical the centre of
Ve =25% 042 the oscillation is at the midpoint of 4B.
Ve = D04 = 2

P’s maximum speed is 2ms™.

Exercise @

1 A particle P of mass 0.5kg is attached to one end of a light elastic spring of natural length
0.6m and modulus of elasticity 60 N. The other end of the spring is fixed to a point 4 on the
smooth horizontal surface on which P rests. The particle is held at rest with AP = 0.9m and
then released.

a Show that P moves with simple harmonic motion.
b Find the period and amplitude of the motion.

¢ Calculate the maximum speed of P.

2 A particle P of mass 0.8 kg is attached to one end of a light elastic string of natural length 1.6m
and modulus of elasticity 20 N. The other end of the string is fixed to a point O on the smooth
horizontal surface on which P rests. The particle is held at rest with OP = 2.6m and then released.
a Show that, while the string is taut, P moves with simple harmonic motion.

b Calculate the time from the instant of release until P returns to its starting point for the first
time.
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B 3 A particle P of mass 0.4kg is attached to one end of a light elastic string of modulus of
elasticity 24 N and natural length 1.2m. The other end of the string is fixed to a point 4 on
the smooth horizontal table on which P rests. Initially P is at rest with AP = 1 m. The particle
receives an impulse of magnitude 1.8 N's in the direction AP.

a Show that, while the string is taut, P moves with simple harmonic motion.

b Calculate the time that elapses between the moment P receives the impulse and the next time
the string becomes slack.

The particle comes to instantaneous rest for the first time at the point B.

¢ Calculate the distance AB.

CP 4 A particle P of mass 0.8 kg is attached to one end of a light elastic spring of natural length 1.2m
and modulus of elasticity 80 N. The other end of the spring is fixed to a point O on the smooth
horizontal surface on which P rests. The particle is held at rest with OP = 0.6 m and then released.
a Show that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Calculate the maximum speed of P.

5 A particle P of mass 0.6kg is attached to one end of a light elastic spring of modulus of
elasticity 72N and natural length 1.2m. The other end of the spring is fixed to a point A4 on
the smooth horizontal table on which P rests. Initially P is at rest with AP = 1.2m. The particle
receives an impulse of magnitude 3 Ns in the direction A4 P. Given that 7 seconds after the
impulse the displacement of P from its initial position is x metres:

a find an equation for x in terms of ¢

b calculate the maximum magnitude of the acceleration of P.

(P 6 A particle of mass 0.9 kg rests on a smooth horizontal surface attached to one end of a light
elastic string of natural length 1.5m and modulus of elasticity 24 N. The other end of the string
is attached to a point on the surface. The particle is pulled so that the string measures 2m and
released from rest.
a State the amplitude of the resulting oscillation.
b Calculate the speed of the particle when the string becomes slack.
Before the string becomes taut again the particle hits a vertical surface which is at right angles
to the particle’s direction of motion. The coefficient of restitution between the particle and the
vertical surface 1s %
¢ Calculate:

i the period

ii the amplitude

of the oscillation which takes place when the string becomes taut once more.

(P 7 A smooth cylinder is fixed with its axis horizontal. A piston of mass 2.5kg is inside the
cylinder, attached to one end of the cylinder by a spring of modulus of elasticity 400 N and
natural length 50cm. The piston is held at rest in the cylinder with the spring compressed to a
length of 42cm. The piston is then released. The spring can be modelled as a light elastic spring
and the piston can be modelled as a particle.

a Find the period of the resulting oscillations.

b Find the maximum value of the kinetic energy of the piston.
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A particle P of mass 0.5kg is attached to one end of a light elastic string of natural length
0.4m and modulus of elasticity 30 N. The other end of the string is attached to a point on the
smooth horizontal surface on which P rests. The particle is pulled until the string measures
0.6m and then released from rest.

a Calculate the speed of P when the string becomes slack for the first time.

The string breaks at the instant when it returns to its natural length for the first time. When

P has travelled a distance 0.3 m from the point at which the string breaks the surface becomes
rough. The coefficient of friction between P and the surface is 0.25. The particle comes to rest
T seconds after it was released.

b Find the value of 7.

A particle P of mass 0.4kg is attached to two identical light elastic springs each of natural
length 1.2m and modulus of elasticity 12 N. The free ends of the strings are attached to points
A and B which are 4m apart on a smooth horizontal surface. The point C lies between 4 and B
with AC = 1.4m and CB = 2.6m. The particle is held at C and released from rest.

a Show that P moves with simple harmonic motion. (5 marks)

b Calculate the maximum value of the kinetic energy of P. (3 marks)

A particle P of mass m is attached to two identical light strings of natural length / and modulus
of elasticity 3mg. The free ends of the strings are attached to fixed points 4 and B which are 5/
apart on a smooth horizontal surface. The particle is held at the point C, where AC =/and 4, B
and C lie on a straight line, and is then released from rest.

a Show that P moves with simple harmonic motion. (3 marks)
b Find the period of the motion. (2 marks)
¢ Write down the amplitude of the motion. (4 marks)
d Find the speed of P when AP = 3/ (2 marks)

A light elastic string has natural length 2.5m and modulus of elasticity 15N. A particle P of
mass 0.5kg is attached to the string at the point K where K divides the unstretched string in the
ratio 2: 3. The ends of the string are then attached to the points 4 and B which are 5m apart
on a smooth horizontal surface. The particle is then pulled along 4B and held at rest in contact
with the surface at the point C where AC = 3m and ACB is a straight line. The particle is then
released from rest.

a Show that P moves with simple harmonic motion of period 15[»-"7. (5 marks)
b Find the amplitude of the motion. (4 marks)

@ Vertical oscillation

You can investigate the motion of a particle which is attached to an elastic spring or string and is
oscillating in a vertical line.

A particle which is hanging in equilibrium attached to one end of an elastic spring or string, the other
end of which is fixed, can be pulled downwards and released. The particle will then oscillate in a
vertical line about its equilibrium position.



Dynamics

B m The spring or string is not at its

natural length in the equilibrium position. In this
position, the weight of the particle causes an
extension, ¢, in the spring or string.

Taking downwards as the positive direction, when the particle is a distance x below its equilibrium
position it has acceleration X.

At the equilibrium position, the tension in the spring or string is mg.

Using Hooke's law:
7 = A x extension

le l A is the modulus of elasticity and /is the natural
mg = —f— length of the spring or string. e is the extension
mgl of the spring or string in the equilibrium position.

Now consider the particle at a distance x below its equilibrium position.
T= A x extension

/
T= Mx +e) The particle is a distance x below the equilibrium
B / position, so the extension is x + e.
Ji
Ax+"F)
T= ——!;—— = -!'_ + mg
Haltig =i m When using F = ma the weight of the
mg — T=mX particle must be included as well as the tension.
mg — (i{% - mg) =mX
Ax

—'T =mX
3 P A, m and [ are all positive constants, so the
X=-—X equation is of the form X = —w?x. It is the same
result as obtained for a horizontal oscillation.

The particle is moving with S.H.M.

As in the case of horizontal oscillations, a particle attached to one end of a spring will perform
complete oscillations. If the particle is attached to one end of an elastic string it will only move

with S.H.M. while the string is taut. If the amplitude is greater than the extension at the equilibrium
position the string will become slack before the particle reaches the upper end of the oscillation. Once
the string becomes slack the oscillatory motion ceases and the particle moves freely under gravity
until it falls back to the position where the string is once again taut.
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= For a particle hanging in equilibrium attached to one end of an elastic spring and displaced
vertically from its equilibrium position:

* the particle will move with S.H.M.
* the particle will perform complete oscillations
* the centre of the oscillation will be the equilibrium position.

= For a particle hanging in equilibrium attached to one end of an elastic string and displaced
vertically from its equilibrium position:
* the particle will move with S.H.M. while the string is taut
* the particle will perform complete oscillations if the amplitude is no greater than the
equilibrium extension
« if the amplitude is greater than the equilibrium extension the particle will move freely
under gravity while the string is slack.

A particle can be attached to two springs or strings which are hanging side by side or stretched in a
vertical line between two fixed points. The basic method of solution remains the same.

A particle P of mass 1.2kg is attached to one end of a light elastic spring of modulus of elasticity
60N and natural length 60cm. The other end of the spring is attached to a fixed point 4 on a
ceiling. The particle hangs in equilibrium at the point B.

a Find the extension of the spring.

The particle is now raised vertically a distance 15cm and released from rest.

b Prove that P will move with simple harmonic motion.

¢ Find the period and amplitude of the motion.

d Find the speed of P as it passes through B.

e Find the speed of P at the instant when the spring has returned to its natural length.

t A
0.6m Change cm to m.
...... :..--- e e
£ F Wi
) ’____I___P___
mg
T_ _’E)E-
=
GOe Use Hooke’s law to find the tension in terms
To = _O_Q_ -
; of the extension.
- 06
12 % 98 %06 - t At the equilibrium position the tension must
e=—"="—7§5 = on7e equal the weight.

The extension is 0.118m (3 a.f) or 11.6cm (3 s.f).
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@ Explore the simple harmonic

motion of a vertical spring using GeoGebra.

Draw a new diagram showing P at a distance

0.6m
..... Y-----}-------- natural length
€ AT
----- I----t-------- equilibrium level
X
_____ !F____I_.p_____ l
mg \-

iAx _60(x +¢

x below the equilibrium level.

Use Hooke's law once more. This time the

o

extensionis x + e

m When you use F = ma you must

include the weight of the particle.

Do not use an approximation for e. Instead,
use your work from a to replace mg with the

L tension at the equilibrium level in terms of e.

When you simplify the equation e cancels.

L= 12
F=ma
mg — T = mx
;G0 te .o
mg 0C = mx
60c _60(+e) _ .
0.6 o6 T Ll
___60x _ _2s0
ASTR %00 g
P moves with S.H.M.
- 250
X ==X
2 _ 250
w? = 22
: T 2m
period = 75 = === 0.6882...

The period is 0.66865 (3 s.f).

The amplitude is 15 cm.

v2 = 2290152 - 0)

22 x 015 =1
The speed at Bis 1.37ms" (3 ).

v2 = w2(g? — x2)

v=0.6500...

The speed at the natural length is

0.850ms™ (3 =s.1).

362...

G52 = .?_;%.9{0_152 - (-0.1176)%)

P was raised 15cm from its equilibrium level.

x=0at B.

| This is also the maximum speed of P

At the natural length x = —e. Use at least

4 s.f.in your approximation for e.
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B A particle P of mass 0.2kg is attached to one end of a light elastic string of natural length 0.6 m
and modulus of elasticity 8 N. The other end of the string is fixed to a point 4 on a ceiling.
When the particle is hanging in equilibrium the length of the string is L m.

a Calculate the value of L.

The particle is held at A and released from rest. It first comes to instantaneous rest when the length
of the string is Km.

b Use energy considerations to calculate the value of K.

¢ Show that while the string is taut, P is moving with simple harmonic motion.

The string becomes slack again for the first time 7 seconds after P was released from A.
d Calculate the value of 7.

A
AT
IP
024 ’— Use Hooke's law.
a 1= 21—\
0200 = B¢ At the equilibrium position the tension must
0.6 equal the weight.
e = Q_E_EEBQ§Q_6 =0.147
L=06+ 0147 =0.747 The total length of the string is required.
b EPE. gained = 457
_B8K-06) Problem-solving
R Th tion states that t do thi
G.FE. lost = mgh = 0.2 x 9.8K & SUESLOMN <1855 Bl YOMIBUSE 80 53
5 part using conservation of energy. The
8(K - 0.6)? o : :
S 0.2 x 9.6K kinetic energy is zero at both points under
K2 - 1.2K + 0.36 = 2x06x02 x 98K cor.15|de.rat1on, so the elastlF p?tentlal ener.gyr
S OEEAE gained is equal to the gravitational potential
At energy lost. « FM1, Section 3.4

K?2 - 1424K + 036 =0
1.494 + 1.4942 — 4 x 0.36
¥ >

= 1.1919... or 0.3020... The value of K must be greater than the
CES1121(8 o8 " natural length of the string.
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Draw a diagram which shows the natural
length and the equilibrium level as well as

the distance of P from the centre of the
oscillation (x).

Remember that X must be in the direction of

increasing x.

There is no need to use an approximation for
8e
’7 eas g from parta.

Reduce the equation of motion to the form

A
0.Em
} ___________________
e=0.147
” & T
P l
kS
0.2¢
T= A x extension _ &(x + e)
- ! =
F=ma
Sx +e) _
O02g-—gg = 02X
e Blx+e) _
0.6 06 o4
TR - SRR
* 0.6 x 0.2 12

Time to fall 0.6m from rest:

il
§ = ut + zat®

X =—uw?x to establish S.H.M.

Until the string is taut, P is falling freely
under gravity.

0.6 =0+ x 2.8

: 0.6

#=73

1 =0.3499..
For S.H.M.:

/806 _ vy B z _10V6
w=y5z =100 x i3 =10y5 = =3~

amplitude = K— L = 1191 — 0.747 = 0.444
x = 0444 coswt
when x = 0147, 0147 = 0.444 cosw!

t = Zarccos(954Z) = 01510...
. 2m 3 -
Period = &= = 27 x —— = 0.7625...
o & 10‘6

Time for which string is tavt

=0.7695 - 2 x 0.1510 = 04675...

Problem-solving

Because of the symmetry of S.H.M. there are
several ways to obtain the time for which
the string is taut. Whichever method you use
you must show your working clearly.

Using x = acoswt with the positive value

of x when the string is at its natural length
— will give the time from the high point of the

oscillation (if it were complete) to the point

where the string becomes taut.

Subtracting twice the time just found from
— the period will give the time for which the
string is taut in any one oscillation.

Total time = 0.4675... + 0.3499 = 0.8174...

LA=08T (3 af)

Finally, add the time taken while falling
freely under gravity to the time for which the
string is taut.
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Whenever a numerical value of g is required, take g = 9.8 ms2.

E/P) 1 A particle P of mass 0.75kg is hanging in equilibrium attached to one end of a light elastic
spring of natural length 1.5m and modulus of elasticity 80 N. The other end of the spring is
attached to a fixed point A vertically above P.

a Calculate the length of the spring. (3 marks)
The particle is pulled downwards and held at a point B which is vertically below A.

The particle is then released from rest.

b Show that P moves with simple harmonic motion. (4 marks)

¢ Calculate the period of the oscillations. (2 marks)

The particle passes through its equilibrium position with speed 2.5ms™!.

d Calculate the amplitude of the oscillations. (4 marks)

@IP 2 A particle P of mass 0.5kg is attached to the free end of a light elastic spring of natural length
0.5m and modulus of elasticity 50 N. The other end of the spring is attached to a fixed point 4
and P hangs in equilibrium vertically below A.

a Calculate the extension of the spring. (3 marks)

The particle is now pulled vertically down a further 0.2m and released from rest.
b Calculate the period of the resulting oscillations. (2 marks)

¢ Calculate the maximum speed of the particle. (2 marks)

CP 3 A particle P of mass 2kg is hanging in equilibrium attached to the free end of a light elastic
spring of natural length 1.5m and modulus of elasticity A N. The other end of the spring is
fixed to a point A4 vertically above P. The particle receives an impulse of magnitude 3 Ns in the
direction AP.

a Find the speed of P immediately after the impact.

b Show that P moves with simple harmonic motion.

The period of the oscillations is -gs.

¢ Find the value of 4.

d Find the amplitude of the oscillations.

@fP 4 A piston of mass 2kg moves inside a smooth cylinder which is fixed with its axis vertical. The
piston is attached to the base of the cylinder by a spring of natural length 12cm and modulus
of elasticity 500 N. The piston is released from rest at a point where the spring is compressed
to a length of 8cm. Assuming that the spring can be modelled as a light elastic spring and the
piston as a particle, calculate:

a the period of the resulting oscillations (5 marks)

b the maximum speed of the piston. (2 marks)
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Dynamics

A light elastic string of natural length 40 cm has one end A attached to a fixed point. A particle
P of mass 0.4kg is attached to the free end of the string and hangs freely in equilibrium
vertically below A. The distance AP is 45cm.

a Find the modulus of elasticity of the string. (3 marks)

The particle is now pulled vertically downwards until 4P measures 52cm and then released
from rest.

b Show that, while the string is taut, P moves with simple harmonic motion. (4 marks)
¢ Find the period and amplitude of the motion. (3 marks)
d Find the greatest speed of P during the motion. (2 marks)
e Find the time taken by P to rise 11 cm from the point of release. (3 marks)

A particle P of mass 0.4 kg is attached to one end of a light elastic string of natural length
0.5m and modulus of elasticity 10 N. The other end of the string is attached to a fixed point
A and P is initially hanging freely in equilibrium vertically below A. The particle is then pulled
vertically downwards a further 0.2 m and released from rest.

a Calculate the time from release until the string becomes slack for the first time. (4 marks)

b Calculate the time between the string first becoming slack and the next time it becomes
taut. (4 marks)

A particle P of mass 1.5kg is hanging freely attached to one end of a light elastic string of
natural length 1 m and modulus of elasticity 40 N. The other end of the string is attached to
a fixed point A on a ceiling. The particle is pulled vertically downwards until 4P is 1.8 m and
released from rest. When P has risen a distance 0.4 m the string is cut.

a Calculate the greatest height P reaches above its equilibrium position. (4 marks)

b Calculate the time taken from release to reach that greatest height. (3 marks)

A particle P of mass 1.5kg is attached to the midpoint of a light elastic string of natural length
1.2m and modulus of elasticity 15N. The ends of the string are fixed to the points 4 and B
where A is vertically above Band AB =2.8m.

a Given that P is in equilibrium calculate the length 4P. (3 marks)

The particle is now pulled downwards a distance 0.15m from its equilibrium position and
released from rest.

b Prove that P moves with simple harmonic motion. (4 marks)
T seconds after being released P is 0.1 m above its equilibrium position.
¢ Find the value of T. (3 marks)

A rock climber of mass 70kg is attached to one end of a rope. He falls from a ledge which is 8m
vertically below the point to which the other end of the rope is fixed. The climber falls vertically
without hitting the rock face. Assuming that the climber can be modelled as a particle and the

rope as a light elastic string of natural length 16 m and modulus of elasticity 40000 N, calculate:

a the climber’s speed at the instant when the rope becomes taut (3 marks)
b the maximum distance of the climber below the ledge (3 marks)
¢ the time from falling from the ledge to reaching his lowest point. (2 marks)
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B A particle P of mass m kg is attached to one end of a light elastic string of natural length I m
and modulus of elasticity 5mg. the other end of the string is attached to a fixed point 4 on a
ceiling. The particle is pulled vertically downwards and released to oscillate with period T's.

(™)

B

A second particle Q of mass km kg is then also attached to the end of the string. The system
then oscillates with period 37's.

Find the value of k.

Mixed exercise o

Whenever a numerical value of g is required, take g = 9.8 ms2

1 A particle P of mass 0.6 kg moves along the positive x-axis under the action of a single force

which is directed towards the origin O and has magnitude ﬁ—k-—"N where OP = x metres

. 2F
and k is a constant. Initially P is moving away from O. At x = 2 the speed of P is 8ms~! and at
x =10 the speed of Pis2ms-l.

a Find the value of k. (6 marks)
The particle first comes to instantaneous rest at the point B.
b Find the distance OB. (4 marks)

2 A particle P of mass 0.5kg is moving along the x-axis, in the positive x direction. At time

t seconds (where ¢ > 0) the resultant force acting on P has magnitude —;(3{5:4_4)1\1 and is
v

directed towards the origin O. When 7 = 0, P is moving through O with speed 12ms-!.
a Find an expression for the velocity of P at time ¢ seconds. (5 marks)
b Find the distance of P from O when P is instantaneously at rest. (5 marks)

3 A particle of mass m moves in a straight line on a smooth horizontal plane in a medium which
exerts a resistance of magnitude mkv?, where v is the speed of the particle and k is a positive
constant. At time 7 = 0 the particle has speed U.

Find, in terms of k£ and U, the time at which the particle’s speed is %b (5 marks)

4 A small pebble of mass m is placed in a viscous liquid and sinks vertically from rest through the
liquid. When the speed of the particle is v the magnitude of the resistance due to the liquid is
modelled as mkv?, where k is a positive constant.

Find the speed of the pebble after it has fallen a distance D through the liquid. (5 marks)

5 A car of mass 1000kg is driven by an engine which generates a constant power of 12kW. The
only resistance to the car’s motion is air resistance of magnitude 10v>N, where vms~! is the
speed of the car.

Find the distance travelled as the car’s speed increases from Sms-! to 10ms~'. (8 marks)
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A bullet B, of mass mkg, is fired vertically downwards into a block of wood W which is fixed
in the ground. The bullet enters W with speed Ums~! and W offers a resistance of magnitude
m(14.8 + 5bv?) N, where vms~! is the speed of B and b is a positive constant. The path of B in
W remains vertical until B comes to rest after travelling a distance ¢ metres into W.

Find d in terms of b and U. (8 marks)

A particle of mass m is projected vertically upwards, with speed V, in a medium which exerts a
2
v

resisting force of magnitude where v is the speed of the particle and ¢ is a positive constant.

¢t !
a Show that the greatest height attained above the point of projection is

142
22 111(1 *3 (8 marks)
b Find an expression, in terms of V/, ¢ and g, for the time to reach this height. (3 marks)

A particle is projected vertically upwards with speed U in a medium in which the resistance is
proportional to the square of the speed. Given that U is also the speed for which the resistance
offered by the medium is equal to the weight of the particle, show that:

a the time of ascent is %?U (6 marks)

2

b the distance ascended is g; In2. (6 marks)

At time ¢, a particle P, of mass m, moving in a straight line has speed v. The only force acting is
a resistance of magnitude mk( Vf} + 21?), where k is a positive constant and V} is the speed of P
when 1 = 0.

a Show that, as v reduces from V, to %Vu, P travels a distance i (6 marks)

4k

b Express the time P takes to cover this distance in the form ﬁ, giving the value of 4 to
two decimal places. 0 (6 marks)

A car of mass m is moving along a straight horizontal road. When displacement of the car
from a fixed point O is x, its speed is v. The resistance to the motion of the car has

magnitude nzi;v—’ where k is a positive constant. The engine of the car is working at a

constant rate P.

"= 3P — mkvA. (6 marks)

D..lo..
= =

a Show that 3my?

When ¢ = 0, the speed of the car is half of its limiting speed.

b Find x in terms of m, k, P and v. (6 marks)
A spacecraft S of mass m is moving in a straight line towards the centre of the Earth. When the
distance of S from the centre of the Earth is x metres, the force exerted by the Earth on S

has magnitude -if" where k is a constant, and is directed towards the centre of the Earth.
a By modcliiné the Earth as a sphere of radius R and S as a particle, show that k = mgR>.

(2 marks)
The spacecraft starts from rest when x = SR.
b Assuming that air resistance can be ignored, find the speed of S as it crashes onto
the Earth’s surface. (7 marks)
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A particle P is moving with simple harmonic motion between two points 4 and B which are
0.4m apart on a horizontal line. The midpoint of 4B is O. At time ¢ = 0, P passes through O,
moving towards A, with speed ums-!. The next time P passes through O is when 7 = 2.5s.

a Find the value of u. (4 marks)
b Find the speed of P when ¢ = 3s. (2 marks)
¢ Find the distance of P from A4 when ¢ = 3s. (5 marks)

A particle P of mass 1.2kg moves along the x-axis. At time ¢ = 0, P passes through the origin
O, moving in the positive x direction. At time ¢ seconds, the velocity of Pis vms~!' and

OP = x metres. The resultant force acting on P has magnitude 6(2.5 — x) N and acts in the
positive x direction. The maximum speed of P is 8ms~!.

a Find the value of x when the speed of Pis 8ms~'. (5 marks)
b Find an expression for v? in terms of x. (5 marks)

A particle P moves along the x-axis in such a way that at time ¢ seconds its distance x metres

from the origin O is given by x = 3sin ( %’:)

a Prove that P moves with simple harmonic motion. (4 marks)
b Write down the amplitude and the period of the motion. (3 marks)
¢ Find the maximum speed of P. (2 marks)
The points A and B are on the same side of O with O4 = 1.2m and OB =2m.

d Find the time taken by P to travel directly from A to B. (4 marks)

A particle P moves on the x-axis with simple harmonic motion such that its centre of
oscillation is the origin, O. When P is a distance 0.09 m from O, its speed is 0.3 ms™! and the
magnitude of its acceleration is 1.5m s,

a Find the period of the motion. (3 marks)
The amplitude of the motion is ¢ metres. Find:
b the value of a (3 marks)
¢ the total time, within one complete oscillation, for which the distance OP is greater

than % metres. (5 marks)

A particle P of mass 0.6kg is attached to one end of a light elastic spring of natural length
2.5m and modulus of elasticity 25 N. The other end of the spring is attached to a fixed point 4
on the smooth horizontal table on which P lies. The particle is held at the point B where

AB =4m and released from rest.

a Prove that P moves with simple harmonic motion. (4 marks)
b Find the period and amplitude of the motion. (3 marks)
¢ Find the time taken for P to move 2m from B. (2 marks)

A particle P of mass 0.4kg is attached to the midpoint of a light elastic string of natural length
1.2m and modulus of elasticity 2.5 N. The ends of the string are attached to points 4 and B on
a smooth horizontal table where 4B = 2m. The particle P is released from rest at the point C
on the table, where A, C and B lie in a straight line and AC = 0.7m.

a Show that P moves with simple harmonic motion. (4 marks)

b Find the period of the motion. (3 marks)
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The point D lies between 4 and Band AD = 0.85m.
¢ Find the time taken by P to reach D for the first time. (4 marks)

A and B are two points on a smooth horizontal floor, where AB = 12 m.

A particle P has mass 0.4 kg. One end of a light elastic spring, of natural length 5m and
modulus of elasticity 20 N, is attached to P and the other end is attached to A. The ends of
another light elastic spring, of natural length 3 m and modulus of elasticity 18 N, are attached
to P and B.

a Find the extensions in the two springs when the particle is at rest in equilibrium. (5 marks)
Initially P is at rest in equilibrium. It is then set in motion and starts to move towards B.

In the subsequent motion P does not reach A4 or B.

b Show that P oscillates with simple harmonic motion about the equilibrium position.

(4 marks)
¢ Given that P stays within 0.4 m of the equilibrium position for % of the time within each
complete oscillation, find the initial speed of P. (7 marks)

A particle P of mass 0.5kg is attached to one end of a light elastic string of natural length
1.2m and modulus of elasticity AN. The other end of the string is attached to a fixed point A.
The particle is hanging in equilibrium at the point O, which is 1.4m vertically below A.

a Find the value of A. (3 marks)
The particle is now displaced to a point B, 1.75m vertically below A4, and released from rest.

b Prove that while the string is taut P moves with simple harmonic motion. (4 marks)
¢ Find the period of the simple harmonic motion. (4 marks)
d Calculate the speed of P at the first instant when the string becomes slack. (4 marks)
e Find the greatest height reached by P above O. (4 marks)

A particle P of mass m is attached to the midpoint of a light elastic string of natural length
4] and modulus of elasticity Smg. One end of the string is attached to a fixed point 4 and the
other end to a fixed point B, where 4 and B lie on a smooth horizontal surface and AB = 6/.

The particle is held at the point C where 4, C and B are collinear and AC = %! and released
from rest.

a Prove that P moves with simple harmonic motion. (4 marks)
Find, in terms of g and /:
b the period of the motion (2 marks)

¢ the maximum speed of P. (2 marks)
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The motion of a space shuttle which is launched from a point O on the surface of
the Earth can be modelled as a particle of mass n moving in a straight line, subject
mMG
(R+ x)?

to the universal law of gravitation using F = — where:

M is the mass of the Earth

m is the mass of the space shuttle

R is the radius of the Earth

x is the height of the space shuttle above the Earth
G is the universal constant of gravitation.

a Given a space shuttle is launched with initial velocity ums=!, show that the
maximum height, H, above the Earth that the spaceship reaches can be
Ru?
(w _ uz)
R

The minimum velocity required to project the space shuttle into space is called the
escape velocity. This is the value of u for which H tends to infinity.

b Use
M =598 x 10%
R =6.4x 10°
G=6T5ci0!

to work out the escape velocity for the space shuttle correct to 3 significant
figures.

Summary of key points

1 Informing an equation of motion, forces that tend to decrease the displacement are negative
and forces that tend to increase the displacement are positive.

expressed as H =

2 Newton’s law of gravitation states that the force of attraction between two bodies of mass
M, and M, is directly proportional to the product of their masses and inversely proportional

to the square of the distance between them.
GM M, _ e
— where G is a constant known as the constant of gravitation.

o F= 7

3 Simple harmonic motion (5.H.M)) is motion in which the acceleration of a particle is always
towards a fixed point O on the line of motion of P, and has magnitude proportional to the
displacement of P from O.
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For S.H.M. of amplitude « defined by the equation ¥ = —w?x,

o v2=w?(a? - x?

If Pis at the centre of the oscillation when ¢ = 0, use x = asinwt.

If Pis at an end point of the oscillation when ¢ = 0, use x = acoswt.
e If Pis at some other point when 7 = 0, use x = asin (wt + ).

e The period of the oscillation is 7'= i—ﬁ

For a particle moving on a smooth horizontal surface attached to one end of an elastic spring:
e the particle will move with S.H.M.
o the particle will perform complete oscillations.

For a particle moving on a smooth horizontal surface attached to one end of an elastic string:
e the particle will move with S.H.M. while the string is taut
e the particle will move with constant speed while the string is slack.

To solve problems involving elastic springs and strings:

e use Hooke's law to find the tension

e use F'=ma to obtain w

e use information given in the question to obtain the amplitude.

For a particle hanging in equilibrium attached to one end of an elastic spring and displaced
vertically from its equilibrium position:

e the particle will move with S.H.M.
e the particle will perform complete oscillations
e the centre of the oscillation will be the equilibrium position.

For a particle hanging in equilibrium attached to one end of an elastic string and displaced
vertically from its equilibrium position:

e the particle will move with S.H.M. while the string is taut

e the particle will perform complete oscillations if the amplitude is no greater than the
equilibrium extension

o if the amplitude is greater than the equilibrium extension the particle will move freely
under gravity while the string is slack.
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A particle P moves in a straight line.

At time ¢ seconds, the acceleration of P is
e*ms?, where t = 0. When 1 =0, Pis at
rest. Show that the speed, vms™, of P at
time ¢ seconds is given by

v=%(ez’— 1)

(6)

« Section 4.1

A particle P moves along the x-axis in the
positive direction. At time ¢ seconds, the
velocity of P is yvms™ and its acceleration

is %e"f[:’m s. When ¢ = 0 the speed of
Pis 10ms.

a Express v in terms of 7. (6)
b Find, to 3 significant figures, the speed

of Pwhent=3. 2)
¢ Find the limiting value of v. (1

& Section 4.1

A particle P moves along the x-axis. At
time ¢ seconds the velocity of Pis yvms™!
and its acceleration is 2 sin%tm s72, both
measured in the direction Ox. Given that
v=4whent=0,

a find vin terms of ¢ (6)
b calculate the distance travelled by P
between the times t =0 and 1 = % ()]

« Section 4.1

A particle P moves along the x-axis.

At time ¢ seconds its acceleration

is —4e~*ms™ in the direction of x
increasing. When ¢ = 0, P is at the origin
O and is moving with speed 1 ms in the
direction of x increasing.

a Find an expression for the velocity of
P at time ¢. (6)
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b Find the distance of P from O when P
comes to instantaneous rest. (7)
« Section 4.1

At time ¢ = 0, a particle P is at the origin
O and is moving with speed 18 ms™' along
the x-axis in the positive x direction. At
time 7 seconds (7 > 0), the acceleration of
P has magnitude

ms—~ and is directed towards O.

Vi+ 4
a Show that, at time 7 seconds, the
velocity of Pis (30 — 6/7 + 4)ms™'. (6)

b Find the distance of P from O when P
comes to instantaneous rest. (7)
« Section 4.1

A particle moving in a straight line starts
from rest at a point O at time ¢ = 0.
At time ¢ seconds, the velocity vms=!is
given by
J 3I(t-4), 0=t=5
|75, S<t<10

a Sketch a velocity—time graph for the

particle for 0 = 7 = 10. 3)
b Find the set of values of ¢ for which

the acceleration of the particle is

positive. 2)

¢ Show that the total distance travelled
by the particle in the interval 0 =t =< 5
is 39m. 5)
d Find, to 3 significant figures, the
value of ¢ at which the particle returns
to O. 3)

+ Section 4.1
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A car is travelling along a straight
horizontal road. As it passes a point O
on the road, the engine is switched off.

At time 7 seconds after the car has passed
O, it is at a point P, where OP = x metres,
and its velocity is vms™. The motion of

the car is modelled by
1

“pHql

where p and ¢ are positive constants.

a Show that, with this model, the
retardation of the car is proportional
to the square of the speed. 3)

When ¢ =0, the retardation of the car is

0.75ms~? and v = 20. Using the model,

find:

b the value of p and the value of ¢

vV

2
(6))

« Section 4.1

¢ xinterms of ¢.

A particle P moves along the x-axis in
such a way that when its displacement
from the origin O is xm, its velocity is
vms™' and its acceleration is 4xms™—.
When x=2,v=4.

Show that v = 4x2% 4)

« Section 4.2

A particle P moves on the positive x-axis.
When OP = x metres, where O is the
origin, the acceleration of P is directed
away from O and has magnitude

( 1- \i) ms~. When OP = x metres, the

velocity of P is vms™'. Given that when

x =1, v=3V2, show that when

3.9 49
22V =3

(6))

« Section 4.2

X =

A particle P is moving in a straight line.
When P is at a distance x metres from a
fixed point O on the line, the acceleration of
Pis (5 + 3sin3x)ms~ in the direction OP.
Given that P passes through O with speed
4ms™, find the speed of P at x = 6. Give
your answer to 3 significant figures. 5)
& Section 4.2

11
E
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A particle P is moving along the positive
x-axis in the direction of x increasing.
When OP = x metres, the velocity of P is
vms™! and the acceleration of P is

(x4-le )2m s72, where k is a positive
constant. At x=1,v=0.

a Find v? in terms of x and £. 5)
b Deduce that v cannot exceed 2k. 2)

« Section 4.2

A particle P moves along the x-axis.

At time ¢t = 0, P passes through the
origin O, moving in the positive

x direction. At time ¢ seconds, the
velocity of Pis vms™' and OP = x metres.
The acceleration of P is ]—]2( 30 — x)ms™,
measured in the positive x direction.

a Give a reason why the maximum speed

of P occurs when x = 30. 2)
Given that the maximum speed of P is
10ms™,

b find an expression for v?in terms
of x. 5)

« Section 4.2

A particle P starts at rest and moves in
a straight line. The acceleration of P
initially has magnitude 20ms= and, in
a first model of the motion of P, it is
assumed that this acceleration remains
constant.

a For this model, find the distance
moved by P while accelerating from
rest to a speed of 6ms™. 4)

The acceleration of P when it is x metres

from its initial position is ams= and it is

then established that ¢« = 12 when x = 2.

A refined model is proposed in which

a = p — ¢x, where p and ¢ are constants.

b Show that, under the refined model,
p=20and g=4. 5)

¢ Hence find, for the refinded model, the
distance moved by P in first attaining a
speed of 6ms™'. 4)

« Section 4.2
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x-axis. When OP = x metres, the velocity
of Pis vms™' and its acceleration is

(2—;3 pm s~? in the direction of

x increasing. Initially x = 1 and P is
moving toward O with speed 6ms~'. Find:
(©)
b the minimum distance of P from O. (3)
4 Section 4.2

g 14 A particle P moves along the positive
E

a vinterms of x

A particle moves on the positive x-axis.
The particle is moving towards the origin
O when it passes through the point A4,

e@ 15

where x = 2¢, with speed V"%, where
k is a constant. Given that the particle

: ; k k
experiences an acceleration of 55 + 5
2x=  4¢f

acting in the direction of x increasing,
a show that it comes instantaneously to
rest at a point B, where x = ¢. (8]

As soon as the particle reaches B the

acceleration changes to ... 8 ina
g 2xr 4

direction away from O.
b Show that the particle next comes
instantaneously to rest at 4. 5
< Section 4.2

A particle moves along the x axis in the
direction of x increasing. When the speed
of the particle is vms™, the acceleration

is —r—(_)m s~2. Initially the particle is at the

origin, O, and is moving with a speed of
12ms™. At time 7 seconds, the particle is
at the point 4 with a velocity of 6ms™.
Find:

a the value of T

b the distance OA.

(6)
)

+ Section 4.3
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® 17 A particle P moves along the positive
x-axis. At time ¢ seconds, the acceleration
of the particle is —(k + v) where yms™!
is the velocity of the particle and k is a
positive constant. When 1 = 0, P is at O
and v = U. The particle comes to rest at
the point 4. Find:

a the distance OA (6)

b the time P takes to travel from O to A.
(5

« Section 4.3

A van starts from rest and moves along
a straight horizontal road. At time ¢
seconds, the acceleration of the van
169 — v2
100
velocity of the van.

is ms~2 where vmsis the

a Find vin terms of ¢

(6)
b Show that the speed of the van cannot
exceed 13ms™. 2)

« Section 4.3

A motorbike travels along a straight
horizontal road. At time ¢ seconds, the
speed of the motorbike is yms™ and

%) ms~—. The

motorbike starts from rest. Find:

19

the acceleration is (6 —

a vin terms of ¢ (6)
b the terminal speed of the motorbike.(3)

« Section 4.3

A particle, P, is moving along the x axis
Ox in the direction of x increasing. At
time 7 seconds, the velocity of P is yms™!
and the acceleration is —(a* + v’) m s
where a is a constant. At time t =0, P

is at O and its speed is 20ms™'. At time

t = T, the particle is at point 4 and its
velocity is 12ms™'. Find:

(gzo

a 7'interms of «
b the distance OA.

)
(6)

« Section 4.3
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A particle P of mass 0.2kg moves away
from the origin along the positive x-axis.
It moves under the action of a force
directed away from the origin O of

magnitude N, where OP = xm.

x+1
Given that the speed of Pis 5ms™ when
x =0, find the value of x, to 3 significant
figures, when the speed of Pis 15ms™. (8)

« Section 5.1

A particle P of mass 2.5kg moves along
the positive x-axis. It moves away from
a fixed origin O, under the action of a
force directed away from O. When

OP = x metres, the magnitude of the
force is 2e™*'*N and the speed of P is
vms~'. When x =0, v = 2. Find:

a 1’ in terms of x 4)

(2)

¢ Give a reason why the speed of P does
not exceed v20 ms™'. )

« Section 5.1

b the value of x when v = 4.

A toy car of mass 0.2kg is travelling in

a straight line on a horizontal floor. The
car is modelled as a particle. At time ¢ =0
the car passes through a fixed point O.
After ¢ seconds the speed of the car is
vms™ and the car is at a point P with

OP = x metres. The resultant force on

the car is modelled as 75 x(4 — 3x)N

in the direction OP. The car comes to
instantaneous rest when x = 6. Find:

@
@)

« Section 5.1

a an expression for v* in terms of x

b the initial speed of the car.

A particle P of mass 0.6kg is moving
along the positive x-axis under the action
of a force which is directed away from
the origin O. At time ¢ seconds, the force
has magnitude 3e™**N. When ¢ = 0, the
particle P is at O and moving with speed
2ms™" in the direction of x increasing.

@p 26
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Find:
a the value of 7 when the speed is

gms™! @)
b the distance of P from O when

=2 5)

« Section 5.1

A car of mass 800 kg moves along a
horizontal straight road. At time ¢
seconds, the resultant force on the car has
48000
(t+2)
direction of motion of the car. When
t =0, the car is at rest.

magnitude N, acting in the

a Show that the speed of the car
approaches a limiting value as ¢
increases and find this value. 7

b Find the distance moved by the car in
the first 6s of its motion. (5)

« Section 5.1

A particle P of mass %kg moves along
the positive x-axis under the action of a
single force. The force is directed towards

_ ; k
the origin O and has magnitude o+ 1P N,

where OP = x metres and k is a constant.

Initially P is moving away from O.

At x =1 the speed of Pis4ms™, and at

x = 8 the speed of PisvV2ms™.

Find:

a the value of k )]

b the distance of P from O when P first
comes to instantaneous rest. (5)

« Section 5.1

A particle P of mass 0.7 kg falls vertically
from rest. A resisting force of magnitude
2.1vN acts on P as it falls where vms™ is
the velocity of P after 7 seconds. Find:

a vin terms of ¢ 8)
b the distance that P falls in the first two
seconds. (5)

« Section 5.1
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28 A particle of mass mkg is projected
vertically upwards with velocity Ums™'.
The motion of the particle is subject to

E/P

. . . my
air resistance of magnitude TN where

vms™' is the speed of the particle at time ¢
seconds and £ is a positive constant.

Find, in terms of U, g and k, the
maximum height above O reached by the
particle. (8)

« Section 5.1

Above the Earth’s surface, the magnitude
of the force on a particle due to the
Earth’s gravity is inversely proportional to
the square of the distance of the particle
from the centre of the Earth. Assuming
that the Earth is a sphere of radius R,
and taking g as the acceleration due to
gravity at the surface of the Earth,

a prove that the magnitude of the
gravitational force on a particle of mass

m when it is a distance x (where x = R)

. mgR?
from the centre of the Earth is 2

(®)
A particle is fired vertically upwards from

the surface of the Earth with initial speed
u, where u’ = % gR. Ignoring air resistance,

b find, in terms of g and R, the speed of
the particle when it is at a height 2R
above the surface of the Earth. 7

« Section 5.2

A rocket is fired vertically upwards with
speed U from a point on the Earth’s
surface. The rocket is modelled as a
particle P of constant mass », and the
Earth as a fixed sphere of radius R. Ata
distance x from the centre of the Earth,
the speed of P is v. The only force acting

on P is directed towards the centre of the
cm

Earth and has magnitude 2 where ¢ 1s a
constant. ’

5 1 1
a Show that v’ = U* + ZC(T - E) (7)
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(m)

(E 33

The kinetic energy of P at x = 2R is half
of the kinetic energy at x = R.

b Find ¢in terms of U and R. 3)

« Section 5.2

A projectile P is fired vertically upwards
from a point on the Earth’s surface.
When P is at a distance x from the centre
of the Earth its speed is v. Its acceleration
is directed towards the centre of the
Earth

and has magnitude 7’:5, where & is a

constant. The Earth is assumed to be a
sphere of radius R.
a Show that the motion of P may be

modelled by the differential equation

dv_ gk
Ydx T T X &)

The initial speed of P is U, where
U? < 2gR. The greatest distance of P
from the centre of the Earth is X.
b Find X in terms of U, R and g. )]

« Section 5.2

A particle P moves in a straight line
with simple harmonic motion about a
fixed centre O with period 2s. At time
t seconds the speed of Pis vms™.
When 1 =0, v=0and P is at a point A
where 04 = 0.25m.

Find the smallest positive value of ¢ for
which 4P =0.375m. (5)

« Section 5.3

A particle P of mass 0.2 kg oscillates
with simple harmonic motion between
the points 4 and B, coming to rest at
both points. The distance 4B is 0.2 m,
and P completes 5 oscillations every
second.

a Find, to 3 significant figures, the
maximum resultant force exerted
on P.

3
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(m)

When the particle is at A4, it is struck a
blow in the direction BA. The particle
now oscillates with simple harmonic
motion with the same frequency as
previously but twice the amplitude.

b Find, to 3 significant figures, the speed
of the particle immediately after it has
been struck. 3)

« Section 5.3

A piston P in a machine moves in a
straight line with simple harmonic motion
about a fixed centre O. The period of the
oscillations is ws. When P is 0.5m from O,
its speed is 2.4ms™'. Find:

a the amplitude of the motion 4)
b the maximum speed of P during its
motion (2)
¢ the maximum magnitude of the
acceleration of P during the
motion 2)

d the total time, in seconds to 2 decimal
places, in each complete oscillation for
which the speed of P is greater than
24ms, (5)

« Section 5.3

«—h—>
P
A B = Q B
C

In a game at a fair, a small target C
moves horizontally with simple harmonic
motion between the points 4 and B,
where 4B = 4l. The target moves inside

a box and takes 3s to travel from A4 to

B. A player has to shoot at C, but C'is
only visible to the player when it passes a
window PQ where PQ = b. The window is
initially placed with Q at the point shown
in the figure above. The target takes 0.75s
to travel from Q to P.

a Show that b = (2 - V2)L
b Find the speed of C as it passes P.

(&)
3

Review exercise 2

4/ >

@P 37

For advanced players, the window PQ

is moved to the centre of 4B so that

AP = OB, as shown in the second figure

above.

¢ Find the time, in seconds to 2 decimal
places, taken for C to pass from Q to P
in this new position. 4)

< Section 5.3

The points O, A, B and C lie in a straight
line, in that order, with O4 = 0.6m,

OB =0.8mand OC = 1.2m. A particle P,
moving in a straight line, has speed
(]—30\-*?) ms! at A, (%\-@) ms'at Band is
instantaneously at rest at C.

a Show that this information is
consistent with P performing simple

harmonic motion with centre 0.  (4)
Given that P is performing simple
harmonic motion with centre O,
b show that the speed of P at Ois
0.6ms™". 2)

¢ Find the magnitude of the acceleration
of P as it passes A. 4)

d Find, to 3 significant figures, the time
taken for P to move directly from A4
to B. 4)

« Section 5.3

The rise and fall of the water level in a
harbour is modelled as simple harmonic
motion. On a particular day the
maximum and minimum depths of the
water in the harbour are 10m and 4m
and these occur at 1100 hours and 1700
hours respectively.

a Find the speed, in mh™', at which the
water level in the harbour is falling at
1600 hours on this particular day.  (7)
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b Find the total time, between 1100
hours and 2300 hours on this
particular day, for which the depth in

the harbour is less than 5.5m. &)
¢« Section 5.3

(™)

@ 38 A piston in a machine is modelled as a
particle of mass 0.2 kg attached to one
end A4 of a light elastic spring, of natural
length 0.6 m and modulus of elasticity
48 N. The other end B of the spring is
fixed and the piston is free to move in a
horizontal tube which is assumed to be
smooth. The piston is released from rest
when 4B =09m.
a Prove that the motion of the piston is
simple harmonic with period %s. 4)
b Find the maximum speed of the
piston. 2)
¢ Find, in terms of w, the length of time
during each oscillation for which the
length of the spring is less than
0.75m. (5)

« Section 5.4

A particle P of mass 0.8 kg is attached
to one end A4 of a light elastic spring OA,
of natural length 60 cm and modulus of
elasticity 12 N. The spring is placed on a
smooth table and the end O is fixed. The
particle is pulled away from O to a point
B, where OB = 85¢m, and is released
from rest.

&/P) 39

a Prove that the motion of P is simple
harmonic motion with period 2%5. 4)

b Find the greatest magnitude of the
acceleration of P during the motion. (2)

Two seconds after being released from
rest, P passes through the point C.

¢ Find, to 2 significant figures, the speed

of P as it passes through C. 2)
d State the direction in which P is
moving 2s after being released. 2)

« Section 5.4
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40 A particle P of mass 0.3 kg is attached
to one end of a light elastic spring. The
other end of the spring is attached to a
fixed point O on a smooth horizontal
table. The spring has natural length 2m
and modulus of elasticity 21.6 N. The
particle P is placed on the table at a point
A, where OA = 2m. The particle P is now
pulled away from O to the point B, where
OAB is a straight line with OB = 3.5m.
It is then released from rest.

E/P

a Prove that P moves with simple

" . . ™
harmonic motion of period 35'

“@

b Find the speed of P when it reaches
4. 2

The point C is the midpoint of AB.

¢ Find, in terms of , the time taken for
P to reach C for the first time. 4)

Later in the motion, P collides with a
particle Q of mass 0.2kg which is at rest
at A.

After impact, P and Q coalesce to form a
single particle R.

d Show that R also moves with simple
harmonic motion and find the
amplitude of this motion.

“

« Section 5.4

A light elastic string of natural length

[ has one end attached to a fixed point
A. A particle P of mass m is attached to
the other end of the string and hangs in
equilibrium at the point O, where

@ﬁ 41

A0 =31
a Find the modulus of elasticity of the
string. 3)

The particle P is then pulled down and
released from rest. At time ¢ the length of

the string is %! + x.
b Prove that, while the string is taut,

dix __dgx

der ™ 1 )
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When P is released, 4P = 11 The point B
is a distance / vertically below A.

¢ Find the speed of P at B. 2)

d Describe briefly the motion of P after
it has passed through B for the first
time until it next passes through O. (2)

« Section 5.5

A light elastic string, of natural length
4a and modulus of elasticity 8mg, has
one end attached to a fixed point 4. A
particle P of mass m is attached to the
other end of the string and hangs in
equilibrium at the point O.

a Find the distance A0. 4)

The particle is now pulled down to a

point C vertically below O, where OC =d.
It is released from rest. In the subsequent
motion the string does not become slack.

b Show that P moves with simple

harmonic motion of period arrv"l 2?” 5)
The greatest speed of P during this
motion is 5/ga.
¢ Find din terms of a. 2)

Instead of being pulled down a distance
d, the particle is pulled down a distance a.
Without further calculation,

d describe briefly the subsequent motion
of P. 2)

« Section 5.5

Review exercise 2

Challenge

B 1 A particle moves in a straight line with an initial

velocity of ums™. When the particle is moving
with a velocity of vms™ the acceleration is —e***
where k is a constant.

a Show that the time taken for the particle to

e 1 (ez’“‘ =1 ]

come to rest is —
2k

b Find the distance the particle moves before
coming to rest.

ezku

« Section 4.3

A particle P travels on the x-axis, passing
the origin at time ¢ = 0 with velocity -k ms,
where k is a positive constant. At time ¢ the
particle is a distance xm from the origin and
its acceleration, am s, is given by a = Bx%lr—
Show that the distance of the particle from the
origin never exceeds %\/E metres.

« Section 4.2

A particle of mass m is projected vertically
upwards at time ¢ = 0, with speed U. The particle
moves against air resistance of magnitude
mgkv?, where v is the speed of the particle at
time ¢ and k is a constant. Find in terms of U, g
and k the height of the particle at the first point
where its speed is half of its initial speed.

€« Section 5.1
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Exam-style practice

Further Mathematics
AS Level
Further Mechanics 2

Time: 50 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 A particle P moves along the positive x axis. At time ¢ seconds, the acceleration of the particle

is E%S__-L where vms™is the velocity of the particle. The particle starts from rest.
a Find vin terms of ¢. (6)
b Show that the speed of the particle cannot exceed 12ms™'. 2)

A particle P of mass m is attached to one end of a light inextensible string of length 2a.
The other end of the string is fixed to a point Q which is vertically above the point O on a
smooth horizontal table. The particle P remains in contact with the surface of the table and

moves in a circle with centre O and with angular speed \(Z; where k is a constant.

Throughout the motion the string remains taut and ZQPO = 60°, as shown in the figure above.
mkg
a Show that the tension in the string is 5 3)

b Find, in terms of m, g and k, the normal reaction between P and the table. 3)

¢ Deduce the range of possible values of k in order for the particle to remain in contact with
the table. 2)

—_—

[3g
The angular speed of P is changed to | —;~. The particle P now moves in a horizontal circle above
the table. The centre of this circle is X.

d Show that OX: Q0 =1:3V3 @)
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Exam-style practice

D C (4m)

2a

¥
A« » B (2m)
Sa

The figure above shows four uniform rods joined to form a rigid rectangular framework 4ABCD,
where AB = CD = 5a, and BC = AD = 2a. The mass of each rod is% per unit length.

Particles, of masses 2m and 4m, are attached to the framework at points B and C respectively.
a Find the distance of the centre of mass of the loaded framework from:

i AB

i AD (8)
A new uniform rod, PQ, of mass 10m is added to the loaded framework to join AB and CD. P

lies on AB and Q lies on DC such that PQ is parallel to AD. Given that the centre of mass of the
new framework is a distance 2.5« from 4D,

b find the distance 4P. 5)
The loaded framework is freely suspended from D and hangs in equilibrium.
¢ Find, correct to three significant figures, the angle which DC makes with the vertical. 3)

d State how in your calculations you have used the assumption that the rods are uniform. 1)
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Exam-style practice

Further Mathematics
A Level
Further Mechanics 2

Time: 1 hour and 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 In a harbour, sea level at low tide is 10m below the level of the sea at high tide. At low tide the
depth of the water in the harbour is 8 m. On a particular day, low tide occurs at 1 p.m. and
the next low tide occurs at 1.30 a.m. A ship can remain in the harbour safely when the depth
of water is at least 12m. The sea level is modelled as rising and falling with simple harmonic
motion.

a Write down the

i period

ii amplitude of the motion. (2)
A ‘safe mooring height’ marker is attached to the harbour wall at a depth of 12 m.

b Find the speed, in metres per hour, at which the water level is rising when it passes this

marker. “)
¢ Find the total length of time between two consecutive low tides for which the water in the
harbour is at a safe mooring depth. 4)
2 A uniform rectangular piece of card ABCD has D

AB =2aand AD = a. Corner C is folded down to t L
meet side 4B as shown in the diagram.

a Find the distance of the centre of mass of the
lamina from

i AD ii AB )]
The lamina is freely suspended by a string Y ]
attached to the point 4 and hangs at rest. S
b Find, to the nearest degree, the angle between DE and the vertical. (4)

3 A particle P of mass m moves along the positive x-axis. At time ¢ seconds, the acceleration of the
particle is —2(k% + v?)ms~2 where vms™! is the velocity of the particle and k is a positive constant.
When 7 =0, Pis at O and v = 2U. The particle passes through the point 4 with velocity U.

a Find the distance OA. , r ? (6)
b Show that the time P takes to travel from O to A4 is -%(—( arctan%{p- = arctan%) (5)
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4 A circular track is banked at an angle « to the horizontal, where tan o = %. A car moves round
the track at constant speed in a horizontal circle of radius 306 m. The car is modelled as a
particle and the track is modelled as being smooth and any non-gravitational resistance to
motion is ignored.

a Find the speed of the car. (6)

The model is refined to account for the roughness of the track, and the coefficient of friction
between the car and the track is taken to be 0.5. Any non-gravitational resistances to motion are
still ignored.

b Given that the car does not skid either up or down the banked surface of the track, find the
range of possible speeds of the car. 8)

The region R is bounded by the curve with equation

y = Vcos2x, the positive x-axis and the line x = TZF :
The unit of length on both axes is the metre.
A uniform solid S is formed by rotating R through 27

about the x-axis.

a Show that the volume of S'is % m’, 4)

b Find, in terms of m, the x-coordinate of the centre _
of mass of S. You must use algebraic integration 0 TXx
to obtain your answer. 7 L

The solid S is placed on an inclined plane, rough enough to prevent slipping, with its circular
face on the plane. The plane is slowly tilted until the solid S is about to topple.

¢ Find the inclination of the plane to the horizontal when the solid S is about to topple. 4)

A particle P of mass m is attached to one end of a light inextensible
string of length a. The other end of the string is attached to a fixed
point O. The particle is held with the string taut so that OP makes an
angle of 60° with the downward vertical, OQ. The particle is then
projected with speed /3ga in a direction which is perpendicular to OP
so that the particle moves in the vertical plane OPQ.

Show that P does not make complete circles about O and find the 0 _ g
angle that OP makes with the upward vertical when the string first
goes slack. (14)

223




Answers

CHAPTER 1
Prior knowledge check
1 a 219N (3s.f) b 3.05kg(3s.f)
2 a 106m(3s.f) b 58.6J(3s.1)
Exercise 1A
1 a 0.524rads! (3 s.1) b 12.6rads! (3 s.f)
¢ 38.2revmin (3 s.[) d 1720revh™ (3 s.f)
2 a 80ms! b 83.8ms'(3s.f)
3 a S8rads! b 76.4revmin (3 s.[)
4 a 2ms! b 2.09ms'(3s.f)
5 a 449s(3s.f) b 0.14rads! (3 s.f)
6 a 0.628rads™' (3 s.[) b 0.0754ms™" (3 s.f)
¢ 0.0503ms™" (3 s.f)
7 a 0.279rads' (3 s.[) b 39.8m (3s.[)
8 3.14ms'(3s.0),5.24ms! (3 s.1)
9 a 0.242rads' (3 s.[) b 0.362ms! (3 s.f)
10 0.056rads™ (3 s.[))
11 a 0.000145rads™ (3 s.f), 0.00175rads™" (3 s.[)
b 1.45x 10°ms!(3s.[),2.62 x 10*ms-! (3 s.[)
12 62.8ms! (3 s.f)
13 a 4.71rads' (3 s.f) b 2.55cm (3 s.f)
14 29900ms™" (3 s.f)
15 r=5
Challenge
™ -1
19 rads
Exercise 1B
1 4ms?
2 20.8ms2(3s.f)
3 a bSHrads b 15ms™!
4 a 129rads™! (3s.f) b 7.75ms! (3 s.f)
5 2.14ms2 (3 s.f)
6 0.283rads! (3 s.[)
7 072N
8 48.6N
9 a 0.588N(3s.[) b 45N
10 a 0.24ms! b 0.0072N
11 0.0294 (3 s.f))
12 3.13rads! (3 s.f)
13 0.157 (3 s.f)
14 0.233rads™ (3 s.[))
15 a 320N (3s.f) b 0.000153 (3 s.f)
16 a 2.42rads! (3s.f)
b No, because it is the minimum possible value for W.
If the speed or the coefficient of friction reduced at
all, the people would slip down the cylinder.
17 1.4ms!
18 a > v
u 9R
b Model assumes that the tyres all experience the
same [riction.
19 0.322m (3 s.f)
_ V197
20 w= 10
224

Challenge
q .
a y= F.ﬂ
x
b Acceleration is 2g in the positive y-direction. Speed at

L B+ -BE ~ PR = ]

the origin is p.

y=R-R'-2?
2

Bal

29
2q
The acceleration of P and @ are equal.

Exercise 1C

= B R

10
11
12
13

15
16
17
18

18.4N (3 s.[)), 4.52rads™" (3 5.f)

10.3N (3 s.[)), 4.43rads™ (3 s.f))

23.7N (3 s.[)), 60° (nearest degree)

73.5N, 0.6m

T = mlw?

Let the tension in the string be T. The angle between
the string and the vertical is #, and the radius of the
circle is r.

R(—): T'sin@ = mrw?*

R(—): Tcosd = mg

Dividing the horizontal component by the vertical
component

mrw?

tand = mg

w=18rads!, v =5.4ms"!
18.1rads' (3 s.f)

9.5°

22.8rads™ (3 s.f)
9.44rads™ (3 s.[)

a R(—): Rcosa =mg
R(): Rsina =2
Dividing the horizontal component by the vertical
component to eliminate R:

my?_v?

rmg " rg
So, v?=rgtana = /rgtana

b This model assumes there is no friction between the
vehicle and the road.

2.22ms' (3 5.£)

0.4

427 (nearest degree)

29.5ms™" (3 s.f),9.94ms™! (3 s.[))

tana =

@ Full worked solutions are available in SolutionBank. #
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a 207 (nearest degree), 20800N (3 s.f.);
68° (nearest degree), 52700N (3 s.f.)

b To turn in a shorter time the aircraft will need to
decrease the radius of the circular arc in which it
turns. Thus the angle to the horizontal and lift force

must both increase.

20 R()): Tsind + Rsinf=mg = T+ R =9
sinf
R(—): Tcos# — Reost = mlcosfuw? = T — R = mlw?
Eliminating R:
T= {?‘!g + mlu?
sin#
T = ym(lw? - gcosect)
21 2.20rads' (3 s.f)
Exercise 1D
1 a 3.13ms'(3s.f) b 17.6N (3s.1)
2 a 343ms'(3s.f) b 19.6N
3 a 297Tms"'(3s.f) b 157N (3s.1)
4 a 221ms'(3s.0) b 588N (3s.1)
5 a 852ms™'(3s.1) b 469N (3s.[)
6 a v=yu’-14g1 —cosé) b u=/28g
7 a T=45gcos6+3 -3¢ b u>/T0g
8 a 027 b 0.26
9 a 0.30 b 0.28
¢ The particle will continue in a parabolic arc
(projectile motion) in the negative x-direction,
initially increasing in y before decreasing in y.
10 a 6.26ms' (3 s.[), 25.3N (3 s.)
b 56ms 18.8N (3s.0)
11 a 9.66ms'(3s.[) b gms?
¢ 458N (3s.f)
12 39.6° (3 s.1) to the upward vertical,
v=274ms" (3 s.[)
13 8gr
[T6gr 11m
140 [T y 1
15 a T=myg(l + 3sind) b 19.5° (3 s.f)

16

a AtpointS: G.PE. =04 x g x 3.8 =1.52¢,K.E.=0

At point P: G.P.E. = 0.4 x g x 4sinf = 1.6 gsin#,
KE.= %x 0.4 xp%=02p°

By conservation of energy: 1.52¢ = 1.6gsind + 0.20°

= 0.2v?=1.52¢ - 1.6gsind
= p?=7.6g - 8gsind
= v =/7.6g - 8gsind

b 3.8m

¢ In reality there will be frictional forces acting on the

handle so the height will be less than 3.8 m.

Exercise 1E

1

2

4/ 40/

a mg+3mgcosfd b E ¢ 57
a 9gcosé - bg b 48° (nearest degree)
¢ 6.7m

Ori ; [3rg
a Tg - 2rgcosf b 3 ¢y Tg

3/rg
d 2 e 047 (nearest degree)
a 487 (nearest degree)

b /8g, 74° (nearest degree)

Il'g_(I

b vx

| —=—, 64° (nearest degree)

49° (nearest degree)

The particle will fall through a parabolic arc
(projectile motion) towards the surface in the
positive x-direction.

a 10.3ms™

b AtR:Lx2xv?=2gl12 - 5c0870° - 7cos40°)
So, v* = 96.58

=~

Resolving towards B: mgcost — R =mT""'2
2
R = 2gcos40° —2% st

R<0

Answers

This is impossible, so the particle must have lost

contact with the chute.

¢ In reality, energy is lost due to [riction between the

laundry bags and the chute.

[17ga

Y3

b Energy would be lost due to the frictional force

acting on the marble, requiring a larger initial speed

for the marble to leave the bowl.

Mixed exercise 1

1

D1 W

R(—): Rcos# = mg
: mv?® _ 2mu’
R(M): Rsinfl =——=
PR = ="y
Dividing the horizontal component by the vertical
2u®

3ag

component gives tané =

g

E

From the problem’s geometry, tanf = ——= i
(e v
So, i = 2u”
V7 3ag
9ag = 27 u?
3mg mg
=z b 5
a H%’ b /60gl

108m (3 s.[)
a Tis the tension in string AP. S is the tension in
string BP.
The triangle is equilateral.
Rl—): Tcos60° = mg + Scos60°
T-S5=2mg
Ri1): Teos30° + Scos30° = mrw?
(T + S)cos 30° = m(lcos 30°)w?
T+8=mlw?
Eliminating S to find T:
2T = 2myg + mlw?®
T= %[Zg + lw?

b %{fw2 - 2g)

2
¢ Both strings taut = lw* - 2g = 0, w* = Tg

a Let T be the tension in the string.
Ri1): Tcos45° = mg

T=2mg

N

¥
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Answers

7 a 648N b 257 (nearest degree)
fr
8 a 4my b 37.—‘.,'5,
!.}2
9 a 7— = ul = pmy
vt _
rg
212
100x98 "
u=045
35
b 15
10 a ‘i’”{ 24 2g)

Maximum speed gives the shortest time. At the
maximum speed with the rod still on the surface of

the sphere, R = 0. Radius of the circle is X gr
When R=0, Tcosa=mg = T= [.::29;! = 2\%
Tsina=mx 20 = 2
2
So P oL oy A5
ek
[2g
e o
Y =\3r
P . -
Time for one revolution = & eqdxdr_ . jor
| 2¢ Vg
¢ i The minimum period decreases.
ii The minimum period increases.
11 a Let F be the force due to friction.
Let R be the normal reaction force.
R(—): R = myg
Ri1): F = mrw?
If P does not slip, then yRt = mrw?
5
%mg %m )2 #wst—g
5g , _ 65g
b a =wr=s Pu
12 a iga +2gasing b mg( 3+ 3sing)
¢ 206°
d v = 0 before the particle reaches the top of the
circle.
13 /2.69
14 a %5 - 4cos0)

b Resolving towards the centre O:
mgcost) - R =—— nw

mgcosfl - R 217(5 - 4cosH)
Substituting cosd = 0.9

m,
R=09mg —79[5 - 3.6)

R=0.2mg
R =0 = Pisstill on the hemisphere
i 0 |'J'5_£
%L g 76
d 1',"I597a e 61° (nearest degree)
15 a u?- 169r b !%

| 19gr | 73gr
¢ {5 475
uw’ + 2ag u ;
16 a “Bag b 34° (nearest degree)
Challenge dy
a At point (x, x%), — P =2x
R(7): Reosé = mg (1)
R(—): Rsind = maw? (2
el
(2) = (1): tang :% (3)
tand = dy =2
anf = - = 2x
=>2x=—x; = 29=-w?=w=\2g
Hence w is independent of the vertical height.
b From (3), w® = gery
N tand
For w to be independent of x = Q'T =k for constant k
= tanf = ax for constant ¢
dy 3
E:tanﬂ:ax =y=tax®+b
Hence f(x) = px? + ¢ for for constants p and g
CHAPTER 2
Prior knowledge check
1 x=3.y=2
2 3.6m
3 144cm®

Exercise 2A

1

2
3
4
5
6
7
8
9
0

1

(3.2,0)
(0,2.5)
(1.1, 0)
2:m
m==6
0.7kg
6.5
(0, -2)
m=2,m,=3
1x2m+5)=(m-1x=-1)+(b-m)x1)+(2xm)
+((m+1)x0)
2m+5=06
2m=1
m=0.5kg

Challenge

(2 x PQ) + (3 x (PQ + 3PQ)) = (6 x PG)
Lo = 6PG

19PQ = 12PG

PQ: PG

is 12:19

Exercise 2B

frBE = T S

(3.2)

(0.5, -0.75)

(4.6, 4.2)

3i+ 2.5)

(2.1,0.3)

a 1 b 1:5
p=1l¢g=-2

(1.3)

@ Full worked solutions are available in SolutionBank.



9 3% cm from AB and %cm from AD.

10 a 3g b 3.2cm

Challenge

0.2kg

Exercise 2C

1 a (2,3 b (3, 4)

(1 ‘Sa )

c (g,l] d (? 3a)

o

Centre of mass is on the axis of symmetry at a

distance ;—Gcm from the centre.

T
a=3,b=3
a Distance a from AB, Distance 2?“ from BC.

b Distance % from BC, Distance ‘%ﬂ from AB.

¢ On the line of symmetry, 4?“ from the line AB.

d (3&2?(1) with A as the origin and AC as the x-axis.

(2, 7) and (-13, 4)
a B has coordinates (12, &), D has coordinates (12, - 1
b (3.4
a (3,5),(3,-3)
b (3.3). (3.~ 4
I 43
Yy=3=9"73
2,403
3% 3
y=2V3

Centre of massisatx =2
So, using Pythagoras:

AB? = BC? = /2% + (2/3)
AB=BC=4

So the triangle is equilateral.

Exercise 2D

1

(A

=1

7

a 33 b 726 ¢ (5 d (]

e (%) 2% 8 (&3

za

2.89a (3 s.f)

a 10cm

b 12cm horizontally to the right of A and 4.5 cm
vertically above A.

a 4.5cm horizontally to the right of 0, and 3.5¢cm

vertically above 0.
b 5.83cm horizontally to right of O, and 4.32¢cm
vertically above 0.

a 12(_;) + 24(2) + 16(3) - 52@

o 09
g/ |4
Y 13,
(9 41
(5 73)
b Sincey = % for original plate, holes must be

symmetrically placed about the line y = %
0

€ 5
x=a

Challenge _
Area of hexagon ABCDEF = 3;3 x?
Using Pythagoras, find the height of the midpoint:
£42 \,g

2 [= 2 e
o= (2) +h*=h= 5 )
So the centre of mass of ABCDEF is (\;x)

2.,
7 1 = _x V3

Area of triangle to be removed = 5 X V3x % 2= %

T+Z
So the centre of mass of DEF is

V3x
2

V3x
2

Y= due to symmetry

Exercise 2E

43 21 53 20
1a (&g b (%)

¢ (2.67,2.26) (3s.1)

Answers

d (3.73,3.00) (3 s.f)

2 Centre of mass is on line of symmetry through 0, and a

9(/3 +2)

I 0.
€. rom

distance of

3 Uy
4 a 5.83em (3s.1)

b i 817g(3s.f) ii 4.41cm (3 s.f)

=1

below A.

£m horizontally to the right of A and {5m vertically

6 Centre of mass is on the line of symmetry at a distance

of 2 below the line AB.
2

7 a 1.75m :

b (20 x 1.75) - (1 x 0.5) = 195 = § = &

] 5 I
&yzﬁ—]]S:R

Challenge

1/5¢e¢m
]

Exercise 2F

a 20.4°(3s.f)
63.0° (3 s.f)
80.5° (3 s.1)
33.1°@3sf)
81.0° (3 s.f)

a &
b fem

¢ o=222°(3s.1)
67.1° (3 s.f)

65.3° (3 5.1)

a 3.5m

b AtA: 5gN; At B: TgN
c 149°

10 8-m

™

b 24.4°(3s.f).

S e W N

cm

Re=le s |

¢ 56.8°(3s.1)

227



Answers

11 a

For a rectangular lamina: Area = 2a x 3a = 6a*

a
Centre of mass (ga)
5T
: T . _ mwa?
For the quarter circle: Area = g RTxat=—

Centre of mass:

g 2rsina _ Zasin(3] 424

3a 3><I T 3«

This distance is the hypotenuse of a right-angled
triangle, with the other sides equal.

iy 2 .
d2 =22 = (4;{‘“) =G e 196‘* s e 20

7? 3T

4
-=a
So, centre of mass of the quarter circle ({ 4:”} )

3
Centre of mass of the lamina:

A8 5" )0

My e=_ s ma® a'  — _ 2a(38 - 3n)
(6 4):; BB e T g
a? 104a
Tl R
p _34W . W38 - 3n)
324 - 3(24 - 7
68
tan|——2 |} (39.1° (3 s.f.
C arcan(llz_g?r)[ 9 { g )]
Challenge
0.0343M (3 s.[)
Exercise 2G
21.8° (3 s.0)
104° (3 s.f)
a x=8cm b 0.2

30.6° (3 s.1)

19.4°

a

a

1
2
3
4
b 28:5%(3:51)
6
7
8

b 78.7°(3s.f)
b 255°(3s.f)

T,=3W, T, = 3w

T, =LW,T,= Uw

Challenge
9=26.6°(1d.p.)

Exercise 2H

1 Zem horizontally to the right of AD and 2 ¢m vertically

below AB.

2 2.4cm vertically below AB and 5.6 cm to the right of

(original) AD.
20.1° (3 s.1)
35 12

11

50.2° (3 s.1)

a
b

228

3
4
5 (2.89,1.31) (3 s.1)
6
7

0.07m

C, as the centre of mass of the composite lamina is

between O and .
At B: 17.2¢: At C: 2.8¢

61.2° (3 s.f) b 27.6°(3s.1)

Challenge
1 1

a Let width = 2, then height = P T &1 =y2+1

b On central axis, a distance 0.54x from the bottom edge
of the paper.

Mixed exercise 2
1 a 0413m(3s.f)

¢ 0.275(3 s.f)

2 9 36 9° (3 s.f)

b 127 (nearest degree)

3 _T,E
13a 4a 5M
4 e h — ¢ 45° d m===
9 9 9
. da s
5 - = b é=58"
a i = ii >
6 a 1.7a b 1.1a
7 59.1° (3 s.f)
8 a 39.0°(3s.h) b 7.8°(3s.f)
9 AB=0.25M, BC = %M, CD=05M AD =M

o.25m(3) + 23]« 0w « (¢) - (7

B3

(o-3) (B
tanf=————=——=——
(5-7) () 33

41

6= arrtan(g,%)

10 a T, =1.2Mgand T, = 0.8Mg b 45°

11 a T,=Mgand T, =2Myg b 47.3°(3s.1)
Challenge
13.67 (3 s.f)
CHAPTER 3
Prior knowledge check
T P mg, T, = L mg
T T B
2 A=8andB=4
g 262
o1

Exercise 3A

{24 lJ 75)

o
wpa

o g
Sl

8

e — e,
=
-
=
XX
=
o

= ;,-q:»gl

—_ l:\gl
I ooy
L

‘9

|

~ M
S
5
N

JN T
9 (1551)
10 (23,15
11 (1.01,0) (3 s.£)
12 (1.34,0.206) (3 5.1

w
3

=
_—

Challenge

(0, 0), (4, 0), (4, 2), (4, -2), ( '19)and

(2. [3)
10110 100 V10

@ Full worked solutions are available in SolutionBank.



Exercise 3B

1 (2,00

(x. 0)

(50)

(25.0)

(32 0)

(1.65,0) (3 5.f)
(62 + 1)

9(%¥—nﬂ)

10 (0, 1.34) (3 s.f)

11 (1.01,0)(3 s.f)

12 1.46 (3 s.0

13 3.04em

14 %ahnve the base

2(1,0
4(0,-3)

00~ o1 W

~ %
15 F;cm above the base

16 The arc of the circle 2* + y* =a*, a-h=x=a s
rotated about the x-axis.

" I.a{az — x3xdx [%azxz : %x"]ﬂ

= a-h a-h
i P — = =
7 [ la? - x3dx Iazx = gx"]
ok a-i
Loaa_ Loaoia _ mj2 o lig _ R4
1 sala - h)? + 3la - h

a*—aa-h + %{a - h)?
tla? - a - h1?)?
H2a? - 3a¥a - h) + @ - b))
_ 3(2ah - h?)?
"4 3k -k
_ 3(2a - h)?
4 Ba-h

.. Distance of centre of mass from base of cap
(le.x=a-h)is

32a-m? (3120 h?-43a - ha - h)
4(3a - h) 4(3a - h)
_ 4dah - h?
" 4(3a-h)
_ hi4a - h)
17 a 7=3 b 4.18cm
18 k=1
23h
19 a 4

b On the common axis of symmetry of the cone and

cylinder, a distance % below the top plane face

of the cylinder and a distance 1—'"1 to the left of the
vertical axis of the cylinder.

20 a 4.07cm (3s.0) b 4.17c¢m (3 s.f)

Challenge

% from the plane face

Exercise 3C

1 The centre of mass lies on the axis of symmetry at a
point 0.42 cm below the base of the cone.

2 Centre of mass is on the axis of symmetry at a distance

5.33 cm away from base of the cylinder.

Answers

3 a A square based pyramid has base area A and height
h, the centre of mass is on the axis of symmetry.
Volume = 1 Ah
Mass = Ahp
Take a slice of thickness dx at a distance x; from
vertex. The base of the slice is an enlargement of
the base of the pyramid with scale factor %

. A
Ratio of areas is (ﬁ)
12
Area of base of slice is }T;A
Mass of slice m, = dx
li ", = "2 ppde = Lhoa
immas [qptedn = ghte
1p2
mx. +h2A
= E:: i 4 g — Ei.h
M %Ahp 4
The centre of mass lies on the line of symmetry at a
distance gk from the vertex, or % from base.
b 3.39cm (3 s.[) below O
4 a gwhere h is the height of the tetrahedron.
b 2/6m below 0
5 a 196cm(3s.[) b 0.48cm below O (3 s.[)
6 a 114kg
b 0.589m (3 s.f) from its base.
¢ Mass of post will decrease as cross-section of
cylinder is less than 1. Position of centre of mass
will be the same.
7a Shape Mass Vertical
distance from
0 to CoM
Cylinder 32mr3 r
3
Hemisphere 27; %
Composite a_ 2mr® _ 94qrd
body By 7 g %
27r®(3r\ _ 94nr?
s2er ) - 207°(3r)
wri(r) 3 |3 3 ()
127xr* _ 94xr? 381r
e e % v S
3 3 " 376
387r i T
b1 5o T
8 a im b 4.76m (3 s.f)
¢ 0.727m (3 s.L) d 3.45m (3s.f)
9 a 824kg(3s.f) b 873m
10 a 3 b m
Challenge

a=-25andb=3

Exercise 3D

-

2
3
4

i

f = 68° (to the nearest degree)

# = 40° (1o the nearest degree)

# = 63° (to the nearest degree)

a 2.78 cm from large circular face
b o =51° (to the nearest degree)
T,=13.3N, T, = 6.34N

V2

a —m b T7,=38.3N,7,=429N
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Answers

195 445

At P reaction is — gN and at () reaction is n gN.
390kg
Mass of elemental disc = prr*h = 1007 e 5h
Total mass = 1007 L"“e"-”* dh = 1007 10"}
= 100x{10e? — 10) = 1000x(e? - 1) "

"}E]h dh jﬂ heo-njdh
1000x(e® - 1)y = 100x [ " he*"dh = = ————

7300, T =0 -1

j“]mhe"'"’dh o [10?!8“'"‘}? _ h{}-"“loen.mdh

= [10ke" — 1006”4 = 100(2e* + 1)
100(2e* + 1) _ 10(2e* + 1)

T = - =
3 e? — 1
et 10fe® - 1)
T,=1.07 x 103N, T, = 1.21 x 103N
46.7° (3 s.1)

In equilibrium the centre of mass “ lies below the
point of suspension S. Let distance SG = x.

0 is the centre of the base of the cone and Vis its
vertex.

A is the point on the base connected to the string
and B is the point on the line SG a distance r from G.
tang = % (from triangle VSG)

Also tanf! = x_;r (from triangle ABS)
3r r
x=3x-3r
2x=3r
3r
=2
tanf = §

V5 mg
2

11 22.8°(3s.f)

Exercise 3E
1 4.77cm (3 s.f)

2 a
3 a

4 a

5 a

230

317 (to the nearest degree) b u =—‘f

30° b 35cm (2 s.f)
2My b 1

2+V3 2

Let the height of the small cone be h.
Using similar triangles:

q . T
h+2r 2r
2h=h+2r
h=2r
Shape Mass Mass | Distance of CoM
ratio |from centre axis
Large cone | pLr(2r)24r | 8 ¥
Small cone | pLar?x2r | 1 2F + % - 5;
Frustum p%?{ x 14r3 | 7 T

Take moments about centre axis:

&—%:E
e B
=1

i Yes ii No

As the angle of the slope is 407, limiting friction
would imply g = tan40°.
No slipping implies that 4 = 0.839 (3 s.f))

6 a Consider the cube in equilibrium, on the point of
toppling, so the reaction force acts through the
bottom corner A.

R(—:P-F=0=F=P
R(1):R-W=0=R=W
Moments about A: P x 4a = W x 3a
=>P=3W
If equilibrium is broken by toppling:
P=3W=F=3w
But 7 <= uR
= 3W < uW = u > 2 is the condition for toppling.
Ifu< % then the cube will be on the point of
slipping when F = uR.

b 2a

7 a 25.6° b 0<k<6

8 16.1°

9a Shape Mass Mass Distance

ratio of CoM
from 0
Hemisphere | Z7pr3 2r h+3r
Cylinder wprth 3h %
Composite o2 4 b Bz
colid mpri(sr+h)| 2r+3h |
Moments: Zr(h - %r) + 3h x g =(2r + 3h)x
= 2rh+3r? + 3h? = @2r + 30)%
8rh+ 3r® + 6h* = 4(2r + 3h)x
=}’E___6hz+8hjr‘+31r'2
4(3h + 2r)
b« =29°(to the nearest degree)
44
don v,
©rTm
10 a Shape Mass Mass | Distance
ratio | of CoM
from 0
L 1 2 8 =l
arge cone | - mpl2ri2h 4
Small cone | 4 xprth 1 h+ %
Frustum Spl8r2h - r2h) | 7 x

11

12

The centre of the base is the point 0.

The radius of the smaller cone is obtained hy
similar triangles.

Moments: 8 x 24_h -1x Sh =:Tx

4
TR rsm=1ls
b 0= 38" (to the nearest degree)
a P=puMg b P>3Mg
Slide ii Topple iii
-
T 40
3¢
10
99 3g
30710

c i Slide and topple

a P

b P=

@ Full worked solutions are available in SolutionBank.



Challenge
a Shape Mass Mass | Distance of
ratio | CoM from O
Cone %mrih h %
Hemisphere |3mpr? 2r _T?r
Toy splreh +2r) | h+ 2r | X
Moments: (h + 2r)x = h x % E 2r( ;r)
_ 2 3."_
h+2rx="--
(h+ 2r)x 3 3
—_ h*-3r°
T4+ 2n
b i Fall over

ii Return to vertical position
iii Remain in new position

Mixed exercise 3
4
1 a V= [ryide=n[4xdx
—rl2xt

b 39cm to the nearest cm
3 34cm

9r
* 10

5 a 071(2s.f)

b The centre of mass of the body is at C which is
always directly abovp the contact point.

. B Pf gzdx 2} 16[16 8x + xidx
a y= =
pJydx 14y - x2d
4%{ x - x%dx
[l;t:-"—lx4+l:t:5]4
223 8 50 [,2%

e~ 4],

(1]

b 6=79° (to the nearest degree)

the diameter as the origin.
Then M% = p [2yxdx where

Take the diameter as the y-axis and the midpoint of

M =1 pn(2a)* and where x2 + y? = (2a)*

2pma’x = ijIZx\:"Zi&'i'Ti'ﬂ'dr
i
-2 : a7 2
= Tpild-a‘ - x.z}'i"]f]

2p
2pma’x =?f x 8a?

e Hl 2
I=-pa*+2ra

___8_[1
37

8§ a

10

Answers

Shape Mass Mass Distance of
ratio CoM from AB

Large z 8a

semicircle xo8 3 37

Semicircle ST 4a

diameter AD | 27P¢ 3

Semicircle i [ 4a

diameter OB | 274 3
Remainder Tpa® 2 x

Moments: 4><8a 1X4_a 1x 4a =2x

5% T 3n 3T
a .
=—=2x
37
z-4a
T

¢ The distance from OC is a

The distance from OB is 5= 2“

d 787 (to the nearest degree]

Shape Mass Mass Distance
ratio of CoM
from 0
Cyli 5 -h
ylinder wprih h >
Hemisphere %Trpf.?ﬂ i 18r %13:')
Mushroom mprth +18r) | h+ 18r |0

Momenls:—hx%+18rx%x3r=0

h* _ 81r®

2 4
81

ket g

b 8 =09°(to the nearest degree)

a V= :r.—j'aclax dx
1]

c
d

a

= wl2ax?;
= 2na?

?rfﬂélaxzdx
(1]
B 2na?

e,

g 8
2ma’

3

prpa=6:1

As centre of mass is at centre of hemisphere this
will always be above the point of contact with the
plane. (Tangent-radius property).

Shape Mass Mass Distance
ratio of CoM
from AB
T X 3r
Cylinder mpl2r)? x 3r 12r >
- 1 1 1
Cone Fprt % h sh Th
Remainder | wp(12r® - 1r2h) | 12r - h | X
(12r=Lp\z = Bk
Moments: (]2:‘ 3:‘1) 12r x 5~z Xy

231




Answers

(12r - %h)i —18r2- 12

12
18r2 - 1
i R R
12r-14
5 = 2168 — A2
4(36r - h)
b 6= 387 (to the nearest degree)
11 a 0.265m (3 s.f) b 0478mg (3 s.0)
12 a 1.11(3s.f) b 14.4°(3s.1)
13 a ['(1000 + 400x}dx = [1000x + %x]:
= (9000 + 7200) — (0)
=16200kg
b 49m
14 a 40cm
b i e.g Suitable if uniform across cross-section, or

suitable as height > diameter, or unsuitable as
may be non-uniform across cross-section.
ii Unsuitable as rod has no width so will never be
stable.
¢ 9.71%(3sf)
15 T, = 48gN, T, = 120¢N
16 60m

Challenge
a Mass of elemental disc =pr (h — x)?6x
= alx + VA® - 2hx + x %éx
=alh®x - 2hx® + 2% + h® - 2hx + x%)6x
Mass = rrj:']"hzx - 2hx?+x3+ B2 -
= w[%hzxz -2hx? + 12t
(-2t
= n(&h* +3h%)

2hx + x2dx
- = h
+ h%x — hx? +l,,x3]
- 1]

Ih*+ P - h*+ 3h%) - (0))

=Lahdh+4)
b 5m
_amh* 2k +5)
C o L EEESE S S Y
Lah®(h+4)
If 7 = kh for some constant &
%';Th"g [2}! + 5] 2h+5
S Lahih+d) S+ d)
2h+4)-3_» 3
© 5h+4) 7 5h+4)

ASh—)oo,k—'_%

Hence as h varies the height of the centre of mass of the
cone above its base cannot exceed é,h.

Review exercise 1
1 3.67ms!(3s.f)

2 a T=55N((2sf) b 0= 267 (nearest degree)

3 a R(]): Tcosb0® —mg=0= T—ic = 2myg
|I 29‘ 0s 60
b w=|2
4 190m (2 s.f)
5 24ms'(2s.f)
6a 277 b o= 6gl

¢ The tensions could not be assumed to have the
same magnitude.

232

10

11
12

13

14

15

16
17

-]

= ° -
a=70.5°(3s.rf) b I= 5k
2m b 2r /1

g (29
v o = h a \-'r§
tan60° = 7 = Fi= Etanf;O 5 ~h

.
Tension in AP = mg + %mhmz and tension in
BP = 1mhe? ~ mg
.
2
Tension in BP = 0 = w = 'L'II%

AsT= Z—T T 27r|v|— =T< 7r||III2h
mg
R(1): Teosf -mg=0=T= TP
R(—): T+ Tsinf = mrw? %
m
r=htanfl = —9[1 + sinfl) = mhﬂmz
cost cosd
gil + sinﬂ)
w? =2
e h( sin#
2 9( 1 ] 1
wi==H{——+1 dsinfd <1s0o—=>1
h ‘;1118+ afid 4in 40 sin#

29
=:~:..r2>%x2=:~m>.|lllT

T= 2‘ 3 mg or 1.15mg
k 2k
R(—): Tcos 30° = m(2acos 30°)3_9 = e %
& :
mg(] - §) ¢ k<3
PX = 2acosf
2
R(—): T'cosf = m x 2a cos# x Fg = T'=4dmg
mg mg
R T'sinf — 0 0=— =
(1): T"sinfl —mg =0 = sin T 4mg =7
AX = 2a sinfl = Ea,AO =2asin30=a
S0 AX = 1A0
R(1): Tcos# — Scost —mg =0
mg  4mg
T-8§=—" = 1
= cost 3 1)
R(+): T'sinf + Ssin# = mrw? = mlsinfw?
= T+8=mlu? (2)

Solving (1) and (2) simultaneously
= T=1m(3lw? + 4g)
+m(3l” - 4g)
R(1):R-mg=0=R=myg
R(—): F = mrw? = m(3a)w?
As Premains at rest F = uR

4g
AsS=0,wi=—
c As w 5

mg=>w'3<9—g

= m(iajw? < 0
g

W= 199 e
mx = 50q 20a
i25gN i arccos(tjor 36.9°

. _mvz_\(5_9)(§)_2u2
Tsmf?_—r 2S5 =ma

33
o RN

= 0= E = U= TV gI

gl 51
'z b %
Use conservation of energy:
smiu? - v = mgll - coso)
= p?=u?-2gll - cosbl =
v? =gl + 2gl cosfl

and w?;, =

0=

3gl - 2gl + 2glcosd

@ Full worked solutions are available in SolutionBank.



18

19

20

21

22
23

24

26
27

28

29
30

=

T BT B S

]

e

a

b

Ti=

Resolve along the string:

T iR mo? _ myl + 2mgl cos

{ l
= T =mgll + 3cosd)
g 40/
13 o
I

s 2
Resolve along the string: T — mgcost = %

Conservation of energy:
smu? - smo? = mglll - cosf) (2)

Solving (1) and (2) simultaneously: 7= %{9 cosf) — 4)

(1)

3or0.75 , ,
Resolve along the radius OB: mgcosf = % = ’g’}s
So 02 =0.8gcosh = 0.6 = 5.88 “
u=14
%mvz = mglacosa — acost) = v? = 2galcosa — cost)

: Tga
6 = 60° or £ radians c 'h'll%
3
E!ﬂg .

o ;
Fm X % - 3mV? = mgall + cosf) (1)
mV?

Resolving along radius:mg cosd B

Eliminate V2 from equations (1) and (2):
= c0sf = 3 = 6 = 60°

(2)

[6a

| g

v=2_8 b m=6 ¢ 1300N (2s.1)
30ms!'(2s.1) b 1900N
28ms! (2 s.1) d 560N (2s.1)

Lower speed at € = the normal reaction is reduced.
v® = ag(l - 2cosd)

R(,) along radius:
2
T + mgcost =% = T=(1- 3cost)mg
ia d staor0.148a
3ga + 2gasing b 3!:;19'{] + 2sinf)

Put T = 0, then sinf = - so § = 210°
No. v = 0 when # = 229° (3 s.f)), so P changes
direction before it reaches the top of the circle.
Consider motion at start and at A:
no change in P.E. = no change in K.E.

|I%
sov=u= \IIT

73.2° (3 s.1)

24 3‘:1;; b .:4° (nearest degree)
u® - 3ga b %

[Tga —

V2 d u=bag

Taking moments about the x-axis:
2+)=3x4+5x0+4is01=2
k-1.1

y=3

(3i+ 2.5))m
31 a The total mass is 2M + M + kM = (3 + kIM

M(Oy): 3+ kM x3=2Mx6+Mx0+kMx2
= 94+3k=12+2k=k=3

32

33

34

36
37
38
39

40

B oTeE T

=]

TR R RRE R

[H
a

e o

oToRRE %

BERrRoT R

Answers

o

l(l?ém (3s.1)

257 (nearest degree)

The area of rectangle ABDE is 6a x 8a = 48a2
The area of ABCD is 5 x ba x 4a = 12a?

The area of lamina ABCDE is 48a? + 12a? = 60a?

Shape Lamina | Rectangle | Triangle
Mass ratios 60a? 48a*® 12a?
Displacement 4

from X L 4o E

MUX): 60a? x GX = 48a? x 4a + 12a2 x (-1a|
=192a? - 16a? = 176a*

176a? 44
GX‘_— ==

60a2 15
11
15
% b [ ¢ 51° (nearest degree)
a b LM
6cm b 226°(1d.p)
6.86cm (2 d.p.) b 32.1°(1d.p)
25¢cm b %m
6.2

The centre of mass of the lamina is (3, 0)

Let the centre of mass of the combined system of the
lamina and the three particles be at the point .

The total mass of the system is 12m + km =12 + kim

Shape C(_)mhmed Particles | Lamina
system
Mass 12 + km 12m km
Distances (x) | 4 % 3
= 2
Distances (y) | 4 3 0

M(Oy):12 + klpt x 4 = 12p1 x J + kpt x 3
=48 +4k=54+3k=k=6

4 d 83.7°(1d.p)

Let the distances of the centre of mass of L, say G,
from AD and AB be ¥ and § respectively.
The mass of L is 3m + 4m + m + 2m = 10m

Shape L ABCD | A B G

Mass 10m | 3m 4m |m 2m
Distances (v) (¥ 2.5a 0 5a Sa
Distances (y) |7 a 0 0 2a

0.7a ¢ 20° (nearest degree)
MIO): P x 2a = 10mg x (2.5a — x)= 10mg x 0.25a
2.5mga

%a myg

S

=
565
4

mg

3 b 2 ¢ 377 (nearest degree)
i

a iiza
“ (nearest degree)

[ ij%
39° (nearest degree)
d b d

3.28¢cm (3 s.1)

relen

1

UIU'

i

o
%]

¢ 0637 (nearest degree)
b 0.211(3s.f)
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Answers

46 a 43.8cm (3 s.f)

b T,=0452N(3s.f), T.=0.548N (3 s.f))

¢ k=7.45(3sf)
47 %from 0

48 a The centre of mass lies on the x-axis from

symmetry.

An elemental strip of area is 2ydx
The boundary of the semicircle has equation
r?+y?=a’0=x=aqa

P j‘2x{a 2 x2idy _ 8]

b Shape Mass Mass Position
ratio of CoM
Cone smpatk k 3ka
Hemisphere | £rpa? 2 ka +3a
Top srpadk+2 |k+2 | %

c
52 a

Taking moments about V:
k(3ka) + 2(ka + 3a)=(k + 2)Z = x =

3k2+ 8k + 3la

‘e /3 4k + 2)
=y
Shape Mass Mass Distance of
ratio CoM from O
Lar ge 2 3 3
hemisphere | 37P% 8 el
Small 2 (ay? ;
= 3
hemisphere |3 (2) 1 16 ¢
: 7a3
Remainder %WIJT 7 X

Taking moments about 0: 8 x 2a - 1 x La = 7%

T 2ig2_ 423" 420
T= T o 2la x}.]”_
b Shape Mass Mass Distance of
ratio CoM from O
Semicircle |1, # 4a
radius a 2"Pa “ 3x
Semicircle |1_ 4» 5 4b
radius b 2"P b 3
Remainder | $mpla? - b2 | a2 -b? | x
Moments about 0 :a? x 3% _ p2 x e la? - b2x
3 37
T 4 (a®-bY _ 4 (a-bla*+ab+bY)
T T 3nlgz-bY 37 la-bla+b)
_4a®+ab+b?)
T 3ala+b)
49 a Let the equation of the line AC be y = ¢ — mx
. . 1| 1 3"
3 [Fc-mn’dx 2 [—ﬂ‘f —ana) ]0
¥=—x = .
[7e - madx 1 5]
0 [——(c - mx) }
2m 4
3 2
£ . ¢ _1
“6m 2m 3¢
b.c Shape Mass Position of CoM
a
Rectangle 2a’%p (E ﬂ)
. 4a Za)
2 S s
Triangle azp ( 3+ 3
Lamina 3a?p (Z. )
Taking moments:
a ( %ﬂ‘t -
2 2 s - 2
2a p(czl) +a ;»(z_al— 3u ,r;(y)
3
4a
a+— .
3 T S RN
=3|,]|=¥=5aF=5a
gt 9
2a + 20 [y)
S 1r2. 3 e
50 a = Ji*"”jf " ‘:sz o e ]; .
Fryrde " [

The centre of mass is (% -1]= %m from the larger

plan face.

b Zmor0.967m

30 a2 4
T L

R
[f7x(R? - x2)dx [ 2 4 ]0 1zR

51 a ¥=2 =

234

2R3 2R3
2 3 3
ER

%Trﬁ':‘

b k= %
53 a 87
5
2
ﬂf Ta(x - 2)*dx g .
e S | B 4
b ¥= 5 _Sﬂx‘;L[!HZ]u du
EoEE B b 5 5 51"
= %I}_Eu#m“du = [%u“’ + éu“] ,
5 641 _ 1
=3(0 - [-5]) =3
59W
¢ 12
54 a s
Shape Mass Mass Distance of
ratio CoM from O
Cylinder mprih 1 %
1 of l 1 h
Cone E?rp."z(g) 6 h - Z(E)
Ornament %?TP-" th % T

55 a

Taking moments about O, centre of plane base:

13l 13 Th_sg_ 5p ATh_ 5 1Tk
2 & g 6 48 40

a=66.5%(1d.p)

The centre of mass lies on the y-axis from

symmetry. An elemental strip of area is 2x dx

f h
f y2x dy f yth —y) dy
0 _ Yo

g= i T ph
fody f[h—y)dy
i i
vh g

_ [T_? o_h

]

B2
[9‘1 210

@ Full worked solutions are available in SolutionBank.



c

b

Shape Mass Distance of CoM from A
AABC 12pa? 2a

MNBDC dpa? 2a + 2a

Remainder | 8pa? : 4

Taking moments about A:

12pa2 x 2a - 4pa 2(%)
5a

3

Taking moments about C:

Mg % 8asinfl = Mg(‘%ﬂmsﬁ - 4a sinﬂ)

=8pazf=:-%= 8%

= X =

= 12Mgasing = 3 Mga cosf)
= tanf = §
So CB makes an angle arctan|(g] with the vertical.

Distance of
CoM from O

Shape Mass

Circular disc mpa? 0

Hemispherical bowl | 2zpa? %a

Closed container 3npa? g

Taking moments about O:

0+ 2mpa? x % =3mpax =¥ =

wie

567 (nearest degree)

57 #=53.1°(1d.p)

58 a

Shape | Mass Distance of CoM from C

3a

H g

8M

_3a

K M 16

s 9M 2

Taking moments about C:
3a 3a 3a
BMx "= -Mx==9Mxr = 3a-"-=9%
S T T
45a S5a
S¥=—"+9="1
16 ? 16

ko 2r%x  plx?
x| %l - e
) h h
%iﬂ‘zh
] ra 5 2?‘21‘2
- - 2
2pdy h i
rzx‘*]” 3

Jax

Figd

dx

hr?
12

3 [afrf 2r2%x3
3h

il
"1

4hz], " prp

Position
of CoM

Mass
ralio

Mass

Large cone %‘?:‘I{H’H’H H

Small cone | ymprih h

RS E S e

Remainder | ympr2H-h |H-h

60 a

61 a

62 a

63 a

H = T
sz—hxz_(h' e =T=

1(H? - h?
AH-h) —
Distance from the vertex = H — J(H + k) = L(3H - h)

Answers

]—%[H+h]

H+h
3H-h
Shape Mass Mass Position
ratio of CoM
. or
Hemisphere | 47pr? 4r g
Cylinder aprih h g +r
Toy mprildr+h) |4r+h | T
Taking moments about 0:
4rxz+h(£+r) =(4r+ h)T
8 2
5r2  h?
—+rh
e 2 2 hEs2rhe5r
4r + h 2(h + 4r)
h=V3r
Shape Mass Distance of CoM
from AB
Hemisphere | M %
Cone m —%
Toy m+M X
Taking moments about AB:
3Mr  3mr
F="—
(m + M) 3 4
e 3(M - Zm)r
T 8(M+m)

Let o = angle between 04 and axis of cone

No equilibrium
tana = L .
3r

3(M = 2m)r
8(M + m)

So

=X >riana
1
>3r

1
3

M -2m)=>8M+m) =M= 26m

["rxzdx
] i

T
["rxdx
1

! :1]r

=X 14
[5 Wiz 3!‘
1 21" S
[zre?], 2

a = 72° (nearest degree)

+[7sin®xdx  1["1 - cos2xdx
0 ~0

3

— 2

- jﬂ sinx dx

1x- %stz]U 5

[—-cosx]

J7sinx dx
o
I
1.7
i 2 8

767 (nearest degree)

51a
T or 0.797a

(3 s.f)

a=70.6%(3s.f)
3=38.7° (3 s.f)

235



66 a

67 a

236

Answers

Shape Mass Mass | Distance
ratio | of CoM
from O
:;:Eiiphpre smeloalt 27 § % 6a
E?ﬂ?ﬂpherp 3m(20)? 1 §x2a
Remainder %7:;;(63 -2%a’ | 26 T

Taking moments about 0:
26% = 27 x{%x(ja}— 1x (%x 2a]=6(}a

30a
T=""
=0 gy
Shape Mass Mass Distance
ratio of CoM
from 0
Bowl B orpa® | 52 408
13
Cylinder 24mpa’ 9 9a
Combined solid | $mpa® | 61 7

Taking moments about O:
617 = 52 x 3103? +9 x 9a = 120a + 81a = 210a
=7= —a

S will not topple.

Shape Mass Mass Distance of
ratio CoM from O

Hemisphere |Z7pa? 2 2a

Cone FTpa’ 1 %

Remainder | swpa® 1 T

Taking moments about 0:
3 a_ _a
2xza-1 xz_lf:-f—E

Let NV be the point of contact between the solid and
the plane.

a
From AOGN sina =2 = ;
= = %
AL
V3
Shape Mass Mass Distance of
ratio CoM from O
1 b 3
Cone Fp(3r)2h 3h Th
. = h+ L
Cylinder | wp(4r)2r 16r *ty
Bollard | wp(16r + 3h)r? | 16r+3h | T

Taking moments about 0:
3h x % +16r{h+ 2) = (16r + 3z

= 902 | y6rh + 872 = (16F + 3H)E

5 g 32r% + 64rh + 9h°®
T 4(16r + 3h)

b o =74° (nearest degree)

68 a Shape Mass Mass Position of
ratio CoM from O
Cylinder | mpr2h 3 +§
10202 H h
Cone Fmp(2r)*h 4 .
Tree mpr2h(1 +%} 7 T

Taking moments about O:
h h 3h

3><§—4><4_71’=> -h=
Z_h
T 5
_1
b r=:h
69 a Shape Mass | Distance of CoM from O
Hemisphere 2M | h+ %
. h
Cylinder M )
Combined solid | 5M | &
Taking moments about O:
2m{h + 35 + 3ng= 5Mx
vhe B e
= 7 + I = aX
14h + 3r
=T=
= 20
1]
b ?r
70 a %helow 0]
b 40.6°
¢ The toy will not topple.
71 a 1.07kg(2d.p) b 0.57m(2d.p.)
72 a 3.41kg(2d.p) b 0.58m (2 d.p.)

73 a e.g. the density of the rod increases as the distance
from A increases.

11
b 3
¢ 1Zm
74 4V3m
Challenge
1e=1
; : muv?

2 a Reaction of ring on ball = 7
Using F = ma with frictional force:
mpv? v

T
1dv_—H#
v2dt R
-1 _—pt
TR
Whe-n4!:0,.*;:&::3..»::__&11
= OF. N A
= =
R % 1 R+t
| 25 g or0.191s (3 s.f)
3a T,=4Mg. T,=T,=0 b 6.72°

4 4cm

@ Full worked solutions are available in SolutionBank.



CHAPTER 4
Prior knowledge check

2
3

a 4 g p 2%, . o _cosdmx
3(2 - 3x)2 3 o
y= Jeiw
4

[

Exercise 4A

1

2 v=tsint, x = [tsintdt. Using integration by parts and the

=T+ B L]

10

11

12
13

14

(16 - 126225 m g-!

initial condition x =0 at ¢ = 0, we get x = sint — { cosL.
Als:E,x=—£cos%+ sin%=0+ 1=1.

2 2
2In3m
11.5m (3 s.f))
a 6/2ms? b x=23sin3t c £=%
_3__3 '
2 2xf
a vms'4
o | 2
0 3 6 t(s)
b (27 -3In2)m
a 4ms! b (r-2/2)m
a v=40-20e"ms! b (200In2 - 100)m
= i 80 + ¢
a ¢=80,d=1 b 32001n( ) )
2
a t=In251In3 b (18—15[]+3})m
a t=3 b (12+3In12)m
a gl s b a=25ms? ¢ s=3Im
d x=0-30+2t=Ur-3t+2)

For t >0, when 2 -3t +2=0
The discriminant of the quadratic equation is
L _(4x2)<0.
The equation has no real roots. Therefore, P never
returns to the origin for any ¢ = 0.
a velocity (ms )4
12+

12 time (s)

-12.5+

Answers

h 25<t=6

¢ (424 72In(2))m

Challenge
dv _ 60

de = ke?
Integrating gives:

60

v=—"—+c¢C

kt

Solving for k and ¢ using v = 0 when ¢ = 2, and v = 9 when

30 30

L:Sgivesu:15—T.As£;2,T>Osou{ 15 and the

speed of the car never reaches 15ms-!

Exercise 4B

1

Dok W
Top e

o

2
a2=%+4x+25

v =+/(80 - 4x7)

6m
6
s
+4/14 ms! as the particle will pass through this
position in both directions.
4

a pi=52- 36005%

b 2/22ms" (= 9.38ms™)

8 4.72ms™" (3 s.[), in the direction of x increasing.
9 a 1.95ms"'(3s.l) b 26.8(3s.1)
10 a u=x+% b 2/2ms!
1 10m
12 a v=3x" b x=0+2)°
Challenge
1 % d 163
vr=glase- )+ 132
Exercise 4C
1a v=In(t+1) b v=In(11)
2 0.137s(3d.p)
3 a 2.04s5(3s.f) b 9.80m (3s.f))
do _ . de
4 a =t 2v, anr_ 20) =dt.

=1

- o

e 2]

Integrating both sides and using initial conditions:
-3In(g - 20) =1t - {Ing.

=>~1—%:3‘”:;-9(1—13‘2‘1:2&

b %{1 -em
a v=12- E
eT
1.16m (3 s.[)
u®+ k
%ln( = )m

do . do
a E:—[azﬂﬂ]::,f—aervz:—fdt

1 v
so garctang = -+ ¢

b 12ms*!

Using t=0, v =Uand t =T, v = 1U gives
1 U U
4= E[amtanﬁ — arctan ﬂl

2 2
b 11HM[
da®+ u*

n

[
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Answers

: 2
do _ 1600 -0° 64v dt):f]dr:

dt ~ 64w 1600 — p?
= -32Inl1600-v¥ =t +¢
=-32In11600 - 202 - (-32Inl1600 - 102)

=-32In1200 + 321n1500 = 32In1300 = 32In3

Mixed exercise 4

1 a 8e™-1) b 6ms?
2 a v=18-10e" b 18ms!
e 50
4 a v=10- 3t +5
b (100 -25In5)m = 59.8m
5 a %ms‘1
1l 1
b From parta, v = 3sin2( + 5t
x= [vdt = —gcos2t + g2 + ¢
Using inital (:(mditinnq gives ¢ = % hence
= —gquz - —L‘
Substituting ¢ = Z gives:
. o AR o T
x=-gcosy + I(Z) +3=lm?+8)
6 a 2.5ms™in the direction of x increasing.
b 8e'ms™in the direction of x decreasing.
¢ ($-8e?)m=17.6m (3 s.f)
7a v=2t+Inlt+1) b (2+3In3)m
8 a T=3/10s
b velocitya
134---=mmmmemmmmns
84
T 1 >
ol 2 5 310 time
3
c I<t<5
d 59.2m (3 s.[)
9a a=6t- b H'm
¢ The discriminant of the equation
x={t* — 10t + 32¢) = 0 is less than O for £ = 0 and
thus x can never be 0 for t = 0.
1
10 ——=
2kU°
e = 248
11 at=5ort=2 b S=m
12
iz [20-12
13 »=8
14 x=1
15 a v?=16 + bx - 2? b 5
,_ 5x* _xt . 2500
16 a v*= 3 i 3
b 503:3[115"
238

17
18
19

20

a 6.04ms’ (3s.f) b 2.56(3s.f)
a 7ms™! b x=756m(3s.f)
a v=2x+3 b x:%{ez“—ll
v@_—L[U’ + 07 = f vdp —fkdx

dx {U2+ 02}

s0 3 In(U? + v3) = —kx + ¢
using dmtanr(ﬂ =0 when v = U gives distance as —kln—
when v = U

21 209m (3 b.f.]
Challenge
11776km
CHAPTER 5
Prior knowledge check
1 a 11170N b 675k]
2 a 339ms’! b 1.68m
3 135N
Exercise 5A
1 a 9.09ms’ (3s.1) b 1.41ms*(3s.f)
¢ P first comes to rest when ¢ = .
d 14.2m (3 s.f) e OP=20m
2 a 10
b The van moves 10.6m in the first 4 seconds (3 s.f.)
3 a Maximum speed occurs when acceleration is zero,
i,e. when force is zero. = 7',[15 -x)=0=x=15
b 6.85ms™!
4 a 6.79ms"' (3s.0) b 823ms!(3s.f)
¢ 8.10N
5 x=0.677 (3 s.f)
do 8 . » 8
6a 025="=-_—"2__ = [0.25dv=-—2—dt
de (t+1)2 / Jr(z +1)2
= 0.250 = 0 f D +C=0= [£3+21} + d where d = 4¢

11
12

13
14

Whent=0,0=10:10=32+d = d=-22

=>o_2((“1] 11)

b x=32ln6-132

k=066

1ln4s=0347s(3d.p.)

2In2m =1.39m (3s.f))

a In2.55=0916s (3d.p.)

b (12-8In2.5)m=4.67Tm (3s.f)

1 ;c+ka2)
z_kgln( g dv 1
a R(—): —k(aZ+vz]—md—=>-f1d£——I,’a2+v2

=t=A- —karctan(g)
a
Whent=0,v=0:A= ﬁarrtan(U)
ak

U. [} 4}
Whent=T,v= E 1= k(arrtan( ) - arcmn(z))

4 + 4U?
(TS
a 12(1-¢%)
4o g MY dp
a J’HE myg & d{
S [T-gdt= X dy = —g1a] = kllnk + o

vk+u )
= —gT=kink - In(k + U) = T= gln(k - U)

@ Full worked solutions are available in SolutionBank.



b H= E(U- kln(" + U))

g k

e

|IT
15 e e b =
A V=T V%

¢ This model has the particle rapidly approaching
terminal velocity, within two metres of release the
exponential term is of the order 107",

Challenge
b o
a Work donezl 3x?-xidr = [x:’—%xi]b

=b¥-3bi-a+3a
Hence work done is independent of the initial velocity.
b 208J(3s.1)

Exercise 5B
1 F= % where d = distance from centre

distance (x — R) above surface

; &
= distance x from centre = F=—

12

On surface F=mg, x =R = mg = % = k =mgR?
x

a2

mgR*?
. Magnitude of the gravitational force is 9—2
X

2 For a particle of mass m, distance x from the centre of
the earth.

F:maf/i:m,z‘i
x2

On the surface of the earth, x =R, A =g

RZ R2
=>~mg:%:bk-_—.rng}i‘2=>~.':"aA:mir2 A:gx—z
3 /2¢R
[PX + UR - 2gRX
| X+R
” I."7"5:_}11"
{75
[gR
62/%
7 a F:% when x =R, F = mg snmg=%=> k=mgR?
R?
gravitational force on S = mf2
. [TgR '
b speed = Fa
Challenge
a 598 x 10* kg b 5500 kg m™
Exercise 5C
1a %s b 1.83ms!(3s.f)
2a lm b 1.36ms!'(3s.f)
3 a b5m b ws
4 jms’
5 17.9ms™" (3 s.f)
6 a 1.26m(3s.L) b x=1.26sin4t
7 a 0.133m(3s.1) b 0.0141m (3 s5.f)
8 a 1.37Tm(3s.1) b 0.684s(3s.L)
9 a 1.00ms (3s.1) b 0.922ms™' (3 s.1)

—
=}

9.25J)(3 s.1)

a 1.26ms" (3s.f) b Zstofall 0.6m
0.07385 (3 s.f) '

13 a x=4sin2t = 1 =8cos2l = i=-16sin2t = & = 4x
- S.H.M.

—
IS

= —wzx

Answers

b 4,%:7:5 ¢ 8ms' d % e %
14 a x=3sin(4L+ ) = & = 12cos(4t + 3
= &= -48 sin(4t + 1) = £ = 16x -, SHM.
b Amplitude = 3m, Period = L5
¢ x=144(3s.1) d 0.660 (3 s.f)
a 11.51a.m. (nearest minute)
b 8.39p.m. (nearest minute)
16 P takes 0.823s to travel directly from B to A (3 5.£)

15

Challenge

vi=w?(a?®-x?)
rl=wi(a?-2,2) (1)

vt =wila?-x,2)  (2)

(2) = (1): v2%- 4% = wia? - x,%) - w?(a? - 1,?)

vl ?=w?a?-x,2-a®+x?)
1
z

: ; , UsZ—1y? 922—012)

Rearranging gives w?= ——————sow=|———

BORE 12— x,2 (-’512—1’22

2T %2 - x,°2 :
Exercise 5D
1 a F=ma=-T=05%
Hooke’s law: T = ax_ 60x 100x
{ 06

= -100x = 0.5% = & = -200x -. SH.M.
b =v2s 03m ¢ 4.24ms' (3s.f)

10
2 a F=ma=-T=0.8f
, Ar  20x  25x
Hooke's law: T=2"5 =22 = 202
: WAST 18 2
o 298 gy o §- 1238 opym

b 3.21s5(3s.f)
3 a F=ma=-T=04%
24x

Hooke's law: T = Ax _ 24x
[ 1.2

= —-20x = 0.4% = ¥ = -50x -, S.H.M.
0.489s (3 s.[) ¢ 1.84m(3s.1)
4 a F=ma=-T=0.8%

= 20x

i ir _ 80x
Hooke's law: T="==——
ooke’s law T =12
80x . 100x | o
= ~TH 0Bfi=i=- 12 S.H.M.
5 a x=0.5sin10¢ b 50ms?
6 a 0.5m b 211ms!'(3s.l)
c i1.49s ii 0.3m
7 a 0.351s(3s.f) b 2.561]
8 a 245ms' (3s.) b 1.25(3s.)
9 a F=ma=Ty-T,=04%
Hooke's law: T = AT:r
AP: extension = 0.8 + x
o Ty= 1208+%) _ 1608+
12
BP: extension = 0.8 — x
o+ Ta= % ~10(0.8 - 2)

S 1000.8 - 2) - 10(0.8 + x) = 0.4%
-20x =04% = & =-50x - S.HM.
b 3.6J
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Answers

10 a F=ma= T;-T,=mi
Hooke's law: T = ATx

; 3mg(1.50 + x)
AP: extension=15/+x =T, =——F——

{
3 1.5 -
PB: extension = 1.5/ -x = T, = M
- 3mg(1.50+x) 3mg(1.50-x)
{ { -
6bmgx 6
_ "19 o o _Tgx - S.HM.
b 2 [ L c 1.5/
| 6g
V12gl (or 2,/3g0)
11 a F=ma=T,-T,=0.5%
Hooke's law: T = 2%
AP: extension=1+ % -, T) = M - 15(1 + 2)
BP: extension = 1.5 -
oy o PRl e 5
T:h
- 10(1.5 - x) - 15(1 + x) = 0.5%
-25x=0.5% = ¥ =-50x -, SSH.M.
. 2r _ 2% _w &
riod === —=—=—2
perio w55 5 v
b 1m
Exercise 5E
1 a 1.64m(3s.f)
b F=ma= 0.75g-T=0.75&
Hooke's law: T = % = %
=07y 208 e
2
from part a, 0.75g = 810:
80 80xr
¢ 0.745s(3 s.f,}
d 0.296m (3 s.[)
2 a 0.049m(3s.f)
b 0.444s(3s.f)
¢ 2.83ms'(3sl)
3 a 1.5ms!
b In equilibrium:
R(1): T=2myg
Hooke's Law: T=%% = 4€ . 1€ _ 5,
[ 1515
When oscillating: F = ma = 2g - T = 2%
Hooke's Law: T = ,1{3121:]
) Ale+2) _ . .
] 5 - 2%
Ao _MetD)_np ., At _ o
1.5 15 5
s E= —%x as 2> 0, this is S.H.M.
c 48 d 0.375m
4 a 0.138s(3s.[) b 1.61ms!
5 a 314N (3s.f)
b F=ma= 04g-T=04%

Hooke's law: T = xTx _ 31.36(x + 0.05)

0.4
31.36(x + 0.05) &
04g - = ———=0.4%
§=-3136,  sHM
0.42
¢ 0.449s,0.07m d 0.98ms!
e 0.156storise 11cm (3 s.f)
6 a 0416s(3s.[) b 0.0574s(3s.f)
7 a 0.221m b 0.517s(3s.f)
8 a 1.69m(3s.f)
b T, = 15[e+x}‘Tn: 15(1.6 = (e + x))

0.6 0.6
F=nmua

15(1.6 - (e +x)) 15(e +x)
0.6 0.6
1.5g + 40 - 25(e + x) - 25(e + x) = 1.5%
1.5g + 40 - 50e - 50x = 1.5
From part a, 50e = 1.5g + 40
1.58=-50r = £=-10x - SHM.
¢ 0.398 (3 s.0)
9 a 12.5ms! (3s.[)
¢ 1.56s(3s.0)

1.5¢ + = 1.5%

b 10.4m (3 s.f))

Challenge
Iﬁz | EZ_ II:
Particle P: T = ZT.L, = qulru Smg Zmrl 33
: [lim + km) (1 + k)
Particle : 3T = 27r.hl Smg. Zmu 5q
6T||' hy .'Z':r|hl by s0 3 =2V xV1+k

squaring both sides 9 =4 + 4k so k =

i
Mixed exercise 5

1 108
11.8m (3 s.f))
76

o - —20 76
= 3[3: 4]+

- - |

18.7m from O (3 s,f.)

w
,_.

3kU

f _ @2kp )';

?‘:'I‘-C}

[

4
5 5( lm(SGI']

r4
6 d= IOb]n[] + OUP?)
7

v"f

m
a RI|):-mg-

R g(m) dv

c? “dx
5 3 P
= [gdx=-c? fc'2 . uzdv:-gx:fl —?ln(cz + 02

2
Alx:D,v:V:O:A—%ln{c2+ V2)
2
= A= %Inlc2 + V2
c? el
Hence gx = Eln[r:'2 + V2 - Eln{‘*:2 + 03

_ c_zm[cz + VZ]

2 \e?+p?
c2, [e2+V2
= x:—h( ]
2g \e?+wv?
At the greatest height v = 0: x = c—zln(cZ =5 Vz)
2g c?
[ V2
-1+ %)
2g il

240 @ Full worked solutions are available in SolutionBank.



¢ +v* de
b - - av

ez dt
= [gdt=-c"|_1 dv

¢+ vz
= gt = —c*arctan ( ) +C
=t ——Earrl.an( ) +D

. ¢
Whent=0,v=V, 50D = Earctan (g)

Sot= garctan [%/) - garctan [%)

p=h=t= (g)arctan (%)

8 Let the mass of the particle be m.

Let the resistance be kv?, where k is a constant of
proportionality.

If U is the speed for which the resistance is equal to the
weight of the particle then

. mgy : . . omgu?
kU?=mg = k= i Hence the resistance is Tz
mguv? gduz+ v dqp
R & F = — — — S —
(1) ma =—mg 2 ma=- e a

' 1 = a1 v
= [gdt =-U? 74 57 dv=gt=A-U2x E.a,mt:sm(ar)
When t=0,v=0:0=A - Uarctan 1
= A =Uarctan 1 =%{

Hence gt = TTU - Uarctan{é’})::- i= % - %arctan{;)
Let the time of ascent be T.
v U xU
When t=7,0=0: T=22 - Zarctan0 = =
49 9 4g

(U2 + 03

b Equation % can be written as A ERS dv
U? Udx

= [gdx = -U? dx=>gx=B—Eln[U2+vzl

IH
U2
Whenx=0,p=0:0=8- U In2072)

B =Ly
= 2 n

2
Hence gx = 71n[2 U2 - %In{U2 + 03

1?2 202
=r=—1In )
2g (Uz + 0t
Let the total distance ascended be H.
vz (2uz
When hi=H,v=0: H=—In h2
2g Uz Zg

9 a Ri—): -mk(V: + 202 = ma = —k(V; + 20?) = ug—v
x

= [kdx = - |—L——dv = kx = A - LIn(V + 202
J fV[f + 202 00 £ 21
Atx=0,0=V,:0=A-1In(V{ + 2Vy)

= A =1In(3Vp)

Hence kx = 1In(3V{) - Ln(V¢ + 202)

3V
= X = Llﬂ(zin)
4k \Vi + 2p2

3¢
When v = 1V x = Lln(in)

. 4\ + 5 V8
_1,,(3V8\ _n2 ,_o0.24
a \3vz| Tk R,

b 0.24 (2d.p.)

10

11

12

13

14

16

17

18

a P=Fr=F=
R[—,}:F—%

3P — mkv? = 3mv2£ = 3mv 2dv =3P - mkv?
dx dx

21P )
8(3P — mkr?)

b ln(

T =

v 3

a F:i, when x = R, F = mg
%2

_i
xl

0.203ms™ (

r=25

B Te oo B

4

0.318m (3 s.

=myg, k = mgR?

f—g[or 0.251 (3 s.£))

3s.)
f)

4

v? = 25x — ba* + 32.75

x= 33in(1.5) = F —3—7('0(;(4!)

#f:—B(E)zsin(ga)
:.:zf——(i]zx . SHM
b Amplitude = 3m o

Period = 8s
c %ms" {or 2.36ms™" (3 s..))
d 0.405s(3s.f)
a 1.54s
b 0.116m
¢ 1.03s
a F=ma=-T=006%
, Ax _ 2b5x
Hooke's law: T=2= = 222
0 w 7 55 10x
= -10x = 06x=}~x~—£x,.S.HM

b Period is 1.545s (3 s.[.)

Amplitude is (4 - 2.5)m =1.5m
¢ Ptakes 0.468s to move 2m from B (3 s.[.)
a F=ma=Ty-T,=0.4%

Hooke's law:

T, = 2.5(0.4

ik

+x)

2.50(04 -x)

> dp =

0.6
4 +x) B

0.
C2.5(0.4 - x)  2.5(0.

0.6

0

= -5x=04F=i=
b 1.38s5(3s.f)

]

=0.4%
5 *

s gy
0.6 x0.4

0.229s to reach D (3 s.[.)

a Spring AP extension: 2.4m
Spring PB extension: 1.6 m

b F=ma

Tﬂ - T;l = 041.’:

T:
< 5

_18(1.6 -

3
6(1.6 - x) -
-10x = 0.4%
i=-25x
#hiHEM:
¢ 4ms?!

20(2.4

+ x)

x)

424 +x)=

0.4x

+ S.H.M.

Answers
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Answers

19 a
b 0.5g - T=0.5%, T—AT’“’

i=3¢g

3g(0.2 + x)
Sl
S S.HM.
0.898s (3 s.1))
2.01ms" (3 s.f)

0.406m (3 s.1))

B oo

Hooke's law: T = &

3g(0.2 + x)
1.2
-3gx

Wi N
“Osx12 9%

F=ma=T,-T,=mi¥

_ Smg(l + x)

Smgl(l — x)
S
21 !
~bmg(l-x)  Smgll +

A=

21
x) _

21 21
S5mgx
i
b 2= |Ili
| 59
Challenge
MG L
(R+x)?
,dv _ MG
dx [H +x)2
when v =

MG

maximum

]

_ul_ MG MG _
2 (®R+H R
) .
u? MG M(,_M((

MG M(

"2 R+H R
H
RR + H)
2MGH - RHu? = u*R?

Rur R

MG(

““R+H R

\R+H R/~

59

=i=-"Jx - SHM.

l

(R +x)?

height, H, is reached

MG H

0 d f” o2 o F
[ o=~ {R+x12“"’:'[2]"=[[ﬁ+x) ’

w1l

)t

2
):%::. 2MGH = u?(R? + RH)

H(2MG - Ru?®) = u*R?

“2MG - Ru?_ 2MG
R

b H—)DCE.SRZ—.\%

[2MG _

— u?

[2%5.98 x 10 x 6.7 x 10"

Escape velocity u = ~r =

=112

Review exercise 2

v=[e*dt=1e*+A
Whent:(],a_(}
0—-1+A=:~A-_-—%
v=3(e¥-1)
28 v=13- 367+
3 a u=8—4cosE£
4 a v=2e%-1

de 1
5 =—=3(t+4)
a a 5 (t+4)

p=-3[(t+4)idt=A-

Whent=0,0=18

b 11.

| 6.4 x 10°
0*ms!

2ms'(3sf) e 13
b 4(?? - v’?)m
b 1(1-In2)m

6(t + 4):

18=A-6x2=A=30

v=30-06/t+4

242

b 162m
6 a vims )4
L
e R e
2 : .
0 5 4 5 10 ¢(5)
b 2<t<5

i 4
c L 36t - 4)de = [19 - 1241% = -

fézu-:nd; S -1200 =7
4
So distance travelled in the interval is 32 + 7 = 39m
d 6.98(3s.f)
v=(p+qt)"
a=-qp+q)*=-quv
_1 .__3
b p=39=1wm
¢ x=10In(1+ 1)
d 2
8 a=§(%v ) = 4x
%U‘Z = [4xdx=2x+A
v?=4x%+B
Atx=2,0v=4
16=16+B=B=0
v?=dx?

2

=a[%vz) =1-4x7
= [(1 - 4x %) dx

4
=x++A

v2=2x+%+8,where3=2A

Atx=1,v=3/2
18=2+8+B=B=8

B 8
v _2x+x+8

Atz =3
v ~2x—+8><—+8~4T
10 8.76ms! (3 s.f)

11 a uz=4k2(1—%)

_okl1-_2
b u_2k.ul e

1

As x is positive, is positive and 1 - —— <1
x+1

Sov < 2k

12 a At the maximum value of v, @ =0
a=1530-2=0
x =30 3
u2~5x—ﬁ+25
13 a 09m
b a=p-gx
Atx=0,a=20
20=p-0=p=20
a=20-qgx
Atx=2,a=12
12=10-2g=¢g=4
¢ 1m

@ Full worked solutions are available in SolutionBank.



72
2_ 60 —
14 a v*=060 e
b 0.1m
d 1,2 k k
15 a a=—|;0°)=— + —
2 dx{2’} 2x% 4t
Togullo k ko k kx
1= [l et 04
2 k kx
u __E+?+B
Atx=2a,v= —1."—
B g
¢ 2c  2¢? c
Atx=c
ag__ﬁ kc k
¢ Zcd 2¢

16

17

18

19

20

21
22

a

b

The particle comes to instantaneous rest where
£=6.
d A )2} _k k

a=— — -

de'2” 17T 220 4

L [k kg k ke
z¥ _ﬂsz 462_]dx_ 2x 4c2+c

pi= k—ﬁ+D

O
Atx=c,0v=0
k ke 3k

I T D
4 2c+ - 2c

Hence
358 k kx| 3k _

x Zcz+2r:_

0=

—2kc? — kx? + 3kex

2¢?x

= 2 o (x = e)x - 2¢)
When v =0, (x - ¢){x - 2¢) =
x=¢€,2¢c
After leaving B (x = ¢), the particle next comes to
rest at A (x = 2¢).
T=3

b 0A=10In2m
k+U
b ln( p .]s

k

k ln(k i U) +Um
13(e% - 1)

(ew +1)
: (e"-1)
(e +1)
so speed cannot exceed 13ms!
30(es — Umq"

]

es

ms™!

<1,v<13msg!

b 30ms™!

1 20 12
i a(arrtang—arrtan )

2
%Ln(“z + 400)m
a’+ 144

53.6 (3 s.f)

a
b
c

23 a
24 a

vf=20 - 16"
x=10In4

For all x, e* = ()

So v =20-16e"* < 20
Hence v < /20

vt =2x"-x*+ 144

t= —Zln[%) or 2Ln(g)

b 12ms*!
b (4 +20e)m

25 a

b
26 a

27 a

28 gk2ln(
g

29 a

30 a

31 a

Lo e
W
B owie o

34 a

F=ma
48000

(t+2)°

a=60(+2)7"

v=[60(t+2)"dt

~ 60

t+2

\thPIlE'*Of} 0

0=A-2L=4=30
2 60

0= 30—m

aepas s o 30
P2

= 800a

Answers

As ( increases, the car approached a limiting speed

of 30ms—?
(180 -120In2)m

[
gle? - 1)
e
gk
Uk
k + U) &
asFox Ll po-k

x x
Atx =R, F=-myg

k 2
—mg:—E:-k=ng

ms™!

mgR*
Fiwu

Whenx =R, v=U
V=24 p-vt-2

=2 pr- 2oy g

x
1 B
SRU*
F=ma

= ma

k
ma
Atx=R,a=-g

k
mR?

k = mgR*
mgHz
2

x

dv _ 9R®

@=y == o
2gR*

T 29R-U?

_k
22
a

2

- =-

= ma

19.7N (3 s.1)
1.3m
5.2ms™

b 17m
b %15 +e m

=

b 544ms' (3s.f)
b 2.6ms?!
d 0.79s(2d.p)

243



35 a

36 a

37 a
38 a

39 a

244

Answers

The period of motion is 6s. b

T=21 d
w

(il = E

w=a 40 a

Measuring the time, ¢ seconds, from an instant
when € is at Q and the displacement from the
centre of the oscillation, 0: x = acoswt
The amplitude is 2/ and w =%
After 0.75 s, Cis at P:

w

- g A 05 = /7
x= 2(cns(3 x 0.7.}) 26('0‘;4 V21
b=a-x=2[-21= {2 - \2_13

=2 23“3 ¢ 0.28s(2d.p)
AtC:v?=w?a?-2xH
0=wia®-12)=a=12
AtA: p? = wia? - x?) b
(2v3)" = w¥1.22-0.6%) 41 a

i AT R
SR s A Be g

Checkinga=1.2andw=1 at B

v?=wla® - x4
=11.2*-0.8%) =1

v=1/5

ALO,x=0:

v?=11.22-0%)=0.36

v =0.6ms?

0.15ms? d 0.412s(3s.f)

gmh-l b 4 hours

Let the piston be modelled by the particle P.
Let O be the point where A0 = 0.6 m
When P is at a general point in its motion.
Let OP = x metres and the force of the spring on P
be T newtons. d
Hooke's Law:
L
[ 06 42 a
R(—=): F=ma
=T=0.2% b
-80x=0.2%
#=-400x = -20%x
Comparing with the standard formula for simple
harmonic motion, this is simple
harmonic motion with w = 20.

(]

2mn_ T
20 10
—1 m
bms c —155

Let £ be the point where OF = 0.6m
When P is at a general point in its motion, let EP = x
metres and the force of the
spring on P be T newtons.
Hooke's Law:
Ar _ 12x
= T = W =20x
R(—): F=ma
-T=08%
-20x = 0.8%
#=-25x=-5%%
Comparing with the standard formula for simple
harmonic motion, this is simple

harmonic motion with w = 5.
T= 2 - 27 c

w=5

6.25ms™

¢ 0.68ms™ (2s.f)

As it passes through €, P is moving away from 0

towards B.

When P is at the point X, AX = x metres and the

force of the spring be T newtons.

Hooke's Law:
Ax _ 21.6x

T_T_ 5 =10.8x

R(—): F=ma
-T=03%

~-10.8x =0.3%

F=-36xr=-6%
Comparing with the standard formula for simple
harmonic motion, this is simple harmonic motion

with w = 6.
T 3 % — 2?” L %
9ms! ¢ 1’—Tgs d 1.16m(3s.f)
4myg
Hooke's Law:
amglEl + x 4
pote Amdisly) o amgx
! !
Newton's second law:
R(]): F = ma
d?x
mg—1t=m—- (2)
4 de?
Substitute (1) into (2):
2
mg — (mg + 4”;9:‘:) = m%
dmgr 4’y
T de2
d?x _ 4gx
dez !
e

First P moves freely under gravity until it returns
to B. Then it moves with simple harmonic motion
about 0.

9a

2

When P is at a general point X, let OX = x.

At this point the extension of the string is 0.5a + x.
Hooke's Law:

8mglia + x
:A—fzm%): g+2fn‘gx (‘1]
Newton's second law:
R(]): F = ma
d?x @)

mg-1= mw

Substitute (1) into (2):

2mgx o
mg — (mg+ ag ):m—‘;tf
2mgx d?x
——= mW
d*x _ 2gx
diZ “Ta

Comparing with the standard formula for simple
harmonic motion, this is simple harmonic motion

e
. ) 2
with w = \.'? B
2 [a 2a
le TT'T = 2“1#2_9 — w\"l?
2\3@

@ Full worked solutions are available in SolutionBank.



d Asa= %a, the string will become slack during its

motion. The subsequent motion of P will be partly
under gravity, partly simple harmonic motion.

Challenge
1a %:—ez‘“’
o, t
‘L 02Ky — _‘L de
—é o2 :: =t
t= 21_kh ~ ¢2k)

b (L_ 1+ Zku)m
4k*

4k2 e 2ku
dx
2 a=8x—
de
Using a = v% and v = %
dv
v— = 8xv
dx
dy
—=8x
dx
[dv = [8xdx
v=4x?+¢c
t=0,x=0,v=-k:-k=c¢
% =4x2-k
Displacement has maximum when % =0
4x2—k=0=2x= %
So maximum displacement is 3/k
2
g Lm(él +4kU )
29k \ 4 4 kU2
Exam-style practice: AS level
1av= 712,95 =3
e+ 1
b (-1 <(ei+ )= g
(e*+ 1)
SO = M < 12ms™
(e +1)
; : kg mkg
2 a R(—): Tcosb60" =m x 2acosb0® x — = T'=——
B 4a 2
b mg(l—"ak) o et
4 J
3g
d R(—): Tcosf = m x 2acosd x b
= T = bmg
R(1): Tsinfl = mg = 6bmgsinf = mg
= sind =1
OX = 2asind = %
Q0 = 2asinb0° = a3
5.QX:Q0= 3:V3=1:3/3
3ai lla ii 3.25a
b «a
c 20.5°
d Weight acts through midpoint.

Answers

Exam-style practice: A level

1a
b

c
2 a
b

=1
= =i -

B oo

i 125hours ii 5m
2.46mh!

7.05 hours (3 s.1))

. lla . ba
Y2 © 13

240

1 (k2+4UZ'Jm

TN

fihkz l Uzdv i _ffz it

L [i]
20

=24}

[l arctan EI
k i

T
1&1‘{13{1& - lar(:tanE =-2t

k kk k
U 2U

1
Sot= ﬂ[arctanz - ar{:tanT)

47 4ms!
234<p <774

V= Tf cos260x = xftsin2a] = 7{t - 0) =7

S

a=74°(2s.0)

AtP,K.E.=3ag and PE. = mgla - acos60°) = Lmg
50 total energy is 2amg.

When the string makes angle ¢ with 0Q,

total energy = %muz + amg(1l — cosd)

o=

= v? = 2ag(l + cosH)
2
T—mgcos&:%

= T =mgcost + 2mg(1l + cos#)

=mg(2 + 3cost)
String goes slack when T=0,s0 2 + 3costf =0
2

=% cnsl‘):—i

= f#=-131.8°

This corresponds to an angle of 48.2° with the
upward vertical.

P does not make complete circles, as the string goes
slack before P reaches the top of the circle.
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acceleration
circular motion 5-8, 19
horizontal circular path 5-8
straight line motion 147-52, 155-9,

l61-5, 172

varying with displacement 155-9
varying with time 147-52
varying with velocity 161-5
vertical circles 19

amplitude 185

angular speed 2-3

axis of symmetry 48, 87

calculus
acceleration 147-52, 155-9, 161-5
centres of mass 78-85

centre of oscillation 184

centres of mass 36-76, 77-123
calculus use to find 78-85
composite lamina 47-51
framework 48, 54-6
frameworks in equilibrium 64-5
lamina in equilibrium 58-61, 103
non-uniform bodies 98-100
non-uniform frameworks 68, 69-70
non-uniform laminas 68-9
particles in plane 39-42
particles on straight line 37-8
rigid bodies in equilibrium 103-7
standard uniform plane laminas 43-6
uniform bodies 8§7-94
uniform laminas 43, 78-85

centroid 45

circles
arcs 84-5
sectors 83-4
semicircles 8§1-2

circular motion 1-35
acceleration 5-8, 19
angular speed 2-3
horizontal 5-15
object not staying on path 26-8
three-dimensional problems 11-15
vertical 19-23

coefficient of friction 7

cones 89-90, 98-9, 106

conical pendulum 11

conical shells 93-4

constant of gravitation 181-2

constant of integration 147-8, 156, 157,

164,172
cubes 111-13
cylinders 88-9.99-100, 104-5, [10-11, 113

density 78
differentiation, straight line motion 147,
149-50, 155-8, 161, 163-4
displacement
acceleration varying with 155-9
straight line motion 147-52, 155-9,
163-4

246

dynamics 171-211

horizontal oscillation 193-6

motion in straight line with variable
force 172-8

Newton’s law of gravitation 181-3

simple harmonic motion 184-91, 194,
200

vertical oscillation 198-203

clastic strings/springs 193-203
horizontal oscillation 193-6
vertical oscillation 198-203

clemental strip 78

energy
kinetic 19, 27
potential 19, 27

equilibrium
frameworks in 64-5
laminas in 58-61, 103
rigid bodies in 103-7

escape velocity 210

frameworks 54
centres of mass 48, 54-6
in equilibrium 64-5
non-uniform 68, 69-70

friction 7

frustum 94

hemispheres 90-1, 98-9, 104, 110-11

hemispherical shells 92-3

Hooke's law 194-6, 199-202

horizontal circular motion 5-15
acceleration 5-8
three-dimensional problems 11-15

integration
constant of 147-8, 156, 157, 164, 172
straight line motion 147-52, 156-8,
161-4
inverse square law 181

kinematics 146-70
acceleration varying with displacement
155-9
acceleration varying with time 147-52
acceleration varying with velocity
161-5
kinetic energy (K.E.) 19,27

laminas
composite uniform 47-51
in equilibrium 58-61, 103
non-uniform composite 68-9
standard uniform 43-6
uniform 43, 78-85

mass, centre see centres of mass
medians 44
modulus of elasticity 194, 199

Newton’s laws
gravitation 181-3
motion 172

oscillation
horizontal 193-6
vertical 198-203

pendulums 11

period, S.H.M. 18591
plane of symmetry 87
potential energy (PE.) 19, 27

reference circle 187

resolving forces 11-15

rigid bodies
in equilibrium 103-7
toppling and sliding 110-13
see also solids

rods, non-uniform 99-100

semicircles 81-2
simple harmonic motion (S.H.M.)
184-91, 194, 200
sliding 110-13
solids
non-uniform 98-100
of revolution 88-94
uniform 87-94
see also rigid bodies
speed
angular 2-3
circular motion 2-3, 5-8, 11-15, 19-23
terminal (limiting) 162-3
see also velocity
spheres 87, 107
springs see elastic strings/springs
straight line motion 146-70
simple harmonic motion 184-91, 194,
200
with variable force 172-8
see also kinematics
strings see elastic strings/springs

tension 194-5, 199-202
time, acceleration varying with 147-52
toppling 110-13

vector notation 19
velocity
acceleration varying with 161-5
straight line motion 147-52, 155-9,
161-5
terminal (limiting) 149, 162-3
see also speed
velocity-time graphs 148-9, 150-1, 152
vertical circular motion 19-23
acceleration 19

weight, line of action 110
work—energy principle 19
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