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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

= Rigorous and consistent approach throughout

Motation boxes explain key mathematical language and symbols

Dedicated sections on mathematical proof explain key principles and strategies

-

+ (QOpportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
* Hundreds of problem-solving questions, fully integrated (7= specify the problem 3,
into the main exercises
* Problem-solving boxes provide tips and strategies interpret resits -
. . o codlect information
* Structured and unstructured guestions to build confidence 1
» Challenge boxes provide extra stretch

"HI:_._.I process and <:“_J

represent information

3. Mathematical modelling
» Dedicated modelling sections in relevant topics provide plenty of practice where you need it

= Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

mechanics
Finding your way around the book - Access an online
digital edition using
the code at the
Equations and front of the book.
3 inequalities
i i s
Each chapter starts with LR o
a list of objectives e %‘:_
i i i The real world applications
- g of the maths you are about
----- LG X . ’ to learn are highlighted at
The Brior knowledge check - the start of the chapter with
!

links to relevant questions in
the chapter

helps make sure you are
ready to start the chapter
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Exercise questions are
carefully graded so they
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Every few chapters a Review exercise
helps you consolidate your learning
with lots of exam-style questions
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Exercises are packed

with exam-style questions
to ensure you are ready
for the exams

Problem-solving boxes provide
hints, tips and strategies, and
Watch out boxes highlight
areas where students often
lose marks in their exams
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is ext

ra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

w Full worked solutions are #

available in SolutionBank.

as a PDF or quickly find the

Vi

B Pl ey B
Pon fammia § s igms 4 g
i o g -

T . ¥
PR T 1 na ofipe
i 1]
e A me =00 kel
bk, i
LEE Tt B e wilid ok
w i
Comsren B 2 % | [T
e TR
iyl -

-r
o —
ach, 1sn
&8 mE-ad

]
s g - P
Ol -1
u

el 15 7 e

e e L Ty —
T

B e T
P e

L RS LY
k- 38

B
=
| R LR[BSk P

B o ialemanag, i-= B0 ey = - g1
o T = o, Wl

P i, oy e o g

L e
*
[ R T
meR .....“ll =y UL
e I
hen  abom
] .y

by, inid 1 i 1
: .“I‘-I- i Vi ] l'l-'-1.: e :_
Iﬂ:ihdi'_:-_’ ‘i
4Ty
- o+ L 5 'l..l
:"::.""_‘ “r
Download all the solutions e r:.:;_-»-?—-- )

L H—li'*. . ; E';I W
' 1 i .
i 1= .
solution you need online L - he 8 e
i - e
rH i a
J-"""‘;'I_'_“" i I 2 I
3 B
gands 3 e
& i - alowd ;-un-
B i e e e :I e
i it s v fre
e wed
el .
i FoMe et :I.- -JI..u-u .:'!Iiu:ln-“:-
: w iy - E'Fr:- e
“__",LE.;..;. ™ T
i s ==y




GeoGebra interactives

Explore topics in more detail,
visualise problems and
consolidate your understanding
with GeoGebra-powered
interactives,

@ Explore the gradient of the

chord AP using GeoGebra.

Extra online content
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Interact with the maths
you are learning using
GeoGebras easy-1o-use
tools

CASIO

Casio calculator support

Our helpful tutorials will guide
you through how to use your
calculator in the exams. They
cover both Casio's scientific and
colour graphic calculators.

w Work out each coefficient

quickly using the “C, and power
functions on your calculator.

Finding the value of the first derivative

to access the functhon press

(ew) @ Coer) @

e _

D Pearson

See exactly which
buttons to press and
what should appear on
your calculator’s screen

Access all the extra online content for FREE at:

www.pearsonschools.co.uk/plmaths

You can also access the extra online content by scanning this QR Code
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Algebraic expressions

After completing this chapter you should be able to:

e Multiply and divide integer powers - pages 2-3
® Expand a single term over brackets and collect like

terms =+ pages 3-4
e Expand the product of two or three expressions —» pages &-6

® Factorise linear, quadratic and simple cubic expressions -» pages 6-9

® Know and use the laws of indices -» pages 9-11
¢ Simplify and use the rules of surds -» pages 12-13
& Rationalise denominators - pages 13-16

Prior knowledge check

Simplify:
a 4m’n + St = 2min + mn® = 3Imn?
b 3x2=5x+2+3x=Tx=-12
+ GCSE Mathematics
Write as a single power of 2:
B 25x2 b 28+ 22
¢ (22 & GCSE Mathematics

Expand:
a I(x+4) b 5(2-3x)
c 6(2x- 5_1'} = GCSE Mathematics

Write down the highest common factor of:

a 2dand16 b 6xand8x°
Computer scientists use indices to describe € 4xveand Ixy + GCSE Mathematics
very large numbers. A quantum computer with - -
1000 qubits (quantum bits) can consider 2% Pty
values simultaneously. This is greater than x % e X

the number of particles in the observable 24
universe, + GCSE Mathematics




Chapter 1

Q Index laws

® You can use the laws of indices to simplify powers of the same base.

* gUx gt=gnt"
s g "+ g*'=qg" """
. (@) =a™
(ah) = a"bh"

Simplify these expressions:

F This is the base.

This is the index, power or
exponent.

.
a xvixx’ b 2r x 37 c B d 6% & 3 e (a'F x 24° (32 + 24
a M¥xxy=x2*3=x’ Use the rule a™ x a" = a™ * * 1o simplify the index,
b 2rEx3rt=2x3 x r -3
s c 2 x ‘, % E.' : Rewrite the expression with the numbers
-—. - o8 o . i
' : together and the r terms together.
c I’3--:#:- = 2x3=6
b PR pd=p2td
d [_—J_l..' 3 31._-' = :? 'y :"'...._ > X
3 = L Use the rule @™ + " = o™~ " to simplify the index.
=2 X x%= 25

2 (@13 % 2a% = 4% x Pa®

=2 % 4" x g°=2a°

(BXF | s T
4

1.:1

g i

= I'.'--. —

o i
=27 = z
X

Example e

Expand these expressions and simplify if possible:
a =3x(7Tx-4) b »{3-2y)
¢ 4x(3x-2x" + 5xY) d 2x(5x + 3)-5(2x + 3)

- Fext=x5=x

Use the rule (@™)" = a™ to simplify the index.

B x =gt i=gt

- Use the rule (ah)" = a*b to simplify the numerator.

{ﬂ:l:_\-}-}:i-ﬁ

= xb-t=x2

41%

@RIXED 4 s sign oursige

brackets changes the sign of
every term inside the brackets.



a -3Ax{7x—-4)=-21x° + 12x

B yE3 - 2)°% =3 - 2)°

¢ 4x{3x-2x% + 5x9)
= 12x° - 8x3 + 20x*

d 2x(5x + 3) - 5{2x + 3)

=10x2 + &x-10x =15

=10x -4x-15
!

Simplify these expressions:

x7+ x4 b 3x* - 6x° 20x7 + 15x°
x3 2x 5-\':
v ] 4 | x T -\..l
it e s
X x* X
m X Ayt dg e I,_
. SX*=bx’ _ 3Ix* bx-
2x T 2%  2x l
3 % 4 R '3'":_ = lll |
=3t 3x =5 3x
20x7 + 15x* 20x7  15x3
c = —~ + .
5x 5x2 By
=4y"=% 4 Ax3-2 = 4x° ¢ 3x

0 &x»

1 Simplify these expressions:

a P xat

4p°
L

m 9% x 317}
F "41!13-].1 3 2_1...1

b 2x? x 3x?

e 3%

Iy
h {P.‘l]l = p-i
k 24 x 3a°

n 3x® x 2x? x 4x0
q 2a’ + 3a x 6a°

Algebraic expressions

=3xxTy=2lxi*l = 21
=3y = (=4) = +12x

Pri-2pf) = -2y t3 =2

Remember a minus sign outside the brackets
changes the signs within the brackets.

Simplify 6x — 10x to give —4x.

Divide each term of the numerator by x?,
x!is the same as x.
Divide each term of the numerator by 2x.

Simplify each fraction:
Ix2 3 _x* 3

— e W 3

Zx: 2 x 2
Gx® 6

«
=—ox =3 xas-!
o

2x

. Divide each term of the numerator by 57,

i 24V 4+ 28°
21a’b’
Tabh*
o Ta* x (3a*)

r 3¢ x20° x &’




Chapter 1

2 Expand and simplify if possible:

a Yx-2) b x{ix+9) ¢ =3n4-=3y)

d x(y+3) e =x(3Ix +35) f =Sx(dx+1)

g (4x + 5)x h -3(5-29) i =2x(5x—4)

j (3x=5)x° kK (x+2)+(x=T) | S5x=6=-(3x=-2)
m#He+3dH)=32e+d?) n (P+38+DN=-(2r+317=-4)

o x(3xv?-2x+ 5) P 732 = Sv+ 3) q -20%5-Ty+ 39
r Mix=2)+3x+4)-6(x-2) § Sx-=34-2x1+06

t 3V -x(3-4x)+7 g dxix+3)=-2x3x-T7) 3Ix2x + 1) - 5x(3x - 4)

-

3 Simplify these fractions:

6x4 + 10x® b I -7 2x4 — 42
2x X : 4x

8x%+ 5x '.'h. + 5x° Ox? = 5x71

g 22X LLah L ( X o2%
2x S5x ix

@ Expanding brackets

To find the product of two expressions you multiply each term in one expression by each term in the
other expression.

Multiplying each of the 2 terms in the first expression by each of the
3 terms in the second expression gives 2 x 3 = 6 terms.

{_1+5]{41—EJ+3}“1{1‘-'-1—31.+3]+5{45|-1—E1f+3]| 1
NS S =4yt =2y + 3x + 205 - 10y + 15
5 =4xt =2xy + 23x-10v + 15

Example o

Expand these expressions and simplify iff possible:
a (x+5)x+2) b (x-2ixi+1) ¢ (x—yp d (x+y¥Ix-2y-4)

x 1

Simplify your answer by collecting like terms.

a (x+5)x+2) Multiply x by (x + 2) and then multiply 5 by (x + 2).
= X% +2x + 55,4 10
=x"+Tx+10

Simplify your answer by collecting like terms.

B (x— 2y(x< + 1)

-2y x x¥ = —2x%y

=5 + X = 2X°1 = 2Y=
\ There are no like terms to collect,




c (x—-yF

=[X—=¥Vix — v
= X2 = Xy = X) + 3¢

=X = 2x¥ + ¥

o

(X + yH3x - 2v - 4)

XM3Ix—2v—4) + y(3x -2y - 4)
= 3x7 = 2xy = 4x + 3xy - 29 - 4y
=3y +ay—-4x - 2y - 4y

Expand these expressions and simplify if possible:
a x(2x+IHx-=7T) b w5x=3pi2x=y+4)

a xi2x + 3fx-7)

= (2x2 + 3x)x = 7)
= 2x° = 1d4x° + 3x° - 21ix
=23 = 1Ix? = 2ix

b x(Sx-32x-y+4)
(5x° = 32y = v + 4)
ExX2x =y + 4)=-3xp2x-yv + 4)

10x° = Sacy + 20x° = Gx°y + 3x)~
- 12xy
10x° = 1x“y + 20x° + 3xy° = 12xp

e [(x—4)x+ 3)x +1)
= =x=12)x+1)

X+ N =x{x+1)=12(x + 1)

XM+ —x=-12x-12

1}

i

= X3 = 1Ay = 12

O X

1 Expand and simplify if possible:
a (x+4)Mx+7)
d (v = y)2v+ 3)
g (2x - 3)x-4)

b (x-=3}x+2)
e
h
J (x+5(2x+3y-35) k
n
q

(x + 3p)dx —y)
(3x + )

miv+2yr=1)x+3)
p (dyv+5)3x=1r+2)

(x - 1)3x—-4y-95)
(2x 4+ 2y + 3)x+0)

(5r=2x+ 3)x-4)

Algebraic expressions

(x = ¥)* means (x — y) multiplied by itself.
=Xy =Xy =—2xy

Multiply x by (3x = 2y — 4) and then multiply v by
(3x - 2y — &),

c (x=4)x+3x+1)

Start by expanding one pair of brackets:
x(2x+ ) =20+ Ix

You could also have expanded the second pair of
brackets first: (2x + 3)(x = T7) = 2x? - 11x - 21
Then multiply by x.

Be careful with minus signs. You need to change
every sign in the second pair of brackets when
you multiply it out.

Choose one pair of brackets to expand first, for
example:
(x-dx+3¥=x"+3x-4x-12
=x-x-12

You multiplied together three linear terms, so the
final answer contains an x* term.

e (x-2)

I (2x=4y)3x+y)

i (2x+8)2x + 3)

I (x=4p}2x+y+ 5)
0 (4= y)dy—-x+3)

r (dy=x=2)05-»)



Chapter 1

2 Expand and simplify if possible:

a Mx+1x-4) h T{x-=202x+5) ¢ 3x-3)x-13)

d x(x=yHx+y) e x(2x+ y)3x +4) f yix=5)0x+1)

g vi3x=2yHdx + 2) h (7 - xH2x-5) i x(2x + y)S5x=2)

j oxlx+2)x+3y=-4) K f(2x+ y=1)x+3) I y3x+2y=3)2x+1)

m x(2x + 3Ix+y-5) n 2x(3x=1)dx—y=-3) o 3x(x-29)2x+ 3y +95)
p (x+3)x+2x+1) q (x+2Mx—=4)x+3) r (x+3)x-=1Nx-=35)

§ (x=5)x=4)x-3) t (2x+ I x=2Hx+1) 2x+ 3)3x=1Hx+2)

u
v 3x=-2)2x+ 1D(3x-2) wilx+ iy = yix-1) X (2x - 3p)

@ 3 The diagram shows a rectangle with a square cut out. Problem-solving

The rectangle has length 3x — y + 4 and width x + 7.
Use the same strategy as you would use

The square has length x - 2. 2 )
Find an expanded and simplified expression R e Y R

for the shaded area.

‘ X+ v 31::1
10cm

x=2

Ix=y+4

@ 4 A cuboid has dimensions x + 2cm, 2x - lem and 2x + 3cm.
Show that the volume of the cuboid is 4x* + 12x7 + 5x - 6cm’,

5 Given that (2x + 5p)3x = pN2x + ) = ax® + bxly + exy? + dy®, where a, b, ¢ and d are
constants, find the values of @, b, ¢ and d. (2 marks)

Challenge 2
SLLEY You can use the binomial expansion to expand
Expand and simplify (x + )% expressions like (x + »)* quickly. -+ Section 8.3

m Factorising
You can write expressions as a product of their factors. —

® Factorising is the opposite of expanding 4xi2% 4+ V) = 82 4 bxy

g (v +5)° = 27 + 15x% + T5x + 125
(x + 20)(x = 5)) = x* = 3xy = 10

oty



Example e

Factorise these expressions completely:

a Jv+9 b x»*=-5x

a 3x+9=3(x+3)

b x°

¢ 8xf+ 20x

- 5x=x(x - 5)

c &8x° + 20y = 4x(2x + 5)

d 9%y 4 15xr2 = 3x1(3x + 59

e 3x* = 2xy= 3xix -39

= A quadratic expression has the form
ax? + bx + ¢ where a, b and ¢ are real
numbers and a = 0.

To factorise a quadratic expression:
* Find two factors of ac thatadd up to b

+ Rewrite the b term as a sum of these two
factors

» Factorise each pair of terms
» Take out the common factor

"o yr=(x+p)x-y)

FET] o

Factonse:

a x*-5x-6

ax

- 5x-6G

Algebraic expressions

d 9x%y + 15x)° e 3x?-9xy
3 is a common factor of 3x and 9.
x is a common factor of »* and =5x.

4 and x are common factors of 8x? and 20x.
S0 take 4x outside the brackets.

3, x and y are common factors of 9%y and 15x)7.
So take 3xy outside the brackets.

x and =3y have no common factors so this
expression is completely factorised.

m Real numbers are all the positive and

b x*+6x+8

negative numbers, or zero, including fractions
and surds.

For the expression 2x* + 5x -3, ac=—-6=-1x 6
and-14+6=5=5h.
2xt=x+6x=-3

=x{2x—=1)+3(2x-1)
=(x+3)2x=-1)

An expression in the form x* - 3 is

called the difference of two squares.

¢ 6xr=11lx-10 d x2=-25 e 4xi-9y2

ge= =G and b = =5

So x*

xix+l)=-&lx+1)

-S5yr—-6=x"+x-6Gx—-6

(x + N{x = G)

Herea=1,b=-5and c=-6.

(1) Work out the two factors of ac = -6 which add
togiveyoub==5-6+1=-5

(2) Rewrite the b term using these two factors.

(3) Factorise first two terms and last two terms.

@ x + 1is a factor of both terms, so take that
outside the brackets. This is now completely
factorised.



Chapter 1

b x*"+6x+8
X+2x+4x+ 8
xx+ )+ 4x+ 2)
= (X + 2){x + 4)

e 62 =1tx =10

=Gcx =-15x+4x-10
= 3xPx -8+ 2(2x - 5)

= (2x = SN3x + 2)

d x* -2

5
x2 - 52

{x + 5)x - 5)

e dx =9y -
= 2ex< = 3

= (2x + 3(2x = 3y

Factorise completely:

a x'=2x2 b x*=25v ¢ x'+ 37 -10x

a x*-=2x"=xx-2)

b x? = 25x= x(x% - 25)
Xx® = 5%

X+ 5)x = 5)

e i+ 3x - 10x

(s Y ererise @

1}

x{x® + 3x = 10)

x(x+ S)ix - 2)

1 Factorise these expressions completely:

a dv+8

d 2v" + 4

g v=Tx

j 6x?-2x
m x* 4+ 2x

p 5y -2y
s S5xf=25xy
v 12x* =30

6x -24

4 + 20
2+ dx

10y* = Sy
37+ 2y
9x)? + 1247y
12x%y + 8x)°

- a8 A = FF " ZF

w X)) = xly

aer=8and 2+ 4=6=h.
Factorise.

ac=—60and 4-15=-11=h.
Factorise.

This is the difference of two squares as the two
terms are x* and 5%,

The two x terms, 5x and —5x, cancel each other out.

This is the same as (2x)* = (3y)%,

You can't factorise this any further.

x is a common factor of x? and -25x.
S0 take x outside the brackets.

x? = 25 is the difference of two squares.

Write the expression as a product of x and a
quadratic factor.

- Factorise the quadratic to get three linear factors.

c 20x+15

f 6x°—18x
i Ixi-x

I 35x%—28x
0 4x*+ 12x

r Gab—2al’
u 15y - 20p:=2

X 120° = dyx



2 Factonse:

s 2 B

v

3 Factorise completely:

d
8
i

44y
F+8x+12
NM+5x+6
X+x=-20
Sxi-16x+3
vi+Tx =15

o+ 2x
=0y

o =Tx2+ 6x

2+ 13x2 4+ 15x

Challenge

Write 4x* — 13x2 + 9 as the product of four linear factors.

b 2v-+6x [
e ¥+lx-40 f
h v=2y-24 i
k 23+ 5x+2 I
n 6xl—8x -8

p 2vi+ l4xi+ 24

r x'—-49

t 9x?-25)° u
w 6x = 10x + 4 X
b x'—x'+x c
e x'—x'-12x f
h x*-64x i
k ' -4x |

Algebraic expressions

Falle+24
¥ =-8x+12
xP=3x=10
3xi+ 10x - §

m For part n, take 2 out as a common
factor first. For part p, let y = x%,

I6x -4

1502 +42x =9

xt = 5x

o4 11x + 30x
2x? = 5x=3x
3x 4 27x% 4 60x

4 Factorise completely x* — %, (2 marks) Problem-solving

Watch out for terms that can be written as a
function of a function: x* = (x%)*

@ 5 Factorise completely 6x° + 7x° — 5x.

m Negative and fractional indices

Indices can be negative numbers or fractions.

Xixxi=xitiaylay,

similarly x# x xix ... xx

] 1.1 |
n=l1||_'p|""#+ L |

=xl=x

i Lernms

= You can use the laws of indices with any rational power.

(2 marks)

D rational

numbers are those that
can be written as %where
a and b are integers.

ai=aisthe
positive square root of a.

For example 9i =9 =3
but 91 = -3.
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Example o

Simplify:

d 2x!-

1
g 05 e vI125x%

-

-

L ok S
X ’T X

Evaluate:
a 9

¢ 49

i

|
il

G
Mg
wn
Il
il

10

'm Use your calculator to enter

Usetherulea™ + " =ag™-".

This could also be written as  x.
Lse the rule g™ = g = g™+ 1,

Use the rule (™" = g™,

Usetherulea™ +a"=a™ "
1.5 - (-0.25) = 1.75

Using a® =Y.

Divide each term of the numerator by x5,

me L
Usinga™ ==

d 25
Usingaw="a.9 =9
This means the cube root of 64.

Using a® ="Va",
This means the square root of 49, cubed.

el

Using a™™ =

negative and fractional powers.



@4:

Given that y = %.F express each of the following in the form kx*, where k and n are constants.

s

P e

Find the value of 814,
b Simplify x(2x ),

Algebraic expressions

If k£ and n are constants they could be positive or
negative, and they could be integers, fractions or

i b 4y
; Substitute y = ﬁ.\:z into .
a y'= '-.:1} t
R TR, S lJ_L | e g |
= xtvis (3¢) =1z and (¥ =
b 4y = 4(ex?) -2
(35) =16andxx-1 =y
="'-1'|:.I I by =4 x 16x
e
Check that your answers are in the correct form.
surds.
)
1 Simplify:
a x3+a? h xf+x7 e x%xxi
d (x): e (xY) £ 3x05 x 4x-03
g 9xis 3y h 5x7 2 xi i 3xh e 2x8
j vxxix k (Vx) x({x) 1 {LE_-L
¥ X
2 Evaluate:
a 25! b 81 ¢ 278
d 42 e 9 f (-5
g (3)° h 1296 i (B)
i G k (3)- 1 (5)7
3 Simplify: T
a (64x1) === e (12551 d
2x + x° 4 .\ Ox?—15x°
¢ S I (Et’*) I h

Given that y = %.'-.'J‘ express each of the following in the form kx”, where & and n are constants.

X+ 4y
x?
Sx 4 3y
15x3
(1 mark)
(2 marks)
(2 marks)
{2 marks)

11




Chapter 1

m Surds

If m is an integer that is not a square number, then any multiple of ' is called a surd,

Examples of surds are v2, V19 and 5/ 2. m

Irrational numbers cannot be written
Surds are examples of irrational numbers. in the form EWHEI‘E a and b are integers.
The decimal expansion of a surd is never-ending Surds are examples of irrational numbers.

and never repeats, for example v2 = 1.414213562...
You can use surds to write exact answers to calculations.

® You can manipulate surds using these rules:

« Vab=\ax b
. fa_va
'3~ 73

Simplify: 5
a V12 b 1“2_ ¢ 56 -2V24 +/294
¥ 1 = .
A Te =it 3 Look for a factor of 12 that is a square number.
= .4 H'..}5=2'.3 UE-E“']'EI'UIE':'I;E—-}"E“l."rb.v'ivez
b ?3?.l_?"' X V3 L Vel =4 x5
~ 2 L
e XA e o Vh=2
= _é = ¥ L
c 5/6 - 224 + 294 Cancel by 2.
=5h€‘;-EEE|1.4 +1EH145
< VEIS — 2VF ¢+ J45)+ v6 is a common factor.
=ia(D =2 x2+7) 1 ik L
. Work out the square roots v 4 and v 49.
= '::l.lE".:'
= o6 L 5-44T=8

12



Algebraic expressions

Expand and simphify if possible:

a V2(5-13) b (2-V3)5+3)

a v2(5=+v3) Ve x5 =vZxi/3
— 5; E - El EI
=5/2 =& . e U‘:’-Eng '."E o H'E = 'rEF'T

b (2-v3N5++v3) | — Expand the brackets completely before you simplify.
= 2(5 +v3) = v3(5 + V3)
=10+ 2/3 - 5/3 - /5 Collect like terms: 23 - 5/3 =-3,3
=7 =33

Simplify any roots if possible: v9 =3

0 X

1 Do not use your calculator for this exercise. Simplify:

a v28 b H_T"E C \'E

e e V12
d v32 e V90 f +

27 S S Es . o
g L;— h 20 + 80 i V200418 -T2
i \'m'l".'ﬁ?r'l'lﬁﬁ k a'ﬁ-31m+$? I uﬁ-laﬁd'ﬂwﬁ
m 3,80 - 2,20 + 5,45 L o V12 +3/48 +/75

-
—
—

2 Expand and simplify if possible:

a V3(2+43) b V5(3-3) c V{4 -V5)
d (2-vV2)(3+3) e (2-V3)3-VT) f (4+/5)2+V5)
g (5=V3)1-=v3) h (4+V3)2=-V3) i (7=VIIN2+411)
@ 3 Simplify 75 =12 giving your answer in the form a3, where a is an integer. (2 marks)

@ Rationalising denominators

If a fraction has a surd in the denominator, it is sometimes useful to rearrange it so that the
denominator is a rational number. This is called rationalising the denominator,

® The rules to rationalise denominators are:

« For fractions in the form %, multiply the numerator and denominator by . a.
vl

» For fractions in the form _EH'J'.I_’ multiply the numerator and denominator by a -\ b.
a+y

* For fractions in the form 3 —, multiply the numerator and denominator by a + . b.
=\

13



Chapter 1

Rationalise the denominator of:

a L_ b : —
! 3 3 + u'E
1 1 % v 3
a_ S = —————-—
¥ o Jxv3
_¥3
e
" _ 1x({3-42)
34+y7 (B +/2N3 -7
B =B
- B2 4 BE -2
L F=ye
o
o Y2+ o +Vedvo +4e)
VB =vV2 (V5 - V25 +2)
_S+vave +ievo + 2
= 5 -2
_ I+ avio
N
1
d 1

ﬁmiﬁ_ﬁ-&w-~£

1
_1—13—'.3 +|_"_:3

N 1
 4-=2/3

1AL 5 el £

T (4= 20304 + 2/3)
1

-4+_:E_’-.3
151’1":3'\3--5'.3-12

f1+%33__;’:‘+~3
4 i 2

14

1
d —
(1 =43

+

-
] | 13

~
| |

'--

Multiply the numerator and denominator by , 3.

VI 3=(3)0¢=3

Multiply numerator and denominator by (3 —+2).

'u"i X '|."'E =7

9-2=7,-32+W2=0

Multiply numerator and denominator by 5 + v 2.

—/2v5 and v5/2 cancel each other out.

1."-.5; ‘-l;f = m'riﬁ

Expand the brackets.

Simplify and collect like terms. v9 = 3

Multiply the numerator and denominator by
4+ 243,

i 1.'.3 H'.'l.i=3

— 16-12=4,8/3-8/3=0



Algebraic expressions

0 cx»

1 Simplify:
| | [ V3
A — |.'|- T R ll ———
V5 Vil V2 v 15
2 A ¥
V48 v 80 v 156 v 63
2 Rationalise the denominators and simplify:
1 | | 4 |
— b — — d — —
143 2445 ~ By -3 g
31-42 5 52 . 1 , V3 =V7
i = g — I — i — |
4-y5 245 V8 =7 3+l V3 +v7
L_I? — 1'1_|- '.'H + »i‘i '.i - mi
k == ) e——— m - ==
+|T+'.1| '.'41—1.1";' 53—1."1
3 Rationalise the denominators and simplify:
| 1 4
a ————— b — c ———
(3-v2) (2+V5)2 (3-v2)?
3
] o — e __l —- f __E =
(5+v2)° (5+v2)(3=-+2) (5=v3)2+V3)

4 Simplify 3%2‘ ]5 giving your answer in the

You can check that your answer is in the correct
form by writing down the values of p and ¢ and
thEi‘.Hl'lﬂ that they are rational numbers.

form p + ¢v' 5, where p and ¢ are rational
numbers. (4 marks)

Q.- Mixed exercise o

1 Simplify:
a P xy? b 3x2 x 2x% ¢ (4x7y + 257 d 47 = 36 = b

2 Expand and simplify if’ possible:
a (x+3x-35) b (2x - T)3x+ 1) c (2x+5)M3x-y+2)

3 Expand and simplify if’ possible:
a xix+4px-1) b (x+2x=3x+7) ¢ (2x+3x-=-3x-1)

4 Expand the brackets:
a 35v+4) b Sx3-5x+2¢Y) e Sx(2x+ 3)-2x1 - 3x) d 3231 + 3x) - 2x(3x -2)

15
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Chapter 1

Factorise these expressions completely:

a 3x'+4x b 4 + 10y C X7+ Xy +x)° d 8x)7 + 10x7%y
Faclorise:
a X+ 3v+2 b 3x% + 6x c x*=2x-35 d 2x*=x-=3

e S5x'=13x-6 f 6-5v-x°

Factorise:
a 2y} + by b - 36x ¢ 2xY 4+ Txi=-15x
Simplify:
a 9x3 £ 3x? b (43} e 3x2x 2 d 3x7+6x7
Evaluate:
8\’ 2251}

2 (57) b (559)
Simplify:
2 == b /20 + 2/45 - /80

V63
a Find the value of 35x2 + 2x — 48 when x = 25,

b By factorising the expression, show that your answer to part a can be written as the product
of two prime factors,

Expand and simplify i’ possible:

a V2(3+/5) b 2-V5)5+V3) ¢ (6-V2)4-VT)

Rationalise the denominator and simplify:

a L_ b # [ = _3 d M e ;_‘ f ;_1
v3 v2 -1 V3=2 va3 + V37 {31-1.3}" {4—1.?]'

a Given that x* = x? = 17x = 15 = (x + 3)(x? + bx + ¢), where b and ¢ are constants, work out

the values of b and ¢.
b Hence, fully factorise x* = x* = 17x = 5.

Given that y = %,r ' express each of the following in the form kx”, where &k and » are constants,

a )y (1 mark)
b 4y-! (1 mark)
Show that Eﬁ__ can be written in the form va + v b, where @ and b are integers. (5 marks)

Ll -y

Expand and simplify (/11 = 5)(5=11). (2 marks)
Factorise completely x — 64x7. {3 marks)
Express 272+ ! in the form 3*, stating v in terms of x. (2 marks)



Algebraic expressions

Solve the equation 8 + x/12 =—

Give your answer in the form @b where @ and b are integers. (4 marks)

A rectangle has a length of (1 +3)cm and area of V12 em?,
Calculate the width of the rectangle in cm.
Express your answer in the form a + &' 3, where @ and b are integers to be found.

Show that 2 T{xl can be written as 4x~' = 4 + x°. (2 marks)
Giiven that 2433 = 3¢, find the value of a. (3 marks)
Given that . 1_‘: = can be written in the form 4x° + x*, write down the value of a

and the value ::-F b. (2 marks)

Challenge

Simplify (Va +vb)(Va = Vb).
1 1 1 1

+— T S N . R |
Vi+vZ VZ2+V3 d34+/4 VZh +25

Hence show that

Summary of key points

1

wmooe W N

You can use the laws of indices to simplify powers of the same base.

® d"xg"'=g"" ®g"rag"=g""

® (@) = g™ ® (ab)"= a"h

Factorising is the opposite of expanding brackets.

A quadratic expression has the form ax? + bx + ¢ where a, b and ¢ are real numbers and a = 0.
==+ yx-y)

You can use the laws of indices with any rational power.

[] H'l'=1"'t_l L] HET:.'E"F
. grm= im o g%=1
il
You can manipulate surds using these rules:
g e e ;1 a _vda

® vabh=Jaxy/b .?IIE_..-"__

The rules to rationalise denominators are:

@ Fractions in the form l_ multiply the numerator and denominator by va.
v

e Fractions in the form 5 multiply the numerator and denominator by a = vb.
a+y

® Fractions in the form ! 5 multiply the numerator and denominator by a + v b.
a=y

17



Quadratics

After completing this chapter you should be able to:

® Solve quadratic equations using factorisation, the quadratic
formula and completing the square - pages 19 - 24

® Read and use f(x) notation when working with
functions - pages 25 - 27

e Sketch the graph and find the turning point of a quadratic
function -+ pages 27 - 30

e Find and interpret the discriminant of a quadratic
expression - pages 30 - 32

® Use and apply models that involve quadratic
functions -+ pages 32 - 35

Prior knowledge check

Solve the following equations:
a Jx+b=x-4
b 5(x+3)=6(2x-1)
¢ 4x =100
d (x - 8) =64 + GCSE Mathematics
2 Factorise the following expressions:

a vi+8x+15 b 2+ 3x-10
€ 3x*—=14x -5 d - 400

+ Section 1.3

Sketch the graphs of the following
equations, labelling the points where each
graph crosses the axes:

a y=3xv-6 b y=10-2x

€ x+2y=18 d y=x*

+ GCSE Mathematics

@ Quadratic functions are used to model
projectile motion. Whenever an object

a x+8<11 b2x-5=13 »= s thrown or launched, its path will '
c 4x=-T=2(x-1 dié-x<1l1 |

wil approximately follow the shape of a
+ GCSE Mathematics parabola. -+ Mixed exercise Q11 -
LV S -, . . ey

& Solve the following inequalities:



@ Solving quadratic equations

A quadratic equation can be written in the form ax® + bx + ¢ = 0, where a, b and ¢ are real constants,
and a # 0. Quadratic equations can have one, two, or no real solutions.

DD rhe solutions toan

equation are sometimes called
the roots of the equation.

= To solve a quadratic equation by factorising:
* Write the equation in the form ax® + bx + ¢=0

= Factorise the left-hand side
» Set each factor equal to zero and solve to find the value(s) of x

Example o

Solve the following equations:

a vV=2x=15=0

¢ br+13x=-5=0

b x'=9x

d ¥ =-5x+18=2+3x

a ** =2x=15=0

(x+3x-8)=0
Then either X + 3 =0 =% x = =3

Quadratics

—— Factorise the quadratic. + Section 1.3

__ IfFthe product of the factors is zero, one of the
factors must be zero,

m The symbol = means ‘implies that'

This statement says ‘If x + 3 =0, then x = -3".

or r=S5wm=x=9

Sox=-3 and x = 5 are the two solutions

A quadratic equation with two distinct factors has
two distinct solutions.

—_

ot the equation.

m The signs of the solutions are

opposite to the signs of the constant terms in
each factor.

b == Sy
X =Gy =)
xix-9=0

Then either x = 0

or X=S=0=x=9

The solutions are x = O and x

c X +13x-5=0
(Bx=-1{2x + 5 =0
Then either 3x = 1=0=x
or 2x+hH=

d " =5x+ 186 =
X =05+ e =

(x =4lx - 4) =

Then either x = 4 =

or N o= =

Be careful not to divide both sides by x, since x
may have the value 0. Instead, rearrange into the
formaxr®+bx+ec=0.

. Factorise.

D= x=
The solutions are X = = and X = —I'

P

-_

+ 3x

——

— Factorise.

Solutions to quadratic equations do not have to
be integers.

The quadratic equation (px + g)lrx + 5) = 0 will

n

. if ) 5
have solutions x = -5 and x = - =

L Rearrange into the formax? + bx +c =0,

—— Factorise.

it When a quadratic equation has
exactly one root it is called a repeated root. You
can also say that the equation has two equal roots.

19




Chapter 2

In some cases it may be more straightforward to solve a quadratic equation without factorising.

Solve the I::rll[:-wmg equations 1 m The symbol = lets you write two
a(2x-3y=25 b (x-3y=7 statements in one line of working. You say
_ ‘plus or minus’.
a (2x = 3F =25
2x =3 =25 | Take the square root of both sides.
cx=23 %2 Remember 57 = (-5) = 25,
Then either 2x =3 4+ 5 = y= 4
or 2x=3-S=x=-1 —— Add 3 to both sides.
I he splutions are X = 4 and x = =1
b (x=-3F=7 ~ - - Take square roots of both sides.
Xx=3=x7
x=3 xS
The solutions are y = 3 + 47 and
x=3-7 You can leave your answer in surd form.

0O X5

1 Solve the following equations using factorisation:
a x2+3x+2=0 b x*+5x+4=0 c 2+Tx+10=0 d xX-x-6=0
e v'-8x+15=0 f x*=9v+20=0 g x=-5x-6=0 h v*-dy-12=0

2 Solve the following equations using factorisation:
a x'=4x b x?=25x ¢ 3xl=hx d 5xi=30x
e 2+ Tx+3=0 f 6 =Tx=3=0 g 6 =5x—-6=0 h 4 = 16x+15=0

3 Solve the following equations:

a I+ 5x=2 b (2x =3y = ¢ (x=-TP=136 d 2x'=8§ e I'=5
f (x-3)0=13 g 3x-1P=1l h 522 - 10x2==7 4+ x + x°
i 6x2-T=11x j 4x* + 17x=6x = 2x°

Problem-solving

@ 4 T!'is shape has an aren of 44 m?, "_'““__'I T Divide the shape into two sections:
Find the value of x.

{x+3im

=
—— —
[

- 2xym -

@ 5 Solve the equation 5x + 3=v3x+T7,

20



Quadratics

Some equations cannot be easily factorised. You can also solve quadratic equations using the

quadratic formula.
® The solutions of the equation CETEETD vou need to rearrange the equation
ax?+ bx + ¢ = 0 are given by the formula: into the form ax? + hx + ¢ = 0 before reading off
AP J gty oo the coefficients.
N 2a

Solve 3x- = 7x =1 =0 by using the formula. r S BeeTand ey,

—[=T7) £ (=712 = 4{3)=1)] . -
X = R - Put brackets around any negative values.
b
7 = /4 12
R s 4 x3x(-1)=+12
L=
7 = JE
X= -
=
} v _.'r + EI ? —— I.‘_.ll
&N X = 2o X =
& &

Orx =247 (3 sf) or x = =-0135 (3 s.f)

0O &&x

1 Solve the following equations using the quadratic formula,
Give your answers exactly, leaving them in surd form where necessary.
a x*+3x+1=0 b x*!-3x-2=0 ¢ X+0x+6=0 d ¥*-5x-2=0
e i+ 10x-2=0 f d4vi-4x-1=0 g 4xi-Tx =2 h 1Ix2+2x-T7=0

2 Solve the following equations using the quadratic formula,
Give your answers to three significant figures.
a vY+4x+2=0 b v*-8x+1=0 e X+ 1lx=-9=0 d ¥*=-Tx=17=0
e Svi+9%=1=0 f 2v-=3x-18=0 g 3vi+8=16x h 2x-+ 1lx=5x" =18

3 For each of the equations below, choose a suitable method and find all of the solutions,
Where necessary, give your answers 1o three significant figures.
a vV+8x+12=0 b v24+9x-11=0

¢ ¥'=9x=1=0  d2%+5c+2=0  Hint "’“”Td:m“:'hm“‘ﬁ
: gl R you are confident with to so

e (2x+ 8)-=100 f 6x-+6=12x these equations.

g 2x*=1l=Tx h x=V8x-15
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4 This trapezium has an area of 50 m°,

Show that the height of the trapezium is equal to 5(v5 = 1)m.

X =

2xm

a— (g 4 )M ——

Challenge

Given that x is positive, solve the equation
x Xx+2 195

@ Completing the square

Problem-solving

Height must be positive. You will have to discard
the negative solution of your quadratic equation.

m Write the equation in the form

ax® + hx + ¢ = 0 before using the quadratic
formula or factorising.

It is frequently useful to rewrite quadratic expressions by completing the square:

. _r1+,51=(_r+§)!_(g)1

You can draw a diagram of this process when x and b
are positive:

The original rectangle has been rearranged into the
shape of a square with a smaller square missing.
The two areas shaded blue are the same,

Example o

Complete the square for the expressions:

a x*+ 8x b x*-3x e 2xi+ 12x
a ¥+ 8x=(x+4F - 4°
=(x + 4)F - 16
b ,'I,"-h e 3-1 e |:I|| 4 _23_} - :31 2
|
={-T'%]‘ -E-- i
e 2x% = 12x = 2(x? - Gx) .
| -
= 2{(x - 3F - 39
= 2((x - 3F - 9
= 2(x = 3) = 186 - 1

22
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()~ (2)

x4+ by

m A quadratic expression in the

form p(x + ¢)% + r where p, ¢ and r are real
constants is in completed square form.

Begin by halving the coefficient of x. Using the

rule given above, h=8 sn%zﬁ.

2
Be careful il’g is a fraction. Here (%) = ; = %.

Here the coefficient of +¢ is 2, so take out a factor
of 2. The other factor is in the form (x* + bx) so
you can use the rule to complete the square.

Expand the outer bracket by multiplying 2 by 9 to
get your answer in this form.,



. EI=+.,II+E=E(.I+£)=+(E i]

2a  ha?

Example e

Write 3x* + 6 + 1 in the form p(x + g)* + r, where p, ¢ and r are integers to be found.

3+ 6x+1

= 3(x+ 2x) + 1

= 3{x + 1F = 19) + 1
=3x+1F -3 +1

Ax+ -2
Sop=3.g=1and r=-2.

o

1 Complete the square for the expressions:
a X +4x b x*-bx c x* - l6x

2 Complete the square for the expressions:
a 2v7+16x b 3xi=24x ¢ Sx'+20x

This is an expression, so you can't

Quadratics

divide every term by 3 without changing its value.

Instead, you need to take a factor of 3 out of
3xf + 6x.

You could also use the rule given above to

complete the square for this expression, but it is
safer to learn the method shown here,

m In question 3d,

write the expression as

=4x% = 16x + 10 then
take a factor of —4 out
of the first two terms

d v +x e - 14

d 23 =5y e 8Bx=22

to get —4(x? + 4x) + 10

3 Wnite each of these expressions in the form p(x + g)* + r, where p, ¢ and r are constants
to be found:
a 2x+8x 41 b 5x2=15x+3 ¢ 3Ix'+2¢-1 d 10-16x-4x! e 2x-=8x'+10
@ 4 Given that x* + 3x + 6 = (x + a)* + b, find the values of the constants @ and b. (2 marks)
@ 5 Write 2 + 0.8x — 0.04x7 in the form 4 - B{x + C), where A, B and C are constanis to
be determined. (3 marks)

Example o

Solve the equation x* + 8x + 10 = 0 by completing the square.

Give your answers in surd form.

¥ +8x+10=0

Check coefficient of x* = 1.

X+ 8x=-10 Subtract 10 to get the LHS in the form x% + hx.
(x + 4F - 4~ = =10 Complete the square for x* + 8Bx.
(x +4F =-10+ 16 Add 4° to both sides.
(x+4F =06
(x+4) =6 Take square roots of both sides.
x=-4xvb Subtract 4 from both sides.

So the solutions are

Y=t 46 anad ¥ == =G, *

- Leave your answer in surd form.
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Example o

Solve the equation 212 = 8x + 7 = 0. Give vour answers in surd form.
q A

Problem-solving

This is an equation so you can divide every term

2x*-8x+7=0

—dx+£=0 _
S T by the same constant. Divide by 2 to get x* on its
N e own. The right-hand side is 0 so it is unchanged.
(X = 2F —2°* = — L
W= E]_ g Ris L Complete the square for 12 - 4x.
el e g Add 2* to both sides,
X = - !I. E' |_
x=2% ? Take square roots of both sides.
So the roots are L Add 2 to both sides,

x=2+ 1r_. and x = 2 - ;
- : @ Use your calculator to check @
solutions to quadratic equations quickly. _
0 "

I Solve these quadratic equations by completing the square. Leave your answers in surd form.
a xI+6x+1=0 b x¥+12x+3=0 e X14+4x-2=0 d x2-10x=35
2 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a 2x*+6x-3=0 b 5x°+8x-2=0 c dxi-x-8=0 d 15-6x-2x"=0
@ 3 x*=14x + 1 =(x+p) + g, where p and g are constants.
a Find the values of p and g. (2 marks)

b Using your answer to part a. or otherwise, show that the solutions to the equation
x* = 14x + 1 = 0 can be written in the form r £ 53, where r and s are constants

to be found. (2 marks)
4 By completing the square, show that the solutions to Problem-solving
the equation x? + 2hx + ¢ = 0 are given by the formula

Follow the same steps as you would

x==htiVh-p. (4 marks) if the coefficients were numbers.

Challenge

a Show that the solutions to the equation

ax?+ 2bx + ¢ =0 are given by x = - g_ % f'EE e, m start by dividing the whole
a equation by a.
b Hence, or otherwise, show that the solutions to the
equation ax? + bx + ¢ = 0 can be written as e You can use this
b+ VB2 -dac method to prove the quadratic
s 22 : formula. ~ Section 7.4
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Quadratics

@ Functions

A function is a mathematical relationship that maps each value of a set of inputs to a single output.
The notation f(x) is used to represent a function of x.

® The set of possible inputs for a function is called the domain.  Pomain B=9 Range

= The set of possible outputs of a function is called the range. ALl iﬁ-m

This diagram shows how the function f(x) = x* maps five
values in its domain to values in its range.

® The roots of a function are the values of x for which f(x) = 0.

FELTE e

The functions f and g are given by f{(x) = 2x = 10 m If the input of a function
and gl.ﬂ =x-=-9 xeR. ¥, can bEﬂI"t'h" real number the
a Find the values of f(5) and g(10). domain can be written as x € R.
b Find the value of x for which f{x) = g(x). The symbol € means ‘is a member
of’ and the symbol R represents the
a f{(5)=2(5)=10=10=-10=0 real numbers.
a(10) = (10)* = 2 =100 - 9 = 91 L
b fx) = alv) To find f(5), substitute x = 5 into the function f{x).
2x-10=x*=-9
X* = 2x + 1 =0 Set f(x) equal to g(x) and solve for x.
(x =1 =0

x =

Example o

The function [ is defined as f{x) = x* + 6x - 5, x € R.

a Write fix) in the form (x + p)* + ¢.

b Hence, or otherwise, find the roots of fix), leaving your answers in surd form.

¢ Write down the minimum value of f(x). and state the value of x for which 1t occurs.

affxl=x"+6x-5

=(x+3F-9-5 Complete the square for x% + 6x and then

simplify the expression.

=(X+3F-14 |
b fix} =0 o To find the root(s) of a function, set it equal to zero.
(x+3F-14=0
(x + 3F =14 ' You can solve this equation directly. Remember to
x+3==x/14 write + when you take square roots of both sides.
x=-3 %14

f(x) has two roots:
-3 + 414 and =3 = /14,
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cx+3F=0 A squared value must be greater than or equal to 0.
So the minimum value of {x) is =14,

This occurs when (x + 3F = 0,

|— i 4314 =~
s0 when x = =3 (x+3¥=0s0(x+3)°-14 14

Example @

Find the roots of the function fix)=x%+Tx' -8, xeR.

fix) =0 Problem-solving

Y sTB3=p=0 f(x) can be written as a function of a function.
The only powers of x in f{x) are 6, 3 and 0 so you
can write it as a quadratic function of x*.

(F + 7(x°) = 8=0-
(=N +8=0

Sox? =1iorx® ==5 Treat x' as a single variable and factorise.
===
Y m=f s y==2 Solve the quadratic equation to find two values
for x*, then find the corresponding values of x.

The roots of Hx) are 1 and =2.

Alternatively, let u = x3, You can simplify this working with a substitution.
fix)=x*+T7x" -8

={(x*F+ 7N -8
Replace x* with 1 and solve the quadratic

=n"+7u-6 Ri
equation in .

= (- M+ 8)
Sowhenflx) =0, u=10ru=-56
fus1=xr’=1=x=1 : .

: m The solutions to the quadratic

fu=-8=x"=-8=x=-2 equation will be values of . Convert back to
The roots of f{x) are 1 and =2. values of x using your substitution.

Ok Loecie @

I Using the functions [(x) = 5x + 3, glx) = x* =2 and h{x)=vx + 1, find the values of:

a f(l) b g(3) ¢ h(8) d f(1.5) e g(v2)
: 2(4)
f hi-1) g f(4)+ g(2) h f{0) + g(0) + h(() i h3)

@ 2 The function f{x) is defined by [{x) = x* - 2x, x € R. Problem-solving

Given that f{a) = &, find two possible values for a. Subistitute ' Trto tha Tonttion and

B . : set the resulting expression equal to 8.
3 Find all of the roots of the following functions: il ;.

a fix)=10-15x b g{x)=(x+9)ix-2) ¢ hix)=x1+6x-40
d j(x) = 144 = &7 e kix)=x(x+35)0x+7) f mix)=x"+ 5x% = 24x
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4 The functions pand garegiven by p(x) = x = 3vand qlx)=2v -6, x e R.
Find the two values of x for which p{x) = g{x).

5 The functions  and g are given by f{x) =2x" 4+ 30x and g(x) = 173, xER.
Find the three values of x for which fix) = glx).

@ 6 The function fisdefined as fix)=x*=-2x+2, xeR.

a Write f{x) in the form (x + p)y + ¢. where p and ¢ are constants to be found. (2 marks)
b Hence, or otherwise, explain why f(x) > 0 for all values of x, and find the minimum
value of f{x). (1 mark)
7 Find all roots of the following functions:
a flx)=x22+9x"+8 b g(x)=x*-12x"+ 32 m The function in
e hix)=27x"+26x° - | d jlx) =324 =33 + | part b has four roots.
e kix)=x-Tx+10 f m{x)=2xi+2xi=12

8 The function fisdefined as {x) =3 =28(3 )+ 27. xe R.
e function I 1s defined as f{x) (3) + X

a Write f{x) in the form (3* = ad 3" = b), where a and b are
real constants. (2 marks) Consider fx) as
function of a function.

b Hence find the two roots of f{x). (2 marks)

m Quadratic graphs

When f(x) = ax? + bx + ¢, the graph of y = f(x) has a curved shape called a parabola.
You can sketch a quadratic graph by identifying key features.

The coefficient of x* determines the overall shape of the graph.

When a is positive the parabola will have this shape: \ )/

When a is negative the parabola will have this shape: /™\

@ The graph crosses the y-axis when

Vi x =0, The y-coordinate is equal to ¢. w @
\ @ The graph crosses the x-axis when y =0, The @
(@) x-coordinates are roots of the function f(x).

@ Quadratic graphs have one turning point.
This can be a minimum or 8 maximum.
Since a parabola is symmetrical, the turnin Lot
(] {:}-._ A p4 ¥ B ) X
@ @ point and line of symmetry are half-way ®'f @
between the two roots.

=

® You can find the coordinates of the turning point The graph of y =alx + pF + ¢
of a quadratic graph by completing the square. is a translation of the graph of

If f(x) = a(x + p)* + g, the graph of y = f(x) has a y=axtby (7). -5 Section 4.5
turning point at (~p, ¢). 4
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Sketch the graph of y = x* = 5x + 4, and find the coordinates of its turning point.

28

As a = 1 is positive, the graph has a U
shape and a minimum point.

Vhen x = O, vy = 4, s0 the graph crosses
the y-axis at (O, 4),

When ¥ = 0,
¥ =8x+4=0
(x=-MNWx-4)=0

Use the coefficient of x? to determine the general
shape of the graph.

This example factorises, but you may need to use

x =1or x =4, so the graph crosses the
x-axis at (1, Q) and (4, O).

the quadratic formula or complete the square.

Complete the square to find the coordinates of

Completing the square:
¥ =5x+4=(x- ._:' -

5+ 4

=(x=3)°-2

20 the minimum point has coordinates
5 )

{.'." -3

Alternatively, the minimum occurs when

x is half-way between 1 and 4,

14+ 4 5

5 =3

r=(3)"-5x%x(3)+4=-3

50 X=

s0 the minimum has coordinates ( o :]
The sketch of the graph is:

AV

=%

B | L0
ey

the turning point.

@D 17 y0u use symmetry to find the

x-coordinate of the minimum point, you need to
substitute this value into the equation to find the
y-coordinate of the minimum peint.

You could use a graphic calculator or substitute
some values to check your sketch.

Whenx=5y=5-5x5+4=4

@ Explore how the graph of

¥ = (x + p) + g changes as the values of p
and ¢ change using GeoGebra.

]
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Sketch the graph of y = 4x - 2x* - 3. Find the coordinates of its turning point and write down the
equation of its line of symmetry.

As a = =2 s negative, the graph has a ,-‘A‘\

1

shape and a maximum point. L
When x = O, y = =3, so the graph
crosses the y-axis at (O, =3).

When y =0,

-2 +4x-3=0
Using the quadratic formula,
—4 + /47 — 4[=2)=3)

2 X (-2)
"‘"4 X v ‘“El'

xX=
-

There are no real solutions, so the gragh

does not cross the X-axis,

Completing the square:

-2 + 4y =3

==2x"=2x)=3
—2({x =1 =1 =3
-2 =FE+r2-3

= =2{x = 1 =1

S0 the maximum point has coordinates
(1, =1

The line of symmetry is vertical and goes
through the maximum point. It has the
equation x = 1

(] (1. =1) X

-3

L It's easier to see that a < 0 if you write the

equation in the form y = —2x? + 4x - 3.

a=-2.bh=4and¢c=-3

You would need to square root a negative
number to evaluate this expression. Therefore
this equation has no real solutions.

Quadratics

The coefficient of »* is —2 so take out a factor of -2

m A sketch graph does not need to be

plotted exactly or drawn to scale. However you

should:

& draw a smooth curve by hand

o identify any relevant key points (such as
intercepts and turning points)

@ label your axes.
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0 X
4

1 Sketch the graphs of the following equations. For each graph. show the coordinates of the pointis)
where the graph crosses the coordinate axes, and write down the coordinate of the turning point
and the equation of the line of symmetry.

a yp=x'-6x+8 b y=x"+2x-15

e y=25-x" d y=x2+3x+2
e yr=-x'+6x+7 f y=2x"+4x+10 g y=2v"+Tx-15 h v=6x"=19x+ 10

| p=4-Tx-247 j y=05x+02x+002

@ 2 These sketches are graphs of quadratic functions of the form ax? + bx + ¢.
Find the values of a, b and ¢ for each function.

A ia b Vi Problem-solving

Check your answers

by substituting values
into the function. In
part ¢ the graph passes
through (0, 18}, s0 h{0)
v should be -18.

15 10 F

¥ = hix) \ y=jix) A4 X
-1

-15

3 The graph of y = ax* + bx + ¢ has a mimimum at (5, =3) and passes through (4, 0).
Find the values of a, b and ¢. (3 marks)

@ The discriminant

If you square any real number, the result is greater than or equal to 0. This means that if y is negative,
/v cannot be a real number. Look at the quadratic formula:

If the value under the square root sign is negative, x cannot be
a real number and there are no real solutions. If the value under
the square root is equal to 0, both solutions will be the same.

_=b Vb - bac
2a

= For the quadratic function f(x) = ax® + bx + ¢, the expression b? — 4ac is called the
discriminant. The value of the discriminant shows how many roots f(x) has:

« If b2 - 4ac > 0 then f(x) has two distinct real roots.
» If b* — 4ac = 0 then f(x) has one repeated root.
« If b* - &ac < 0 then f(x) has no real roots.
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You can use the discriminant to check the shape of sketch graphs.
Below are some graphs of y = f{.x) where f(x) = ax* + bx + ¢.

E

a=0

Vi ¥
7] "
No# y
b =dar >0
Twio distinct real roots

ik L

One repeated root

=¥

b = bage=<0
Mo real roots

W =bar=0

Ly

a<0 al/ \l /

Example @

=
=
=

Find the values of k for which fix) = x* + kx + 9 has equal roots,

Y+hkx+9=0
Here g =1 b=kand c=9
For equal roots, b* —= 4ac = O

Problem-solving

Quadratics

Use the condition given in the question to write a

statement about the discriminant.

k-4 x1x2=0
kf=-36=0
k=36

50 k = 6

Substitute for &, b and ¢ to get an equation with

I

one unknown,

Find the range of values of & for which x* + 4x + k = 0 has two distinct real solutions.

r+4x+ k=0

Herea=1,b=4 and c = k.

For two real solutions, b - 4ac > O
4 =4 x 1k >0

6=4k =0

16 > 4k

4 >k

Sok < 4-

L— Solve to find the values of k.

___ This statement involves an inequality, so your
answer will also be an inequality.

~ Forany value of k less than 4, the equation will
have 2 distinct real solutions.

@ Explore how the value of the

discriminant changes with k using GeoGebra.
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0 cm©

a Calculate the value of the discriminant for each of these five functions:
i fx)=x+8x+3 i gx)=2x"-3x+4 jiii hix)==-x2+Tx-
iv j(x)=x*-8x+ 16 v kix)=2x-3x"-4

b Using your answers to part a, match the same five functions to these sketch gmphs.

AR AL

n| =

2 Find the values of & for which x? + 6x + k = 0 has two real solutions. (2 marks)
3 Find the value of 1 for which 2x? — 3x + ¢ = 00 has exactly one solution. {2 marks)
4 Given that the function f{x) = sx° + 8x + 5 has equal roots, find the value of the positive

constant s. {2 marks)
5 Find the range of values of & for which 3x* - 4x + k£ = 0 has no real solutions. (2 marks)
6 The function g(x) = x* + 3px + { 14p — 3), where p is an integer, has two equal roots.

a Find the value of p. (2 marks)

b For this value of p. solve the equation x? + 3px + (14p - 3) =0, (2 marks)

hix) = 2x* + (k + 4)x + k., where k is a real constant. Problem-solving

a Find the discriminant of h(x) in terms of k. (3 marks) If a question part says "hence or
b Hence or otherwise, prove that hix) has two distinct otherwise’ it is U-‘-ﬂ-_illv easier to use your
real roots for all values of k. (3 marks) answer to the previous question part.

Challenge

a Prove that, if the values of @ and ¢ are given and non-zero, it is always possible to choose a value
of b so that f(x) = ax? + bx + ¢ has distinct real roots.

G

b Is it always possible to choose a value of b so that f(x) has equal roots? Explain your answer.

@ Modelling with quadratics

A mathematical model is a mathematical description of a real-life situation. Mathematical
models use the language and tools of mathematics to represent and explore real-life patterns and
relationships, and to predict what is going to happen next.

Models can be simple or complicated, and their results can be approximate or exact. Sometimes a model
is only valid under certain circumstances, or for a limited range of inputs. You will learn more about how
models involve simplifications and assumptions in Statistics and Mechanics.

Quadratic functions can be used to model and explore a range of practical contexts, including
projectile motion.
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A spear is thrown over level ground from the top of a tower.
The height, in metres, of the spear above the ground after 1 seconds is modelled by the function:

)= 1225+ 14Tt =492, 1 =0

a Interpret the meaning of the constant term 12.25 in the model.

b After how many seconds does the spear hit the ground?

¢ Write hif) in the form 4 — B{t — C¥, where A, B and C are constants to be found.

d Using your answer to part ¢ or otherwise, find the maximum height of the spear above the

Quadratics

ground, and the time at which this maximum height is reached.

a The tower is 12.25 m tall, since

this is the height at time O.

When the spear hits the ground,
the height is equal to 0.

Problem-solving

Read the question carefully to work out the
meaning of the constant term in the context of
the model. Here, 1 = 0 is the time the spear is

1225 + 1471 - 49F =0

Using the formula, where a = =4.2,
h=147 and ¢ = 12.25,

e =147 £ J14.7% = 4(-4.0)(12.25]
- (2 x —4.9)

e -14.7 = y456.19
N —-2.6

= =067 or i =3.68 (to 3 =1)

To solve a quadratic, factorise, use the quadratic
formula, or complete the square.

Give any non-exact numerical answers correct to
3 significant figures unless specified otherwise.

As =0 1= 3.68 seconds (to 3 af), ——

12.25 + 1471 = 4977
= =491 - 31) + 12.25
= -4.9((t - 1.5 - 2.25) + 12.25
-4.9((t — .50 + 11.025 + 12.25)
= 23.275 - 49(1 - 1.5F
S0 A =23275 B=49 and C=15.

]

The maximum height of the spear is

Always interpret your answers in the context
of the model. 1 is the time after the spear was
thrown so it must be positive,

4.9(1 = 1.5)* must be positive or 0, s0 hir) = 23.275
for all possible values of &.

The turning point of the graph of this function
would be at (1.5, 23.275). You may find it helpful

23.275 metres, 1.5 seconds after ©

the spear is thrown.

to draw a sketch of the function when working
through modelling questions.

@ Explore the trajectory of the

spear using GeoGebra.
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The diagram shows a section of a suspension bridge carrving a road over water.

Problem-solving

For part a, make sure your
answer is in the context of
the model.

The height of the cables above water level in metres can be modelled by the function
hix) = 0.000 12x? + 200, where x is the displacement in metres from the centre of the bridge.

a Interpret the meaning of the constant term 200 in the model. (1 mark)
b Use the model to find the two values of x at which the height is 346 m. (3 marks)

¢ Given that the towers at each end are 346 m tall, use your answer to part b to calculate the
length of the bridge to the nearest metre. (1 mark)

A car manufacturer uses a model to predict the fuel consumption, y miles per gallon (mpg),
for a specific model of car travelling at a speed of x mph.
y==0.01x+0.975x + 16, x = 0

a Use the model to find two speeds at which the car has a fuel consumption of
32.5mpg. {3 marks)

b Rewrite v in the form 4 = Blx = CF, where 4, Band C are constants to be found. (3 marks)

¢ Using your answer to part b, find the speed at which the car has the greatest fuel
efficiency. {1 mark)

d Use the model to calculate the fuel consumption of a car travelling at 120 mph,
Comment on the validity of using this model for very high speeds. {2 marks)

A fertiliser company uses a model to determine how the amount of fertiliser used. f kilograms
per hectare, affects the grain yield g, measured in tonnes per hectare,

g = 6+ 0.03f - 0.000 06/>

a According to the model, how much grain would each hectare yield without any

fertiliser? (1 mark)
b One farmer currently uses 20 kilograms of fertiliser per hectare. How much more fertiliser
would he need to use to increase his gramn vield by | tonne per hectare? {4 marks)

A football stadium has 25 000 seats. The football club know from past experience that they will
sell only 10000 tickets if each ticket costs £30. They also expect to sell 1000 more tickets every
time the price goes down by £1.
a The number of tickets sold r can be modelled by the linear equation ¢ = M - 1000p,

where £p is the price of each ticket and M is a constant. Find the value of M. (1 mark)
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The total revenue, £r, can be calculated by multiplying the number of tickets sold by the price of
each ticket. This can be written as r = p{ M — 1000p).

b Rearrange rinto the form A - B(p — CF, where 4. B and C are constants to be found. (3 marks)

¢ Using your answer to part b or otherwise, work out how much the football club should
charge for each ticket if they want to make the maximum amount of money. (2 marks)

D) sy i o e

simultaneous equations. Combine
Accident investigators are studying the stopping distance two different :iﬁ of equations to

of a particular car. eliminate . Use the results to find
When the car is travelling at 20 mph, its stopping distance the values of @ and b first.

is 6 feet.

When the car is travelling at 30 mph, its stopping distance
is 14 feet.

When the car is travelling at 40 mph, its stopping distance
is 24 feeL.

The investigators suggest that the stopping distance in

feet, d, is a quadratic function of the speed in miles per

hour, s.

a Given that d(s) = as* + bs + ¢, find the values of the
constants a, b and c.

b At an accident scene a car has left behind a skid that is
20 feet long.
Use your model to calculate the speed that this car was
going at before the accident.

0 Mixed exercise e

1

Solve the following equations without a calculator, Leave your answers in surd form where necessary.
a W+3r+2=0 b 3xvi+13x-10=0 e Sxi-10x=4x+3 d (2x-5¢=7

Sketch graphs of the following equations:

ay=x‘+5x+4 b y=2x"+x-3 ¢ y=06-10x-4dx° d y=15x-2x°

flx) = %" + 3x = 5 and g(x) = 4x + k, where & is a constant.

a Given that f{3) = g(3). find the value of £. (3 marks)
b Find the values of x for which f(x) = g(x). (3 marks)
Solve the following equations, giving your answers correct 1o 3 significant figures:

a kK+1lk-1=0 b 20=-5t+1=0 e 10-x-x'=7 d 3x-1yF=3-x*
Write each of these expressions in the form p(x + ¢)* + r, where p, g and r are constants to be found:
a x*+12x-9 b 5x°=40x + 13 ¢ Bx-2x? d 3 -(x+1F
Find the value & for which the equation 5x° = 2x + & = 0 has exactly one solution. (2 marks)
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@ 7 Given that for all values of x:

I+ 12x+5=p(x+qgF+r

a find the values of p, ¢ and r. (3 marks)
b Hence solve the equation 3x* + 12x + 5=0. {2 marks)

8 The function f is defined as f(x) = 2% = 20(2°) + 64, x € R.

a Write f{x) in the form (2* = a)(2¥ = b), where a and b are real constants. (2 marks)

b Hence find the two roots of f{x). (2 marks)

9 Find, as surds, the roots of the equation:

10

&P 11

36

x4+ Dix=-4)=(x=2F=0.
Use algebra to solve (x = 1){x + 2) = 18.

A diver launches hersell’ off a springboard. The height of the diver, in metres, above the pool
t seconds after launch can be modelled by the following function:

hir)=5¢ = 102+ 10,1 =0

a How high is the springboard above the water? (1 mark)
b Use the model to find the time at which the diver hits the water. (3 marks)
¢ Rearrange h(1) into the form A - B(r — C) and give the values of the constants

A, Band C. {3 marks)
d Using your answer to part ¢ or otherwise, find the maximum height of the diver, and

the time at which this maximum height is reached. (2 marks)

For this question, f{x) = 4kx? + (4k + 2)x + 1, where k is a real constant.

a Find the discriminant of f{x) in terms of k. {3 marks)
b By simplifving yvour answer to part a or otherwise, prove that f{x) has two distinct

real roots for all non-zero values of k. (2 marks)
¢ Explain why f{x) cannot have two distinct real roots when & = 0. (1 mark)
Find all of the roots of the function rix) = x* = 17x* + 16. (5 marks)

Lynn is selling cushions as part of an enterprise project. On her first attempt, she sold 80
cushions at the cost of £15 each. She hopes to sell more cushions next time. Her adviser
suggests that she can expect to sell 10 more cushions for every £1 that she lowers the price.
a The number of cushions sold ¢ can be modelled by the equation ¢ = 230 - Hp, where

£p is the price of each cushion and / is a constant. Determine the value of H. (1 mark)

To model her total revenue, £r, Lynn multiplies the number of cushions sold by the price of
each cushion. She writes this as r = p(230 - Hp).

b Rearrange r into the form 4 — Bip — C), where A, # and C are constants to be

found. {3 marks)
¢ Using vour answer to part b or otherwise, show that Lynn can increase her revenue by £122.50
through lowering her prices, and state the optimum selling price of a cushion. (2 marks)
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Challenge

The ratio of the lengths a: b in this line is the same as the ratio
of the lengths b: ¢,

Hf——— ] —

=
-

=
-

4 b e
+y5

2
Show also that the infinite square root

V1 +1,-'f1 +Y1+V14+V1+... = A +;5

Show that this ratio is . 2 3

Summary of key points

1

To solve a quadratic equation by factorising:

« Write the equation in the formax? + bx + ¢ =0

« Factorise the left-hand side

« Set each factor equal to zero and solve to find the value(s) of x

The solutions of the equation ax® + bx + ¢ = 0 where a = 0 are given by the formula:

_=bxvb*-4bac
S 24
X+bxs= (x+g)z—{g)z
ﬂf+h.l’+[.'=ﬂ(l’+"%]i+ (l‘.'-“jEJ

The set of possible inputs for a function is called the domain.
The set of possible outputs of a function is called the range.
The roots of a function are the values of x for which f(x) = 0.

You can find the coordinates of a turning point of a quadratic graph by completing the
square. If f(x) = alx + p)* + g, the graph of y = f(x) has a turning point at (—p, g).

For the quadratic function f(x) = ax? + bx + ¢ = 0, the expression b2 — 4ac is called the
discriminant. The value of the discriminant shows how many roots f(x) has:

s If B — 4ac = 0 then a quadratic function has two distinct real roots.
» If B = 4ac = 0 then a quadratic function has one repeated real root.
s If ¥ = 4ac < 0 then a quadratic function has no real roots

Quadratics can be used to model real-life situations.

£Y)




Equations and
inequalities

After completing this chapter you should be able to:

® Solve linear simultaneous equations using elimination or

substitution -+ pages 39 - &0
e Solve simultaneous equations: one linear and one

quadratic - pages 41 - 42
e |nterpret algebraic solutions of equations graphically -+ pages 42 - 45
® Solve linear inequalities - pages 46 - 48
® 5Solve quadratic inequalities -+ pages 48 - 51
® |nterpret inequalities graphically -+ pages 51 - 53
® Represent linear and quadratic inequalities graphically -» pages 53 - 55

Prior knowledge check

1 A = {factors of 12}

B = {factors of 20}
Write down the -
numbers in each 11
13
of these sets:

a ANEB b (41U B)
# GCSE Mathematics

2 Simplify these expressions.

2V45 +3/32
a V75 b —;—
= Section 1.5
3 Match the equations to the correct graph. Label
the points of intersection with the axes and the
coordinates of the turning point.
a y=9-x° b y=(x-2)°+4
€ y=[x-T)(2x +5)
, . il Food scientists use regions on

4 1 J

\ ‘T / /{_\ B graphs to optimise athletes’
- nutritional intake and ensure

ﬁ. 0 = Jrd 1
"QL/ / ‘ \ l_rf-,| ' they satisfy the minimum dietary
requirements for calories and
« Section 2.4 vitamins.
T . U




Equations and inequalities

m Linear simultaneous equations

Linear simultaneous equations in two unknowns have one set of values that will make a pair of
equations true at the same time.

The solution to this pair of simultaneous equationsis x=5,y=2

x+3y=11 (1) 5+3(2)=5+6=11¢

4x=5r=10  (2) 4(5) - 5(2) = 20-10=10 v

= Linear simultaneous equations can be selved using elimination or substitution.

Example o

Solve the simultaneous equations:

a 2x+3yp=8 b 4v-5r=4
Ix—y=23 6x +2y=25
First look for a way to eliminate x or y.
S e bt W n Multiply equation (2) by 3 to get 3y in each equation.
Ix=-y=23 (2)
9% - 3v=69 (3) Number this new equation (3).
MNx=77
e |_ Then add equations (1) and (3), since the 3y terms
S have different signs and v will be eliminated.
14 +3y=8 ) , _
; L— Substitute x = 7 into equation (1) to find y.
Jr=868-14
y=-2 |— Remember to check your solution by substituting
The solution s x = 7, y = =2, into equation (2). 3(T) - (-2) =21 +2=23 v
Note that you could also multiply equation (1)
by 3 and equation (2) by 2 to get 6x in both
equations. You could then subtract to eliminate x.
£ | RS W | Multiply equation (1) by 3 and multiply equation (2)
6x + 2y = 25 (2) by 2 to get 12x in each equation.
2% - 15y = 12 (3)

12x + 4y = 50 (4)
Subtract, since the 12x terms have the same sign

-19y = =38
' (both positive).
y=2
4x - 10 =4 Substitute y = 2 into equation (1) to find x.
dx = 14
v =3
The solution is x = 35, y = 2.
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Solve the simultaneous equations:
2x=y=1
4x+ 2y =-30

Rearrange an equation, in this case equation (1),

2X = y=1 (1)

to get eitherx=...ory=... (here y = ...).
4x + 2y = =30 () r
y=2x -1 Substitute this into the other equation (here into
equation (2) in place of y).
4x + 2(2x = 1) =-30- [
—— Solve for x.
dy+d4y = 2 = =30
By = -28 Substitute x = -3} into equation (1) to find the
=gl ’7 value of .
y=2(-33) -1=-8 ian |
: , Remember to check your solution in equation (2).
The solution is x = =33, ¥ = & 4(=35)+ 2(=8) ==14=16==30 v

O X

1 Solve these simultaneous equations by elimination:

a Ix-y=06 b Tx+3r=16 e Sx+2y=6
4y + 3y=22 2x+9y=29 3x=10y=26

d 2x-y=12 e 3x-2y=-6 f 3x+8y=133
bx + 2y =21 6y +3p=2 6y=3+ 5y

2 Solve these simultaneous equations by substitution:

a x+3y=11 b 4x-3y=40 c Ix-y=7 d 2y=2x-13

4x-Tyr=6 2x+y=35 10x + 3y =-2 Iy=x-1
3 Solve these simultaneous r:quilli:ms: m First rearrange
x =2y C
a3x-2p+5=0  b-—-=4 ¢ 3y=5(x-2) OO Cquetions MK
' 3 ' the same form
Mx+y)=6(x+1) 2x+3y+4=0 x=1)+y+4=0 eg.ax+by=c.
4 3x+ky=8 .

x=ev="5 Problem-solving

are simultaneous equations where k is a constant, k is a constant, so it has the

a Show that x = 3. (3 marks) same value in both equations.

b Given that y = 5 determine the value of k. (1 mark)

§ 2x-pyr=5

dx+ Sp+g=0

are simultaneous equations where p and ¢ are constants,

The solution to this pair of simultaneous equations is x =g, v = —1.

Find the value of p and the value of 4. (5 marks)
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@ Quadratic simultaneous equations

You need to be able to solve simultaneous equations where one equation is linear and one is quadratic.

To solve simultaneous equations involving one linear equation and one quadratic equation, you need
to use a substitution method from the linear equation into the quadratic equation.

= Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions to this pair of simultaneous equations are x = 4, y=-3 and x = 5.5, y =-1.5.

(1)
\E) -

x=y=17 f=(=3)=T7Tv and 5.5=(-1.5)=7 v

Wrxp+2r=5

Solve the simultaneous equations:

L 3P+ (4)-3)+2(4)=9-12+8=5¢ and

(<1.5)2 4 (5.5)(-1.5) + 2(55) = 2.25-8.25+ 11 =5 ¢

The quadratic equation can contain terms
x+2y=3 involving »# and xy.

x4+ dxp=10

Rearrange linear equation (1) toget x=... or

Find the corresponding x-values by substituting
the y-values into linear equation (1), x=3 - 2y.

Sox=4orx=5

Solutions are x = 4, y = —

x+2y=3 (1) - .
X+ 3xy =10 () |_ FE e,
X=3 -2y~ Substitute this into quadratic equation (2) (here in
B-2p+33-2w=10 ~—— |  placeofx)
912y + 47 + Iy -67 =107 |
22 =By -1=0 — {3 - 2v)° means (3 - 2))(3 - 2y) + Section 1.2
2 +#3r+1=0 L
@2y +NMr+N=0 | Solve for y using factorisation.
y= =3 or ==
l

and x =5, y= -1

There are two solution pairs for x and y.

O. Exercise @

1 Solve the simultaneous equations:

a x+y=11I1 b 2x+y=1 c y=3x
xy=30 x* 4y =] 2y = xy=15
d Ja+bh=8§ e u+v=17] f Ix+2y=7
3 + =28 uv =6 X*+y=8
2 Solve the simultaneous equations:
a 2x+2y=7 b x+y=9 ¢ Sy=dx=1

=4y =8

X2 =3xy+ 2 =0

X =+ 5x =41
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3 Solve the simultaneous equations, giving your answers in their simplest surd form:

a x—y=6 b 2x+3y=13 Use brackets when you are
xy=4 x4 pr=T78 substituting an expression into an equation.

4 Solve the simultaneous equations:

Xx+y=13
x2=-3y=1 {6 marks)
5 a By eliminating y from the equations
y=2=4x
I+ xp+11=0
show that x* = 2x - 11 =0. (2 marks)
b Hence, or otherwise, solve the simultaneous equations
yp=2-dx
IV+xr+11=0
giving your answers in the form a £ b3, where a and b are integers, (5 marks)
@ 6 One pair of solutions for the simultaneous equations Problem-solving
;: 'il\-: i 6 If (1, p) is a solution, then x=1, y=p

) satishes both equations.
15 (1, p)} where k and p are constants.

a Find the values of & and p.
b Find the second pair of solutions for the simultaneous equations,

Challenge

y-x=k
xX+pi=4
Given that the simultaneous equations have exactly one pair of solutions, show that
k=222

m Simultaneous equations on graphs

You can represent the solutions of simultaneous equations graphically. As every point on a line or
curve satisfies the equation of that line or curve, the points of intersection of two lines or curves
satisfy both equations simultaneously.

= The solutions to a pair of simultaneous equations represent the points of intersection of
their graphs.

a On the same axes, draw the graphs of:
2x+3r=8
3x-y=23

b Use your graph to write down the solutions to the simultaneous equations.
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graphically using GeoGebra.

a \ w Find the point of intersection O @

The point of intersection is the solution to the

& 2 | 0 simultaneous equations
[ ] 2x+3y=8
1o Jx-y=23
iy 3 =
This solution matches the algebraic solution to
b The solution is (7, —2) or x =

the simultaneous equations.

a On the same axes, draw the graphs of:
2x+y=13
p=xt=3x+ 1
b Use your graph to write down the solutions to the simultaneous equations.

There are two solutions. Each solution will have
an x-value and a y-value,

Check your solutions by substituting into both
equations.

2=1)+(5)==-2+5=3 v and
5=(-1P=3-1)+1=1+3+1=5¢
2(2)+(-1)=4-1=3 + and
“1=22=32)+1=4-6+1==-1/

b The solutions are (-1, 5) or x = =, @ Plot the curve and the line using 0 @

y=5and (2 ~Norx=2, p=- GeoGebra to find the two points of intersection.

The graph of a linear equation and the graph of a quadratic equation can either:
+ intersect twice

* intersect once

* not intersect

After substituting, you can use the discriminant of the resulting quadratic equation to determine the
number of points of intersection.
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® For a pair of simultaneous equations that produce a quadratic equation of the form

44

Pp=20=)+1==1

at+bx+c=0

s P-Lac>0

two real solutions

s P-bac=0
one real solution

s BP—bac<0
no real solutions

YA VN YT

Example o

The line with equation y = 2x + | meets the curve with equation kx? + 2y + (k = 2) = 0 at exactly
one point. Given that & 15 a positive constant
a find the value of &k
b for this value of &, find the coordinates of

the point of intersection.

y= 2
kx*+ 2y + (k=-2)=0

kx-+22x+1)+k=-2)=0
kxt 4+ 4y + 2 +k-2=0
kx+dx+ k=0

-4 xkxk=0

16 -4k~ =0
k¥ =4 =0
(k= 2}k + 2)=0

x+1 {1)

rm}___
Problem-solving

@ Explore how the value of k affects

k=2ork=-2

So k=2

2xi 4+ 4x +2=0 |

Ye2Zy+1=0

(x+1x+1N=0

X=-i

Foint of intersection is (=1, =1},

)

the line and the curve using GeoGebra.

Substitute y = 2x + 1 into equation (2) and
simplify the quadratic equation. The resulting
quadratic equationisinthe formax®* + bx +c=0
witha=k. b=4andc=k.

You are told that the line meets the curve at
exactly one point, so use the discriminant of the
resulting quadratic. There will be exactly one
solution, so & — dac =0,

Factorise the quadratic to find the values of &.

The solution is k = +2 as k is a positive constant.

Substitute k = +2 into the quadratic equation
kx® + 4x + k = 0. Simplify and factorise to find
the v-coordinate.

___ Substitute x = -1 into linear equation (1) to find

the y-coordinate,

Check your answer by substituting into equation (2):
2_\“1' + Ehl' = I:I
212 +2(-1)=2-2=0v
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0 &x»

1 In each case:
i draw the graphs for each pair of equations on the same axes
ii find the coordinates of the point of intersection.

a y=3x-35 b y=2x-7 ¢ y=3x+2
y=3-x y=8-3x Ix+y+1=0

2 a Use graph paper to draw accurately the graphs of 2y = 2x + 11 and y = 2x* = 3x - 5 on the same axes.
b Use your graph to find the coordinates of the points of intersection.
¢ Verify your solutions by substitution.

3 a On the same axes sketch the curve with equation x? + v = 9 and the line with equation 2x + y = 6.
b Find the coordinates of the points of intersection.
¢ Verify your solutions by substitution,

4 a On the same axes sketch the curve with equation
¥ = (x = 2)* and the line with equation y = 3x =2,

m You need to use algebra in
: : part b to find the coordinates.
b Find the coordinates of the point of intersection,
5 Find the coordinates of the points at which the line with equation v = x — 4 intersects the curve
with equation 32 = 2x> - 17,

6 Find the coordinates of the points at which the line with equation y = 3x - | intersects the curve
with equation ? = xy + 15.

@ 7 Determine the number of points of intersection for these pairs of simultaneous equations.
a y=6t+3x-7 b y=4x-18x+40 e y=3x1-2x+4
y=2x+8 y=10x-9 Ix+v+3=0

8 Given the simultaneous equations
x=-y=1
X +4ky+5k=0
where k 15 a non-zero constant

a show that x* + Bkx + k=0. (2 marks)
Given that x* + 8kx + &k = 0 has equal roots,

b find the value of & (3 marks)
¢ for this value of &, find the solution of the simultaneous equations. (3 marks)

9 A swimmer dives into a pool. Her position, p m. underwater can be modelled p
in relation to her horizontal distance, x m, from the point she entered the

water as a quadratic equation p = 3x2 = 3x.

The position of the bottom of the pool can be modelled by the linear

equation p = 0.3x - 6.

Determine whether this model predicts that the swimmer will touch the

bottom of the pool. (5 marks)

45



Chapter 3

m Linear inequalities

You can solve linear inequalities using similar methods to those for solving linear equations.

= The solution of an inequality is the set of all real numbers x that make the inequality true.

Find the set of values of x for which:

adx+9=x+20 b 12-3x<27 m You can write the solution to this
¢ Hx=-5)>5-2Ax-8) inequality using set notation as {x:x = 2.75).
This means the set of all values x for which x is
s Bx+9 = x4+ 20 greater than or equal to 2.75.
4dx + 9 = 20
4x = 1 I— Rearrange to get x = ...
X e 275
b 12-3x< 27 Subtract 12 from both sides.
“Bxet5 Divide both sides by -3. (You therefore need to

turn round the inequality sign.)
= In set notation [x:x > =5},
e 3x=-9)>5-2(x-8)
3x=-15>5=-2x+ 16+ - ]_
Multiply out {(note: -2 x —8 = +16).
|— Rearrange toget x > ...

Sx>»>5+16+15-

5x > 36 :
- In set notation {x:x > 7.2).
x>72 |
You may sometimes need to find the set of :
In set notation

values for which two inequalities are true e
together. Number lines can be useful to find = slternatively {x: x> <2} A (x' x = 4}
your selution, x==lorx>3iswritten{x:x=-1}U{x:x>3)

For example, in the number line below the
solution setis x> -2 and x = 4.

B & <2 0 2 &

O :’ & _ @isused for < and > and means the end value is not
included.
N " L
® is used for = and = and means the end value is
Cr . :
1 included.

These are the only real values that satisfy both

) equalities simultaneously so the solution is =2 < x = &,
Here the solution setsarex = -lor x> 3.

E W 5 3 1 5 _ Here there is no overlap and the two inequalities have

f—— o TE—— to be written separatelyas x = -lorx>3.

46



Find the set of values of x for which:
a Jx—-5S5<x+8andSx>x-8
b x=5>1=-xorl5=3x>5+2x,

¢ dx+7>3and 17 <11 + 2x,

a 3x-5<x+8 Dx>»>x=—5
2x—-5<é& 4x>-0
2x <13 X>=p
xX<6.5

-— 6 rets

O o e
20 the reguired set of values is =2 < ¥ € 6.5.
b x-5>1-x 15-3x>5 + 2x
2x =521 10 =3x > £x
2x> 6 10 > 5x
X>3 23X
x< 2

o » <

1% ¥

The sglutionis x >3 orx < 2

Equations and inequalities

Draw a number line to illustrate the two
inequalities.

The two sets of values overlap (intersect) where
-2 < x <65

Motice here how this is written when x lies
between two values,

In set notation this can be written as
[x:=-2<x <65

Draw a number line, Mote that there is no overlap
between the two sets of values.

In set notation this can be written as

(1 J cxercise D)

1 Find the set of values of x for which:
a 2x-3<5
c 6x=332x+7

15-x>4

| +x<25+ 3x

5=05x=1

- - oA

[x:x<2}Ufx:x>3)

Sv+4=39
Sx+6=-12-x
21 - 2x > 8 + 3x
Tx=-T7<7-7x
Sx+4>12-2x
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2 Find the set of values of x for which:

a lx-3)=0 b 8l -x)>x-1

d 2{x-3)-(x+12)=<0 e l+112=-x)<10{x—-4)
g 12v-3x-3)<45 h x=-2(5+2x)<1l

j ¥(5-x)=3+x-x2 k 3v+2x(x=3) = 2(5+ x?)

3 Use set notation to describe the set of values of x for which:

a Jx=-2)>x-d4anddx+12>2x+ 17

2x-5<x-land I(x+1)>23-x

=

2x=3>2and I(x+2)< 12+ x
I5-x<2{ll =x)and 5(3x-1)> 12x + 19
Ix+8=20and 2(3x-T)=x+6
Sx+3<%orS5(2x+1)>27

g 43x+ TN =200r23x-5=

Challenge

= R B M

7 - b6x
3

c x+T)=8B-x
f 2{x—=35)= 34 - x)

i x(x-4)=x1+2
dx{x+ 3)

| x(2x-3)=—F

A=[x:3x+5>2) Bn{.\r:%u:ﬁ}} C=lx:11c2x=1)

Giventhat AN(BUC) ={x:p<x =g} U(x:x>r], find the values of p, g and r.

@ Quadratic inequalities
= To solve a quadratic inequality:

* Rearrange so that the right-hand side of the inequality is 0
* Solve the corresponding quadratic equation to find the critical values

* Sketch the graph of the quadratic function
* Use your sketch to find the required set of values.

The sketch shows the graph of f(x) = x* - 4x -5

=[x+ 1)(x =5)
.1- -
The solutions to f(x) =0 10 . X
arex=-land x=5. ] I
These are called the =

critical values.
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The solutions to the quadratic inequality
x* = 4x = 5> 0 are the x-values when
the curve is above the x-axis (the darker
part of the curve). This iswhen x < -1 or
x > 5.In set notation the solution is {v:
x<=1}U{x:x>5})

The solutions to the quadratic inequality
¥ —=4x-5<0are the x-values when
the curve is below the x-axis (the
lighter part of the curve). This is when
x>=land x<5o0r-1<.x<5 Inset
notation the solution is {x: =1 < x < 5},



Equations and inequalities

Find the set of values of x for which:
I-5x-2x'<0.

3-5x-2x2=0 Quadratic equation.

x4+ 5x-3=0
(O = x + 3) =0 L Multiply by -1 (so it's easier to factorise).
= _f. orx=-=3

3 and -3 are the critical values.

1

Draw a sketch to show the shape of the graph
; 3_‘. and the critical values.

-

Since the coefficient of »¥ is negative, the graph
is ‘upside-down U-shaped’. It crosses the x-axis at
—3and L. + Section 2.4

S0 the reauvired set of values is

xe<-3orx>=

3 =5x=2x* <0 (y < 0) for the outer parts of the
graph, below the x-axis, as shown by the paler
parts of the curve.

In set notation this can be written as
— {x:x<-3JU{x:x> %}

a Find the set of values of x for which 12 + 4x > 12,
b Hence find the set of values for which 12 + 4x > x*and 5x=-3> 2.

a 12+48x>x°

. You can use a table to check your solution.
O>x=-4x =12

-2<x<éb
X=dx=-12<0
Use the critical values to split the real number
Y-d4r-12=0 line into sets.
(x + 2ix - B) =0 E3 -GE ‘f‘} >
X=-2orx=6 x<-2|-2<x<b| x>6
Sketch of y = x* = d4x - 12 x+? = 2 %
4 x=6 - - +
\ / (x+2)(x-6) | + - +
\ - For each set, check whether the set of values
B D? fe ° makes the value of the bracket positive or
; negative. For example, if x < -2, (x + 2) is
negative, (x - 6) is negative, and (v + 2)(x - 6) is
v-dy =12 <0 (neg) x (neg) = positive.
Solution: =2 < x < 6 In set notation the solution is {x : -2 < x < 6).
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b Solving 12 + 4x > x° gives -2 < x < 6.

Solving Sx =3 > 2 gives x > 1.

4 -2 0 2 4 &

[
o O 2 yx<h
o » > ]

The two sets of values overlap where

l<x<E.

So the solution s 1 < x < 5.

Find the set of values for which % >2 xz20

65 2

Ex > 2x°
By = Z2x >0
Ex - 2x=0
e = 2x) =0

ralorx=3

i \ %

The solution is O < x < 3,

0O x>

1 Find the set of values of x for which:

Problem-solving

This question is easier if you represent the
information in more than one way. Use a sketch
graph to solve the quadratic inequality, and
use a number line to combine it with the linear
Inequality.

In set notation this can be writtenas {x: 1 < x <#&}.

m x could be either positive or negative,

s0 you can't multiply both sides of this inequality
by x. Instead, multiply both sides by x%.

Because x? is never negative, and x=0so x* =0,
the inequality sign stays the same.

Solve the corresponding quadratic equation to
find the critical values.

x =0 can still be a critical value even though
x # 0. But it would not be part of the solution set,
even if the inequality was = rather than >,

Sketch y = x(6 - 2x). You are interested in the
values of x where the graph is above the x-axis.

In set notation this can be written as {x : 0 < x < 3},

b 12-x-x'>0
e T+ 13x=2x>0
h -2+ T7x-3x2<0
k x2=5x>0

a ¥-llx+24 <0
d XX4+7x+12=0
g 4xi-8x+3=0
j 6xf+1lx=10>0

2 Find the set of values of x for which:
a X2<l0-=3x b ll<+10

¢ x(3-2x)>1

50

d xixv+11)< 3] -2

=-3x-10=0
0+ x=2x1<0
w=9<0

2vi43x=10



Equations and inequalities

3 Use set notation to describe the set of values of x for which:

g =Tr+10<0and3x+5<17 b x*-x=-6>0and 10-2x<5
c i =Fx=-l<cODandHx+2)<15=(x+7) d 2v=x=l<Oand 14<3x -2
e *=x=12>0and 3x+17>2 f ¥»=2x=-3<0andx*-=-3x+2>0

@ 4 Given that x # 0, hind the set of values of x for which:

2 <] b 53 ly3>2
" ¥ X €%
q
ﬂﬁ+%}% ¢15:=-|1 :‘i&%:@]
' , X + T

5 a Find the range of values of k for which the The quadratic equation ax? + bx + ¢ =0
equation x* - kx + (k + 3) = 0 has no real roots. “paceal roots if b2 - hae >0, « Section 2.5

b Find the range of values of p for which the
roots of the equation px? + px — 2 = 0 are real.

@ 6 Find the set of values ol x for which x° = 5x = 14 > (. (4 marks)

@ 7 Find the set of values of x for which

a Aix-1)<4-3x (2 marks)
b 2x'=-5x-3<0 (4 marks)
¢ both2(3x=1)<d=3xand 2v-=5x=3<(). (2 marks)
: : ; Problem-solvi
8 Given that x = 3, find the set of values for which — T Z.
X Multiply both sides of the
(6 marks) inequality by (x = 3)%

9 The equation kx* = 2kx + 3 = 0, where k is a constant, has no real roots.
Prove that k satisfies the inequality 0 = £k < 3. (4 marks)

@ Inequalities on graphs

You may be asked to interpret graphically the solutions to inequalities by considering the graphs of
functions that are related to them.

= The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality
f(x) < g(x).

= The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

51



Chapter 3

L, has equation y = 12 + 4x.
L, has equation y = x?.

The diagram shows a sketch of L; and L; on the same axes.
a Find the coordinates of P, and P, the points of intersection.

b Hence write down the solution to the inequality 12 + 4x > 12

a X* =1E+-=1T']
Xr=dx=-12=0 |
(x-Gllx+2)=0
X=6and x=-2

substitute into y = x°

when x =6, y=36 P (G, 36)
when x=-2, y=4 P; (-2, 4)

12 + 4x > x* when the graph of L, is
above the graph of L
-2 X< b

O x>

1 L, has equation 2y + 3x =6,
L, has the equation x - y = 35,
The diagram shows a sketch of L; and L.

a Find the coordinates of P, the point of intersection.

b Hence write down the solution to the inequality
y+3x>x—y.

52

f(x) is above g{x) when x < 2 and when x > 5.
These values of x satisfy fix} > g(x).

f(x) is below g(x) when 2 < x < 5. These values of
x satisfy flx) < glx).

The solutions to f{x) = g(x) are x =2 and x = 5.

Equate to find the points of intersection, then
rearrange to solve the quadratic equation.

Factorise to find the x-coordinates at the points
of intersection.

This is the range of values of x for which the
graph of y = 12 + 4x is above the graph of y = x*

i.e. between the two points of intersection.
In set notation thisis {(v: -2 < x < 6}




2

Equations and inequalities

For each pair of functions:
i Sketch the graphs of ¥ = [{x) and y = g(x) on the same axes.

ii Find the coordinates of any points of intersection.
iii Write down the solutions to the inequality f{x) = g{x).

a flx)=3x-7 b fix)=8-5x ¢ fix)=x"+5
glx)=13-2x gly)=14-3x glx)=5-2x
d lx)=3-x° e ix)=x*-5 f (x)=7-x
glx)=2x-12 glx)=Tx+ 13 glx)=2x-8

Find the set of values of x for which the curve with equation y = f{x) i1s below the line with
equation y = g(x).

a fix)=3x"=2x~-1 b flx)=2x"—4x + 1 ¢ fix)=5x=-2x"=4
gix)=x+5 glx)=3x-2 pix)=-2x-1
Z 3 4 2
d fix)=5,x#0 e fix)= g x#0 f fix)= 5 T x# =]
gix)=1 glx)=-1 gix)=8

Challenge

The sketch shows the graphs of Vi

fix) = xt=4x 12 v =1(x)
EE_I’} =6+ 5c-x*°
a Find the coordinates of the points of intersection.

b Find the set of values of x for which f{x) < g(x).
Give your answer in set notation.

m Regions

You can use shading on graphs to identify regions that satisfy linear and quadratic inequalities.

= < f(x) represents the points on the coordinate grid below the curve y = f(x).
= y > f(x) represents the points on the coordinate grid above the curve y = f(x).

v fv=Ffx All the shaded points in this region satisfy the
3 " inequality y > f(x).

L]
"

L
W i
-

< All the unshaded points in this region satisfy the
Saaer inequality v < fx).

-y
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= If y > f(x) or y < f{x) then the curve y = f(x) is not included in the region and is represented

by a dotted line.

= If y = f(x) or y = f(x) then the curve y = f(x) is included in the region and is represented by a

i
solid line.

On graph paper. shade the region that satisfies the inequalities:
y=-2 x<5 y=3x+2and x> 0.

LA

il B ||

On graph paper, shade the region that satisfies the inequalities:
y+x< 14

IIB.T:-

_H_

24

|:- T re————

Iy

-

ix-4

pE-3r-5

=Sy 4+ 2

Draw dotted lines for x =0, x = 5.

Shade the required region.

Test a point in the region. Try (1, 2).
Forx=1:1<5and1>0+
Fory=2:2=-2and2=3+2+

Draw solid lines for y= -2, y =3x + 2.

m Explore which regions on

the graph satisfy which inequalities
using GeoGebra.

Draw a dotted line for 2y + x = 14 and a
solid line for y = % = 3x - 4.

Shade the required region.
Test a point in the region. Try (0, 0).
0+0<léand0>0-0-4

@
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0 &xo

On a coordinate grid, shade the region that satisfies the inequalities:
yrx=-2 y<dxandy=5-x

On a coordinate grid, shade the region that satisfies the inequalities:
x==]l, y+x<d 2x+y=5and y>-2

On a coordinate grid, shade the region that satisfies the inequalities:
y=2(3-x)2+x)and y+x =1,

On a coordinate grid, shade the region that sausfies the inequahties:
yaxi=-2and y=9-x3%

On a coordinate grid, shade the region that satisfies the inequalities:
ye(x-3Ryv+x=5andy<x-1.

The sketch shows the graphs of the straight lines
with equations:

r=x+1

y=x+l.y=T-xandx=1.

a Work out the coordinates of the points of
intersection of the functions.

b Write down the set of inequalities that
represent the shaded region shown in the sketch.

The sketch shows the graphs of the curves with
equations:

y=2=-5x-x%2x+y=0and x+ y=4,
Write down the set of inequalities that represent the
shaded region shown in the sketch.

a2 On a coordinate grid, shade the region that satisfies
the inequalities
r<x+4,v+5x+3=0,y=-land x< 2.
b Work out the coordinates of the vertices of the shaded region.

¢ Which of the vertices lie within the region identified by the A vertex is only included if
inequalities? both intersecting lines are
included.

d Work out the area of the shaded region.
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Q. Mixed exercise o

® 1

56

2kx=y=4

dkx + 3y=-2

are two simultaneous equations, where & is a constant.
a Show that y = -2.

b Find an expression for x in terms of the constant k.

Solve the simultaneous equations:
Xx+2y=3
-4t =-33

Given the simultaneous equations
x=2y=1
Jxp=-2=8

a Show that 5)° + 3y -8 =10.

b Hence find the pairs (x, v) for which the simultaneous equations are satisfied.

By eliminating y from the equations
x+y=2
X+ xy—-yp=-l
show that x* = 6x + 3 =0.
b Hence, or otherwise solve the simultaneous equations
x+y=2
X4+ xy—p=-|

giving x and y in the form a + b V6, where a and b are integers.

a Given that 3* =9~ !, show that x = 2y - 2.
b Solve the simultaneous equations:
x=2y=-2

2=y +7

Solve the simultaneous equations:
xX+2y=3
=2r+4° =18

The curve and the line given by the equations
kx> =xy+(k+1)x=1

—%x +y=1

-~

where k is a non-zero constant, intersect at a single point.
a Find the value of &.

b Give the coordinates of the point of intersection of the line and the curve.

(3 marks)
(1 mark)

(7 marks)

(2 marks)
(5 marks)

{2 marks)

{5 marks)

(1 mark)

(6 marks)

(7 marks)

{5 marks)
(3 marks)
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Challenge

1 Find the possible values of & for the quadratic equation 2kx® + 5kx+ 5k -3=0

to have real roots.

2 Astraight line has equation y = 2x - k and a parabola has equation

v=3x?+ 2kx + 5 where k is a constant. Find the range of values of k for which
the line and the parabola do not intersect.

Summary of key points

58

1
2

Linear simultaneous equations can be solved using elimination or substitution.

Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions of a pair of simultaneous equations represent the points of intersection of their
graphs.

For a pair of simultaneous equations that produce a quadratic equation of the form
axt+bx+c=0:

» M -bac>0 two real solutions

« W —bac=0 one real solution

- W -4ac<0 no real solutions

5 The solution of an inequality is the set of all real numbers x that make the inequality true.

6 To solve a quadratic inequality:

- Rearrange so that the right-hand side of the inequality is 0

» Solve the corresponding quadratic equation to find the critical values
- Sketch the graph of the quadratic function

« Use your sketch to find the required set of values.

The values of x for which the curve v = f(x) is below the curve y = g(x) satisfy the inequality
flx) < glx).

The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

v < f(x) represents the points on the coordinate grid below the curve y = f(x).

¥ > f(x) represents the points on the coordinate grid above the curve y = f{x).

If ¥ > f(x) or ¥ < f(x) then the curve y = f(x) is not included in the region and is represented by
a dotted line.

If ¥ = f(x) or y = f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.
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Challenge

1 Find the possible values of & for the quadratic equation 2kx® + 5kx+ 5k -3=0

to have real roots.

2 Astraight line has equation y = 2x - k and a parabola has equation

v=3x?+ 2kx + 5 where k is a constant. Find the range of values of k for which
the line and the parabola do not intersect.

Summary of key points
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1
2

Linear simultaneous equations can be solved using elimination or substitution.

Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions of a pair of simultaneous equations represent the points of intersection of their
graphs.

For a pair of simultaneous equations that produce a quadratic equation of the form
axt+bx+c=0:

» M -bac>0 two real solutions

« W —bac=0 one real solution

- W -4ac<0 no real solutions

5 The solution of an inequality is the set of all real numbers x that make the inequality true.

6 To solve a quadratic inequality:

- Rearrange so that the right-hand side of the inequality is 0

» Solve the corresponding quadratic equation to find the critical values
- Sketch the graph of the quadratic function

« Use your sketch to find the required set of values.

The values of x for which the curve v = f(x) is below the curve y = g(x) satisfy the inequality
flx) < glx).

The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

v < f(x) represents the points on the coordinate grid below the curve y = f(x).

¥ > f(x) represents the points on the coordinate grid above the curve y = f{x).

If ¥ > f(x) or ¥ < f(x) then the curve y = f(x) is not included in the region and is represented by
a dotted line.

If ¥ = f(x) or y = f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.



Graphs and
transformations

Objectives
After completing this chapter you should be able to:
® 5Sketch cubic graphs ~+ pages 60 - 64

® Sketch quartic graphs -+ pages 64 - 66
® Sketch reciprocal graphs of the form y = ': and y = -“; -+ pages 66 - 67
A"

® Use intersection points of graphs to solve equations -+ pages 68 - 71

® Translate graphs -+ pages 71 =75
® Stretch graphs - pages 75 - 78
® Transform graphs of unfamiliar functions -+ pages 79 - 81

Factorise these quadratic expressions:
a x¥+6x+5 b x*-4x+3
= GCSE Mathematics

2 Sketch the graphs of the following functions:
a y=(x+2){x-3) b y=x‘-6x-T7
+ Section 2.4
3 a Copyand complete the table of values for the
function y = x* + x = 2.

| -15 [-1]-05] 0 | 05

Many complicated functions can ; —

- ! o
be understood by transforming -"I ]‘E.l_ﬁ'mf'_l | | =2 [=1.375]

simpler functions using i b Use your table of values to draw the graph of
stretches, reflections and y=xl+x=2

translations. Particle physicists + GCSE Mathematics
compare observed results with & Solve each pair of simultaneous equations:
transformations of known a y=2x B y=x°

functions to determine the x+y=T p=2x+ 1

nature of subatomic particles. + Sections 3.1, 3.2
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@ Cubic graphs

A cubic function has the form f(x) = ax® + bx® + cx + d, where @, b, ¢ and o are real numbers and a is
non-zero.

The graph of a cubic function can take several different forms, depending on the exact nature of the
function.

A / =_4 A I A
/n . .

For these two functions a is positive. For these two functions a is negative.

= If pis a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at
the point (p, 0).

You can sketch the graph of a cubic function by finding the roots of the function.

Sketch the curves with the following equations and show the points where they cross the
coordinate axes.

a y=(x=2)01=x)Nl+x) b y=x({x+ 1)x+2)

a r={x=2N1-=x)M1+ x) w E“PI'WE the gj'aph of O @

¥ = (x=p)x - g)lx - r) where p, g and r are
= (x = 2)(1 = X1 + X ;
= a=nn ey constants using GeoGebra,
Sox=2. x=1orx=-1

=o the curve crosses the y-axis at

(2, 0N 01, Q) and (=1, OL

— Put y =0 and solve for x.

Whenx=0,y=-2x1x1=-2 Find the value of y when x =0.

So the curve crosses the y-axis at (0, =2)

X =00, ¥ =+ =00 — Check what happens to y for large positive and
X — =00, p— o0 | negative values of x,

Tk

\ The x* term in the expanded function would be

N
\l:"- / : ¥ x % {-x) % x = —x* 50 the curve has a negative x?
c coefficient.

b y=x(x+1x+2) ¥ Put y =0 and solve for x.
O = xlx + 1)x + 2)

Sox=0x==lprx==2




Graphs and transformations

S the curve crosass Fhe v-axs at You know that the curve crosses the x-axis at
(0, O), (-1, O) and (-2, O) (0, 0) s0 you don't need to calculate the
X —+80,§ <00 —] y-intercept separately.
X — =00, p— -0 __| L
- Check what happens to y for large positive and

' negative values of x.
" . =
/ 2 1 1 X

- The x* term in the expanded function would
be x x x x x = x’ 50 the curve has a positive x*

coefficient.
Example e
Sketch the following curves.
a y=(x—-13%x+1) b y=x—2¥—3x e y={x-2P
a ysx=-=1"x+1)
O=(x=1%x+1) * Put y =0 and solve for x.
Sox=1orx= =
So the curve crosses the y-axis at (=1, Q) e~ 1 (x = 1) is squared so x = 1 is a 'double’ repeated
and touches the x-axis at (1, O), — root. This means that the curve just touches the
x-axis at (1, 0).
Whenx=0,py=[=-1Fx1=1
20 the curve crosaes the y-axis at (O, 1). L Find the value of y when x = 0.
X —+ 00, ¥ — 00 —|
X = =00,y — =00_| | Check what happens to y for large positive and
¥ negative values of x.

/-.-.-.“"-../ : —,\'—lm._r—}m

/] ¥l 1 N
I: x = 1is a double’ repeated root.

b y=x"-2x"-3x
xx® - 2x -3 T = =

Xx = 3Mx + 1) J

—

O = x{x = Sitx + 1) First factorise.
Jox=0x=3Jorx=-
So the curve crosses the x-axis at (O, 0),
(3. O) and (=1, Q).
X—oo,y—oo | Check what happens to y for large positive and
X — =00,  — =0 | negative values of x.
ol
/ € ¥ & This is a cubic curve with a positive coefficient of
x* and three distinct roots.
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e y=x-27

O=(x=2§F

S0 x = 2 and the curve crosses the x-axis
at (2, O) only.

Whenx =0, y=(-2P = -8
2o the curve crosses the y-axis at (O, -8).

-

X — og, J — 0 Check what happens to y for large positive and
X — =00, § = =00 | negative values of x.

x =2 is a triple’ repeated root.

Sketch the curve with equation y = (x = [ ){x* + x + 2).

p=(x=1x2 + x4+ 2) The quadratic factor x* + x + 2 gives no solutions
O=(x=102+ x4+ 2} since the discriminant b* - dac = (1)* - 4(1)(2) =-T7.
S50 X =1 only and the curve crosses the + Section 2.5
Xx-axis at (1, Q)

m A cubic graph could intersect the
When xy = O _1' = =)&) = =& x...a“is at li E or 3 minti

S0 the curve crosses the y-axis at (O, =2).
Xx—o0,y—o0 7
X — =00, ¥ — =00 |

Check what happens to y for large positive and
negative values of x.
¥

You haven't got enough information
to know the exact shape of the

/-J' graph. It could also be shaped

like this:
0

1 Skeich the following curves and indicate clearly the points of intersection with the axes:

(¥ } k

a y=(x=-3)x=-24x+1) b yr=(x=1)x+2)x+3)
¢ v=(x+ 1x+2)x+3) d r=(x+ 10l =x)x+3)
e r=(x=2)x-=3N4-x) f v=x(x-2)x+1)
g y=xx+1)x=1) h y=x(x+1)1=-x)

L y=(x=202x=1)N2x+ 1) j v=x(2x=1)}x+3)
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3

Sketch the curves with the following equations:

Graphs and transformations

a y=(x+1P3x-1) b y=(x+2)x-1) ¢ y=(2-x}x+1)
d y=(x=-2)x+ 1) e y=x(x+2) [ y=(x-1px
g y=(1-xP3+x) h y=(x=1P3-x) i y=x%2-x)

j y=x¥{x-2)

Factorise the following equations and then sketch the curves:

A y=x'+x2-2x b y=x"+5x2+4x
d y=3v+ 26— e y=x'-2a? f
g y=122-3x h y=od=-xl=2x i

joy=at=09x

¢ y=x"+2x%+x
p=x—x

r=x'-9x

4 Sketch the following curves and indicate the coordinates of the points where the curves cross the

AXCE]

a y=(x-2¢ b y=(2-x) e y=(x=-1)
e y=—(x+2F fy=(x+3) g y=(x-3)
i y=—(x-2) i y=—{x=3

The graph of y = x* + bx? + cx + d is shown opposite, where b, ¢ and d
are real constants.

a Find the values of b, c and d. (3 marks)
b Write down the coordinates of the point where the curve
crosses the y-axis (1 mark)

Prublem-suluing

d y=(x+2)
h y=(1-x)

Start by writing the equation in the form y = (x = p){x = g)(x = r).

The graph of y = ax® + bx* + ¢x + d 15 shown opposite, where a, b, c and d

are real constants.
Find the values of a, b, c and d. (4 marks)

Given that fix) = (x = 10)(x* = 2x) + 1 2x

a Express f(x) in the form x(ax® + bx + ¢) where a, b and ¢ are real constants.

b Hence factorise f{x) completely.

¢ Sketch the graph of y = f{x) showing clearly the points where the graph intersects

the axes.

(3 marks)
(2 marks)

(3 marks)
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@ Quartic graphs

A guartic function has the form f(x) = ax® + hx® + cx? + dx + ¢, where a, b, ¢, d and ¢ are real

numbers and a is non-zero.

The graph of a quartic function can take several different forms, depending on the exact nature of the

function,
1 vk
' Thisisa
| repeated root.
l i_ | " These roots
> are distinct.
For ”]EE'E e For this function
functions a is | : T ais negative.
positive.
You can sketch the graph of a quartic function by finding the roots of the function.
Example o
Sketch the following curves:
a y=(x+x+20x=1x=-2) b y=xix+2P(3-x) ¢ y=(x=1Px=-3)7

a =[x+ Nx+ 20 x-Nx-2)
O=x+Nx+ 2}x=-x-2)

Sox=--2.1o0r 2

The curve cuts the x-axis at (=2, Q). (=1, O},
(1. O) and (2. OO,

Whenx=0O,  y=1x 2 x (-1} x (=) = 4.

So the curve cuts the y-axis at (O, 4).

X — 00, ) — 00 _|

X— =00, p—o0 _|
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DD coocvepmns €
¥y =(x=p)x—g)lx =r)x-s) wherep, g, r
and s are constants using GeoGebra.

Set v =0 and solve to find the roots of the
function.

Substitute x = 0 into the function to find the
coordinates of the y-intercept.

Check what happens to y for large positive and
negative values of x.

We know the general shape of the quartic graph
s0 we can draw a smooth curve through the
points.



Graphs and transformations

b oy=xix+ 2F3-x
O=xi{x+2F3-x)
Sox=0-20r3
The curve cuts the x-axis at (0. O), (=2, Q)
ang (3, O)

X =00, = =00

A =¥ =00, J =% =&

VA The coefficient of x* in the expanded function will
be negative so you know the general shape of the
curve,

;" F ' There is a 'double’ repeated root at x = -2 so the
X graph just touches the x-axis at this point.
e y={x-1P3x~-3F
0 =(x-1Px-3F
Jox=1or3
The curve touches the x-axis at (1, O) and These are both ‘double’ repeated roots, so the
(3, 0L curve will just touch the x-axis at these points.
Whenx =0, y =2
5o the curve cuts the y-axs at (0, 90
X =00, §y =+ 00
X —+=00,) —+ 00
d The coefficient of »* in the expanded function will
2 be positive.
=/ L
7] 1&3 5 There are two ‘double’ repeated roots.

Q. Exercise @

1 Sketch the following curves and indicate clearly the points of intersection with the axes:
a8 y=(x+1)x+20x+3Nx+4) b y=x(x=1)x+3)x=-2)

c y=x(x+ 1P {x+2) d y=(2x=1)x+ 2 x=1)(x~-2)
v= x¥(dx + 1)dx -1 [ y=—(v—4P(x-2)
e y=x¥ ‘L-I_: I n1 ) y=—x—-4rix-2) mlnpartfthecoeﬂ‘lﬁenl
g y=(x=3(x+1) h y=(x+2)x-3) of x* will be negative.
i y=—2x=-1)}x+35) i y=(x+4)
2 Sketch the following curves and indicate clearly the points of intersection with the axes:
a p=(x+20x=I)*=3x+2) b y=(x+3P(-5x+6) m Factorise the
¢ y=(x-4P(x*-11x+ 30) d y=(x"—4x-32)x" + 5x - 36) quadratic factor first,
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3 The graph of y = x* + bx’ + cx® + dx + ¢ is shown opposite, ¥

where b, ¢, d and e are real constants. if
a Find the coordinates of point P. (2 marks)
b Find the values of b, ¢, d and e. (3 marks)

4 Sketch the graph of vy = (x + S)(x = 4)(x + 5x + 14). (3 marks)

Problem-solving

Consider the discriminant of the quadratic factor.

Challenge

The graph of ¥ = ax* + bx® + ex® + dx + ¢ VA
is shown, where a, b, ¢, d and ¢ are real
constants.
Find the values of @, b, ¢, d and e. ;
10 3 14
Q Reciprocal graphs
You can sketch graphs of reciprocal functions such as y = J{ VY= —1; and y = -_% by considering their

asymptotes, »

= The graphs of y = %and y= %_. where £ is a real constant, have asymptotes at x = 0 and

y=0.
CEEIDD 4n asymptote s aline which the

graph approaches but never reaches,

}“ .l‘ ¥

) ] iy

T
=

".- with k > 0. ¥y =—with k<0

-
My

S
P
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Graphs and transformations

Example o

Sketch on the same diagram:

A n'-iandr-L: h r-—lnndl——

e |

[ 1=iand l'—E

@D oo tresomnory=tior o )

different values of a in GeoGebra.

Thisisay= % graph withk >0

In this quadrant, x>0

so for any values of x: _'1}%} 5‘_;

In this quadrant, x<0

so for any values of x: % o

Thisisa y = i—;_ graph with k <0

In this quadrant, x <0
3 1
so for any values of 2 3> -4
In this quadrant, x >0
1

3
so for any values of x: =isral =~

Thisisa y = % graph with k > 0.

x2 is always positive and & > 0 so the y-values are
all positive.

0O X

1 Use a separate diagram to sketch each pair of graphs.

2 2 2
ay= zandl—% b y=Sandy=-5 c_r:-%and,l:—%
3 _8 i I _ 8
d y=Tandy=+ e y=—Zandy=-3
2 Use a separate diagram to sketch each pair of graphs.
"
a,r=;,und_r=i, hl—iandlm-{ cC y=-— —andl--i..
% x? & x? x4 x*
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m Points of intersection

You can sketch curves of functions to show points of intersection and solutions to equations.

= The x-coordinate(s) at the points of intersection of the curves with equations
y = f(x) and y = g(x) are the solution(s) to the equation f(x) = g(x).

Example o

a On the same diagram sketch the curves with equations y = x(x = 3) and y = x¥(1 = x).

b Find the coordinates of the points of intersection.

A cubic curve will eventually get steeper than a
quadratic curve, so the graphs will intersect for
some negative value of x.

b From the graph there are thres points : : :
arapn s . There are three points of intersection so the

where the curves cross, labelled A, B y
i . equation x{x - 3} = (1 - x) has three real roots.

and C. The x-coordinates are given by the
solutions to the equation.
x{x = 3) = x*(1 - x)

X2 = Jx = yF - 3 Multiply out brackets.
Y¥r=3x=0 Collect terms on one side.
M =3)=0 Factorise.

Sox=0orx*=3
So x=—/3, 0. v3

Substitute into ¥ = 551 = ) The graphs intersect for these values of x, so you
can substitute into either equation to find the
The points of intersection are: y-coordinates.
Al—v3, 3 + 3v3) }
B(0, O) |
: . S form.
Ci/B. 3 — 3/3) Leave your answers in surd form

. : . g h
a On the same diagram sketch the curves with equations y = x*(3x —a) and y = , where @ and »
are positive constants.

o : . .. h
b State, giving a reason, the number of real solutions to the equation x*(3x —a) - =0
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Graphs and transformations

a
a) 3x-a-ﬂwhenx=%a.mthegraphuf
¥ = x*(3x - a) touches the x-axis at (0, 0) and
1
intersects it at (Eﬂ' Er}
Problem-solving
b From the sketch there are only two points You can sketch curves involving unknown
of intersection of the curves, This means constants. You should EME any Pﬂiﬂtiﬂf
there are only two values of x where intersection with the {mﬂ“"?m axes in terms of
b the constants where appropriate.
“{&E3xy —-a) = =
30m b
or FEx-a-x=0 You only need to state the number of solutions.

Seo this equation has two real solutions, You don't need to find the solutions.

Example o

a Sketch the curves y = T?E and y = x*(x - 3) on the same axes.

b Using your sketch, state, with a reason, the number of real solutions to the equation
Ay -3)-4=1.

Problem-solving

Set the functions equal to each other to form an
equation with one real solution, then rearrange
b There is a single point of intersection so the the equation into the form given in the question.

4
egquation <X — 3) = — has one real solution.
X
Rearranging:
Ax=-3)=4
My =3)=-4=0 You would not be expected to solve this equation

i _ in your exam.
oo this eauation has one real solution yo

s xercise @)

1 Ineach case:
i sketch the two curves on the same axes
ii state the number of points of intersection

ili write down a suitable equation which would give the x-coordinates of these points.
(You are not required to solve this equation.)
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@) 10

70

T B

5 F 3 - -

y=xty=x(x=1) b y=x(x+2),y=~-5 c y=x,y=(x+1)x-1F
7
y=x{l-x),y= - e y=x(x-4),y= % f r=xix-4),y= —%
.
y=x(x=-4), y=(x-2) h y=-x,y=-% i y==x, y=x
p==x y==x(x+2) k y=d y=x(x=1}x+2F | y=x y=x(x+1)
)

On the same axes sketch the curves given by y=x3(x - 3)and y =

Explain how your sketch shows that there are only two real solutions to the equation
x-3)=2.

On the same axes sketch the curves given by v = (x + 1) and y = 3x(x = 1).

Explain how your sketch shows that there 1s only one real solution to the equation
Mebx+1=0.

On the same axes sketch the curves given by v = % and y = -x(x - 1)

Explain how your sketch shows that there are no real solutions to the equation
1+ x3x=1)=0.

On the same axes sketch the curves given by y = x(x + a) _
b Problem-solving

and y = T where @ and b are both positive

SRR Even though you don’t know

constants. (5 marks) i vahiis oF s and 5 vou

Using vour sketch, state, giving a reason, the number of know they are positive, 50

real solutions to the equation x* + ax* = b =0. (1 mark) you know the shapes of the
graphs. You can label the

On the same set of axes sketch the graphs of point @ on the x-axis on your

_1.-=%311d_1-=3_\'+?. (3 marks) SELI oY =X O

Write down the number of real solutions to the equation f’ =3x+ 7. (1 mark)

Show that you can rearrange the equation to give (x + 1){x + 2}3x-2) = 0. (2 marks)

Hence determine the exact coordinates of the points of intersection, (3 marks)

On the same axes sketch the curve y = x* = 3x? = 4x and the line y = 6x.
Find the coordinates of the points of intersection.

On the same axes sketch the curve y = (x* = 1)(x = 2) and the line y = 14x + 2.
Find the coordinates of the points of intersection.

On the same axes sketch the curves with equations y = (x = 2)}(x + 2)* and y = -x" - 8,
Find the coordinates of the points of intersection.

Sketch the graphs of y=x+ land 2y = x- 1. (3 marks)
Explain why there are no real solutions to the equation 2x° - x + 3= 0. (2 marks)
Work out the range of values of @ such that the graphsof y=x"+aand 2y=x - |

have two points of intersection. (5 marks)



11 a Sketch the graphsof y=x3x—1)x+ Dand y= _%_r‘ + 1. (5 marks)
b Find the number of real solutions to the equation 3xi{(x - I)}x+ 1) =x"+ 3, (1 mark)

&) Translating graphs

Graphs and transformations

You can transform the graph of a function by altering the function. Adding or subtracting a constant

‘outside’ the function translates a graph vertically.
= The graph of y = f(x) + a is a translation of the graph y = f(x) by the vector (:]
Adding or subtracting a constant ‘inside’ the function translates the graph horizontally.

= The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (_:}.

// y=f{x) + 1 is a translation (?] or 1 unit in the
direction of the positive y-axis.

v = f(x + 2) is a translation {_E] or 2 units in the
direction of the negative x-axis.

1 2 3 4 ¥
Example o
Sketch the graphs of:
2 )y=x: b y=(x-2F C y=x"+2
a I
] ::.1.
B

This is a translation by vector (2 .

dXes,

4

Remember to mark on the intersections with the
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e y=x242

This is a translation by vector {g}

Remember to mark on the y-axis intersection.

0 x

fix)=a}

glx)=x(x-2)

Sketch the following graphs, indicating any points where the curves cross the axes:
a yv=fx+1)

b y=gix+1)

a The graph of fx) is Explore translations of the o e
i graph of y = x7 using GeoGebra. -
y = Hx)=x First sketch y = f(x).
/"ﬂ X
So the gragh of y = f(x + 1) is
I
This is a translation of the graph of y = f(x) by
vector ('1].
L =+ 1) =k + 1P 0 _ _
I, " You could also write out the equation as
/ -1 @ ' ¥ = (x + 1) and sketch the graph directly.
b gix) = xlx — 2)
The curve is v = x{x — 2)
Put y = 0 to find where the curve crosses the
0= x{x - 2) i
x-axis.
Sox=00rx=2
1 y = glx) = xx- 2} First sketch g(x).
o 2 X
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Graphs and transformations

So the araph of y = a(x + 1) is This is a translation of the graph of v = g{x) by
r=glx+ 1) vector (-1}-
Yy =+ Mx-1 0 ) i
You could also write out the equation and sketch
/ the graph directly:
- = ELT + 1}
—T""_TM X =(r+1l){x+1-2)

=[x+ 1){(x-1)
= When you translate a function, any asymptotes are also translated.

Gaven that hix) = % sketch the curve with equation y = hix) + 1 and state the equations of any
asymptotes and intersections with the axes.

The graph of v = h(x) i=

¥i

.-
Il
o | ==

First sketch v = h(x).

jﬁ
=

So the grapgh of y = hix) + 1 1s

} JI
0
The curve is translated by vector (l 5o the
1

AR il R R asymptote is translated by the same vector.

The curve crosses the x-axis once.
¥ 1 §
y=hix)+1= rall

| Put v = 0 to find where the curve crosses the

D=—q4]
- x-axis.
il =
X = =]
S0 the curve intersects the x-axis at (=1, Q).
The horizontal asymptote is = j Remember to write down the equation of the
vertical asymptote as well. It is the y-axis so it has

The vertical asymptote s x =0, J equation x =0.
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Apply the following transformations to the curves with equations y = f{x) where:
i flx)=2x" il fix)=x" iii fix) = %

In each case state the coordinates of points where the curves cross the axes and in iii state the
equations of the asymptotes.

a flx+2) b fix)+2 c fix=-1)
d fix)-1 e flx)-3 f ix=-3)
a Sketch the curve y = f{x) where f{x) = (x = | )}(x + 2).

b On separate diagrams sketch the graphsof i y=flx+2) ii y=Hfx)+2
¢ Find the equations of the curves y = f{x 4 2) and y = f[{x) + 2. in terms of x, and use these
equations to find the coordinates of the points where your graphs in part b cross the y-axis.

a Sketch the graph of y = f{x) where f{x) = x*(1 - x).
b Sketch the curve with equation v = f{x + 1).

¢ By finding the equation f(x + 1) in terms of x, find the coordinates of the point in part b
where the curve crosses the y-axis.

a Sketch the graph of y = f{x) where fix) = x(x - 2~
b Sketch the curves with equations y = f(x) + 2 and y = f{x + 2).
¢ Find the coordinates of the points where the graph of y = f{x + 2) crosses the axes.

a Sketch the graph of y = [{x) where {{x) = x(x = 4).
b Sketch the curves with equations y = fix + 2)and vy = f{x) + 4.

¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of the
points where the curves cross the axes,

a Sketch the graph of y = f{x) where fix) = x(x = 1)}x = 2).
b Sketch the curves with equations y = f{x + 2)and y = fix) - 1.

The point P{4, -1) lies on the curve with equation v = f{x).
a State the coordinates that point P is transformed to on the curve with equation

y=1M{x=-2). (1 mark)
b State the coordinates that point P is transformed to on the curve with equation
y=1I{x)+ 3. (1 mark)

The graph of y = f{x) where fix) = ]T is translated so that the asymptotes are at x = 4 and

v = 0. Write down the equation for the transformed function in the form y = (3 marks)

X+

a Sketch the graph of y = x* = 5x* + 6x. marking clearly the points of intersection with the axes.
b Hence skeich y = (x - 2)* - 5(x - 2 + 6({x - 2).



EP) 12 a

Graphs and transformations

Sketch the graph of v = ¥*(x = 3)x + 2), marking clearly the points of intersection with the axes

Hence sketch vy = (x + 2P(x - 1)(x + 4).

i - Problem-solving
Sketch the graph of y = x* + 4x° + 4x. (6 marks)

Look at h and
The point with coordinates (=1. 0) hes on the curve with istaictrctie

i L picture the curve sliding
equation y = (x +a) +Hx +a)P +4x+a)whereaisa to the left or right.
constant. Find the two possible values of a. (3 marks)

Sketch the graph of y = x{x + 1){x + 3)%. (4 marks)
Find the possible values of b such that the point (2, 0) lies on the curve with equation
y=lx+bix+b+1)x+h+ 37 (3 marks)

Challenge

1 Sketch the graph of y = (x = 3)* + 2 and determine the coordinates of the point of inflection. - Section 12.9
2 The point (-5, =7) lies on the curve with equation y = fix).

State the coordinates that point @ is transformed to on the curve with equation vy =f(x + 2) - 5.

b The coordinates of the point {2 on a transformed curve are (-3, -6). Write down the transformation in

the form y = f(x + a) = h.

@ Stretching graphs

Multiplying by a constant ‘outside’ the function stretches the graph vertically.

= The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a in the vertical
direction.

v =2f{x)

j‘ H-_r = f(x) 2f(x) is a stretch with scale factor 2 in the
y-direction. All y-coordinates are doubled.

v=1fx)

3f(x) is a stretch with scale factor % in the

3 y-direction. All y-coordinates are halved.

Multiplying by a constant ‘inside’ the function stretches the graph horizontally.

= The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor nf% in the
horizontal direction.

L'—f_‘-"' =f(2x) v = f{2x) is a stretch with scale factor § in the

= f(x) x-direction. All x-coordinates are halved.
y="f{$x)
v =f({x) is a stretch with scale factor 3 in the
- v ,./ - x-direction. All x-coordinates are tripled.
a2 6 x
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Given that f{x) = 9 - x2, sketch the curves with equations:

a y=f{2x) b y=2f{x)

a fix) =2 = x°
So Hx)=(3 - x3 + x)

The curve s y=(3 = x}3 + x)
O=(3 =x)3 +2x)

Sox=3porx=-=3

So the curve crosses the x-axis at (3, O)
and (=3, O}

Whenx=0Q0,y=3x3=9

o0 the curve crosses the y-axis at (O, 9).

The curve y = f(x) is
[
/5 \
/3 (] a\ 1-';.-
i = H2x) so the curve 15
Vi
2
-/1.5 o 1.5\ 3

b y = 2f(x) so the curve 1s

lll i

&

e

ol

76

You can factorise the expression.

Put v = 0 to find where the curve crosses the
x-axis.

Put x =0 to find where the curve crosses the
y-axis.

First sketch y = f(x).

¥ = flax) where a = 2 so it is a horizontal stretch
with scale factor .

Check: The curve is y = f(2x).

Sov=(3-2x)(3 + 2x).

When y=0,x=-150orx=15.

S0 the curve crosses the x-axis at (-1.5, 0) and
(1.5, 0).

Whenx=0 y=9.

50 the curve crosses the y-axis at (0, 9).

v = af{x) where a = 2 so it is a vertical stretch with
scale factor 2.

Check: The curve is y = 2f(x).

S0 y=2(3 = x)(3 + x).

When y=0,x=30r x=-3.

So the curve crosses the x-axis at (=3, 0) and (3, 0).
When x=0,y=2x9=18.

So the curve crosses the y-axis at (0, 18).



Graphs and transformations

a Sketch the curve with equation y = x(x = 2)x + 1).
b On the same axes, sketch the curves vy = 202y = 2)(2x + Dand v = =x{x = 2)(x + 1).

TP A | 11
y = xlx—ckx + 1) @ Explore stretches of the graph O Q

& Vi

of v = x{x = 2)(x + 1) using GeoGebra.

_1-”

Mg
i

y==x{x=2){x + 1) is a stretch with scale factor
—— =1 in the y-direction. Notice that this stretch has
the effect of reflecting the curve in the x-axis.

= —x{x - 2)x + 1) ——

y=2x(2x - 2)(2x + 1) is a stretch with scale
factor ;’!- in the x-direction.

X Problem-solving

You need to work out the relationship between
each new function and the original function.

If x{x = 2)(x + 1) = f(x) then

2x{2x-2)(2x + 1) = f(2x), and

=x(x = 2)(x + 1) = ~f(x).

2xidx - 2)02x + 1) s0—m

X — E':II:'| + 1}

= The graph of y = —f(x) is a reflection of the graph of y = f(x) in the r-axis.
= The graph of y = f(-x) is a reflection of the graph of y = f(x) in the )-axis.

Example @ v=fl-x)isy=(-x){-x+ 2) whichis y = x* - 2x

or y = x{x = 2) and this is a reflection of the
On the same axes sketch the graphs of y = f{x), original curve in the y-axis.
y=1{=x) and y = ~f(x) where [(x) = x(x + 2). Alternatively multiply each x-coordinate by -1
and leave the y-coordinates unchanged.
This is the same as a stretch parallel to the x-axis
y =iz scale factor 1.

fix) = x(x + 2)

y = Hx) L4

y=—f(x) is y = —x{x + 2) and this is a reflection
of the original curve in the x-axis.

Alternatively multiply each y-coordinate by -1
and leave the x-coordinates unchanged.

This is the same as a stretch parallel to the y-axis
scale factor -1.
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Apply the following transformations to the ::urws]with equations y = f{x) where:

| flx)=a2 i f{x) =27 iii flv)=+

In each case show both I{x) and the transformation on the same diagram.

a f(2x) b fi-x) c f'{:-l.xfl d fidx) e f[%.\'}

f 2M(x) g —f(x) h 4f(x) i 3f(x) i)

a Sketch the curve with equation y = {x) where fix) = ¥ - 4. I For part b, rearrange

b Sketch the graphs of v = f{4x), %I = f{x), y = f{-x) and y = -f(x). the second equation into
the form y = 3f(x).

a Sketch the curve with equation y = fix) where fix) = (x = 2}x + 2)x.
b Sketch the graphs of y = II'%.\']. y = (2x) and y = -f(x).

a Sketch the curve with equation y = xi{(x = 3). Problem-solving

b On the same axes, sketch the curves with equations: Let f(x) = x%(x - 3) and try to
i y=(2x)%2x-3) i oy=-xx-3) write each of the equations
in part b in terms of f(x).
a Sketch the curve vy = x° + Ix -4,

b On the same axes, sketch the graph of 5y = x* + 3x - 4.

a Sketch the graph of y = x%(x - 2)".
b On the same axes, sketch the graph of 3y = —x%(x - 2)°.

The point P(2, —3) lies on the curve with equation y = f{x).
a State the coordinates that point P is transformed to on the curve with equation

y = f{2x). (1 mark)
b State the coordinates that point P 1s transformed to on the curve with equation
= 4i{x). (1 mark)

The point (-2, 8) lies on the curve with equation y = f{x).
State the coordinates that point Q is transformed to on the curve with equation

y = ﬂ%r]. (1 mark)
a Sketch the graph of y = (x - 2)(x - 3)~ (4 marks)
b The graph of y = (ax - 2){ax - 3) passes through the point (1, 0).

Find two possible values for a. (3 marks)

Challenge

1 The point R{4, —6) lies on the curve with equation y = f(x). State the coordinates
that point R is transformed to on the curve with equation y = f(2x).

2 The point S{=4, 7) is transformed to a point S'(=8, 1.75). Write down the
transformation in the form y = af(hx).
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m Transforming functions

You can apply transformations to unfamiliar functions by considering how specific points and features
are transformed.

The following diagram shows a sketch of the curve f{x) Y

which passes through the origin.

The points A(l, 4) and B(3, 1) also lie on the curve.

Sketch the following:
a y=flx+1) b y=fix-1)
d 2y =1f(x) e y—1=1M(x)

In ecach case you should show the positions of the images

of the points 0, 4 and B.

¢ y=Mix)-4

a flx+1)
_1'“_
f
y = f{x+ 1)
2.0
;!‘. 0 "
b Hx=1)
Vi
(2, &) [
= tx—1)
et
8] f X
c fix)— 4
|
0 "y
o= fix) — 4
(3,=3)

Graphs and transformations

A (1, &)
y=1f(x)

8(3.1)

-

Translate fix) 1 unit in the direction of the
negative x-axis.

Translate f(x) 1 unit in the direction of the
positive x-axis.

Translate f(x) 4 units in the direction of the
negative y-axis.
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Chapter 4

d 2y =f{x) so y = zHx) Rearrange in the form y = ...
-1-
(1, 2)
¥ = T':-F{.\'j-
5 Stretch f(x) by scale factor ; in the y-direction.
3, 7)
ﬂ > - 3
e v—-1=fx)soy=ix)+1 Rearrange in the form y= ...
y = f{x) + 1
Translate f(x) 1 unit in the direction of the
(3. 2J positive y-axis.
‘E.

0O X0

1 The following diagram shows a sketch of the curve i
with equation y = f{x). The points A(0, 2), B(1, 0),

(4, 4) and D(6, 0) lie on the curve. H:]
Sketch the following graphs and give the coordinates
of the points, A, B, C and D after each transformation: 231
a fix+1) b fix)-4 c flx+4) A D 3
d f(2x) e 3f(x) ffiix) i s “\ .
g 3fix) h f{=x)

2 The curve v = f{x) passes through the origin and Ya

has horizontal asymptote y = 2 and vertical
asymptote x = |, as shown in the diagram.
Sketch the following graphs. Give the equations of p=2

any asymptotes and give the coordinates of
intersections with the axes after each

transformation. 0 x=1 x
a fix)+2 b flx+1) e 2M(x)

d fix) -2 e f(2x) f f(3x) '

2 ‘%“-\'] h -f(x)



3 The curve with equation y = f{x) passes through the
points A(-4, =6), B(-2, 0), C(0, =3) and D{4, 0)
as shown in the diagram.

Sketch the following and give the coordinates of
the points 4, B, C and D after each transformation.

a flx=-2) b fix)+6 ¢ f{2x)
d filx+4) e fix)+3 f 3fi(x)
g 4flx) h f(5x) i —flx)
j f=x)

4 A sketch of the curve v = f{x) is shown in the
diagram. The curve has a vertical asymptote
with equation x = -2 and a horizontal
asymptote with equation y = 0. The curve
crosses the y-axis at (0, 1).

a Sketch, on separate diagrams, the

graphs of:
i 2f(x) ii f(2x) fli [(x-2)
iv flx)-1 v f{=x) vi ~f{x)

In each case state the equations of any
asymptotes and, if possible, points where
the curve cuts the axes.

b Suggest a possible equation for f{x).

5 The point P(2, 1) lies on the graph with equation y = f{x).

Graphs and transformations

V&

-y

a On the graph of y = f{ax), the point P is mapped to the point (4, 1).

Determine the value of .

(1 mark)

b Write down the coordinates of the point to which P maps under each transformation

i fx—4) i 3fx) iii Sf(x) -4

@ 6 The diagram shows a sketch of a curve with equation y = fix).
The points A(=1, 0), B(0, 2), C(1, 2) and (2, 0) lie on the curve.

Sketch the following graphs and give the coordinates of the points

Problem-solving

Rearrange each equation 40 D
into the form y = ...

A, B, C and D after each transformation:
a y+2=fix) b %_l.' = f{x)
c y=3=fix) d 3y=H£x)

e y=-1=1Mx)

(3 marks)

Vi

-

g1



Chapter 4

0 Mixed exercise o

1 a On the same axes sketch the graphs of y = x¥{(x - 2)and y = 2x — »%

@ 2

b By solving a suitable equation find the points of intersection of the two graphs.

a On the same axes sketch the curves with equations y = % and y=1+x.
b The curves intersect at the points A and B. Find the coordinates of A and 8.
¢ The curve C with equation y = x* + px + ¢, where p and ¢ are integers, passes through 4 and 5.

Find the values of p and g.
d Add C to your sketch.

3 The diagram shows a sketch of the curve y = f{x).
The point 8(0, 0) lies on the curve and the point A(3, 4)
15 @ maximum point. The line y = 2 is an asymptote.
Sketch the following and in each case give the
coordinates of the new positions of 4 and B and

A3 4)

state the equation of the asymptote:
a f(2v) b %ﬂ’x}
d fix+3) e fix=13)

¢ fx)-2
foflx)+ 1

L
The diagram shows the curve with equation
¥=5+ 2x - x?and the line with equation y = 2,
The curve and the line intersect at the points
Aand B.

® 4

/I

E'P) §

L
Find the x-coordinates of A4 and B. (4 marks) /
/ 0 \ X
=S dy—a
flx) = x%x = 1){x-3).
a Sketch the graph of y = fix). {2 marks)
b On the same axes, draw the line y = 2 = x. (2 marks)
¢ State the number of real solutions to the equation x%(x - 1)x-3)=2-x. (1 mark)
d Write down the coordinates of the point where the graph with equation
¥ = [(x) + 2 crosses the y-axis. (1 mark)

The figure shows a sketch of the curve with
equation v = flx).

On separate axes sketch the curves with equations:
a y=If{-x) (2 marks)
b y=-fix) (2 marks)
Mark on each sketch the x-coordinate of any point,

Vi

or points, where the curve touches or crosses the y-axis.
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7 The diagram shows the graph of the quadratic function f{x).

The graph meets the v-axis at (1, 0) and (3, 0) and the
minimum point is (2, =1).
a Find the equation of the graph in the form
y=axl+bhx+c (2 marks)
b On separate axes, sketch the graphs of
i yv=Mfx+2) i y=(2x). (2 marks)

¢ On each graph label the coordinates of the
points at which the graph meets the v-axis and
label the coordinates of the minimum point.

8 fix)=(x=INx=20x+1)

Graphs and transformations

Vi

a State the coordinates of the point at which the graph v = f{x) intersects the y-axis. (1 mark)
b The graph of y = afix) intersects the y-axis at (0, —4). Find the value of . (1 mark)
¢ The graph of y = [{x + b) passes through the origin. Find three possible values of b, (3 marks)

@ 9 The point P(4, 3) lies on a curve y = f{x).

a State the coordinates of the point to which P is transformed on the curve with equation:

i y=f3x) i yr=fx) i y=flx-5) v -r=1fix)

v 2(y+2)=1{x)

b P is transformed to point (2, 3). Write down two possible transformations of f{x).

¢ Pis transtormed to point (8, 6). Write down a possible transformation of f{x)if

i fix) s translated only ii fix) s stretched only.

10 The curve C, has equation y = —% where a is a positive constant. The curve C, has the

equation y = x*(3x + b) where b is a positive constant.

a Sketch € and C; on the same set of axes, showing clearly the coordinates of any

point where the curves touch or cross the axes.

(4 marks)

b Using your sketch state, giving reasons, the number of solutions to the equation

HM3x+M+a=0.

11 a Factorise completely x* — 652 + 9x,

(2 marks)

(2 marks)

b Sketch the curve of y = x* — 6x? + 9x showing clearly the coordinates of the

points where the curve touches or crosses the axes.

(4 marks)

¢ The point with coordinates (=4, 0) lies on the curve with equation

y=(x=k)y =6(x—-k)F+%x - k) where k is a constant.
Find the two possible values of k.

@ 12 fix)=x(x-2)

Sketch on separate axes the graphs of:
a y=fix)
b y=1Hlx+3)

{3 marks)

(2 marks)
{2 marks)

Show on each sketch the coordinates of the points where each graph crosses or meets the axes.
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(®) 13 Given that f(x) = . x #0,

a Sketch the graph of y = f{x) = 2 and state the equations of the asymptotes. (3 marks)
b Find the coordinates of the point where the curve y = f{x) = 2 cuts a coordinate

axis. (2 marks)
¢ Sketch the graph of y = fi{x + 3). (2 marks)
d State the equations of the asymptotes and the coordinates of the point where

the curve cuts a coordinate axis. {2 marks)

Challenge

The point R{6, =4) lies on the curve with equation y = f(x). State the coordinates
that point R is transformed to on the curve with equation y = f(x + ¢} = d.

Summary of key points

1 If pis a root of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at
the point (p, 0).

2 The graphsof y= % and y= %. where Kk is a real constant, have asymptotesat x=0and y = 0.

3 The x-coordinate(s) at the points of intersection of the curves with equations y = f(x) and
¥ = glx) are the solution(s) to the equation f(x) = g(x).

& The graph of y = f(x) + @ is a translation of the graph y = f(x) by the vector (3)
5 The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (_g)
6 When you translate a function, any asymptotes are also translated.
T The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a in the vertical
direction.
8 'dl'he graph of v = fax) is a stretch of the graph y = f(x) by a scale factor ufal- in the horizontal
irection.

9 The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.
10 The graph of y = f(-x) is a reflection of the graph of y = f(x) in the y-axis.
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O Review exercise

e

Write down the value of 8.

(2 marks)

&= S5ection 1.4

b Find the value of 8.

a Find the value of 125
b Simplify 2457 = 18x7,

(2 marks)
(2 marks)
#= Sections 1.1, 1.&
a Express v80 in the form a5,
where @ 15 an integer. {2 marks)

b Express (4 —v3) in the form b + &' 3,
where b and ¢ are integers. (2 marks)

= Section 1.5

a Expand and simplify

(4 +V3¥4-3). (2 marks)
2 s
b Express — : 3 in the form a + ' 3,
+ .

(3 marks)

= Soctions 1.5, 1.6

where g and b are integers.

Here are three numbers:
| -k .2+ 5/k and 2Vk
Given that & is a positive integer, find:

a the mean of the three

numbers. (2 marks)
b the range of the three
numbers. {1 mark)

i+ Section 1.5

& I :
Cnven that y = .,—5.1'4. express each of the

following in the form kx", where &k and n
anre constanis.

{1 mark)
(1 mark)

= Section 1.4

a y'
b 5y

{1 mark) 7 Find the area ol this trapezium in cm?.

Give your answer in the forma + by 2,
where @ and b are integers to be

found. (4 marks)
~ Section 1.5
+—3 4+ Vicm—s
Wiem
- {5+ 1W3em -

Given thatp=3-=22and g=2 =2,

_ ¥ If.l' + {If

find the value of =g

Give your answer in the form m + v 2,
where m and »n are rational numbers to be
(4 marks)

found.

+~ Sections 1.5, 1.6

a Factonse the expression
= 10x +16. (1 mark)
b Hence, or otherwise, solve the equation

8 = 10(8) + 16=0. (2 marks)

+ Sections 1.3, 2.1

=-3x—-2=(x+a)y+b, whereaand b
are constants.

a Find the value of @ and the value
of b. (2 marks)

b Hence, or otherwise, show that the
rootsof ¥ =8y =29 =0arec * d/35,
where ¢ and d are integers. (3 marks)

+ Sections 2.1, 2.2
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Review exercise 1

The functions [ and g are defined as

fix)=x(x=2)and g{x)=x+ 5. xeR.

Given that f{a) = g(a) and a = 0,

find the value of @ to three significant

figures, (3 marks)
+ Sections 2.1, 2.3

An athlete launches a shot put from

shoulder height. The height of the

shot put, in metres, above the ground

t seconds after launch, can be modelled

by the following function:

hir)= 1.7 + 10t = 5¢° t=10

a Give the physical meaning of the
constant term 1.7 in the context of the
model.

b Use the model 1o calculate how many
seconds after launch the shot put hits
the ground.

¢ Rearrange h(r) into the form
A = B(1 = C) and give the values of the
constants 4, Band C.

d Using your answer to part ¢ or
otherwise, find the maximum height of
the shot put, and the time at which this
maximum height is reached.

+ Section 2.6

Given that fix)=x*-6x+ 18, x =0,

a express f{x) in the form (x — a) + b,
where ¢ and b are integers.

The curve C with equation y = fix),

x = 0, meets the y-axis at P and has a

minimum point at Q.

b Sketch the graph of C, showing the
coordinates of P and 0. (3 marks)

The line v = 41 meets C at the point R.

¢ Find the x-coordinate of R, giving
your answer in the form p + ¢ 2,

where p and g are integers. (2 marks)
& Sections 2.2, 2.4

The function hix) = x* + 2V2x + k has
equal roots.
a Find the value of &. (1 mark)
b Sketch the graph of v = h(x), clearly
labelling any intersections with the
coordinate axes. (3 marks)
= Sections 1.5, 2.4, 2.5

(EP) 16

(2 marks) 17

15 The function g(x) is defined as

glx)=x"=Tx"=8x, x e R.
a Write g(x) in the form x*(x*' + a)x* + b),

where ¢ and b are integers. (1 mark)
b Hence find the three roots
of g(x). (1 mark)
# Section 2.3
Ciiven that

M+ l0x+36=(x+aF+bh,
where a and b are constants,

a find the value of & and the value
of b. {2 marks)

b Hence show that the equation
&+ 10x + 36 = 0 has no

real roots. (2 marks)

The equation x* + 10x + & = 0 has equal
roots.

¢ Find the value of k. {2 marks)

d For this value of &, sketch the graph
of y = x* + 10x + k, showing the
coordinates of any points at which
the graph meets the coordinate
axes. {3 marks)

4+ Sections 2.2, 2.4, 2.5

Giventhat X + 2x+ 3= (x+a) + b,

a find the value of the constants
aand b {2 marks)

b Sketch the graph of y = x* + 2x + 3,
indicating clearly the coordinates of
any intersections with the coordinate
AXCS. (3 marks)

¢ Find the value of the discriminant of
x* + 2x + 3, Explain how the sign of
the discriminant relates to your sketch
in part b. {2 marks)

The equation x* + kx + 3=0. where k is a
constant, has no real roots.

d Find the set of possible values
of &, giving your answer in surd
form. (2 marks)
+ Section 2.2, 2.4, 2.5



(£) 18

EP) 22

a By eliminating y from the equations:
y=x-4,
2xt - xy=8§,
show that
M+4x-8=0.
b Hence, or otherwise, solve the
simultancous equations:

{2 marks)

y=x-=-4,
2x* = xy =8,
giving vour answers in the form
a* '3, where @ and b are
integers.
+ Section 3.2

Find the set of values of x for which:

a 2x+1)>5-2x, (2 marks)
b 22 -Tx+3>0, (3 marks)
¢ both32y+1)>5-2xvand

2t =Tx+3=0. {1 mark)

+ Sections 3.4, 3.5

The functions p and g are defined as

p(x)=-2(x+ 1) and q(x) = ¥ - 5x + 2,

x € R. Show algebraically that there is no

value of x for which p{x) = g{x). (3 marks)
& Sections 2.3, 2.5

a Solve the simultaneous equations:
y+2x=35
2= 3x - y= 16 (5 marks)

b Hence, or otherwise, find the set of
values of x for which:

2 =3x=16>5=2x. (2 marks)
# Sections 3.2, 3.5

The equation x* + kx + (k + 3) = ), where
k 1s a constant, has different real roots.

a Showthat & =4k = 12> 0. (2 marks)

b Find the set of possible values of k.
(2 marks)

+ Sections 2.5, 3.5

Find the set of values for which

2. xz=5, (6 marks)

+ Section 3.5

[
x4+ 5

e u

(4 marks) 5

() 26

Review exercise 1

The functions f and g are defined as

fix)=9-xand g(x)= 14 -6x, xER.

a On the same set of axes, sketch the
graphs of y = f(x) and y = g(x). Indicate
clearly the coordinates of any points
where the graphs intersect with each
other or the coordinate axes. (5 marks)

b On vour sketch, shade the region that
satisfies the inequalities y = 0 and
[{x) = gix). (1 mark)

& Sections 3.2, 3.3, 3.7

a Factorise completely x' — 4x. (1 mark)
b Sketch the curve with equation
y=x = d4x, showing the coordinates of
the points where the curve crosses the
x-axis. (2 marks)
¢ On a separate diagram, sketch the
curve with equation
y=ilx=1y-4(x-1)
showing the coordinates of the
points where the curve crosses the
X-AXIS, {2 marks)
+ Sections 1.3, 4.1, 4.5

\_~

F3,-1)

The figure shows a sketch of the curve with
equation y = [{x). The curve crosses the
x-axis at the points (2, 0) and (4, 0). The
minimum point on the curve is P(3, -2).
In separate diagrams, sketch the curves
with equation
a y=-f{x) (2 marks)
b y=M2x) (2 marks)
On each diagram, give the coordinates of
the points at which the curve crosses the
x-axis, and the coordinates of the image
of P under the given transformation.

+ Sections 4.6, &.7
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Review exercise 1

_=
]
-y

The figure shows a sketch of the curve
with equation y = f{x). The curve passes
through the points (0, 3) and (4, 0) and
touches the x-axis at the point (1, 0).
On separate diagrams, sketch the curves
with equations

a r=fix+1) (2 marks)
b y=2fx)
e y= I'il%.‘n::l (2 marks)

On each diagram, show clearly the
coordinates of all the points where the
curve meets the axes.

+ Sections 4.5, 6.6, 6.7

Given that flx) = % x#0,
a skeich the graph of y =f{x) + 3 and
state the equations of the
asymptotes (2 marks)
b find the coordinates of the point
where y = f{.x) + 3 crosses a coordinate

axis. {2 marks)
= Sections &.3, .5

The quartic function t is defined as

tix)=(x"=5x+2)(x*=-5x+4), xeR.

a Find the four roots of t(x), giving vour
answers Lo 3 significant figures where
necessary. (3 marks)

b Sketch the graph of y = t(x), showing
clearly the coordinates of all the
points where the curve meets the
axes. (2 marks)

+ Sections 4.2, 2.1

The point (6, =8) lies on the graph of
v = [{x). State the coordinates of the
point to which P15 transformed on the
graph with equation:

a y=-Mx) (1 mark)
b y=1[M{x-13) (1 mark)
c 2y=Mx) (1 mark)

= Section &.T

(2 marks) a2

31 The curve C, has equation y = -ii where

a@ 1s a positive constant.

The curve C, has equation y = (x — b)Y,

where b is a positive constant.

a Sketch C, and C, on the same set of
axes. Label any points where either
curve meets the coordinate axes,
giving your coordinates in terms of a
and b. {4 marks)

b Using your sketch, state the number of
real solutions to the equation
xx—-5y=1. (1 mark)

 Sections £.3, &.6

Sketch the graph of y = :]- -4,

showing clearly the coordinates of
the points where the curve crosses
the coordinate axes and stating
the equations of the

asymptotes. (4 marks)
b The curve with y = o 4 passes

through the origin. Find the two

possible values ol . (2 marks)

= Sections &.1, &.5, &.T

1 a Solve the equation A* = 10x+9=0

b Hence, or otherwise, solve the equation
I -100=-1 + Sections 1.1, 1.3, 2.1

A rectangle has an area of 6 cm* and a perimeter
of 8/2 cm. Find the dimensions of the

rectangle, giving your answers as surds in their
simplest form. « Sections 1.5, 2.2

Show algebraically that the graphs of
¥=3x+x'=xand y=2x{x = 1)(x + 1) have
only one point of intersection, and find the
coordinates of this point. + Section 3.3
The quartic function f(x) = (' + x = 20)(* + x - &)
has three roots in common with the function

glx) = f(x — k), where k is a constant. Find the two
possible values of k. + Sections 4.2, 4.5, 4.7



Straight line graphs

After completing this unit you should be able to:

® Calculate the gradient of a line joining a pair of points - pages 90 - 91
® Understand the link between the equation of a line, and its gradient

and intercept -+ pages 91 - 93
e Find the equation of a line given (i) the gradient and one point on
the line or (ii) two points on the line -+ pages 93 - 95

e Find the point of intersection for a pair of straight lines
=+ pages 95 - 96

e Know and use the rules for parallel and perpendicular gradients
-+ pages 97 - 100

® Solve length and area problems on coordinate grids — pages 100 - 103

e Use straight line graphs to construct mathematical models
=4 pages 103 - 108

Prior knowledge check

1 Find the point of intersection of the
following pairs of lines. ‘

a y=4x+7and3y=2x-1 ""f',"':'
b y=5x-1land3x+7y=11 r =
c 2x-5y=-land5x-Ty=14
& GCSE Mathematics

2 Simplify each of the following:

a 80 b /200 ¢ V125 *
+ Section 1.5

3 Make y the subject of each equation: - i

a 6x+3y=15=0 b 2x-5v-9=0

€ 3x=Ty+12=0 + GCSE Mathematics

T WSS

Straight line graphs are used in mathematical
modelling. Economists use straight line
graphs to model how the price and availability
of a good affect the supply and demand.
=+ Exercise 5H Q9




Chapter 5

@ -

You can find the gradient of a straight line joining two points
by considering the vertical distance and the horizontal distance

between the points.

= The gradient m of a line joining the point with coordinates

(xy,¥,) to the point with coordinates (x,, ;)

can be calculated using the formulam ="

Example o

Yi=N"1
X=X,

Work out the gradient of the line joining (=2, 7) and (4, 5)

Example e

Use m =

=T

i

@ Explore the gradient 0 6

formula using GeoGebra.

Y=
.[E i | ]-

Here (x;, y)) = (=2, 7) and

(x, ) = (4, 5)

The line joining (2, =5) to (4, a) has gradient —=1. Work out the value of a.

0O C&X5)

Use m ==

s (TP -1, (x5, ) = (2, -5)

X3 = X,

and (x; y;) = (4, a).

1 Work out the gradients of the lines joining these pairs of points:

a (4,2),(6,3)

d (2,=3),(6,5)

g (=2,-4).(10, 2)

i (-2.4,9.6),(0,0)
m (3bh, =2h), (Th, 2h)

20

b (-1,3),(5, 4)

e (=3,4), (7, =6)

h (3 2).(5.4)

k (1.3,-2.2), (3.8, -4.7)
n (p, p)lg, g°)

c (-4,9),(1,2)
f (-12,3),(-2,8)
i (539

I (0, 3a), (10q, 0)
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Straight line graphs

The line joining (3, =5) to (6, a) has a gradient 4. Work out the value of «.

The line joining (5, &) 1o (8, 3) has gradient —3. Work out the value of b.
The line joiming (¢, 4) to (7, 6) has gradient ;: Work out the value of c.

The line joining (-1, 2d) to (1, 4) has gradient - i— Work out the value of 4.
The line joining (-3, -2) to (2e, 5) has gradient 2. Work out the value of e.
The line joining (7. 2) to ( /. 3/) has gradient 4. Work out the value of /.

The line joining (3, —4) to (—g. 2¢) has gradient -3. Work out the value of g.

Show that the points A(2, 3), B(4, 4) and Problem-solving
C(10,7) can be joined by a straight line. Find the gradient of the line joining the points A
and B and the line joining the points A and C.

m Points are collinear if they all lie on

the same straight line.

Show that the points A{=2a, 5a), B(0, 4a)
and points C(6a, @) are collinear. (3 marks)

e The equation of a straight line can be written in the form ra
¥ =mx + ¢, where m is the gradient and c is the y-intercept.

V=my+ &

e The equation of a straight line can also be written in the
form ax + by + ¢ =0, where a, b and ¢ are integers. @ | ol

1]

1

~d
. |
=Y

 cxamplc €

Write down the gradient and y-intercept of these lines:

a y=-3x+2 b d4v-3y+5=10
: S S e T Compare y = =3x + 2with y = mx + .
" : ; s il From this, m=-=-3and ¢ = 2.
b y=sx+§+* =
Gradient = 3 and y-intercept = (O, 3) —I Rearrange the equation into the form y = mx + .

From this m = % and ¢ = %

m Use fractions rather than decimals

in coordinate geometry questions.
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Example e

Write these lines in the formax+ b+ ¢ =10
a y=4x+3 b y= —-;-_1' + 35

Rearrange the equation into the form

a 4x—-y+3=0
ax+by+c=0
b sx+y-5=0-

X+ 2y=-10=0 l— Collect all the terms on one side of the equation.

Example e

The line y = 4x — 8 meets the x-axis at the point £ Work out the coordinates of P,

) | The line meets the x-axis when y =0, s0

4x-8B=0-
Ao e substitute y = Qinto y = 4x — 8.

o

So P has coordinates (2. O) '~ Rearrange the equation for x.

— Always write down the coordinates of the point.

O &x5

1 Work out the gradients of these lines:

a y=-2x+35 b y==x+7 ¢ y=4+ 3x
d v= 11 =2 e y= —‘_:;.'u f y= :1 + ,
g 2x—dy+5=0 h 10x=5v+1=0 i =x+2y-4=0
j “3x+6r+7=0 k dx+2y=-9=10 | 9v+6y+2=0

2 These lines cut the y-axis at (0, ¢). Work out the value of ¢ in each case.

A y=-x+4 b y=2x-23 c _:':;-n:—,

d y=-3x e _1'=$.\'+% f y=2-Tx

g Ix-4y+8=0 h 4x-5v=-10=10 I =2x+y-9=0

j Tx+4y+12=0 k Ix-2y+3=0 | —Sx+4y+2=0
3 Wnite these lines in the formax + by + ¢ =10,

a y=4x+3 b y=3x-12 c y==bx+7

d v= 41. -6 e V= :t +2 f v= ;m

g y=2x —“‘7 h y=-3a +:. i p=-6x ‘J

j y= -i_r+% k y= ,x+: | .u-=j:-.1.'+ '

4 The line v = 6x — 18 meets the x-axis at the point P. Work out the coordinates of P.
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5 The line 3x + 2y = 0 meets the x-axis at the point R. Work out the coordinates of R.

6 The line 5x = 4y + 20 = () meets the y-axis at the point 4 and the x-axis at the point B.
Work out the coordinates of 4 and B.

7 A line / passes through the points with coordinates (0, 5) and (6, 7).
a Find the gradient of the line.

b Find an equaton of the line in the form ax + by + ¢ =0,

@ 8 A line /cuts the x-axis at (5, 0) and the y-axis at (0, 2).
a Find the gradient of the line. {1 mark)
b Find an equation of the ling in the formax + by + ¢ =0, (2 marks)

@ 9 Show that the line with equationax + by + ¢ =10 Problem-solving
#

. il :
has gradient = and cuts the y-axis at ——

h b Try solving a similar problem with numbers
: ; : : first:
@ 10 The line / with gradient 3 and y-intercept (0, 5)
has the equation ax - 2y + ¢ = 0. Find the gradient and y-intercept of the
Find the values of @ and ¢. (2marks)  Straight line with equation 3x + 7y +2 = 0.

(E/P) 11 The straight line / passes through (0, 6) and has gradient —2. It intersects the line with
equation 5x — 8y = 15 = 0 at point P. Find the coordinates of P. (4 marks)

@ 12 The straight line /, with equation y = 3x - 7 intersects the straight line /, with equation
ax + 4y = 17 =0 at the point P(-3, b).

a Find the value of b. (1 mark)
b Find the value of a. (2 marks)

Challenge

Show that the equation of a straight line through (0, a) and (b, 0) is ax + by —ab = 0.

@ Equations of straight lines

You can define a straight line by giving:
« one point on the line and the gradient

« two different points on the line

You can find an equation of the line from either of these conditions.

= The equation of a line with gradient m that passes through This is any point
the point with coordinates (x,, y,) can be written as T
y=yy=mix —x,). This is the_ v, 1)
pointon =
the line '

You know AT )

93



Chapter 5

Find the equation of the line with gradient 5 that passes through the point (3, 2).

¥ =2 =5K—-3)— —y w Explore lines of a given gradient

5w By — 15 passing through a given point using GeoGebra.

This is in the form y - v, = m{x - x;). Here m =5
and (x,, v,) = (3. 2).

FE o

Find the equation of the line that passes through the points (5, 7) and (3, =1).

Ta—_ 7= & . First find the slope of the line.
NE =% Bl @ Here (x, ¥3) = (3. ~1) and (x5 y) = (5, 7).
=l Y=y =mx-x (xy, ¥y) and (x;, y;) have been chosen to make the
p+1=4(x=3) denominators positive,
F+1=4x -

— You know the gradient and a point on the line, so
use vy =y = mix = x,)

-
]
B
b
=
|
i

Usem=4 x;=3and y,=-1.

Y oo @

1 Find the equation of the line with gradient m that passes through the point (x,, v,) when:
a m=2and(x, v)=(2, 3) b m=3and(x, »)=(-21)
¢ m=-1and(x, y) =(3, -0) d m=-d4and(x, y)=(-2,-3)
e m= L and (x, v,) = (-4, 10) f m= —i and (x;, v;) = (-6, -1)
g m=2and (x;, ;) =(a. 2a) h m= —1: and (x,, v,) = (=25, 3b)

2 Find the equations of the lines that pass through these pairs of points:

a (2.4 and 3. 8) b (0,2)and (3, 5) €D i each case
¢ (=2,0)and (2, B) d (5, -3)and (7, 5) find the gradient m
e (3.-1)and (7, 3) f (=4,-1)and (6, 4) then use

g (=1,=5)and (-3, 3) h (—4.—1) and (=3. -9} ¥ =1 =mx=x)

i t%.%}and{%.%: i f—::. -%jemdli.i-:}

@ 3 Find the equation of the line { which passes through the points A(7, 2) and B(9, -8).
Giive your answer in the form ax + by + ¢ =0, (3 marks)

4 The vertices of the triangle ABC have coordinates A(3, 5), B(=2, 0) and (4, =1).
Find the equations of the sides of the tnangle.
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5 The straight line / passes through (&, 4) and Problem-solving

'3“'.. 3] .-E'LT] ELI_LJ““IU[] {‘F Ifi"il X+ h_r + = {}- |t |5 uﬂen E&SIE‘I’ m ﬁn,d unhnﬂwn
Find the value of @ and the value of c. (3 marks) values in the order they are given
6 The straight line / passes through (7a, 5) and (3a, 3). in the question. Find the value of a
. e AR first then find the value of c.
Anequationof lisx+ by =12=0.
Find the value of @ and the value of b. (3 marks)

Challenge

Consider the line passing through points (x;, ¥;) and (x;, y;).

a Write down the formula for the gradient, m, of the line.

b Show that the general equation of the line can be written in the form ;E-_'::l = ':?-_'?1

¢ Use the equation from part b to find the equation of the line passing through the
points (-8, 4) and (-1, 7).

¥ . - k- » ¥ ’ ' s
The line y = 3x = 9 meets the x-axis at the point A. Find the equation of the line with gradient 5 that
passes through point 4. Write your answer in the form ax + by + ¢ =0, where a, b and ¢ are integers.

O=3x-9s30x=3 4isthe point (3, 0). — '|@ Plot the solution on a graph using O @

0 = SHx = 3) — — | GeoGebra,

The line meets the x-axis when y =0, 50
substitute y =0 into y=3x = 9.

Use y = vy = m{x — x,). Here m = f and
|:"|.l|, _1'1_:| = {3, ﬂ:l-

' Rearrange the equation into the form
Example o ax+by+¢=0,

The lines y =4x - Tand 2x + 3y = 21 = () intersect at the point A. The point 8 has coordinates (-2, 8).
Find the equation of the line that passes through the points 4 and B. Wrnite vour answer in the form
ax + by + ¢ =0, where a, b and ¢ are integers.

ox + 34x L+ 7)-21=0 : .
s i : @ Check solutions to simultaneous .

ek T lZ2X =21l = £] = I - >
equations using your calculator.
1y = 42 i
o — ?.
—T —— J l Solve the equations simultaneously to find point A.
1= 3 = | S—
. Substitute y=4x -T into 2x + 3y - 21 =0.
Vo =) _ B~ 3 3
el > e o el s B |
2 ‘— Find the slope of the line connecting A and B.
y=5=——{x-3) -
1} = =3x + 3 e - 1 )
: Use y— yy =mix — x;) withm = "5 and
Ix+5r-34=0 T ) = (3, 5)
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The line y = 4x = 8 meets the x-axis at the point 4. Find the equation of the line with gradient
3 that passes through the point A4.

The line y = =2x + 8 meets the y-axis at the point B. Find the equation of the line with gradient
2 that passes through the point B.

- - 1 - . s 1 - . . : 2
he line y = 35x + 6 meets the x-axis at the point C. Find the equation of the line with gradient 3
that passes through the point C. Write your answer in the form ax + by + ¢ = 0, where a, b and
¢ are integers.

The hine y = Jlf_x' + 2 meets the y-axis at the point B. The point C has coordinates (=5, 3).

Find the gradient of the line joining the points Band C.
Problem-solving

The line that passes through the points (2, =5) and (-7, 4)
: P & p’" . A sketch can help you check whether
meets the x-axis at the point P. Work out the coordinates :
: h your answer looks right,
of the point P.

The line that passes through the points (=3, =5) and (4, 9) meets the y-axis at the point G.
Work out the coordinates of the point .

The line that passes through the points (3, 2-;-] and {-1%. 4) meets the y-axis at the point J.
Work out the coordinates of the point J.

The lines vy = x and v = 2x = 5 intersect at the point A. Find the equation of the hine with
gradient 5 that passes through the point A.

The lines y =4x - 10and y = x - | intersect at the point 7. Find the equation of the line with
gradient -5 that passes through the point 7. Write your answer in the form ax + by + ¢ =10,
where a, b and ¢ are integers.

The line p has gradient _%:_m:,l passes through the point (6, =12). The line g has gradient -1 and
passes through the point (5, 5). The line p meets the yv-axis at 4 and the line g meets the x-axis
at 8. Work out the gradient of the line joining the points A and B.

. " i ; 3 ;
The line y = =2x + 6 meets the x-axis at the point F. The line y = 5x — 4 meets the y-axis at the
point (2. Find the equation of the line joining the points P and (.

The line y = 3x = 5 meets the x-axis at the point M. The line y = —11 + 1 meets the y-axis at the
point N. Find the equation of the line joining the points M and N. Write vour answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers.

The line y = 2x — 10 meets the x-axis at the point A. The line y = —=2x + 4 meets the y-axis at the
point B. Find the equation of the ling jomning the points A and B.

The line ¥ = 4x + 5 meets the y-axis at the point C. The line y = =3x = 15 meets the y-axis at

the point D. Find the equation of the line joiming the points C and D). Write your answer in the
form ax + by + ¢ =0, where a, b and ¢ are integers.

The lines y = x = 5 and y = 3x = 13 intersect at the point §. The point T has coordinates (-4, 2).
Find the equation of the line that passes through the points 5 and 7.

The lines v = -2x + | and y = x + 7 intersect at the point L. The point M has coordinates (-3, 1).
Find the equation of the line that passes through the points L and M.



Straight line graphs

@ Parallel and perpendicular lines

= Parallel lines have the same gradient. ya

FETE @

A line is parallel to the line 6x + 3y = 2 = 0 and it passes through the point (0, 3).
Work out the equation of the line.

O x5

1

OR
® 3

Lh

@ 6
® 7

8

Rearrange the equation into the form v = mx + ¢

X +3y=-2=0 to find .

33 = =X
¥ =-6x+ 2 Compare y = -2x + % withy=mx + ¢, som=-2.
¥==2X+ 3 Parallel lines have the same gradient, so the
. gradient of the required line = -2.
ara I -t - _—
T e .'..'-.I ik iern ' Ehe |ine y o= —I-':"u I :. L - {D. 3] i5 [hE “-“:EI-EE,F“ on LhE‘ _l'-ﬂ}[is. S0 = ]

Work out whether each pair of lines is parallel.
a y=5x-2 b Tx+1d4yr=-1=0 ¢ dx-3y-8=0
15x-3y+9=0 r= 5.1 +9 Jv—-4dy-8=0

The hne r passes through the points (1, 4) and (6, 8) and the line s passes through the points
(5, -=3)and (20, 9). Show that the hnes r and s are parallel.

The coordinates of a quadrilateral ABCD are A(=6, 2), B(4, 8), m A trapezium has exactly
C(6, 1) and D(-9, -8). Show that the quadrilateral is a trapezium.  ©ne pair of parallel sides,

A line is parallel to the line y = 5x + 8 and its y-intercept is (0, 3). m The line will have
Write down the equation of the line. gradient 5.

A line 1s parallel to the line vy = =5x + 1 and 1ts y-intercept 1s (0, —=4). Work out the equation of
the line. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

A line 1s parallel to the line 3x + 6y + 11 = 0 and its intercept on the y-axis 1s (0, 7). Wnte down
the equation of the line.

A line is parallel to the line 2x = 3y = 1 = 0 and it passes through the point (0, 0). Write down the
equation of the line.

Find an equation of the line that passes through the pomnt (=2, 7) and 15 parallel to the line
y=4x+ 1. Write your answer in the form ax + by + ¢ = (.
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Perpendicular lines are at right angles to each other.
If you know the gradient of one line, you can find the
gradient of the other.

-4 The shaded triangles

dare congruent.

= |If a line has a gradient of m, a line Line /, has gradient

perpendicular to it has a gradient of —-3'-

= |f two lines are perpendicular, the product
of their gradients is -1.

D =m
h

Line [; has gradient

b _1
a  m
Example @
Work out whether these pairs of lines are parallel, perpendicular or neither:
1
a Jx-y-21=10 b y=3x
x+3y—-6=0 2x—y+4=0
a8 3x-y-2=0- : Rearrange the equations into the form y = mx + ¢.
3x = 2 =)
3 p=3x -
1rache [ 3
X+ o) [
3y — b =—x
V= =X +
V== ..'l. y =
The gradient of this ling is -5 . : Compare y = —Ei-\'+2wilh V=mx+¢ 50m= _';'
_:, N = | = =
oLy e e il
b y=sx Compare y = sxwith y=mx + ¢, som = 5.
T AT 3l 1 1
o el Rearrange the equation into the form v = mx + ¢
b to find m.
X+ 4 =]
c r=2x+4
aradient of this line ia 2 Comparey=2x+4withy=mx+¢c,50m=2.
T I3 1 Ir.?.'l ¢ I 1 |
erent aracients,
il e GeoGebra.
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A line 15 perpendicular to the line 2y = x = 8§ = 0 and passes through the point (5, =7).
Find the equation of the line.

== Problem-solving
F=35X+4

You need to fill in the steps of this problem

i I pe= ¥ = L8
yourself:

> the gragdient of the perpendicular line is —< * Rearrange the equation into the form
P ==X - X ¥ = mx + ¢ to find the gradient.
v+ 7 =-2(x-5) . Use-;}'tﬂﬁndthegradient of a perpendicular

+ 7 =254 10 line.

: < * Usey -y, = mix - x;) to find the equation of
= =X *+ 3 I
: the line.

0 Exercise @

Work out whether these pairs of lines are parallel, perpendicular or neither:

a y=4x+2 b v= %1 -] ¢ y=¢x+9
y=- _L_q; -7 y=3x-11 y=5x+9
d y==-3x+1 e y= ::1. +4 f y= 1
= '41 -7 P= -_—:.\' - | .|'=;.x' -3
g y=5x-1 h Sx-y-1=0 i _I“;—';.'l.'-l-'ﬁ-
Sx-yv+4=0 V== L\ x=3y-9=0
j dx=5y+1=0 k 3x+2y-12=0 I S5x=y+2=0
8x-10y-2=0 2x+3y-6=0 2x+ 10y-4=0

A line 15 perpendicular to the hine vy = 6x — 9 and passes through the point (0, 1). Find an
equation of the line.

A line 15 perpendicular to the line 3x + 8y = 11 = 0 and passes through the point (0, =8).
FFind an equation of the line.

Find an equation of the line that passes through the point (6, -2) and 15 perpendicular to the
line y=3x+ 35,

Find an equation of the line that passes through the point (-2, 5) and 13 perpendicular to the
line y = 3x + 6.

Find an equation of the line that passes through the point (3, 4) and 1s perpendicular to the line
dx-t6p+7=0.

Find an equation of the line that passes through the point (5, =5) and 1s perpendicular to the
line y = 5x + 5. Wnite your answer in the form ax + by + ¢ = (), where @, b and ¢ are integers.
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Find an equation of the line that passes through the point (=2, =3) and is perpendicular to the
. 4 . . .
line ¥ = —5x + 5. Write your answer in the form ax 4+ by + ¢ =0, where a, b and ¢ are integers.

The line / passes through the points (=3, 0) and (3, -2) QG

and the line n passes through the points (1, 8) and (=1, 2).  Don't do more work than you need to.

Show that the lines / and n are perpendicular. You only need to find the gradients of
both lines, not their equations.

The vertices of a quadnlateral A BCD have coordinates
A(=1, 5), B(7, 1), C(5, =3)and IX-3, 1). m The sides of a rectangle
Show that the quadrilateral i1s a rectangle. are perpendicular.

A line [, has equation 5x + 11y —= 7 = 0 and crosses the x-axis at 4. The line [; is perpendicular
to [, and passes through A.
a Find the coordinates of the point A. (1 mark)

b Find the equation of the line /.. Write yvour answer in the form ax + by + ¢ = (. (3 marks)

12 The points A and C lie on the y-axis and the point B lies on the x-axis as shown in the diagram.

.L. ‘

AF Problem-solving

Sketch graphs in coordinate geometry problems

v are not accurate, but you can use the graph to
make sure that your answer makes sense. In this
question ¢ must be negative,

i'tﬂ. c)

The line through points 4 and B is perpendicular to the line through points Band C.

Find the value of c. (6 marks)

Length and area

You can find the distance between two points A and B by V4
considering a right-angled triangle with hypotenuse 4B.

- |: '|"._ _'I"':'

You can find the distance d between (x,, y,) and (x;, ;)
by using the formula

iYe=h

d= (W= 50"+ 0a= 1

-y

£
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Find the distance between (2, 3) and (5, 7).

i Draw a sketch.
Let the distance between the points be .
The difference in the y-coordinatesis 7 - 3= 4,
— The difference in the x-coordinatesis5-2=13.
0 %
i (5 =2F + ({7 = 3}
d?=3% + 4

| f2 : (.‘I: it t-"l-a s -\-:}? 1+ '[_I'E- — _|"|:|z with
R (Xy ¥ = (2, 3) and (x,, y) = (5, 7).

Example @ @ Draw both lines and the triangle O 6

AOB on a graph using GeoGebra.

The straight line /; with equation 4x - y = () and

the straight line /; with equation 2x + 3y = 21 = 0 mtersect at point A.

a Work out the coordinates of A.

b Work out the area of triangle AOB where B is the point where [ meets the x-axis.

a Fauation of I, is v = 4x Rewrite the equation of [, in the form y = mx + ¢

Substitute y = 4x into the equation for /; to find

X+ JHSX) — = -
4x=-21=0 the point of intersection.
Ay =
3 Solve the equation to find the x-coordinate of
bt point A.

Substitute to find the y-coordinate of point A.
b £ e o e The height is the y-coordinate of point A.

2Zx+3y-21=0 Bis the point where the line /, intersects the x-axis.
SxX+30)=-21=0- - At B, the y-coordinate is zero.

ca & | Solve the equation to find the x-coordinate of point B,
Area = EL, x base x height

. , — You don’t need to give units for length and area
Area= o xbx—o == *  problems on coordinate grids.
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Find the distance between these pairs of points:
a (0, 1) (6,9) b (4, -6), (9, 6) c (3, 1).(-1.4)
d (3,5),(4,7) e (0,-4),(5,5) f (-2,=-7)(51)

Consider the points A(=3, 5), B(-2. -2) and C(3, -7). mTwu line segments are congruent
Determine whether the line joining the points 4 and Bis they are the same length.

congruent to the line joining the points B and C.

Consider the points P(11, =8), (4, =3) and R(7, 5). Show that the line segment joining the
points P and { is not congruent to the line joining the points  and R.

The distance between the points (-1, 13) and (x, 9) is v 65 . QalaellSuE1 1=

Find two possible values of x. Lise the distance formula to
formulate a quadratic equation in x.

The distance between the points (2, v) and (5, 7) is 310, Find two possible values of .,

a Show that the straight line /; with equation vy =2x + 413 Problem-solving B

parallel to the straight line /; with equation 6x - 3y - 9=10. shortest distance between
b Find the equation of the straight line /; that is perpendicular two parallel lines is the
to /, and passes through the point (3, 10). perpendicular distance

" : s ; - : n them.
¢ Find the point of intersection of the lines /; and /;. between the

d Find the shortest distance between lines {, and /.

A point P lies on the line with equation ¥ = 4 — 3x. The point P is a distance v 34 from the
origin. Find the two possible positions of point P. {5 marks)

The vertices of a tnangle are A(2, 7), B(5, =6) and {8, -6). m Scalene triangles have
a Show that the triangle is a scalene triangle. three sides of different lengths.

Problem-solving

Draw a sketch and label the points 4, Band C.
Find the length of the base and the height of the
triangle.

b Find the area of the triangle ABC.

The straight line /, has equation y = 7x = 3. The straight line /;
has equation 4x + 3y = 41 = (0. The lines intersect at the point A.
a Work out the coordinates of A.

The straight line /; crosses the x-axis at the point B,

b Work out the coordinates of B.

¢ Work out the area of triangle AOB.
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The straight line /, has equation 4x = 5y = 10 = 0 and intersects the x-axis at point A.
The straight line /; has equation 4x = 2y 4+ 20 = 0 and intersects the x-axis at the point B.

a Work out the coordinates of A.

b Work out the coordinates of B,

The straight hnes /; and /s intersect at the point C.
¢ Work out the coordinates of C.

d Work out the arca of tnangle ABC.

The points R(5, =2) and 5(9, 0) liec on the straight line /; as shown.
a Work out an equation for straight line /. (2 marks)
The straight line /; 1s perpendicular to /,

and passes through the point R.
b Work out an equation for straight line £,. (2 marks)
¢ Write down the coordinates of 7. (1 mark)
d Work out the lengths of RS and TR

leaving your answer in the form kv 5. (2 marks)
¢ Work out the area of ARST. (2 marks)

The straight line {; passes through the point (=4, 14) and has gradient —}1

a Find an equation for /, in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (3 marks)
b Write down the coordinates ol 4, the point where straight line /| crosses the y-axis. (1 mark)
The straight line /; passes through the origin and has gradient 3. The lines /, and /;

intersect at the point B.

¢ Calculate the coordinates of B. {2 marks)
d Calculate the exact area of AOAB. (2 marks)

@D Modelling with straight lines

Two quantities are in direct proportion when they increase at the same rate. The graph of
these quantities is a straight line through the origin.

These mean the same thing:

¥ is proportional to x

yx X
- I xincreases by v = kx for some real constant k.
1 unit, ) increases
by & units

=y
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The graph shows the extension, E, of a spring
when different masses, m, are attached to the end
of the spring.

Extension of spring (cm)
E

a Calculate the gradient, k, of the line. 10-
b Write an equation linking E and m. 31

; . 3 . ) R e T S
¢ Explain what the value of & represents in this 0 100 200 300 400

situation. Mass on spring (grams)
. 20-0 Use any two points on the line to calculate the
i slopes———r " 7 -
F== 400 -0 gradient. Here (0, 0) and (400, 20) are used.

— Simplify the answer.

o k= 50
b E=km v = kx" is the general form of a direct proportion
E= ’ s equation. Here the variables are E and m.
=35
¢ k represents the increase in extension in k is the gradient. When the m-value increases
=ms when the mass increases by 1 gram. =— by 1, the E-value increases by k.

You can sometimes use a linear model to show the relationship between two variables, x and .

The graph of a linear model is a straight line, and the variables are related by an equation of the
form y=ax + b.

A linear model can still be appropriate even if all the points do not lie directly on the line. In this case,
the points should be close to the line. The further the points are from the line, the less appropriate a
linear model is for the data.

» A mathematical model is an attempt to represent a real-life situation using mathematical
concepts. It is often necessary to make assumptions about the real-life problem in order to
create a model.

A contamner was filled with water. A hole was made in the bottom of the container. The depth of
water remaining was recorded at certain time intervals. The table shows the results.

Time, I seconds 0 ] A0 Bl 100 120
Depth of water, d cm 19.1 | 178 15.2 1.3 6.1 3.5

a Determine whether a linear model 1s appropriate by drawing a graph.
b Deduce an equation in the form o = ar + b.

¢ Interpret the meaning of the coeflicients @ and b.

d Use the model to find the time when the container will be empty.
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Straight line graphs

a J Depth of water Problem-solving
i

You need to give your answer in the context of the
question. Make sure you refer to the extension in
the spring and the mass.

{ - . G - P
- O 40 &0 3 100 1207
(i ] I Tl f }
I | 1 o ia
o =l =121 ~_— Pick any two points from the table,
100 -0 Here (0, 19.1) and (100,6.1) are used.
- v The d-intercept is the d-value when ¢ = 0.
Tha dintércapt i 191 o b= 191 - __f State the linear equation using the variables in
Pl ILEFCERL e ) P — i e N | H"lE QUEEHDH
“|I = {l + j? :
i = -0 Substitute a=-0.13 and b = 19.1.
d=-013r + 191+
€ d is the change in depth of water in the ——— a represents the rate of change. Look at the
-ontainer every second problem and determine what is changing every
h is the depth of water in the container at «—— second.
he beginning of the experiment |— b is the value of d when 1 = 0. It represents the
starting, or initial, value in the model.
d d==-0131 + 19
O=-013r+ 121 - —— '~ State the linear equation using the variables in
0131 = 121 the question.
I = 146,92 second 1 = Substitute o = 0, as we want to know the time

when the depth of water is zero.
— Solve the equation to find 1.

In 1991 there were 18 500 people living in Bradley Stoke. Planners projected that the number of
people living in Bradley Stoke would increase by 350 each vear.
a Wnite a linear model for the population p of Bradley Stoke r years alter 1991,

b Write down one reason why this might not be a realistic model.
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The p-intercept is the population when 1 =0.

[ The gradient is the yearly change in population.

State the linear equation using the variables in
the gquestion.

—

a r e I L Yea =
W 14 = . ti eoutatic
[ B }l:' = L P Ercep
The population d o L, i
b 350 2ach vear,
2ol =31 Hra
p=ai+b
p=350 + 16500 =
b The . PEop ing ir
] MO ¥, | WL
i L Ehgl. nount &a

O =X

1 For each graph

i calculate the gradient, &, of the line
ii write a direct proportion equation connecting the two variables.

Dhstance, o (m)

Time, 1 {5}

Substitute a = 350 and b = 18 500.

Problem-solving

Look at the question carefully. Which points did
you accept without knowing them to be true?
These are your assumptions.

o C
w“ B 5 16
Eiy —=
=BT
E fy B 12
= L=
= £ 8
Z "® 2
- 2 =4
= 1
G
B L e e et Ll S e o
0 10 20 30 0 5 1015 20 25 30

Time skating, ¢ (mins) Time reading, ¢ (mins)

2 Draw a graph to determine whether a linear model would be appropriate for each set of data.

il HE 2 I
0 0
15 .
25 b
40 12
60) 25
T80 50

b

X »
() 70
5 | 825
10 | 95
15[ 1075
25 1325
T30 170

€l w | I
31 | 45 @ A linear model can be
3.4 47 appropriate even if all the
1.6 0 points do not lie exactly in a
39 | 51 straight line. In these cases,
45 | 51 the points should lie close
47 | 53 to a straight line.

3 The cost of electricity, E, in pounds and the number of kilowatt hours, , are shown in the table.

| kilowatt hours, &

(l

15

40

) &) 110

| cost of EI:Ei.‘lril.‘il}" E

45

46,8

49 8

52.2 54.6 58.2
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Straight line graphs

a Draw a graph of the data. (3 marks)
b Explain how you know a linear model would be appropnate, (1 mark)
¢ Deduce an equation in the form E=ali + b. (2 marks)
d Interpret the meaning of the coeflicients a and b. (2 marks)
¢ Use the model to find the cost of 65 kilowatt hours. {1 mark)

A racing car accelerates from rest to 90 m/s in 10 seconds. The table shows the total distance
travelled by the racing car in each of the first 10 seconds.
time, f seconds 0 | 2 i 4 5 6 7 g 9 10

distance, d m 0 4.5 I8 4.5 12 1125 ) 162 | 2205 | 288 | 3645 | 450

a Draw a graph of the data.
b Explain how vou know a linear model would not be appropniate.

A website designer charges a flat fee and then a daily rate in order to design new websites

for companies.

Company A’s new website takes 6 days and they are charged £7100. m Let [d,, C,) = (6, 7100)
Company B's new website take 13 days and they are charged £9550.  and e, C) = (13, 9550),

a Write an equation linking days, « and website cost, Cin the

form C=ad + h {3 marks)
b Interpret the values of a and b. (2 marks)
¢ The web designer charges a third company £13 400, Calculate the number of days the designer
spent working on the website. (1 mark)

The average August temperature in Exeter is 20 °C or 68 °F. The average January temperature in
the same place 15 9°C or 48.2°F

a Write an equation linking Fahrenheit F and Celsius Cin the form F=aC + b. (3 marks)
b Interpret the values of @ and b, (2 marks)
¢ The highest temperature recorded in the UK was 101.3°F. Calculate this temperature in Celsius.
(1 mark)
d For what value 1s the temperature in Fahrenheit the same as the temperature in Celsius?
(3 marks)

In 2004, in a city, there were 17 500 homes with internet connections. A service provider predicts
that each year an additional 750 homes will get internet connections.

a Write a linear model for the number of homes n with internet connections ¢ years after 2004,
b Write down one assumption made by this model.

The scatter graph shows the height /1 and foot length f Height and foot length
of 8 students. A line of best fit is drawn on the scatter w-n-h
graph. E 185 B{27.177)
a Explain why the data can be approximated to a = 180-
lincar model. (1 mark) = ;75-
. ; ; = A 124, 165)
b Use poinis 4 and B on the scatter graph to write a = 1704
linear equation in the form hi = af + b, (3 mark) 1654
¢ Calculate the expected height of a person with a lﬁ“m T T T TN
foot length of 26.5cm. (1 mark) Foot length, f(cm)
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9

The price P of a good and the quantity  of a good are linked.

. - . . . ; ; 3 =
The demand for a new pair of trainers can be modelled using the equation P =-350 + 35,
The supply of the trainers can be modelled using the equation P=350 + 1.

a Draw a sketch showing the demand and supply lines on the same pair of axes,
The equilibrium point 1s the point where the supply and demand lines meet.
b Find the values of P and @ at the equilibrium point.

0 Mixed exercise o

I

EP) 2

@

The straight line passing through the point £(2, 1) and the point Q{k, 11) has gradient _%
a Find the equation of the line in terms of x and y only. {2 marks)
b Determine the value of k. (2 marks)

The points A and B have coordinates (k, 1) and (8, 2k - 1) respectively, where k is a constant.
Given that the gradient of AB 1s :,

a showthatk=2 {2 marks)
b find an equation for the line through 4 and B. (3 marks)

The line L, has gradient 5 and passes through the point A(2, 2). The line L, has gradient -1 and
passes through the point B(4, 8). The lines L, and L, intersect at the point C.

a Find an equation for L; and an equation for L,. (4 marks)
b Determine the coordinates of €. (2 marks)

a Find an equation of the line / which passes through the points A(1, 0) and B(5, 6). (2 marks)
The line m with equation 2x + 3y = 15 meets f at the point C.
b Determune the coordinates of €. (2 marks)

The line L passes through the points A(1, 3) and B(-19, -19).
Find an equation of L in the form ax + by + ¢ = 0. where a, & and ¢ are integers. (3 marks)

The straight line /; passes through the points 4 and B with coordinats (2, 2) and (6, 0) respectively.
a Find an equation of {,. {3 marks)
The straight line /; passes through the point C with coordinate (=9, 0) and has gradient %

b Find an equation of /.. (2 marks)

The straight line [ passes through A(1, 3v3)and B2 +v3. 3 + 4/3).
Show that / meets the x-axis at the point C(=2, 0). (5 marks)

The points A and B have coordinates (-4, 6) and (2, 8) respectively. A line p is drawn through B
perpendicular to AB to meet the y-axis at the point C.

a Find an equation of the line p. {3 marks)
b Determine the coordinates of C. (1 mark)
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Straight line graphs

The line { has equation 2y - y- 1 =0,

The line m passes through the point A4(0, 4) and is perpendicular to the line /.

a Find an equation of m. {2 marks)
b Show that the lines / and m intersect at the point P(2, 3). (2 marks)
The line n passes through the point B(3, 0) and is parallel to the line m.

¢ Find the coordinates of the point of intersection of the hines / and n. {3 marks)

The line {, passes through the points 4 and B with coordinates (0, =2) and (6, 7) respectively.
The line [, has equation x + y = 8 and cuts the y-axis at the point C.

The line /; and /> intersect at D.

Find the area of tnangle ACD. {6 marks)

The points A and B have coordinates (2, 16) and (12, —4) respectively.

A straight hine /; passes through 4 and B.

a Find an equation for /, in the formax + by = ¢, (2 marks)
The line /; passes through the point C with coordinates (=1, 1) and has gradient 11

b Find an equation for /5. (2 marks)

The points A(=1, =2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of £ ABC.
Angle ABC is a right angle.

a Find the gradient of AB. (1 mark)
b Calculate the value of k. {2 marks)
¢ Find an equation of the straight line passing through 8 and C. Give your answer in

the form ax + by 4+ ¢ = 0, where a, b and ¢ are integers (2 marks)
d Calculate the area of AABC. {2 marks)

a Find an equation of the straight line passing through the points with coordinates

(=1, 5)and (4, =2), giving your answer in the form ax + by + ¢ =0,

where a, b and ¢ are integers. (3 marks)
The line crosses the x-axis at the point 4 and the y-axis at the poimnt B, and 15 the origin.
b Find the area of A A0B. {3 marks)

The straight line /, has equation 4y + x = 0.
The straight line /; has equation y = 2x = 3.
a On the same axes, sketch the graphs of [/, and /5. Show clearly the coordinates of all

points at which the graphs meet the coordinate axes. (2 marks)
The lines [, and /, intersect at the point A,
b Calculate, as exact ractions. the coordinates of A. (2 marks)
¢ Find an equation of the line through A which is perpendicular to /).

Give your answer in the form ax + by + ¢ = 0, where ¢, b and ¢ are integers. (2 marks)
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The points A and B have coordinates (4, 6) and (12, 2) respectively.
The straight line /, passes through A and B.

a Find an equation for /; in the form ax + by + ¢ = 0, where ¢, b and ¢ are integers. (3 marks)
The straight line /5 passes through the origin and has gradient =5

b Write down an equation for /,. (1 mark)
The lines /; and /; intersect at the point C.

¢ Find the coordinates of C. (2 marks)
d Show that the lines 04 and OC are perpendicular, where @ is the onigin, (2 marks)
e Work out the lengths of 04 and OC. Write your answers in the form &v/13. (2 marks)
f Hence calculate the area of A04AC. (2 marks)

a Use the distance formula to find the distance between (4a, a) and (-3a, 2a).
Hence find the distance between the following pairs of points:
b (4, 1)and (-3, 2) ¢ (12, 3)and (-9, 6) d (=20, -5)and (15, -10)

A 15 the pomnt (=1, 5). Let (x, y) be any point on the line y = 3x.

a Write an equation in terms of x for the distance between (x, v) and A(=1, 3). (3 marks)
b Find the coordinates of the two points, 8 and C. on the line y = 3x which are a distance

of v74 from (-1, 3). {3 marks)
¢ Find the equation of the line /; that 1s perpendicular to y = 3x and goes through the

point (-1, 5). {2 marks)
d Find the coordinates of the point of intersection between [/, and vy = 3x. (2 marks)
e Find the area of tnangle ABC. (2 marks)

The scatter graph shows the o1l production P and carbon dioxide emissions C for various years
since 1970. A line of best fit has been added to the scatter graph.

(Hl production and carbon dioxide emissions

T e e T e T T e e e e e e T e e T e e e ]
= ys000
B = 10000 HEE R R e e e S e
::: E _E[H]r o A A AR AR SRR R R PR
F g W000fH RS R e
£ 5 10000 fH fii
¥ Ll ifishessseististesn !
0 g

0 500 1000 1500 2000 2500 3000 3500 4000 4500
il production {million tonnes)

a Use two points on the line to calculate its gradient. (1 mark)
b Formulate a hnear model hinking o1l production P and carbon dioxide emissions C,

giving the relationship in the form C=aP + b. {2 marks)
¢ Interpret the value of @ in your model. (1 mark)

d With reference to your value of b, comment on the validity of the model for small
values of P. (1 mark)



Challenge

1 Find the area of the triangle with vertices A(-2, -2), B(13, 8) and C(-4, 14).

2 Atriangle has vertices A(3, 8), B(9. 9) and {5, 2) as shown in

the diagram.

The line /; is perpendicular to 4 B and passes through C.
The line [, is perpendicular to BC and passes through A.
The line [, is perpendicular to AC and passes through B.

Show that the lines [, [; and [, meet at a point and find the
coordinates of that point.

A triangle has vertices 4(0, 0), Bla, b) and Cle, 0) as shown in
the diagram.

The line [, is perpendicular to 4 B and passes through C.
The line [, is perpendicular to BC and passes through A,
The line [, is perpendicular to AC and passes through B.

Find the coordinates of the point of intersection of [,, I; and £,

Straight line graphs
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The gradient m of the line joining the point with '
coordinates (x;, v,) to the point with coordinates bz, o)
(x3 ;) can be calculated using the formula

i Ye=W

=Y

o

e The equation of a straight line can be written in the form ¥a

VY=MmX + L,

V=X +E
where m is the gradient and (0, ¢) is the y-intercept. -
e The equation of a straight line can also be written in ;

the form c

ax + by + c=0,
where a, b and ¢ are integers.

=y

]

The equation of a line with gradient m that passes through the point with coordinates
{xy. 1) can be written as vy — y; = mlx — x,).

Parallel lines have the same gradient.

. s : i . : 1
If a line has a gradient m, a line perpendicular to it has a gradient of o

If two lines are perpendicular, the product of their gradients is -1.

You can find the distance d between (x,, v,) and (x,, ;) by using the formula

d = l {_'l.“‘._- — -'.I]}E - [Il_l:_l o _'|-I|_}E.

The point of intersection of two lines can be found using simultaneous equations.

Two quantities are in direct proportion when they increase at the same rate.
The graph of these quantities is a straight line through the origin.

A mathematical model is an attempt to represent a real-life situation using mathematical
concepts. It is often necessary to make assumptions about the real-life problems in order to
create a model.



Circles

After completing this unit you should be able to:

e Find the mid point of a line segment -+ pages 114 - 115

® Find the equation of the perpendicular bisector to a line segment
=» pages 116 - 117

e Know how to find the equation of a circle - pages 117 - 120
e Solve geometric problems involving straight lines and circles

-+ pages 121 - 122
e Use circle properties to solve problems on coordinate grids

=+ pages 123 - 128

® Find the angle in a semicircle and solve other problems involving
circles and triangles -» pages 128 - 132

Prior knowledge check

Write each of the following in the form

(x + p) + ¢

a v+ 10x+28 b r¥*-6x+1

€ =12x d ¥+T7x  « Section2.2
Find the equation of the line passing
through each of the following pairs of
points:

a A(0, -6) and B(4, 3)

b P(7,-5) and Q(-9,3)

¢ R(-4 -2)and T(5, 10) + Section 5.2

Use the discriminant to determine
whether the following have two real
solutions, one real solution or no real
solutions.

a 2-Tx+14=0
b “+1lx+8=0
€ b+ 12x+9=0 + Section 2.5

Geostationary orbits are circular orbits . Find the equation of the line that passes
around the Earth. Meteorologists use through the point (3, —4) and is perpendicular
geostationary satellites to provide to the line with equation 6x-5y-1=0
information about the Earth's surface and + Section 5.3
atmosphere.
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@ Midpoints and perpendicular bisectors

You can find the midpoint of a line segment by averaging the
x- and y-coordinates of its endpoints.

= The midpoint of a line segment with endpoints (x,, y,) and (x;, »;)

{xs ¥a)

. i 1

(¥t X Vit )2 .
ls( 3 ' 3 } M A line segment is a finite part of
a straight line with two distinct endpeints. i)
Example o
The line segment 4B 1s a diameter of a circle, where 4 and B are (=3, §) and (5, 4) respectively.
Find the coordinates of the centre of the circle.
Ik
Al-3, & T
&) Draw a sketch.
B5, 4) Remember the centre of a circle is the midpoint of
a diameter,
ol X
- -34+5 B+4 XX Bt
The r;:::t-'j:'ﬁc-: Ehe circle Is { 5 ' o }* B : LISE[ 5 ' 2 }
= II c‘; ?} = (1, &) Here (x;, »,) = (=3, 8) and (x;, 3} = (5, 4).
Example e
The line segment PQ is a diameter of the circle centre (2, =2). Given that P is (8, =5), find the
coordinates of (.
Problem-solving
Vi
In coordinate geometry problems, it is often
0 helpful to draw a sketch showing the information

given in the question.

(2, =2) is the mid-point of (a, ) and (8, -5).

Let O have coordinates (a, b). Xy + X W+ Vs
B+a -5 +b ' UEE( 2 ' )
{ 2 ' 2 } = (2, =2}
' = -
: A ek Here (x,, ;) = (8, =5) and (x,, ¥,) = {a, b).
b » = > R, - — —
&+ a=4 -5 + h= -4 — Compare the x- and y-coordinates separately.
a= -4 bh=1 ‘
So, 0 is (-4, 1), Rearrange the equations to find @ and b.



Circles

0O X5

Find the midpoint of the line segment joining each pair of points:

a (4, 2),(6,8) b (0,6),(12,2) ¢ (2,2),(-4,6)

d (-6,4), (6, -4) e (7,-4) (=3, 6) f (=35, =5) (=11, 8)

g (6a, 4b), (2a, —4b) h (—4uw. 0), (3, =2v) i (a+ b, 2a-=hb),(3a-h =b)
j (@2, 1T, T) k (VZ-VI, W2 +43), (W2 +V3, V2 +2/3)

The line segment A B has endpoints 4(=2, 5) and B{a, b). The midpoint of 4B is M(4, 3).
Find the values of a and b.

The line segment PQ is a diameter of a circle, where P and ¢ are (-4, 6) and (7. 8) respectively.
Find the coordinates of the centre of the circle.

The line segment RS is a diameter of a circle, where R and § Protiem-solving

Your answer will be in terms of
aand b,

a5
are (45”.— ?) and ('?” Th) respectively. Find the coordinates

of the centre of the circle.

The line segment 4B 1s a diameter of a circle, where A and B are (-3, =4) and (6, 10) respectively.
a Find the coordinates of the centre of the circle.

b Show the centre of the circle lies on the line y = 2x.

The line segment JK is a diameter of a circle, where Jand K are {;-:. '_i{] and {--;. 2) respectively.
The centre of the circle lies on the line segment with equation y = 8x + b,

Find the value of &.

The line segment A8 is a diameter of a circle, where A and B are (0, =2) and (6, =5) respectively.
Show that the centre of the circle lies on the line x = 2y =10 =10.

The line segment FG is a diameter of the circle centre (6, 1). Given Fis (2, =3), find the
coordinates of G.

The line segment CD is a diameter of the circle centre (=2a, 5a). Given [? has coordinates

(3a, =7a), hind the coordinates of C. Problem-solving

The points M(3, p) and N(g, 4) lie on the circle centre e the formula for finding the midpoint
(3, 6). The line segment MN is a diameter of the circle. (3 +q p+id

g . b
Find the values of p and g. 53| =58

The points ¥{—4, 2a) and W(3bh, —4) lic on the circle centre (b, 2a). The line segment VW isa
diameter of the circle. Find the values of @ and b.

m You can also

A triangle has vertices at A(3, 5), B(7, 11) and C(p, ¢). The midpoint of side BC is prove results like this
M8, 5). using vectors.

a Find the values of p and 4.

=+ Section 11.5

b Find the equation of the straight line joining the midpoint of 4 8 to the

L

point M.
Show that the line in part b is parallel to the line AC.
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= The perpendicular bisector of a line segment A B is the straight line
that is perpendicular to 4 B and passes through the midpoint of 4 B.

If the gradient of A B is m then the gradient
of its perpendicular bisector, [, will be "i}i

The line segment A8 15 a diameter of the circle centre C, where 4 and B are (-1, 4) and (5, 2)
respectively. The line / passes through C and is perpendicular to AB. Find the equation of /.

14

A(=1, &)
a
w5, 2)
- =
0 Y
o 2 =1+ 5 4 +
The centre of the circle s ( - 5 >
= (2, 3)
The gradient of the line segment AB
2 =4 |
1= — T
5 = (=1) 3

2

}._

Gradient of | = 3.

T|'r' r"\"q'.l..'il.l!'.'l"- -'.:I .Irl'-
y=3=3x-2)

r=-3a=23x—-6

2
3 e
S0 y=3x-3

O &=x5

Draw a sketch.

[is the perpendicular bisector of AB.

HNroL N .1'2}
2z ' 2
Here (x,, y,) = (=1, 4) and (x;,, ;) = (5, 2).

Use (

Vi =¥
Use m = =i:£—‘rl-- Here (x,, y,) = (-1, 4) and
Xy = Xy

(xz 2 = (5, 2).

Remember the product of the gradients of two

perpendicular lines is = -1, 50 -% x3==1

The perpendicular line { passes through the point
(2, 3) and has gradient 3, so use y = y; = mix - x;)
with m =3 and (x,, »,) = (2 3).

Rearrange the equation into the form y = mx + c.

1 Find the perpendicular bisector of the line segment joining each pair of points:

a A(-5, B)and B(7. 2)
d P(-4, 7T)and (-4, -1)

b (-4, 7)and D{2, 25)
e Si4, 11)and T(-5, -1)

¢ E(3.-3)and F13, =-7)
f X(13, 11)and ¥i5, 11)

2 The line F( is a diameter of the circle centre €, where Fand G are (=2, 5) and (2, 9) respectively.

The line ! passes through C and 1s perpendicular to FG. Find the equation of /.

(7 marks)

3 The line JK is a diameter of the circle centre P, where J and K are (0, -3) and (4, —5) respectively.
The line  passes through F and is perpendicular to JK. Find the equation of /. Write your
answer in the form ax + by + ¢ = 0, where @, b and ¢ are integers.

4 Poinis A, B, C and D have coordinates A(—4, =9). Bi{6, =3), (11, 5)and D{-1, 9).

a Find the equation of the perpendicular bisector of line segment A8,
b Find the equation of the perpendicular bisector of line segment CD.

¢ Find the coordinates of the point of intersection of the two perpendicular bisectors.
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@ 5 Point X has coordinates (7, =2) and point } has coordinates Problem-solving

(4, g). The perpendicular bisector of X'} has equation

5 : : i ier to fi
v=4x + b, Find the value of ¢ and the value of b. % OfEn ShTE N N Lo

values in the order they are given

Challenge in the question. Find g first, then
find b.

Triangle POR has vertices at P(6, 9), Q(3, -3) and R{-9, 3).

a Find the perpendicular bisectors of each side of the triangle.
m This point of intersection

b Show that all three perpendicular bisectors meet at a single

is called the circumcentre of the
point, and find the coordinates of that point.

triangle. = Section 6.5

@ Equation of a circle

A circle is the set of points that are equidistant from a fixed point. You can use Pythagoras' theorem
to derive equations of circles on a coordinate grid.

For any point (x, ¥) on the circumference of a circle, you can use Pythagoras’ theorem to show
the relationship between x, y and the radius r.

= The equation of a circle with centre (0, 0) and radius r is x* + y* =%,

When a circle has a centre (g, b) and radius r, you can use the following L
general form of the equation of a circle.

= The equation of the circle with centre (a, b) and radius ris
(x—a)l+(py-02="F

m This circle is a translation of the circle
x% + v = r by the vector {:] + Section 4.5

=5

(4.

Write down the equation of the circle with centre (5, 7) and radius 4.

e
e @ Explore the general form of the O @

equation of a circle using GeoGebra.

v N : Substitutea=5 b =T and r = 4 into the equation.

(x=5F+(yv=TF=4

(X=5F +(y=-7F =16+ ——— Simplify by calculating 4% = 16.
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Example o

A circle has equation (x = 3 + (» + 4)* = 20,

a Write down the centre and radius of the circle,

b Show that the circle passes through (5, =8).

a Centre (3, —4), radius v 20
b x=3r+((y+4F =20

g RA Tk
A |

Substitute (5, =&) -

(S -3F + (-8 +4)F =27 +

.\

=4 4+ 1&

= 20

20 the circle passes through the point

(D, =8

r=20s0r=y20

Substitute x = 5 and y = -8 into the equation of
the circle.

(5, —B) satisfies the equation of the circle.

The line segment A B is a diameter of a circle, where A and B are (4, 7) and (=8, 3) respectively.

Find the equation of the circle.

Use d = \/(x; = x3)* + (3 — 1)

Length of AB = /(4 = (-8)F + (7 - 3§ | Here(x,y)=(-83and (x, yJ = (4.7)

I

122 4 &

S0 the radius s 2410,
4+(=-8) 7T+3
5 '

The equation of the circle is

The centre s {

fx + 2F + (v - 5 = [2V10F

Or{x+2F +(y=5F =40

]I = [=2,

2]

1
g=

—

Problem-solving

You need to work out the steps of this problem

yourself:

» Find the radius of the circle by finding the
length of the diameter and dividing by 2.

- Find the centre of the circle by finding the
midpoint of AB.

= Write down the equation of the circle.

Remember the centre of a circle is at the

midpoint of a diameter. Use ("" ; X2 i ; 'PI).

You can multiply out the brackets in the equation of a circle to find it in an alternate form:
(x—a)2+ (¥ = b2 =r?
X=-2ax+a*+y -2y + P =r"

XryR=2ax-2by+P+a@-r*=0-

Compare the constant terms with the
equation given in the key point:

= The equation of a circle can be given in the form:

2+t +2fx+ 20y +¢=0

® This circle has centre (-f, -¢) and radius | /% + gZ - ¢
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Circles

If you need to find the centre and radius of a circle with an equation given in expanded form it is
usually safest to complete the square for the x and y terms.

Find the centre and the radius of the circle with the equation x* + ¥ = ldx + 16y =12 =10,

Rearrange into the form(x —aFP + (y - BF =r You need to mmﬂmﬂuqm for the
ey s lCr—-12=0 terms in x and for the termsin y.  + Section 2.2
=14+ iy =12 =0 (1) =———
L_ Group the x terms and y terms together.

Lompleting the square for X terms and y térms.

X =1dx =[x = 7)) = 49 :
Move the number terms to the right-hand side of

v+ ley=(r+&F-64 the equation.

Substituting back into (1)

(x=T7F =40 +(y+8F-64-12=0 Write the equation in the form
(x = 7F + (v + 8F = 125 (x—af + (- b =r

= 125
x=7F+{y+ 8 =125 T implify V125
[T5E = [BE 5 /& = 5/B — Simplify v 125.
The equation of the circle is L2 . S
| _ You could also compare the original equation with:
Ko 10 2 PO il 2] — R+ +2fx+2zr+c=0
The circle has centre (7, —8) and - f=-1,g=8and ¢ = -12 so the circle has centre
radius = 5v'3. (7, —8) and radius (-7} + B2 - (-12) = 5,5,

0. Exercise @

1 Write down the equation of each circle:
a Centre (3, 2), radius 4 b Centre (=4, 5), radius 6 ¢ Centre (5, =6), radius 2v 3
d Centre (2a. 7a). radius 5a e Centre (-2v2, =3/2), radius |

2 Write down the coordinates of the centre and the radius of each circle:
a (x+5P+(-4P=9% b (x=-7TP+(y=-1F=16 c (x+4)F+)yp =25
d (x+4aP +(v+aP=14a> e (x=-35P+(r+/5P=27

3 In each case, show that the circle passes through the given point:
a (x=2F+(r-35) =13, point (4, 8) b (x+7)F + (y - 2)* = 65, point (0, -2)
c x?+ =25 point (7, -24) d (x = 2a) + (v + Sa) = 2062, point (6a, -3a)
e (x=3/5P +(y =57 =(2/10) point, (V'5, =/5)

@ 4 The point (4, =2) lies on the circle centre (8, 1). m First find the radiis of the circle:

Find the equation of the circle.
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5 The line PO is the diameter of the circle, where P and Q are (5, 6) and (-2, 2) respectively.

Find the equation of the circle. (5 marks)
6 The point (1, -3) lies on the circle (x — 3) + (v + 4)* = r*, Find the value of r. {3 marks)
7 The points P(2, 2). Q2 + 73, 5) and R(2 - V3, 5) lie on the circle (x = 2)* + (v - 42 = .
a Find the value of r. (2 marks)
b Show that A POR is equilateral. (3 marks)
8 a Show that x* + y? —4x - 11 = () can be written in the form (x — a)* + 2 =,

where @ and r are numbers to be found. (2 marks) Problem-solving

b Hence wnite down the centre and radius of the circle with Start iting (x* - 4x)
: o . B tart by writing (x% - 4x
equation x* + 32 —4x - 11=0 (2marks) - o G

9 a Show that x* + y* = 10x + 4y = 20 = 0 can be written in the form (x — @)’ + (v = b)* =1,
where a, b and r are numbers to be found. {2 marks)

b Hence write down the centre and radius of the circle with equation
4= 10x+4y-20=0. (2 marks)

10 Find the centre and radius of the circle with each of the following equations.
a v+ =2x+8-8=0

m Start by writing the equation

: S S T PO

b "+ +12x-dy=9 in one of the following forms:
d @+ +5x-y+4=2r+8 N+yi+fxrgyre=0

e 2+ 2 =6+ 5r=2x-3y-3

11 A circle C has equation x? + 37 + 12x + 2y = k, where k is a constant. {2 ETAMTT
a Find the coordinates of the centre of C. (2 marks) B el oth it v A
b State the range of possible values of k. (2 marks)  positive radius,

12 The point P(7, —14) lies on the circle with equation x* + »* + 6x - 14y = 17.
The point { also lies on the circle such that PO is a diameter.
Find the coordinates of point Q. (4 marks)

13 The circle with equation (x = k) + »* = 41 passes through the point (3, 4).
Find the two possible values of k. (5 marks)

Challenge

1 Acircle with equation (x = &)? + (v = 2 = 50 passes through the point (4, =5).
Find the possible values of k and the equation of each circle.

2 By completing the square for x and y, show that the equation x2 + ¥ + 2fx + 2gr+c=0
describes a circle with centre (-, —g) and radius , /% + g% - ¢.
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Circles

@ Intersections of straight lines and circles

You can use algebra to find the coordinates of intersection one point of _Va _"f:l]'ﬂ""*lﬁ_ of
s . s I T InLer
of a straight line and a circle, gl ol s

= A straight line can intersect a circle once, by just
touching the circle, or twice.
Not all straight lines will intersect a given circle. 7]

=

|

two points of
intersection

B

Example o

Find the coordinates of the points where the line @ Explore intersections of straight O @

¥ = x + 5 meets the circle 12 + (y = 2P = 29, lines and circles using GeoGebra.
X +(y=-2F=29 Solve the equations simultaneously, so substitute
2 4icsB=2F=29 . ¥ = x + 5into the equation of the circle.
- _ + Section 3.2
X* + (x + 3F = 29
C+X+6x+9=29

Simplify the equation to form a quadratic equation.

o)

2x' + 6x =20 =

¥4+ 3x=-10=0 The resulting quadratic equation has two distinct
— solutions, so the line intersects the circle at two
distinct points.

x+5)x=2=0

=m Xy = =5 and ¥ = 2,

X==5y==5+5=0— Now find the y-coordinates, so substitute the
x=2:y=24+5=27F —— values of x into the equation of the line.

-

The line meets the circle at (=5, O) and (2, 7). =——

Example o

Show that the line y = x — 7 does not meet the circle (x + 2)° + »* = 33,

L— Remember to write the answers as coordinates.

(x + 2 + =33 . i
' Try to solve the equations simultaneously, 50
(x + 22 ¢+ (x =7 =33

; , - substitute y = x — 7 into the equation of the circle,
¥+ d4x 4+ 4 + 0 =14y + 49

eX" =W+ 2 = __ Use the discriminant b* — 4ac to test for roots of
¥ =5x+10=0 the quadratic equation. + Section 2.5
Mow b° —4ge = (-5F -4 =1 % 10

= 25 - 40 .
Problem-solving

If & = Gae > 0 there are two distinct roots.
b= = 4ac < O, so the line does not meet the If b — 4ae = 0 there is a repeated root.
le If ¥ - 4ac < 0 there are no real roots.

CANCIE,
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(E/P) 8

(E/P) 9

@ 1

E/P) 11

@ n
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Find the coordinates of the points where the circle
(x = 1) + (¥ = 3F = 45 meets the x-axis.

m Substitute y = 0 into the equation.

Find the coordinates of the points where the circle (x = 2)* + (v + 3)* = 29 meets the y-axis.

The line y = x + 4 meets the circle (x - 3P + (¥ - 5/ = Mat 4 and B.
Find the coordinates of 4 and B.

Find the coordinates of the points where the line x + v + 5 = 0 meets the circle

X+bx+ 12+ 10y=31=0.
Problem-solving

Attempt to solve the equations simultaneously.
Use the discriminant to show that the resulting
quadratic equation has no solutions.

Show that the line x = y = 10 = 0 does not
meet the circle x* = 4x + y* = 21,

a Show that the line x + v = 1| meets the circle with equation x* + (¢ = 3)* = 32 at only one
point, (4 marks)
b Find the coordinates of the point of intersection. (1 mark)

The line y = 2x — 2 meets the circle (x = 2)* + (v = 2)* = 20 at 4 and B.

a Find the coordinates of A and B. (5 marks)
b Show that AB is a diameter of the circle. (2 marks)
The line x + y = @ meets the circle (x = pF + (v = 6) = 20 at (3, 10), where a and p are constants,

a Work out the value of a. {1 mark)

b Work out the two possible values of p. (5 marks)

The circle with equation (x — 4)* + (» + 7 = 50 meets the straight line with equation
x—y—-5=0at points 4 and B.

a Find the coordinates of the points 4 and B. (5 marks)
b Find the equation of the perpendicular bisector of line segment A4 B. (3 marks)
¢ Show that the perpendicular bisector of AB passes through the centre of the circle. (1 mark)
d Find the area of triangle OAB. (2 marks)

The line with equation y = kx intersects the circle with equation x* - 10x + ¥ = 12y + 57 =0 at
two distinet points. Find a range of possible values of k. Round your answer to 2 decimal places.

a Show that 21k - 60k + 32 <0, (S marks)
b Hence determine the range of possible values for k. (3 marks)
The line with equation y = 4x = | does not intersect Problem-solving
the circle with_ equation x* + 2x + 3* = k. Find the If you are solving a problem where
range of possible values of k. there are 0, 1 or 2 solutions (or points of
The line with equation y = 2x + 5 meets the circle DT ACUOR) YOILTIEIE O 8 iR A

: : . 3 : the discriminant.
with equation x° + kx + 3* = 4 at exactly one point.
Find two possible values of k. (7 marks)



@

Circles

m Use tangent and chord properties

You can use the properties of tangents and chords within circles to solve
geometric problems. A tangent to a circle is a straight line that intersects
the circle at only one point.

= A tangent to a circle is perpendicular to the radius of the circle at 4
the point of intersection.

tangent

A chord is a line segment that joins two points on the
circumference of a circle.

= The perpendicular bisector of a chord will go through the
centre of a circle.

@ Explore the circle theorems O

using GeoGebra.

perpendicular
bisector —

Cenine
of circle

/

The circle C has equation (x = 2)* + (y — 6)* = 104,

a Verify that the point P(10, 0) lies on C.

b Find an equation of the tangent to C at the point (10, 0), giving your answer in the form
ax+by+ec=0.

Substitute (x, ¥} = (10, 0) into the equation for the

a (x=2P+(y-6F=(10-2F+(0-¢6) | circle.
= L4 e —
S [_ l:e{_pmnt P(10, 0) satisfies the equation, so P lies
=100 ik -
b The centre of circle € is (2. €). Find the — Adircle with equation {x ~ a)* + (¥ — b)* =2 has
gradient of the line between (2, 6) and P. centte .
Ya=¥ 6-0 -6 3 i ith (x
e = - Use the gradient formula with (x,, y,) = (10,0)
5 = . 2-10 8 4 and (x3, v3) = (2, 6)
The gradient of the tangent is =
o e 3 The tangent is perpendicular to the radius at that
o= = :r-.w. - X)) L point. If the gradient of the radius is m then the
y-0="30-10) 1 gradient of the tangent will bﬂ'%

3y =4dxy - 40
Substitute (x,, ;) = (10, 0) and m =5 into the

| equation for a straight line.

4y =2y =40 =0

Leave the answer in the correct form. — Simplify.
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A circle C has equation (x = 5§ + (v + 3)* = 10,

The line / is a tangent to the circle and has gradient -3,

Find two possible equations for [, giving your answers in the form y = mx + ¢,

=

Find a ime that passes through the centre of |

the cirgle that 18 perpendicular o the tangents,

; e
The gradient of this line is =
=]

centre of circle are

The coordinates of the

Vo= = X = X
L'+-3=_%|’1{—5.!
' [~
V43 = :,1—'; ; , I_
1 14
y=—Xx- ’ o
) -
x=-5F +({r+3F =10
AR ) T . O
(x=5) +|:::_|1 3 * ] = {':n—,_
1 -
| i | +[.:f|.ll--|.? = 1(}
: i 1 25
x*=10x+25 +L3|.~.'- - $.1+ L; =10
10 100 250
3 e = 3 X+ a )
10x* = 100x + 250 = 90
10xs = 100x + el =0
¥ =10x+16=0
(x=8}x =2)= 0w e
x=Borxs2
] =—':=—E or J = —d
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Problem-solving

Draw a sketch showing the circle and the two
possible tangents with gradient -3. If you are
solving a problem involving tangents and circles
there is a good chance you will need to use the
radius at the point of intersection, so draw this on
your sketch,

This line will intersect the circle at the same
points where the tangent intersects the circle.

The gradient of the tangents is -3, so the
gradient of a perpendicular line will he:—] = %
A circle with equation (x — a)* + (v — b)Y = r? has
centre (g, b).

Substitute (x,, »,) = (5, =3) and m = 1 into the
equation for a straight line.

This is the equation of the line passing through
the circle.

S
3 3
circle to find the points of intersection.

Substitute y = into the equation for a

Simplify the expression.

Factorise to find the values of x.

Substitute x=8and x=2into y = %.r - 13—4



Circles

= Ehe tanaents will inkerasst the sirele at

(&, —2) and (2, —4)

Substitute (x,, v} = (8. =2) and m = -3 into the
equation for a straight line.

Vo= ¥y = BHX = Xl
= This is one possible equation for the tangent.
P4+ 2==-3x-8)~ —

y==3x+ 22

Substitute (x, ¥ = (2, =4) and m = -3 into the

¥ = 3y = mix - X)) equation for a straight line.

e [f—

Y+ 4==3x-2)

y==3x+2- This is the other possible equation for the tangent.

The points P and Q lie on a circle with centre C, as shown in the diagram.
The point P has coordinates (-7, =1) and the point { has coordinates (3, -35). :
M is the midpoint of the line segment PQ. ; -
<)
NAVI

Pi=1. -1 X

The line [ passes through the points M and C.
a Find an equation for [,

Given that the y-coordinate of Cis -8,
b show that the x-coordinate of C 15 -4
¢ find an equation of the circle.

a The midpoint M of line segment PO is:
Use the midpoint formula with (x,, v,) = (=7, =1)

Xy + Xz W+ ¥ah =7+ 3 =1 & [=5)
| 8 * A | . 1 5 2 :I and (xy, »y) = (3, =5).

= (=2, =3)
. Vg =¥y =5 = {=1) Use the gradient formula with (x, »,) = (-7, -1)
Gradient of PQ = —— 307y | and (x;. 1) = (3, =5).

—d 5
10 5 Problem-solving

If a gradient is given as a fraction, you can find
the perpendicular gradient quickly by turning the
fraction upside down and changing the sign.

The gradient of a line perpendicular to
E
-
PO s E

y= ¥ = mx-=x)

y+3= gn + 2)* i Substitute (x;, v,) = (=2, =3} and m = § into the
- ' - equation of a straight line.
_!"l‘-.;- = _J_'I.'+ i
i ,; caB Simplify and leave in the form y = mx + c.
b y = i"‘ + 2 The perpendicular bisector of any chord passes
5 — through the centre of the circle. Substitute y = -8
~O=Sx+e into the equation of the straight line to find the
.’ui = =10 corresponding x-coordinate.
> 10
= =4 Solve the equation to find x.
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¢ The centre of the circle is (-4, =8).

g ; The radius is the length of the line segment CP
o find the radius of the circle: or [.E

O = (J(xXa = X5 + (2 = )

= ({3 = (—4)}® + (-5 = (-8))F Substitute (x,, ¥,) = (4, —8) and (x;. ¥;) = (3.-5}).
= y43 + 2 =y50
5S¢ the girgle has a radius of v58. - Substitute (a, b) = (-4, -B) and r = v &8 into the
The equation of the circle is: equation of a circle.

(x =aF +(y=-bF =r

(X + 4)F + (p + &F =586

(] ceise @)

2z

3

The line x + 3y = 11 = 0 touches the circle (x + 1 + (¢ + 6)* = rr at (2, 3).
a Find the radius of the circle.

b Show that the radius at (2, 3) is perpendicular to the line.

The point P(1, =2} lies on the circle centre (4, 6).
a Find the equation of the circle.
b Find the equation of the tangent to the circle at P.

The points 4 and B with coordinates (-1, =9) and (7, -3) lie on the circle C with equation
(x =10+ (y+ 3y =40,

a Find the equation of the perpendicular bisector of the line segment 4 B.

b Show that the perpendicular of bisector 4B passes through the centre of the circle C.

The points P and @ with coordinates (3, 1) and (5, =3) lie on the circle C with equation
M_dv+ i+ dy=2

a Find the equation of the perpendicular bisector of the line segment PQ.

b Show that the perpendicular bisector of PQ passes through the centre of the circle C.,

The circle C has equation x* + 18x + )° - 2y + 29 =0. ¥4
a Verily the point P(=7, —6) lies on C, (2 marks)

b Find an equation for the tangent to C at the
point P, giving your answer in the form
r=mx+bh, (4 marks)

¢ Find the coordinates of R, the point of intersection of the tangent and the y-axis. (2 marks)
d Find the area of the tniangle 4 PR. (2 marks)
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6 The tangent to the circle (x +4Y + (v = 1P = 242 a1 (7, —10) meets the y-axis at S and the x-axisat T.
(5 marks)
(3 marks)

a Find the coordinates of S and T.
b Hence, find the area of AOST, where O 15 the ongin.

7 The circle C has equation (x + 5)° + (v + 3)° = 80,
The line [ is a tangent to the circle and has gradient 2.

Find two possible equations for [ giving vour answers in
the form y = mx + ¢.

8 The line with equation 2x+ y-5=0isa
tangent to the circle with equation
(x=3F+(y=pFr=35
(8 marks)
b Wnite down the coordinates of the centre
of the circle in each case. (2 marks)

a Find the two possible values of p.

point (X5, 3).

a Find an equation for C. (3 marks)
The line {, 15 a tangent to C at the point (.
b Find an equation for /,. {4 marks)

The line /; is parallel to /; and passes through the midpoint

of PQ. Given that /s intersects C'at 4 and B
¢ find the coordinates of points 4 and B

d find the length of the line segment AB, leaving your
answer in its simplest surd form.

(8 marks)

The circle C has centre P(11. =5) and passes through the

(4 marks)

\-'.-

=¥

Problem-solving

The line is a tangent to the circle so it must
intersect at exactly one point. You can use
the discriminant to determine the values of
p for which this occurs,

(3 marks)

10 The points R and S lie on a circle with centre Cla, -2), &
as shown in the diagram.
The point R has coordinates (2, 3) and the point § S0, 1)
has coordinates (10, 1). -
M 1s the midpoint of the line segment RS, ‘
The line / passes through M and C.
a Find an equation for /. (4 marks)
b Find the value of a. (2 marks)
¢ Find the equation of the circle. (3 marks)
d Find the points of intersection, 4 and B, of the line / and the circle. (5 marks)
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11 The circle C has equation x> —=dx + " =6y =T.

The line / with equation x — 3y + 17 = 0 intersects the circle
at the points P and Q.
a Find the coordinates of the point P and the

point (. (4 marks)
b Find the equation of the tangent at the point P

and the point {. (4 marks)
¢ Find the equation of the perpendicular bisector

of the chord PQ. (3 marks)

¥

¢
|

d Show that the two tangents and the perpendicular bisector intersect at a single point

and find the coordinates of the point of intersection.

Challenge

1 The circle € has equation (x = 7¢¥ + (y + 1)¥ = 5.

The line [ with positive gradient passes through (0, -2) and is a
tangent to the circle,

Find an equation of /, giving your answer in the form y = mx + ¢.
VA

»

2 The circle with centre  has equation (x - 2F + (y - 1)* = 10.

The tangents to the circle at points P and ) meet at the point R with
coordinates (6, -1).

a Show that CPRQ is a square.
b Hence find the equations of both tangents.

@ Circles and triangles

A triangle consists of three points, called vertices.

It is always possible to draw a unique circle through the three
vertices of any triangle. This circle is called the circumcircle of
the triangle. The centre of the circle is called the circumcentre
of the triangle and is the point where the perpendicular
bisectors of each side intersect.
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(2 marks)

Problem-solving

Use the peoint (0, =2) to write
an equation for the tangent

in terms of m. Substitute this
equation into the equation for
the circle.

Circumcircle

P




For a right-angled triangle, the hypotenuse of the triangle is a

diameter of the circumcircle.

You can state this result in two other ways:

= If £ZPRQ = 90° then R lies on the circle with diameter PQ
= The angle in a semicircle is always a right angle.

of two different chords.

the perpendicular bisectors.

The points A(=8, 1), B(4, 5) and C(-4, 9) lie on the
circle, as shown in the diagram.
a Show that A8 s a diameter of the circle.

b Find an equation of the circle.

a Test triangle ABC to see if it is a right-
angied triangle.
AB? = (A=(=-B)F + (5 - 1 —
= 12° + 4 = 160
AC? = (=4=(=8)F + (2 = 1§
=4< 4+ & = 80
BCE = (=4 = 4y + (2 = 5)
= (-8F + 4° = 80 r
MNow, 80 + 80 = 160 s0 AC* + B(* = AB- —

So triangle ABC is a right-analad triangle -

and AB is the diameter of the clrele.

b Find the midpoint M of AB. »
li\' X2 W+ ), | A 1—::5+ 4 1

+ 0
b 2 2 2

:| VI

I

= (=2, 3)

The diameter s V1E0 =410

2410

The radius =

(x=afF +(v-=~h

(X2 (p=3)=[2¢10)

(x+2F +(y-3) =+

Circles

R

P E }Q
To find the centre of a circle given any three points on the circumference:
= Find the equations of the perpendicular bisectors

Perpendicular

bisectors intersect
= Find the coordinates of the point of intersection of ﬂri the “f‘”t“’ of

L CRRC I,

]

J

Cl-4,9)

A(-8.1)

E

X

&

Use o = (x; = x4 + (); = ¥,)* to determine the
length of each side of the triangle A BC.

Use Pythagoras’ theorem to test if triangle 4 BC
15 a right-angled triangle.

If ABC is a right-angled triangle, its longest
side must be a diameter of the circle that passes
through all three points.

The centre of the circle is the midpoint of AB.
Substitute (x, »,) = (-8, 1) and (x;, ¥;) = (4, 5).
From part a, AB? = 160.

The radius is half the diameter.

Substitute (@, b) = (-2, 3) and r = 2,/10 into the
equation for a circle.
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The points P(3, 16), (11, 12) and R(-7, 6) lic on the circumference of a circle. The equation of the
perpendicular bisector of PO 1s v = 2x.

a Find the equation of the perpendicular bisector of PR.

b Find the centre of the circle.

¢ Work out the equation of the circle.

130

3 Xy + Xz M+ ey L
The midpoint of PR is [ . —
2 & -
= 7y 9~ .
_(BrED 6 re)
2 2

- L Ya=¥ 6=-16__
The gradient of PRis ———=—= 3 =

_-1o_, '

s e ==

The gradient of a line perpendicular to
PR s -1
¥=y=mx-x)

=1 ==l{x=(=2))

y=MN==-x-2

Pm =X 42
Equation of perpendicular bisector to ]
PQ: y=2x 2 - E—
Equation of perpendicular bisector to
PR y==x+ 2 o
2x=-x+9
Jx=19
x=3 |
y=x
y=213)=6
The centre of Ehe circle s ak (3 &),

Find the distance between (3, &) and -—-—|

N1, 12). -
d={x; = xy)
d=
d =
d=

+ (2 = 1)
JI11 = 3)E 4 (12 = B)2
Ved + 36 —

v 100 = 10—

fl"r'_"

gircle through the points P, 0 and R

has a radivs of 10,

The centre of the circle is (3, &),
The

(x = 3F + (y — 6F = 100

eguation for the circle is

@ Explore triangles and

their circumcircles using GeoGebra.

(]

The perpendicular bisector of PR passes through
the midpoint of PR.

Substitute (x,, vy} = (3, 16) and (x3, v;) = (T, 6)
into the midpoint formula.

Substitute (xy, v,) = (3, 168) and (x;, y;) = (-7, 6)
into the gradient formula.

Substitute m = -1 and (x,, ¥,) = (=2, 11) into the
equation for a straight line.

Simplify and leave in the form y = mx + ¢.
Solve these two equations simultaneously to find

the point of intersection. The two perpendicular
bisectors intersect at the centre of the circle.

This is the x-coordinate of the centre of the circle.

Substitute x = 3 to find the y-coordinate of the
centre of the circle.

The radius of the circle is the distance from the
centre to a point on the circumference of the
circle.

Substitute (x,, v,) = (3, 6) and (x;, v,) = (11, 12)
into the distance formula.

Simplify to find the radius of the circle.

Substitute (@, b) = (3, 6) and r = 10 into
(x=al+(y=-bF=r



Circles

0 &x5

1 The points L4=2, 8), F(7, 7y and W{=3, =1) he on a circle.
a Show that tnangle U'VHW has a nght angle.

@ 5 The points R(=2. 1), 5{4. 3) and T{10, =5) lie on the

(?) 6 Consider the points A(3, 15), B(-13, 3), C(-7, =5) and D(8, 0).

b Find the coordinates of the centre of the circle.

¢ Write down an equation for the circle.

2 The points A(2, 6), B(5, 7) and C(8, =2) liec on a circle.
a Show that AC s a diameter of the circle,
b Write down an equation for the circle,
¢ Find the area of the triangle ABC.

3 The points A(=3, 19), B(9, 11) and C(=15, 1) lie on the circumference of a circle,

a Find the equation of the perpendicular bisector of
i AB ii AC

b Find the coordinates of the centre of the circle.
¢ Write down an equation for the circle.

4 The points P(-11, 8), (-6, -=T)and R(4, -=7) lie on the circumference of a circle.
a Find the equation of the perpendicular bisector ol
i PO ii UR

b Find an equation for the circle.

Problem-solving

Use headings in your working
to keep track of what you are
working out at each stage.

circumference of a circle C. Find an equation for the circle,

a Show that ABC is a night-angled triangle.
b Find the equation of the circumcircle,
¢ Hence show that 4, B, C and D all he on the circumference of this circle.

@ 7 The points A{—1, 9), B(6, 10), C(7, 3) and D0, 2) lic on a circle.

E(=10, b
8 The points D(-12, =3), E(-10, b) and F2, -5) lie /

a Show that ABCD is a square.
b Find the area of ABCD. VA
¢ Find the centre of the circle,

N
on the circle C as shown in the diagram. g
Given that £DEF=90and b > () D{-12, -3)
a show thath=1 (5 marks) A2, -5)
b find an equation for C. (4 marks)
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&P 9

A circle has equation x? + 2x +? = 24y - 24 =0

a Find the centre and radius of the circle. (3 marks)

b The points 4(=13, 17) and B(11, 7) both lic on the circumference of the circle.
Show that 4B is a diameter of the circle. (3 marks)

¢ The point C lies on the negative x-axis and the angle ACE = 90°,
Find the coordinates of C. (3 marks)

G Mixed exercise o

1

® 2
EP) 3

©

The line segment QR is a diameter of the circle centre C, where @ and R have coordinates
(11, 12) and (=35, 0) respectively. The point P has coordinates (13, 6).

a Find the coordinates of C.

b Find the radius of the circle.

¢ Write down the equation of the circle.

d Show that P lies on the circle.
Show that (0, 0) lies inside the circle (x - 5)* + (» + 2)* = 30.

The circle C has equation x? + 3x + 2 + 6y =3x =2y = 7.

a Find the centre and radius of the circle. (4 marks)
b Find the points of intersection of the circle and the y-axis, {3 marks)
¢ Show that the circle does not intersect the x-axis. (2 marks)

The centres of thecircles (x =8¢ + (y=8F =11Tand (x + 1 + (y = 3y = 106 are Pand Q
respectively.

a Show that Plieson(x + 1) + (y = 3¢ = 106,

b Find the length of PO.

The points A(=1, 0), BH Tt} and {‘H, —%; are the vertices of a triangle.
a Show that the circle x* + 3¢ = | passes through the vertices of the triangle.
b Show that &A4BC is equilateral.

A circle with equation (x = £)* + (v = 3k)* = 13 passes through the point (3, 0).
a Find two possible values of k. (6 marks)
b Given that k > 0, write down the equation of the circle. (1 mark)

The line with 3x — y — 9 = 0 does not intersect the circle with equation x* + px + »* + 4y = 20,
Show that 42 =10 <p <42+ 10/10, (6 marks)

The line y = 2x — & meets the coordinate axes at 4 and B. The line segment A8 is a diameter
of the circle. Find the equation of the circle.

The circle centre (8. 10) meets the x-axis at (4, () and (a, 0).
a Find the radius of the circle.
b Find the value of a.
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Circles

The circle (x = 5)° + »* = 36 meets the x-axis at P and Q. Find the coordinates of Pand Q.

The circle (x + 4 + (y = 77 = 121 meets the y-axis at (0, m) and (0, n).
Find the values of m and n.

The circle C with equation (x + 5)° 4+ (v + 2)* = 125 meets the positive coordinate axes at
Ala, 1) and B{0, 5).

a Find the values of @ and b. (2 marks)
b Find the equation of the line A5. (2 marks)
¢ Find the area of the triangle QA4 B, where O is the origin. (2 marks)

The circle. centre (p. g) radius 25, meets the x-axis at (=7, 0) and (7. 0), where g > 0.
a Find the values of p and ¢.
b Find the coordinates of the points where the circle meets the y-axis.

The point A(=3, =7) lies on the circle centre (35, 1). Find the equation of the tangent to the
circle at A.

The line segment A B is a chord of a circle centre (2, 1), where A and B are (3, 7) and (-5, 3)
respectively. AC is a diameter of the circle. Find the area of £ ABC.

The circle C has equation (x - 6 + (y = 5F = 17.
The lines /, and /, are each a tangent to the circle
and intersect at the point (0, 12).

Find the equations of /; and /. giving your
answers in the form y = mx + ¢. (8 marks)

The points A and B lie on a circle with centre C,
as shown in the diagram.,

The point 4 has coordinates (3, 7) and the
point B has coordinates (5, 1).

M 15 the mudpoint of the line segment AB.

The line ! passes through the points M and C.

a Find an equation for /. (4 marks)
Given that the x-coordinate of C 15 =2:

b find an equation of the circle {4 marks)

¢ find the area of the triangle ABC. (3 marks)
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The circle C has equation (x = 3P + (v + 3)* = 52.

The baselines /, and /, are tangents to the circle and
have gradient ;

¥ V
a Find the points of intersection, P and Q, of the / ”\
tangents and the circle. (6 marks) : i 7.
. :
b Find the equations of lines /, and /., giving your ;

X
"

answers in the form ax + by + ¢ = 0. (2 marks)

The circle C has equation x> + 6x + 3y -2y =T.
The lines /, and /; are tangents to the circle.

They intersect at the point R(0, 6).

a Find the equations of lines /; and /5, giving your

answers in the form y = mx + h {6 marks)
b Find the points of intersection, P and Q, of the

tangents and the circle, (4 marks)
¢ Find the area of quadnlateral APRQ. (2 marks)

The circle € has a centre at (6, 9) and a radius of  50.
The line I, with equation x + v = 21 = 0 intersects the circle at the points P and Q.
a Find the coordinates of the point P and the

point {J. (5 marks)
b Find the equations of /; and /5, the tangents at the

points P and O respectively. (4 marks)
¢ Find the equation of [, the perpendicular bisector

of the chord PQ. (4 marks)

d Show that the two tangents and the perpendicular
bisector intersect and find the coordinates of R,
the point of intersection. (2 marks)
e Calculate the area of the kite APRQ. (3 marks)

The line y = =3x + 12 meets the coordinate axes at 4 and B.

a Find the coordinates of 4 and B.

b Find the coordinates of the midpoint of AB.

¢ Find the equation of the circle that passes through A, B and O, where O is the origin.

The points 4(=3, =2), B(=6, 0) and C(1, g) liec on the circumference of a circle such that
£ZBAC = 90°.

a Find the value of 4. {4 marks)
b Find the equation of the circle. (4 marks)



Circles

23 The points R(—4, 3), S5(7. 4) and T8, =7) hie on the circumference ol a circle.
a Show that RT is the diameter of the circle. (4 marks)
b Find the equation of the circle. (4 marks)

@ 24 The points A(-4, 0), B4, 8) and (6, ) lic on the circumference of circle C.
Find the equation of the circle.

@ 25 The points A(=7,7), B(1,9), (3, 1) and D{-7, 1) lie on a circle.
a Find the equation of the perpendicular bisector of:
i AR i CD
b Find the equation of the circle.

Challenge va

The circle with equation (x = 5 + (y = 3)* = 20 with centre A
intersects the circle with equation (x = 10 + (v - 8)* = 10 with
centre B at the points Pand Q. P

a Find the equation of the line containing the points P and Q0 \‘
inthe formax+ by +c=0. ’

b Find the coordinates of the points Pand Q.

¢ Find the area of the kite APBQ.

Summary of key points

1 The midpoint of a line segment with endpoints
Xi+ X5 Vi ¥ .1".:)
RO

T

(xy. py) and (x;, y3) -IE-(

[-T|| rl]
0 X

2 The perpendicular bisector of a line segment A4 B is the straight line that is perpendicular to
A B and passes through the midpoint of AB.
B
i If the gradient of ABism
then the gradient of its
perpendicular bisector, /,

5 1
will be I
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The equation of a circle with centre (0, 0) and radius ris x2 + 32 =2,

The equation of the circle with centre (a, b) and radius ris (x —a)? + (y - b2 =r&.

The equation of a circle can be given in the form: x2+ 2+ 2fx + 2gy + ¢ =0
This circle has centre (-f, —g) and radius /% + g° - ¢

A straight line can intersect a circle once, by just touching  one pointof  _ yy no paints of

the circle, or twice. Not all straight lines will intersect a ""W“E““"?“ I:rmrsectlan
given circle.
%

™~ two points of
intersection

A tangent to a circle is perpendicular to the radius of the circle at the
point of intersection.

The perpendicular bisector of a chord will go through the perpendicular
centre of a circle. bisector

« If ZPRQ =90° then R lies on the circle with diameter PQ. R

» The angle in a semicircle is always a right angle.
F ¢
To find the centre of a circle given any three points:
» Find the equations of the perpendicular
- Find the coordinates of intersection of the bisectors intersect
perpendicular bisectors. at the centre of
the circle



Algebraic methods

After completing this unit you should be able to:

e Cancel factors in algebraic fractions -+ pages 138-139
® Divide a polynomial by a linear expression -+ pages 139-142

® Use the factor theorem to factorise a cubic expression
= pages 143-146

e Construct mathematical proofs using algebra - pages 146-150
e Use proof by exhaustion and disproof by
counter-example -+ pages 150-152

-. = - L'-J" i i a i, 'J x

Prior knowledge check  Eamm

“q 1 simplify
a 3x° x 5x° b

5x*y*

15x%)°

+ Section 1.1

2 Factorise:
a x¥*—-2x-24 b 3x-17x+20
+ Section 1.3
3 Use long division to calculate:
a 197041+23 b 56168 + 34
+ GCSE Mathematics

S | 4 Find the equations of the lines that pass
through these pairs of points:

a (-1, 4)and (5, -14)
b (2,-6) and (8, —2) + GCSE Mathematics

Proof is the cornerstone of mathematics.
Mathematicians need to prove theorems (such
as Pythagoras’ theorem) before they can use
them to solve problems. Pythagoras' theorem 5 Complete the square for the expressions:
can be use to find approximate values for . l a x*-2x-20 b 2x*+4x+15
=+ Mixed exercise challenge Q1

€ Se T IRy P T NS

+ Section 2.2
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m Algebraic fractions

You can simplify algebraic fractions using division.

= When simplifying an algebraic fraction, where

possible factorise the numerator and denominator

and then cancel common factors.

Example o

Simplify these fractions:
Tat = I + Gx (x+TH2x=-1)

X+ Tx+12

H |
X (2x-=1) (x+ 3)
it = 2x3 4+ 6x
a '
X
X' _2x°  bx
e o S
= Ty = 2 4
x4+ ilex =% o I_
R e el
X4+T7x412 (x+3)x+4) .!_
ST+ - (x+3)
d v +6x+5 (x4 5)x+1)
2 +3x =10 [(x+5)x=2) =
_ X+ ]
-2

8 2x 4+ x4+ 12

i

[2x + 3Nx + )

e 2X°+Mx+12
S x+ 3)x + 4)
N [_Ex +_3]_.‘.'|.' + 4)
(x4 3)x+ 4)

= 2x + 3

|
—_—

2 4+ 3x+8x + 12
A28+ 3} + 4H2x + 3) |

X+ 3.

O =X

1 Simplify these [ractions:

Tad = 5x% 4 OxF 4+ &2

gaciorise

Byt = 245

& ey
— x+T)x—-7) _ 5(x+T)
22 =15x+T7 (2x=1D{x-=-7) FA |

+by+5
2+ 3x=10

2+ 1lx+ 12
(x+ 3x+4)

Divide each numerator by x.
Simplify by cancelling the common factor of (2x = 1),

Factorise:
M+ Te+12=(x+3)x+4).

Cancel the commaon factor of (x + 3).

Factorise: x* + 6x + 5= (v + 5){x + 1) and
¥ +3x=10=(x+ 5){x = 2).

Cancel the common factor of (x + 5).

Factorise:
2+ 1lx+12=2+3x+8x+12

Cancel the commeon factor of (x + 4).

—xA 442+ 6

4 + 52 - Tx
1| *

X

b

138
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. =AY —6x0 4+ 4x4 =2
! -3x

Bt =4 + 6x
¢

2x
4+ 614 - 2x

h
—-2x

2 Simplify these fractions as far as possible:

(x+ 3)v=2)
(x-2)

2+ 10x + 21
(x+3)

4x=20
»+2x-15

. 224+ Tx+6
(x=5Hx+2)

2t 4+ 3x+ |
M=-x=-2

6xd + 3x? — 84y  ax(x +b)
) 6x = 33x+42 ° x+¢

Work out the values of a, b and c.

@ Dividing polynomials

(x+4M3x-=1)
(3v =1}

H+9+ 20
{x+4)

K43+
r+S5x+4
23+ 9y — 18
{x+6Hx+1)

. w4 bx+8
I+ Tx+2

. where a, b and ¢ are constanis.

A polynomial is a finite expression with positive

whole number indices.

= You can use long division to divide a polynomial
by (x % p), where p is a constant,

Divide x% + 232 - 17x + 6 by (x - 3).

Algebraic methods

Oy = 12¢" = 3x
.

=+ -4+ 6

=2y

(x+ 30
(x+3)

Xax=]2

(x=13)

2ex-12

=9y + 18

I =Tx+2

(3x=1}x+2)

2x2=5x-3

2 -09v +9

(4 marks)

Polynomials Not polynomials

v.X

4dxif+3x -9 6.2

|

Start by dividing the first term of the polynomial

by x, so that x? + x = 2%,

@ X
x=3)x7+ 2% =-17x+ &
X~ — 3X
Bxs — 17x

Next multiply (x — 3) by x%, so that

“'L x(x=3)=x=-3x2
MNow subtract, so that (x? + 2x%) = (x? = Ixf) = 5x%.
- Finally copy —17x.
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@ x¢ + 5x
x- 3T E
xF = Fxt
5x% = 17x |7
Bx- = 15x |-
-Z2x+ 6 |-
3 x“+ 5 -2
xr=3x" +2x"=17x+ 6
e —
Bxf = 1Tx
5x° - 15x
-2x+ 6
—EeX+ 6
0
= = 17x% + i : 2
So 2 + ox 1T e 2452
K= 3

Example o

fix)=4x* =17+ 4

Repeat the method. Divide 53 by x, so that
S5x?+ x=5x.

Multiply (x = 3) by 5x, so that
5x % (x = 3) = 5x% - 15x.

Subtract, so that (552 = 17x) = (5x2 = 15x) = =2x.
Copy 6.

Repeat the method. Divide —2x by x, so that
2N+ X==2,

Multiply (x - 3) by -2, so that
=2x(x=3)==2x+6.

Subtract, so that (-2x + 6) — (-2x + 6) = 0.
No numbers left to copy. s0 you have finished.

This is called the quotient.

Divide fix) by (2x + 1), giving your answer in the form fix) = (2¢ + 1){ax® + bx? + cx + d).

Find (dx* = 17x* + 4) + (2x + 1)

2y = X% = By 4+ 4
2x+1dxT+ O =1/ +0Ox + 4

:

4x* + 233
—2x® = 17x

—-2x3 - x?
-16x" + Ox

=-1G6x? = By

8x + 4
Ay + 4

o

S0
Axt = 17x% + 4 = (2x + 1) 2x° = x7 = Bx + 4).

140

-

Use long division. Include the terms Ox” and Ox
when you write out fix).

You need to multiply (2x + 1) by 2x* to get the
4x* term, 5o write 2x” in the answer, and write
2x*(2x + 1) = 4x* + 2x? below. Subtract and copy
the next term.

You need to multiply (2x + 1) by =x* to get the
-2 term, so write —x* in the answer, and write

=x32x + 1) =—2x? - x below. Subtract and copy
the next term.

Repeat the method.

(At =172+ 4) = (2x+ 1) =2 = x2 =8By + 4.



Algebraic methods

Find the remainder when 2x* — 5x% = 16x + 10 is divided by (x - 4).

2x + 3x -4
x—4)2x3 - 5x° — 1Gx + 10
2y - 5;5';
.é.r’ - l6x
Axc = 12x
::: i_ :g (x — 4) is_nut a factor of 2x? = 5x% = 16x + 10 as
— . the remainder £ 0.
o This means you cannot write the expression in
So the remainder is -G, the form (x — &){ax? + bx + ¢).

0.. Exercise @

Write each polynomial in the form (x £ p){ax” + bx + ¢) by dividing:

a x+6x+8x+3by(x+1) b x'+ 10x° +25x +4by(x+4)

e vV=x'+x+1dby(x+2) d v+ x'=Tx=-15by(x~-3)

e v'=8x4+ l3x+ 10by(x=3) f v'=5x'=bx=56byix-7)

Write each polynomial in the form (x £ p)ax® + bx + ¢) by dividing:

a 6+ 277+ 4x+8by(x+4) b 4v' +9x = 3x - 10by(x+2)

e ' +4x7 -9x-9by(x+3) d 2¢' = 155" + 14x + 24 by (x - 6)

e =5 =27x1+ 23x + 30 by (x + 6) f 4 +9x-3x+2by(x-2)

Divide:

a Y+ + 2 =Tx+2by(x+2) b 4x* + 14x% + 3x* = 14x = 15 by (x + 3)
¢ =3V +9 =10 + v+ 14 by (x=2) d -5+ + 207 =T+ 10 =Thyix=1)
Divide:

a I+ 807 =11+ 2x+8by(3x+2) b 4 =3+ 1l =x=1byi{dx+1)

c 4t -6+ 10 =1y -6by(2x - 3) d 60° + 1307 =4 - 92 + 2lx + 18 by (2x + 3)
e G =B+ 11+ 97 =25x+ Thy(3x=1)  Bx¥ =260+ 11x' + 22% — 40x + 25 by (2x - 5)
g 25+ 750 + 602 - 2Bx -6 by (5x + 3) h 210+ 29 — [0x* + 42x = 12 by (Tx - 2)
Divide:

a x'+x+10by(x+2) b 2x' = 17x+3by(x+3)

e =3x'+50x-8by(x-4)

Divide:

a x'+x*-36by(x-3) b 2x* +9x° + 25 by (x + 5)

s T T
¢ =3+ 11x*=20by(x~-2) m Include 0x when you write out f(x).
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Sx=-10=(x+2)x1-5)

Show that x* + 22 -

Find the remainder when:
a x' +4x7 = 3x+ 2is divided by (x + 5)

¢ =2x'+ 3x° 4+ 12x + 20 is divided by (x - 4)
Show that when 3x* = 2x? + 4 is divided by (x = 1) the remainder is 5.
Show that when 3x* — 8x% 4+ 10x? - 3x - 25 is divided by (x + 1) the remainder is —1.

Show that (x + 4) 1s a factor of 5x' = T3x + 28,

i i
Simplify Lf’f, $

Divide x* = 1 by (x = 1).
Divide +* = 16 by (x + 2).

fix)=10x"+43x"=2x - 10
Find the remainder when f{ x) is divided by (5x + 4).

b 3x*—20x°+ 10x + 5 is divided by (x - 6)

€D oivide s -sx-sbyx-2)
m Write x' = 1as x* + 0x® 4+ 0x - 1.

(2 marks)

flx)=3x"=14x° =47x - 14
a Find the remainder when f(x) s divided by (x = 3). (2 marks) Write f(x) in the form
b Given that (x + 2)1s a factor of fix). factonise fix) (x + 2)ax? + bx + ¢) then
completely. (4 marks) factorise the quadratic
factor.
a Find the remainder when x% + 637 + 5x = 12 1s divided by
i x-2,
ii x+3. (3 marks)
b Hence, or otherwise, find all the solutions to the equation x* + 6x° + 5x = 12=10. (4 marks)
flx)=2x"+ 3 -8Bx +3
a Show that f{x) = (2x = | Hax® + bx + ¢) where a, b and ¢ are constants to be found. (2 marks)
b Hence factorise f{ x) completely. {4 marks)
¢ Write down all the real roots of the equation f{x) = 0. {2 marks)

fx)=12x" + 5x% 4 2x = |

a Show that (4x - 1) is a factor of f{x) and write f{x) in the form (4x = | ax® + bx + ¢).

b Hence, show that the equation 12x* + 5x° + 2x - 1 = 0 has exactly 1 real solution.

{6 marks)

(2 marks)



Algebraic methods

@ The factor theorem

The factor theorem is a quick way of finding simple linear factors of a palynomial.

= The factor theorem states that if f(x) isa wﬂuh out
polynomial then:

* If f(p) = 0, then (x - p) is a factor of f(x).
* If (x - p) is a factor of f(x), then f(p) = 0.

These two statements are not the same.
Here are two similar statements, only
one of which is true:
fx==2thenx®=4+/
Fxt=4thenx=-2X

You can use the factor theorem to quickly factorise a cubic function, g(x):

1 Substitute values into the function until you find a value p such that g(p) = 0.

2 Divide the function by (x = p). The remainder will be 0 because {x - p) is a factor of g(x).

3 Write g(x) = (x - p)lax® + bx + ¢) The other factor will be quadratic.

& Factorise the quadratic factor, if possible, to write g(x) as a product of three linear factors.

Show that (x — 2) is a factor of x* + x¥ = 4x - 4 by:

a algebraic division b the factor theorem
a ¥+ 3x4+2 Divide x* + x* = 4x — & by (x - 2).
X=2)x? +x —dx - 4
v = 2x°
A - 4x
A = BX
2x — 4
25 =4
0 The remainder is 0, so (x - 2) is a factor of
3 et -bdx-4
S0 (x = 2) 5 a factor of x* + & - dx = 4.
bi)=x'+x"=-4x -4 Write the polynomial as a function.
H2) = 2 + (2 - 4(2) - 4 Substitute x = 2 into the polynomial.
=0+4-6-4 Use the factor theorem:
=0 If f{p) = 0, then (x - p) is a factor of f(x).
So(x-2)isafactorof 32 + x% - 4x - 4 Here p =2, 50 (x - 2) is a factor of &% + x% - 4x — 4.
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Example o

a Fully factorise 2x* + x? = 18x -9

a f{ix)=2x+x-18x -9

=)= 2(-1F + (-1 = 18(-1)—9=8 |
(1) = 2(1°F + (1F - 18(1) - 9 = -24

f2) = 2(2° + (2)2 - 18(2) - 9 = -25
(3 =23P +(3F-186(3)-2=0

L,

1=

So (x — 3) is a factor of
2x* +x* - 18x -9,

2+ T+ 3 —m —
x=3)2x  + X =-18x-9
2x* - GX*
7xe = 18x -
7x® = 21x
3x=-2
3x-9
0

2 e =18y -9 =(x- 32 + Tx + 3)

=(x = 3N2x+ Hx + 3) |

b O=(x~-

S0 the curve crosses the x-axis at (3, O),
(—=, O) and (=3, Q).

Hex + Mx + 3) -

When x =0, y=(=3)I}3) = -9
The curve crosses the y-axis at (O, =9)
X—0g )y—

N = _I.' . =

L

% )

3 - .j\ i
2

x4+ - 18x -9
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b Hence sketch the graphof y=2x 4+ x* = 18x =9

Write the polynomial as a function.

Try values of x,eg.-1,1,2 3, ... until you find

 f(p)=0.

f(p) =0.

Use statement 1 from the factor theorem:
If f{ p) = 0, then {x = p) is a factor of f(x).
Herep=13.

Use long division to find the quotient when
dividing by (x = 3).

You can check your division here:
(x —3) is a factor of 2x? + x* — 18x - 9, so the
remainder must be 0.

2x% + Tx + 3 can also be factorised.

Set v =0 to find the points where the curve
crosses the x-axis.

Set x =0 to hnd the y-intercept.

This is a cubic graph with a positive coefficient of
x? and three distinct roots. You should be familiar
with its general shape. + Section 4.1



Algebraic methods

Given that (x + 1) is a factor of 4x* = 3x? + g, find the value of a.

fix) =4x* = 3x* +a Write the polynomial as a function.
=t =L Use statement 2 from the factor theorem.
4=1 = (=1 +a=0] —— (x=p) is a factor of f(x), so f(p) =0
Here p = -1.
4 =3 +a=0

Substitute x = -1 and solve the equation for a.

a=-l e

0O

=

- Remember (=1)*= 1.

Use the factor theorem Lo show that:

a (x-1)isafactorof 4x* - 3x7 =1 b (x+ 3)1sa factor of 5x* - 45x* - 6x - 18
¢ (x-4)isa factor of =3x* + 13x% = 6x + 8.

Show that (x = 1) is a factor of x* + 6x* + 5x = 12 and hence factorise the expression completely.
Show that (x + 1) is a factor of x* + 3x° - 33x - 35 and hence factorise the expression completely.
Show that (x — 5) is a factor of x* — 7x* + 2x + 40 and hence factorise the expression completely.
Show that (x - 2) is a factor of 2x* + 3x° — 18x + 8 and hence factorise the expression completely.

Each of these expressions has a factor (x = p). Find a value of p and hence factorise the
expression completely.

a =102+ 19x + 30 b X'+x*=4x -4 ¢ X'=4x=1lx+30

i Fully factorise the right-hand side of each equation.
ii Sketch the graph of each equation.

a y=2x'+5x"-4x-3 b y=2x"-17x*+38x-15 c y=3x"+8x2+3x-2

d y=6x+1lx"=3x-2 e y=d4x' =12 = Tx + 30
Given that (x = 1) i1s a factor of 5x* = 9x° + 2x + @, find the value of a.

Given that (x + 3) is a factor of 6x* = bx? 4+ 18, find the value of h.

Given that (x — 1) and (x + 1) are factors of px’ + gx° — Jx -7,
find the values of p and 4. Use the factor theorem
to form simultaneous

Given that (x + 1) and (x = 2) are factors of ¢x' + dx? = 9x - 10, equations.

find the values of ¢ and d.

Given that (x + 2) and (x - 3) are factors of g+ + hixv? = 14x + 24, find the values of g and h.
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@ 13 f) =30 122+ 66— 24

a Use the factor theorem to show that (x — 4) is a factor of fix). (2 marks)
b Hence, show that 4 is the only real root of the equation fix) = 0. (4 marks)

@ 14 fix)=4+4x - 1lx -6

a Use the factor theorem to show that (x + 2) 1s a factor of fix). (2 marks)
b Factorise f{.x) completely. (4 marks)
¢ Write down all the solutions of the equation 4x* +4x - llx-6=10, {1 mark)
@ 15 a Show that (x — 2)is a factor of 9x* = 18x% = x2 + 2x. (2 marks)
b Hence, find four real solutions to the equation 9x% — 18x% — x¥ + 2x = 0. (S marks)

Challenge

fix) = 2x* = 5x) = 42x* - 9x + 54
a Show that f(1) = 0 and f{-3) = 0.
b Hence, solve f(x) = 0.

m Mathematical proof

A proof is a logical and structured argument to show that a
: : A ment that
mathematical statement (or conjecture) is always true. % s ]:f:lf Ede:t" s

A mathematical proof usually starts with previously established

mathematical facts (or theorems) and then works through a A statement that has yet to be
series of logical steps. The final step in a proof is a statement e SO,
of what has been proven.

Known facts :> Clearly shown :> Statement
or theorems logical steps of proof

A mathematical proof needs to show that something is true in every case,

= You can prove a mathematical statement is true by deduction. This means starting from
known facts or definitions, then using logical steps to reach the desired conclusion.

Here is an example of proof by deduction:
Statement: The product of two odd numbers is odd.

Demonstration: 5 x 7 = 35, which is odd his is demonstration but it is not a proof

¥You have only shown one case.

Proof: p and g are integers,so2p + land 2g + 1 ———

Youcanuse2p+ land 29+ 1to
are odd numbers. . 4

represent any odd numbers. If you can
p+1)x(2g+ 1) =dbpg+2p+2¢+1 show that (2p + 1) x (g + 1) is always an
=2@pg+p+q4) +1 odd number then you have proved the
statement for all cases.
Since p and g are integers, 2pg + p + ¢ is also an integer.
50 2(2pg + p + ) + 1 is one more than an even number.

So the product of two odd numbers is an odd number. - - This is the statement of proof.
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= In a mathematical proof you must
» State any information or assumptions you are using
* Show every step of your proof clearly
* Make sure that every step follows logically from the previous step
* Make sure you have covered all possible cases
* Write a statement of proof at the end of your working

You n_e?d to be able to prove results involving m PO S—
identities, such as (a + b)la—-h) = a* - b* always equal to'. It shows that two
= To prove an identity you should expressions are mathematically identical.
* Start with the expression on one side
of the identity m Don't try to ‘solve’ an identity
* Manipulate that expression algebraically like an equation. Start from one side and
until it matches the other side manipulate the expression to match the
* Show every step of your algebraic working other side.

Example e

Prove that (3x + 2Hx = 5Mx+ N =3+ 82 = 101x =70

Start with the left-hand side and expand the
brackets.

(3x + 2}x=5Nx + 7)
= (Ax + ZNx” + dx—3h)
= 337 + 6X° = 105x + 2x° + 4x = 7O =

_ In proof questions you need to show all your
=3+ 8y =101x =70 : P q yo yo

working.
20

(3x + 2)x=5)x+7) =3 + B = 10k = 70 4 Left-hand side = right-hand side.

Example o

Prove that if (x — p) s a lactor of f{x) then f{ p) = 0.

If {x = p) is a factor of f(x) then

fiix) = (x — p) x alx) g(x] is a polynomial expression.

Sy I[‘rr,'- =(p - P: » {’:'.rlﬂ':' |_
L ':-: I|‘i|,I = x al P_: Substitute x = [

So el = 0 as reduired. -

L p-p=0
|

—— Remember 0 x anything = 0
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Prove that A(1, 1), B(3, 3) and C(4, 2) are the vertices of a nght-angled triangle.

B
Problem-solving

If you need to prove a geometrical

V&

c
" result, it can sometimes help to sketch
) a diagram as part of your working.

] X

The aradient of line AR = S-1_=2_ 1 The mz:lientl::nl'aline-']'IE_'Pl

e gradient of line AB = - P B T
5 8 -1
The gradient of line BC = : _-g = 3 = ]
The gradient of line AC = ;': : : - ;

The gradients are difterent so the three

points are not collinear,
If the product of two gradients is =1 then the two

lines are perpendicular.
sradient of iradient of = =1} ‘ ; : :
Rt of A4 gradicnt or. ¢ i | Gradient of line 4 B x gradient of line BC ==1

Hence ABC is a triangle,

&
—

So AB is perpendicular to BC,
. : Remember to state what you have proved.
and the triangle is a right-angled triangle.

The equation kx? + 3kx + 2 = 0, where k is a constant, has no real roots,

Prove that k satisfies the inequality 0 = k < §

kx? + 3kx + 2 =0 has no real ":_'J-.'",-.'.'.'-.J

w0 b® — 4ac < O 1 | State which assumption or information you are

using at each stage of your proof.

L

(3kY - 4k(2) < O *
% -8k <0 “— Use the discriminant. + Section 2.5
KOk =8)=<0 =

¥ i _ Solve this quadratic inequality by sketching the

¥ = k(24 / graph of y = k{9k - 8} + Section 3.5
The graph shows that when &{(9k - 8) <0,
7] ) 4 Dekeg
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When k = 0:

Algebraic methods

Be really careful to consider all the possible
situations. You can't use the discriminant if k =0

50 look at this case separately.

(Ox® + 3[0x+ 2 =0

Which is impossible, s no real roots

2 = {)

So combining these:

0 = k < £ as required

o

® 1
¢ 2

@ @@ 60 6

Prove that »° = n 15 an even number for all values of n.

]'I"pE

]

Prove that =xvl2 —Xx.

Prove that (x + /¥y Xx = /¥) = x* = ».
Prove that (2v = I)x + 6}y = 35) = 2 + ¥ = 6lx + 30,
b 5

Prove that x* + bx = (-1' + g’]: - (E}L

Prove that the solutions of x* + 2bx + c=0are x =-bh+Vh - ¢,

-1 12 8
methm{.twﬂ E.\.‘*-—ﬁ,\;+T_F

I ¥ ] d [
Prove that {.1:3 - ?]’.1:: + XS =x :[.\'" - —}

Use completing the square to prove that 3n® —4n + 10 is
positive for all values of n.

Use completing the square to prove that —n* — 2n - 3 is
negative for all values of n.

Prove that x* + 8x + 20 = 4 for all values of x.

Write out all of your conclusions clearly.

0<k <3 together withk =0, givesD =k <}

m The proofs in this

exercise are all proofs by
deduction.

Problem-solving

Any expression that is
squared must be =0.

(3 marks)

The equation kx* + 5kx 4+ 3 = 0, where k is a constant, has no real roots. Prove that k satisfies

the inequality 0 = k < %

{4 marks)
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13

14

15

16

17

19

The equation px® - 5x — 6 = 0, where p is a constant, has two distinct real roots. Prove that p

satisfies the inequality p > —i—i (4 marks)
Prove that A(3, 1), B(1. 2) and (2, 4) arc the vertices of a right-angled triangle.

Prove that quadrilateral A(1, 1), B(2, 4), C(6, 5) and IX35, 2) is a parallelogram.

Prove that quadrilateral A(2, 1), B(5, 2), C{4, =1)and D1, =2} is a rhombus.

Prove that A(=35, 2), B(-3, =4) and C(3, =2) are the vertices of an isosceles right-angled triangle.

A circle has equation (v = 1) + »* = k. where k >0,

The straight line L with equation y = ax cuts the circle at two distinct points.

Prove that k > ——— (6 marks)
l +a*

Prove that the line 4y — 3x + 26 =0 1s a tangent to the circle (x +4)° + (v = 3)* = 100. (5 marks)

Problem-solving

Find an expression for the
area of the large square in
terms of @ and b.

The diagram shows a square and four
congruent right-angled tniangles.

Use the diagram to prove that &* + ¥ = ¢,

Challenge

1 Prove that A(7, 8), B{-1, 8), C(6, 1) and 10, 9) are points on the same circle.
2 Prove that any odd prime number can be written as the difference of two squares.

@ Methods of proof

A mathematical statement can be proved by exhaustion. For example, you can prove that the sum
of two consecutive square numbers between 100 and 200 is an odd number. The square numbers
between 100 and 200 are 121, 144, 169, 196.

121 + 144 = 265 which is odd 144 + 169 = 313 which is odd 169 + 196 = 365 which is odd
50 the sum of two consecutive square numbers between 100 and 200 is an odd number.

= You can prove a mathematical statement is true by exhaustion. This means breaking the

statement into smaller cases and proving each case separately.

This method is better suited to a small number of results. You cannot use one example to prove a
statement is true, as one example is only one case.
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Prove that all square numbers are either a multiple of 4 or 1 more than a multiple of 4.

Problem-solving

Consider the two cases, odd
(2 17 = 4pn? + 4 1=4 1)+ 1
n -Tr IJ ne o+ 4n + nin + 1) + and even numbers, separately.
4nln + 1) is a multiple of 4, so dnln + 1) + 11s

| more than a multiple of 4.

For add numbers:

L You can write any odd number in the form 2n + 1

where n is a positive integer.
For even numbers:

(ZnFE = 4p¢
L You can write any even number in the form 2n
4n2 ts a multigle of 4. where n is a positive integer.

All integers are either odd or even, so all
sguare numbers are either 3 multiple of 4 or 1

more than a multiple of 4.

A mathematical statement can be disproved using a counter-example. For example, to prove that
the statement ‘3n + 3 is a multiple of 6 for all values of n' is not true you can use the counter-example
whenn=2,as3x2+3=9and 9%is not a multiple of 6.

= You can prove a mathematical statement is not true by a counter-example. A counter-
example is one example that does not work for the statement. You do not need to give more

than one example, as one is sufficient to disprove a statement.

Prove that the following statement is not true;
“The sum of two consecutive prime numbers is always even.’

2 and 3 are both prime
2+3=5

5 is odd You only need one counter-example to show that

the statement is false.

S0 the statement s not true.
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a Prove that for all positive values of x and »:

x ¥
g e
y X .

b Use a counter-example to show that this is not true when

x and y are not both positive.

a Jottings:
X ¥ o
prx =<

X5+

- ==
Xy

V4 =-2xy=0

(x=yF=0
Proof:

Consider (x — yF
x=-yw=0
e =-2xy=0

X°+ ¥+ 2xy _ o

xv =
Thi= atep s valid because X and § are
both positive so xy > 0.

X
T

T 5
V' X

b Tryx==-3and y=6
-3 = 1

e e
& -3 2
This s not = 2 so the statement is not

LrueE,

O X

."-.

I Prove that whennisanintegerand | = n=6,thenm=n+2is

not divisible by 10,

QXD vou must avays

start a proof from known facts.
Never start your proof with the
statement you are trying to prove.

Problem-solving

Use jottings to get some ideas for a good starting
point. These don't form part of your proof, but
can give you a clue as to what expression you can
consider to begin your proof.

Mow you are ready to start your proof. You know

- that any expression squared is = 0. This is a known

fact so this is a valid way to begin your proof.

State how you have used the fact that x and y
are positive in your proof. If xy = 0 you couldn’t
divide the RHS by xy, and if xy <0, then the
direction of the inequality would be reversed.

This was what you wanted to prove so you have
finished.

Your working for part a tells you that the proof
fails when xy < 0, 50 try one positive and one
negative value.

@ You can try each integer

forl=sn=é6.

@ 2 Prove that every odd integer between 2 and 26 1s either prime or the product of two primes.

@ 3 Prove that the sum of two consecutive square numbers between 12 to 8 is an odd number,

4 Prove that all cube numbers are either a multiple of 9 or 1 more or 1 less than a multiple of 9.
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Algebraic methods

Find a counter-example to disprove each of the following statements:
a If nis a positive integer then o' = n is divisible by 4.

b Integers always have an even number of factors

¢ 2n° — 6n + 1 is positive for all values of n.

d 2n° - 2n -4 is a multiple of 3 for all integer values of n.

A student is trying to prove that x* + 3 < (x + y)". Problem-solving

The student writes: For part b you need to write
down suitable values of x
X+ ¥P =27 + 3x%y + 3xp° + 3 and y and show that they do
which is less than x° + )~ since not satisfy the inequality,
3y + 307 >0
a ldentify the error made in the proof. (1 mark)
b Provide a counter-example to show that the statement is not true. (2 marks)

Prove that for all real values of x

(x+6F=2x+ 1l (3 marks)

Given that @ is a positive real number, prove that:
; ; ey
i 1 = 7 you use the condition that a is positive.
 Besiin o
(2 marks)

a Prove that for any positive numbers p and g:

I’*#:"\:“E {3 marks)

b Show, by means of a counter-example, that this Problem-solving

inequality does not hold when p and g are both
Use jottings and work backwards to

ative. 2 mark
negatve, (aaeks) work out what expression to consider.

10 1t is claimed that the following inequality is true for all negative numbers x and y:

X+y=xls )’

The following proof is offered by a student:

X+yp@=x +y

(x +YF =X+

Crpr+2xy a4y

2xy > O which is true becavse x and
¥ are both negative, S0 Xy is positive,

a Explain the error made by the student. (2 marks)
b By use of a counter-example, verify that the inequality i1s not satisfied if both

x and y are negative. (1 mark)
¢ Prove that this inequality is true if x and v are both positive. (2 marks)
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0, Mixed exercise o

=

EP) 7
(EP) 8

154

Simplify these fractions as far as possible:

Ixd = 21x
ix

=2y =24
x1=Tx+6

2vi4+ Tx -4
2x 4+ 95 + 4

Divide 35% + 1232 + Sx + 20 by (x + 4).

2x3 4+ 3x+5
+ 1

Simplify

a Show that (x = 3)is a factor of 2x* = 2% = 17x + 5. {2 marks)

b Hence express 2x% = 2x? = 17x + 15 in the form (x = 3 Ax? + Bx + C), where the values
A, Band C are to be found. (3 marks)

a Show that (x - 2)is a factor of x* + 4x* - 3x - 18, (2 marks)

b Hence express x* + 4x? - 3x — 18 in the form (x - 2)( px + ¢)*, where the values p and g

are to be found. {4 marks)
Factorise completely 2x* + 3x2 — 18x + 8. (6 marks)
Find the value of k if (x = 2) is a factor of x* = 322 + kx = 10. (4 marks)
flx) = 2x2 + px + ¢. Given that {=3) =0, and fi4) = 21;
a find the value of pand ¢ (6 marks)
b factorise f{x). (3 marks)

hix)=x + 4x* + rx + 5. Given h{=1) =0, and h(2) = 30
a find the values of rand s (6 marks)
b factorise hix). (3 marks)

glx) =22+ 93 — by - 5.
a Factorise g(x). {6 marks)
b Solve g(x)=0. (2 marks)
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Algebraic methods

a Showthat(x -2 isafactorof fix)=x*+ = 5x -2 (2 marks)
b Hence, or otherwise, find the exact solutions of the equation f{x) =0, (4 marks)

Given that =1 is a root of the equation 2v* = 537 — 4x + 3, find the two positive rools. (4 marks)
(x)=x=-22=-19x+20
a Show that (x + 4) is a factor of f{x). (3 marks)
b Hence, or otherwise, find all the solutions to the equation

=2 =19x +20=0. (4 marks)

x)=6x*+17x"=5x~-6

a Show that fix) = (3x = 2)ax® + bx + ¢), where a, b and ¢ are constants to be found. (2 marks)

b Hence factorise f{x) completely. (4 marks)
¢ Write down all the real roots of the equation fi(x) = 0. (2 marks)
xX=y .
Prove that ———— = Jx + /y.
VX =¥

Use completing the square to prove that #* — 8a + 20 is positive for all values of n.
Prove that the quadrilateral A(1, 1), B(3, 2), C(4, 0) and D2, =1)1s a square.

Prove that the sum of two consecutive positive odd numbers less than ten gives an even
number,

Prove that the statement *n* — n + 3 is a prime number for all values of »" is untrue.

Prove that {.1: - %)".\'? +x-il=x L(_ﬁ » l)
' X

Prove that 2x3 4 2 = 43x =60 = (x + 4)(x - 5)M2x + 3).

The equation x? — kx + k = 0, where k is a positive constant, has two equal roots.
Prove that k = 4. (3 marks)

Prove that the distance between opposite edges of a regular hexagon of side length V3 isa
rational value.
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@ 24 a Prove that the difference of the squares of two consecutive even numbers is always divisible
by 4.
b s this statement true for odd numbers? Give a reason for your answer.

@ 25 A student is trying to prove that 1 + x2 <(] + x)°.
The student writes:

(+xF=1+2x+ X"
Sol+x <]+ 2x+ x°.

a ldenufy the error made in the proof. (1 mark)
b Provide a counter-example to show that the statement is not true. {2 marks)

Challenge

1 The diagram shows two squares and a circle.

2

a Given that = is defined as the circumference of a circle of diameter 1 unit,
prove that 2V2 < w < 4.

b By similarly constructing regular hexagons inside and outside a circle,
prove that 3 < < 2/3.

2 Prove that if f{x) = ax® + ba? + ex + dand f(p) = 0, then (x — p) is a factor of f{x).
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Summary of key points

1

Algebraic methods

When simplifying an algebraic fraction, factorise the numerator and denominator where
possible and then cancel common factors.

You can use long division to divide a polynomial by (x + p), where p is a constant.

The factor theorem states that if f(x) is a polynomial then:
+ If f(p) = 0, then (x - p) is a factor of f(x)
« If (x = p) is a factor of f(x), then f(p) =0

You can prove a mathematical statement is true by deduction. This means starting from
known factors or definitions, then using logical steps to reach the desired conclusion.

In a mathematical proof you must

+ State any information or assumptions you are using

+ Show every step of your proof clearly

Make sure that every step follows logically from the previous step
Make sure you have covered all possible cases

Write a statement of proof at the end of your working

To prove an identity you should

« Start with the expression on one side of the identity

+ Manipulate that expression algebraically until it matches the other side
+ Show every step of your algebraic working

You can prove a mathematical statement is true by exhaustion. This means breaking the
statement into smaller cases and proving each case separately.

You can prove a mathematical statement is not true by a counter-example. A counter-
example is one example that does not work for the statement. You do not need to give more
than one example, as one is sufficient to disprove a statement.
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The binomial
expansion

After completing this chapter you should be able to:

® Use Pascal’s triangle to identify binomial coefficients and use them

to expand simple binomial expressions - pages 159-161
& Use combinations and factorial notation -+ pages 161-163
® Use the binomial expansion to expand brackets -+ pages 163-165

e Find individual coefficients in a binomial expansion - pages 165-167

® Make approximations using the binomial expansion -» pages 167-169

Prior knowledge check

1 Expand and simplify where possible:
a 2x-3)F b (x-3 ¢ (2+x)
+ Section 1.2
Simplify
a (-2x)’ b (3x)*

2

«(5) 43

Simplify

=3

The binomial expansion can be used to
expand brackets raised to large powers.
It can be used to simplify probability models

+ Sections 1.1, 1.4

a (25x): b (64x) ~ with a large number of trials, such as those

2 " s ;
¢ ( : ) d (E ) « Section 1.4 o used by manufacturers to predict faults.

ﬁ'f EJ —+ Exercise 8E Q9




The binomial expansion

@ Pascal’s triangle

You can use Pascal’s triangle to quickly expand expressions such as (x + 2y)".

Consider the expansions of (a + »)"forn=0,1, 2, 3 and &

(a+H)= 1

la+b) = 1a + 1b

{a +b) = l* + 2ab  + 1 _ Each coefficient is the sum of the two
P 1 o+ 33 o+ i o+ i coefficients immediately above it.

fe + hy* 1a* + 4a'h + Gaih + dah’ + 1k

Every term in the expansion of (@ + b)" has total index n:
In the 6} term the total index is 2 + 2 = 4.
In the 4ah’® term the total index is 1 + 3 =4,

The coefficients in the expansions form a pattern that is known as Pascal’s triangle.

® Pascal's triangle is formed by adding adjacent pairs of numbers to find the numbers on the
next row.

Here are the first 7 rows of Pascal’s triangle:

The third row of Pascal’s triangle gives the

1\: ,.fE . coefficients in the expansion of (a + b2
™
1 3 # 3 1
5
4 6 4
1 L 10 10 ] 1
1 & 15 20 15 ;] 1

®= The (n + 1)th row of Pascal’s triangle gives the coefficients in the expansion of (a + h)".

Example o

Use Pascal’s triangle to find the expansions of:

a (x+2y) b (2x -5
_ ' Index = 3 so look at the 4th row of Pascal’s
* x+2yF triangle to find the coefficients.
The coefficients are 1, 3, 3, 1 30:
(x + 2V] }

L% + 3x5(2) + 3x(EyF + Aeyp | This is the expansion of (a + b)’ with @ = x and
= = e Ex ¥ o '-E'."F_I" + :I:'.'.'-] | .f} = 'EJI' US'E' br&ckeu to mahe slre .!Irﬂ” dﬂn'[ mahe
a mistake. (2y)2 = &)<
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Chapter 8

Index = 4 so look at the 5th row of Pascal’s

b (2x - 5)°

triangle,
The coefficients are 1, 4, &, 4. 1 apo:
(2% = 5} = 1(2x)* + 4(2X)(-5) | This is the expansion of (a + b)* with a = 2 and
+ GL2xF[=5F + 4(2x)(-5)7 h==5
+ 1(=5)* —
= 1Ex* - 160x® + GO0 = Be careful with the negative numbers.
- 1000x + &25

Problem-solving
Example o If there is an unknown in the original

The coefficient of x° in the expansion of (2 - ex) 1s 294,

expression, you might be able to form
an equation involving that unknown.

Find the possible value(s) of the constant c.

The coefficients are 1, 3, 3, 1: —— Index = 3 so use the 4th row of Pascal’s triangle.
The term in X 18 3 x 2(—cxfF = Gcox°

» l From the expansion of (a + b)® the x* term is 3ab’
S0 &c” = 294 where a=2 and b = —cx.

£ =49 L

o Form and solve an equation in ¢.

O X5

® 4

® s
() 6

State the row of Pascal’s triangle that would give the coefficients of each expansion:
a (x+y) b (3x=T) e (2x+ %}n d (= 2xp+e

Write down the expansion of:

a (x+ b (p+g) ¢ {a=h)} d (xv+4)

e (2x -3y fo(a+2) g (3x -4y h (2x -3y
Find the coefficient of x* in the expansion of:

a (4 +x)p* b (I -x) c (3+2x) d (4+ 2x)
e (2+x) f (4-3x) g (x+2) h (3 -2x)

Fully expand the expression (1 + 3x)(1 + 2x). Problem-solving

Expand (1 + 2x)*, then multiply each
term by 1 and by 3x.

Expand (2 + y). Hence or otherwise, write down the expansion of (2 + x — x*) in ascending
powers of x,

The coeflicient of x? in the expansion of (2 + ax)* i1s 54. Find the possible values of the constant a.
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The binomial expansion

@ 7 The coeflicient of x* in the expansion of (2 = x)}3 + hx)* is 45. Find possible values of the
constant b,

@ 8 Work out the coefficient of x° in the expansion of (p — 2x)". Give your answer in terms of p.

@ 9 After 5 years, the value of an investment of £500 at an interest rate of X" per annum is given by:
X 5
500(1+-55)

Find an approximation for this expression in the form A4 + BX + CX°, where A, Band C are
constants to be found. You can ignore higher powers of X,

Challenge

3
Find the constant term in the expansion of (.t‘ .

==

@ Factorial notation

You can use combinations and factorial notation to help you expand binomial expressions. For larger

indices, it is quicker than using Pascal’s triangle.
1 & & CIEED) vou say ' factorial:
Using factorial notation 3 x 2 x 1 = 3! By definition, 0! = 1.

®= You can use factorial notation and your calculator to find entries in Pascal’s triangle quickly.
* The number of ways of choosing r items from a group of

n items is written as "C, or (1):
= (M= B | Notation JETSIERIE
ri(n-r)! 'n choose ' for "C.. It is sometimes
" ThE rth Entrr in th-ﬂ' mth row of Pﬂ“ﬂri tr'l-ﬂnslﬂ is written without slipefs_l:riptS and
-1 _(n-1 subscripts as nCr,
givenby "~'C,_,= (1)) P
Example o
Calculate:
a 3! b °C, ¢ the 6th entry in the 10th row of Pascal’s triangle
=)
a5=5x4x3x2x1=120 @ Use the *C, and ! functions on @ .
. 1= your calculator to answer this question.
htfi:'ﬁgrhi?q1n ¢H®
C. = 126 You can calculate *C, by using the *C, function on
i - your calculator.
"= al 5
" rlm-n! 245-2)

In the expansion of (a + b)? this would give the
term 126a°h°.

—— The rth entry in the mth row is "~ 'C, _,.

161



@ 9 Show that:

@ 10 Giventhat(fg 30!

® 11 Given that () ==

Chapter 8

Q- Exercise

1 Work out:
a 4 b 9! o
" ' T!
2 Without using a calculator, work out:
4 6 5 .
a (3) b ($) ¢ a (3) e G,
3 Use a calculator to work out:
15 20 20
a (%) b ¢ {0) i (19) e G,
4 Write each value a to d from 1
Pascal’s triangle using 1 |
"C. notation:
1 2 |
1 3 3 |

©@ @ 15 &

5 Work out the 5th number on the 12th row from Pascal’s triangle.

6 The 11th row of Pascal’s triangle 1s shown below.
1 10 45
a Find the next two values in the row.

b Hence find the coefficient of x* in the expansion of (1 + 2x)'".

7 The 14th row of Pascal’s triangle is shown below.
| 13 8
a Find the next two values in the row.
b Hence find the coefficient of x* in the expansion of (1 + 3x)'%.

8 The probability of throwing exactly 10 heads when a fair coin is tossed 20 times is given by

2
(1o

min - 1)
h‘ "{-.:= 5

a "'C,=n

= 13147 write down the value of a.

p write down the value of p.

= plsr

162
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(1 mark)
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The binomial expansion

Challenge

a Work out C, and °C,

b Work out *C, and ",

€ What do you notice about your answers to parts a and b?
d Provethat"C,="C,_,

@ The binomial expansion

The binomial expansion is a rule that allows you to expand brackets. You can use {‘:f} to work out the
coefhcients in the binomial expansion, For example,

in the expansion of (a + 5)* = (a + b)(a + b){a + b)(a + b){a + b), to find the & term you can choose

5) ways so the b term is (E]u*'-'h’.

multiples of b from 3 different brackets. You can do this in ( 3 3

®= The binomial expansion is:
(@+b)*=a"+ (:]ﬂ"‘b + (;)ﬂ"*ﬂl’- +ounet I[:}n"’b" +ut b (REN)

] TOT] e L
“h‘m{r}"ff_r;{ﬂ-r}; m n &€ N means that n must be a
member of the natural numbers. This is all

the positive integers.

Example e

Use the binomial theorem to find the expansion of (3 - 2x)°,

There will be 6 terms.

s 25 (FNasom s (5)as oz
(3-2aF =3+ ( !J'f' (-2} + {2]3“ X Each term has a total index of 5.

. {5J3 (—21P + {5 )i -2xp Use (a + b)" wherea=3,b=-2vandn=5.
A £
kb There are ( 5) of choosing two ‘=2x" terms
m— W | - X
= 243 - 810x + 1080x2 3 et €
— 72053 4 240x — 324" from five brackets.

using the *C, and power functions on your

calculator. .
Example o

Find the first four terms in the binomial expansion of:

a (1 +2x)i0 b {I[l—:f..t}b

QD oot exc cntrcn oty TR )
HH
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a (1+ 2x)°
= 104 ('0)s (2 + (' O)erzx2
10
+ l: 3 } (2x)° +
=1 ¥ 1 i ol I o
RN R m This is sometimes called the
b (10~ i.m-:l" expansion in ascending powers of x.

= 106 4 (?}!G"I{—_;.r] + {_3}1'&"[—_}.'«'!;

Y {g } 103 —:,.rll : ...

= 1000000 - 300000x + 37 500x*
- 25003 + ... Write each coefficient in its simplest form.

0O &I

(€ 5

1 Write down the expansion of the following:

a({l+xy* b (3+x) ¢ (4-x) d (x+2)f e (1+2x) f(1- ;—.1:}4

2 Use the binomial theorem to find the first four terms in the expansion of:

a(l+x)% b(l-2x ¢ (1+3x)p d (2-x)° ¢ {2-—;.1:}1" f (3—-x¥

3 Use the binomial theorem to find the first four terms in the expansion of:

a(2x+y b (2x+3F ¢ (p—gFf d x=pF e (x+2p)F [ (2x-3y)°

4 Use the binomial expansion to find the first four terms, in ascending powers of x, of:

a (1+x) b (120 e (1+3)° CIDN
d (1 -3x) e 2+x) f (3-2x) ::‘;hﬂf“:““i”f;ﬁ
g (2-3x) h (4+ ) i (24 5x) il ohciend

Find the first 3 terms, in ascending powers of x, of the binomial expansion of (2 - x)°
and simplify each term. (4 marks)

@ 6 Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 — 2x)°

giving each term in its simplest form. {4 marks)

5

7 Find the binomial expansion of (.\' + 11) giving each term in its simplest form., (4 marks)

Challenge

a Show that {a + h)* - (g - b)* = Bab(a® + b).
b Given that 82896 = 17 — 5% write 82 896 as a product of its prime factors,
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@ Solving binomial problems

You can use the general term of the binomial expansion to find individual coefficients in a binomial
expansion.

The binomial expansion

® In the expansion of (a + b)" the general term is given by [:_']nr' -riy.

Example o

a Find the coeflicient of x* in the binomial expansion of (2 + 3x)',

b Find the coefficient of x* in the binomial expansion of (2 + x)(3 — 2x)".

a x*term = {IEI}E":[E-.I;]'-'

=210 x &4 x B81x*

= 1088 640x*
The coefficient of x* in the binomlal expansion
of (2 + 3x)" i1s 1088 640,

’

b (3= 2x)

-
2

i gl T A
+ {‘3}3 (=2xF + ..
= 2187 = 10206x + 20412x°
- 22680 + ...
(2 + x)(2187 = 10206x + 20412x°
- 22680x° + ..)

=37+ ([ )35-29 + () 3%-2x7

L

X term = 2 x (=22 80N + x x 204127 -_—L
= =24 D4 B

The co=flicient of &7 in the kPinomial
gxpansion of (2 + x)(3 - 2x) is =24 248

Example o

g(x)=(1 + kx)"", where k is a constant.

Use the general term. The power is 10, so n = 10,
and you need to find the x* term so r = 4.

10
4

from 10 brackets.

There are ( ) ways of choosing 4 "3x" terms

First find the first four terms of the binomial
expansion of (3 - 2x)".

Now expand the brackets (2 + x)(3 - 2x)".

There are two ways of making the x? term:
(constant term = x* term) and (x term x x* term).

Given that the coefficient of x* in the binomial expansion of g(x) is 15, find the value of k.

~

12 term = {Iae}‘- kx)P = 15x3

120k2x° = 15x*

k=

Ll

ga=lb=ken=10and r=13.
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Example o

a Write down the first three terms, in ascending powers of x, ol the binomial expansion of
(1 + gx)*, where ¢ is a non-zero constant.
b Given that, in the expansion of (1 + gx)%, the coefficient of x is =r and the coefficient of x? is Tr,

fi

a

nd the value of ¢ and the value of r.

(1 + gx)° Problem-solving

o A (5}1..r Ala {'E’]Irvf 9 4 There are two unknowns in this expression. Your
N B e il i expansion will be in terms of g and x.
=1 + Sgx + 2897 + ...

&g = —rand 28¢° = Tr Using 28¢° = Tr, r = &g* and —r = =4g°.
By = —4g°

4g- + Hg=0

4qlg+2)=0

g=-2.r=16 g I8 non-2ero 50 g = —2.

e Y eeevice @
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Find the coefficient of ' in the binomial expansion of:

a (3+x) b (1+2x) ¢ (1-x)t d (3x+2)°
e (1+x)" F Q-2 g (1+x)7 h (4-3x)
i (1-1x)" i (3+1¢) k (2-1x) I (5+1x)
The coeflicient of »? in the expansion of

(2 + ax)®is 60, Find two possible values a=2,b=ax,n=6. Use brackets when you
of the constant a. substitute ax.

The coefficient of x* in the expansion of (3 + bx)* is =720. Find the value of the constant b.

The coefficient of x* in the expansion of (2 + x)(3 = ax)* is 30. Find two possible values of the
constant a.

When (1 = 2x)" is expanded, the coefficient of x7 is 40. Given that p > 0, use this information
to find:

a the value of the constant p (6 marks) EISDIR - SOE

You will need to use the definition of (") to find

b the coethcient of x (1 mark) P
an expression for (E)

¢ the coefficient of x* (2 marks)

a Find the first three terms, in ascending powers of x, of the binomial expansion

of (5 + px)", where p is a non-zero constant. (2 marks)
b Given that in this expansion the coefficient of x? is 29 times the coefficient of x
work out the value of p. (4 marks)



The binomial expansion

7 a Find the first four terms, in ascending powers of x, of the binomial expansion

of (1 + gx)'", where ¢ is a non-zero constant. (2 marks)
b Given that in the expansion of (1 + gx)'" the coeflicient of x* is 108 times the
coeflicient of x, work out the value of 4. (4 marks)

8 a Find the first three terms, in ascending powers of x of the binomial expansion
of (1 + px)'', where p is a constant, (2 marks)

b The first 3 terms in the same expansion are |, 77x and gx?, where g is a constant.
Find the value of p and the value of 4. (4 marks)

9 a Write down the first three terms, in ascending powers of x, of the binomial
expansion of (1 + px)'*, where p is a non-zero constant. (2 marks)

b Given that, in the expansion of (1 + px)'%, the coefficient of x is (=g) and the
coeflicient of x? is 5¢, find the value of p and the value of 4. (4 marks)

10 In the binomial expansion of (1 + x)™, the coefficients of x* and x'" are p and ¢ respectively.
Find the value of g (4 marks)

Challenge

&
Find the coefficient of x* in the binomial expansionef: a (3-2x%" b (% + .\"}

@ Binomial estimation

In engineering and science, it is often useful to find simple approximations for complicated
functions. If the value of x is less than 1, then x" gets smaller as n gets larger. If x is small you can
sometimes ignore large powers of x to approximate a function or estimate a value.

10
a Find the first four terms of the binomial expansion, in ascending powers of x, of { | - i) :

b Use your expansion to estimate the value of 0.9751%, giving your answer 1o 4 decimal places.

a |[1 —;}
=10+ (V)72 () (5)
+{-‘3‘3}.-. (-3)+.

=1 = 25x + 2.8125x - LA7Sx" + ...
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b We want (1 - :; } = 0975 @ Use GeoGebra to find the values
¥ - of x for which the first four terms of this @
3 =D expansion give a good approximation to the |
x =0 value of the function.

Substitute x = (] into the expansion

for (1- ; ] from part a: Calculate the value of x.

09759 = 1 = 0.25 + 0028125
- D.ONETS
= 077625
09759 = 07763 to 4 dp

Substitute x = 0.1 into your expansion.

Using a calculator, 0.975'% = 0.776 329 62.
So approximation is correct to 4 decimal places.

0O &&X»

7 a Find the first 3 terms, in ascending powers of x, of the binomial expansion of (3 - l)

.\ B
a Find the first four terms of the binomial expansion, in ascending powers of x, of ( I - l_:}} :
b By substituting an appropriate value for x, find an approximate value for 0,99,

iy
a Write down the first four terms of the binomial expansion of (1 + %] "

b By substituting an appropriate value for x. find an approximate value for 2.1'°,

If x is so small that terms of x* and higher -m Start by using the binomial expansion to

can be ignored, show that: expand (1 - 3x)%. You can ignore terms of x* and
(24 2)(1 = 3x)° = 2 = 29x + 16512 higher so you only need to expand up to and
including the x* term.

If x is so small that terms of x* and higher

can be ignored, and Problem-solving

2=-x)3+xV=a+bx+cx Find the first 3 terms in the expansion of

find the values of the constants a, b and ¢. (2 = 2)(3 + x)*, compare with a + bx + cx® and
write down the values of a, b and ¢.

a Write down the first four terms in the expansion of (1 + 2x)°,

b By substituting an appropriate value of x (which should be stated), find an approximate value
of 1.02%,

fix)=(1 - 5x)"
a Find the first four terms, in ascending powers of x, in the binomial expansion of f{x).
b Use your answer to part a to estimate the value of (0.995)", giving your answer 1o 6 decimal places.
¢ Use your calculator to evaluate 0.995% and calculate the percentage error in your answer to
part b.
1]
giving each term in its simplest form. (4 marks)
b Explain how you would use your expansion to give an estimate for the value of 2.98". (1 mark)
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The binomial expansion

a Find the first 4 terms, in ascending powers of x, of the binomial expansion of (1 = 3x)°.

Give each term in its simplest form. (4 marks)
b If xis small, so that x* and higher powers can be ignored, show that
(1 +x)1-3x)=1-14x. (2 marks)

A microchip company models the probability of having no faulty chips on a single production
rum as:
P(no fault) = (1 = p)", p < 0.001

where p is the probability of a single chip being faulty, and » being the total number of chips
produced.
a State why the model i1s restricted to small values of p. (1 mark)
b Given that n = 200, find an approximate expression for P(no fault) in the form

a+ bp + cp’. (2 marks)

¢ The company wants to achieve a 92% likelihood of having no faulty chips on a production
run of 200 chips. Use your answer 1o part b to suggest a maximum value of p for this to
be the case. {4 marks)

0. Mixed exercise o

® 1

® 2

EP) 4

EP) 5

The 16th row of Pascal’s triangle is shown below.
1 15 105
a Find the next two values in the row.

b Hence find the coefficient of x in the expansion of (1 + 2x)'%,

'
Given that (Tg) = li;?:-:" write down the value of a. (1 mark)

20 people play a game at a school fete.

The probability that exactly n people win a prize is modelled as (“-f)p"{l - p)™ " where p is the
probability of any one person winning.

Calculate the probability of:

a 5 people winning when p = %

b nobody winning when p = 0.7

¢ 13 people winning when p = 0.6

Give your answers to 3 significant figures.

When (1 - 3x)" is expanded in ascending powers of x, the coefficient of x is —24.

a Find the value of p. (2 marks)
b Find the coefMicient of »? in the expansion. (3 marks)
¢ Find the coeflicient of x* in the expansion. (1 mark)
Given that:

R=x=A+Bx+Cx*+...
find the values of the integers 4. Band C. (4 marks)
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©

Expand (1 - 2x)" in ascending powers of x up to and including the term in &7,
simplifying each coeflicient in the expansion. (4 marks)

Use your expansion to find an approximation of (.98, stating clearly the
substitution which you have used for x. (3 marks)

Use the binomial series to expand (2 — 3x)" in ascending powers of x up to and
including the term in x*, giving each coefTicient as an integer. (4 marks)

Use your series expansion, with a suitable value for x, to obtain an estimate for 1.97'%,
giving your answer 1o 2 decimal places. {3 marks)

Expand (3 + 2¢)* in ascending powers of x, giving each coefMicient as an integer. (4 marks)
Hence, or otherwise, write down the expansion of (3 - 2x)* in ascending
powers of x. {2 marks)

Hence by choosing a suitable value for x show that (3 + 202)* + (3= 2/2) isan
imteger and state its value. (2 marks)

. i ot o ; ; Xy . -
9  The coefficient of x7 in the binomial expansion ol (I + ;) . where n is a positive
integer, is 7. N

a
b

Find the value of n. {2 marks)
Using the value of n found in part a, find the coefTicient ol +*. {4 marks)
Use the binomial theorem to expand (3 + 10x)* giving each coefficient as

an integer. {4 marks)

Use your expansion, with an appropriate value for x, to find the exact value of
10034, State the value of x which you have used. (3 marks)

Expand (1 + 2x)" in ascending powers of x up to and including the term in x%,

simplifying each coefficient. (4 marks)
b By substituting a suitable value for x, which must be stated, into your answer to

part a, calculate an approximate value of 1.02'%, (3 marks)
¢ Use your calculator, writing down all the digits in your display, to find a more exact

value of 1.0212, (1 mark)
d Calculate, to 3 significant figures, the percentage error of the approximation found

in part b. (1 mark)

12 Expand (.1: - '% ){ simplifying the coeflicients. {4 marks)

(E/P) 13 In the binomial expansion of (2k + x)", where k is a constant and # is a positive integer, the
coefTicient of »7 is equal to the coefTicient of x°.

Prove that # = 6k + 2. {3 marks)

b Given also that k = % expand (2k + x)" in ascending powers of x up to and including

170

the term in x, giving each coeflicient as an exact fraction in 1ts simplest form. {4 marks)



EP) 14

EP) 15

EP) 16

18

®
GDRL

EP) 21

EP) 22

The binomial expansion

a Expand (2 + x)" as a binomial series in ascending powers of x, giving each coeflicient
as an iteger. (4 marks)

b By making suitable substitutions for x in your answer to part a, show that
(2 +v3)* = (2 -3)" can be simplified to the form &v 3, stating the value of the
integer k. (3 marks)

The coeflicient of x? in the binomial expansion of (2 + kx)¥, where k is a positive constant,

1s 2800.

a Use algebra to calculate the value of k. (2 marks)
b Use your value of & to find the coefTicient of x* in the expansion. (4 marks)

a Given that
2+xP+2=x=A+Bx+ Cx',

find the value of the constants A, Band C. (4 marks)
b Using the substitution y = ¥ and your answers to part a, solve
(2+ 2P +(2-x)"=349, (3 marks)

In the binomial expansion of (2 + px)”, where p is a constant, the coefficient of x* is 135,
Calculate:

a the value of p, (4 marks)
b the value of the coefTicient of +* in the expansion. (2 marks)

- g
2 ’ . AT
Find the constant term in the expansion of (T - ) :

s

|t

a Find the first three terms, in ascending powers of x of the binomial expansion of
(2 + px)’, where p is a constant, {2 marks)

The first 3 terms are 128, 2240x and ¢x?, where ¢ is a constant,
b Find the value of p and the value of . (4 marks)

a Write down the first three terms, in ascending powers of x, of the binomial expansion
of (1 = px)", where p is a non-zero constant. (2 marks)

b Given that, in the expansion of (1 - px)'%, the coeflicient of x is g and the coefficient
of x* is 6g, find the value of p and the value of g. (4 marks)

a Find the first 3 terms, in ascending powers of x, of the binomial expansion
s T
of {E + "};) . giving each term in its simplest form. (4 marks)

b Explain how you would use your expansion to give an estimate for the value of 2,057, (1 mark)

g(x) = (4 + kx)*, where k is a constant.

Given that the coefficient of x* in the binomial expansion of g(x) is 20,
find the value of k. (3 marks)
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Challenge

1

2

fix) = (2 = px)(3 + x)° where p is a constant.
There is no x* term in the expansion of f{x).
Show that p= 5

Find the coefficient of x? in the expansion of (1 + 2x}8(2 - 5x)".

Summary of key points

1

172

Pascal’s triangle is formed by adding adjacent pairs of numbers to find the numbers on the
next row.

The (n + 1)th row of Pascal's triangle gives the coefficients in the expansion of {a + b)".
n=nxmn-1)xnm-2)x..x3Ix2xl

You can use factorial notation and your calculator to find entries in Pascal's triangle quickly.
+ The number of ways of choosing r items from a group of n items is

" Ay me~ _ FAy _ n!
written as"C, or (7):"C, = () = o
+ The rth entry in the nth row of Pascal’s triangle is given by "~ 1C, _, = (*:: })
The binomial expansion is:
(a+b)" = a" + (?}a“' th 4+ (g}a‘*"’hf ok {i]a""h’ +.+blnen
L U |
where () ="C, = sty

In the expansion of (a + b)" the general term is given by (})a" "4

The first few terms in the binomial expansion can be used to find an approximate value for a
complicated expression.



Trigonometric ratios

Objectives

After completing this unit you should be able to:
® Use the cosine rule to find a missing side or angle
® Use the sine rule to find a missing side or angle

® Find the area of a triangle using an appropriate
formula

® 5Solve problems involving triangles

e Sketch the graphs of the sine, cosine and tangent
functions

e Sketch simple transformations of these graphs

1

Trigonometry in both two and three

dimensions is used by surveyors to work out 3
distances and areas when planning building

projects. You will also use trigonometry when
working with vector quantities in mechanics.

=+ Exercise 98 Q12 and Mixed exercise Q10, Q11

Prior knowledge check _ :

=+ pages 1T6=179

=+ pages 1T9-185

=+ pages 185-187

=+ pages 18T7-192

=+ pages 192-194

=+ pages 194-198

Use trigonometry to find the lengths of
the marked sides.

a b X
r 1
23’ . 85cm B
T3cm -

«GCSE Mathematics ..., F

Find the sizes of the angles marked.

a J'_Jl,i | | h 5cm -_q
G.2cm &tem 2

2iem

+ GCSE Mathematics
f(x) = x* + 3x. Sketch the graphs of
a y=f(x) b y=flx+2
¢ y=flx)-3 d y=fiy)

i~ Sections 4.5, &.6
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@ The cosine rule

The cosine rule can be used to work out missing sides or angles in triangles.

= This version of the cosine rule is used to find a missing side if you know two sides and the
angle between them:

a2=b+c2-2bccos A

A :
i m You can exchange the letters depending
b on which side you want to find, as long as each side
B has the same letter as the opposite angle.

You can use the standard trigonometric ratios for right-angled triangles to prove the cosine rule:

m For a right-angled triangle

opposite
sin @ ———
hypotenuse
adjacent
osfle ——m8———
hypotenuse
Adjacent opposite
tan fl = PP
adjacent
he + x2 = b? |
el AR _— Use Pythagoras’ theorem in ACAX.
So a2 —(r—xP =4 —g? Use Pythagoras’ theorem in ACBX.
So 2ex =2 = B = o Subtract the two equations.
;'_.. == h g AR EI:'."-' |:-|:| _____L
; F 3 . (c=xP=c=2cx+ X%
o N = = A E s ——
. T = 50 %2 = (¢ = X)2 = X2 — ¢ 4 26X = X,
Sa =+ -2bccos A
—— Rearrange.
— Use the cosine ratio cos A =X in ACAX,

h
— Combine (1) and (2). This is the cosine rule.

If you are given all three sides and asked to find an angle, the cosine rule can be rearranged.
at + 2hecos A=b 4+ ¢
2hecos A=+ -df
(i e
2he
You can exchange the letters depending on which angle you want to find.

Hence cos A=

= This version of the cosine rule is used to find an angle if you know all three sides:

Py -a?
cos A = T @ Explore the cosine rule using O @

GeoGebra.
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Calculate the length of the side AB of the triangle ABC in which AC =6.5cm, BC =8.7cm and

ZACB = 100°,

Trigonometric ratios

Label the sides of the triangle with small letters

b=G.Sem

a, b and ¢ opposite the angles marked.

Write out the formula you are using as the first line

=0 +b°=2abcos C

=87 +65 -2 X BT X 65 % cos 100°

of working. then substitute in the values given.

7962 + 42.25 - (-12.632...)
= {37.57...
So ¢ =11729...

| Deon't round any values until the end of your
L working. You can write your final answer to

So AB =17 em (3 a1)

L 3 significant figures.

Find the square rooL.

Find the size of the smallest angle in a triangle whose sides have lengths 3em, Sem and 6em.

c

Label the triangle ABC.

&cm
2 em

A
3cm B

ac + 0 — ¢°

The smallest angle is opposite the smallest side
so angle C is required.

Use the cosine rule cos C= 232 =C

cos C = >ab

e . 5 4 67 - 3

PIPTINE gl EEL pfO
2 X5 %6

= 0.BGGE...

2ab

w Use your calculator to work this -

C=229°(3 5.5)

The size of the smallest angle is 29.9°

out efficiently. .

L C =co57'(0.8666...)
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Coastguard station B 1s 8 km, on a beaning of 060°, from coastguard station 4. A ship Ci1s 4.8 km,
on a bearing of 018°, away from A. Calculate how far C is from B.

4

i

< S H
A km
| -
A
(a2 = b% 4 2 = 2he cos A
=455 + 8 =2 ¥ 45 X & X cos 42°
= 29905...

=547 (3 k)

C s 547 km away from coastguard B.

Example o

Problem-solving

If no diagram is given with a question you
should draw one carefully. Double-check that the

information given in the question matches your
sketch.

In AABC, £CAB = 607 — 18° = 42°,

You now have b= 48km, ¢ = Bkm and 4 = 42°.
Use the cosine rule & = b + & = 2bc cos A.

If possible, work this out in one go using your
calculator,

Take the square root of 29.966... and round your
final answer to 3 significant figures.

In AABC, AB=xcm, BC=(x+2)em, AC=5cm and ZABC = 60°.

Find the value of x.

Xxom 2 cm

(x + 2)cm
b =g® + ¢ —-2accos B
5% =(x+ 2 + x° - 2x{x + 2) cos &0°
So25=2x"+4x + 4 - x* - 2x

Sox*+2x=21=0

- S22 V0D
-
3.69 (3 si)

176

Use the information given in the question to draw
a sketch.

Carefully expand and simplify the right-hand
side. Note that cos 60° = ;

|— Rearrange to the form ax? + bx + ¢ = 0.

Solve the quadratic equation using the quadratic
formula. + Section 2.1

——  x represents a length so it cannot be negative.
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0 &xX»

Give answers to 3 significant figures, where appropriate.

1 Ineach of the following triangles calculate the length of the missing side.

| Fi h B C A
b.5c Jem
il 4.5em
. \160\
C
B
| cm
B.4em c 5.5em 3
d B ¢ I/ f

[0hem

2 In the following triangles calculate the size of the angle marked x:

a B b
4cm &cm
A Oom &
d e .
&
3 A plane flies from airport 4 on a bearing of 040° for 120 km N

and then on a bearing of 130° for 150 km. Calculate the
distance of the plane from the airport.
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12

@) 14
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From a point A a boat sails due north for 7km to B. The boat leaves B and moves on a bearing
of 1007 for 10 km until it reaches C. Calculate the distance of C from A.

A helicopter flies on a bearing of 080° from A to B, where A8 = 50 km.
It then flies for 60 km to a point C.
Given that Cis 80 km from A, calculate the bearing of C from A.

The distance from the tee, T, to the flag, F, on a particular hole on a golf course is 494 vards.
A golfer’s tee shot travels 220 yards and lands at the point S, where £8TF = 22°,
Calculate how far the ball is from the Aag.

Show that cos 4 = #

4cm Scm

Show that cos P = —%

In AABC, AB=5cm, BC=6cmand AC= 10cm.
Calculate the size of the smallest angle.

In AABC, AB=9.3cm, BC=6.2cmand AC=12.7cm.
Calculate the size of the largest angle.

The lengths of the sides of a triangle are in the ratio 2:3: 4,
Calculate the size of the largest angle.

In AABC, AB=(x=3)cm, BC=(x+ 3)cm, AC=8cm and £ BAC = 60°.
Use the cosine rule to find the value of x.

In AABC, AB=xcm, BC=(x=4)cm, AC=10cm and £BAC = 6(°,
Calculate the value of .

In AABC, AB=(5-x)cm, BC=(4+x)cm, ZABC = 120° and AC = ycm,
a Show that 3* = x* = x + 61,

b Use the method of completing the square to find the minimum value of 37, and give the
value of x for which this occurs.



Trigonometric ratios

@ 15 In AABC, AB=xcm, BC=5cm, AC = (10 = x)cm,

a Show that cos ZABC = ﬂ,}:—lj

b Given that cos ZABC = —l?. work out the value of x,

@ 16 A farmer has a field in the shape of a quadrilateral as shown.

D "
135m Problem-solving
TEM/
A 120m

c
You will have to use the cosine rule twice.
6lim Copy the diagram and write any angles
i

or lengths you work out on your copy.

The angle between fences A8 and AD 15 74°. Find the angle between fences BC and CD.

17 The diagram shows three cargo ships, 4, B and C, which are in N ¢
the same horizontal plane. Ship B is 50 km due north of ship 4 ¢
and ship C is 70 km from ship A. The bearing of C from A is 020°,

a Calculate the distance between ships 8 and C, in kilometres 4
to 3s.f. (3 marks) wor
b Calculate the bearing of ship C from ship B. (4 marks) :

A
@ The sine rule
The sine rule can be used to work out missing sides or angles in triangles.
® This version of the sine rule is used to find the length 4
of a missing side: ﬁ £
a _ b _ ¢ i
sind  sinB  sinC c a

You can use the standard trigonometric ratios for right-angled triangles to prove the sine rule:

C In a general triangle A BC, draw the perpendicular
' — from Cto AB. 1t meets AR at X.

[ The length of CXis h.

h

o
; 1] \ B Use the sine ratio in triangle CBX.
F - . r‘- =
_ h : @ Explore the sine rule using O @
=10y H = E = |'J = I Sin B — EEﬂEEhI’H. i
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and sin A= % =+ h = b sin A Use the sine ratio in triangle CAX.
So asin B=bsin A
a b

ey e Divide throughout by sin A sin B.

In a similar way, by drawing the perpendicular
from B to the side AC, you can show that:

—
sin A sin C
So —2 S This is the sine rule and is true for all triangles.

® This version of the sine rule is used to find a missing angle:

sin A _ sin B___slnf'
a b ¢

In 58ABC, AB=8cm, £BAC = 30° and £BCA = 40°, Find BC.

Always draw a diagram and carefully add the data.
Here ¢ =8 (cm), C=40° A4 =30° a = x (cm).

In a triangle, the larger a side is, the larger the
opposite angle is. Here, as C > A, then ¢ > a, 50
you know that 8 > x.

il Il
sind sin B L Use this version of the sine rule to find a missing
\. A side. Write the formula you are going to use as
‘.__.l-ln 3@-’.— - ain 4(:,-; the first line waurhing.
S0 x=22 ”4%?- =6.0028... » Multiply throughout by sin 30°.
=6.22em (3 sf) Give your answer to 3 significant figures.

In AABC, AB=38cm, BC=52cm and ZABC = 35°. Find Z4BC.

Hereg=52cm, ¢ =3.8cmand 4 = 35°,
You first need to find angle C.
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sin C _ sin A Uge SN C _sin A
e 4 c a
" Write the formula you are going to use as the first
B0 G 2 line of worki S = )
38 52 ng.
S0 sin C= 22 ,; 35° Use your calculator to find the value of Cina
= r single step. Don't round your answer at this point.
C=24781...

B=180° - (24.781...° + 35°%) = 120.21... which

- B = 120" (3 sk
-l ) rounds to 120° ta 3 sf

0O

Give answers to 3 significant figures, where appropriate.

1 Ineach of parts a to d, the given values refer to the general triangle.
a Giventhata=8cm, A = 30°, B=72° find b.
b Given that a=2d4cm, A = 110°, C=22° find ¢.
¢ Giventhat b= 14.7cm, A = 30°, C=95" find a.
d Given that ¢ = 9.8cm, B=68.4° C=8§3.7° find a.

2 In each of the following triangles calculate the values of x and y.
b

yem

m in parts ¢ and d,

start by finding the
size of the third angle.
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3

182

In each of the following sets of data for a triangle ABC, B
find the value of x. i

a AB=6cm, BC=9cm, ZBAC=117°, ZACB=x
b AC=1llem, BC=10cm, ZABC=40°, /CAB=x
¢ AB=6cm, BC=8cm, ZBAC=60°, ZACB = x b
d AB=8.7cm, AC=10.8cm, ZABC = 28°, ZBAC = x .

In each of the diagrams shown below, work out the size of angle x.

A 10.4em

In APQR, QR =3 cm, ZPQR=45"and ZQPR = 60°. Find a PR and b PQ.
In APQR, PQ=15cm, QR = 12cm and £ZPRQ = 75°. Find the two remaining angles.

In each of the following diagrams work out the values of x and y.

Town B is 6 km. on a bearing of 020°, from town A.

Town C s located on a bearing of 055° from town A

and on a bearing of 120° from town 8. Work out the Draw a sketch to show the information.
distance of town C from:

a town A b town B
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9 Inthe diagram AD = DB =5cm, ZABC =43°
and ZACB =172°,
Calculate:
a AB
b CD

D Scm

10 A zookeeper is building an enclosure for some llamas.
The enclosure 15 in the shape of a quadnlateral as shown.

If the length of the diagonal 8D is 136 m
a find the angle between the fences AB and BC
b find the length of fence AB

11 In AABC, AB=xcm, BC = (4 - ¥)em,

12 A surveyor wants to determine the height of a

£BAC =yand £BCA = 30°,
' You can use the value of sin y directly in your

Oniven that sin y= —1__-—_. show that calculation, You don't need to work out the value ﬂrjt

L

x=4(v2-1) {5 marks)

building. She measures the angle of elevation
of the top of the building at two points 15m
apart on the ground.

a Use this information to determine the height

of the building. (4 marks) 7 e
b State one assumption made by the surveyor —
I5m

in using this mathematical model. (1 mark)

For given side lengths b and ¢ and given angle B, you can draw the triangle in two different ways.

You can draw b You can confirm this relationship by

Alternatively you

5"‘5"‘ thitﬁe Vi R considering the graph of y = sin x.
angle at Cis J
? that the angle at Ya
obtuse (C,). b, \ b
() s } Cis acute (7). 14
& C, Cs sing
Since AC, (s Is an isosceles triangle, it follows that the :
les AC, B and AC,B add to make 180°. — - -
angles AC, G together to make 180 3 2 059 1005
¥

® The sine rule sometimes produces two possible
solutions for a missing angle:

* sin #=sin (180° - 8)

=+ Section 9.5 and Chapter 10
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In LABC, AB=4cm, AC =3cm and £ABC = 44°, Work out the two possible values of £ZACEH.

Problem-solving

Think about which lengths and angles are fixed,
and which ones can vary. The length AC is fixed.
If you drew a circle with radius 3 ¢cm and centre
A it would intersect the horizontal side of the

c triangle at two points, C, and C,.
=1ia {"=E-i'1B- USEsinc=5in'ﬂ.whereﬁ=3_f=-ﬁrﬂ=“u_
C h e h
Sin [ &4 = ~:|"|_44"'
4 - 3
. 4 sin 44°
gin U= B
So C=67.85...=679""(3 sf)
o C=180 - 67.851... = N2.14...
= 112° (3 sl) ——ov— As sin (180 - #) = sin #,

0 &

Give answers to 3 significant figures, where appropriate.

1 In AABC, BC=6cm, AC=4.5cm and £ZABC = 45°,
a Calculate the two possible values of £ BAC.
b Draw a diagram to illustrate your answers.

2 In each of the diagrams shown below, calculate the possible values of x and the corresponding
values of y.

a A b B ¢ B
42cm
A Bcm ¥ cm dem 4 Scm
12em A -@ d
B yem C A
ﬁ yem C
c

3 Ineach of the following cases £ ABC has ZABC = 30° and AB = 10cm.
a Calculate the least possible length that AC could be.
b Given that AC = 12cm, calculate ZACH.

¢ Given instead that AC = 7cm, calculate the two possible values of £ZACB.
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@ 4 Triangle ABC is such that AB = 4em, BC = 6em and £ ACHE = 36°. Show that one of the possible
values of ZABC is 25.8° (to 3 s.f.). Using this value, calculate the length of AC.

@ § Two triangles ABC are such that AB=4.5cm, BC = 6.8cm and £ZACB = 30°. Work out the value
of the largest angle in each of the triangles.

6 a A crane arm AB of length 80 m is anchored at
point & at an angle of 40° to the horizontal.
A wrecking ball is suspended on a cable of
length 60 m from A. Find the angle x through
which the wrecking ball rotates as it passes the
two points level with the base of the crane arm

at B. (6 marks)
b Write down one modelling assumption you
have made. (1 mark)

@ Areas of triangles

You need to be able to use the formula for finding the area of any triangle when you know two sides
and the angle between them.

= Area = jabsin C

_ m As with the cosine rule, the letters are
b ‘ interchangeable. For example, if you know anglei B
B and sides a and ¢, the formula becomes Area = ac sin B.
il

[
A proof of the formula:
The perpendicular from A to BC is drawn and it
meets BC at X. The length of AX = A
i)

Area of AABC = Lah {1 Area of triangle = ; base x height.

But h=bsnC  (2) Use the sine ratio sin E:%In AAXC.

So Area = sab sin C Substitute (2) into (1).
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Work out the area of the triangle shown below.

B
D cxoiore the area of a triangle O @
4.2cm using GeoGebra.
T
A ¢

h.9em

Here hb=69cm, ¢ =4.2cmand angle 4 =75,
Area = 5be sin A S0 Use:

Area of AABC

: LE .z
= % 6.2 X 42 % sin 75%em? Area = 3he sin A.

= 14 0em® (3 sF)

In AABC, AB=5cm, BC=6cm and £ ABC = x. Given that the area of A4BCis 12e¢m® and that
AC is the longest side, find the value of x.

i
5 cm & om
Here a=6cm, ¢ = 5cm and angle B = x, 50 use;
A ¢ [ Area = jac sin B.

Area = sdc sin B

Area AABC=3 X 6 % 5 X sin xem? — Area of AABCis 12 ¢t
So 12=3 X 66 X 5 X sin xcm®
2=
So ainx =058 sin .‘:’=-{%
x = 126.86..,

Problem-solvin
27 3 s)

There are two values of x for which sin x = 0.8,
53.13...° and 126.86.. ° but here you know B is
0, the largest angle because AC is the largest side.
1 Calculate the area of each tnangle.
a B b 4

I
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2 Work out the possible sizes of x in the following triangles.

F B.3cm

\/

3 A fenced tniangular plot of ground has area 1200 m*. The fences along the two smaller sides are
60m and 80 m respectively and the angle between them 1s #. Show that # = 150°, and work out
the total length of fencing.

@ 4 In triangle ABC, BC = (x + 2)cm, .
AC=xcmand £BCA = 150°.
Given that the area of the triangle
is 5ecm?, work out the value of x, 150°
giving your answer to 3 significant figures. {x+ 2)cm C

NCTH

5 In APOR, PO =(x+ 2)em, PR =(5 - x)em and ZOPR = 30°,
The area of the triangle is A cm?,
a Show that A = {(10 + 3x = 12), (3 marks)

b Use the method of completing the square, or otherwise, to find the maximum
value of A, and give the corresponding value of x. (4 marks)

6 In AABC, AB=xcm, AC=(5+ x)cm Problem-solving

and ZBAC = 150°, Given that the arca of the

triangle is 3 % a3 x represents a length so it must be positive.
a Show that x satisfies the equation x° + 5x - 15=0. (3 marks)

b Calculate the value of x, giving your answer to 3 significant figures. (3 marks)

m Solving triangle problems

You can solve problems involving triangles by using the sine and cosine rules along with Pythagoras’
theorem and standard right-angled triangle trigonometry.

If some of the triangles are right-angled, try to use basic trigonometry and Pythagoras’ theorem first
to work out other information.

If you encounter a triangle which is not right-angled, m
- : The sine rule is often
you will need to decide whether to use the sine rule EnT et s e ST (e ot v sk

or the cosine rule. Generally, use the sine rule when | S R ite angle

you are considering two angles and two sides and in a triangle, try to use the sine rule to
the cosine rule when you are considering three sides find other missing sides and angles.

and one angle.
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For questions involving area, check first whether you can use Area = % x base x height, before using
the formula involving sine.

« to find an unknown angle given two sides and one opposite angle, use the sine rule

* to find an unknown side given two angles and one opposite side, use the sine rule
+ to find an unknown angle given all three sides, use the cosine rule
» to find an unknown side given two sides and the angle between them, use the cosine rule

» to find the area given two sides and the angle between them, use Area = ;abh sin C

The diagram below shows the locations of four mobile

phone masts in a field. BC =75m,

CD = 80m, angle BCD = 55° and angle ADC = 140°,

In order that the masts do not interfere with each
other, they must be at least 70 m apart.
Given that A4 1s the minimum distance from D. find:

a the distance 4 is from B
b the angle BAD
¢ the area enclosed by the four masts

188

BD? = BC? + CD? - 2(BONCD)cos (£ BCD)+—
BD? = 75¢ + BO? - 2(75)B0)cos 55°
BD? = 5142.08...
BD = V5142.06... = 71708.%
sinfLBDC)  sin(£ZBCD)
BC = BD
sin(ZBDC) = 5—"[2?;5’;?—5 =085675... |

LBDC = 58.954...
ZBDA = 140 - 58.954... = 81.045...

Problem-solving

5plit the diagram into two triangles. Use the
information in triangle BCD to work out the
length BD. You are using three sides and
one angle so use the cosine rule.

Find BD first using the cosine rule.

Store this value in your calculator, or write down
all the digits from your calculator display.

You know a side and its opposite angle (BD and
£ BCD), so use the sine rule to calculate angle
BDC.

Find BDA and store this value, or write down all
the digits from your calculator display.



AB¢
AB°

AB

AB

ain(LBAD) =

LBAD = 5026... = 50.3° (3 a.f)

sin{LB8A4 D) < sinlZ BDA)

AD? + BD? - 2{AD{BD)cos(Z BDA)
70P + 71.708...2

~ 2(70)(71.708.. )cos (81.045...)

' = B479.55...

= /B47955... = 22.084...

Trigonometric ratios

You can now use the cosine rule in triangle ABD
to find AB.

AB s alength, 50 you are only interested in the

=9321m |:_?_| 5.1

positive solution,

BD = AR

-_e.in{ﬁll.ﬂﬂ-__‘f.l_. NENA T08
a2.084

= 0769..

Use the sine rule to calculate angle BAD.

Alternatively you could have used the cosine rule

c Area ABCD = area BCD + area BDA

Area ABCD = (BC)HCD)sin(£ BCD)

with sides AB, BD and AD.

Use the area formula twice.

+ 3 (AB)AD)sin (£BAD)

Area ABCD = 3(75)(B0)sin (55%)

+ z(92.084...)(70)sin (50.28...7)

Area ABCD = 24574... + 24732.0...

Hrema

ABCD = 42364... = 4240 m* (2 s.f)

O X

CID oo e sousionsevirsier .d @

using GeoGebra.

Try to use the most efficient method, and give answers to 3 significant figures.

1 Ineach tnangle below find the values of x, y and =

bh &

e

Bom
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2 In AABC, calculate the size of the remaining angles. the lengths of the third side and the area
of the tnangle given that

a ABAC=40°, AB=8.5cmand BC=102cm
b AACB=110°, AC=49cmand BC=68cm

3 A hiker walks due north from A and after 8 km reaches B. She then walks a further 8km on a
bearing of 120° to C. Work out a the distance from A to C and b the bearing of C from A.

@ 4 A helicopter flies on a bearing of 200° from A to B, where A8 = 70km. It then fliecson a
bearing of 150° from B to C, where C is due south of 4. Work out the distance ol C from A.

Two radar stations A and B are 16 km apart and 4 1s due north of B. A ship 1s known to be on
a bearing of 150° from A and 10 km from B. Show that this information gives two positions for
the ship, and calculate the distance between these two positions,

©)

@ 6 Find x in each of the following diagrams:

I0em

@ 7 In AABC, AB=4cm. BC=(x+ 2)cmand AC = Tem.
a Explain how you know that | < x <9,
b Work out the value of x and the area of the triangle
for the cases when
i ZABC=060°and
il ZABC=45° giving your answers to 3 significant figures.

@ & In the triangle, cos JAEC=§
a Calculate the value of x.
b Find the area of triangle ABC,
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In AABC, AB=v2cem, BC=V3cemand £ BAC = 60°. Show that £ ACB = 45° and find AC,

]l'l .&r“!ﬂ{-‘. AB = {2 = Xjcm, B'C‘= X+ 1]1.."1']'1 PrﬂhlEm-iﬂlVinE
and £ZABC = 120°,

i Complete the square for the expression
a Show that AC"=x"=x+7. x* = x + T to find the minimum value of
b Find the value of x for which AC has a AC*? and the value of x where it occurs.

minimum value.

Vi
b
Work out the length of AC, giving your answer in the form av'b, where @ and b are integers.

Triangle ABC is such that BC=5/2cm, ZABC = 30° and #BAC = #, where sinfl =

The perimeter of AABC = 15em. Given that AB=7cm and £ZBAC = 60°, find the lengths of
AC and BC and the area of the triangle.

In the triangle ABC, AB=14cm, BC=12ecm and CA = 15¢cm.
a Find the size of angle C, giving your answer to 3 s.f. (3 marks)

b Find the area of triangle ABC, giving your answer in cm*® to 3 s.f. (3 marks)

A flower bed is in the shape of a
quadrilateral as shown in the diagram.

a Find the sizes of angles DAB and BCD.

(4 marks)
b Find the total area of the flower bed.

(3 marks)

¢ Find the length of the diagonal AC.
(4 marks)

ABCD s a square. Angle CED is obtuse. A B
Find the area of the shaded triangle. (7 marks)

10em

Ecm
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@ Graphs of sine, cosine and tangent

® The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain
interval.

You need to be able to draw the graphs for a given range of angles.

= The graph of y = sin &:
« repeats every 360° and crosses the r-axis at ..., -180°, 0, 180°, 360°, ...
« has a maximum value of 1 and a minimum value of -1.

sin # = 1 when # = 90°, 450°, etc.

sin # = 0 when

= -180°, 07,

180°, 360°,
2707 450° suge 540°, etc.

sin ## = -1 when # = -90°, 270°, etc.

® The graph of y = cos ¢
* repeats every 360° and crosses the r-axis at ..., —90°, 90°, 270°, 4507, ...
* has a maximum value of 1 and a minimum value of -1.

cos i = 1 when # = 0° 360°, etc.

Vi

cos i = 0 when
il = =90°, 90°,
270°, 450, etc.

180* ' 3607 45 540°

cos # = -1 when # = =180°, 180°, 540°, etc.
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® The graph of y = tan @:
* repeats every 180° and crosses the x-axis at ... -180°, 0%, 180°, 360°, ...
* has no maximum or minimum value
* has vertical asymptotes at x = -90°, x =90°%, x =270°, ...

tan # does not have maximum and minimum points but approaches negative or positive
infinity as the curve approaches the asymptotes at —90°, 90°, 2707, etc. tan ! is undefined
for these values of &,

, |
5‘ ! i

¥=tand

-

T

~180°-150° ~120° —90° ~60° 302 0° 60° 9% 120° 150280° 210° 240° 270° 300° 3305-960° O

tan & = 0 when # = 0°, 180°, 360°, etc.

a Sketch the graph of y = cos #in the interval =360° = § = 360°.

b i Sketch the graph of y = sin x in the interval =180° = x = 270°
ii sin(-307) =-0.5. Use your graph to determine two further values of x for which sin x = -0.5.

The axes are 6l and y.
y = cosl The curve meets the f-axis at
= £270° and @ = £90°.
The curve crosses the y-axis
3 \y o at (0, 1).
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The line x = =90°is a line of

symmetry.
i Using the symmetry of the graph:
sin (=150%) = =05 The line x = 90° is a line of
sin 210° = =05 symmetry.
| You could also find this value by
x = =150" or 210 working out sin (180° — (~309)).

0O x>

1 Sketch the graph of v = cos# in the interval =180° = # = 180°,
2 Sketch the graph of y = tan# in the interval -180° = # = 180°,
3 Sketch the graph of y = sin @ in the interval =90° = 8 = 270°,

- <
4 a cosi® = % Use your graph in question 1 to find another value of # for which cosfl = 1'?

b tan60® = 3. Use your graph in question 2 to find other values of @ for which:
i tanf =3 il tanfl=-3

¢ sind53° = L-, Use your graph in question 3 to find other values of # lor which:

Vo

| I

10 | i
i sinfl=— ii sinfl=-
V2

[

L

m Transforming trigonometric graphs

You can use your knowledge of transforming graphs to You need to be able to apply

transform the graphs of trigonometric functions. translations and stretches to graphs
of trigonometric functions.

& Chapter &

Sketch on separate sets ol axes the graphs of:
a y=23sinx, 0=x= 360°
b y=-tand, -180° = § = 1R0°
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8 v =3f(x) is a vertical stretch of the graph
3] = f{x) with scale factor 3. The intercepts on the
: v = 3sinx T 3 :
- Sl = x-axis remain unchanged, and the graph has a
maximum point at (90°, 3) and a minimum point
(] - - - =
a0 1WGU - at (270°, =3).
a2l [lx 3
b v ¥y = —tand

y = =f(x) is a reflection of the graph y = f(x) in the
; : x-axis. So this graph is a reflection of the graph
1BON-90° O ™\ 90° 180° ¥ y=tan x in the x-axis.

Sketch on separate sets of axes the graphs of:

a y=-=1+siny, 0= x=360° b y=5+cosx,0=x=360°

ol |

vy =F(x) - 1 is a translation of the graph
y = f{x) by vector (_01:]

The graph of y = sin x is translated by 1 unit in
the negative y-direction.

y=f{x) + 3 is a translation of the graph
0
v = f(x) by vector ( %)

a0 NA 270 360" 5 The graph of y = cos x is translated by % unit in
-5 the pasitive y-direction.
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Sketch on separate seis of axes the graphs ol
ay= tan(# + 45%), 0 = # = 360°

b y=cos(f! - 90°), -360° = # = 360°

v = f(# + 45%) is a translation of
- -45°
the graph y = f(ff) by vector 0 }

L
14

y= cos(f - 207

Remember to translate any
asymptotes as well.

The graph of y = tan # is translated
by 45° to the left. The asymptotes
are now at # = 45° and @ = 225",
The curve meets the y-axis where
#=0s0y=1

v = f{f — 90°) is a translation of
|i—*- EG"':| . 90°
the graph y = f{#) by vector ( 0 )

3elr -270F -1 ap® C 200 1 270" o

Sketch on separate sets of axes the graphs of:

a y=sinlx, 0=x= 360°

196
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= 5if 2%

=Y

The graph of y = cos #is translated

by 90° to the right. Mote that this
— Is exactly the same curve as

v =sin @), so another property is

that cos (# - 907) =sin #,

b y= msg. -MPP=0=540° ¢ y=tan(-x), -360° = x = 360°

¥ = f(2x) is a horizontal stretch of the graph
—1 ¥ =f{x) with scale factor ;.

The graph of y = sin x is stretched horizontally

2 190" 2 3$0°

¥ with scale factor 3

The period is now 180° and two complete ‘waves’
are seen in the interval 0 = x = 360°
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yuf {-}E} is a horizontal stretch of the graph
v = f(i) with scale factor 3.

The graph of y = cos # is stretched horizontally

with scale factor 3. The period of cos g is 1080°

and only one complete wave is seen while
-540 = # = 540° The curve crosses the #-axis at
= +2T0°.

c Y s
: , ' amc i“' y = f{=x) is a reflection of the graph » = f(x) in
: : the y-axis.
The graph of y = tan (-x) is reflected in the y-axis.
: : In this case the asymptotes are all vertical so they
3N : -18ge: O . E 360°%

remain unchanged.

@ Plot transformations of

trigonometric graphs using GeoGebra.

21>

0

1

Write down i the maximum value, and ii the minimum value, of the following expressions,
and in each case give the smallest positive (or zero) value of x for which it occurs.

b 4 sinx
e —siny

a4 COsSX ¢ Cos(=x)

d 3+sinx f sin3x

Sketch, on the same set of axes, in the interval 0 = # = 360°, the graphs of cos# and cos 34,

Sketch, on separate sets of axes, the graphs of the following, in the interval 0 = § = 360°,
Give the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.
a y=-cost b y=1sind ¢ y=sinifl d y=tan(f - 45°%)
Sketch, on separate sets of axes, the graphs of the following, in the interval - 180° = # = 180°,
Give the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.
a y=-2sinf b y=tan(# + 180°) ¢ r=cosdl d y=sin(-#)
Sketch, on separate sets of axes, the graphs of the following in the interval -360° = @ = 360°,
In each case give the periodicity of the function.
b _|-=—%cnsﬂ ¢ y=tan(# -90°)

a y=sinif d y=tan2f
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() 6

@ o

2 In each triangle below, find the size of x and the area of the triangle.

a b c
W“ ficm i
X Aem

a By considering the graphs of the functions, or otherwise, verify that:
i cosfl =cos(-@)
ii sint =—sin (=)
iii sin(# - 90°) = —cos#,

b Use the results in a ii and iii to show that sin (90° - #) = cos #.

¢ In Example 14 you saw that cos (# — 90°) = sin .
Use this result with part a i to show that cos (9)° - #) = sin #.

The graph shows the curve v
y=cos(x + 30°), =360° = x = 360°.

&

a Write down the coordinates of \ /-L \ /

the points where the curve _360° XT0¢ 1800/ o¢ O
crosses the v-axis, (2 marks)

=] -
b Find the coordinates of the
point where the curve crosses the y-axis.

The graph shows the curve with equation "
y=sin(x + k), =360° = x = 360°,

o

wgmﬂ 0

(1 mark)

where & is a constant. \ /1/\ /-
a Find one possible value

for k. (2marks) -2

b Is there more than one possible =1 -
answer to part a7 Give a reason
for your answer. (2 marks)

m\-/w i

The variation in the depth of water in a rock pool can be modelled using the function

¥ = sin (30)°, where ¢ is the time in hours and 0 = ¢ < 6.
a Sketch the function for the given interval,

{2 marks)

b If 7 = 0 represents midday, during what times will the rock pool be at least half full? (3 marks)

0 Mixed Exercise o

Give non-exact answers to 3 significant figures.

I Triangle ABC has area 10em?. AB =6 cm, BC =8 ecm and £ZABC is obtuse, Find:

a the size of ZABC
b the length of AC

J'CFI'I @
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3 The sides of a triangle are 3cm, 5cm and 7 cm respectively. Show that the largest angle is 120°,
and find the area of the triangle.

4 In each of the figures below calculate the total area.
10.4cm (& b B

J9em
4.8cm

5"

a— 2 4dcm —»

8 In AABC. AB= 10em, BC=av3em, AC=5/13em and £ ABC = 150°, Calculate:
a the value of a
b the exact area of AABC.

6 In a triangle, the largest side has length 2 cm and one of the other sides has length v 2 cm.
Given that the area of the triangle is | cm?, show that the triangle is right-angled and isosceles.

7 The three points A, B and C, with coordinates A(0, 1), B(3, 4) and C(1. 3) respectively. are
Jjomed to form a tnangle.
a Show that cos ZACB = -i (5 marks)
b Calculate the area of AABC. {2 marks)

8 The longest side of a triangle has length (2x = 1)em. The other sides have lengths (x = 1)cm
and (x + 1)cm. Given that the largest angle is 120°, work out

a the value of x (5 marks)
b the area of the triangle. (3 marks)

9 A park is in the shape of a triangle ABC as shown,

A park keeper walks due north from his hut at A4 until he
reaches point B. He then walks on a bearing of 110° to point C.

a Find how far he is from his hut when at point C.

Giave your answer in km to 3 s.f (3 marks)
b Work out the bearing of the hut from point C.

Give your answer 1o the nearest degree. (3 marks)
¢ Work out the area of the park. {3 marks)

10 A windmill has four identical triangular sails made from wood. If each triangle has sides of
length 12m, 15m and 20 m, work out the total area of wood needed. (5 marks)

11 Two points, 4 and B are on level ground. A church tower at point € has an angle of elevation
from A of 15° and an angle of elevation from B of 32°. 4 and B are both on the same side of
C, and A, Band C lie on the same straight line. The distance AB = 75m.
Find the height of the church tower. (4 marks)
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12

@ 13

16

17

EP) 18

Describe geometrically the transformations which map:

a the graph of y = tan x onto the graph of tan %1

b the graph of v =tan %x onto the graph of 3 + tan %1

¢ the graph of y = cos x onto the graph of —cos x

d the graph of y = sin(x — 10) onto the graph of sin(x + 10).

a Sketch on the same set of axes, in the interval 0 = x = 180°, the graphs of y = tan (x — 45°)
and v = -2 cos x, showing the coordinates of points of intersection with the axes. (6 marks)

b Deduce the number of solutions of the equation tan (x — 45°) + 2cos x = (), in the interval

0=x= |80° (2 marks)
The diagram shows part of the graph of y = f{x). ®
It crosses the x-axis at A(120°, 0) and B( p, 0). :
It crosses the y-axis at C(0, ¢) and has a maximum ¢ j’,’ P /fﬂ
value at D, as shown. 70 2 Px
Caven that f{x) = sin(x + k). where £ > (0, write down \_/
a the value of p (1 mark)
b the coordinates of D (1 mark)
¢ the smallest value of & (1 mark)
d the value of g. (1 mark)

Consider the function f{x) =sinpx, p e B, 0 = x = 360°,
The closest point to the origin that the graph of [{x) crosses the x-axis has x-coordinate 36°.

a Determine the value of p and sketch the graph of y = fix). (5 marks)
b Write down the period of fix). (1 mark)
The graph below shows y =sin#, 0 = # = 360°, with one Vi

value of #(# = o) marked on the axis. I-
a Copy the graph and mark on the #-axis the positions

of 180° = a, 180° + a, and 360° - a. 2 I ST s e !
b Verify that: i

sin e = sin{ 1807 = a1} = =sin (180° + a) = =sin (3607 = o).

a Sketch on separate sets of axes the graphs of v =cos#(0 = # = 360°) and
y=tanf(0 = # = 360°), and on each #-axis mark the point (a, 0) as in question 16,
b Verily that:
i cosa=—cos(l80° - a)=—-cos(180% + a) = cos (360" - a)
ii tana=-tan(180” - a) =tan(180° + a) = —tan (360° - a)

A series of sand dunes has a cross-section which can be modelled using a sine curve of the form
v = sin(60x)® where x 15 the length of the seres of dunes in metres.

a Draw the graph of y = sin(60x)* for 0 = x = 24°, (3 marks)
b Write down the number of sand dunes in this model. (1 mark)
¢ Give one reason why this may not be a realistic model. (1 mark)
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Challenge

In this diagram AB= BC=CD = =1m. m Try drawing triangles A D& and
Z il C=G % A ERB back to back.

A A

IMN I\/I

B Im Cim D 1m E B YA B

Prove that FAEB + ZADB= - ACBH.

Summary of key points

1 This version of the cosine rule is used to find a missing A
side if you know two sides and the angle between them: i £
a‘=b 4+ -2becos A L - 2
¢

2 This version of the cosine rule is used to find an angle if
you know all three sides:
b+ -at

cos A =
5 2he

3 This version of the sine rule is used to find the length of a missing side:
!
sind  sinB sinC

& This version of the sine rule is used to find a missing angle:
sind _sinB _sinC
a b €

5 The sine rule sometimes produces two possible solutions for a
missing angle:

sinf! = sin (180° - #)

6 Area of a triangle = ab sin C.

T The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain
interval,

+ The graph of y = sin & repeats every 360° and crosses the x-axis at ..., —180°, 0, 180°, 360°, ...

+ has a maximum value of 1 and a minimum value of -1.

+ The graph of y = cos  repeats every 360° and crosses the x-axis at ..., —90° 90°, 2707, 450°, ...
+ has a maximum value of 1 and a minimum value of -1

+ The graph of y = tan & repeats every 180° and crosses the x-axis at ... —=180°, 0°, 180°, 3607, ...
* has no maximum or minimum value

« has vertical asymptotes at x = -90° x =90°, x = 2707, ...
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identities and
equations

After completing this chapter you should be able to:

e Calculate the sine, cosine and tangent of any angle ~+ pages 203-208
e Know the exact trigonometric ratios for 30°, 45° and 60° - pages 208-209
® Know and use the relationships tan # = Siné
and sin® #+ cos? =1 Gisy -+ pages 209-213
® Solve simple trigonometric equations of the forms sin# =k,
cosf=kandtanf=k - pages 213-217

e Solve more complicated trigonometric equations of the
forms sinné= k and sin (¢ £ a) = k and equivalent equations
involving cos and tan - pages 217-219

e Solve trigonometric equations that produce quadratics -+ pages 219-222

Prior knowledge check

1 a Sketch the graph of y = sin x for 0 = x = 540°.
b How many solutions are there to the eguation
sinx = 0.6 in the range 0 = x = 540°7

¢ Given that sin~'(0.6) = 36.9° (to 3 s.f), write
down three other solutions to the equation

sin x = 0.6. + Section 9.5
2 Work out the marked angles in these triangles.
a [ b
8.7¢cm G.lcm
16.3cm i
20em

+ GCSE Mathematics
3 Solve the following equations.
a 2x-7=15 b 3x+5=Tx-4
€ sinx=-07 + GCSE Mathematics
& Solve the following equations.
a ©*=4x+3=0 b x¥4+8x-9=0
€ 2x¥-3x-7=0 « Section 2.1

Trigonometric equations can be used
to model many real-life situations
such as the rise and fall of the tides
or the angle of elevation of the sun
at different times of the day.




Trigonometric identities and equations

@ Angles in all four quadrants

You can use a unit circle with its centre at the origin

to help you understand the trigonometric ratios. : Pley)

®= For a point P(x, y) on a unit circle such that 3
(F makes an angle 6 with the positive x-axis: 5 :’ - - m
* €03 6=x=x-coordinate of P e
* sin f=y = y-coordinate of a radius of 1 unit.

y
* tan =" = gradient of OP

You can use these definitions to find the values of sine, cosine and tangent for any angle # You always
measure positive angles #anticlockwise from the positive x-axis.

When #is obtuse,
i cos #is negative
. Decausethe

x-coordinate of Pis @ Use GeoGebra to explore the O @

negative. values of sin # cos #and tan #for any
angle #in a unit circle.

You can also use these definitions to generate the graphs of y = sin #and y = cos &
4 Vi
(0, 1)

To plot v = sin # read off
- the y-coordinates as P
moves around the circle.

------------------------

The point P corresponding to an angle #
is the same as the point P corresponding to an
angle #+ 360° This shows you that the graphs
of y = sin #and y = cos #are periodic with period
360°, + Section 9.5

To plot y = cos & read off the
y-coordinates as P moves
av around the circle.
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Example o

Write down the values of:
a sin90° b sin 180°
d cos 180" e cos(=90)°

¢ sin270°
I cos450°

g an9)* =1

b sint&0*=0

g sin270% =

d cos 180 = <1

e cos (=207 =0

|

f coad50°=0

Write down the values of®
b tan135°
e tan 180°

¢ lan225°
f tan90°

a tan45°
d tan(—45°)

a tand5® =1

b tan135% = =

e tan225" =1

d tan(—45%) = tan 315° = -]

e tan180° =0

f tan20F = undetined -

tan #is undefined when #= 270° or any
other odd multiple of 90°. These values of #
correspond to the asymptotes on the graph of
y=tan# «Section 9.5

204

The y-coordinate is 1 when #= 90°,

%
-

o, 1)

&
e

{0,-1)

— |If #is negative, then measure clockwise from the

positive x-axis.

An angle of =907 is equivalent to a positive angle
of 270°. The x-coordinate is 0 when #= -90° or
270°.

When #= 45°, the coordinates of OFP are
{i_ i_) 50 the gradient of OPis 1.
Ve Ve

A P
..
N |/

When #=-45° the gradient of OF is -1.

When #= 180° P has coordinates (=1, 0) so the
gradient of OF = % =0,

When #= 90°, P has coordinates (0, 1) so the

gradient of OP = % This is undefined since you

cannot divide by zero.
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The x-y plane is divided into quadrants:
~270°

+00"

[

Second First
guadrant quadrant Angles may lie outside the range 0-360°, but they
-1 will always lie in one of the four quadrants.

0 ¥ 43600 260 For example, an angle of 600° would be equivalent

Third Fourth to 6007 = 360° = 240°, so it would lie in the third
quadrant quadrant quadrant,

-180"+180°

Example e

Find the signs of sin #, cos #and tan #in the second quadrant,

In the second quadrant, #is obtuse,

or 90 < #< 180°,
Pix. v} . .
N 1 Draw a circle, centre ( and radius 1, with P(x, ¥)
L H\I on the circle in the second quadrant.
T 0 TR

As X in —ve and y s +ve in this auadrant
sin = $ve
cosll= —ye

+ve
tan# = = =y

=W

=20 only sin # is positive

®= You can use the quadrants to determine whether each of the trigonometric ratios is positive

or negative. a0° For an angle #in the first quadrant,
g ¥ g iti
For an angle #in the L ‘ sin #, cos #and tan #are all positive.
second quadrant,only — . sijn All

sin & is positive, i
po For an angle #in the fourth

180° = [, 360 -~ . e
For i angle 2 the X guadrant, only cos #is positive.
third quadrant, only tan # Tan Cos '
15 pranive. @ This diagram is often referred to as
270° a CAST diagram since the word is spelled out

from the bottom right going anti-clockwise.
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® You can use these rules to find sin, cos or tan of any

positive or negative angle using the corresponding

acute angle made with the x-axis, 0.

sin(180° = M =sin# —— 180°-#@ s

sin (180° + #) = =sin &

1 b

i

sin (360° - #) = —sin # 7

tan (180° - #) = -tan & 180° + f
tan (180° + A =tan ¥ -
tan (360° = #) = =tan #

Example o

] %

c 360° - cos (180° — #) = —cos #
\cm (180° + &) = —cos ¥/
cos (360° - &) = cos #

Express in terms of trigonometric ratios of acute angles:

a sin(—100°") b cos 330°

The acute angle made with the x-axis is 80°

In the third quadrant only tan is +ve,

S SN 15 =W,

So sin (=100)° = =sin 80°

b Y
5 A
J o ﬂ - Eﬂt- o -\'-E
+330° »
T ©

The acute angle made with the x-axis is 307
In the fourth aquadrant only cos is +ve.

So coa 330° = +cos 30°

206

¢ tan 500°

For each part, draw diagrams showing the
position of OP for the given angle and insert the
acute angle that QP makes with the x-axis.
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L= T

The acute anale made with the x-axis is 40°
In the sacond quadrant only Sin s +ve.

So tan S500° = =tan 40°

Y ereise ()

1

Draw diagrams to show the following angles. Mark in the acute angle that OF makes with the
A-axis,

a -80° b 100° c 200° d 165° e —-145°
[ 225° g 280° h 330° i -160° j —280°

State the quadrant that OP lies in when the angle that OF makes with the positive x-axis is:
a 400° b 115° ¢ -210° d 255° e —-100°

Without using a calculator, write down the values of:
a sin(=907) b sind50° ¢ sin 540° d sin(-450°) e cos(=1807)
I cos(=270°) g cos270° h cos810° i tan360° j tan(=180%)

Express the following in terms of trigonometric ratios of acute angles:

a sin 240° b sin(-80%) ¢ sin(=200°%) d sin 300° e sin 460°
f cosllO® g cos260° h cos(-50°) i cos(-=200°) j cos545°
k tan 100° | tan 325° m tan (=30°) n tan(=175%) o tan 600°
Given that #is an acute angle, express in terms of sin # m The racults

a sin(-#) b sin(180° + #) ¢ sin {360° - #) obtained in questions
d sin(~(180° + #)) e sin(=180°+4) [ sin(=360°+ 4) 5 and 6 are true for all
g sin(540° + #) h sin(720° - #) i sin(#+ 720°) oo

Given that #is an acute angle, express in terms ol cos #or tan #

a cos(180° - #) b cos(180° + #) ¢ cos(—#) d cos (—(180° - #))

e cos(#- 360°) f cos(#- 540°) g tan(-#) h tan(180° - &)

i tan(I80"+¢#) § tan(=180°+#) Kk tan(540°-#) 1 tan(#- 360°)
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Challenge

a Prove that sin (180° - # =sin#
b Prove that cos (-#) = cos #
¢ Prove that tan (180° - #) = —-tan #

Problem-solving

Draw a diagram showing the positions of #and
180° - #on the unit circle.

€TX) Exact values of trigonometrical ratios

You can find sin, cos and tan of 30°, 45° and 60° exactly using triangles.

Consider an equilateral triangle A BC of side 2 units,

Draw a perpendicular from 4 to meet BC at D.

Apply the trigonometric ratios in the right-angled triang

®sin30°=1  c0s30°="2  tan30°=1="2

2 2 33
sinﬁﬂﬂ:-‘-i?i :usﬁ:ﬁ*:% tan 60° = ,3

Consider an isosceles right-angled triangle POR with
PO = RO =1 unit.

® 5in45° = lz tan 45° =

L]

Example o

Find the exact value of sin(=210%).

2 n-lni
2 Cos 45 =32

#in (=210 = sin {1507 = sin (30") = .-:

208

le ABD.

B =1 unit

1

s5in (=210%) = sin (150%)

Use sin (180° - &) = sin #

AD=V22-12=43



Trigonometric identities and equations

0 &x»

1 Express the following as trigonometric ratios of either 30°, 45° or 607, and hence find their
exact values,

a sin 135° b sin(-607) ¢ sin 330° d sind420° e sin(=3007)
f cosl20® g cos 3H° h cos225° i cos(=210°) j cos495°
k tan135° I tan(-225") m tan 210° n tan 300° o tan(-=120°)

Challenge

The diagram shows an isosceles right-angled triangle ABC.
AE = DE =1 unit. Angle ACD = 30",

a Calculate the exact lengths of
iCE WDC il BC v DB
b State the size of angle BCD.
¢ Hence find exact values for
i sin15° i cos15°

@ Trigonometric identities

You can use the definitions of sin, cos and tan, together with ¥
Pythagoras’ theorem, to find two useful identities.

The unit circle has equation x° + ¥ = 1. 1 dheis

i

-
=N

m The equation of a circle with radius r and
centre at the origin is x* + y* = r?. & Section 6.2

Since cos #= x and sin #= y, it follows that cos®# + sin’dé= 1. m Thais rasiilts are calbid

® For all values of @, sin?f + cos?fl = 1. trigonometric identities. You use the
% did = symbol instead of = to show that
Since tan #= = it follows that tan #= ey they are always true for all values of
in 0 # (subject to any conditions given).

= For all values of # such that cos 0= 0, tan 0= %é

You can use these two identities to simplify m tan #is undefined when

trigonometrical expressions and complete proofs. the denominator = 0. This occurs
when cos #= 0, so when #= ... -90°,
90°, 270°, 4507, ...
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Example o

simplify the following expressions:

in?
a sin? 34+ cos? 3¢ b S-Ssind —_sm3d
V1 =sin?2#
a sinf3f+ coni3f=1 - a= - sin® #+ cos® #= 1, with #replaced by 34,
R e ?{1 » .1 % L Always look for factors.
= Jcos" ¢ L sin? @+ cost@= 1,501 —sin? #=cosi d
- i 28 _5in 2 )
V1 =sinf 28 oo 28 sin 28+ cost 2#=1,50 1 —sin® 2# = cos® 24
. Sin2#
cos 2 i )
= kan 2¢ tan #= ol anﬂ‘—-tﬂﬂ?_ﬂ

cos & cos2d

Example o
cost - sin* & Problem-solving

Prove that

LHS =

cosig —1-ta n ¢ When you have to prove an identity like this you

may quote the basic identities like sin® + cos* = 1’

To prove an identity, start from the left-hand side,

o sl and manipulate the expression until it matches
i the right-hand side. « Sections 7.4, 7.5
. (cos® & + sin® Mcos® # - sin® A
| cos® ‘ The numerator can be factorised as the
loos? 8 = sin? #) difference of two squares’
coss
_ sin? @+ cos* = 1.
cos= &  ainc
costf  cost :
Divide through by cos? #and note that
= | =tan®#= RHS sint# _ (sind

e
=" = T.EI'I'E ﬁ".
cost & COs .-:?}

. i . ! :
a Given that cos #= =< and that # is reflex. find the value of sin #,

5

"
b Given that sin o = < and that « 1s obtuse, find the exact value of cos a.

210
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Trigonometric identities and equations

a Since sin® #+ cos* # = 1, Lkt If you use your calculator to find

_ [ a3y cos-'(~z), then the sine of the result, you will get
sin® & I~ an incorrect answer, This is because the cos™!
g function on your calculator gives results between

25 0 and 180°.

] Il
| |
|

1
23 ‘#is reflex’ means #is in the 3rd or 4th quadrants,
oty B ) but as cos #is negative, #must be in the 3rd
=) quadrant. sin #= :r;E but in the third quadrant

sin #is negative.

b Using sin® a + cos® a = 1,

4 21 T
cos*a=l-o=_C Obtuse angles lie in the second quadrant, and
: : |'_ have a negative cosine,
As or 15 obtuse, cos a is negative
v 21

S0 COS O = =
2

Given that p = 3cos # and that g = 2 sin #, show that 407 + 9¢* = 36,

Asp=3cosfl and g = 2sind] Problem-solving

The question asks for the exact value so leave
your answer as a surd.

-

cenll et and winde S You need to eliminate #from the equations.
3 2 As you can find sin #and cos #in terms of p
Using sin # + cos® # = 1, and ¢, use the identity sin® #+ cos* #= 1,
qy o -
1z) *13) =
S0 ‘2 + F; =]
4p7 + 2¢° = 36 Multiply both sides by 36.

0O &xv

1 Simplify each of the following expressions:

a 1-cos’yd b 5sin’3#+ 5cos’ 3¢ ¢ sin®A -1
g Sin# V1 -cos’x ¢ V1-cos’34
tan ¢ e V1 —sin®34
g (I +smx)F +(l —sinx)+2cos’x h sin®* #+ sin #cos® ¢

i sin®*#+ 2sin® fcos® 7+ cos* @
2 Given that 2sin #= 3cos & find the value of tan #.

3 Given that sin x cos y = 3cos x sin y, express tan v in terms of tan y.
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® s
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Express in terms of sin # only:
a cos ¢ b tan®# ¢ cos#tan #

cos # z :

— e (cos &= sin #icos # + sin

ey (cos ) )
Using the identities sin’ 4 + cos’ 4 = | and/ortan A = ;';;": (cos A = (), prove that:

s
. . . 1 .
a (sinf+cost) =1+2sin#cosd b m-cm#f sin #tan ¢
1 1 . s : i
¢ lanxy + i — e d cossd-simA=2co5Ad-1=1-25m- A
lanx  sinxcosx

e (2sin#=cost) + (sin#+2cosé) =5 I 2—(sin#-cos#* = (sin &+ cos #)?

g sin’x cos®y —cos?x sin®y = sin? x = sin® y

Find, without using vour calculator, the values of:
a sin #and cos #, given that tan #= I—q._. and #is acute.
b sin #and cos #, given that cos #= —% and #is obtuse.

¢ cos#and tan #, given that sin #= w:—r'rj and 270° < #< 360°,

Given that sin #= 5 and that #is obtuse, find the exact value of: acos#  brand
Given that tan #= —/3 and that #is reflex, find the exact value of: asin#  bcos#
Given that cos #= :: and that #1s reflex, find the exact value of: asin#  btan#

In each of the following, eliminate #to give an equation relating x and y:

a x=siné y=cosé¥ b x=smé# y=2cosé Problem-solving

£ XU, yeacoss 00 LG p s In part e find expressions for x + y and x - y.
e x=siné+cosd, y=cos-sind

The diagram shows the triangle ABC with AB = 12¢m, &
BC=8cmand AC = 10cm. fem 10cm
a Show thatcos B = 'liﬁ {3 marks)
b Hence find the exact value of sin B. (2 marks) Liam o
Use the cosine rule:a® = b* + ¢ - 2bccos A« Section 9.1
The diagram shows tnangle POR with PR = 8¢m, o
(R = 6em and angle QPR = 30°,
o fiem
a Show thatsin 0 = % {3 marks) o
- F ..I
b Given that (? is obtuse, find the exact value Sem R
of cos @ (2 marks)
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@ Simple trigonometric equations

You need to be able to solve simple trigonometric equations of the form sin #= k and cos #= k
(where =1 = k = 1) and tan # = p (where p & R) for given intervals of 4.

. inf= -
ISy o e sy i The graphs oy dandy = s
have a maximum value of 1 and a minimum
= Solutions to tan f = p exist for all values of p. value of -1,
The graph of v = tan #has no maximum or
minimum value. & Section 9.5

Il

Find the solutions of the equation sin #= 5 in the interval 0 = # = 360°.

Method 1

1
sin i =
e

oo #= 30°

Putting 30° in the four positions shown gives the
1 angles 30°, 1507, 210° and 330° but sine is only

i positive in the 1st and 2nd quadrants.
oo x = 30 - ! : .
e R You can check this by putting sin 150 in your

o Fo=lo0r-aor=l) calculator.
Methed 2

L'I.l

.1- = 5
. : - Draw the graph of y = sin # for the given interval,

o N 1A 270 o 8

sin # = = where the line y= - cuts the curve. Use the symmetry properties of the

: v = sin & graph. + Sections 9.5
Hence & = 30° or 150° )

® When you use the inverse trigonometric functions on your calculator, the angle you get is

called the principal value.

Your calculator will give principal values in the following ranges: m The inverse
cos~! in the range 0 = #= 180° trigonometric functions
sin-! in the range -90° = # & 90° are also called aFccos,

arcsin and arctan.
tan-! in the range -90° =< # = 90°
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Solve, in the interval 0 = x = 360°, 5sinx = =2,

Method 1
5seiny = =2
siny = =014
Principal value is x = =23.6" (3 s.1)
Y
L | A,
=
2385 £3.6"

y=2036°(204° to 3 st}
or x=336.4° (336" to 3 sf).

Method 2

sin~'(-0.4) = =23.575..°
x = 203.578..°2(204° to 3 s.F)
orx=336421.." (336" to 3 sl)

: : /3
Solve, in the interval 0 < x = 360° cosx = -

A student writes down the following working:

Ay
cos '(T}—Eﬂ
Sox=30"or x=180" - 30" = 150"

a lIdentify the error made by the student.
b Write down the correct answer.

a  The pringipal solution & correct but the

student has found a second solution in the

SEcond auadrant where cos is negative,

214

First rewrite in the formsinx=...

m The principal value will not always

be a solution to the equation.

Sine is negative 50 you need to look in the 3rd
and &th quadrants for your solutions.

You can now read off the solutions in the given

- interval.

Note that in this case, if @ = sin-'(-0.4), the
solutions are 180 — arand 360 + .

Draw the graph of y = sin x starting from -90°
since the principal solution given by sin~*(-0.4) is
negative.

Use the symmetry properties of the y = sin # graph,

Problem-solving

In your exam you might have to analyse student
working and identify errors, One strategy is to
solve the problem yourself, then compare your
working with the incorrect working that has been
given.
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e o S e 1 Y -
b x = 307 from the calculator cos x is positive so you need to look in the 1st

% 1 i and 4th quadrants.
Read off the solutions, in 0 < x = 3607, from your
. diagram.
Note that these results are ¢ and 360° - o
T & V]
where a = cucs"{T].
x = 30° or 330"

; . in# .
You can use the identity tan #= :'ﬂ to solve equations.

os ¢
Example @

Find the values of #in the interval 0 < #= 360° that satisfy the equation sin #= 3 cos #,

sinf?=v3 cosd Since cos # = 0 does not satisfy the equation,
S5 tanduedd divide both sides by cos #and use the identity

tan-'{y3) = 60" 1.a||'n‘j|"EM

‘ t cos ¥

This is the principal solution.
] Tangent is positive in the 1st and 3rd quadrants,
/ \ so insert the angle in the correct positions.

240° @ -

f#= 50° or 240°

0O
. Vi

1 The diagram shows a sketch of y = tan x.

€D 1he principal solutionis 2
marked A on the diagram.

a LUse your calculator to find
the principal solution to
the equation tan x = =2,

b Use the graph and vour answer
to part a to find solutions to the
equation tan x = -2 in the range 0 = v = 360°.

2 The diagram shows a sketch of y = cos x.
a Use your calculator to find the principal solution I
to the equation cos x = 0.4,

b Use the graph and your answer to part a to find 0 180° 290°  360° X
solutions to the equation cos x = £0.4 in the range
0= x = 360°. o
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Solve the following equations for ¢, in the interval 0 < #< 360" (@Y Give your answers
a sin#=-| b tan# =3 c cusrﬁ'=% exactly where possible,
d sin#=sin 15° e cosf=—cos40° f tan#= -1 or round to 3 significant
g cosd=0 h sin#=-0.766 figures.
Solve the following equations for #, in the interval 0 < # = 360°:
a 7sinf=5 b 2cosfl=—/2 ¢ Jcosd==2 d 4sin#=-3
e Ttané= | f Stan#=15 g 3tan#=-11 h 3cos#=15
Solve the following equations for #, in the interval 0 < #= 360°:
a V3Isind=cosd b sin#+cos#=0 ¢ Isin#=4dcos#
d 2sin#-3cos#=0 e 2sind=2cosd f VSsinf+4y2cosé#=0
Solve the following equations for x, giving vour answers to 3 significant figures where
appropriate, in the intervals indicated:
3
a sinx= —“-5:—. ~180° = x = 540° b 2sinx =-0.3, -180° = x = 180°
¢ cosx=-0.809, -180° = x = 180° d cosx=084, -360°<x <
e tanx = —% 0= x=T20° f tanx =290, 80° = x = 440°
A teacher asks two students Student A: Student B:
to solve the equation A i 4 rosly = 9 sintx
2cosx = 3sinx o 4(1 - sinx) =9sin‘x
for ~180° < x < 180°, AeRpora==lia | | Gwiacin
The attempts are shown: s til % =337 orx=21463"

a ldentily the mistake made by Student A. (1 mark)
b Identify the mistake made by Student B and explain the effect it has on their

solution, {2 marks)
¢ Write down the correct answers to the question. (1 mark)

a Sketch the graphs of ¥ = 2sinx and y = cos x on the same set of axes (0 = x = 360°),
b Write down how many solutions there are in the given range for the equation 2 sin x = cos x.
¢ Solve the equation 2 sin ¥ = cos x algebraically, giving your answers in exact form.

Find all the values of & to

+ COEI PiRee 1 (i When you take square roots of both sides of an equation you

interval 0 < # < 360° for X :
eedt ider both th it nd the e root
which lH.I‘.I: f.'i' i ':1 [5 marl-is} n O Cons r 2 pOsitve a HEEHIWE squar 5.

a Show that 4 sin° x = 3cos® x = 2 can be written as 7sin“ x = 5. (2 marks)
b Hence solve, for 0 = x = 3607, the equation 4 sin° x - 3cos* v =2,
Give your answers Lo 1 decimal place. (7 marks)

Show that the equation 2 sin’x + 5c¢os’y = | can be written as 3 sin’x = 4. {2 marks)

b Use your result in part a to explain why the equation
2sin? x + 5cos? x = | has no solutions. (1 marks)
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@ Harder trigonometric equations

You need to be able to solve equations of the form sinn#= k, cosné= k and tann# = p.

a Solve the equation cos 37 =10.766, in the interval 0 = #= 360°.
b Solve the equation 2sin 26 = cos 24, in the interval 0 = #= 360°,

let X'= 38

=
SoconsX™ = 0766
A X = 3#

®

then as 0 = # = 360°
So3x0=X=3x3c0°

So the interval for X is T
0= X = 1080°

X = 400° 320° 400° &&0°, 70", 1040°
e 38=400° 320° 400°, 680", 760° 1040°

2o V=133 107 133°% 2277, 2537, 347"

©

I— Replace 3#by X and solve.

o out Y TR

for #is 0 = #= 360° then the range
of values for 3#is 0 = 3#= 1080°.

The value of X from your calculator
— s 40.0. You need to list all values in
the 1st and 4th quadrants for three

complete revolutions.

. Remember X' =34

air 2 1 1
cosed 2 o el 2
Let X' = 2# o
.
o tan -

L Use the identity for tan to rearrange
the equation.

Ae X'= 28 then as O = ¥ = 320°

The interval for Xis 0O = X = 720°

-
™

The principal solution for X s 26.565...°
Add multiples of 180

X = 26.565..° 206.565..° 386.5E5..°, 566.565.."

#=13.3° 1037, 1937 263°

| Let X =24, and double both values
to find the interval for X.

Draw a graph of tan X for this
interval.

Alternatively, you could use a CAST
diagram as in part a.

Convert your values of X back into
values of #

r Round each answer to a sensible
degree of accuracy at the end.
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You need to be able to solve equations of the form sin (#+ a) =k, cos (#+ a) =k and tan (¢ + a) = p.

Example @

Solve the equation sin (x + 60°) = 0.3 in the interval 0 = x = 360°.

let X' = x + 60°

SosinX =03

The interval for X' is e Adjust the interval by adding 60° to both values.
0"+ 60°=s X = 360° + &0°

So 60" = X = 420°

0.5
Draw a sketch of the sin graph for the given
g 100 300 400 X interval.
.5
1
: o D—| This is not in the given interval so it does not
The principal valug for &'t 17.43.. correspond to a solution of the equation. Use the
XY=16254..5% 37745..° J symmetry of the sin graph to find other solutions.

Subtract 607 from each value:

i 54..2 31745, °
x = 102.54..° .i 45 i You could also use a CAST diagram to solve this
Hence x = 102.5° or 3175 problem.

O

1 Find the values of # in the interval 0 = # = 360°, for which:

a sindd=10 b cos3d= -] ¢ tan2f= |
d cos20=3 e tanifi= e f !rirll-i'ﬁ"l:l3
YV a L
2 Solve the following equations in the interval given:
a tan(45° - =-1,0= #= 360° b 2sin(#-20°)=1,0= #= 36(°
> 3
¢ tan(d+ 75 =3, 0 < 4= 360° d sin(#-10°) ==, 0 = @ = 360°

e cos(70° =x)=0.6,0= #=< |BD"

3 Solve the following equations in the interval given:
a 3Isin3#=2cosid 0= d= 180°
b 4sin(#+ 45%) = 5cos(#+ 45%), 0 = #= 450°
¢ 2sin2x=-Tcos2x=0,0=x= 180°
d V3 sin (x - 60°) + cos(x - 60°) = 0, -180° = x = 180°
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@ 4 Solve for 0 = x = |80° the equations:

©

sin(x + 20°) = % (4 marks)
cos 2x = =08, giving your answers to | decimal place. (4 marks)
Sketch for 0 = x = 360° the graph of y = sin (x + 60°) (2 marks)
Write down the exact coordinates of the points where the graph meets the

coordinale axes. (3 marks)

Solve, for () = x = 360°, the equation sin (x + 60°) = 0.55, giving vour answers o
| decimal place. (5 marks)

Given that 4 sin x = 3 cos x, write down the value of tan x. (1 mark)
Solve, for 0 = # = 360°, 4sin 2¢ = 3 cos 2# giving your answers to | decimal place. (5 marks)

7 The equation tan kx = =~~—!§. where £ 15 a constant and &£ > 0, has a solution at x = 60°

%

Find a possible value of k. {3 marks)
State, with justification, whether this is the only such possible value of k. (1 mark)

Challenge

Solve the equation sin(3x - 45°) = :1_* in the interval 0 = x = 180°,

@ Equations and identities

You need to be able to solve gquadratic equations in sin # cos #or tan # This may give rise to two sets
of solutions.

This is a quadratic egquation in the form

Bsinty +3sinx-2=0
S5A2 +34-2=0where A =sinx.

(Ssinx=2)sinx+1)=0 Factorise
// Setting each factor equal to zero produces two
5sinx-2=0 sinx+1=0 linear equations in sin x.

Solve for #, in the interval 0 = x = 360°, the equations

a 2cos’@-cosf-1=0 b sin’(#—30°) = 3
a 2cosf=cosll=-1=0
So(2cosf + Ncosd=1)=0 Comparewith2x¥* —=x-1=(2x+ 1){x=1)
S0 conl = -; or cos il =1
’ Set each factor equal to 0 to find two sets of
e e e solutions.
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#=120° or #= 240°

y= ::7){

0 o 180 Fror 3600 0

Orecosé=1s0 =0 or 360°
S0 the solutions are

¥ = 0F, 1207 240°, 360°

sin?(# - 30° = 2

sin (@ = 30°) = —

L]

or sin(# - 30% = - :
Ve

So f#-30°=45° or # - 30° = -45°

So from sin(f- 30° =
v
¥ =30 = 45" 135°

N 1
and from sin{#f- 30% = -

¥ -

#=-30"=225°% 315"

S0 the solutions are: # = 75° 165°% 255°
345"

120° makes an angle of 60° with the horizontal.
But cosine is negative in the 2nd and 3rd
quadrants so &= 120° or #= 240",

Sketch the graph of y = cos #

There are four solutions within the given interval.

The solutions of x2 = k are x = +/k.

Use your calculator to find one solution for each
equation.

Draw a diagram to find the quadrants where
sine is positive and the quadrants where sine is
negative,
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In some equations you may need to use the identity sin® #+ cos® #= 1.

Find the values of x, in the interval =180° = x = 180°, satisfying the equation
2cos’ x + 9sin’ x = 3sin’ x.

2cos®x + Dsinx = 3sin® x As sin® x + cos® x = 1, you are able to rewrite
2(1 = sin"x) + 9sinx = 3sin’x cos? x as (1 - sin® x), and so form a quadratic
S58infx - 9snx-2=0 eguation in sin x.

S0 (Ssinx + l)snxy - 2)=0

SinX = = m The factor (sin x - 2) does not produce

A any solutions, because sin x = 2 has no solutions.

— Your calculator value of x is x = -11.5° (1 d.p).
Insert into the CAST diagram.

- The smallest angle in the interval, in the 3rd
quadrant, is (-180 + 11.5) = -168.5% there are no
values between 0 and 180°.

The solutions are =168.5% and -11.5% (1 d.p.)

0 &x»

1 Solve for # in the interval 0 = # = 360°, the following equations,
Give your answers to 3 significant figures where they are not exact,

a dcos’ =1 b 2s5in?#=1=10 ¢ Isin*#+sinf=0
d tan#-2tan#-10=0 e 2cost#-S5cosd+2=0 f sin?#-2sinf#-1=0
g tan?2¢=13

m In part ¢, only one factor leads to valid solutions.

2 Solve for #, in the interval —=180* = # = 1807, the following equations.
Give your answers to 3 significant figures where they are not exact.
a sin?2f=1 b tan#=2tan#

¢ cosecosd-2)=1 d 4sinf=tan#

3 Solve for #, in the interval 0 = # = [80°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a d(sin*f-cosé)=3-2¢cos# 2sin*#= Y1 -cos &) ¢ deos’#-5sinf-5=0

4 Solve for #, in the interval —=180° = # = 180°, the following equations.
Give your answers to 3 significant figures where they are not exact.

a Ssin‘d=4dcos’ ¢ b tan#=cosé#
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@ 5 Find all the solutions, in the interval 0 = x = 360°, to the equation 8sin’ x + 6cosxy -9 =10
giving each solution to one decimal place. (6 marks)

@ 6 Find, for 0 = x = 3607, all the solutions of sin®x + | = _?:_::us.!x giving each solution

to one decimal place. {6 marks)
(E/P) 7 Show that the equation 2 cos” x + cos x — 6 = 0 has no solutions. (3 marks)
(E/P) 8 a Show that the equation cos? x = 2 —sin x can Problem-solving

b Hence show that the equation cos’ x =2 - sin.x number of solutions to a quadratic equation,

has no solutions. {3 marks) see if you can make use of the discriminant.

9 tanx-2tanx-4=0

a Show that tan x = p + g where p and ¢ are numbers to be found. {3 marks)

b Hence solve the equation tan® x = 2tan x = 4 = 0 in the interval 0 = x = 540°, (5 marks)

Challenge

1 Solve the equation cos? 3#-cos 3#= 2 in the interval -180° = # = 180"
2 Solve the equation tan® (#- 45°) = 1 in the interval 0 = # = 360°.

&)

I Write each of the following as a trigonometric ratio of an acute angle:
a cos237® b sin312° ¢ tan 190°

2 Without using your calculator, work out the values of:
a cos270° b sin225° ¢ cos 180° d tan 240° e tanl35°

g ; | 7 -7
Giaven that angle A 15 obtuse and cos 4 = RETE show that tan 4 = ::

T
Pl

®

-
Given that angle B is obtuse and tan B = + %- find the exact valueof: asin B bcos B

@

5 Simplify the following expressions:
a cos*#—sin*# b sin®3#- sin® 3¢ cos® 34

¢ cost#+ 2sintFeost i+ sint ¢

6 a Given that 2(sinx + 2 cos x) = sin x + 5cos x. find the exact value of tan .
b Given that sin x cos y + 3cos.x sin ¥ = 2sin x sin y — 405 X COs y, express tan y in terms
of tan.x,

@ 7 Prove that, for all values of #

a (1 +sin#)F +cos*¥= 21 +sin#) b cos®#+ sin® # = sin* ¥ + cos* #
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Trigonometric identities and equations

Without attempting to solve them, state how many solutions the following equations have in
the interval 0 = # = 360°. Give a briefl reason for your answer.
a 2sinfd=13 b sin#=-cos#
c 2sinf+3cosf+6=0 d t;ln-i-"-i--—l-—:ﬂ
tan ¢

a Factorise 4xy — 32 +4x - 1. (2 marks)
b Solve the equation 4 sin #cos # — cos? #+ 4sin # - cos #= 0, in the interval

0 = #= 360°, (5 marks)
a Express 4 cos 34— sin(90° — 3#) as a single trigonometric function. (1 mark)
b Hence solve 4 cos 34— sin (90° — 3#) = 2 in the interval 0 = # = 360°,

Give your answers to 3 significant figures, (3 marks)
Given that 2sin 2¢ = cos 24
a Show that tan 2¢= 0.5, (1 mark)
b Hence find the values of # to one decimal place, in the interval 0 = #= 360°

for which 2 sin 28 = cos 24, (4 marks)
Find all the values of #in the interval 0 = # = 360° for which:

a cos(#+75%)=0.5,

b sin2#= (.7, giving your answers to one decimal place.

Find the values of x in the interval 0 = x = 270° which satisfy the equation

cos2y + 0.5

=2 '
| =cos2x (6 marks)

Find, in degrees, the values of #in the interval 0 = #= 360° for which
2cos’ #=cos #-1 =sin* ¢
Give your answers to 1 decimal place, where appropriate. (6 marks)

A teacher asks one of his students to solve the equation 2 sin 3x = | for=360° = v = 360°,
The attempt is shown below:

i iy |
5iN3X =3

3x =30"
x = 10"
Additional solution at 180" - 10° = 170°

a ldenufy two mistakes made by the student. (2 marks)
b Solve the equation. (2 marks)
a Skeich the graphs of y = 3sinx and y = 2 cos x on the same set of axes (0 = x = 360°).

b Write down how many solutions there are in the given range for the equation 3sin x = 2 cos x.
¢ Solve the equation 3 sin x = 2 cos x algebraically, giving your answers to one decimal place.
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The diagram shows the triangle ABC with AB = 11 cm,

BC=6cmand AC=Tcm,

a Find the exact value of cos B, giving your answer in
simplest form. {3 marks)

b Hence find the exact value of sin B. {2 marks)

The diagram shows triangle POR with PR =6¢m, QR = 5cm
and angle QPR = 45°,

-

32
a Show that sin 0 = 1-1;?- (3 marks)

b Given that { is obtuse, find the exact value of
cos (). (2 marks)

a Show that the equation 3 sin’ x — cos” x = 2 can be written as 4sin° x = 3,

b Hence solve the equation 3sin® x — cos? x = 2 in the interval —180° = x = 180°,

giving your answers to | decimal place.

Find all the solutions to the equation 3cos’ x + 1 = 4sin x in the interval

=360% = x = 360°, giving your answers to | decimal place.

Challenge

5o

lve the equation tan* x = 3tan® x + 2 = 0in the interval 0 = x = 360°

Summary of key points

1 For a point P(x, v) on a unit circle such that OF
makes an angle #with the positive x-axis:

» c0s #= x = x-coordinate of P

=

tem Tem

11em A
o
Scm
45°

6em R
(2 marks)
(7 marks)
(6 marks)

Plx.y)

P

+ sin# =y = y-coordinate of P
+ tan#= '}-1: = gradient of OP

¥

2 You can use the quadrants to determine whether each of the trigonometric ratios is positive or

224

negative,

For an angle #in the
second quadrant, only —————.  gjp All
sin # is positive.

1807 0. 360°

For an angle #in the first quadrant,
sin # cos #and tan # are all positive.

. )
For an angle #in the For an angle #in the fourth

third quadrant, only tan #—— Tan Cos
is positive.

210°

quadrant, only cos #is positive.



Trigonometric identities and eqguations

3 You can use these rules to find sin, cos or tan of any positive or negative angle using the
corresponding acute angle made with the x-axis, #

sin(180° = A =sinf —180°-4 5

sin (180° + &) = —sin #

Ta

sin (360° — #) = —sin & ]
tan (180° - #) = -tan &
tan(180° + /M =tan #

tan (360° = #) = =tan #

=
=

cos (180° — #) = —cos &

c 360 -
\-::ns (180° + &) = —cos ¢
cos (360° — &) = cos &

& The trigonometric ratios of 30°, 45° and 60° have exact forms, given below:

slnjﬂ-"=% cns]ﬂ”:%
51“*"5"=i_=£ c0545° =L =
V2 2 5
sinﬁﬂ“=§ ::usﬁﬂ“=%
5 For all values of # sin? #+ cos? #= 1

& For all values of #such that cos#=0, tan #=

m|ﬁ-|

tan 30° =

1.3
vy 3
tan45%=1

tan60° =43

sin &
cos &

T - Solutions to sin#= k and cos #=k only exist when-1 =k =1

+ Solutions to tan #= p exist for all values of p.

8 When you use the inverse trigonometric functions on your calculator, the angle you get is

called the principal value.

9 Your calculator will give principal values in the following ranges:

+ cos~lin the range 0 = #/= 180°
* sin~! in the range -90° = # =< 90°
+ tan~!in the range —90° = #= 90°
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Find the equation of the line which passes

through the points A(=2, 8) and B(4, 6), in

the formax+ by + =10, (3 marks)
= Section 5.2

The line { passes through the point (9, —4)
and has gradient % Find an equation for /,
in the form ax + by + ¢ = (), where a, b and
¢ are integers. (3 marks)
+« Section 5.2

The points A(D, 3), Bk, 5) and C(10, 2k),
where £ i1s a constant, lie on the same
straight line. Find the two possible values
of k. (5 marks)

 Section 5.1

The scatter graph shows the height, ficm,
and inseam leg measurement, /cm, of six
adults. A line of best fit has been added to
the scatter graph.

80 -HH R
g LT T T R e T T
76 - R T T T
74 I e T T T
72 L e T R T LR
oS e

s T
150155 160 163 170 175 180 185
Height (cm)

Inseam leg measurement (cm)

a Use two points on the scatter graph
to calculate the gradient of the
line. {2 marks)
b Use your answer to part a to write a
linear model relating height and inseam
in the form ! = kh, where k is a constant
to be found. (1 mark)
¢ Comment on the validity of your model
for small values of . (1 mark)

= Section 5.5
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Review exercise

The hine /| has equation y = 3x = 6.
The line /. is perpendicular to /, and passes
through the point (6, 2).
a Find an equation for /, in the form
¥ =mx + ¢, where m and ¢ are
constants (3 marks)
The lines /, and /, intersect at the point C.,
b Use algebra to find the coordinates of C.
{2 marks)
The lines [, and [, cross the x-axis at the
points 4 and B respectively.
¢ Calculate the exact area of triangle
ABC. (4 marks)
+ Sections 5.3, 5.4

Thelines y=2xand S5y + x—33=0

mtersect at the point P. Find the distance

of the point from the origin O, giving

your answer as a surd in its simplest

form, (4 marks)
+ Sections 5.2, 5.4

The perpendicular bisector of the line
segment joining (3, 8) and (7, —4) crosses
the x-axis at the point Q. Find the
coordinates of (). {4 marks)

= Section 6.1

The circle ¢ has centre (-3, 8) and passes
through the point (0, 9). Find an equation
for C. (4 marks)

&~ Section 6.2

Show that x* + y* —6x + 2y = 10=0
can be written in the form

(x —a) +(y = by =r", where a, band r
are numbers to be found. (2 marks)
b Hence write down the centre and
radius of the circle with equation

B+ P —6r+2y-10=0. (2marks)

 Section 6.2
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The line 3x + y = 14 intersects the circle
(x = 2) + (y = 3F = S at the points A
and B.

a Find the coordinates of 4 and

B. (4 marks)
b Determine the length of the chord
AB. (2 marks)

& Section 6.3

The line with equation y = 3x — 2 does
not intersect the circle with centre (0, 0)
and radius r. Find the range of possible
values of r. (8 marks)

#+ Section 6.3

The circle C has centre (1, 5) and passes
through the point P(4, =2). Find:
a an equation for the circle C. (4 marks)

b an cquation for the tangent to the
circle at P, (3 marks)

= Section 6.4&

The points A(2, 1), B(6, 5) and (8, 3) lie
on a circle.

a Show that £ZABC = 90°. (2 marks)
b Deduce a geometncal property of the
line segment AC, (1 mark)
¢ Hence find the equation of the
circle. {4 marks)
+ Section 6.5
2x2+2W0x+42 _ x+a
224x +4x* —4x'  bx(x + )
where a, b and ¢ are constants. Work out
the values of a, b and ¢. {4 marks)

= Section 7.1

a Show that (2x — 1) 15 a factor of
2x* =Txt = 1lx+10. (2 marks)
b Factorise 2x' =T = 17x+ 10
completely. (4 marks)
¢ Hence, or otherwise, sketch the graph
of y=2x = Tx* = 17x + 10, labelling
any intersections with the coordinate
axes clearly. (2 marks)

= Section 7.3

&P 16

® 17

EP) 18

EP) 19

(E/P) 20

Review exercise 2

fix)=32+x-38x+¢
Given that fi3) =0,

a find the value of ¢, (2 marks)
(4 marks)

~ Saction 7.3

b factorise f{x) completely,

glx)=x-13x+12

a Use the factor theorem to show that

(x = 3)1s a factor of g(x). (2 marks)
b Factorise g(x) completely. (4 marks)
+ Section 7.3

a Itis claimed that the following
inequality is true for all real numbers a
and . Use a counter-example to show
that the claim is false:

i + B < la+ b)Y (2 marks)

b Specily conditions on a and b that
make this inequality true. Prove your
result. (4 marks)

+ Section 7.5

a Use prool by exhaustion to prove that
for all prime numbers p, 3 < p < 20,
/15 one greater than a multiple
of 24. (2 marks)

b Find a counterexample that disproves
the statement ‘All numbers which are
one greater than a muluple of 24 are the
squares of prime numbers.” (2 marks)

+ Sections 7.5

a Showthat x*+ " = 10x =8y +32=0
can be written in the form
(x=a)+ (y = by =r, wherea, band r
are numbers to be found. (2 marks)

b Circle C has equation x* + 3 — 10x -
8y + 32 = 0 and circle D has equation
v + ' =9, Calculate the distance
between the centre of circle € and the
centre of circle D. (3 marks)

¢ Using your answer to part b, or
otherwise, prove that circles C and D
do not touch, (2 marks)
+ Sections 6.4, T.5
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The graph shows the curve
¥ =sin (x + 45°%), =360° = x = 360°,

L

\/ﬂ \/
a Write down the coordinates of each

point where the curve crosses the
r-axis.

¥ =sinlx + 45%)

-y

b Write down the coordinates of the
point where the curve crosses the
Y-axis. (1 mark)

+ Section 9.6

A pyramid has four triangular faces and a
square base, All the edges of the pyramud
are the same length, s cm. Show that the
total surface area of the pyramud 15

(V3 + 1) em?, (3 marks)

+~ Sections 9.4, 10.2

a Given that sinf = cos @, find the value
of tan#. {1 mark)
b Find the values of # in the interval
0 = # < 360° for which
sinfl = cosf, (2 marks)

+ Sections 10.3, 10.4

Find all the values of x in the interval
0 = x < 360° for which 3tan°x = 1.
(4 marks)
+ Section 10.4

Find all the values of # in the
interval 0 = # < 360° for which
2sin(f — 30°) =3, (4 marks)

+ Section 10.5

Show that the equation
2cos’ x =4 = 5sin.x may be written
as2sinfx = S5sinx+2=0. (2 marks)
b Hence solve, for () = x < 360°, the
equation 2cos*x =4 - Ssin .

(4 marks)

® 37

(e) 38

(2 marks) 39

Review exercise 2

Find all of the solutions in the interval
0=x<360°0f 2tan*x -4 =5Stan x
giving each solution, in degrees, to one
decimal place. (6 marks)
+ Section 10.6

Find all of the solutions in the interval
0= x<360°of 5sin°x = 6(1 — cos x)
giving each solution, in degrees, to one
decimal place. (7 marks)
+ Section 10.6
Prove that cos’ x (tan® x + 1) = 1 for all

values of x where cos x and tan x are
defined. (4 marks)

= Sections T4, 10.3

Challenge

1 The diagram shows
asquare ABCDon
a set of coordinate A
axes. The square
intersects the x-axis
at the points B and
5, and the equation
of the line which
passes through B ¢

¥i

/
/

D

and Cis y=3x- 12
a Calculate the area of the square,
b Find the coordinates of S.

= Sections 5.2, 5.4

2 Prove that the circle (x + 4 + (y - 5 = &
lies completely inside the circle
X+ +8x-10y=59

+ Sections 1.5, 6.2

3 Prove that for all positive integers n and &,
n L 1
[k}*(.l.:ﬂ)'u:l)'

& Solve for 0° = x = 360° the equation
2sin’ x-sinx+ 1=cos’ x.

+ Sections 7.4, 8.2

+ Section 10.6
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Prior knowledge check

Vectors

After completing this chapter you should be able to:
® Lse vectors in two dimensions - pages 231-235
® Use column vectors and carry out arithmetic operations

on veclors =% pages 235-238
e Calculate the magnitude and direction of a vector - pages 239-242
® LUnderstand and use position vectors - papes 242-244
® LUse vectors to solve geometric problems - pages 244-247
® Understand vector magnitude and use vectors in speed

and distance calculations -+ pages 248-251
® Use vectors to solve problems in context -+ pages 248-251

Write the column vector for Al N
the translation of shape % ; - Mj .
% J N
a Ato B % % » ?" f
b Ato C @ @ : |

P,

c Ato D + GCSE Mathematics
F

P divides the line A8 in the ratio AP: PB=T:2. = R
f f . B r"""&“'—- i
# > %‘F A%
Find:

4 i
a —;—E b 'E—E_ c ;—L + GCSE Mathematics
Find x to one decimal place.
a b

13
k|
Pilots use vector addition to work
d

7 out the resultant vector for their
g speed and heading when a plane
encounters a strong cross-wind.
18 Engineers also use vectors to work
out the resultant forces acting on
+ Sections 9.1, 9.2 structures in construction.



Vectors

Vectors

11.1

A vector has both magnitude and direction.
You can represent a vector using a directed line segment.
Q ¢

This is vector PQ. It starts This is vector QP. It starts
at P and fnishes at . at () and finishes at P,

The direction of the arrow shows the direction of the vector. Small (lower case) .
letters are also used to represent vectors. In print, the small letter will be in bold ’—____‘__..ra-"‘"
type. In writing, you should underline the small letter to show it is a vector: g or g

= If @. = R_'.S' then the line segments P() and RS are equal in length 5 g
and are parallel.

= .—ﬁ = -B‘.j as the line segment A8 is equal . 2 4 0
in length, parallel and in the opposite /// 5
direction to BA. A A

You can add two vectors together using the triangle law for vector addition.

® Triangle law for 2 " m The resultant is the vector sum of
vector addition: . D O TR et
..-"!.B H = ..|"’II C —— —_— e —y c

+BC=AC" O AB+BC+CD=AD

Ifﬁ:l, E:handf::,thenl+h=:

Example o
The diagram shows vectors a, b and c. /
; ; A b
Draw a diagram to illustrate the vector addition \\ =

a+h+ec

First use the triangle law for a + b, then use it
again for (a+ b) +c.

The resultant goes from the start of a to the end
of c.

@ Explore vector addition using 0 @

GeoGebra.
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Chapter 11

negative vector”:
a-b=a+(-b)

= Subtracting a vector is m
; i To subtract b, you reverse
equivalent to ‘adding a / : : the direction of b then add.
a-b

If you travel from P to @, then back from Q to P, you are back where you started, so your
displacement is zero.

« Adding the vectors PO and QP gives R i o
mEIEWMFEﬁ+§=n

So PQ + QP = PQ - PQ =0,

P

You can multiply a vector by a scalar (or number).
If the number is

If “TE. number is : : negative (= =1)
positive (= 1) the the new vector
new vector has a ja -Zb has a different
different length > < length and

but the same \ ‘a -1ib / the opposite
direction. ~ —— [ direction.

= Any vector parallel to the vector a may be M R D
WiELan s A WS oy s 8 ORI SCa scalars. They have magnitude but no direction.

Example e
— —_— —

In the diagram, QP =a. QR =b. 05 =cand RT =Ad.
Find intermsof a, b, cand d:

a PS b RP
¢ PT d 75
a PS = EJ, 0S =-a+e Add vectors using L POS.
=g—a
b ﬁz?ﬂ+ly_i"=—h+a Add vectors using AROP.
=a-b

e PT=PR+RT=B-a +d Add vectors using APRT.
Use PR=-RP =-(a—bj=b-a.

=b+d-a

d TS = TR + RS = -d + (RQ + 0S) Add vectors using ATRS and AROS.
= =g + [=b + &}
=e-b-d
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Vectors

ABCD 15 a parallelogram. AB = a, AD =b. Find AC.

D .
. w This is called the parallelogram law
for vector addition.
A -9 B
AC = AB + BC Using the triangle law for addition of vectors,

S R ——

BC=A4AD=0b

5-|:~E:=a+b

Show that the vectors 6a + 8b and 9a + 12b are parallel.

L AD and BC are opposite sides of a parallelogram
so they are parallel and equal in magnitude.

=
9a + 12b = 3(Ca + Bb) nefeAmg
.. Ehe vectors are parallel.
Example o
— — A
In triangle ABC, AB =aand AC =b.
P is the midpoint of AB. P Q
@ divides AC in the ratio 3: 2. ¢
.t 4 1]
Write in terms of a and b:
a BC b AP c AQ d PQ
a J_?sz?'f'+.-1f' I E=-.T
==AB + AC ' .
BC =b=a |7 AP=34ABs0o AP =:a
b AP = 3AB = 3a m AP is the line segment between A

s—* 4 andﬂwhemasﬁlsthemtmfrmﬂmﬂ

—_—  — —_— Fuat 4 _l
d PO =PA + AD ~ L— Qdivides ACintheratio3:250 AQ =zAC.
=—=AP + AQ ) .
: . | Going from P to Q is the same as going from P to
=3k - za A, then from A to Q.
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O &x»

1 The diagram shows the vectors a, b, ¢ and d.

Draw a diagram to illustrate these vectors: ¢

a a+c¢ b =h ay
c c—d d b+c+d /i‘/
e a-2b f 2¢e+3d

g a+b+c+d

2 ACGHis a square, B is the midpoint of AC, Fis the midpoint C F

of CG, His the midpoint of GI, D is the midpoint of Al
— —y
AB =band AD =d. Find. in terms of b and d:

— — JE— S— B -
a AC b BE ¢ HG d DF E
—: —— r=———- —— h‘
e AE f DH o HB h FE 'I
- VL i q ? 1— _.n.'
i A i BI k El | FB D
3 0ACRB s a parallelogram. M, O, N and P are A %

the midpoints of OA, AC, BC and OB / / /
respectively.
e g M D

— —_—
Vectors p and m are equal to OF and OM N
respectively. Express in terms of p and m. 2
r——p ﬂ

a OA b OB ¢ BN d DO 7 B
Eﬂ-'_.f_:; f.’if_.fa g-‘.’hﬂj Il:-i-ﬁ

—

—_— — —_—
i CD j AP k BM 1 NO

. —_— — —_— —p ]
4 Inthe diagram, PQ =a, 05 =b, SR =cand PT =d.
Find in terms of a. b, ¢ and d: a b
i —
a OT b PR
¢ TS d TR P
c
5 In the triangle POR, PQ = 2a and QR = 2b. R
The midpoint of PR 1s M. Find. in terms of a and b:
a PR b PM ¢ OM
(P) 6 ABCD isa trapezium with AB parallel to DC and DC = 34B.
M divides DC such that DM MC=2:1. AB=aand BC =h. Draw a sketch to show the
Find, in terms of a and b: information given in the
a AM b BD ¢ MB d DA i
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Vectors

7 OABCis a parallelogram. OA =aand OC = b. 4 8
The point P divides OB in the ratio 5:3. . r
Find, in terms of a and b:
a OF b OF ¢ AP 0 t C
8 State with a reason whether each of these vectors i1s parallel to the vector a - 3b:
a2a-6b bda-12b ¢ a+3b d 3b-a e 9b-3a f ja-3b
@ 9 In tnangle ABC, ﬁ =a and E =h. A
P is the midpoint of AB and @ is the midpoint of AC. 5 Q

a Write in terms of a and b
i BC ii AP i AQ iv PO B c
b Show that PQ is parallel 1o BC.

@ 10 OABC s a quadrilateral. EJ= a, OC =3band OB =a + 2b. A B
a Find, in terms of a and b:
i AB i CB
b Show that AB is parallel to OC. 2 g

@ 11 The vectors 2a + kb and 5a + 3b are parallel. Find the value of k.

@ Representing vectors

A vector can be described by its change in position or displacement relative to the x- and y-axes.

a= {2] where 3 is the change in the x-direction M The top Amber

and 4 is the change in the y-direction. is the x-component and
a o the bottom number is the
4 This is called column vector form. J-Companent.

3

= To multiply a column vector by a scalar, multiply each component by the scalar: A(i] = (i‘:)

prr
g+s

= To add two column vectors, add the x-components and the y-components: [ﬂ) + {:} = (

Example o

a= (i) and b= {._3”

Find a_lqa b a+b ¢ 2a-3b

235



Chapter 11

aza= ( -_*] Both of the components are divided by 3.

. 5
ba+b= [E: + [::'1} - {g} . —— Add the x-components and the y-components.
T PR T __[é] = 3[ :‘-*1] - —— Multiply each of the vectors by the scalars then

subtract the x- and y-components.

&Y (9 4L=9Y (-5
=':1;3.]'|:-3. ={:2+:—3 =115

You can use unit vectors to represent vectors in two dimensions.

= A unit vector is a vector of length 1. The unit vectors Ya
along the x- and y-axes are usually denoted by (0. 1] E
i and j respectively. ]
1 0
s j= l: _______________ PTREEy.
[ﬂ} (1] oo X
= You can write any two-dimensional vector in the form pi + gj.
By the triangle law of addition: C
‘ $ 51 + 2]
AC = AB + BC %
=5i+ 2
o i 5 A . &
You can also write this as a column vector: 5i + 2j = EE) 5i
= For any two-dimensional vector: (‘:} = pi + gj
Example o
a=3i-4j,b=2i+7j
Find a%_a ba+h ¢ 3a-2b
a ta = 331 - 4j) = 1.5i = 2j Divide the | component and the j component by 2.

ba+b=3i-4j+2i+7j
=(3 + 2)i + (=4 + 7)j = 5i + 3j ———— Add the i components and the ] components.

c 3a-2b=3(31-4)) - 2(21 + 7§}
N — 12§ — (41 + 14)) Multiply each of the vectors by the scalar then
(9 = 40 + (=12 = 14]] subtract the i and j components.

S - 26j

]
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Vectors

a Draw a diagram to represent the vector =3i + j

b Write this as a column vector.

3 units in the direction of the unit vector -I and
1 unit in the direction of the unit vector j.

b -3i+])= l’:"p

Example o

Given that a=2i + 5j, b= 12i - 10j and ¢ = =3i + 9j, find a + b + ¢, using column vector notation in
your working.

: : - Add the numbers in the top line to get 11
a+b+es= [E] + [—1EC] + {"f;‘}'} =(,] = (the.x-component), and the bottom line to get 4

(the y-component). This is 11§ + 4j.
Example @

Given a = 5i + 2j and b = 3i - 4j, @ Explore this solution as a vector O @
find 2a - b in terms of i and j. diagram on a coordinate grid using GeoGebra. i

S .E'I: 5 j = |' 10 } R ‘ To find the column vector for vector 2a multiply
2l A4 the i and j components of vector a by 2.
(10 &) 10-3 ] 7
2=—h=1ﬁ]-|: | ’};{&].._l

l=y] = Ny = =) To find the column vector for 2a — b subtract the

components of vector b from those of vector 2a.

==

2a-b=7i+8j- 1

—— Remember to give your answer in terms of i and .
0. Exercise @

1 These vectors are drawn on a grid of unil squares. Yy
Express the vectors vy, vz, Vi, vy Ve and v in: »
(1) i, j notation (11) column vector form .

1

Yy
¥a L ATS
5
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Given that a = 2i + 3j and b = 4i - j, find these vectors in terms of i and j.

a da b %a ¢ b d Zb+a

e 3a-2b f b-3a g 4b-a h 2a-3b
Given that a = [g} b= {_1_13] and e = (:?) find:

a Sa h-%e ca+b+ec d la-b+c
e 2b+2c-3a f 3a+5b

Given that a = i+ 5jand b = 3i = §, find:
a Aif a+ Abis parallel to the vector i b s if s+ bis parallel to the vector j

Civen thate=3i+ 4jand d =i - 2§, find:

a Aife+ Adis parallel toi+j b gif ge + dis parallel to i + 3j
¢ s1f ¢ = sd is parallel to 2i + j d rif d = rcis parallel to =2i + 3j
: ——p sl &
In tnangle ABC, AB =4i + 3jand AC = 5i + 2j.
Find BC. C
(2 marks)
A

OABC is a parallelogram. _ . A B
P divides AC in the ratio 3:2. 04 = 2i +4j, OC =Ti.
Find in i, j format and column vector format: P

—_— — —
a AC b OF c AP

0 » C

=(1)b=(19).e=3

You can consider b - 2a = ¢ as two linear

equations, One for the x-components
(2 marks) and one for the y-components.

Given that b - 2a = ¢, find the values of jand k.

o= (Z)w=(p)e=(})

Given that a + 2b = ¢, find the values of p and g. (2 marks)

The resultant of the vectors a = 3i — 2j and b = pi — 2pj is parallel to the vector ¢ = 2i - 3j.

Find:

a the value of p (4 marks)
b the resultant of vectors a and b. {1 mark)



@ Magnitude and direction

Vectors

You can use Pythagoras' theorem to calculate the magnitude of a vector.

. Fnrtlmua:turl=,ri+yj=(;],
the magnitude of the vector is given by:
|a] = X2+ 2

You need to be able to find a unit vector
in the direction of a given vector.

= A unit vector in the direction of a is |:_I

If |]a| = 5 then a unit vector in the direction

M You use straight lines on either side of

the vector:

jal = |xi+ 3| = |{;J|

w A unit vector is any vector with

magnitude 1.,
A unit vector in the direction of a is sometimes
written as a.

a /
ofais "

Given that a = 3i + 4j and b= -2i - 4j;

a find |a

b find a unit vector in the direction of a
¢ find the exact value of |2a + b|

e

5

@ Explore the magnitude of a vector

using GeoGebra.

C o

It is often quicker and easier to convert from i, j

3
a d={£.:|
la| =37+ 42 | I
la] =25 =5 _| b Lo

a 3i+4
a 5

B a unit vector is

(31 + 4j) or [S; . -

|
-

¢ za+b=2(>)+(%)= l5:f] =(3)

=

[2a+b| =v4” + 4 =v32 = 4/2 -

form to column vector form for calculations.

Using Pythagoras.

Unless specified in the question it is acceptable
to give your answer in i, J form or column vector
form.,

You need to give an exact answer, 50 leave your

. answer in surd form:

'.-E=1.'15“E=‘h.f + Section 1.5
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You can define a vector by giving its magnitude, and the angle between the vector and one of the
coordinate axes. This is called magnitude-direction form.

Find the angle between the vector 4i + 5§

and the positive x-axis This might be referred to as the angle between

the vector and i.

L

Identify the angle that you need to find.
A diagram always helps.

~ Y

P

You have a right-angled triangle with base & units

tan # = 5 : ; :
. and height 5 units, so use trigonometry.

g= +_:_m-' [E] = 51.3° (3 s.f)

Vector a has magnitude 10 and makes an angle of 30° with ).

Find a in i, j and column vector format. 3057,

Yi

=y

o

L Use trigonometry to find the lengths of the x-
and y-components for vector a.

i)

L '.'". o = =
coasG0R = 0 x=10cos 60 5
5in 60° = 7 = 10sinG0° = 5/3 The direction of a vector can be
given relative to either the positive x-axis (the i
. g 00 direction) or the positive {or the j direction)
a=5i+5/3jora=(_7] on) or the positive y-axis (or the  direction).
O
1 Find the magnitude of each of these vectors.
a 3i+ 4 b 6i - 8 ¢ Si+ 12§ d 2i+4
e 3i-35j f 4i+7j g -3i+ 5 h —4i -]
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Vectors

2 a=2i+3j.b=3i-4jand ¢ = 5i - j. Find the exact value of the magnitude of:

a a+b b 2a-¢ ¢ 3b-2¢

3 For each of the following vectors, find the unit vector in the same direction.
a a=4i+3j b b=35i-12j c c=-Ti+ 24j d d=i-3j

4 Find the angle that each of these vectors makes with the positive x-axis.
a Ji+d b 6i - 8j ¢ Si+ 12§ d 2i + 4

Lh

Find the angle that each of these vectors makes with j.
a 3i-3j b 4i+ Tj ¢ =3i+5j d —4i-j

6 Write these vectors in i, j and column vector form.

a v b rva C Va d vy
5%
45 15 0 -r
17 it ] T O 5 0 ':

7 Draw a sketch for each vector and work out the exact value of 1ts magnitude and the angle 1t
makes with the positive xv-axis to one decimal place.

a 3i+ 4 b 2i—j ¢ —5i+2j
8 Given that |2i - kj| = 2/10. find the exact value of k. (3 marks)
9 Vector a = pi + gj has magnitude 10 and makes Problem-solving
an angle #with the positive x-axis where £ :
sin #= 2. Find the possible values of p and g. Hahe STEON onsicien S the prestas caaex:
(4 marks)
10 In triangle ABC, AB = 4i + 3j, AC = 6i - 4j. B
a Find the angle between AB and . .
b Find the angle between AC and i.
¢ Hence find the size of £BAC, in degrees, to one decimal place. -
11 In triangle POR, PQ =4i + j, PR = 6i - §j. , e m e e
a Find the size of ZQFPR, in degrees, triangle is Jah sin &
to one decimal place. (5 marks) + Section 9.3
b Find the area of triangle POR. (2 marks) X\
[}
R b
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Challenge c Problem-solving

In the diagram below AB = pi+ gj Draw the parallelogram
and AD =i + s). D on a coordinate grid, and
choose a position for the

ABCD is a parallelogram.

Prove that the area of ABCD is ps - gr. origin that will simplify
your calculations.

@ Position vectors

You need to be able to use vectors to describe the position of a point in two dimensions.
Position vectors are vectors giving the position of a point, relative to a fixed origin.

The position vector of a point A is the vector a where ( is the origin. Va
If Er=ﬁ'i+hj then the position vector of A |5{:,:} i
= In general, a point P with coordinates (p, g) has a position vector
OP = pi +ﬂi=(g)- 0 T

« AB=0B -0A,whereOAand '} 4

— RLLY Use the triangle law:
() are the position vectors of — .
So AR = OB - OA
+ Section 11.1

-y

(#)

The points A and B in the diagram have coordinates (3, 4) Y4
and (11, 2) respectively. &
Find, in terms of i and j:

a the position vector of 4 b the position vector of B

¢ the vector AB

a OA = 3i+ b - - In column vector form this is {i}
b OF =11+ 2j In column vector form this is {1;}

c AR = 0B = 04

= (11§ + 2) = (3§ + 4)) = &i = 2j In column vector form this is {_Ez}
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Vectors

0A = 5i - 2jand AB = 3i + 4j. Find:
a the position vector of B

b the exact value of IEI in simplified surd form,

It is usually quicker to use column vector form for

04 =(3)ana 28 = (3
a 04 = l:—E] and AB = ‘ir} calculations.

OB = OA + AB = 1__5'?] + [3] = fgﬁ In i, j form the answer is 8i + 2j.

b Icﬁl =V& + 27 =64 + 4 =V6B = 2/TF—— VBB =Vl x IT = 2/17 in simplified surd form.

0O

1 The points 4, B and C have coordinates (3, 1), (4, 5) and (-2, 6) respectively, and @ is the origin.
Find, in terms of i and j:
a i the position vectors of A, Band C ii AB iii AC
b Find,insurdform: | |OC| i |48 iii |AC|

2 OP =4i-3j, 00 =3i +2j
a Find PO
b Find,insurd form: i [OP| i |0 iii [PO

3 00 =4i-3j, PO = 5i+6j
a Find ﬁ
—ii —ly )
b Find, in surd form: i |OP| i |00 iii |PO|

@ 4 OABCDE is a regular hexagon. The points 4 and B have position vectors a and b respectively,
where (7 15 the ornigin.

Find, in terms of a and b, the position vectors of
a ¢ b D c E
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@ 5 The position vectors of 3 vertices of a parallelogram

Problem-solving

are i) (;) and {E] Use a sketch to check that you
i ; s > have considered all the possible
Find the possible position vectors of the fourth vertex. positions for the fourth vertex.

@ 6 Given that the point 4 has position vector 4i —= 5j and the point B has position vector 6i + 3j.
a find the vector E : {2 marks)

b find I;ﬁ[ giving your answer as a simplified surd. (2 marks)

7 The point A lies on the circle with equation x* + »* =9, Given that OA = 2ki + ki,
find the exact value of &. {3 marks)

Challenge

The point B lies on the line with equation 2y = 12 - 3x. Given that |OB| = /13,
find possible expressions for OB in the form pi + gj.

@ Solving geometric problems

You need to be able to use vectors to solve geometric problems and to find the position vector of a
point that divides a line segment in a given ratio.

= |f the point P divides the line segment A B in the ratio A: y, then A
-['TP' = E—‘{+ A J-‘l_ﬂ'|r
A+ P
=04+ (0B - 04)
= - ”
i AP: Pl Ay

Example @
In the diagram the points 4 and B have A
position vectors a and b respectively F

(referred to the origin @). The point P divides
ABin the ratio 1 : 2.

Find the position vector of P. b

€

OF = 0A + ;4B

— = — L There are 3 parts in the ratio in total, so P is § of
= 0Ad + (08 - 0A)

the way along the line segment AB.
- 204 + 108 oy

Rewrite 4B in terms of the position vectors for A
=:;n + b and B.

—— Give your final answer in terms of aand b.
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Vectors

You can solve geometric problems by comparing coefficients on both sides of an equation:

= |f aand b are two non-parallel vectors and pa + gb=ra + sbthenp=rand g = ».

OABC is a parallelogram. P is the point where A B
the diagonals 08 and AC intersect.

The vectors a and ¢ are equal to 04 and OC P
respectively.

Prove that the diagonals bisect each other.

If the diagonals bisect each other, then P

must be the midpoint of OB and the midpoint @ O
e Use GeoGebra to show that
of AC
diagonals of a parallelogram bisect each other. 9

From the diagram,
OB=0C +CB=e+ n—| — Express D_.E' and fin terms of aand €.
and AC =40 + OQC J

=-04+0C=-a+c

Use the fact that P lies on both diagonals to find
— two different routes from O to P, giving two

Ples on OB = OP = e + a) different forms nfD—P-
Plies on AL = I!TJF = (.'J_'!- + TF

=a+ d-a+o — The two expressions for OF must be equal.

= ANe+a)l=a+y-a+e 2 = -
i : F ) Form and solve a pair of simultaneous equations

= A=l-pu and A=p T by equating the coefficients of a and ¢
= A=pm s0 P is the midpoint of both
I - = 3 .8 1% T a5 5 0m s 'l s
diagonais, 50 the diagonals bisect cach | If Pis halfway along the line segment then it
other must be the midpoint.

Example @
In tnangle ABC, AB = 3 - 2j and :-ﬁ_: =i - §j, Problem-solving

Work out what information you would need to
find the angle. You could:

o find the lengths of all three sides then use the
cosine rule

B o convert AB and AC to magnitude-direction
farm

The working here shows the first method.

Find the exact size of £BAC in degrees.
A

245



Chapter 11

BC = AC - 4B = _15:| - LE:J] = f:g v Use the triangle law to find BC.

|4B| = /37 + (-2F = /T3 1

IA_I"I =12 % [-5)F =426 Leave your answers in surd form,

|BC| = J2F + -3¢ =13 |

cos LBAC = --l-dlﬂl--. il d i l-ﬂf-l- ———— m51{=m + Section 9.1
2 % |AB| % |AC| 2he

13+26-13 _ 26 _ 1

2 x {13 x /26 262 V2 :
w Check your answer by entering the @ :
®

, ! " ; :
£BAC = cos™'(- E] = 45 vectors directly into your calculator.

o

® 1

In the diagram, WX =a, WY =band

—_— —_— —_—
WZ =c. ltis given that XY = ¥YZ.
Prove thata +¢=2b.

QAR s a triangle. P, Q and R are the midpoints A
of 04, AB and OF respectively.

OF and OR are equal to p and r respectively.
a Find iOB i PO p
b Hence prove that triangle PAQ is similar to triangle OA4B.

OARB s a trniangle. OA =aand OB =b.
The point M divides @4 in the ratio 2: 1.
MN is parallel to OB.

a Express the vector ON in terms of a and b.
b Show that AN: NB=1:2
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Vectors

OABC is a square. M is the midpoint of 0A, and @ divides BC A B
in the ratio 1: 3. 0
AC and MQ meet al P. 2

—_— _— — W
a If 04 =aand OC = ¢, express OF in terms of a and ¢. '
b Show that P divides AC in the ratio 2: 3.

o C

: N ; 5\ (4 A
In triangle ABC the position vectors of the vertices A, B and C are (E) [1) and [ﬁ) Find:
a |4B| b AC| ¢ |BC|
d the size of £BAC, ZABC and £ACB to the nearest degree.
OPQ is a triangle. > Problem-solving
2PR = RQ and 30R = OS To show that T, P and § lie
AP - W - P on the same straight line
G GE_* v R you need to show that any
a Show that OS5 =2a+b. a two of the vectors ﬁ:_ E
b Point T is added to the diagram such o u or PS are parallel.

b

that OT = —b.
Prove that points T, P and 5 liec on a straight line,

Challenge

OPQR is a parallelogram,

N is the midpoint of PQ and M is the midpoint of QR.

OP =aand OR = b. The lines ON and OM intersect the diagonal PR at points

X and Y respectively.

a Explain why PX = —ja + jb, where jis a constant.

b Show that PX = (k - 1)a + kb, where k is a constant.

¢ Explain why the values of j and k must satisfy these simultaneous equations:
k=1==f
=

d Hence find the values of jand k.

e Deduce that the lines ON and OM divide the diagonal PR into 3 equal parts.
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@ Modelling with vectors

You need to be able to use vectors to solve problems in context.
In mechanics, vector quantities have both magnitude and direction. Here are three examples:

e velocity
e displacement
e force

You can also refer to the magnitude of these vectors. The magnitude of a vector is a scalar quantity
- it has size but no direction:

e speed is the magnitude of the velocity vector .
e distance in a straight line between 4 and B is the magnitude of the displacement vector AB

When modelling with vectors in mechanics, it is common to use the unit vector j to represent North
and the unit vector i to represent East.

A girl walks 2 km due east from a fixed point O to A, and then 3 km due south from A to B. Find:
a the total distance travelled

b the position vector of B relative to O

¢ |08
d the bearing of B from O.

Mote that the distance of B from O is not the
same as the distance the girl has walked.

a The distance the girl has walked 15
Zkm+ 3km=5km

b Eepresenting the girl's joumey on a diagram:

j represents North, so 3 km south is written as
-3j km.

OB = (2i = 3 km Remember to include the units with your answer,

c |OB| =12 +3° =13 =361km (3 28——— OB is the length of the line segment OB iin the
3 — diagram and represents the girl's distance from
d tand=73 the starting point.

f= 53"
The bearing of B from O is

5C.3° + 90° = 14637 = 14E° A three-figure bearing is always measured

clockwise from north.
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In an orienteering exercise, a cadet leaves the starting point @ and walks 15 km on a bearing of
1 20° to reach A, the first checkpoint. From 4 he walks 9 km on a bearing of 240° to the second
checkpoint, at B. From B he returns directly to O,

Find:

a the position vector of A relative to O
b |OB|

¢ the bearing of B from O

d the position vector of B relative 1o O.

a
B
The position vector of A relative to O'is 04,
15 cos 30°
i o o o e i
=
15 sin 30F
1% :
A
04 = (15 cos 301 + 15 5in 30%) km
= (13.01 = 7.5)) km
b

|0B| = /T7T = 13:1km (3 =)

Vectors

Start by drawing a diagram.

£LOAB = 360" - (2640° + 60°) = 60°

Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of A relative to O.

|£-JE| is the length of OB in triangle OAB.
Use the cosine rule in triangle OA B,
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sinf _ sin&0°

Use the sine rule to work out #

9 17

o 9—”’%& = 0.596...
%

¥=366"=37" (3 al)

The bearing of B from O = 120 + 37

e 10

= 137

157° - 90° = 67"

Draw a right angled triangle to work out the
lengths of the i and j components for the
position vector of B relative to 0.

OB = (5.0 — 12.4j)km

0O &x»

1 Find the speed of a particle moving with these velocities: m Speed is the magnitude of
a (Ji+djms! b (24i - 7j)kmh-! the velocity vector,

¢ (5i+2)ms! d (-7i +4j)cms!

Find the distance moved by a particle which travels for: m Find the speed in each case
a 5 hours at velocity (8i + 6j) kmh-! then use:

b 10 seconds at velocity (5i - jms! Distance travelled = speed = time
¢ 45 minutes at velocity (6i + 2j) km h-'
d 2 minutes at velocity (—4i - Tjlcms™'.

Find the speed and the distance travelled by a particle moving in a straight line with:

a velocity (=3i + 4j)ms~! for 15 seconds b velocity (2i + 5j))ms~' for 3 seconds

¢ velocity (5i = 2j) km h-! for 3 hours d velocity (12i = 5))km h-! for 30 minutes.

A particle P is accelerating at a constant speed. @ The Urite oF accalaration
When ¢ =0, P has velocity u = (2i + 3))ms-! LR PR o e

and at time ¢ = 55, P has velocity v = (16i = 5j))ms~'.

Yy=1u
I

The acceleration vector of the particle is given by the formula: a =

Find the acceleration of P in terms of i and j.
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@ 5 A particle P of mass m = 0.3 kg moves under the action of a single constant force F newtons.
The acceleration of Pisa = (5i+ 7Tjjms—2.

a Find the angle between the acceleration and i. (2 marks)

Force. mass and acceleration are related by the formula F = ma.
b Find the magnitude of F. (3 marks)

6 Two forces, F, and F, are given by the vectors F, = (3i — 4j) N and F, = (pi + gj) N.
The resultant force, R = F; + F; acts in a direction which is parallel to the vector (2i - j).

a Find the angle between R and the vector i. (2 marks)
b Show that p+ 2¢ =35, (3 marks)
¢ Given that p = 1, find the magnitude of R. (3 marks)

7 The di;glam shows a sketch of a !H..i in the shape of a triangle ABC. B
Given AB = 30i + 40§ metres and AC = 40i - 60j metres,
a find BC (2 marks)
b find the size of £BAC, in degrees, 1o one decimal place (4 marks)

¢ find the area of the field in square metres. (3 marks)

@ 8 A boat has a position vector of (2i + j) km and a buoy has a position vector of (6i — 4j) km,
relative to a fixed origin O.
a Find the distance of the boat from the buoy.

b Find the bearning of the boat from the buoy.

The boat travels with constant velocity (8i — 10§) km/h. Draw a sketch showing the
¢ Verify that the boat is travelling directly towards the buoy initial positions of the boat,
d Find the speed of the boat. the buoy and the origin.

e Work out how long it will take the boat to reach the buoy.

o

() 1 Two forces F, and F; act on a particle.
F, = -3i + 7j newtons
F; =i~ jnewtons
The resultant force R acting on the particle is given by R = F; + F..
a Calculate the magmitude of R in newtons. {3 marks)

b Calculate, to the nearest degree, the angle between the line of action of R and the
veclor j. (2 marks)
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@ 2 A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant

L

252

speed. When first sighted at 09:00, § 1s at a point with position vector (-2i — 4j) km relative to a
fixed ongin @, where i and j are unit vectors due east and due north respectively, At 09:40, 5 1s
at the point with position vector (4i — 6j) km.

a Calculate the bearing on which S is drifting.

b Find the speed of 5.

A football player kicks a ball from point 4 on a flat football field. The motion of the ball is
maodelled as that of a particle travelling with constant velocity (4i + 9j) ms-'.

a Find the speed of the ball.
b Find the distance of the ball from A after 6 seconds.

¢ Comment on the validity of this model for large values of 1.

ABCD is a trapezium with AB parallel to DC and DC =448,
M divides DC such that DM: MC=3:2. AB =a and BC =b.

Find, in terms of a and b:

a A_ﬁr.; b E C E d E
The vectors 5a + kb and 8a + 2b are parallel. Find the value of k. {3 marks)

10

Given that a = G} b= [ }and e =[ :i} find:

-2
aa+b+c ba-2b+c ¢ 2a+2b-3¢
In triangle ABC, AB =3+ 5j and AC = 6i + 3j. find: B
a BC (2 marks)
b ZBAC (4 marks) "
¢ the area of the trnangle. {2 marks)

A

The resultant of the vectors a = 4i — 3jand b = 2pi - pj 1s parallel to the vector
¢ = 2i - Jj. Find:
a the value of p {3 marks)
b the resultant of vectors a and b. (1 mark)
For each of the following vectors, find
i a unit vector in the same direction ii the angle the vector makes with i
a a=38+ 135§ b b=24i-7j ¢ c=-9% + 4} d d=3i-2j
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Vectors

The vector a = pi + ¢j, where p and ¢ are positive constants, is such that |a] = 15.
Given that a makes an angle of 55% with i, find the values of p and 4.

Given that [3i - &jl = 3/5, find the value of k. (3 marks)

OARB is a triangle, E= a and E = b. The point M divides OA n the ratio 3: 2.
MN is parallel to OB

a Express the vector Eﬁ-’* interms of aand b. (4 marks)
b Find vector E . (2 marks)
¢ Show that AN:NB=2:3. (2 marks)

Two forces, Fy and F,, are given by the vectors F, = (4i — 5j) N and F. = (pi + ¢j) N.
The resultant force, R = F, + F acts in a direction which 1s parallel to the vector (3i - j)

a Find the angle between R and the vector i. (3 marks)
b Show that p+ 3g=11. (4 marks)
¢ Given that p = 2, find the magnitude of R. {2 marks)

A particle P is accelerating at a constant speed. When 1 = 0, P has velocity u = (3i + 4j)ms™!
and at time 1 = 25, P has velocity v = (15i = 3jims™".
vV-u

The acceleration vector of the particle is given by the formula: a = ——

Find the magnitude of the acceleration of P, (3 marks)

Challenge

The point B lies on 1:h_e line with equation 3y = 15 - 5x.
Given that I{J_E. = % find two possible expressions for OB In the form pi + gj.
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Summary of key points

1

2

11

12

13

14

15

16
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If P_Q- = RS then the line segments PQ and RS are equal in length and are parallel.

AB =—-BA as the line segment A8 is equal in length, parallel and in the opposite direction
to BA.

Triangle law for vector addition: AB + BC = AC
If.ﬁ:n.ﬁ:handﬁ:qthena+b=:

Subtracting a vector is equivalent to ‘adding a negative vector:a-b=a + (-b)

T o =r=——h =i
Adding the vectors PQ and QP gives the zero vector 0: PQ + QP =0.

Any vector parallel to the vector a may be written as Aa, where A is a non-zero scalar.

To multiply a column vector by a scalar, multiply each component by the scalar: A{'ﬂ] = (’I"F)

9 \Aq
To add two column vectors, add the x-components and the y-components (ﬁ) + {;] = (‘:; I ;)

A unit vector is a vector of length 1. The unit vectors along the x- and y-axes are usually

denoted by i and j respectively.i= (;) on (E]

For any two-dimensional vector: [g) = pi+ gj

Forthevectora=xi+)j= U} the magnitude of the vector is given by: |a| =/ x® + 3¢

A unit vector in the direction of a is =

a|
In general, a point P with coordinates (p, ) has position vector:

 — F
OFP = pi + gj =(£;)

- - #* — —
AB = OB - OA, where 04 and OB are the position vectors of 4 and B respectively.

If the point P divides the line segment AB in the ratio A: u, then A
OP = OA +—2— 4B
+ 1t r
= 04 + (0B - 0A) »
B A+
LH) AP: PE= A i

If a and b are two non-parallel vectorsand pa + gb=ra+sbthenp=randg=s



Differentiation

Objectives

After completing this chapter you should be able to:

':l '
® Find the derivative, f'(x) or d—l of a simple function -+ pages 259-268

X

® Use the derivative to solve problems involving gradients, tangents

and normals

® |dentify increasing and decreasing functions

® Find the second order derivative, f"(x) or

simple function

déy
dx2’

of a

= pages 268-270

= pages £T0-2T1

-+ pages 2T1-272

® Find stationary points of functions and determine their

nature

Sketch the gradient function of a given function

Model real-life situations with differentiation

—a>

Differentiation is part of calculus, one of
the most powerful tools in mathematics.
You will use differentiation in mechanics to
model rates of change, such as speed and
acceleration.

-+ Exercise 12K Q5

= pages 2T3-2T6
=+ pages 2T7T-2T8

= pages 2T9-281

Prior knowledge check

— 1

Find the gradients of these lines.

= Section 5.1

Write each of these expressions in the
form x* where n is a positive or negative
real number.

: xixx?
a xxx'

o
b Vx* [
xe

s

i
1 v X

+ Sections 1.1, 1.4

Find the equation of the straight line that
passes through:
a (0, -2)and (6, 1)
¢ (10,5) and (-2, 8)
Find the equation of the perpendicular to
the line y = 2x - 5 at the point (2, 1).

+« Section 5.3

b (3,7)and (9, 4)

# Section 5.2




Chapter 12

@ Gradients of curves

The gradient of a curve is constantly changing. You can use a tangent to find the gradient of a curve
at any point on the curve. The tangent to a curve at a point A is the straight line that just touches the
curve at A.

= The gradient of a curve at a given point is defined as the gradient of the tangent to the
curve at that point.

Vi

2.5

p=xt=2x+ 1

The tangent to the curve at (1, 0) has gradient 1, so
the gradient of the curve at the point (1, 0) is equal
to 1.

The tangent just touches the curve at (1, 0).
It does not cut the curve at this point, although it
may cut the curve at another point.

The diagram shows the curve with equation y = x°.
The tangent, T, to the curve at the point A(1, 1) is shown.
Point A 1s joined to point P by the chord AP.

a Calculate the gradient of the tangent, 7.
b Calculate the gradient of the chord AP when P
has coordinates:
i (2.4)
i (1.5, 2.25)
il (1.1, 1.21)
iv (1.01. 1.0201)
v (1+h(1+M7)

¢ Comment on the relationship between your
answers (o parts a and b.
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(I ] Eerise ()

I The diagram shows the curve with equation y = x* = 2x, VA
a Copy and complete this table showing estimates for 4-
the gradient of the curve.
3 =
- x-coordinate -lﬂ_l_!|3_
Estimate for gradient of curve ] _. el
b Write a hypothesis about the gradient of the curve at A
the point where x = p. S

¢ Test vour hypothesis by estimating the gradient of
the graph at the point (1.5, -0.75).

-

@ Place a ruler on the graph

to approximate each tangent.

2  The diagram shows the curve with equation y =+ 1 — x%.
The point A has coordinates (0.6, 0.8).
The points B, C and D lie on the curve with x-coordinates 0.7, 0.8 and 0.9 respectively.

Vi

0.8
0.6
041
0.2

L0806 040200 02 04 06 0.8 10 *
0.2+

a Venfy that point A lies on the curve.
b Use a ruler to estimate the gradient of the curve at point A.

¢ Find the gradient of the line segments:
i AD

i AC €D use sigedrafor partc.
iii AB

d Comment on the relationship between your answers to parts b and ¢,
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Differentiation

3 Fis the point with coordinates (3, 9) on the curve with equation y = 7,
a Find the gradients of the chords joining the point £ to the points with coordinates:
i (4, 16) i (3.5, 12.25) iii (3.1, 9.61)
iv (3.01, 9.0601) v (3+h(3+ AY)
b What do you deduce about the gradient of the tangent at the point (3, 9)?

4 (G is the point with coordinates (4, 16) on the curve with equation y = x°.
a Find the gradients of the chords joining the point & to the points with coordinates:
i (5, 23) ii (4.5, 20.25) iii (4.1, 16.81)
iv (401, 16.0801) v (440 (44 h)F)
b What do you deduce about the gradient of the tangent at the point (4, 16)?

@ Finding the derivative

You can use algebra to find the exact gradient of a curve at a given point. This diagram shows two
points, 4 and B, that lie on the curve with equation y = f(x).

v =flx)

B
/\‘\ As point B moves closer to point A the gradient of chord AB

gets closer to the gradient of the tangent to the curve at A.

You can formalise this approach by letting the x-coordinate of A be x, and the x-coordinate of B be
Xy + h. Consider what happens to the gradient of A B as & gets smaller,

ra r=fx)

Point B has coordinates (x, + A, f{x,; + A)).

: Paint A has coordinates (x, F(x)). m hrepresents a
| ; small change in the value
o Yo+ I v of x. You can also use éx to
represent this small change. It

is pronounced 'delta x”.
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The vertical distance from A4 to Bis f{x; + &) = f{x,). B

The horizontal distance is xp+ h = xy= I :
g + M) = Flxg)
flag+ H) — flx,) :

h P - T

So the gradient of AB is

As h gets smaller, the gradient of A B gets closer to the gradient of the tangent to the curve at A.
This means that the gradient of the curve at A is the limit of this expression as the value of A
tends to 0.

You can use this to define the gradient function.

= The gradient function, or derivative, of the curve y = f(x)
d l the
is written as f'(x) or —'F m ol Bt

dx limit as & tends to 0. You can't
evaluate the expression when
e = i e 4 = ) h =0, but as h gets smaller
h=o h the expression gets closer to a
The gradient function can be used to find the gradient of fixed (or limiting) value,

the curve for any value of x.

Using this rule to find the derivative is called differentiating from first principles.

The point 4 with coordinates (4, 16) lies on the curve with equation y = x2,
Al point A the curve has gradient g.

a Show thatg= alimum + h).
b Deduce the value of g,

oo B4+ h) - f4) Use the definition of the derivative with x = 4,
a g= nl 11 I
= lim 4 + F';" = . The function is f(x) = a%. Remember to square
o : everything inside the brackets, + Section 2.3
1G + &h + h* - 16
- II”"I e S 1, e s 4
[ f
- i DR The 16 and the -16 cancel, and you can cancel
“a=0 & in the fraction.
= ﬁ|l|‘l" (B + h)
o a ' As it — O the limiting value is 8, so the gradient at
&=

paint A is 8.

260



Differentiation

Example o

Prove, from first principles, that the derivative of x7 is 3x°,

Ao — O, 3xh — 0 and h¢ — Q.

S i) = 3x-

flx) = ¥ il G ‘From first principles’ means that you have to use
iy} = lim Hx+ M = 1o the definition of the derivative. You are starting
it o your proof with a known definition, so this is an
g S -‘JJ;: = {xP example of a proof by deduction.
k=0 i
o tim Xt 3%h + 3xh® + P - & v+ AP = (x + W) (x + h)?
B oot b L =[x+ M + 2hx + 1)
o 3% 3k 4 which expands to give 1 + 3:7%h + 3k + I
R ]
h3x2 + 3xh + ) )
= lim_ h - ———— Factorise the numerator.

= lim_ (3x® + 3xh + h*)
Any terms containing &, i, I, etc will have a
limiting value of 0 as k — 0,

Q Exercise @

For the function f{x) = x°, use the definition of the derivative to show that:

alf2)=4 b I{-3)=-6 e MM=0 d {509 = 100
flx) =t
a Show that Mx) = hli__m"{lr + ). b Hence deduce that "(x) = 2.

The point A with coordinates (-2, —8) lies on the curve with equation y = x%,
At point A the curve has gradient g.

a Show that g = Jimﬂ[l! - 61 + h?). b Deduce the value of g.

The point A with coordinates (-1, 4) lies on the curve with Problem-solving

equation y = x* - 5x.

: it . . Draw a sketch showing
The point B also lies on the curve and has x-coordinate (-1 + /). Soints 4 3nd B adithe
a Show that the gradient of the line segment 48 is given chord between them.
by I? = 3h = 2.
b Deduce the gradient of the curve at point A.
Prove, from first principles, that the derivative of 6x 15 6. {3 marks)
Prove, from first principles, that the derivative of 4x7 is 8x. (4 marks)
fix) = ax?, where a is a constant, Prove, from first principles, that *(x) = 2ax. (4 marks)
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Challenge

flg =1
Flx + ) = Fx) -1
a Given that F{x) = ;.uﬂ . , show that f(x) = ‘Eiﬂ o g

b Deduce that f'{x) = - ;}E

@ Differentiating x"

You can use the definition of the derivative to find an expression for the derivative of x" where n is
any number. This is called differentiation.

® For all real values of n, and for a constant a:

o Iff(x)=x" then f(x)=nx"-1 m

dy £x
If y=x" then i_-; =nx"=1 f{x) and e both r¢=_|:|r\*ar.|er|.:‘l the
derivative, You usually useai
o Iff(x) = ax" then f(x)=anx"-? when an expression is given in
dy form v =
If y=ax" then ) =anx*-1 e S s
dx
Example o
Find the derivative, f'(x), when f{x) equals:
a x° b oy ¢ x d x? x 2 ¢ Tt;
a f{x) = x* Multiply by the power, then subtract 1 from the
S50 f'lx) = 6X° o —  pOWwer:
E' » _rﬁ-.l - ﬁxi
[ ] fx)=x
2o fiix) = _1.
r L The new power is 3 — 1 = —3
= v X | ']
g
€ fix) = x2 VX & Section 1.4
Sofix) = =2x2 =
__2
. X~
. . You can leave your answer in this form or write it
d Fx) = il as a fraction.
=X
So (x) = 5x*

You need to write the function in the form x®
before you can use the rule.

xxl=yind

= x5
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e fix) = x + x°

Sa (x)=s —4x5

Example o

dy
Find *: when y equals:

d" T
3 i _a Bx
a Jx b —4x: e Ix- ==
ix
ey 3
=7 %33 = 21y
a = % 3x 21x
dy | R
b i -4 x Sxa =2Xx7i = = .- --——-L
|:$|_'I-' Y s {;_
& d}—SH—E.t = —pX™" =
TR
¥ a
— = = 1&
g hagRTe ey
g v=Vv36 xvil=6x{x*)i=6x
dy D TEE T :
-ﬂi_-;-ﬁu;?-.t = 9xr=9/x
O
1 Find "(x) given that fi x) equals:
ax’ b x* c ot
g x* h x4 i
m ¥ x x® n afx 0 xxx
. dy
2 Find g Biven that y equals:
a 3x b 6x* c %x"
4 x® X
-1 .. 54 —_
f 10x ¢ 3 o3 h o

Differentiation

Use the laws of indices to simplify the fraction:

e =xl-fa

e v3i6x?

Use the rule for differentiating ax” witha =7 and
n = 3. Multiply by 3 then subtract 1 from the power.

This is the same as differentiating x ¢ then
multiplying the result by —4.

Write the expression in the form ax". Remember
¢ can be any number, including fractions.

-1;

i
haje=

Simplify the number part as much as possible.

LIS Make sure that the

functions are in the form x*
before you differentiate.
d x e xi f ¥x
. | I |
= k — | —
I 5 Jx Vx
Xt x? x*®
P x4 4 x? £ x3
d 20y e 6xi
2 Sxtx 10x
e I
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3 Find the gradient of the curve with equation y = 3V'x at the point where:
a x=4 b x=9

2

1
e x=73 d x=17 ,
d Problem-solving

4 Given that 2)° = x*=0and y > 0, find i (2 marks)  Try rearranging unfamiliar equations
' into a form you recognise.

24 Differentiating quadratics

You can differentiate a function with more than one term by differentiating the terms one-at-a-time.

The highest power of x in a quadratic function is 1<, so the highest power of x in its derivative will
be x.

® For the quadratic curve with equation m The derivative is a straight line with
y =ax? + bx + ¢, the derivative is given by gradient 2a. It crosses the x-axis once, at the
dy g point where the quadratic curve has zero
dy - cor gradient. This Is the turning point of the
quadratic curve. + Section 5.1

d r
You can find this expression for d_:. by differentiating each of the terms one-at-a-time:

o | 2o =2 bv=bv' | 140 = 4 Sy Oifereniate 20

The quadratic term tells An x term differentiates Constant terms
you the slope of the to give a constant. disappear when
gradient function, you differentiate.
Example o
.
Find g Siven that y equals:
a x"+3x b 8x-7 ¢ 4x°-3x+35
a y=x"+3x Differentiate the terms one-at-a-time.
gy J
5551_:Ex+3 =
: The constant term disappears when you
b y=8x-7 M differentiate. The line y = -7 would have zero
dy dient.
e A gra
gLy
€ p=4x® - 3x 45 4x* = 3x + 5 is a quadratic expression with
Ay a=hbh==3andc=5.
So—=8x-3
[ & o

—— Thederivativeis2ax +h=2 x 4x =3 =8x -3,
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Example o

Let flx) = 4x% - 8x + 3.

a Find the gradient of y = f(x) at the point (3, 0).

b Find the coordinates of the point on the graph of y = {{.x) where the gradient is 8.
¢ Find the gradient of y = {{x) at the points where the curve meets the line y = 4x = 5.

a Asy=4x-8x+3 Differentiate to find the gradient function. Then

e B substitute the x-coordinate value to obtain the

-:51 ={{x)=8x=-8+0 gradient,

So #'(3) = -4

— Put the gradient function equal to 8. Then solve the

dy equation you have obtained to give the value of x.
2 ax U ot e — Substitute this value of x into f{x) to give the

So xr=g value of y and interpret your answer in words.

Soy=i2)=3

The point where the gradient is & is (2, 3). To find the points of intersection, set the

equation of the curve equal to the equation of
[ the line. Solve the resulting quadratic equation

47 - Bx+3=4x-5
§ _4:. B 1;: :; B D\ ) to find the x-coordinates of the points of
! ' - intersection. « Section 4.4
-Jx+2=0
(x=2x-1)=0 z .
Sox=10rx =2 Substitute the values of xinto f'(x) = 8x - Bto
it -1, the aciiont (5.0, y ‘ give the gradients at the specified points.
At x = 2, the gradient is B, as in part b. . .
= m Use your calculator to check @
solutions to quadratic equations quickly.
O Q@
o oody
1 Find dr when v equals:
a 2= 6x+3 b 3x? + 12x ¢ 4x2 =6
d 8xi4+ Tx+12 e 544y - 5y
2 Find the gradient of the curve with equation:
a y = 3x°at the point (2, 12) b y=x+ -11. at the point (1, 5)
¢ y=2x"-x— | at the point (2, 5) d y= 111 + 3 \ at the pomnt (1, 2)
e y=23-x*althe point (1, 2) f y=4- 11 at the point (=1, 2)

3 Find the y-coordinate and the value of the gradient at the point P with x-coordinate 1 on the
curve with equation y = 3 + 2x - x%

4 Find the coordinates of the point on the curve with equation y = x* + 5x —= 4 where the
gradient is 3.

265



Chapter 12

(P) 5 Find the gradients of the curve y = x> = Sx + 10 at the points A and B where the curve meets
the line v = 4.

@ 6 Find the gradients of the curve y = 2x7 at the points C and D where the curve meets the line
p=x+ 3

(P) 7 flx)=x-2x-8
a Sketch the graph of y = f{x).
b On the same set of axes, sketch the graph of y =1"(x).

¢ Explain why the x-coordinate of the turning point of y = fi{x) is the same as the x-coordinate
of the point where the graph of y = [*(x) crosses the x-axis,

@ Differentiating functions with two or more terms

You can use the rule for differentiating ax" to differentiate functions with two or more terms.
You need to be able to rearrange each term into the form ax”, where a is a constant and n is a real
number. Then you can differentiate the terms one-at-a-time.

¥

= If y = f(x)  g(x), then id =f'(x) £ g' ().

dx
FET]E o

dy
Find —— given that y equals:

dx
a 4x'+ 2y b x*+ 2= xt ¢ FxT+4x2
a y=4x* + 2x
So j—': =12x*+ 2 Differentiate the terms one-at-a-time.
b p=xt e xt-x : - :
e Be careful with the third term. You multiply the
Sc J-wdat+2x—-g¥ term by 3 and then reduce the power by 1 to
X o
get —;
c ¥ =1x7 + 452
L B W T, L Check that each term is in the form ax” before
gx = = differentiating.
= zXx"1 + 8x
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Differentiate:
a L b x(3x+ 1) ¢ = :2
4'., X & rig
a let y=
) v K

=X
= ay :
[heretore = —cX"
dx o

b Let y=x%3x +1)

=3x' 4 x*

i dy " B
Therefore — = 12x3 + 3x¢
gy

= 3x{4x + 1)

0 &E&x»

1  Differentiate:

axtex!

b 2x% + 352

Differentiation

Use the laws of indices to write the expression in
the form ax”.
1 1 R e
— e B o ]
& . 'ﬁ ;

Wx X

S

| =

Multiply out the brackets to give a polynomial
function.

Differentiate each term.

Express the single fraction as two separate

fractions, and simplify: -% =1
X

X

~ Write each term in the form ax” then

differentiate.

You can write the answer as a single fraction with
denominator x7.

¢ Gri+2y=+4

2 Find the gradient of the curve with equation y = f{x) at the point 4 where:
a fix)=x'=-3x+2and Aisat (-1, 4)

b fix)=3x"+2xv"and 4Aisat (2, 13)

3 Find the point or points on the curve with equation y = fi.x), where the gradient is zero:

a fix)=x"-5x
e fix)=x7=6x+1

4 Differentiate;

a 1\? b
2 -

& = +VX f
X
2 4 3x

VX

b fix)=x*-9x"+24x-20
d fix)=x"+dx

d -_';.1:]:.\' - 2)
3Ix* -6

A

h

1 (3x - 2][4.\: + %)

267



Chapter 12

5 Find the gradient of the curve with equation y = f{x) at the point 4 where:

2x -6

ya

a fix)=xix+ 1)and A isat (0, 0) b fix)= and A 1sat (3, 0)

¢ fix)= L_ and A 1s at [J; 2] d flx)=3x- %and Aisat(2, 5)

VX

3
6 fix)= I'_ + x, where p is a real constant and x > 0.
PyX

Given that I'(2) = 3, find p, giving your answer in the form av2 where a is a
rational number. (4 marks)

@ 7 f(x)=(2-x)°

a Find the first 3 terms, in ascending powers of x, of the

binomial expansion of f(x), giving each term in its €D use the binomial
simplest form. expansion witha=2, b= -x
b If x is small, so that x* and higher powers can be ignored, andn=9. ¢+ Section 8.3

show that f'(x) = 9216x = 2304,

@ Gradients, tangents and normals

You can use the derivative to find the equation of the tangent to a curve at a given point. On the
curve with equation y = f(x), the gradient of the tangent at a point 4 with x-coordinate a will be ' (a).

® The tangent to the curve y = f(x) at the
ol iRt e m‘" ﬂa]ﬁ:a . QD 1he equation of a straight line with
tlon ' gradient m that passes through the point (x,, ¥;)
- i5y =y =mx—x). + Section 5.2

v =Ffla) =F (a)(x = a)

The normal to a curve at point A is the straight line through A which is perpendicular to the tangent
to the curve at A. The gradient of the normal will be - fT{l_}
a

®= The normal to the curve y = f(x) at the point with ya
coordinates (a, f(a)) has equation Mormal o

y—"Ffla) =_F[lﬂi{x_ﬂ}

Tangent
at A
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Find the equation of the tangent to the curve
¥ =x* = 3x* + 2x — | at the point (3, 5).

p=x’ =3+ 2x—1

When x = 3, the gradient s 11. -

So the eguation of the tangent at (3. 5) 1s
y-5=1x-3) |

ay 3 2 P E
d_'[ = X5 ==X + r

y=1x-28 |

Example @ __|

Find the equation of the normal to the curve with
equation v = 8 — 3/x at the point where x = 4.

yr=8-=3/x
=8 - 3x ’]
ay 3
T _r'
When x = 4, vy = 2 and gradient of curve
and of tangent = —

4
So gradient of normal is 5.

Equation of normal is

y-2=3Hx-4)

y-6=4x-16
3y-4x+10=0 J

a. Exercise @

1 Find the equation of the tangent to the curve:
a y=x" - Tx + 10 at the point (2, 0)
¢ v =4/ x at the point (9, 12)
e y=2x"+ 6x + 10 at the point (-1, 2)

2 Find the equation of the normal to the curve:

a y = x? = 5x at the point (6, 6)

Differentiation

First differentiate to determine the gradient
function.

Then substitute for x to calculate the value of the
gradient of the curve and of the tangent when
=3

You can now use the line equation and simplify.

Write each term in the form ax” and differentiate
to obtain the gradient function, which you can use
to find the gradient at any point.

Find the y-coordinate when x = 4 by substituting
into the equation of the curve and calculating
8-3/4=8-6=2

Find the gradient of the curve, by calculating

Gradient of normal = gradien:n e
.
=3 °

Simplify by multiplying both sides by 3 and
collecting terms.

@ Explore the tangent and normal to O @

the curve using GeoGebra.

1 .
b y=x+ P the point (2, 1%]

2y =1 .
V= at the point (1, 1)

N -

! at the point (1, —6)

rl i 1
X

b y=x-~ j: at the point (4, 12)

V.

Find the coordinates of the point where the tangent to the curve y = 1% + 1 at the point (2, 5)

meets the normal to the same curve at the point (1, 2).
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@ 4 Find the equations of the normals to the curve y = x + x* at the points (0, 0) and (1, 2), and
find the coordinates of the point where these normals meet.

@ 5 Forfi{x)=12 = 4x + 2+, find the equations of the tangent and the normal at the point

where x = =1 on the curve with equation y = f{x).

6 The point P with x~c-:-nrdinale% lies on the Problem-solving

curve with equation y = 27,
The normal to the curve at P intersects the
curve at points P and Q.

Draw a sketch showing the curve, the peoint F and
the normal. This will help you check that your

Find the coordinates of Q. (6 marks) i
Challenge MUY Use the discriminant to find the value of m

The line L is a tangent to the curve with equation when the line just touches the curve. « Section 2.5

y=4x*+ 1. L cuts the y-axis at (0, —8) and has a
positive gradient. Find the equation of L in the
form y =mx + ¢,

Increasing and decreasing functions

You can use the derivative to determine whether a function is increasing or decreasing on a
given interval.

®= The function f(x) is increasing on the interval [a, b] if ' (x) = 0 for all values of x such that

a<x<h.
® The function f(x) is decreasing on the interval [a, b] if f'(x) = O for all values of x such that

a<x<h.

yat=xt+x yp FEx-
[ Notation JETSSSEps
= . is the set of all real numbers,
; x, that satisfy a = x = b,
(=1.-1) {1.-1)

The function f(x) = 27 + x is The function f(x) = x* - 2x%is

increasing for all real values of x.  increasing on the interval [-1, 0]

and decreasing on the interval [0, 1).
Example @

Show that the function f{x) = x* + 24x + 3 is First differentiate to obtain the gradient function.
increasing for all real values of x.

State that the condition for an increasing function

fix)=x*+24x + 3
is met. In fact F'(x) = 24 for all real values of x.

fix) =3x + 24 -

x= = Q) for all real values of x

So 3x° + 24 = 0 for all real values of x.
So H{x) is increasing for all real values of x.
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Find the interval on which the function

flx) = x* + 3x? — 9x is decreasing. - Find f"(x) and put this expression = 0.
fix) = xF + 3% = Oy Solve the inequality by considering the three
Flx) = 322 + Gx -9 mgiﬂns-‘:’a-l-]ExElﬂnﬂI;],mw
' ' : [ sketching the curve with equation
Ff{ix) =Othen3x* + 6x-9 =0 y=3x+Nx-1) + Section 3.5
S50 3(x*+2x-3)=0
Six+3)x-1=0 T Write the answer clearly.

S0 -3=x=1

So f{x) s decreasing on the interval [-3, 1]. @ Explore increasing and decreasing O @

functions using GeoGebra.

0 &Ex»

1 Find the values of x for which [{.x) 1s an increasing function, given that f{x) equals:
a 3vi4+8x+2 b 4x - 3x? ¢ 5—-8Bx—-2a2 d 2x = 15x% + 36x
e 3+ 3x-3xt4 53+ 12x g ot + 2y h x* - 8x

2 Find the values of x for which fix) i1s a decreasing function, given that f{x) equals:

a x*-9x b 5x-x* ¢ 4=-2x~-x° d 23 =-3x* = 12x
e 1-27x+x° f x+ ETE g xi+9x- h x*(x + 3)
3 Show that the function fix) =4 = x(2x= + 3) is decreasing for all x € R, (3 marks)
4 a Given that the function f{x) = x* + px is increasing on the interval [-1, 1], find
one possible value for p. (2 marks)
b State with justification whether this is the only possible value for p. (1 mark)

@ Second order derivatives

You can find the rate of change of the gradient function by differentiating a function twice.

p=5x m = =15¢ m %ﬂm
7 g,

o
s

t

=N

This is the gradient function. |t describes This is the rate of change of the gradient
the rate of change of the function with function. It is called the second order
respect to x. derivative. It can also be written as f"(x).
twice gives you the second order first order derivative or first derivative
d2y -
derivative, f"(x) or —'-}; The second order derivative is sometimes
dx just called the second derivative.
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Example @

Given that y = 3x° + %ﬁnd:

dy . d?y
a — >
dx d?
a ¥y=3x"+ :}_
- St A Express the fraction as a negative power of x.
dy ) Differentiate once to get the first order derivative.
S0 ——=15x* -8 = &
dax
. B
= 12x" =
X"
di Y
b - 1 = p0x* + 24x Differentiate a second time to get the second
X - 24 order derivative,
= g0x* + o

Given that flx) = 3Wx + = l_“ find:

LV X
a M(x) b "(x)
i e BTIR 1 Don’t rewrite your expression for f'(x) as a
N - 2x - fraction. It will be easier to differentiate again if
= 3x7 + 3%~ you leave it in this form.
1

b

I3 =
() = SX7F — X~

L gl The coefficient for the second term is
Flx) = =203+ Zx- 3 1 P
(~2)%(-2)=+5

AL -]
O T new pover s =313

d j d!r
Find i and E when y equals:
a 1222+ 3x+8 b ]5,~;+ﬁ+% c 91-".1-—-% d 5x+ 4$3x-2) e h;E
The displacement of a particle in metres at Links ; ticle wi
time f seconds 1s modelled by the function its mﬁ:ﬂ‘;f:ﬁl wiithe (1) and
f(r) = 1’42 - Statistics and Mechanics Year 2, Section 6.2
W il

The acceleration of the particle in m s~ is the second derivative of this function.
Find an expression for the acceleration of the particle at time ¢ seconds.

) d*y Problem-solving
Given that y = (2x - 3), find the value of x when — = ().

dx? When you differentiate with
f(x)=px?=3px?+ x* =4 respect to x, you treat any
When x = 2, {"(x) = -1. Find the value of p. other letters as constants.



@ Stationary points

Differentiation

A stationary point on a curve is any point where the curve has gradient zero. You can determine
whether a stationary point is a local maximum, a local minimum or a point of inflection by locking

at the gradient of the curve on either side.

= Any point on the curve y = f(x) where f'(x) = 0 is called a stationary point. For a small positive

value fr:
Type of stationary point Flx-Hh) | Flx) | Flx+h m The plural of
Local maximum Positive 0 | Negative maximum is maxima and the
- | plural of minimum is minima.
Local minimum Negative 0 Positive
Negative 0 Negati
Point of inflection - 1 iz
Positive 0 Positive

Point A is a local

CEEIDD roint 455 calied

maximum.
The origin
is a point of
inflection.

a local maximum because it

-

) X
\_/ is not the largest value the
function can take, It is just the

B Ppoint B largest value in that immediate

is alocal vicinity.
minimum.

a Find the coordinates of the stationary point on the curve with equation y = x* - 32x,

b By considering points on either side of the stationary point, determine whether it is a local
maximum, a local minimum or a point of inflection.

dy
Differentiate and let — = 0.

dx

a y=x'=-32x
dy o
Efm 4x° - 32
dy

e .:i-.t' =G —
Then d4x” = 32 =0
4x3 = 32
=5
xmg |
Soy=24-32x2 |
= 16 - &4
= -48

So (2, —48) is a stationary point.

Solve the equation to find the value of x.

Substitute the value of x into the original
equation to find the value of y.
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Make a table where you consider a value of x slightly

b Now consider the aradient on gither side

of (2, —48). less than 2 and a value of x slightly greater than 2.
g o= 1.9 X =2 v o= 2.1 ;
of x ' = ' ~ Caleulate the gradient for each of these values of
' -456 5.04 which x close to the stationary point.
Gradient 2 o —

WHEN 5 =y 15 4

Shape of x //" — Deduce the shape of the curve.
CUNGE e

I ] 2 —
From the shape of the curve, the point (2, —48) @ Explore the solution using O @

5 a local minimum point. GeoGebra.

In some cases you can use the second derivative, f"(x), to determine the nature of a stationary point.

= |f a function f(x) has a stationary point when x = g, then: m f*(x) tells you the rate

e if f"(a) > 0, the point is a local minimum of change of the gradient
function. When f'(x) = 0

® if f"(a) <0, the point is a local maximum and f*(x) > 0 the gradient is

If £”(a) = 0, the point could be a local minimum, a local increasing from a negative

maximum or a point of inflection. You will need to look at value to a positive value,

points on either side to determine its nature. m;:l"e stationary point 5 a
minimum.

a Find the coordinates of the stationary points on the curve with equation
=2 =15+ 24x+ 6

N

b Find ﬁ and use it to determine the nature of the stationary points.

8 p=23-15x2 4 24x+6 _‘

E_;':E = Cx2 — 30x + 24 Differentiate and put the derivative equal to zero.
LY
Putting Ex* = 30x + 24 =0 ‘

Gix=-4x-0=0 - Solve the equation to obtain the values of x for

the stationary points.
90 X=dorx=1

When x = 1,
y=2-15+244+6=17 Substitute x = 1 and x = 4 into the original
When x = 4, - ~——gquation of the curve to obtain the values of y
V=2 %CA-15RIC+24 X 4+6 which correspond to these values.

= =10 ]
20 the stationary points are at (1, 17)
and (4. =10
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d?y
b — =12x - 30
'

2y,
— = =18 which s <0
X"

o0 (L17) i a local maximum point.

Ei‘- 1
— = 18 which is > 0
ex=

When x = 1,

When x = 4,

So (4,-10) 5 a local minimum point. |

Differentiation

Differentiate again to obtain the second
derivative.

Substitute x = 1 and x = 4 into the second
derivative expression. If the second derivative is
negative then the point is a local maximum point.
If it is positive then the point is a local minimum

point.

: . I 3 . 3
a The curve with equation y = i 27x has stationary points at x = a. Find the value of a.

b Sketch the graph of v = -]-T +27x3,

a y=x+27
dy . 1
— ==X 4 OIx* = =— + BIx*
ax o
gy
When — = 0:
dx
e -+OIx* =0
x*
, 1
-:51.1." -
X
8ix* =}
X% = .-_
X =2y
Soa= ',:
e i
b S x4 162x= = + 162k
axe 3
! r 14,3 ‘
When x=—y, ¥= } + 27 {_._L} = ] —t—
d<y X .
and S = £ 1 1g2(-}) = -108
s (=) '
which is n.:.'.:.'_-|.;||:|-.,-f
So the curve has a local madmum at (=5, —4] s

When ¢ = J

V= r -I-E?:-;}-E"i

ane

déy 2 T

—— = —— 4 162[3) = 108
3

which is positive.

m Check your solution using your

Writei as 1! to differentiate.

dy
Set —
dx
stationary points.

= 0 to determine the x-coordinates of the

You need to consider the positive and negative roots:
D= (=D x(Dx-Dx(-D=5%

To sketch the curve, you need to find the
coordinates of the stationary points and determine
their natures. Differentiate your expression for

dy diy
— to find E

dx
Substitute x = -1 and x = 1 into the equation

of the curve to find the y-coordinates of the
stationary points.

calculator.

@
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— - . . 1
So the curve has a local minimum at (. 4).

1
— == 0085 ¥ — 050 .x=0is an asymptote of
The curve has an asymptote at x =0, —— x e

As X — oQ, ¥ — 00, Ithecuwe.
As X — —o0, ¥ — =00,
a Mark the coordinates of the stationary points on
; your sketch, and éﬂhEl the curve with its equation.
4 aat il You could check — at specific points to help with
dx
: your sketch:
31 ' dy
3 = ® When x = {, —— = -=10.9375 which is negative.
0 1 X ST 2
1 3 d1-'
; ® Whenx=1, E = 80 which is positive.

0O D occxch o
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Find the least value of the following functions: questions 1 and 2:
A 5 5 ) ; A : e Find F'(x).
X)=x=12x+8 b lx)=x"=-8x-1 X)=5x+ 2

a flx)=x X+ fix)=x X e fix)=5x"+2x o Set Pty = el solve
Find the greatest value of the following functions: to ﬁh“d th‘;::t“e of x

T . i L P at the stationary point.
a fix)=10- 5x b fix)=3+2x~x* ¢ f{x)=(6+x)(1~x) e Find the corresponding
Find the coordinates of the points where the gradient is zero value of f(x).

on the curves with the given equations. Establish whether these
points are local maximum points, local minimum points or points of inflection in each case.

a y=4vi+6x b yr=9+x-x1 c r=xt-x-x+1
| 54

d _r=,1;|:,'[:-—¢.1'--3] e _'I-'=,'l'+"1E I _1'=.T:+T

g y=x— Wy h y= xi{x = 6) i p=xt-122

Sketch the curves with equations given in question 3 parts a, b, ¢ and d, labelling any stationary
points with their coordinates.

By considering the gradient on either side of the stationary point on the curve
¥ =x" = 3x% + 3x, show that this point is a point of inflection.
Sketch the curve y = x* = 37 + 3x

Find the maximum value and hence the range of values for the function f{x) = 27 = 21,

fix)=x¥+3x =5 =3x+1
a Find the coordinates of the stationary points of f{x).

and determine the nature of each. mth Uirl!“ﬁlE factor theorem
b h th hof v = fix). with small positive integer
Skotel tie gph of )= 1) values of x to find one factor
of f'{x). & Section 7.2



Sketching gradient functions

You can use the features of a given function to sketch the
corresponding gradient function. This table shows you features
of the graph of a function, y = f(x), and the graph of its

Differentiation

gradient function, y = f'(x), at corresponding values of x, = ""'\ >
= === — : | y=fix)
y = f(x) y=Fx) £ |3
Maximum or minimum Cuts the x-axis E : 1
Point of inflection Touches the xy-axis | E I
Positive gradient Above the x-axis ! E '
Hegativelgra{':lieﬁl Bé-!.nw the x-axis | E f )
Vertical asymptote ‘u"ertﬁ:al asymptote ! X
Horizontal Eliymﬁt-:::te Horizontal asymptote at the x-axis | Y y=11x)
The diagram shows the curve with equation v = f{.x). Vi
The curve has stationary points at (=1, 4) and (1, 0), ¥ =flx)
and cuts the x-axis at (=3, 0).
Sketch the gradient function, y = '(x), showing the (=1, 4)
coordinates of any points where the curve cuts or meets
the x-axis. /\ ,..
/_3 o 1 X
VA ¥ v =f(x) y=F(x)
xr<-=1 Positive gradient | Above x-axis
vy = F'{x) r=-1 Maximum Cuts x-axis
=1 < x < 1 | Negative gradient | Below x-axis
e x=1 Minimum Cuts x-axis
1Q1 _/ I ¥ x>1 Positive gradient | Above x-axis

lgnore any points where the curve

v = f{x) cuts the x-axis. These will not tell you
anything about the features of the graph of

y=r.

@ Use GeoGebra to explore the kw O

features linking v = flx) and y = f'(x)
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Example @ ¥4
The diagram shows the curve with equation y = f{x). The curve
has an asymptote at y = -2 and a turning point at (-3, —8). -10 =
It cuts the x-axis at (=10, 0}, i -,._Ef. R
a Sketch the graph of v =1"(x). v =fix)
b State the equation of the asymptote of y = 1"(x). (-3, -8)
a i Draw your sketch on a separate set of axes. The
B graph of y = F'(x) will have the same horizontal
A = Ff) scale but will have a different vertical scale.
9 / —.\'\___ .
7 x You don't have enough information to work out
the coordinates of the y-intercept, or the local
——  maximum, of the graph of the gradient function.

The graph of y = f(x) is a smooth curve so the
graph of y = ' (x) will also be a smooth curve.

If y = f{x) has any horizontal asymptotes then
—— the graph of y = f'(x) will have an asymptote at
the x-axis.

a Exercise

For r:ach graph given, sketch the graph of the corresponding gradient function on a separate set
of axes. Show the coordinates of any points where the curve cuts or meets the x-axis, and give
the equations of any asymptotes.

a ¥4 (6,15 " M p=10 : i\ ¢
—9‘.13 EREERE ) LRI 1) 1
' } '__'_,_.,---_ ' 4. 3)
pd

® 2 flx)=(x+1)}x-4)y
a Sketch the graph of y = f(x).
b On a separate set of axes, sketch the graph of y = {"(x).
¢ Show that f'(x) = (x = 4)(3x - 2). €D s s an v grapi
d Use the derivative to determine the exact coordinates of the
points where the gradient function cuts the coordinate axes.

with a positive coefficient
of x2. & Section 4.1
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Differentiation

Modelling with differentiation

dy  small change in y

*

You can think of — as -
dxv  small change in x

If you replace y and x with variables that represent real-life quantities, you can use the derivative to
model lots of real-life situations involving rates of change.

_It represents the rate of change of y with respect to x.

The volume of water in this water butt is constantly changing over time.
If ¥V represents the volume of water in the water butt in litres, and ¢
represents the time in seconds, then you could model ¥ as a function of 1.

If ¥'=f{r) then ?j—j: = f{r) would represent the rate of change of volume

with respect to time. The units of % would be litres per second.

Given that the volume, V' cm?, of an expanding sphere is related to its radius, rcm, by the formula
V= '_—:wr-‘. find the rate of change of volume with respect to radius at the instant when the radius
i5 Scm,

V= 1-r Differentiate ¥ with respect to r. Remember that
LA [ wisaconstant.
When r= 5, % =4x u 5 - Substitute r = 5.
= 314 (3 =)
S0 the rate of change is 314 em® per em. ———— Interpret the answer with units.

A large tank in the shape of a cuboid is to be made from 54 m® of sheet metal. The tank has a
horizontal base and no top. The height of the tank is x metres. Two opposite vertical faces are
SQuAres.

a Show that the volume, ¥ m?, of the tank is given by V= 18x - -_Exf‘

b Given that x can vary, use differentiation to find the maximum or minimum value of V.

¢ Justify that the value of ¥ you have found is a maximum.
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a L=t the Iq':n.-._qth of the tank be y metres,

280

Tatal area,
So
But
So
S50
d¥
gx
I."
Fut g
ax
O
So x°
X
But x is 2
When x =

=36 s a madimum or mintmum

value of V.

When x =

This is negative, so F = 36 is the maximum

A= 2x% + 3xy
54=2x + 3xy
_S4-2x
! 3x
V= x=
. ( 54 - 2x
= X 3|\_‘
- gtE-A - 2x%)
¥F=18x - —x°
=18 = 2x°
= )
=18 - 2x°
= 5 ar
= —3 i 3
length so x = 3
3, V=

=

T
Bx3-5sx3d
54 - 18

36

d?¥

i
- |

e o

3.

value of V.

-4 x 3 =-=-12

Problem-solving

You don’t know the length of the tank. Write it as
v metres to simplify your working.

You could also draw a sketch to help you find
the correct expressions for the surface area and
volume of the tank.

Draw a sketch.

Rearrange to find y in terms of x.

Substitute the expression for y into the equation,

Simplify.

Differentiate 1 with respect to x and put %E =0
x

Rearrange to find x.
x is a length so use the positive solution.

Substitute the value of x into the expression for V.

Find the second derivative of V.

2
%::U 50 V= 36 is a maximum.



Differentiation

0O

1

3

EP) 10

Find dé where ## = i# = 31,
dr

Find d4 where A = 29r.

dr

9
Given that r = lf- find the value of %E when r= 3.

The surface area, A cm?, of an expanding sphere of radius r cm is given by 4 =4=r°. Find the
rate of change of the area with respect to the radius at the instant when the radius is 6cm.

The displacement, x metres, of a car from a fixed point at time 1 seconds is given by s = 1* + 8.
Find the rate of change of the displacement with respect to time at the instant when ¢ = 5.

A rectangular garden is fenced on three sides, and the house forms the fourth side of the

rectangle.

a CGiven that the total length of the fence 1s 80lm. show that the area, A. of the garden 1s given by
the formula 4 = W80 - 2y), where y 1s the distance from the house to the end of the garden.

b Given that the area is a maximum for this length of fence, find the dimensions of the
enclosed garden, and the area which is enclosed.

A closed cylinder has total surface area equal to 600,

a Show that the volume, Fem?, of this cylinder is given by the formula V= 300%r - wr,
where rem is the radius of the cylinder.

b Find the maximum volume of such a cylinder.

A sector of a circle has area 100 cm?.

a Show that the perimeter of this sector is given by the formula M N
“ f
F:2r+#.r}\¥ Fom

b Find the mimimum value for the perimeter.

A shape consists of a rectangular base with a semicircular top, as shown.

a Given that the perimeter of the shape is 40 cm, show that its
area, A cm?, is given by the formula

A=40r-2° -5
where rem is the radius of the semucircle. {2 marks)
b Hence find the maximum value for the area of the shape. (4 marks)

The shape shown is a wire frame in the form of a large

rectangle sphit by parallel lengths of wire into 12 smaller

equal-sized rectangles.

a Given that the total length of wire used to complete
the whole frame is 1512 mm, show that the area ol
the whole shape, 4 mm?, is given by the formula

A=1296x - mf‘*’

where x mm is the width of one of the smaller rectangles. (4 marks)
b Hence find the maximum area which can be enclosed in this way. (4 marks)
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() ixe cxrcise @)

2

1
®

E/P) 11
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Prove, from first principles, that the derivative of 10x7 is 20x. (4 marks)

The point 4 with coordinates (1. 4) lies on the curve with equation y = v + 3x.
The point B also lies on the curve and has x-coordinate (1 + dx).

a Show that the gradient of the line segment AB is given by (8x)* + 38x + 6,
b Deduce the gradient of the curve at point A.

A curve is given by the equation y = 33" + 3 + L1 where x = 0. At the points 4, B and
t“

C on the curve, x = 1, 2 and 3 respectively. Find the gradient of the curve at 4, Band C.

Calculate the x-coordinates of the points on the curve with equation y = 7x? — &
at which the gradient is equal to 16. (4 marks)

Find the v-coordinates of the two points on the curve with equation y = x* - 1lx + |
where the gradient is 1. Find the corresponding y-coordinates.

The function [ is defined by f{x) = x + % xeER x=0.

a Find ["(x). (2 marks)
b Solve I"{x) = 0. (2 marks)
Given that "
y=dix-—, x>0
1
find E'L {3 marks)
g dx

+ I 1
A curve has equation y = 12x: = x5,

dyr 3 |
a Show that E"{ = Zx7H4 - x). (2 marks)
b Find the coordinates of the point on the curve where the gradient is zero. (2 marks)
a Expand (x! = 1){x~+ ). 2 (2 marks)
| ' ; iy
b A curve has equation y = (x* = 1){x~=+ 1), x > (). Find T (2 marks)
¢ Use your answer to part b to calculate the gradient of the curve at the point
where x = 4. (1 mark)
Differentiate with respect to x:
2004 V3 + L1 (3 marks)

The curve with equation y = ax® + bx + ¢ passes through the point (1, 2). The gradient
of the curve is zero at the point (2, 1). Find the values of @, band ¢. (5 marks)



Differentiation

12 A curve C has equation y = x* = 537 + 5y + 2.

13

14

15

16

17

19

d 5
a Find i in terms of x. (2 marks)

b The p{‘-inls P and Q lie on C. The gradient of C at both Pand Q is 2.

The x-coordinate of P is 3.

i Find the x-coordinate of Q. (3 marks)
ii Find an equation for the tangent to C at P, giving vour answer in the form

¥ =mx + ¢, where m and ¢ are constants. (3 marks)
iii If this tangent intersects the coordinate axes at the points R and 8, find the

length of RS, giving your answer as a surd. (3 marks)

A curve has equation y =% = x4+ 3x°, x> 0. Find the equations of the tangent and the

normal to the curve at the point where x = 2.

The normals to the curve 2y = 3x' — 7% + 4x, at the points Q(0, 0) and A(1, 0),

meet at the point N.

a Find the coordinates of N. (7 marks)
b Calculate the arca of triangle OAN. (3 marks)

A curve C has equation y = x* - 2x? — 4x - | and cuts the y-axis at a point P.
The line L is a tangent to the curve at P, and cuts the curve at the point Q.
Show that the distance PQ is 2V17, (7 marks)

Given that y = x7 + % x>0

d ;
a find the value of x and the value of y when i ={. (5 marks)

b show that the value of y which you found in part a 15 a minimum. (2 marks)

A curve has equation y = x* = 53 + 7x - 14. Determine, by calculation, the coordinates
of the stationary points of the curve,

The function f, defined for x € B, x = 0, 15 such that:
ff(x)=x*=2 +i,
"
a Find the value of f"(x)at x =4. {4 marks)

b Prove that [ is an increasing function. {3 marks)

A curve has equation y = x* = 6 + 9x. Find the coordinates of its local maximum. (4 marks)

flx)=3=-8x =62+ 24x+ 20
a Find the coordinates of the stationary points of f{x), and determine the nature
of each of them.

b Sketch the graph of y = f{x).
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The diagram shows part of the curve with equation i
y = f(x), where: B

4
fix) =200 - % -3 x>0

The curve cuts the x-axis at the points 4 and C.
The point B is the maximum point of the curve.

a Find " x). (3 marks)
b Use your answer to part a to calculate the .,
coordinates of B. (4 marks) o I4 cxn X

The diagram shows the part of the curve with
equation y =5 - % x* for which y = 0.

The point P(x, v) lies on the curve and € is the origin.
a Show that OP* = %.x" - 4x? 4 25, (3 marks) Pix. y)
Taking f(x) = §* - 427 + 25;

b Find the values of x for which I'(x) = 0. (4 marks)
¢ Hence. or otherwise, find the minimum distance

from O to the curve, showing that your answer is 0 i
a4 minimum. (4 marks)
Vi

The diagram shows part of the curve with ' 8
equation ¥ = 3 + 5x + x* — x*. The curve
touches the x-axis at A and crosses the
x-axis at C. The points 4 and B are
stationary points on the curve.
a Show that C has coordinates (3, 0). (1mark) \__“7 1
b Using calculus and showing all your working, 49 “\ :

find the coordinates of 4 and B. (5 marks)

=
The motion of a damped spring is modelled using £ .
this graph. = |
H ] I

On a separate graph, sketch the gradient function § [~ B T
for this model. Choose suitable labels and units .E_ i :
for each axis, and indicate the coordinates of A : : : h
any points where the gradient function crosses 0 0.5 1.2 2.1 '
the horizontal axis. Time (seconds)

The volume, Fem?, of a tin of radius rcm is given by the formula V = w(40r = r* = ).

,

Find the positive value of r for which % = 0, and find the value of ¥ which
corresponds to this value of r.

The total surface area, A cm?, of a cylinder with a fixed volume of 1000cm? is given

2000 . .
L . where xem is the radius. Show that when the rate

x
of change of the area with respect to the radius 1s zero, x* = 200
11

by the formula A4 = 2mwx? +



& z

Differentiation

A wire is bent into the plane shape ABCDE as shown. Shape A B
ABDE is a rectangle and BCD is a semicircle with diameter BD.
The area of the region enclosed by the wire is Rm?, AE = x metres,
and AB = ED = y metres. The total length of the wire is 2m.

C
a Find an expression for y in terms of x. (3 marks)
b Prove that R= %{H —4x - mwx). (4 marks)
Given that x can vary, using calculus and showing your working: ¢ D

¢ find the maximum value of R. (You do not have to prove that the value
you obtain 1s a maximum. )

A cylindrical biscuit tin has a close-fitting lid which overlaps the tin
by 1 cm, as shown. The radu of the tin and the lid are both x cm.
The tin and the lid are made from a thin sheet of metal of area
80w cm? and there is no wastage. The volume of the tin is Fem?,

a Show that V= w{d0x - x* = 1), (5 marks)
Given that x can vary:

b use differentiation to find the positive value of x for
which V 1s stationary. (3 marks) Tin

¢ Prove that this value of x gives a maximum value of V. (2 marks)

d Find this maximum value of V. (1 mark) - W

¢ Determine the percentage of the sheet metal used in the
lid when V is a maximum, (2 marks)

The diagram shows an open tank for storing water,

ABCDEF. The sides ABFE and CDEF are rectangles.

The triangular ends ADE and BCF are isosceles, D
and £ AED = £ BFC = 90°. The ends ADE ¥
and BCF are vertical and EF is horizontal.

Given that AD = x metres:

a show that the area of triangle ADE is Jl m? E (3 marks)

Giiven also that the capacity of the container i1s 4000 m” and that the total area of the two
irnangular and two rectangular sides of the container 1s § m*:

w2 160002

b show that § = '_EF + = (4 marks)
Given that x can vary:

¢ use calculus to find the minimum value of 5. (6 marks)
d justify that the value of § you have found is a minimum, (2 marks)

Challenge

a Find the first four terms in the binomial expansion of (x + &), in ascending powers of h.
b Hence prove, from first principles, that the derivative of x7 is 7x%
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Summary of key points

1

10

11

286

The gradient of a curve at a given point is defined as the gradient of the tangent to the
curve at that point.

The gradient function, or derivative, of the curve y = f{x) is written as f'(x) or :—"
o + h1) = f(x) .

h
The gradient function can be used to find the gradient of the curve for any value of x.

flx) = r1Ii m

For all real values of n, and for a constant a:

o If f(x) = x" then f'(x) = nx"-! ® [f f{x) = ax" then f'(x) = anx" -1
e If y=x"then E]— = px"~ ! e If y=ax"then Eji = anx®-!
dx dx
For the quadratic curve with equation y = ax® + bx + ¢, the derivative is given by
dy
E =2ax+b

If y = f(x) £ g(x), then :—'1 = f'(x) £+ g'(x).

The tangent to the curve y = f(x) at the point with coordinates (a, f{a)) has equation
y = fla) = f' (@) (x — a)
The normal to the curve y = f(x) at the point with coordinates (a, f(a)) has equation

M = s P
y=fla)= fila) (x—a)
e The function f(x) is increasing on the interval [a, b] if f'(x) = O for all values of x such that
a<x<bh
® The function f(x) is decreasing on the interval [a, b] if f'{x) = 0 for all values of x such that
a<x<h,

div
Differentiating a function y = f(x) twice gives you the second order derivative, f"(x) or d_JE

s
Any point on the curve y = f(x) where f'{x) = 0 is called a stationary point. For a small positive

value h;

Type of stationary point | f(x - &) | F{x) | Flc+h)
Local maximum Positive | 0 | Negative
Local minimum MNegative | 0 | Positive
Negative | 0 | Negative

int of inflection
Point Positive | 0 Pasitive

If a function f(x) has a stationary point when x = a, then;
e if f"(a) = 0, the point is a local minimum
e if f"(a) < 0, the point is a local maximum.

If "{a) = 0, the point could be a local minimum, a local maximum or a point of inflection.
You will need to look at points on either side to determine its nature.



Integration

After completing this unit you should be able to:

e Find y given % for x* -+ pages 288-290
¢ Integrate polynomials -+ pages 290-293
e Find f{x), given f'(x) and a point on the curve -+ pages 293-295
e Evaluate a definite integral - pages 295-297
e Find the area bounded by a curve and the x-axis - pages 297-302
e Find areas bounded by curves and straight lines - pages 102-306

™.

Prior knowledge check

1 Simplify these expressions

x3 VX oxex?

3 — b =y
VX X

x3-x [x + 4x?

. = d ‘—a
U X

+ Sections 1.1, 1.6

Find i when y equals

a 2x’+3x-5 b jx?i-x

Integration is the opposite of differentiation.
It is used to calculate areas of surfaces,

volumes of irregular shapes and areas , :
under curves. In mechanics, integration 3 Sketch the curves with the following

can be used to calculate the area under a B  cquations:
velocity-time graph to find distance travelled. 2 a y=(x+1){x-3)
-+ Exercise 13D Q8 b y=(x+1)?%x+5) & Chaptor 4

5
X=X
d 2
X

€ xix+1) + Section 12.5
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@ Integrating x”

Integration is the reverse process of differentiation:

Function Gradient Function

- Differentiating x*

Integrating x”

Constant terms disappear when you differentiate. This means that when you differentiate functions that
only differ in the constant term, they will all differentiate to give the same function. To allow for this, you
need to add a constant of integration at the end of a function when you integrate.

i ] i 4
Rl T = — 5 [ .
e m dx = m P ‘I
/ - This is the constant of integration.
p=x-19

dy 1
mf—=x"theny=——x"*14¢,nz~-1 :
dx T You cannot use this rule if n = -1
1
" IFF(x) = x7, then f(x) = - 1wt s ma -1, | DSOS T andsok notdened
= You will learn how to integrate the function
xLin Year 2. -+ Year 2, Section 11.2

Example o

Find y for the following:

dy dy !
i ——=x b —=%
dx dx
I = .
v Use y=——x"*" "+ cwithn= 4
a y="—+1 n+l
' Don't forget to add ¢
X
b y= + o= ==X+

Remember, adding 1 to the power gives -5+ 1= -4

Divide by the new power (=4) and add ¢.

Find fix) for the following:

a f(x)=3x: b f{x)=3
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i - L P
a fix)=3 x5 +c=2x +¢ Remember3+;=3x5=2
Simplify your answer.
b .:'||'!=_ — E1|. -
; oAl 2 A
() =3 o=+ cm 3% + ¢ x% =1, 50 3 can be written as 3x™.

You can integrate a function in the form kx*" by integrating x" and multiplying the integral by k.

'k n+l 1
s l.t' +c,nE-1. m You don't need to multiply the

constant term (c) by k.

dy

s if—=Kkx", theny=
dx = J

= Using function notation, if f'(x) = kx",

k

then flx) = " lece,nz-1.
(x) n+1

= When integrating polynomials, apply the rule of integration separately to each term.

. dy i
Given —— = 6x + 2x* = 3x7, find y.
dx '
§ o= 1‘ + —x2 - =3y Apply the rule of integration to each term of the
N expression and add c.
= AX" =X = 2XT 4 - Now simplify each term and remember to add ¢.
0 Exercise @
1 Find an expression for v when J'- 15 the following:
. )
a x° b 10y ¢ - d -4 e xl f 4x:
g —2x¢ h x i Sx- i 6 k 36x! | —14x*
m -3y~ n -5 o Ox p 2x04
= dy T o : § i
2 Find y when 4 15 given by the following expressions. In each case simphify your answer.
A X =5xE = 6yt b 42 + x-i = x? e 4=12x4 4 2y
- 1 o4 ) -
d 5xV =102 + &7 e —3x1=3+8x [5x4 = x~t= 12x73

3 Find fix) when ['{x) 15 given by the following expressions. In each case simphfy your answer.

a 12x + %.1;-: +5 b 6x%+ 6x-7 - Lx c 11 - 1,1
d 10 + Ba? e 2y 4 4x f Ovl4+dx4 l.x":

2
4 Find y given that - = (2x + 3)%. (4 marks) Problem-solving

dx
s Start by expanding the brackets.
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@ 5 Find fix) given that f{x)=3x 1+ 6xi+ v -4, (4 marks)

Challenge

; dy = 3+x
Find y when = = 2/ - x3)(25%)

@ Indefinite integrals
You can use the symbol [ to represent the process of integration. M This process is

7 called indefinite integration.
. F =T - .

-r Filx)dx =f(x) + You will learn about definite
You can write the process of integrating v as follows: integration later in this chapter.

+1
,a:[x”d.r='rn +¢, nz-1
K s ™
e LY i

n+1 The dx tells you to
. *\ e integrate with respect
j ; to X.
The elongated 5 The expression to
means integrate. be integrated.

When you are integrating a polynomial function, you can integrate the terms one at a time.

= f (f(x) + glx))dx = fﬂ.r}d.r + fg{.r'.ldx

Example o

Find:
a f(x:+2x%)dx b [{x~i+ 2)dx ¢ f(Px?+ g dx d [(47 + 6)di
a Jorr+ 2dxn ¢ =y — First apply the rule term by term,
- _1 + _‘ + 0 - - Simplify each term.
b f(x~f + 2)dx= —+ 2x + ¢ .
it ZaulliT 2ottt _ Hememhe:—§+l=—%andthemtegralnfthe
= =257+ 2X #+ ¢ constant 2 is 2x.
oo y .
c .r: X gldr= X" F g . — The dx tells you to integrate with respect to the
variable x, so any other letters must be treated as

==X +gx+rcC constants,

J Iz &1 : i )
d |4 + G)dr = - PRty The dr tells you that this time you must integrate

with respect to 1.

Use the rule for integrating x* but replace x with r:

dv
|f—'1=£-r",then = P*leenz-l,
dr .

i+ 1
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Before you integrate, you need to ensure that each term of the expression is in the form kx", where

k and n are real numbers.

Example o

Find:
: I : j bl L 1 T ::I

a f(F- L.\'J;h b Jx(x-+ }}dt c |r{[1\'1' S dv

a |'|' — = x| dx

LX
= [{2x~7 = 3x7)dx = First write each term in the form x=.
= _'F."-' —~SXI 4L . : Apply the rule term by term.
==X = 2X 4O . - Simplify each term.

= - - 2V X3 Sometimes it is helpful to write the answer in the
same form as the question.

= [(x? + 2)dx - - First multiply out the bracket.
- ‘4' P T R : Then apply the rule to each term.
[ ||I"1= P L2 | x
K o
= Jf[-ix + : ¥ 'Ix - - Simplify (2x)° and write v.x as x:.
= |(4x7 + X~ + Sx7)dx - - Write each term in the form x*.
= o b
=3X + gt o - - Apply the rule term by term.
= 1 - 2X7F = 5x7 4+ ¢ — Finally simplify the answer.
= =i = == 1 +

0 x>

1 Find the following integrals:
a [xdx b [x"dx ¢ [3xAdx d [5x?dx

2 Find the following integrals:
a (" + 2c%)dy b [(2x* = x% + Sx)dx e [J(5x7 = 3x")dx

3 Find the following integrals:
a [(4x 2+ 3x-dx b (63— xi)dx e J(2x i+t —xi)dx
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4 Find the following integrals:

a [(dx? = 3x4 4 r)dx b [(x+x—F+x7)dx m In Q& part ¢ you are

e fipxt+ 21+ 3x-N)dx

5 Find the following integrals:

a [(3r - r)dt b [(2F =311+ l)dr

L}

[( pr® + g* + pxH)di

6 Find the following integrals:

(2x* + 3)
A |r11— dx b [(2x + 3Pdx

L]

J(2x + 3Wx dx

7 Find [f{x)dx when f{x) is given by the following:

2l

a (x+3) b (/% + 2 ¢ (£+27)

8 Find the following integrals:

o e
a J(.\"- + é)nlx b ‘](":1'1' + 1}:]1 ¢ [(x?+ 3)x - 1)dx
d ]'D‘%;‘”dx e J(* + —T—tﬂ}l)dx F [Vx(/x + 3Pdx

9 Find the following integrals:
a [(5-3)dx b [(/Px+ 2 )dx e [(5+ax+r)ax

10 Given that f{x) = '!_r?_, +4/x - 3x+ 2, x>0, find [f{x)dx.

X

11 Find _[r(R.-r-‘ + 6y — = )d_r_ giving each term in its simplest form.
L

12 a Show that (2 + 5/x)" can be written as 4 + kv.x + 25x, where & 1s a constant to be
found.
b Hence find rlr{.'_’ + Svx)Pdx.

; 4 n R — .
13 Given that y = 3x% = —, x >0, find [ydx in its simplest form.
g

i "'. .
14 J( _f”; + _;:f,r)-l.ix = : + 10y + ¢ (5 marks) Problem-solving
2yl -

Find the value of p and the value of g.

integrating with respect 1o x, 50
treat p and 1 as constants.

(5 marks)

(4 marks)

{2 marks)
(3 marks)

(3 marks)

Integrate the expression on the left-hand

side, treating p and ¢ as constants, then
compare the result with the right-hand side.
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15 fix)=(2-x)"

Given that x is small, and so terms in x* and higher powers of x can be ignored:

a find an approximation for [{x) in the
form 4 + By + Cx? (3 marks) m Find the first three terms
e T ey . of the binomial expansion of

b find an approximation for [f{x)dx. (3 marks) (2 = 0. SRR AN

@ Finding functions

You can find the constant of integration, ¢, when
you are given (i) any point (x, v) that the curve of
the function passes through or (ii) any value that

d .
the function takes. For example, if _d_:. = Ix* then

v = x* + ¢. There are infinitely many curves with
this equation, depending on the value of ¢ . T

Only one of these curves passes through
this point. Choosing a point on the curve
determines the value of ¢.

= To find the constant of integration, ¢
* Integrate the function

* Substitute the values (x, y) of a point on the curve, or the value of the function at a given
point f(x) = &, into the integrated function

* Solve the equation to find ¢

2 i ; ; ; - xr=2 .
I'he curve C with equation y = f{x) passes through the point (4, 5). Given that {'(x) = —, find
the equation of C.

i) = =—S = xF - 25 - First write f'{x) in a form suitable for integration.
i oA
S
) = = = S g e - - Integrate as normal and don't forget the + ¢.
= —X X7 + i
fld)=5 - ! Use the fact that the curve passes through (4, 5).
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I Remember 4: = 25
D==x27 =422+
= I'_f‘ - &+

I_.I- _:
=+

- Solve for ¢.
=

. Finally write down the equation of the curve.
p=—=xi=dxit—= =

w Explore the solution using o @

GeoGebra.

0 Exercise @

® o

L

294

Find the equation of the curve with the given derivative of y with respect to x that passes
through the given point:

AT o e
a go=30+ 2 pomnt (2, 10) b r i 4x° + 2 + 3; pomnt (1, 4)
dy 1, . dv 3 |
" e e e e point (4, 11) " W Tl - point (4, 0)
dx 4 dx Jx
dy e T " dy x4+ 3 L
(5 Fe X+ LF: pomnt (i, 7) T = point (U, 1)

The curve C, with equation v = f{ x), passes through the point (1, 2) and {x) = 2x° -

-

X
Find the equation of C n the form y = {{x).
) . . . o dy JVx+3 _,
The gradient of a particular curve is given by =" g Given that the curve passes through
: X
the point {9, 0), find an equation of the curve.
The curve with equation y = [{x) passes through the point (-1, 0). Given that
F{x) = 9x2 + 4x = 3, find fix). (5 marks)
dy
—— = Jxi-2xvx. x> 0.
dx

Given that y = 10 at x =4, find y in terms of x, giving each term in its simplest form. (7 marks)

: by 4+ 5y ] , - x
Gaven that can be written in the torm 6x” 4+ 5x9,

V.4
a write down the value of p and the value of 4. (2 marks)
X dy  6x + 5x°
Given that — = — and that y = 100 when x =9,
dx Vi i
b find v in terms of x, simplifying the coeflicient of each term. (5 marks)



@ 7 The displacement of a particle at ime 1 15 given by Problem-solving

the function f{r), where f{0) = (.
Given that the velocity of the particle is given by
()= 10 -5,

Integration

You don't need any specific knowledge
of mechanics to answer this question.
You are told that the displacement of

a find f{r) the particle at time ¢ is given by f(z).

b determine the displacement of the particle when r = 3.

@ 8 The height, in metres, of an arrow fired honzontally from the top of a castle is modelled by the

function fi(1). where [{0) = 35. Given that {r) = -9.81,
a find f{r).

b determine the height of the arrow when r = 1.5.

¢ write down the height of the castle according to this model.

d estimate the time it will take the arrow to hit the ground.

e state one assumption used in your calculation.

Challenge

1 A set of curves, where each curve passes through the origin, has
equations y = f,{x), y = f,{x), y=f,(x) ... where f)(x) = f,__,{x) and
filx) = x2
a Find f,0x), f,(x).

b Suggest an expression for f,(x).
2 A set of curves, with equations y = fy(x), y = f(x), ¥ = fy(x), ... all pass

through the point (0, 1) and they are related by the property
falx) = £, _,(x) and f,(x) = 1. Find F,(x), f3(x), f.(x).

@ Definite integrals

You can calculate an integral between two limits. This is called a definite integral. A definite integral

usually produces a value whereas an indefinite integral always produces a function.

Here are the steps for integrating the function 3x¢ between the limits x=1and x = 2.

2 e -
The limits of the integral { Ividy = [IJ]E
1
1

arefromx=1tox=2

¥ ={‘23] s {'_‘!3},__

Evaluate the integralat ___— - =8-1
the upper limit. _7

-H"\-

Write the integral in [ ]

Write this step in () brackets.

.. Evaluate the integral at the
lower limit.
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There are three stages when you work out a definite integral:

Write the dehnite integral Integrate, and write the Evaluate the definite integral
statement with its limits, «and 5. integral in square brackets by working out (k) — f(a).
" .dyx Ll ()=

m |f f'(x) is the derivative of f(x) for all

values of x in the interval [a, 5], then the
[a, D] The relationship between the derivative

d‘:ﬁ"it‘e integral is defined as and the integral is called the fundamental
_L f(x)dx = [l"l.'f}.i];II = f(bh) - fla). theorem of calculus.

Evaluate

.I.r.lﬂ-\' i = 1) dx

First multiply out the bracket to put the

| x5 = X —
expression in a form ready to be integrated.

- _|" i = 2x1 4 X I—— L

| B For definite integrals you don't need to include
+¢ in your square brackets.

3 3
— ; k" A = L
. Simplify each term.
= |{ - -.l - i}]— |_':_-: =0+ l:h:u

Example e
1 1] I;' - . -
Ciiven that P is a constant and _|r| (2Px + T)dx = 4P-, show that there are two possible values for P

Problem-solving

You are integrating with respect to x so treat P as
a constant. Find the dehnite integral in terms of

and find these values.

| (2Px + T)dx = [P + 7x]

s{(ZBF + 35)=(F+ 7)

= 24F + 2 P then it equal to 42, The fact that the question
24P + 258 = 4% asks for ‘two possible values’ gives you a clue that
P2 _ DAP — 28 = | the resulting equation will be quadratic.
— = g = L)
P m P =7 =1 .|
(P + I{P=-7)=0 Divide every term by 4 to simplify.
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0 Exercise @

s

DR

Evaluate the following definite integrals:
A T A e g m You must not use a calculator to
a J"*_m"‘ doe b f].x'* dox work out definite integrals in your exam. You
: ' ; need to use calculus and show clear algebraic
¢ [Vxdx d [ dx working,
I 1 x=
Evaluate the following definite integrals:
e2f 2 - P § i
a Jlu (—1 + 3.1-){1_1- h Jrl (2x' =4dx+ 5y ¢ J:'*( X - —T }d.r d _|';H1.1 "4 2y = l)dx
™y l X-
Evaluate the following definite integrals:
1x) 4 22 y 32 : 1 2440x
a Jrl . s dx b fr{ X — J dy C _Irl.»:-'(~ X+ '{.}El.l‘ d _IT —dx
. ] " (K] . A

- ; + . - =
Given that 4 1s a constant and j'l (6 x = A)x = A-, show that there are two possible values for

A and find these values. (5 marks)
P n :
Use calculus to find the value of fl (2x = 3vx )dx. (5 marks)
: 12 2 i . ’ = ,
Evaluate ,I; — dx, giving your answer in the form a + b/ 3, where @ and b are integers. (4 marks)
WX

Given that _||-IJ' L dx = 3, calculate the value of k. (4 marks) QT BT T
v

You might encounter a definite
The speed, v ms™', of a train at tume r seconds is given integral with an unknown in
byv=20+510<1=< 10 the limits. Here, you can find
: an expression for the definite
integral in terms of & then set
1s given by 5 = Jlrll"{lﬂ + 5r)dr. Find the value of 5. that expression equal to 3.

The distance, s metres, travelled by the traan in 10 seconds

I+ 2
8

Given that dx =7 and k > 0, calculate the value of k.

@ Areas under curves

Definite integration can be used to find the area under a curve. Ve

For any curve with equation v = f(x), you can define the area
under the curve to the left of x as a function of x called A(x).
As x increases, this area A(x) also increases (since x moves
further to the right).

¥ = fx)
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If you look at a small increase in x, say 4x, then the area ____ This vertical height
increases by an amount d4 = Alx + ax) = A(x). will be y = f{x).
L
This increase in the 44 is approximately rectangular o
and of magnitude ydx. (As you make dx smaller any error /:'\
between the actual area and this will be negligible.) —_— Al E'HE v = f(x)
Soyou have 44 = yix 73 e T >
-I"i_\. o

and if you take the limit lim {ﬂ'—") then you will see that 04 _ .

Ax=ell Y ﬂ.'ﬁ. d..'l.- )
Mow if you know that a4 _ ¥, then to find A you have to integrate, giving A4 = [y dx.

X
® The area between a positive curve, the y-axis Fa

and the lines x = a and x = b is given by y=fix)

Area = _I;b‘r dx

where ) = f(x) is the equation of the curve.

-

& il ]

Example o

Find the area of the finite region between the curve with equation y = 20 - x — x° and the x-axis.

p=20 =x=x"= (& = x)(5 + ¥ Factorise the expression.
1.
20

| uf

Draw a sketch of the graph. x = 4 and x = -5 are

/--_: 7] \\ . - the points of intersection of the curve and the
x-axis.
ea= | (20 = x = x%)dx
= |_':-:-|.'I. - "_} - 1'-1.
= (B0 — B — "___'1._ T 235 il
243 : h - You don't normally need to give units when you

2 are finding areas on graphs.

298



Integration

0 Exercise @

6

y= Ix+——=5 x>, \/
S i

The region R 15 bounded by the curve, the x-axis and the

Find the area between the curve with equation y = f{x), the x-axis and the lines x = & and
x = b in each of the following cases:

a fix)=-3x+17x- 1k a=1., bh=3
b flx)=2x" + Tx* - 4x; a=-3, bh=-]
¢ x)==-2F+7x=11x"+5x; a=0, h=4 m For part €, f{x) = =x{x = 1)*(x = 5)
d flx)= E a=-4, h=-I|
-G
The sketch shows part of the curve with equation y = x(x* - 4). va

Find the area of the shaded region. /-\ ¥ = x(x? - 4)

‘{ ﬂ'\/ i

The diagram shows a sketch ol the curve with equation v T LA

linesx=1and x= 3. :
l” :| L}
Find the area of R. I

Find the area of the finite region between the curve with equation y = (3 = x)}{1 + x) and the

X-aAXIs,

Find the area of the finite region between the curve with equation v = x(x — 4) and the x-axis.

2x? = 3x3 and the x-axis

Find the area of the finite region between the curve with equation y

The shaded area under the graph

¢ y= Ixl-2x +2 .

of the function f{x) = 3x? - 2x + 2, Problem-solving
bounded by the curve, the x-axis i

: ; L{3!"T—ET+E]'HT—E
and the lings x=0and x =k, is 8, : : o
Work out the value of k.

X
The finite region R is bounded by the x-axis and 4
the curve with equation y = =x*4+ 2x + 3, x = 0.
The curve meets the v-axis at points A and 8. R
a Find the coordinates of point 4 and point B, (2 marks) il o B
b Find the area of the region R. (4 marks)
1 ==yi4 Iy 4+ 3
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@ 9 The graph shows part of the Vi p=x3(2 - x) M f a
curve C with equation y = x%(2 - x). i auestion says "tise
The region R, shown shaded, ¢ calculus” then you need
15 bounded by C and the x-axis. R to use integration or
differentiation, and
show clear algebraic
warking.

Use calculus to find the exact
area of R. (5 marks) 0 x

i

@ Areas under the x-axis

You need to be careful when you are finding areas below the x-axis.

®= When the area bounded by a curve and the x-axis is below the x-axis, f ydx gives a negative
answer.

Find the area of the finite region bounded by the curve y = x(x - 3) and the x-axis.

e P m Check your solution using 8 .
i O 1 B your calculator, .
WhneEn V= U = LI O = M

3) First sketch the curve.
Itis \_/-shaped and crosses the x-axis at 0 and 3.

Area = JI' *lx — 3)dx | - The limits on the integral will therefore be 0 and 3.
= J, (x" = 3xjdx - L Multiply out the brackets.
_ 12 32X .
i ) L Integrate as usual.
= I[ 5. 2 ]' — The area is below the x-axis 5o the definite
27 - L integral is negative.
Sa the area s 4.5 State the area as a positive quantity.
The following example shows that great care must be taken if you are
trying to find an area which straddles the x-axis such as the shaded .

region. 7 N

For examples of this type you need to draw a sketch, unless one 15
given in the question.
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Integration

Sketch the curve with equation y = x(x = 1)(x + 3) and find the area of the finite region bounded by

the curve and the x-axis

Whenx=0,y=0 - _
A e : e . -|| Find out where the curve cuts the axes.
I"'_l-'=l.'|—"l W=
¥ = 00, ¥ = X | :
; - Find out what happens to y when x is large and
CEEa e positive or large and negative.
V4
y= x(x=1)x + 3) Problem-solving
/ Always draw a sketch, and use the points of
{ 0 : intersection with the x-axis as the limits for your
integrals.
| £ | _ydx —_|r ydx
; . | Since the area between x = 0 and 1 is below the
Now [rdx = [ix® + 23 - 3x)dx - axis the integral between these points will give a
o Y negative answer.
14 773 2
[ i ) = [-":’ o x 57 — : } Multiply out the brackets.
- m If you try to calculate the area as a
e o { . r . } o single definite integral, the positive and negative
) T J 1 areas will partly cancel each other out.
] ] i o 0] ] -‘.- - - - - |
= ¥ =

0 Exercise @

1 Sketch the following and find the total area of the finite region or regions bounded by the curves
and the x-axis:

a y=x(x+2) b v=(x+1)x-4) ¢ y={x+ Jxnx=-13)
d y=xqx-2) e y=x{x-2)x-3)
@ 2 The graph shows a sketch of part of the curve C with equation d
y=x(x+3)2 = x). ¥ =x(x+ 32 - x)
The curve C crosses the x-axis at the origin @ and at points
Aand B. A B X
a Write down the x-coordinates of 4 and B. (1 mark) :

The finite region, shown shaded, i1s bounded by the curve C and the x-axis.
b Use integration to find the total area of the finite shaded region. (7 marks)
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I (x)==x3+dx+11x-30

The graph shows a sketch of part of the curve with
equation y=-x*+4x2+ 11x - 30

v==x'+4x-=lx=30

a Use the factor theorem to show that (x + 3)i1s a
{actor of [(x).
b Write [{x) in the form (x + 30 Ax* + Bx + (.

¢ Hence, factonise f{x) completely.

d Hence, determine the x-coordinates where the curve intersects the x-axis

¢ Hence, determine the total shaded area shown on the sketch.

Challenge

1 Given that f(x) = x(3 - x), find the area of the finite region bounded
by the x-axis and the curve with equation

a y=fx) b y=2fx) € y=af{x)
d y=flx+a) e y= flax).

2 The graph shows a sketch of o p=x(x=1Nx+2)
part of the curve € with '
equation y = x{x - I}{x + 2}.
The curve C crosses the /

el
=

e
x-axis at the origin & and

at point B.
The shaded areas above
and below the x-axis are equal.

a Show that the x-coordinate of 4 satishes the equation
(x=120x2+10x+5 =0

b Hence find the exact coordinates of 4, and interpret geometrically
the other roots of this equation.

@ Areas between curves and lines

= You can use definite integration together with areas of trapeziums and triangles to find

more complicated areas on graphs.

The diagram shows a sketch of part of the curve with equation
v =x{4 - x) and the line with equation y = x.

Find the area of the region bounded by the curve and the line.
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Integration

X =)= L =
e = First, find the x-coordinate of the points of
T intersection of the curve y = x(4 - x) and the
K| 2h = g = | ¥
) line y = x.
' ==
Area beneath curve = [ (4x - x%)dx - ! Shaded area = area beneath curve - area
beneath triangle
f i ] igle = - o oA w3 i' E]
=3 % I \* 5 S
3 | y = — - .
o!]’ 21
— |ax2-Z| =(18-%")-(0-0)=18-9
) il o
Example @
The diagram shows a sketch of the curve with equation Vi

v = x(x = 3) and the line with equation y = 2x,

-
Find the area of the shaded region OQAC. : =
e _ °l m..rllr |!-J.rfur .H
Area of triangle OBC - [ x{x - 3)dx
and x=0)scda=3 Look for ways of combining triangles, trapeziums
i T T and direct integrals to find the missing area.
2x = x{x - Yy
= 0= 3 = 5y
s X =
X = y b =
e point Cis (5, 10). =
Area of tlanale OBC = L 5 w10 =55 @0 (b0
4 ¥ =3 '] |
A Substituting x = 5 into the equation of the line
[, x(x = 3)dx = [, (x* - 3x)dx givesy=2x5=10.
. H-__- E ‘ | g ' Work out the definite integral separately. This will

help you avoid making errors in your working.
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Shaded reaion 1s b _..':.i_._._. = D& _ ki

0 @EX®

1 The diagram shows part of the curve with equation

¥ = x*+ 2 and the line with equation y = 6. \

The line cuts the curve at the points A and 8. y
a Find the coordinates of the points 4 and B. \
-

B

0]

b Find the area of the finite region bounded

by line A8 and the curve.

2 The diagram shows the finite region, R, bounded by the curve

Lh

with equation v = 4x = x* and the line y = 3.
The line cuts the curve at the points 4 and B.
a Find the coordinates of the points 4 and B.

b Find the area of R.

The diagram shows a sketch of part of the curve with equation
y=9-3x - 5x! - x' and the line with equation y = 4 — 4x,
The line cuts the curve at the points 4 (=1, 8) and B(1, 0).

Find the area of the shaded region between 4B and the curve.

Find the area of the finite region bounded by the curve with
equation y = (1 = x)(x + 3) and the hne y = x + 3.

The diagram shows the finite region, R, bounded by the

curve with equation y = x(4 + x), the line with equation

¥ = 12 and the y-axis,

a Find the coordinates of the point 4 where the line
meets the curve.

b Find the arca of R,
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Integration

The diagram shows a sketch of part of the curve with
equation v = x* + | and the line with equation y = 7 - x.

The finite region, R, 1s bounded by the line and the curve,

The fimte region, R, is below the curve and the line and is
bounded by the positive x- and y-axes as shown in the diagram.
a Find the area of R,.

b Find the area of R..

The curve C has equation y = x i — % + 1.

a Venliy that C crosses the x-axis at the pont (1, 0).

b Show that the point A(8, 4) also lies on C.

¢ The point B1s (4, 0). Find the equation of the hne through 4 B.
The finite region R i1s bounded by C, A8 and the positive x-axis.
d Find the area of R.

The diagram shows part of a sketch of the curve with equation "y
‘)

y=-=+ x. The points 4 and B have x-coordinates  and 2
X* =

respectively.

Find the area of the finite region between AB and the curve.

L]
=

il

The diagram shows part of the curve with equation

¥y =3/x =x* + 4 and the line with equation

p=4-

a Verify that the line and the curve cross at the
point A(4, 2).

X

ko=

b Find the area of the finite region bounded by
the curve and the line.

The sketch shows part of the curve with equation

¥ = xY(x + 4). The finite region R, is bounded by the
curve and the negative x-axis. The finite region R, is
bounded by the curve, the positive v-axis and AB,
where A(2, 24) and B(b, 0).

The area of R, = the arca of R.. ( Ol

B(b,0) X
a Find the area of R,.

b Find the value of b.
T Problem-solving

Split R, into two areas by drawing
avertical lineat x = 2.
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11 The line with equation y = 10 — x cuts the curve with va 1
equation v = 2v- — 3x + 4 at the points A and 8, o
as shown.

a Find the coordinates of A and the coordinates R
of B. (5 marks)
The shaded region R is bounded by the line and the o \
curve as shown. y=10-x
b Find the exact area of R. {6 marks)
O
1 Find:
a [(x+ 1(2x - S)dx b f(xi+xi)dx
2 The gradient of a curve is given by ['(x) = x* = 3x = =, Given that the curve passes through
X
the point (1, 1), find the equation of the curve in the form y = f{x).
3 Find:
a [(8x* - 67 + 5)dx b [(5x + 2)xidx
’ (x+ IN2v=3) _
@ 4 Given y = = , find [ydx.
¥ A
. dx ; . .
@ 5 Given that 5 = (r + 1)* and that x = 0 when r = 2, find the value of x when 1 = 3.

6 Giventhat yi=x'+ 3
a show that v = x7 + 4x7 + B, where 4 and B are constants to be found. (2 marks)
b hence find [vdx. (3 marks)

7 Given that y: = 3x: = dx -1 (x > 0);

find s 2 k
a find — marks
dx ( )
b find [ydx. (3 marks)
8 [(2% - ab)dx=-== + Mx+¢
®) -'I{E.r-"_”}} X=-g5+ x4

306

Find the value of @ and the value of b.

A rock 15 dropped off a chiff. The height in metres of the rock above the ground after f seconds
is given by the function f{r). Given that fi0) = 70 and ['(¢) = -9.81, find the height of the rock
above the ground after 3 seconds.
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Integration

A cyclist is travelling along a straight road. The distance in metres of the cyclist from a fixed
point after ¢ seconds 1s modelled by the function [{¢), where [(r) = 5 + 21 and {{0) = 0.

a Find an expression for (1),

b Calculate the tme taken for the cyclist to travel 100 m.

The diagram shows the curve with equation

y=5+ 2y — x?and the line with equation y = 2.

The curve and the line intersect at the points 4 and B.

a Find the x-coordinates of A and B.

b The shaded region R 1s bounded by the curve and
the line, Find the area of R.

a Find [(x: = 4)(x—: = Ddx,

b Use your answer Lo part a to evaluate
A, | i
[t = 4y = 1)
gIving your answer as an exact fraction.

The diagram shows part of the curve with equation

¥y = x' = 647 + 9x. The curve touches the x-axis at A and

has a local maximum at B.

a Show that the equation of the curve may be written
as ¥ = x{x = 3), and hence wnite down the

coordinates of A. (2 marks)
b Find the coordinates of B. (2 marks)
¢ The shaded region R is bounded by the

curve and the x-axis. Find the area of R. (6 marks)

Consider the function y=3x:—4x~, x = 0.
o dy
a Find ir

b Find [ydx.

i ] " -
¢ Hence show that J|'I ydx= A+ By3, where 4 and B are integers to be found.

The diagram shows a sketch of the curve with equation
y=12xi-xifor0=x= 12,
dy 131 |
a Show that T =x"1(4 — x).
b At the point B on the curve the tangent to the
curve is parallel to the x-axis. Find the coordinates
of the point B. (2 marks)
¢ Find, to 3 sigmificant figures, the area of the fimte
region bounded by the curve and the x-axis. (6 marks)

(2 marks)

Ik

..1/1?\,i .

\ X
=8 2y-n

(4 marks)

(2 marks)

]

(2 marks)

{3 marks)

{2 marks)

I
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(EP) 16

(EP) 18

308

The diagram shows the curve ¢ with equation
¥ = x(8 — x) and the line with equation y = 12
which meet at the points L and M.

a Determine the coordinates of the point M. (2 marks) (8 = )
b Given that & 1s the foot of the perpendicular from
M on to the x-axis, calculate the area of the shaded

region which 1s bounded by N M, the curve C and

=1

the x-axis. (6 marks)
The diagram shows the line y = x — |1 meeting the Vi
curve with equation y=(x - 1){x=3)at 4 and C.
The curve meets the x-axis at 4 and B. \

a Write down the coordinates of 4 and B and find

: ye(x=1x=5)
the coordinates of C. (4 marks)

b Find the area of the shaded region bounded by
the line, the curve and the x-axis. (6 marks)

5

The diagram shows part of the curve with equation 4
y=p+ 10x - x*, where p is a constant, and part

of the line / with equation y = gx + 25, where g 15 a
constant. The line / cuts the curve at the points A

and B, The x-coordinates of 4 and Bared4 and 8
respectively. The line through A parallel to the x-axis
intersects the curve again at the point C.

a Show that p = -7 and calculate the value of g. (3 marks)

b Calculate the coordinates of C, (2 marks) (i) I|r ”‘l X

¢ The shaded region in the diagram is bounded by
the curve and the line segment 4C. Using integration
and showing all your working, calculate the area of the
shaded region. (6 marks)

Given that fix) = e 8/x +4x -5, x>0, find [f{x)dx. (5 marks)

: ; af 3 :
Giaven that A 1s constant and JE {— - .-a‘)d.x‘ = A7 show that there are two possible values

for A and find these values. L (5 marks)
(2-x3)°
Pixc)= — x %1
X~

a Show tl-ml f{x)=8x"2= 12+ Ax? + Bx* where 4 and B are constants to be found. (3 marks)
b Find {{x).

Given that the point (=2, 9) lies on the curve with equation y = f{.x),

¢ find fi x). (5 marks)



® 22

The finite region S, which is shown shaded, is
bounded by the x-axis and the curve with
equation y = 3 — 5x — 2¥2,
The curve meets the x-axis at points 4 and B.
a Find the coordinates of point 4 and
point 8. {2 marks)

b Find the area of the region §. {4 marks)

The graph shows a sketch of part of the curve C with
equation y = (x = 4)(2x + 3).

The curve € crosses the yv-axis at the points A and B.
a Write down the x-coordinates of 4 and B.

The finite region R, shown shaded, 1s bounded by C
and the x-axis.

b Use integration to find the area of R. (

The graph shows a sketch of part of the curve C
with equation y = x{x = 3)}(x + 2).

The curve crosses the x-axis at the origin @ and
the points 4 and B.

a Write down the x-coordinates of the points

A and B. (1 mark)

b Use integration to find the total area of this region

Challenge

The curve with equation y = x* — 5x + T cuts the curve with

equation y = x% = 3 x + 7. The shaded region R is
bounded by the curves as shown.

Find the exact area of R.

Integration

Vil

{1 mark)

6 marks)

o ey —4)2v+ 3)

¥l

7 7

The finite region shown shaded is bounded by the curve C and the x-axis.

K L

F=xilx=-3ix+2)

(7 marks)

=
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1

310

dy
If — = x® then y= L.\"' *lypenz-1.
dx " on+1

Using function notation, if f'(x) = x* then f(x) = ﬁx" e nz-1

di _
22 = ko, then y = X
dx

x"*l e e e -1,
n+1

n+1
When integrating polynomials, apply the rule of integration separately to each term,

Using function notation, if f'{x) = kx®, then f(x} = "l nz-1.

F{x)dx =f(x) + ¢
Jif(x) + glx))dx = [Fx)dx + [glx)dx

To find the constant of integration, ¢
+ Integrate the function

« Substitute the values (x, v) of a point on the curve, or the value of the function at a given
point f(x) = k into the integrated function

« Solve the equation to find ¢

If f'{x) is the derivative of f(x) for all values of x in the interval [, b), then the definite integral
is defined as [ "Fildx = [f(x)] = f(b) - Fla)

The area between a positive curve, the x-axis and the lines x = a and x = b is given by
Area = -'r, *ydy

where y = f(x) is the equation of the curve.

When the area bounded by a curve and the x-axis is below the x-axis, [y dx gives a negative
dNSWer.

You can use definite integration together with areas of trapeziums and triangles to find more
complicated areas on graphs.



Exponentials and
logarithms

After completing this unit you should be able to:
® Sketch graphs of the form y = &, y = e*, and transformations of
these graphs -+ pages 312-317
e Differentiate e** and understand why this result is important
-+ pages 314-317
® Use and interpret models that use exponential functions
=+ pages 317-319

14

e Recognise the relationship between exponents and logarithms
= pages 319-321

® Recall and apply the laws of logarithms - pages 321-324
® Solve equations of the forma* = b -+ pages 324-325
e Describe and use the natural logarithm function - pages 326-328
& Use logarithms to estimate the values of constants in non-linear
madels -+ pages 328-333

1 Giventhat x=3and y = -1, evaluate
these expressions without a calculator.
a5 b3 c22' d7 e ll™¥

+ GCSE Mathematics

Simplify these expressions, writing each
answer as a single power.
2% x 2%

aéti=6 b _l']-"‘ |:_1'9}P C —EH—“ d vx®

+ Sections 1.1, 1.&

Plot the following data on a scatter graph
and draw a line of best fit.

iz 2a 3= s | 58
y | 58 | 74 | 94 | 103 | 128

Logarithms are used to report and compare
earthquakes. Both the Richter scale and the
newer moment magnitude scale use base

10 logarithms to express the size of seismic
activity. =+ Mixed exercise Q15

Determine the gradient and intercept of
your line of best fit, giving your answers to
one decimal place. + GCSE Mathematics
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Exponential functions

Functions of the form f(x) = a ", where « is a constant, are called exponential functions. You should
become familiar with these functions and the shapes of their graphs.

For an example, look at a table of values of y = 2",

m In the expression 2°,

= =2 = = 0 1 3 x can be called an index, a power
¥y ! : : 1 2 8 or an exponent.
The ua[ure of 2 .[EF.IdS tuu:fards 0 as x decreases, and m Recall that 20 = 1 and that
grows without limit as x increases. .1
; : , == + Section 1.4
The graph of y = 2" is a smooth curve that looks like this: 2’ 8
¥
a-.
7
6
5-
j'-.
3_.
E-
h; - —— The x-axis is an asymptote
5| - - _li?_ 1 F B to the curve.

a On the same axes sketch the graphs of y =3, »

b On another set of axes sketch the graphs of v =

a For all three graghs, ¥y = 1 when x = 0.
Whenx >0, 3" > 2" > 1.5, ?+—ooooer
Whenx < 0, 3" < 2" < 1.5, =

|
-3 -l -1 O ] 2 3

-_— 1 1 - R a
b The gragh ot y = (5) i= a reflection in the

y-adis of the graph of y = 27,

312

2'and y=1.5"

113" and y = 2%

=1

Work out the relative positions of the three
graphs,

Whenever a > 1, f(x) = @* is an increasing
function. In this case, the value of a* grows
without limit as x increases, and tends towards 0
as x decreases.

Since % =2l y= i%] is the same as
y=(@)=2"

Whenever 0 <a < 1, f{x) = &' is a decreasing
function. In this case, the value of ¢* tends
towards 0 as x increases, and grows without limit
as v decreases.



Exponentials and logarithms

i x=3
Sketch the graph of y = [:!] . Give the coordinates of the point where the graph crosses the y-axis.

O

IF f(x) = (3] then y = fx - 3). Problem-solving

=

he graph is a translation of the graph If you have to sketch the graph of an unfamiliar
y=| .- .Ix by the vector l;l function, try writing it as a transformation of a
The araph crosaes the y-asis when x= 0. familiar function. + Section 4.5
y=| |
y=8 You can also consider this graph as a stretch of
X
The graph crosses the y-asis at (O, 8). the graph y = lElJ'
1
|
of v=
B v =3
il | 1
i =3 x(3)
1 i
"-" = 8(3) =8f(v)

1| ¥ =13
iz 4 6 8 10° Sothe graphof y =[] is a vertical stretch of

the graph of y = ﬂ%:l " with scale factor 8.

a Draw an accurate graph of y = (1.7)" for -4 = x = 4.

b Use your graph to solve the equation (1.7)° = 4.

a Draw an accurate graph of y = (0.6), for -4 = x = 4,
b Use your graph to solve the equation (0.6)* = 2,

Sketch the graph of y = 1+,

For each of these statements, decide whether it is true or false, justifying your answer or offering
a counter-example.

a The graph of y = a' passes through (0, 1) for all positive real numbers a.

b The function I{x) = a* 15 always an increasing function for a > (.

¢ The graph of y = a*, where a 15 a positive real number, never crosses the x-axis.

The function f{(x) is defined as f{x) = 3*, x € E. On the same axes, sketch the graphs of:
a y={f{x) b y=2{(x) ¢ r=f{x)-4 d y= ﬂ':l,t]

Write down the coordinates of the point where each graph crosses the y-axis, and give the

equations ol any asymplotes.
Problem-solving

ThF graph of y = ka® passes through the Substitute the coordinates into y = ka* to create
points (1, 6) and (4, 48). Find the values two simultaneous equations. Use division to
of the constants k and a. eliminate one of the two unknowns.
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@ 7 The graph of y = pg* passes through the points (=3, 150) and (2, 0.048).
a By drawing a sketch or otherwise, explain why 0 < g < 1.

b Find the values of the constants p and 4.

Challenge

Sketch the graph of y = 2°2 + 5, Give the coordinates of the point where
the graph crosses the y-axis.

14.2 BETS

Exponential functions of the form f(x) = a* have a special mathematical property. The graphs of their
gradient functions are a similar shape to the graphs of the functions themselves.

w8 _386... x4
dx

y=3 / y=4

€ X (] X [ X

=1 |
H=
]
&
o
=

%1 = 0.693... x 2"

In each case f'(x) = kf(x), where & is a constant. As the value of @ increases, so does the value of k.

Something unique happens between a = 2 and Function Gradient function
a = 3. There is going to be a value of @ where the m= T f;{"_}':ﬁ e '
gradient function is exactly the same as the - :

original function. This occurs when a is flx) = 2* F'lx) = 0.693... x 2
approximately equal to 2.71828. The exact value flx) = 3 F'(x) =1.099... x 3"
is represented by the letter e. Like =, e is both an flx) = &4 F'{x) = 1.386... x &

important mathematical constant and an

irrational number.
@ Explore the relationship between O @

® For all real values of .x: exponential functions and their derivatives
* Iff{x) = e* then f'(x) = e* using GeoGebra,
d ¥
* [If y=e*then 8 er

dx

A similar result holds for functions such as %%, e=* and e ",

® For all real values of x and for any constant k:
* If f(x) = e** then f'(x) = ke**
dy

* If y = e* then — = ket~
¥ dx
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Exponentials and logarithms

Differentiate with respect to x.

a ¢t b e ¢ de™

a ¥ = g
a8y oo Use the rule for differentiating e** with k = 4.
dx e

b yp=e
)

e N

Fr

e
= : ‘ To differentiate ge** multiply the whole function

=2 x 3™ = G by k. The derivative is kae"",

|_.11| ——

Example o

Sketch the graphs of the following equations. Give the coordinates of any points where the graphs
cross the axes, and state the equations of any asymptotes.

A y=el b y=10e" ¢ =3+ der
a y=g
When x =0, y = e**Y =1 50 the graph
crosses the p-axis at (O, 1)
The x-axis |'|I =) 15 an asymptote,
iy ¥y=e"
B 1
The graph of y = e* has been shown in purple on
this sketch.
- This is a stretch of the graph of y = e*, parallel to
0 \ the x-axis and with scale factor
by = 10" + Section 4.6

When x = 0, y = 10e"" So the gragh
crosses the y-axis at (0, 10)
The y-axis Ly = ) 1= an asymptote,

1 Negative powers of e, such as e~* or e-*, give

rise to decreasing functions.

The graph of v = e* has been reflected in the
y-axis and stretched parallel to the y-axis with
scale factor 10.
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c y=3 + 4e7 Problem-solving

Whenx =0, y=3 + 4e7"Y =7 s0

If you have to sketch a transformed graph with
an asymptote, it is often easier to sketch the
asymptote first.

the araph crosses the y-axis at (0, 7L
The line y = 3 is an asymptote

1" &
=3 + 4™

The graph of v = e7* has been stretched parallel to
the y-axis with scale factor 4 and then translated

o (9

@ Use GeoGebra to draw O @

transformations of y = e*.

=Y

0

L eese @)

1 Use a calculator to find the value of e* to 4 decimal places when
g x=1 b x=4 ¢c x=-10 d x=0.2

2 a Draw an accurate graph of y=e*for-4 = x =4,
b By drawing appropriate tangent lines, estimate the gradient at x =1 and x = 3.
¢ Compare your answers to the actual values of e and e,

3 Sketch the graphs of:
a y=se! b yv=4de> c y=2e¥-3
d y=4-¢ e y=06+10ex f oy=100e>+ 10

4 Each of the sketch graphs below is of the form y = Ae" + C, where A, b and C are constants,
Find the values of 4 and C for each graph, and state whether b is positive or negative,

a v [ [\ .""/ @ You do not have
B

\ enough information
I N -/ to work out the value
m— \ of b, so simply state

2 = whether it is positive
0 K 7] X 0 X or negative.
5 Rearrange f(x) = ¢***? into the form f{x) = 4e", where 4 and b m
i | —pufetall_ 1 gl o4
are constants whose values are to be found. Hence, or otherwise,
sketch the graph of y = fix).
6 Differentiate the following with respect to x. m For part £, start
a et b e ¢ Te by expanding the
bracket.

d 5S¢t e e+ ¢! Foever+1)
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7 Find the gradient of the curve with equation y = ¢** at the point where
N x=2 b x=10 c x==0.5

8 The function [ is defined as f{x) = ">, x € R. Show that the tangent to the curve at the point
(5, e) goes through the origin.

Exponential modelling

You can use e* to model situations such as population growth, where the rate of increase is
proportional to the size of the population at any given moment. Similarly, e~* can be used to model
situations such as radioactive decay, where the rate of decrease is proportional to the number of
atoms remaining.

The density of a pesticide in a given section of field, F mg/m?, can be modelled by the equation
P — Iﬁ,nc =1 [KMaf

where 1 is the time in days since the pesticide was first applied.

a Use this model to estimate the density of pesticide after 15 days.

b Interpret the meaning of the value 160 in this model.

¢ Show that ‘-J;i_f = kP, where & 1s a constant, and state the value of k.

d Interpret the significance of the sign of your answer to part ¢
e Sketch the graph of P against ¢,

Exponentials and logarithms

a After 15 days, 1 = 15.
Pr= 1™ Substitute r = 15 into the model.
P=14&.2 mey/m’
b When t = 0, P=160e" = 160, so 160 ma/m* @
is the initial density af pesticide in the Field Work this out in oneg go Usm-ﬂ, the 1

e P = 16De-0006 - 0] button on your calculator.
df o _09Ge-0006 s k = -09C ‘

dt h m The value given by a model when

llj..| & o 'I_-  f e e t ', ¥ ot _._".:;, ] 3
&Pk b regative, the deroly of pesficids 1=01s called the initial value.

s decreasing (there s exponential decay).

e P, dy
\co — Ify =e* then — = ke*”
el dx
!
Use your answers to parts a and d to help you
draw the graph. To check what happens to P in
ﬂ! - the long term, substitute in a very large value of «.
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0 Exercise @

The value of a car is modelled by the formula
V' = 20000e7
where V15 the value in £5 and 1 is 115 age in vears from new.
a State its value when new.
b Find iis value (1o the nearest £) afiter 4 years.

¢ Sketch the graph of V against r.

The population of a country is modelled using the formula

P=20+ 10e%
where P is the population in thousands and ¢ is the time in vears after the vear 2000,
a State the population in the year 2000,
b Use the model to predict the population in the year 2030,
¢ Sketch the graph of’ P against ¢ for the years 2000 to 2100,
d

Do you think that it would be valid to use this model to predict the population in the year
25007 Explain your answer.

The number of people infected with a disease 1s modelled by the formula
N =300 - 100e->
where N 15 the number of people infected with the disease and 1 1s the time in vears after
detection.
a How many people were first diagnosed with the disease?
b What is the long term prediction of how this disease will spread?
¢ Sketch the graph of N against ¢ for 1 > 0.

The number of rabbits, R, in a population after s months is modelled by the formula

R = ]2V
Problem-solving

a Use this model to estimate the number of rabbits after
Your answer to part b must refer

i | month ii 1 year
. . ) , to the context of the model.
Interpret the meaning of the constant 12 in this model.

¢ Show that after 6 months, the rabbit population is increasing by almost & rabbits per month.

=

d Suggest one reason why this model will stop giving valid results for large enough values of 1.
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Exponentials and logarithms

On Earth, the atmospheric pressure, p. in bars can be modelled approximately by the formula
p=e " where h is the height above sea level in kilometres.
a Use this model to estimate the pressure at the top of Mount Rainier, which has an altitude of

4.394 km. d (1 mark)
b Demonstrate that {l_:: = kp where k is a constant to be found. (2 marks)
¢ [nterpret the significance of the sign of £k in part b, (1 mark)
d This model predicts that the atmospheric pressure will change by 5% for every

kilometre gained in height. Calculate the value of 5. {3 marks)

Nigel has bought a tractor for £20000. He wants to model the depreciation of the value of s
tractor, £T, in 1 vears. His [riend suggests two models:

Madel 1: T = 20 000e-024

Model 2: T = 19 000e-"3% + 1000
a Use both models to predict the value of the tractor after one year.

Compare your results. (2 marks)
b Use both models to predict the value of the tractor after ten years,

Compare your results, (2 marks)
¢ Sketch a graph of T against r for both models. (2 marks)
d Interpret the meaning of the 1000 in model 2, and suggest why this might make

model 2 more realistic, (1 mark)

@ Logarithms

The inverses of exponential functions are called logarithms. A relationship which is expressed using

an exponent can also be written in terms of logarithms. m a1 cAlad the
® log, n=xisequivalenttoa” =n (a=1) base of the logarithm.

Write each statement as a logarithm.

a 3¥=9 b2'=128 c 64:=8§
a 3=9 30 .:'.u-.-gr. 29=2 In words, you would say ‘the logarithm of 9 to the
b 27 = 128, 50 109,128 = 7 s 52
c E4i=8 30109..8 =3 Logarithms can take fractional or negative values.

Rewrile each stalement using a power,
a log,81=4 b log, [ = -3

a log, 81 = 4, s0 3* = 81

b loa:|lzl =—3,. %027 =3
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Example e

Without using a calculator, find the value of:

a log: 8l b log,0.25 ¢ log, <4

d log,(a’)

Because 3* = 81.

a loa-.81 =4
-t

b log,0.25 ==+~

c logasd =2+

d log,la”) =5~

You can use your calculator to find logarithms of
any base. Some calculators have a specific

[lea o] key for this function, Most calculators
also have separate buttons for logarithms to the
base 10 {usually written as and logarithms
to the base e (usually written as [E}}.

Example o

Because 4~' = 1 = 0.25,
-
Because 0572 =} “=22=4,

- Because a* = ¢°,

m Logarithms to the base e are

typically called natural logarithms. This is why
the calculator key is labelled |

&

your calculator.

w Use the logarithm buttons on @

Use vour calculator to find the following logarithms to 3 decimal places.
a log; 40 b log.8 ¢ logy, 75

a 3355

b 2079

For part a use

For part b you can use either [in] or flegod],

'k Loero @

1 Rewrite using a logarithm.

a 4 =256
d 11'=11]

2 Rewrite using a power.
a log,16=4
d log.0.2=-1

320

|
b 3-=§

e (0.2)" =0.008

b log:25=2
e log, 100000 =35

For part ¢ you can use either [log] or

¢ 108 = 1000000

I

¢ logyd=



Exponentials and logarithms

3 Without using a calculator, find the value of

a log,8 b log,25 ¢ log, 10000000 d log;x12
e log,729 f log/10 g log,(0.25) h log,ss 16
i log,(a'") j log; |3'r:|

4 Without using a calculator, find the value of x for which
a log.x=4 b log 81 =2 ¢ log;x=1
d log.(x-1)=3 e log,(dx+1)=4 I log (2x)=2

5 Use your calculator to evaluate these logarithms to three decimal places.
a log, 230 b logs33 c log, 1020 d log.3

® 6 a Without using a calculator, justify why the value m {ise comesponding

of log, 50 must be between 5 and 6.

b Use a calculator to find the exact value of
log, 50 to 4 significant figures.

statements involving powers of 2.

7 a Find the values of*
i log,2 ii log,3 iii log;; 17

b Explain why log, @ has the same value for all positive values of a (a # 1).

8 a Find the values of:
i log, 1 i log, | i log; 1
b Explain why log, 1 has the same value for all positive values of a (a # 1).

@ Laws of logarithms

Expressions involving more than one logarithm can often be rearranged or simplified. For instance:

log,x=mand log,y=n Take two logarithms with the same base
x=g"and y=ga" Rewrite these expressions using powers
Xy=g"=qg"=a"" Multiply these powers
log,xy=m+n=log,x+log,y Rewrite your result using logarithms

This result is one of the laws of logarithms.
You can use similar methods to prove two further laws.

= The laws of logarithms:

* log, x + log, v =log, xy (the multiplication law) m You need to learn
X e these three laws of logarithms,

* log, x-1 r=1 - the division law

Bu 08a)' = 108 [.l' ] ( ) and the special cases below.
* log, (x*) =k log,x (the power law)
= You should also learn to recognise the following special cases:

. lug,{%} = log,(x"1) = -log,x (the power law when k = -1)

* loga=1 (@a>0,a=1)

* log,1=0 (@>0,a=1)
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Write as a single logarithm.

a log,6+ log,7 b

= e o
ILhd g e A P

= J_:l b

log, (15 + 3)

log, 15 = log, 3 ¢ 2log; 3 + 3log, 2 d log,3 - 4lng,1,[§]

Use the multiplication law.

= log; 2
2logs 3 = logs (37)
Jloas £ = log, (£27)
logs 2 + o4 & o= .

Use the division law.
= log; '3‘-—|
= log, B~ L— First apply the power law to both parts of the
o = expression.
. | Then use the multiplication law.
= Ir_‘;l.;.j |: I]
| L— Use the power law first.
= | = 1ogn 3+ e | Then use the division law.
= 03 -—1& - ‘_

FET] @

Write in terms of log, x, log, v and log, =.

a log, (x*1zh)

j2e

log, (x*y=-)

b Iﬂg,,[r%:] ¢ Iu&{g) d log, [ﬁ)

- ED.-_LI;'I,“] + og,y + '|_':.-_'_,|.||:: )

B

.:.-:.!“1.1' :I

log, x = log, (y°)

log,x = 3log, ¥

..::q,,{ r.,:_r :I

iog, (x,F) — loa,z

= log, x + + log, ¥ - log, Use the power law (/7 = yi).

X
IL-':-I||1 H": |

= [pg, X - log, (a?)
= log, X - 4log,a

= logu, X — &4 =

Zloa,x + log,y + 3log,:z

0g, X + log,/¥ = log,Z

o

log,a=1.
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Solve the equation log, 4 + 2log,, x = 2.

|y, 4 4 2 o X = 2
logig4 + logpx® = 2 - - Use the power law.

]
o dx” = 2 »

|— Use the multiplication law.

45 = 10 =
4x< = 100 ‘ . , .
Rewrite the logarithm using powers.

=25

x=5 DD 0z, x5 only defined for positive

values of x, so x = =5 cannot be a solution of the

equation.
Example @

Solve the equation log; (x + 11) = log,(x - 5) =2

loas(x + 1) = logs (x — 2) = £
X+ 1) - -
log; | ; —| =2 Use the division law.
x+ 1 ; 2 :
—F = 3 Rewrite the logarithm using powers.

x+MN=8(x-5)

t+1M=9x-45

Ln
(Wl
]
&

.,.-
1l
|

0. Exercise @

1 Write as a single logarithm,

a log:7 +log,3 b log, 36 = log, 4 ¢ 3oge2 + logs 10
d 2log,8 - 4log,3 e log, 5+ log,,6 - 1ng..,|:;'.;|'

2 Wnite as a single logarithm, then simphfy your answer.
a log,40 - log. 5 b log, 4 + log, 9 ¢ 2log-3+4log,,2
d log, 25 + log 10 - 3log, 5 e 2log,,2 - (log,, 5 + log,, 8)

3 Write in terms of log, x, log, v and log, =.
5
a log,(x*yiz) b log, (:—) ¢ log, (a*x?)

d hig,,[."%:) e log,vax
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4 Solve the following equations: m Move the logarithms

a log,3 +log,v=2 b log;12 -log;x=3 onto the same side if necessary

¢ 2logsx=1+log:6 d 2logs(x+1)=2logs(2x - 3) + ] and use the division law.

@ 5 a Giventhatlog;(x+ 1)=1+ 2log;(x - 1), show that 3x- - Tx+ 2=0. (5 marks)
b Hence, or otherwise, solve log;(x+ 1) =1 + 2 logy(x = 1).

® 6 Given that g and b are positive constants, and Problem-solving
that @ > b, solve the simultaneous equations
a+h=13

logga + log, b =2

Challenge

By writing log, x =m and log, y = n, prove that log, x - log, y = log, {_‘H

(2 marks)

Pay careful attention to the conditions on
a and b given in the question.

Solving equations using logarithms

You can use logarithms and your calculator to solve equations of the form a® = b,

Solve the following equations, giving vour answers to 3 decimal places.

a 3*=20 b 3= bl
a 3*= 20,
s0 X = logs 20 = 2727 Use the -m ggll] button on your calculator.
b 5%-'=6l 50 4x - 1 = logs 61

4x = logs 61 + 1

logs 61 + 1 You can evaluate the final answer in one step on
o . !
4 your calculator.
= 0.559

Solve the equation 57 — 12(5%) + 20 = 0, giving your answer to 3 significant figures,

v oy An alternative method is to rewrite the equation
5 = 12(5%) + 20 = a auvadratic tunction of 5* q

‘0 using the substitution y = 5%y = 12y + 20 = 0.
(5 = 1005 =21 =0

r=10or5f=2 : :
m Solving the quadratic equation gives
5* =10 = x = log,10 = x = 1.43 you two possible values for 5¢. Make sure you
Brz= 2 = x=logs 2 = x =043 calculate both corresponding values of x for your
final answer.
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Exponentials and logarithms

You can solve more complicated equations by ‘taking logs’ of both sides.

= Whenever f(x) = g(x), log, f(x) = log, g(x)

Find the solution to the equation 3" = 2", giving your answer to four decimal places.

= 2% This step is called ‘taking logs of both sides’. The
log 3* = log 2** logs on both sides must be to the same base.
Here ‘log” is used to represent log,..

Use the power law.

x(log3 - log2) = log 2 Move all the terms in x to one side then factorise.

e_ Exercise @

1 Solve, giving your answers to 3 significant figures.

a 2*=175 b 3*=10 ¢ 5'=2 d 47 =100
e 9°*5=50 f 7>-'=23 g 11" 2=65 h 2'% =88
2 Solve, giving your answers to 3 significant figures. m 3741 = 3% % 31 = 3(3Y)
a 2¥-6(29+5=0 b 3 - 15(3) +44=0
¢ 5-6(5-7=0 d 3¥+3"-10=0 Problem-solving
2x - g5+l Iy i r
e ?‘ +12=7 f 27+3(29-4=0 Consider these equations as functions
g 371 =-26(3)-9=0 h 43**")+17(3")=T7=0  of functions. Part a is equivalent to

W = 6u+5=0,with u=2*,

@ 3 Solve the following equations, giving your answers to 3 significant figures where appropriate.
a 3*'=2000 (2 marks)
b logs(x-3)=-1 (2 marks)

4 a Sketch the graph of y = 47, stating the coordinates :
of any points where the graph crosses the axes. (2 marks) m BLemp: IS QUeson

: without a calculator.
b Solve the equation 4" = 10{4") + 16 =1L (4 marks)

th

Solve the following equations, giving your answers to four decimal places.
'|=:'|+| T+5 o B \-I::J"H-Z
a5 b 5*=6 ¢ m Take logs of both sides.
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Working with natural logarithms
® The graph of y = In x is a reflection of the graph y = " in the line y = x.

The graph of y = In x passes through (1, 0) and does not
cross the y-axis.

The y-axis is an asymptote of the graph » = In x. This means
that In.x is only defined for positive values of x.

As x increases, In x grows without limit, but relatively slowly.

You can also use the fact that logarithms are the inverses of
exponential functions to solve equations involving powers
and logarithms.

" elr=ln(e) = x [ Notation JENNSITFER
Example @

Solve these equations, giving your answers in exact form.

i

y=inx

A efm) blnx=3
a Whene*=5 — - — — The inverse operation of raising e to the power x is
ntes) =InS - ] taking natural logarithms (logarithms to the base
&) and vice versa.
x=In3

b Whenlnx =3

You can write the natural logarithm on both sides.
e =g Infe’) =x

Leave your answer as a logarithm or a power of e

s0 that it is exact.

Solve these equations, giving vour answers in exact form.

i gt =T7 b2lnx+1=35 c e+ 5'=14
A e rem
9% 4+ A=InT. . Take natural logarithms of both sides and use the
' fact that the inverse of e* is In x.
2x=In7 -3
X=%n7 =3
b Z2lnx+1=5
2inx= 4 Rearrange to make |n x the subject.
nx= 2 1
- L The inverse of In x is e*.
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c ™ + 5e'= 14 e’* = (e, so this is a quadratic function of e*.
2% 4 S _ 14 =0 Start by setting the equation equal to 0 and

factorise. You could also use the substitution

X+ D) 2 =) i = e* and write the equation as w* + 5u = 14 =0.

ei=-7 orer=2

—
= 2 I_'m e’ is always positive, so you can't

x=ln2 have e* = =7. You need to discard this solution.

(s  xercise @

Solve these equations, giving your answers in exact form,
aet=6 b e~=11 ¢ e ¥¥ia M)
d 3e¥= g esttnl f e =*=]9

Solve these equations, giving vour answers in exact form.
a lnx=2 b In(d4x)=1 ¢ In(2x+3)=4
d 2In(6x-2)=35 e In(18-x)=3 fIn(x*=Tx+11)=0

Solve these equations, giving your answers in exact form. m All of the equations in question
a e—Bet4 [2=0 b etv— Ja2r = ) 3 are quadratic equations in a

: function of x.
¢ (Inxy+2lnx=15=0 de'=5+4ec"=0
e e+ 5=16¢ f (InxP=4Inx+3) m First in part d multiply each
term by e,
Find the exact solutions to the equation e* + 12¢-r= 7. (4 marks)

Solve these equations, giving vour answers in exact form.
a In(8Bx-3)=2 b eix-81 =3 c e —Betr+T7=0
[' “I'I.'l'— 1¥"=4

a+lnb m Take natural logarithms of both
c+Ind sides and then apply the laws of

(5 marks) logarithms.

Solve 3¢t~ ! = 5, giving your answer in the form

Officials are testing athletes for doping at a sporting event. They model the concentration
of a particular drug in an athlete’s bloodstream using the equation D = 6¢ where D is the
concentration of the drug in mg/l and 1 1s the time in hours since the athlete took the drug.
a Interpret the meaning of the constant 6 in this model.

b Find the concentration of the drug in the bloodstream after 2 hours.

¢ [tis impossible to detect this drug in the bloodstream if the concentration is lower than 3 mg/l.
Show that this happens after r = =101In 1%] and convert this result into hours and minutes.
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8 The graph of y =3 + In(4 = x) 1s shown to the right. Vi
(1 mark) A

a State the exact coordinates of point A.
b Calculate the exact coordinates of point B.

Challenge

Chapter 14

y=3+In(4-x)
(3 marks)

() ﬁ\ :

The graph of the function g(x) = Ae®* + C passes through (0,5) and (6, 10).
Given that the line y = 2 is an asymptote to the graph, show that B= }In (3).

@ Logarithms and non-linear data

Logarithms can also be used to manage and explore non-linear trends in data.

Start with a non-linear relationship

Take logs of both sides (log = log,)) ———
Use the multiplication law
Use the power law

y=ax"
log v = log ax”

log v = loga + log x*

log y=loga +nlogx

Compare this equation to the common form of a straight line, ¥ = MX + C.

log y

variable

Y

variable

n log x log a
constant variable % constant
(gradient) (intercept)

M b G
constant variable wy constant
(gradient) (intercept)

= |If y = ax” then the graph of log y against log x will be a straight line with gradient n and
vertical intercept log a.
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The table below gives the rank (by size) and population of the UK’s largest cities and districts
{ London is ranked number | but has been excluded as an outher).

Ciry Birmingham Leeds Glasgow Sheflield Bradford
Rank, R 2 3 4 5 6
Population, P (2 s.f.) | (00 000 730000 620 000 530000 480 000

The relationship between the rank and population can be modelled by the formula
R=aP"

a Draw a table giving values of log R and log P 1o 2 decimal places.

where a and » are constants.

b Plot a graph of log R against log P using the values from your table and draw a line of best fit.
¢ Use yvour graph to estimate the values of @ and » to two significant figures.

0486

5.86

Q70
572

0.756

5.68

0.60

5.79

. : .

L8 '-J'I'-A -:r'r.g fin

Start with the formula given in the question. Take
logs of both sides and use the laws of logarithms
to rearrange it into a linear relationship between

log al P l

log R = loga + loa(P")

loa R = loga + nlog P

=0 the gradient is 1 and the intercept s loga

Keading the gradient from the araph, '—I_
.68 - 616 ~ 48 o0&

n= — it - = =/
0.77 = 005 .72

Reading the intercept from the gragh,

leaa = .
g = 10 = 1 00000 (2 =.t)

log R and log P.

The gradient of the line of best fit will give you
your value for n.

The y-intercept will give you the value of log a.
You need to raise 10 to this power to find the
value of a.
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Start with a non-linear relationship ———
Take logs of both sides (log = logy,) ————

Use the multiplication law
Use the power law

Compare this equation to the common form of a straight line, ¥ = MX + C.

log v log b X
variable o constant variable
(gradient)
Y M X
variable = constant variable
(gradient)

y=ab

log v = log ab®

log v = loga + log b*

[{:-E_].': [‘ﬂﬂﬂ‘i‘.ﬁ'lﬂﬂf.‘

log a

+ constant

(intercept)
c

2t constant

{intercept)

= If y = ab” then the graph of log y against x will be a straight line with gradient log / and

| Watch out LTSSt

vertical intercept log a. 0% Vs

1

|£I-E 4] /

The graph represents the growth of a population of bacteria,
P, over 1 hours. The graph has a gradient of 0.6 and meets

the vertical axis at (0, 2) as shown.

A scientist suggests that this growth can be modelled by

the equation P = ab', where ¢ and b are constants to be found.

a Write down an equation for the line.

b Using your answer to part a or otherwise, find the values
of @ and b, giving them to 3 significant figures where necessary.

¢ Interpret the meaning of the constant @ in this model.

a8 lpaP=06t+2 ~

|E|E.lr:'a

need to plot log v against x
to obtain a linear graph.

If you plot log y against
log x you will not get a
linear relationship.

P

0

log P = (gradient) x 1 + (y-intercept)

b P = tQos
P = 10°% x 10
P = 10° x (109%)

F=100 x 3.985
a= 100, b=398 (2 st)

c 1he value of d gives the initlial size of the

Pactena population
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| Rewrite the logarithm as a power. An alternative
— method would be to start with P = ab' and take
logs of both sides, as in Example 19,

Rearrange the equation into the form a®. You can

—use x™ = ()" to write 10°% in the form &,
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R eerise (@)

1

Two variables, § and x satsfy the formula § =4 x 7*.
a Show that log§ =log4 + xlog7.

b The straight line graph of log 5 against v is plotted. Write down the gradient and the value
of the intercept on the vertical axis.

Two vanables 4 and x satisfy the formula 4 = 67,

a Show that log A =logb + 4log x.

b The straight line graph of log 4 against log x i1s plotted. Write down the gradient and the
value of the intercept on the vertical axis.

The data below follows a trend of the form v = ax*, where ¢ and » are constants.

10
87.9

15
155.1

x 3 5 8
¥ 16.3 313 64.3

a Copy and complete the table of values of log.x and log v, giving your answers to 2 decimal places.

log x
log y

0.4%
1.21

0.70 0.90 | 1.18

2.19

b Plot a graph of log v against log x and draw in a line of best fit.
¢ Use your graph to estimate the values of @ and n to one decimal place.

The data below follows a trend of the form y = ab*, where @ and b are constants.

& 2 3 5 6.5 9
¥ 124.8 424.4 4097.0 0 763.6 655743.5
a Copy and complete the table of values of x and log y, giving your answers to 2 decimal places.
X 2 A 3 6.5 9
log v 2.10

b Plot a graph of log v against x and draw in a line of best fit.
¢ Use your graph to estimate the values of a and b to one decimal place.

Kleiber's law is an empirical law in biology which connects the mass of an animal, m, to its
resting metabolic rate, R. The law follows the form R = am®, where a and b are constants.
The table below contains data on five animals.

Animal Mouse Ciuinea pig Rabbit Gioat Cow
Mass, m (kg) 0.030 0,408 4.19 34.6 650
Metabolic rate -
2 32.3 :
R (keal per day) 4. 1935 760 7637
a Copy and complete this table giving values of log R and log m to 2 decimal places. (1 mark)
Lo e -1.52
log R 0.62 1.51 2.29 188 388
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33

b Plot a graph of log R against log m using the values from vour table and draw in a
line of best fit. {2 marks)

¢ Use your graph to estimate the values of @ and b to two significant figures. (4 marks)

d Using your values of @ and b, estimate the resting metabolic rate of a human male
with a mass of 80kg. (1 mark)

Zipt's law 1s an empirical law which relates how frequently a word 1s used, /, to its ranking in a
list of the most common words of a language, R, The law follows the form /= AR®, where 4
and b are constants to be found.

The table below contains data on four words.

i Word ‘the’ it ‘well’ ‘detail’
| Rank, R [ 10 1040 1000
Frequency per c
100 000 words, / 4897 561 92 9
a Copy and complete this table giving values of log fto 2 decimal places.
log R 0 1 2 3
log f 3.69

b Plot a graph of log fagainst log R using the values from your table and draw in a line of best fit.

¢ Use your graph to estimate the value of A to two significant figures and the value of b to
one significant figure.

d The word *when’ is the 57th most commonly used word in the English language. A trilogy of

novels contains 455 125 words. Use your values of 4 and b to estimate the number of times
the word “when’ appears in the trilogy.

The table below shows the population of Mozambique between 1960 and 2010.

Year 1960 1970 1980 1990 2000 2010
Population, 5 ”

. L 2. . 3 23
P (millions) 7.6 9 12.1 13.6 18 4

This data can be modelled using an exponential function of the form P = ab’, where 1 is the
time in years since 1960 and a and b are constants.

a Copy and complete the table below.

Time in vears

’ 3
since 1966 1 0 10 20 a0 40 S0
log P (.88

b Show that P = ab' can be rearranged into the form log P = loga + tlog b.

¢ Plot a graph of log P against 1 using the values from your table and draw in a line of
best fit.

d Use your graph to estimate the values of @ and b, m For part e, think about the

¢ Explain why an exponential model is often appropriate relationship between P and i

for modelling population growth. o
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Exponentials and logarithms

A scientist is modelling the number of people, N, who have fallen sick with a virus after ¢ days.

log Va
(10, 2.55)
i.'ﬁ-/
7] *1

From looking at this graph, the scientist suggests that the number of sick people can be
maodelled by the equation N = al, where a and b are constants to be found.
The graph passes through the points (0, 1.6) and (10, 2.55).

a Write down the equation of the line. {2 marks)
b Using your answer to part a or otherwise, find the values of @ and b, giving

them to 2 significant figures. (4 marks)
¢ Interpret the meaning of the constant a in this model. (1 mark)

d Use your model to predict the number of sick people after 30 days.
Give one reason why this might be an overestimate. (2 marks)

A student is investigating a family of similar shapes. She measures the width, w, and the

area, 4, of each shape. She suspects there is a formula of the form A = pw¥, so she plots the
logarithms of her results.

log A

] / log u
=0, 1049
-

The graph has a gradient of 2 and passes through —0.1049 on the vertical axis.

a Write down an equation for the line.

b Starting with your answer to part a, or otherwise, find the exact value of ¢ and the value of p
to 4 decimal places.

¢ Suggest the name of the family of shapes that the
student is investigating, and justify your answer.

m Multiply p by 4 and think about
anather name for 'half the width'

@ Sketch the graphs of log v

Find a formula to describe the relationship between the data in against log v and log y against x.
this table. This will help you determine whether
the relationship is of the form y =
x 1 £ 3 4 ax® or y = ab’.
¥y 2.22 4.698 4.2282 3.805 38
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Sketch each of the following graphs, labelling all intersections and m Recall that
asymplotes. 2 = 21y (1 b.r
A y=2r b y=5"-1 ¢ y=Inx g
a Express log,( prg) in terms of log, p and log, 4.

b Given that log,(pg) = 5 and log, ( p*q) = 9, find the values of log, p and log, ¢.

Given that p = log, 16, express in terms of p,
a log 2
b log, (8¢)

Solve these equations, giving your answers to 3 significant figures.
a 4°=23 b 731 = 1000 e 10F=6""?
a Using the substitution u = 2, show that the equation 4* = 2**" = 15 = 0 can be written in the
form e’ - 2u—-15=0. (2 marks)
b Hence solve the equation 4" = 2°*' = 15 = (), giving your answer to
2 decimal places. {3 marks)
Solve the equation log, (x + 10) - log, (x - 5) = 4. (4 marks)
Differentiate each of the following expressions with respect (o x.
ae™ b '™ ¢ be™
Solve the following equations, giving exact solutions.
a ln(2x-5=8 b e**=5 c M-c=10
d Inx+In{x-3)=0 e ¢ +et=2 f n2+Inx=4
The price of a computer system can be modelled by the formula

P =100 + 850 ¢
where P is the price of the system in £5 and r 1s the age of the computer in years after being
purchased.
a Calculate the new price of the system.
b Calculate its price after 3 years.
¢ When will it be worth less than £2007
d Find its price as 1 — oc.
e Sketch the graph showing P against r.
f

Comment on the appropriateness of this model.
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Exponentials and logarithms

The points P and Q lie on the curve with equation y = e,

The x-coordinates of P and (? are In4 and In 16 respectively.

a Find an equation for the line PQ.

b Show that this line passes through the origin O.

¢ Calculate the length, to 3 signmificant figures, of the line segment PQ.

The temperature, 7°C, of a cup of tea is given by T'= 55¢7 + 20 =0

where 1 is the time in minutes since measurements began.

a Brefly explain why t = 0, (1 mark)
b State the starting temperature of the cup of tea. (1 mark)
¢ Find the time at which the temperature of the tea is 50 °C, giving your answer

to the nearest minute. {3 marks)
d By sketching a graph or otherwise, explain why the temperature of the tea will

never fall below 20°C, (2 marks)

The table below gives the surface area, S, and the volume, V of five different spheres, rounded
to | decimal place.

5 15.1
V 7.2

50.3
335 |

113.1
113.1

221.7

310.3

314.2
523.6

Given that § = gV, where @ and b are constants,

a show that log S =loga + blog V. (2 marks)
b copy and complete the table of values of log § and log V., giving your answers to
2 decimal places (1 mark)
log §
log ¥ .86
¢ plot a graph of log V against log § and draw in a line of best fit. (2 marks)
d use your graph to confirm that b = 1.5 and estimate the value of @ to
one significant figure. (4 marks)

The radioactive decay of a substance is modelled by the formula R = 140&*" t=0
where R is a measure of radioactivity (in counts per minute) at time ¢ days, and £ is a constant.

a Explain briefly why & must be negative. (1 mark)
b Sketch the graph of R against 1. (2 marks)
After 30 days the radiation is measured at 70 counts per minute.

¢ Show that k = ¢In 2, stating the value of the constant c. (3 marks)

The total number of views (in millions) V¥ of a viral video in x days is modelled by
V= eldx _ |
a Find the total number of views after 5 days.
dV

b Find dx-
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¢ Find the rate of increase of the number of views after 100 days, stating the units of your answer.

d Use your answer to part ¢ to comment on the validity of the model after 100 days.

15 The moment magnitude scale i1s used by seismologists to express the sizes of earthquakes.
The scale is calculated using the formula
M =3log,(S) - 10.7
where S 1s the seismic moment in dyne cm.
a Find the magnitude of an earthquake with a seismic moment of 2.24 x 10" dyne cm.
b Find the seismic moment of an earthquake with
i magnitude 6 ii magnitude 7
¢ Using your answers to part b or otherwise, show that an earthquake of magnitude 7 15
approximately 32 times as powerful as an earthquake of magnitude 6.

16 A student is asked to solve the equation
log, x - —;Ing:!x +1)=1

The student’s attempt 1s shown

||:'_.'-'|Iql-.'l.' - loga/x + 1 =1
X=yx+ ] =2
XxX—2=vx+1

&

(x=-2F=x+1

¥=-5+3=0
L 5B _5-V8
|77 2 T2
a ldentify the error made by the student. (1 mark)
b Solve the equation correctly. (3 marks)

Challenge

a Given that y = 9, show that log, y = 2.
b Hence deduce that log, v = log, 2.
¢ Use your answer to part b to solve the equation log,(2 - 3x) = log,(6x% - 19x + 2)

Summary of key points

1 For all real values of x
« If f(x) = e* then f'(x) = e*

¥

}
“ If Py h L =
y=e*then T &

2 For all real values of x and for any constant :
« If f(x) = e** then f'(x) = ke**

dy
- If P o X -[.h e = A
y = e then - ket
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log,m = x is equivalent toa*=n (a=1)

The laws of logarithms:

* log,x + log, y = log, xy (the multiplication law)

* log,x - log, y = log, {ﬂ (the division law)

. log, (x) =klog,x (the power law)

You should also learn to recognise the following special cases:

- log, {%} = log, (x~!) = -log, x (the power law when &k = -1)
* log,a=1 (@>0,a21)

- log,1=0 (a>0,az1)

Whenever f(x) = g(x), log, f(x) = log, g(x)

The graph of y = In x is a reflection of the graph y = e*
in the line y = x.

Exponentials and logarithms

y=inx

e =|nfeY) =x

If ¥ = ax" then the graph of log v against log x will be a log v 4
straight line with gradient n and vertical intercept log «.

-

If ¥ = ab* then the graph of log y against xwillbea  logya
straight line with gradient log b and vertical

log x

intercept log a.
log a
—
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The vector 9i + gj 15 parallel to the vector
2i = j. Find the value of the constant g.
{2 marks)

= Section 11.2

Given that |51 — kj| = |2ki + 2j|. find the exact
value of the positive constant &, (4 marks)
+ Section 11.3

Given the four points X(9. 6). ¥(13, =2),

Z(0, =15), and C(1, -3),

a Show that |CX1 = [C¥| = |CZl. (3 marks)

b Using your answer to part a or
otherwise, find the equation of the circle
which passes through the points X, Y
and £. {3 marks)

= Sections 6.2, 11.4

In the triangle ABC, AB =9+ 2j and

AC =Ti - 6j.
a Find BC. (2 marks)
b Prove that the tnangle ABC 15
1sosceles. (3 marks)
¢ Show that cos £ABC = Lﬁ (4 marks)
:— Sections 9.1, 11.5

The vectors a, b and ¢ are given as
a =[,,31], b= [_15] and ¢ = f"ii}. where x

1s an integer. Given that a + b is parallel to
b - ¢, find the value of x. (4 marks)
+ Section 11.2

Two forces, F, and F,, act on a particle.

F, = 2i - 5) newtons

F, =i+ j newtons

The resultant force R acting on the particle
isgiven by R=F, + F,.

338

Review exercise

a Calculate the magnitude of R in

(3 marks)

A third force, F, begins to act on the
particle, where F, = kj newtons and &k is a
positive constant. The new resultant force
sgivenby R, =F, +F,+F,.

newilons.

b Given that the angle between the line
of action of R, and the vector i is 45
degrees, find the value of k. {3 marks)
+ Section 11.6

A helicopter takes off from its starting
position O and travels 100 km on a bearing
of 060°, It then travels 30 km due east before
landing at point 4. Given that the position
vector of 4 relative to @ is (i + nj) km., find
the exact values of m and a. (4 marks)
#= Sections 10.2, 11.6

At the very end of a race, Boat 4 hasa

position vector of (=65 + 180j)m and

Boat B has a position vector of (100i +

1 20j) m. The finish line has a position

vector of 10ikm,

a Show that Boat B is closer to the finish
line than Boat A. (2 marks)

Boat A 1s travelling at a constant velocity
of (2.5i — 6j)m/s and Boat B is travelling at
a constant velocity of (-3i — 4j)m/s.
b Calculate the speed of each boat.

Hence, or otherwise, determine the

result of the race. {4 marks)
= Section 11.6

9 Prove, from first principles, that the

derivative of 5x%1s 10x, {4 marks)

= Section 12.2
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Given that y =4x* = 1 4+ 2x:, x >0,
dy

find ——

dr {2 marks)

&~ Section 12.5

The curve C has equation
y4x+3xi =20 x>0,

ﬂ
dx {2 marks)

b Show that the point P(4, 8) lies
on C. {1 mark)
¢ Show that an equation of the normal to
Catpoint Pis3y=x+20. (2 marks)
The normal to C at P cuts the x-axis at
point {J.
d Find the length PO, giving yvour answer
in simplified surd form. (2 marks)

= Section 12.6

a Find an expression for

The curve C has equation

2 :1 x# 0. The point Pon C

has x-coordinate 1.

=4+

a Show that the value of ——at P s 3.
dx
(3 marks)
b Find an equation of the tangent to C

at P. (3 marks)
This tangent meets the v-axis at the point
(k, 0).
¢ Find the value of k. (1 mark)

+« Section 12.6
(2x 4+ 1)x +4)

VX

x>0,

fix)

a Show that {{x) can be wntten in the
form Px!+ Qx'+ Rx~, stating the
values of the constants P, (0 and R.

(2 marks)

b Find f{x). (3 marks)

¢ A curve has equation y = f{x). Show
that the tangent to the curve at the
point where x = | is parallel to the line
with equation 2y = 11x + 3. (3 marks)

+ Section 12.6

Prove that the function f{x) = x' = 12x* + 48x
i5 increasing for all x € R. {3 marks)
+ Section 12.7

EP) 15

EP) 16

® 17

(£) 18

19

Review exercise 3

The diagram shows part of the curve with

equation y = x + % = 3. The curve crosses
the x-axis at A and B and the point Cis
the minimum point of the curve.

Vi
o .f“';.'""ﬁ ¥
a Find the coordinates of 4 and B.
(2 marks)

b Find the exact coordinates of C, giving
your answers in surd form. (4 marks)
+ Section 12.9

A company makes solid cylinders of
vanable radius rcm and constant volume

1287 cm’,
a Show that the surface area of the
p. = .
cylinder is given by S = 'Sf + 2ar,
(2 marks)

b Find the minium value for the surface

area of the cylinder. (4 marks)
+ Section 12.11

Given that y = 3¢ + 4/x, x > 0, find
dy

a E (2 marks)
d’y > ks

b a (2 marks)

e [rdx (3 marks)

+ Sections 12.8, 13.2

The curve C with equation y = f{x) passes
through the point (5, 65).
Given that (x) = 6x" = 10x = 12,
a use integration to find fix) (3 marks)
b hence show that [{(x) = x(2x + 3)}(x - 4)
(2 marks)
¢ sketch C, showing the coordinates of
the points where C crosses the
X-axIs. (3 marks)
+ Sections 4.1, 13.3

H B ™
Use calculus to evaluate f (x1 = x1) dx.
I = Section 11.4
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fi
20 Given that | (x* = kx) dx=0, find the

value of the constant k. (3 marks)
+ Section 13.4

21 The diagram shows a section of the curve
with equation y = —x* + 3+ + 4. The curve

intersects the x-axis at points 4 and B. The @ 24

fimte region K, which 1s shown shaded, 1s
bounded by the curve and the x-axis,

_‘ o

[\

R

-y

A i 8

a Show that the equation
—x* + 3x% + 4 = 0 only has two solutions,
and hence or otherwise find the
coordinates of 4 and B. {3 marks)
b Find the area of the region R,
(4 marks)
#~ Sections 4.2, 13,5

@ 22 The diagram shows the shaded region T 25
which is bounded by the curve
y=(x=1}x=4)and the x-axis. Find the
area of the shaded region T. (4 marks)

¥ y={x=1x=4)

0] I=L"4 & + Section 13.6

23 The diagram shows the curve with
equation ¥ = 5 = x* and the line with
equation y = 3 — x. The curve and the line
intersect at the points P and Q.

Vi

340

a Find the coordinates of P and Q.
{3 marks)

b Find the area of the finite region
between PO and the curve. (6 marks)
# Section 11.7

The graph of the function fix) = 3¢™ - 1,
x € R, has an asymptote y = &, and
crosses the x and v axes at A and B
respectively, as shown in the diagram.

LY

\

0] B~ % .
. G _|'=

a Write down the value of & and the
y-coordinate of A. (2 marks)

b Find the exact value of the
x-coordinate of B, giving your answer
as simply as possible. (2 marks)

+« Sections 14.2, 14.7

A heated metal ball 5 1s dropped into a
liquid. As 5 cools, its temperature, 7°C,
f minutes after it enters the liguid, is
given by

T =400e" + 25, 1= 0.

a Find the temperature of § as i1t enters
the hiquid. (1 mark)

b Find how long ¥ is in the liquid before
its temperature drops to 300°C.
Give your answer to 3 significant
figures. (3 marks)

. dTl . . .

¢ Find the rate, ar in “C per minute
to 3 significant figures, at which the
temperature of § is decreasing at the
mstant ¢ = 50. (.3 marks)

d With reference to the equation given
above, explain why the temperature of
S can never drop to 20°C. (2 marks)

+~ Sections 14.3, 14.7
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Find, to 3 significant figures, the value
of x for which 5" =().75. (2 marks)

b Solve the equation 2log.x - logdx =1
(3 marks)
& Sections 14.5, 14.6

Solve 3%~ ' = 10, giving vour answer to
3 significant higures. (3 marks)

=

b Solve log.x + log(9 - 2x) =2
(3 marks)
+ Sections 14.5, 14.6

Express log, 12 - {%Iﬂgp‘} + %Eng,,ﬂl asa

a
single logarithm to base p. (3 marks)

b Find the value of x in log,x =-=1.5.
(2 marks)

+ Sections 14.4, 14.5

Find the exact solutions to the equations
{2 marks)

(4 marks)
+ Section 14.7

alnx+In3=Iné

be'+3e'=4

The table below shows the population of
Angola between 1970 and 2010.

Year Population, P (millions)

1970 5.93

1980 T.64

1990 10.33

2006 13.92

2010 19.55

This data can be modelled using an

exponential function of the form P = ab',

where 1 is the time in years since 1970 and

a and b are constants.

a Copy and complete the table below,
giving vour answers to 2 decimal

places. (1 mark)
Time in vears since 1970, ¢ log P
0 0.77
10
20
30
40

Review exercise 3

b Plot a graph of log P against ¢ using
the values from your table and draw in

a line of best fit. (2 marks)

¢ By rearranging P = ab’, explain how
the graph vou have just drawn supports
the assumed model. {3 marks)

d Use your graph to estimate the values
of @ and b to two significant figures.
{4 marks)

+« Section 14.8

Challenge

1 The position vector of a moving object is given

by (cos M) + (sin )], where 0 = # = 90°,

a Find the value of # when the object has a
bearing of 090® from the origin.

b Calculate the magnitude of the position
vector, + Sections 10.2, 10.3, 11.3, 11.4

The graph of the cubic function y = f{x) has

turning points at (=3, 76) and (2, —49).

a Show that f{x) = k(v + x - 6), where k is a
constant.

b Express f(x) in the form ax® + ¥ + cx + d,

where a, b, ¢ and « are real constants to be
found. # Sections 12.9, 13.3

Given that f f(x) dx = 24.2, state the value of

f{ﬁ,ﬂ +3) dx. + Sections 4.5, 13.5

The functions f and g are defined as

f(x) = x* — kx + 1, where k is a constant, and

glx) = e**, x € R. The graphs of y = f(x) and

¥ =g(x) intersect at the point P, where x =0.

a Confirm that f(0) = g{0) and hence state the
coordinates of P.

b Given that the tangents to the graphs at P are
perpendicular, find the value of k.
+ Sections 5.3, 14.3
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O Exam-style practice

Mathematics

AS Level
Paper 1: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 a Giventhat 4 =647, find the value of n. (1)
b Write v 30 1n the form &v2 where & 1s an integer to be determined. (1)
2 Find the equation of the line parallel to 2x - 3y + 4 = 0 that passes through the point (5, 6).
Give your answer in the form y = ax + b where ¢ and b are rational numbers. (3)
. ) vd 3 5
3 A student is asked to evaluate the integral I [-r‘ —==+2|dx
“1 v.X /

The student’s working is shown below

. : 3 ' Bod
]I f = + E‘?-.i = [ (x% = 3x? + 2)dx
| VX 2

X o
= [I - 22X+ &K
=

:{lnz-p_;z]-['ﬁ';'?-a.:ﬁ-m]

= -4.54 (3 i)

a ldentfy two errors made by the student. (2)
b Evaluate the definite integral, giving your answer correct to 3 significant figures. (2)

4 Find all the solutions in the interval 0 = x = |80 of
2sin{2x) —cos(2x)=1=0

giving each solution in degrees. (7)
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Practice paper

5 A rectangular box has sides measuring xcm, x + 3cm and 2yvem.

wem 2xem
X+ 3lcm
Figure |
a Write down an expression for the volume of the box. (n
Given that the volume of the box is 980 cm’,
b Show that x* + 3x° =490 = 0. (2)
¢ Show that x = 7 15 a solution to this equation. (1)
d Prove that the equation has no other real solutions. i4)

f(x) = 3% = 558 = 2 4 =
i

The point P with x-coordinate =1 lies on the curve v = f{x). Find the equation of the normal to the
curve at P, giving your answer in the form ax + by + ¢ = 0 where a, b and ¢ are positive integers. (7)

The population, P, of a colony of endangered Caledonian owlet-nightjars can be modelled

by the equation P = ab’ where a and b are constants and ¢ is the time, in months, since the
population was first recorded.

log P4

—a (20, 2.2)

{0, 2)

Figure 2
The line { shown in figure 2 shows the relationship between ¢ and log,,P for the population over
a period of 20 years.

a Write down an equation of line [ (3
b Work out the value of @ and interpret this value in the context of the model. (3)
¢ Work out the value of b, giving your answer correct to 3 decimal places. (2)
d Find the population predicted by the model when 1 = 30. (1)
Prove that 1 + cos*x = sin'x = 2cos®x. (4)

Relative to a fixed origin, point 4 has position vector 6i — 3j and point B has position
vector 4i + 2j.

Find the magnitude of the vector ;!E and the angle 1t makes with the unit vector i. (5)
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Practice paper

A triangular lawn ABC is shown in figure 3;
i
Diagram not
1o scale
C
A
Figure 3

Given that AB=7.5m, BC=10.6mand AC=12.Tm,
a Find angle BAC. (3)
Grass seed costs £1.25 per square metre.
b Find the cost of seeding the whole lawn. (5)
glx)=(x=2F(x+IHx=T)
a Sketch the curve y = g(x), showing the coordinates of any points where the curve meets or

cuts the coordinate axes (4)
b Write down the roots of the equation g(x + 3) =0, (1)
Given that 9% = 27 find the possible values of x. (6)
fixy=(1-=3x)
a Expand fix). in ascending powers of x, up to the term in x°. Give each term in its

simplest form. (3)
b Hence find an approximate value for 0.97%, (2)

¢ State, with a reason, whether your approximation is greater or smaller than the true value.  (2)

Vr-xt-1

(x)=———— x>0
=

s 2 e W -
a Show that fix) can be written as f{x) = A2 } =1

Given that f(x) passes through the point (3, =1),

+ ¢ where ¢ 15 a constant. (5)

b find the value of ¢. Give your answer in the form p + ¢/'r where p, ¢ and r are rational

numbers to be found. (4)
A circle, C, has equation x* + ) =4x + 6y = 12
a Show that the point A(5, 1) lies on C and find the centre and radius of the circle. (5)
b Find the equation of the tangent to C at point 4. Give your answer in the form

v =ax + b where « and b are rational numbers. (4)
¢ The curve v = x* = 2 intersects this tangent at points P and Q. Given that O is the origin,

find, as a fraction in simplest form, the exact area of the triangle POQ. (7)
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n 2c'+ 100+ 2xy + 12y + 18
o 13y=4x+ 12 =44 + 2y
p 12xy-4%*+ 3y + 15x+ 10
q ary-20y-2x°+1lxr-12
r 22y =4y = 5x + 2y - 10
2 a Sr'-15x-20
b 14+ Tx - 70
e 3x*- 1Bx + 27
d ' -xf
e bx'+ B+ 3%y + day
I 'y -4xy -5y
E 1207y + Gxy - 8xy* - 497
h 19y = 35y = 2575
i 1ix? = 42 + 52y - 2xy
J P+ 3r% =257 + bay - Bx

bt - 12z - 10

e 2¢

e 12r—= 30y

C Xy

ox

i .:.1_
k d 2p°
b h #
hr® I 3a'ly
63a" p 32s
4 9r
Iy + 5x
=201 = Dx
=104 + G’
3 = 51
ir=4
13 -1

144% = 354" + 21z
dr + 10
TEE-3c+T

=t + 232
x
g —=I
2
-
r axt-25
3

Answers

25 + 9y + 2y + Sy - Sy
b’y + dx + 24° - 3z - 3y
20 4 2ty - Txt + 3xy - 152
24x? = by = 2037 + Zxy + br
bx' + 151" = 3y - 18xy” - 30xy
P24hrl+1lx+ b

Pef=1dr-2
= 3rt=-13xr+ 15
=125 4 472 - 60
2=t =-hy=-2
hx'+ 19z + 11lx - 6
18" = 15" = dr + d
X=X =X+l

H:fEFWW-H‘T'E:E_H'

3 20 -xy+29r-Ty+ 24
4 4x'+ 12%% + Sx - Gem?

b amliZ.om3d32.cm3, dm=5

8x' - 36x'y « Sdxy* - 2Ty"

Challenge

'+ 4x% + b7 + 4xy’ + it

Exercise 1C

1 a 4ir+2) b 6ix - 4)
e Sdr+ 3 d 2iz*+ 2)
e 4+ 5) I Gxix -3
g xx-T) h 2xix+ 2)
I x3x-1) ] 2x(3x-1)
k SyiZy-1) | Tribr-4)
m xix + 2} n gy = 20
0 4rix + 3) p Syly-4)
q 3xy(3y + 4x) r 2abi3 - b
& Oxlx - byl L dxyldx + 24)
w3 - 427 v Gi2z' - 5)
w anly - xl X 43y - x)

2 a xx+4) b 2rix+ 3)
¢ Lr+8jir+3) d ixr+ 6Olix+ 2]
e (r+8ir-5) [ (x-6ix-2)
g (r+2)r+3) h i(r-6lir+4)
i {xr-5)ix+ 2) Jj lx+5r-4)
k (2r+ 1)ir+ 2) I i3z = 2z + 4]
m (5x - 1jix = 3) n 2(3r+ 2Ny -2
o (2r-3)r+5) p 2"+ 3hx" + 4)
q (r+2)c-2) r (r+7ix-T7)
& [2r+ 5M2c-5) L {3z + SyN3x - Syl
n 43z + 1jIx - 1) ¥ 2(x+ 5}z -5)
w 23r=-2Nzx=1]) X 3lar=1Mlr+ 3]

I a xix'+2) b xir*-x+1)
e xirf=15) d xir+ 3x - 3)
2 xir-40r+ 3) [ xir -+ 5)r + 6l
g rix-1Hr-6G) h xir+ Bixr-8)
I xl2x+ 1Hx - 3) ] ®2x + 3}z + 5)
k xix+20x-2) I 3xir+4)x +5)

4 7+ Hx + yix - )

5 xiir+5N2x-1)

Challenge

(£ - 1Mx + 1H2x + 3M2x - 3)

Exercise 1D

1 5 =& h £* ¢ xl i
e xb I 12¢*=12 g 3 h 5z
i fr! ] = k r! [
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Answers

2 a5 b 729 ¢ 3 d - 3 a ¥+ -dx b x'+ 6’ - 13r- 42
1 =1 . ¢ 6 -5 172+ 6
3 YT LI ek 4 a 15p+12 b 15 - 250+ 100
j 12 i '; 3 I }: ¢ lox®+ 13z d 957 - 357+ dx
o o 5 a x3x+d) b 242y + 5)
i a B h 2-£ ¢ 5r' e xir+y+y) d Zryldy + 5x)
. 6 a (xrslNr+2) b 3xix + 2)
d L o X f B e (x-THr+35) d (2x-3x+1)
£ £ & ef e (5x+20x-3) I (1 -x)6+x)
. | 1 T a 2xix*+3) h xix + GHx - 6]
e h —— =
8. g=% 3 | 5r e xi2x -3}z +5)
4 a 3 p 16 B a Ir b 2 e b d o
F 9 a b 20
N T 913
5 X (] 32 i ;
3 a3 = 10a b 45
11 a 21877
Exercise 1E b (5x+ GN7x - 8)
1 a 27 b 6.3 e 53 d 4.9 Whenr= 25, 32+ 6w 131 and Tx = 8 » 167; both
s : g : 131 and 167 are prime numbers. _ _
e 310 r 3 E /3 h 65 12 a 3Z2+/10 b 10+2/3-55-/15
i 77 j 17 k -3/7 1 9.5 e 24-6/7-4HZ+/T4
m 23,5 n 2 o 193 13 a ¥3 b 41 e -3T-6
. . 3
2. A H3+3 h WS =y15 d Eu—lﬂil i 43 1.- &FH-\.T
e 4Z-/10 d 6+25-32-/10 — g RS B
o8 6=-2T=-W3+/21 I 134645 14 a be-dandc= -5 b (x+ 3)r - 5ix + 1)
g 8-6/3 h 5-2/3 15 a = b 256x°
P 3457 [ O IS TR, S
3 3.3.- \?ﬁ'lﬁﬂ 13-.._2
17 -36 + 10,11
18 xil + 8xiil = 8Bx)
Exercise 1F _ ) 19 y=hr+3
- ;
1 a ‘2 p Lil i 12 20 4,3
5 1 2 21 3-3cem
/5 I 1 §=dxi+x! i f
S r — - T =4 |- i
d = e 5 r r 22 = Xi-4+x
g {13 ik 23 5 _
13 3 24 dxi+x'a=z0=i
2 a 1.:553. b 5-2 e 227 Challenge
. - a a-b
d 3+45 e "55"3 r ‘EFL'E]H:*-“” p l-val+ !E__!.?'_:._* ';*..‘LE'_'_"_E.'PJ'.I=,'E§§_.,'] =k
g 565-20  h S+ 08 1 Lzl“
- CHAPTER 2
j 5= M-8 3541189 itior ol thach
. 3 H
1 a4 2==5 b =13
m -1 c x=5orx=-5 d lbord
2 a (x+3Mx+35) b (x+5ix-2)
11+ &2 ; &4+ 2442 ¢ (3x+ 1Mx-35) d (r- 20Mx + 20)
3 a2 b 9-4.5 - 5 = e & T
81 - 3002 134+ 22 7-373 10
T ¢ el b =
7 B ol fz =
* 5y
=[}
] 5\ x
Mixed exercise
1 a g b Gx” o 3Zx d 120
2 ar-2r-15 b 6x' - 19x -7

¢ bx" = 2xy+ 19x = 5y + 10

346 Full worked solutions are available in SolutionBank. #




3 ¢ ¥

-

[¥]] 18%
4 a xr=3

Exercise 2A

1 I==]lorxs=-2
I==-30rxys-2
r=3dorx=>5
r=horxr=-=1
XuDory =4
x=0orx=2
r=-jorr=-3

ra-dorz=3

-

= %ﬂl’I: -2
r=13orx=1

3 4% B @ 5 AapMAab

m
b
1}

|
|
|
|

h =9

me A2l M 5 A B

x = 4(-5 = /31)

=g ur.t:—%
x==0.5800rx=~3.41
x=uDT65orr=~-11.8
r=0.100 or r=-1.%0
=477 or r = 0.558
Ie==Hory==2
I=911orxr==0L110
Ir=lorx=-9
r=468orx=-1.18

i LK
) T

r r=25 d r>-7
b z=-1lorx=-4
d r=3orx=-2
[ z=4orx=>5
h r=bhorx=-2
b xulorxm2i
d r=0orx=h

= 1 |
[ z=-—jorx=3
h s=dorz=}
b r=3o0rx=0
d r=2o0rxr=-2
[ T=3:/13

h
d
r

i gy )
s=1orx= T

r=0orr= -!"j

=33+ V17)
I = %{51533]
:=5{1 + 2}

4 a=1p-13
Y=y
5 A= B=004.0==10
Exercise 2D
1 a x=u=-3+22 i1
6 T==2£+h d
2 n I--%I-H:r.:'l'.'inl I
¢ x=1{1=,129) d
3 & p=-7,0=-48
b ix-7TF=48

=T+ 48=7+43

f=?4#='|-

4 r+2bxvcsix+bF-F+0e

r+bF=0-¢
r==heyb=¢

Answers

rm=hHh V33
r=5230
= §'|'"|':I:'-i-h]
x=3{-3£y39)

Challenge
i otz +enll h ar+br+c=l
:’+¥:+§=u :’+§:+£=n
T - | M
- h "f'
(742 -Z+§=0 (x+35) ~a=*+&=0
by" b -ar b7 B = dac
€I+,ﬁ-] oy a? :I+E; T 4p?
b, b -ac ~=bz:b' - dac
r=- = 5=
Exercise 2E
1 n 8 h 7 e 3 d 105 e 0
ro £ 25 h 2 i 7
2 ag=Jdora=-2
I a f b 2 and -5 e =10 and 4
d 12and-12 e 0 -5and -7 [ 0.3 and -8

h z=1l-1%78)

b r=78Torx=0.127
d =89 orx=-1.91
I z=3840orx=-2.34
h z=48%0rx=-1.23
b r=1.090rx==10.1
d r=~jorx=-2

[ r=1

h

r=3orx=2Aa

Area = 3(21) (1 + (x+10)) = 50 m*

Mr+ar-25=0

Lising the quadratic formula;

r=1=5%575)

Helght = 2 = 5 (3 = 1)m

Challenge
r=13

Exercise 2C

A A BB S3A B AP

fx+2F=-4
[z - BF- b4
(x - 71 - 49
2lx + 40 - 32
Sl + 20" - 20
~2(x-2F+8
2+ 2F -7
Lqz 4
::H.I * :l'] - i
g

[x-3F-9
s -

3ir -4 - 48
e - - 2

5lz - 3P -
=4 ix+ 2P + 26

4 r=3andxr=2

8 r=0,r=25and 6

b a (x=-1F+1
p==-l.g=1

b Squared terms are always =0, so the minimum

value s 0D+ 1 =1

7 a =2and~1 b
¢ -landy d
e 4and 25 r
E a (3"-2TH3"=-1) b
Exercise 2F
o y=x'=6x+8
{1, &j
(2, 0) .
0 N4 X

Turning point: (3, -1)
Line of symmetry: x = 3

2,-2, 22 and =22
5 and 1

8 and =27

0 and 3
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Answers

348

X

yuxle2x-15

Turning point: (=1, =16}
Line of symmetry: r = -1

g

§=25-x {0, 250

=Y

f-5.m00 5.0\

Turning point: {0, E.'i]
I ine of symmetry: r =

1.r=l.t'+"-'.:'+3

(0, 2}
-1, 0} ;.

=2, s O] x

Turning point: I'— j —71

Line of symmetry: ¢ = —%
H“_l.- =-rr+Ox+ 7
0,7
-1, 00

=

JOI 7.0\ =

Turning point: (3, 16}
Line of symmetry: r = 3

i
(o, 109

pe=2r s dr+ 10
0o x

Turning point: (-1, 8)
Line of symmetry: r = =1

i, -15]

y=2xr"+Tz-15

Turning point: (-1, -159)

Line of symmetry: x = -3

y=06r"-19% + 10
Turning point: [ —|
Line of symmeliry: r = —

I
y=4-7x-2x*

(0, 4)
(5. 0)

ﬁ—-Lm 0 \ x

Turning point: [—— a1

Line of symmetry: xr = _§

J y=05e2+02r+002¥
0, 0,02)
002,00 £
Turning point: (0.2, ()
Line of symmetry: r = -0.2
2 aa=1,b=-B, =15
b a=-1,0=3.¢c=10
c G=2.b=0,¢c=-18
d a=Lb=-2¢=-1
3 a=31H==-20,r=72
Exercise 2G
1 a i 52 H -23 il 37
v O v —d4
b i hix i fix) i kix)
v jix) v plx)
2 k<9
3 I=3
4 =4
3 .i::-'-:
6 a p=6 b x=-9
¥ a F+16

Full worked solutions are available in SolutionBank. #

b k¥ is always positive so &% + 16> 0
Challenge

Need & = 4ae. Il o, ¢ =0 or a, ¢ < (0, choose b such that
b > Jdae, Il a = 0 and ¢ < 0 (or vice versa), then

4ac <0, 50 4ac < b for all b,
Kot if one of & or ¢ are negative as this would require b
to be the square root of a negative number, Possible il

both negative or both positive.




Exercise 2H

The hisight of the bridge above ground lovel
r=1103 and r = =1103
220Hm
21.8mph and 75.7 mph
A=3977. B=001,0=4875
48.73mph
=11 mpg: a negative answer 5 impossible so this
model s not valid for very high speeds
a b lonnes
b 396 kilograms per hoctans,
4 a M=40000
b r=400000 - 1000(p - 200°
A= 00D, B = 1000, = 20

Ia
- S - O -

e EX)
Challenge
a aeldil.b=edd cu-4
b 36.2mph
Mixed exercise
1 a y=-1aor-2 b r=5orxr=-5
y =_% 13 Sil.?
P 5 or d 5
2 i u
i, 4}
i1, 0) .
1-1._1J+\..___..-r’r1| T
f] i
]IILH:I y
I—}.lu\f:/ x
(Eh, =3}
¢ i
(0, 6
(-3, 0 (4. 0 .
i' !'J” I
d ]
{(n, 00 -2
oy (73 M\ =
3 a k=1 b x=3andx=-2
4 a k=0002ork=-11.1
b i=22Bori=0219
¢ x==2300orr=1.30
d x=0.B3%0r r = =0.239
2 a lI*hl*—iE;p:l,q:h,r=_45
b Six=4F =-6T:p=5.g==4, F==07T
f =2r=-2F+Bpe-2 g==-2. raf
d 2zx-2] -5 p=2 q:—%.rz—-

Answers

b Ic:—:"
T A p=l.g=2,r==7 II—E:.]-;
8 a flx)=(2"- 16M2" - 4) b 4and 2
o 12413
10 r=-5orx=4
i1 a 10m b 1.28s
e hif) = 10.625 = 100f = 0.25)*
A=10.625 8= 10, C=025
d 10.625mat 0,255
12 n 16KF + 4
b & =0 forall k, 50 1687 + 4 >0
¢ When k =0, lx) = 2x + |; this 5 a linear function
with only one root
13 1.-1. 2 and -2
i4 a H=10
b r=13225-10Hp~-11.5F
A=1322.5.8=10,.L=11.5
¢ Old revenue is B0 x £15 = £1208; new revenue is
£1322.50; difference is £122.50, The best selling
price of a cushion is £11.50,
Challenge
a+h a
i —E—IH
@ —ba-b=0
. i B+ + 5
Using gquadratic formula: a = T
ﬁlJﬂ:ﬁL'ib-l“'ﬁb::b
2
Dividing by & 1212 . 1
h I.i!l.:'i'.'ir'.lﬂi + V1 +
SMr=fl+r=2r-r-1=0
] - 1+~5
Using quadratic formula: x = —
CHAPTER 3
Prior knowledge check
1 & ANB=(124) b (AUB)={7,9 11,13]
2 a 53 e ¥o+ 242
3 a graphii b graph iii ¢ graph i
Exercise JA
1 a x=d, = b r=l,y=3
¢ r=2 y=-2 d z=4ly=-3
] I:di,ﬂ:'ﬂ N =3, 5y=3
2 & x=8pg=2 h::ﬁ-ll_-.y:—-h
e x=1Ly=—4 d z=13. 4=
3 a xs=-1,py=l b r=4, 4= -4
e r=054=-25
4 & 3rsky=B(lpxr-2ky=5(2)
(1) = 2: bz + 2ky = 16 [3)
2l +13)Tz=2l 501 =3
b -2
5 p=3g=1
Exercise 3B
1 a x=5,y=borx=06,y=23

b x=0,y=lorx=3y=~3

¢ re=l,g==3orxr=1.4=3
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Answers

d a=1Lb=530ra=3,b=-1
¢ u=lie=doru=2,r=3
I I=—I$.H=5'_:1'U!'I=3,y=—1
2 ax=3dy=lorx=06;.y=-2;
b x=4) y=4jorx=b,y=3
e X==19y==150rx=06. =5
2 ax=3+/13,y=-3+130orx=3-13.,
ye==3-13
b x=2-35.y=3+2i5orx=2+ 25, y=3-2/5
4 =S y=Rorzx=24=1
8 a IX+xi2-4x)+11=0

A+ 2r-48+11=0
¥-2x-11=0
b x=1+2/, y=-2-873
1'=I—E-.3._r,r=—E+F..3
6 a k=3, p=-2
b xa-bye=-230rx=], f=u=2

Challenge

y=x+k
rerlx+ET=4
i+ 2+ E=-4=0
¥+ 2k + B =4 =)
- o 2= 4= D

for one solution & - 4ae = 0

-8k +32=0 4k*=32 K=8 k=22/2
Exercise 3C
1 a i ]
0 Y
H @D
b I

X

i (-0.5 0.5)

2 a
'_,.r"
ol =

b (3.5 9 and (=1.5, 4)

350 Full worked solutions are available in SolutionBank. #

b (-1.B)and (3, 0)
4 a

) X

b (6, 16 and (1, 1)
5 i-11,-15) and (3, =1)

[ l—lﬁ.—d-i—hnndli.m
7 a 2 poinis b 1 point ¢ 0 poinis
8 a y=2r-1
¥+ 4ki2Zr-1)+5k=0
e Blr -4k +5k=0 e BEr+ k=0
h j;:.l::_l i ]:—L.y:—i

9 If swimmer reaches the bottom of the pool
axr-3r=03r-6
03 -33xr+6=0
F-dace =33 -4 x05x06u=-]1.11
negative so no points of intersection and diver does not
reach the bottom of the pool

Exercise 3D
1 a x<4 b x=7 e x>21 d r=-<3
e r<ll r r<2; g r>-12 h rel
i =8 j x>1%
2 a x=>] b r=1 1:1'!:—3—: d r=18
e >3 I r=4; g x<4 h r>-7
I z=s-§ ] z#] k x2-% 1 x>
1 a {I:Ihﬂ%l h [r:2«<x<d)
e (:21<x<3) d Novalues
0 rmd I (tx<12juinx>23)
g (px<-{jujre=j
Challenge
p==l,g=4,r=0
Exercise 3E
1 a 3<x«<8 b =dcrxr«3
e x<-2,x>5 d r=-4 . xr>-1
' —%-:.rn:? r If—E.I}EE",
g j=x<1 h x<}2>2
i -3<x<3 i I{—E{,.I}i
k x<0.x>5 | —1%5:::1}
2 a -S<x<2 h x<-1,x>1
[ é::.tr:l d -3<x<
3 a IxxZ2zx<d] b [z x=3)
¢ In—t<x<O) d Novalues




P -becr<c=3Ulxxr>4)
I Im-1l<x<ljulr:2<x<3
4 a x<lorx>2 b r<0orx>08
£ f<-lorx>0 d r<0orx>05
[ I-ﬂ—_!_-llr.l.'}; r I'i—_%lll‘.:"-':!
5 a8 -2<k<b b p=-Borp=0
b Innx<-2lulz:x>TI
T a I.I.".I{%F Is I.r:—;',:.:-n:ﬁl
€ le-3<x<jl

B x<3orx>50

r=-5oarx =31
D5<r<3
r<oryr>2
r<=-1orxr==-075

(=, =18), (3, =2)

r<05orxr>23

"ﬂ.ﬂ'E

8 Mo real roots b - dac < 0 =2k - x k=30

- 12k =0when k=0and k=13
goluition 0 = k< 3
note when & = 0 equation gives 3 =10

Exercise 3F
1 a M3.2.-1.8) h r=32
2 & i i X
ol 1T\ =
i (4. 5] i =4
“ \ﬂ\\
oA\ =
H (-3, 23) I r=-3
i \ 1
ii (-2, 9 (0, 5) i -2=rxr=0

=8
‘h
HJ :

H (-5 -22), (3, -6) i r=-Sorxa>3

3
:
q}

il (-2, =10 (9. TG6) il -2=r=9

Challenge
{=1.5, =3.75). (6,0
lx: =1.0<x <)

a (1. 060,143, 411, 2)
h x>l y=T-x.g=x+1
y<2-Gx-xt2x+p=0x+y=sd

i 'I!I-I":h 12. ll]-. 1.3- 'I'p'““|*| I]



Answers

Mixed exercise
1 a 4kr-2y=8§
Ahx + Iy m -2
-5y = 10
i = =2
b r=t
k
2 r=-4.y=3]

13
14

15

16

17

Substitute x =1 + 2y Inio 3xy - = 8

(3. 1) and (-3}, -5

r=32/6.y=-12b

= (3Ep-le -2 = P =2
x=4.y= Enlld,t':—zi_y:—:‘{

t=-lly=2;andz=4,y=—3

a k==?

Yes, the ball will hit the ceiling

a lxx=10])

R

A ¥r==5,r=4

i 1{2%

c Dexacd

l=xr=8

k=3l

b = dac so 16k = -40L
skgzt+5:¢n.n:u--;-¢.t¢{:

a '

i} x

b (=7, 20}, 13, 0)

A e e

x
a
b
a Substitute y=2-xintox*+xy-y' =0
b
a
]

(=1, 2]
:x<c=2lulzx=TI

[t:x<s=5lUlr-x >4
1ex<h

1 I
It:tzz

e <=7, 2>3

=1 =V185) c x < £ (=1 +/185)

4-3-2-100° 1 2 3 4x

Challenge

352

Dex=1.b 2 PzkaeT

CHAPTER 4
Prior knowledge check
1 & (x+35Mx+1) b (x-3)x-1)
2 a P by ué
-n 0 X
_lﬁ,llﬁ 0
3 a|x]| -2 -1.5 -1 -0.5 0

i -12 -0, 875 -4 -2.625 -2

5
-1.375 0 2.875 )

Full worked solutions are available in SolutionBank. #



Z2 &
[
" le
-2 0 I
E ]

il EI

3 & y=xir+dir-1)

¢ p=xixr+1F
L

b i =xix+ 4}x + 1)

g yw=3xi2r - 1)2xr+ 1)
'Y

1o —

i §=zxix -3}z + 3)

/Ai

d y=xix+ 143 -x)

yh

4 n
|
(o, =15 (1, 0) %
e iy
T
2. 0)y0 =z
i, =5

-

Answers

h yuxix+ 1ix-2)

353




Answers

)

5 a b=4d.c=1,d=-h

)
6 a=4 i

T a xx-12x+ 32

c L)

b:—.i.J:':_

0 4\}: x

Exercise 4B

yl

-2 =1

354

b xix - Bz - 4)

h g
1
0 1 x
i i
|
3
7]
i)
b (0, -6)

w Full worked solutions are available in SolutionBank. #

2 a iy b

450

3 a (0,12)
b b=-2,c=-T,d=8.e=12

4 !I”

Challenge

u:%.b:-{,r:—‘-".d:-l,r:ﬂ-




Answers

d—yl.ﬂx'd-E.

a—g=r+1ix-1F

-1 P 1 x

ii B =0+ 1)z-10F
d i o
y=x'1l-1)
S (i >
y=1
i 2 e -2l ==

y=xix?-1) 03

i3 W =it - 1)

ywm-3

1
i xir-4)=—1
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Answers

i
. y=ix-2¢
i = olx=4)
i1 il rix-4)=(xr-2P
h i i
g=-f
- -
—jf=-T
) il
02 fll -x"s= ¥
i i I &
— = X7
o X
-— ff = —x*
iz i -x=x?
J i
i3 il -x"=-xix + 2)

"
—
—_—
s
—
I=
I
i

ymxx =1z + 2F

) uN. T

nz M xix-1Hxr+2F=4
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b
I a

b

b

5 a

j Hﬂ
y=x
y=x%x+ 1P
x
i1 i 2 =x%r+ 1P
i i,
i =xix-3)
Only 2 intersections
I
/ y=3xlx -1}

-1 0™ I
y=lx+1y
Only 1 intersection

\ﬂ.
i = =xix- 1
Graphs do not intersect
¥4 §=x4r-al
x

y=3
2; the graphs cross in two places so there are two

aolutions,




b 3

¢ Expand brackets and rearrange,
d (-2,1).(-1,4. .9

!ﬂl.

yux!=3xf-4x

b (0,00 (=2, =12); (5, 30)

Lk

F=l4x + 2

yurt=1}x-2)

#

b (0, 2); (-3, -40); (5, 72)

[

y=ix-2Nx +2F

10 a

b Graphs do not intersect.

C H{—E

y=xr=-1)x + 1)

Exercise 4E

I & i ]
ﬂ|:

(-2, 0}, (0, 4)

i ¥
i I

(=2, 0}, 10, 8)

b I\ ¥ i ylj
a| T f: x
0.2) (-VZ, 00, (0, 2)

e i u iy
> * oy x

(0, 1), 01, 0)

(=1. 00,
(0, =1M
(1.

-3 o,
(0, -3,
(Wi m

0. =1),(1,0)

Answers

iii . Qt
‘ [ i

3

0. 3.x=-24=0

iii i

='-Z.'.‘;;'
)

25.0)y=2x=0

il we

—.._.q H

H1F

—_—

0.-1)x=14=0

(0, =131, 0)

;

":L -3}|
ivio

(LOLy=-1,x=0

L

........

(0. §=-3.2=0
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Answers

I i & i I & :k(
o
[ T ‘\ *
(0, 9), (3, 0) T A
(0,07, (5.0 P -PF=2Y=D
E- a ;’f H=HI]
b i \y=fixe2) ¥ 0y ) s 2¥
4
P X
N
¢ flr+2l=0r+ 1ix+ 4500, 4)
lixh+ Z=mix+ Lhix+ 20+ 200,00
1 a i b y=ru*\+n#=
yﬂl'[.l'l _‘1 Fi] E
of N\ T
e fx+ 1)=-=xlxr+ 1F: (0, 0)
4 a ys  y=Mfir) b , Y=Mx 2
2
7l 2z * b J0] 3 ¥

i =Mix + 2)

e iix+ 2)=(x+ 207 (0, 0) (=2, (0]
04

RV

[

5 o fia y=“.1']

N

¢ fixr+ 2)=(x+2)x =20 (2 0)(=2 00
fixh+ 4 =ix-2F(2 0

3158 Full worked solutions are available in SolutionBank. #

7 a 16,<1) b (4. 2)

puler-2"-50x-2F +6lxr-2)

110 L
§=10r+2Px=1)ix+4)

y=xix-3Nx+2)
11 a LY

B e dx e dx

T
b -1arl

12 a

y =xzlr + 1)x + 38

b -2 -3ar -5

Challenge
1 (3.2)

2 al-7.-12) blix-2]+1

Exercise 4F
I a b & 0M2x) W W MfZx)

“-r' H_tr

X x




b i !-‘l
r
Mx) = f-x)

e | ¥ fix)

i} X
fizx)

d i s N4x)

r i 4y 20x
flx)

0 X
g1 5 fLx)
’{ i o

-fix)

h | ¥

fix)
aix x

1 1 ¥ flx)
L I
Hix)

;:2 31ix)

]\

i
fLx)
] x

0 ¥
s

fi-x)
oy o Wow g
g k%E;:
; x o | x
filx) _W\ fix)
By Wy

gf‘ﬂrb
fl4x)

i flry Bl Ha
o

N,

ii ) i Y
"4

21x)

by i !

0 =x )
' _"x_\ﬂ fix)

T TR

gEﬂrr

%

Answers

W E]

e

¥4 w=Mx b ¥4 y = N4x)

Y& yw= 3ix) ya

m -

—lx)

Mas S

i b

"

ix)

1
N

-4
-1
Bk
4| w=-flx)
7{ n \;
¥ y=tin n I =)
_f i I i 4 X
¥
yiy=“a] \ "
10 x -2 x
y =-{ix}

i =x%x-3)

¥ = (2P (2x = 3)

y==rixr-13)
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Answers

5
h
y:.f!l.l'—EF
I
3y = ~xx - 2P
T a (1,-3) b (2 =-12)
& (-4 .8
I
0
¥ =l -2)z - 3P
b 2and3
Challenge
1 2 -2)
2 fizx)
Exercise 4G
1 =a
N @
=1, 2}
0, 0)|0 E.'i.-[lﬂl;
L y'll.
i, 41
-4, 2) (2 0
3,0 0 x
[ ]
T ok
(00, G
i, 0]
Olit, o 1. X
360
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Hi : k
™
7] \ H x
y=2.x=0,0-1,0)
!r'al
y=2
—— .
_NJ' x
y=4.x=1,(0,0)
Hia :
y=4 ]
___________ SEE ST
i) 1] T
y=0,x=1,10, -2Z)
HJ

.._.
)

=2.x=5100)

rrrrrrrrrrr

HY




[ y=2.x=2.10.00
L

R B o I

A Al-2, -6, M0, 0), €12, =31, [, 0)
a

(—2, -]

b Al=4, 0), #=2, b), 10, 3), N4, 6)

T

=2
Y

[
-2, &)

L)
3
i)

b

/-4

¢ Al=2,-6), B-1, 0), (10, =3), IM2. 0)

Answers

d Al-8, -6), Bl-6, 0), £1-4, -3), {0, 0)

fra
_h o
) x
(-4, -3)
(-8, —6)

e Al-4, -3). B1-2, 3), €10, ), IN4, 3)

W
[_E..-I:” [41y
/\”\J ¥
-4, -3)

[ Al-4, -18), #(-2, 0), €0, =9, M4, 0)

Wk
-2 / -
] i x
_lij
-4, -18)

g Al-4, -2), ;-2, 0}, £10, -1), X4, 0)
o

_,gﬁ:g

(-4, =2)

Q—h'ﬁhﬁ

h Ai-16, -6), M-8, 0}, 0, -3), 16, 0)

i Al=4, 6), B=2, 0), £10, 3). 4, 0)

X
(—4, 6)

Fa\

=Y

36l




Answers

Jj A4, -06), B2, 0), €10, -3), IN-4, 1)

Iy a

(4, =b)

4 al xr==-=2,y=0,02)
Wi

\25 0

i x=-1.y=0,(0 1)

HY

N

il x=0y=0
r

v x=-2y=-1(0.0)
i

lllllllllllllllllllllllllllll

3162 Full worked solutions are available in SolutionBank. #

EH |

Vv r=2y=0(01)
Wik

——--L.

0

L J

+2

Vi x==2H=0iI(0, =1)

i yi
EEE _ﬂ I
n.ﬂ: E
I+
1
a
i, 1) i (2, 3) ki (2, -3.5)

Al=1, -2) 810, 0) €11, 0) IN2, -2)

¥+ 2=Mx)

Al=1, 3) M0, 5) €11, 5] N2, 3)

s y—3 =Nz}

[ e

i I

d A-1,0) B0, 5 a1, §) vz, o)




o Al-1, 0.5 B0, 1.5) €11, 1.5) IN2, 0.5)

a
\jf{'/ﬂy -1 =1Mx)
A D
{1 x
Mixed exercise
1 a Ya y=xHx-2)
/ 3

2z - 1%
b =0, -1.2; points (0, 0), (2, 0),(-1,-3)
2 a

h Al-3,-2). M2, 3)
f F=X4+2r=5

Al3, 2}

-
L

i x
Mo, -2)
§ = 0 is asymplote

m-3, n:.,.’ u] x

Answers

F
i Af6, 4)
s . y = z
o[ [BEo) p
r ] A3, 5)
gmd
B0, 1)
X

A r==latA.r=3a H
ab g
\ y=xrx - 1x -3l
ar
e 2 d i, 2]
a ]

a (0,2) b -2 ¢ -1,1,2
a i (3 i (4. 6) il (9. 3)
v (4,-3) v 4,

b M2x). x + 2)
e | flz-4+3 0 2050
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Answers

10 & Y
g=x3r+ b

1: only one intersection of the two curves
11 a xfr-3F

I

=

_¢,|'=.:I.1.I“3F

¢ =4 and =7
12 a Yay=xix - 2P

13 a Asympiotes at x = 0 and g = =2

L
y=Mx-2

d Asymptotes at y = 0 and x = -3; intersection at (0, 15!

364 Full worked solutions are available in SolutionBank. #

Challenge
G=-rc,=4 =

Review exercise 1
a 2
625
/5
13
1+ 2vk
Z2ax—
+ B2
-
(x = BNx = 2)
= —'I, b: —'15
A9(3s0)
The height of the athliéte’s shoulder is 1.7 m
216513 s.1)
6.7 = 5(t = 1F
6.7 m after 1 second

=
ErFEFEFE s =
L]
_
]
-
Eth

WD sl DD e O e

e =
=
i

-, =
™

tad

(x=3F+9

Pis (0, 18}, Qis (3, D)
x=3+42

k=2

=
[§<]
FEAFEENEFR &£EF B —-—BEB R BB

15
16

¥ix! = Blir « 1)
ash b=1l
dizeriminant < 0 g0 o Fedl rodls
k=25

h -1,0,2

BEasrFeER

¥

17 a a=1,h=2

=

ol =z

diseriminant = =5

-2/3k <23
r+adx-8=10
¥w=232/) pu-6223

1
:}T

I8

1%

r<yorx>3

| 1 .
*{I{zur_t:b.i

20 -Zix+ 1)=x'-5x+ 2
F-3r+4=0
The discriminant of this is =7 < 0, 50 no real solutions.

B R oCREN




21 &

22 a

h

::%,y:—E_::—E,y: 11

r<-3orx>3]

ierent real roots, diseriminant = O
sok'-4k-12>0

k<-2ark=>06

23 -T<cx<?

E
I-T” i = gixl

25 A

/TN

3

g = fx)
(5, =16}

xx - 2dx + 2]

ol 72 4\5

(2. 0) (4, 0) and (3, 2)

o

| 2 X

(13.-2)
(1, 00 (2, 0) and (15, -2)

i &

{0, 0 wnd 03, )

Answers

28 & i
---...-3[&
N, .

Asympiotes: y =3 and x =0
b I'—’i. m
0.438, 1, 4. 4.50

==

30 a (b, B) b (9. -8) c (6, -4)

31 a
b 1
32 a 1
-5 0 | \ig. 0) N
irﬂ T
y =
b -44
Challenge
1 a z=1l.x=9 b 02

2 JZem, 3 2em
3 +x-x=2xix-1Hxr+1)
I+t -xr=21"-2x
Per+xz=0
o+ 1+ 1=}
The diseriminant of the bracket is =3 « 0 so this
contributes no real selutions.
The only solution is when x = 0 at (0, 0),
4 =13
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Answers

CHAPTER & 2 a y=4r-4 b y=x+2 ¢ y=2r+4
Fl"ﬂl‘h‘lﬂﬂ‘lﬂdgﬂ heck d y=4r-23 e y=xr-4 r H:%I-hl
1 a (-2.-1) b (7 ) ¢ (7.3 Eoyv--9; e L e
: i | - A
2 a 45 b 10,2 e 53 {E’r g
} i . - 3 Sx+y-=-37=0
3 a y=3i-2% byge=jr-3 o yEqmEey 4 y=xe2y=-ix-fy=-6r+23
Exercise 5A 5 am=l3 cw-27
1 a1l b L e -2 d 2 6 am-4,0=8
2 3 5
e -1 rs g 3 h 8 Challenge
i 3 i -4 k -5 l -3 P .
. pt (x: - x)
m | R e R L
L Rl s = i)
2 7 b y-fm ——ix-x)
3 12 -
4 4! y-y) [(x-x)
3
X M=) (x5 =x4)
3 23 :-‘
6 ! ¢ yeired
T 206
8 -5 Exercise 5D
9 Gradient of AR = gradient of BC = 0.5; point & is 1 yu3r-6 2 y=2r+8
COMMOon 3 2zx-3y+24=0 4 -1
10 Gradient of AR = gradient of BC = <0.5; point # is 5 =30 6 (0, 1)
O 7 0, 3%} B ﬂ.=%:+3
1 a -2 b -1 e 3 d ! 11 y=3x-4 1260+ 15y - 10=0
e - r i g ‘!r h 2 13 g=-—%+-i dx-y+a=0
i ; J ; kK -2 1 ..: 15 _qn:-i:-:+_"-, 16 y=4r+13
2 a4 b -5 c -£ d 0
e i:_ r z g 2 h -2 Exercise 5E
i 9 _3 k2 i o 1 a Parallel b Not parallel e Not parallel
.~ z g 2 ry=2r+32. 5:y=3z-7
3 a d4x-y+3=0 b 3x-y-2=0 e - AR
¢ Grey-T=0 d 4x-5y-30=0 Gradiems equal therefore lines are p.lli:ﬂ“i'l.
e S5xr-3y+6=0 f Tx-3y=0 3 []rndiﬂnlnl'.fl.'i=§.gmr]inntni'£ﬂ.'=—é.:|¢rndirnt oof
g MHr-Ty-4=0 h 2Tx+9% =2=0 €D = 3. gradient of AD = 3. The quadrilateral has
i 18x+3y+2=0 J Zx+by-3=0 a pair of parallel sides, so it is a trapezium.
k 4x-6y+5=0 1 Gr-10g+5=0 4 y=5z+3
4 (3,00 5 2x+5y+20=0
5 0.0 6 y=-lr+7
6 (0, 5), (-4, 0) g L
7 al b x-3+15=0 ¥=3
Vo B dx-y+15=0
8 a -£ b Z2e+5y-10=0
iy Erercise 57
a e\ 1 a Perpendicular b Parallel
-"'ﬂ“ﬂ"[ﬁ] ¢ Neither d Perpendicular
10 a=6c=10 e Perpendicular I Parallel
11 A3,00 g Parallel h Perpendicular
12 a -16 b =27 i Perpendicular Jj Parallel
k Neithor I Perpendicular
Challenge 2 ge=-lrel
Gradient = —“E; y-inlercepl = a, 50§ = —%I + i1 3 y= ;:_ ]
Rearrange to give ar + by - ab =0 4 y:-JT.:'
Exercise 5C 5 g=—3r+3y
1 a y=2r+1 b y=3r4+7 e y==r-13 6 y=-gr+y
d y==4r-11 e y:é.l:%l? r g:—ﬁ:—.’i 7 Jx+2y-5=0
£ y=2r h y=-3x+2b 8 Tr-4y+«2=0

366 Full worked solutions are available in SolutionBank. #




9 Ly= —%: - 1, m: y = 3x + 5. Gradients are negative
reciprocals, therefore lines perpendicular,

10 AB:y=-gx+ 43, Cliy=-Sx -3 Ay =21+ 7,
B o= 28 = 13, Two pairs of parallel sides and lines
with gradients 2 and —% are perpendicular, so ARCD is
a reclangle.

1 a AL 0) b 55¢-254-77=0

1z -3

Exercise 5G

I a 10 h 13 L d 5
[ 4] ilml r '-II.I:I

2  Distance between A and B = 50 and distance between

Hand £ = 4 50 so the lines are congruent.

3 Distance between P and ¢ = 74 and distance betwisen
@ and K = +73 so the lines are not congruent,
ru=Borx=bh
y=-2ory=10
6 a Both lines have gradient 2.
b y=-ir+Zorr+2y-23=0
e (B Y
170
3

P{-3. %) or A3, -5)

a Afi =178, BC = 3 and AC = V205. All sides are
different lengths, therefore the triangle is a scalene
irianghe.

7] l—: ar 19.5

9 = A2 11)

b B30

Rl
L

B

d

c
10 a |3.0]
¢ (=10, =1
1l a ymix~-3
e TiD, 8)
e 25
1Z a x+4y-52=10
¢ M4, 12)

Exercise 5H
1 i k=50
i k=0.3or £0.30
I k=4 ii
not linear

i } }
50§ ! .
A | |
4004
354
304 f
25 FHEHE i
151
104 !
5 4iitiiN

.

{. 1 r i 1 l L T 1 ‘F-
0 1020 30 40 50 60 70 80 ¢

=5, 0]

i m=2x + 8
RS =25 and TR = 5/5

e T a =

AlD,13)
2

==

==
| MR
mowon
Wi T BN

Ead

—

B A B
—_

b linear

B 5

Nk

S 4
175+
1501
1251
1030 4

7a

ol

2a

]
L]

¥

a 1015 2025 30 35 40X

it linioar

&

m.
a4
40 1

Cost of electricity (£

S s s e
i 100 E0 30 40 50 G0 T S0 90 K010
kilowemit hiours

Answers

The data forms a straight line, 50 a linear model is
Appropriate.
E=012h+ 45
g =£0.12 = costof 1 kilowait hour of electricity,
b= 45 = fixed electriclty cosis (per month or per
uarter)
£52.80

Mstance. d (m)

.

400 4

1004 it
[ -1 !

i

P
2 8
-

-

e T 1
34 5678 910
Time, ¢ (seconds)

1 2

The data does not follow a straight line. There is a
definite curve to the points on the graph.
= 350 + SO0

i = 350 = daily lee charged by the website designer.

b = 5000 = initial eost charged by the website

designer.
24 days
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Answers

6 a F=18C+320rF=10+32
b a=1.8 = increase in Fahrenheit temperature when
the Celsius temperalurn increases by 1°C,
b = 32 temperature in Fahrenhedit when
temperature in Celsius is 07,
e 3B.5°C
d -40°C
T a n=750¢+ 17 500
b The increase in the number of homes receiving the
[nternet will be the same each year
& a All the points lie close o the stralght line shown,
b b= -'|4|"+ {x"h
¢ 175¢m
9 a o equilibrium
1T O
o supply
g
=
=
dermand
1. .
O Quality, @
b 0=24P=17
Mixed exercise
| ay:—%:+% h -22
2k -2 E
2 a . -ilh-r-nfm'e'?k~ 14, k=2
b y=ix+1
3 a I.:y:%:+%.l‘-=y=~:+ 12
b (9 .3)
4 a y=3r-3 b (3.3
5 1lr=-10y+19=0
6 a y=-zx+3 b y=zx+3
7 Gradientw 234 -3 S+ 3 =3
2+vd =1 I 3

=vdr + cand A(l, 3/3), 80 ¢ = 2+/3
Equation of line is y = y3x + 2,3
When y = 0,.x = -2, so the line meets the x-axis at (-2, 0)

8 a y=-3r+14 b 10, 14)
9 a .‘-'.u'='§4'*4 b Students own work,
¢ (1, 1) Note: equation of line n: y = —jx +
10 20
11 a 2x+ =20 I y:%:+:
Ii.'a% b & L r-:r_'l+l!|l'—:|.!':=ﬂ
d 10
13 a Tx+5y-18=0 b A=
14 a i 1
{ !
' [g.tq/
(0, 0] T
“}'_33’
b (3.3} c 12r-3y-17=0
368

16

17

18

B0 F@p

s FeEaE & % F E A% B -6

:-u-Ey—lb:l'}

y=-3z
£1- -Hl a2l

Slope of (4 is ':-' Slope of OC is —:,‘
Lines are perpendicular.

04 =2/13 and OC = 16013

Area = 208

d = /5007 = 50,2

15/2

d=1027- 282+ 26
B-%. %) and (14, 12)
y= ':I"rr ) J:_l

|.'-'. 3.'.|

L
-+ ¥

b 5z
d 252

20.8

gradient = 10.5

= 10.5P - 10751

When the oil production increases by 1 million
tonnes, the carbon dioxide emissions increase by
10,5 million tonnes,

The model is not valid for small values of P, as

it is not possible te have a negative amount of
carbon dioxide emissions, 1t is always dangerous o
eortrapolate bevond the range on the model in this
Wiy,

Challenge
130

-ILH 148

1
2

19t 4

3 fﬂ ——)

CHAPTER &
Prior knowledge check
1 a (xr+51%+3 b (x-3)°-8
c (x-61-36 d (x+fp-2
2 a y=3r-6 b y:—:,-:—i
c y=gr+l
I a & -dar=-T Noreal solutions
b 5 -d4ac= 193 Two real solutions
e b =dar=00ne real solution
4 y=-gx-3
Exercise 6A
1 a (5.5 b i, 4) e (-1.4) d (0,00
3 i
e (2.1) 83 g (4000 h (-
i (2ea-0j (3V2.4) k (2V2.42 +33)
2 a=10,Hb=1
|
da b
'4 T.E
3 a 1— 3loril.5, 3) b y=2r.3=2x 1.5
G & |a. :i-l b i
7 Centreis (3.-3.3-2(-f-10=0
8 ({10, 5)
9 -Ta, ITm

Full worked solutions are available in SolutionBank. #




10 p=8, g=T
11 g=-2,0=4
Challenge
A pulgm-=1
b y=-x+13
e AC: y=-x + & Lines have the same slope, so they are
parallel.
Exercise 6B
1 8 y=2x+3 b y=—3x+% ¢ y=3z-2
d y=1 [ _|:,r=—:}.1'+-3;|E [ =9
2 H=-x4+7
3 2x-y-8=0
4 a y:—-_?;:—-‘; b y=3xr-8 [ 'H%:I!'
3 r;--%.b-—%
Challenge
n F.'ﬂ':y:—ixtz
Iﬂ:y:—::+¥
Hl?.'#:.a.l'+f.|-
b (-5%)
Exercise 6C
1 & (£-3F+(y-2F=16
b (x+4F +iy=5F =36
¢ (x-5F+(p+0F=12
d (x-2aF + [y - Taf = 25a°
e (x+2/2F + Iy +3/2F =1
2 a (-5,4).9 b 7.1 4
c (-4.00.5 d (=4a, =a), 12a
@ (35, =5), I3
I a 3-2F+(BE-5F=4+9=13
b (0+TF+[-2=2F=494+ 16 =65
e Trel(=-24P =494 5Th = 625 =25
d (ba - 2a)l + (-3a + Sal® = 16a* + 4a% = 20a”
L [1.5 — 3'..511 + '—hii — t-nrt.ll = I—EtﬂF + =3 5F
= 20 + 20 = 40 = (2/10)°
d (x=8F+ly=1F=25
5 (r-JF+ly-4p=1
6 5
T K F=2
b Distance P} = PR = R} = 2,3, three equal length
sides triangle s equilateral
B a (x-2PF+y"=15
h Centre (2, 0) and radius = 15
9 & £=-5P+ly+2VF=49
b Centre (5, =2) and radius = 7
10 a Centre (1, =4), radius 5
b Centre (=6, 2), radius 7
e Contre (11, =3), radius 3. 10
d 10 Centre (-2.5, 1.5), radius 5::
e Centre (2 ,=2), radius
11 & Centre (=6, =1)
b k>=3T7
12 (A-13.2E)
13 .ﬁ':—EﬂHdt:H

Challenge

k=3 1x-3F+(y-2F=50
k=5 (x-5F+(y-2F=50

Answers

2 x+f¥-L+ly+gf-g+c=0
Solr+F+iy+gf=f+g-r
Cirele with centre (-f, —g) and radius 7 + g° - ¢.
Exercise 6D
1 (7.0)L1=5,0)
2 (0, 2), (0, -8)
3 (b 100,12, -2)
4 (4, -9, 10=T, 2}
5 2Zr' = 24x + 79 = ) has no real solutions, therefore
lines do not intersect
6 a b -dac=64-4x1x16=0 Sothere is only one
point of intersection.
i 4.7}
7 a (0,-2),14, 6) b midpoint of AR is (2, 2)
B a 13 b p=1or5
9 a A5 0)and =3, <8 lor vice-versa)
h ym=x=-3
€ (4. -7)is a solutlon o § = -x - 3.
d 20
100 a Substitute y = kx to give
6+ 1 =12k + 10z + 57 =0
i = dae > 0, -B48° + 240k - 128> 0,
21 -6k« 320
h 0.7l < k=215
. . 10 257 10 , 2/57
Exact answer is - T k= - + 2
11 k<5
12 k=-202 2,105
Exercise 6E
1 a IVID
b Gradient of radius = 3z, gradient of line = v-,'|-.
gradients are negative reciprocals and therefore
perpendicular,
Z & x-4F+(g-0F=73 b 3x+8y+13=0
I A y=<=2xr-1
b Centre of cirele (1, =30 satislies gy = =23 = 1.
4 & y=ix-3
b Centre of circle (2, =2) satisfies g = i: -3
5 & (-7, -bO)satisfies " + 1Bx + 7 =29+ 29 =10
b y=8x-4 ¢ R0 -4) d 2
6 a (0,-17),(17,0)
h 1445
T F=2r+Z7Tand y=21r-13
B a p=4.p=-b
b 3, 4) and i3, =6}
9 & x=11F+iy+ 5F =100
b y=3z-3
¢ AlS-4/3, -1 -3/3) and B8 + 43, -1 « 3.3)
d 10,3
10 a y=4xr-22
h a=5

€ (x=-5F+y+2F=234
d Al5 +2,-2 + 4/2) and B(5 - V2,-2 - 4/2)
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Answers

11 a A-2 5)and 4, 71
b y:]-"'_'r+‘]ﬂ.|1dy=—%.r+'-]
c y==3r+Y
d (09
Challenge
1 g=ix-2
2 a ZCPR = 2008 =90° (Angle between tangent and
radius)

(P = €0 = 10 (Radii of circle)
CR=y(6=2P + (=1 = 1} =20
S0 using Pythagoras’ Theorem,
PR=0R=y20-10 =10
4 equal sides and two opposite right-angles,
s0 CPRG is a square

b y= ;I— Jand y==3x+ 17

Exercise 6F

1 WV = WLE + A7

(2. 3)

ix=2F+(y-3F =41

A= AR & BCE

x=3F+Iy=-2F =25

15

T+ % i y=-5r+4

(x4 3F + [y - 0F = 169

iy:,'i,r+%5 i x=-1
x+1F+(y-3F=125

~3F 4 [y + 47 = 50

AR + B3 = AlF

ARE = 400, BC? = 100, AL = 5060
(x+2F + ly - 5F =125

D8, 0) satisfies the equation of the circle.
AR =8 = (=4 =+50

Sl

i3.00

DEZ= BT+ 0b+ 13

I wm 0 + 106 + 169

D = 200

Sob” 4+ 0b+ 13 4+ 6 4 106 + 169 = 200
b+9ib=-1=0;ash>0,b=1

(x4 3P +(y+4F = 50

Cantre (=1, 12} and radius = 13

Use distance formula to find AR = 26. This is twice
radius, so Af is the diameter, Other methods
possible,

¢ =M, )

B
Bl < R - B - -
=
=
1]

™ &

=1
IR - -

[=al -

Mixed exercise
1 a Ci3 6)
b r=10
¢ (xr-3F+[y-6P=100
d P satisfies the equation of the circle.
2 10=5F+10+ 2F = 5 + 2° = 29 < 30 therefore point is
inside the circle
3 a Centre (0, =4} and radius = 3
b (0, -1) and (D, -7)
¢ Students’ own work. Equation x* = -7 has no real
solutions.
a PR BLIE+1F+(B-3F =%+ 5" = 8] + 25 = 1M
b 106

370 Full worked solutions are available in SolutionBank. #

5 a All points satisfy 2 + y* =1, therefore all lie on circle.
b AR =BC=(CA
b A kE=1k= —i
b (x=1F+(y-3F=13
7 Substitute g = 3x - 9 into the equation
Pepr+ gt edy =20
Prpr+3r =9« 4Hix - =20
10 +(p-421x + 25=0
Using the discriminant: (p - 42§ = 1000 < 0
42 = 10410 < p < 42 + 10V10
B x=2P+(y+4F=20
9 a 229 b 12
10 =1, 00, (11, M
11 The values of m and 7 are 7 - 105 and 7 + 105,
12 a acband b= 8 b y=-3x+8 ¢ 24
13 a p=0,g=24 b (0, 49), (0, =1)
14 r+y+10=10D
15 Gl
1

17

i

iy=-dr+12and l: y = '|iu-'+ 12
y=lr+d
x+2F +(y-2F =50
20
Pi-3. 1) and 9, -T)
y:.‘:_t-p.lgl'.andgr:;:—:";.
y=-4x+bandy=x+6
P-4, 5) and (X1, 2)
17
P(5, 16) and (13, §)
},:y=%:+"7':nnd.f,:y=?1—ﬁ'3
leg=x+3
All 3 equations have solutlon x = 15, y = 18
s W15, 18]
#
(4,00, 10,12)
(2.6
(x-2F +(y-G6F =40
q:-i
lr+ 3F + (y - 2F = -8
RS + STP =RT*
x=-2F +1y+2F =61
24 Ix-1P+y-3PF=314
20 a [ ym=-d4x -4 Hxm=2
b (x+2F +(y-4F =34

Challenge
a r+y-14=0
b A7, T)and €9, 5)

18

19

21

EfFREAMOFRE PREA DR

21

22

23

FE TFEMFE S
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CHAPTER 7

Prior knowledge check

1 a 15¢ b "i_jr

2 a (x-0lx+4) b (3r-5)x-4)

I a RSGT b 1652

4 a y=1-3¢ b y=1iz-7

E a x=-1¥-21 h 2ir+1PF+13

Exercise TA

Il a 48+ 5x-7 b ?c+9%+ 1
c —.1"1f'|.'l'-r% d T.r'—:‘—%




Answers

e 4'-2r+3 I 3r-4x°-1 T a lix=1)zx+3)2c+1) i iy
T o 2 ; s
L h 2r-3x'+1
¥ T, | . ¥ =
2 a x+3 b x+4 e x+3 -3
d x+7 & 1+5 [ x+4
I=-4 e+ r+d
L h T4+ 4 i T—F b ilr-3Nr-5N2r-1) Wi g
2r + 3 2x-3 r-2
i -5 k 41 I ¥+ 2
2r+1 r+4 2r+ 1 L 3 £
e " 3+l ? 2r-3 15f?

3 ﬂ'=1,!l=4.f'=—2

Exercise 7B e flr+1Nr+203c-1) i ]
I a fx+ 1M+ 5+ 3) b (xr+4ix®+bGx+ 1)
e (c+2)x¥-3z4+7T) d (xr-34z"+4x+ 5)
e lr=5)0=3r=-2) [ (x=THx" + 2x + B)
2 a (r+4)be+3r+2) b (x+204x" + x-5)
¢ [r+ 3N - 2r - 3) d (x=0602 =3x=4)
e r+6)=0rF+3r+5) [ (x=20=d4x*+r-1) @
3 8 P+3rf-dr+1 b 49"+ 2r'=-Jr-5
¢ =i+ 3 -4 =T d =hrt+ 20"+ 4 =35+ 7
4 & PO+208-5r4+4 b r-s+3r-1 d lir+2H2z =103z +1) N [
e 2+ 55+ 2 d A+ 22"- 52+ Jx + B
e -2+ 3t ¢ dx-T [ 4ot -32"- 227« b =5
E S+ 128 -hxr-2 h 3+ 5%+ 6
5 A& r=-2xr+5 b 2r'-bGx+1 -2 _; L
¢ =3r-12r+2 E
b B f+drsl?2 b Zri=x4+5 i
f =3+ hr+ 10
Fi H:E}H—Etﬂrlﬂ—lﬂnﬂ.ﬂtl:‘ + 2118 a Metor of e Tir=-202r-502r+3) 0 s
XV 4 257 = 5x = 10, Divide £ + 258 = 5x = 10 by [x + 2 r
to give (x¥ - 5). S0 x' + 2¢* - 5x - 10 = {x + ZWx® - 3).
8 a -8 b -7 e =12
9 M)=3-2+4=5
10 N=-1)u3+B8+10+3=25m=1
11 (x+4)55° - 200+ T .
12 3¢+ 6x + 4 /; 0 2y
13 *+x+1
14 2-2+4xr-8 B 2
15 14 9 -1h
16 a 200 b (x+20x-TH3x + 1) I p=3.g=T
IT a 130 i o b z=-3.x=d.x=1 11 e=2.d=3
I8 a a=1b=2¢c=-3 12 g=3. h=-7
b fx)=(2z - 1)z + 3}z - 1) 13 a M4)=0
C Il te=3 rm] h flxl=ir- 43 + 6)
19 a a=3.0=2,c=1 For 3r + &6 = 0, ¥ = dac = =72 5o there are no real
b Quadratic has no real solutions so only (4x - 1) is a roots, Therefore, 4 s the only real root of Me) = 0.
solution 14 a N-2j=0 b iz + 2)(2x + 1)i2z - 3]
¢ r=-2,x=—Jandz=1]
Elml“fc 15 a “.EF:“ ] I=U,I=2,I=—-:||:lnd1=l]
I a Mlj=0 b N-3)=0 ¢ NM4)=0 Challenge
2 lr-lix+dlir+4) g M)=2-5-42-9+54=0
3 (x+1)r+ Thx-25) N-3)=162+135-3TR+ 27T + 54 =0
4 (x-5)r - 4)x + 2) b 2r' - 5’ - 4257 - 91 4 54
5 (r-2MZr- 1Nx + 4)
6 & (rsDix-50r-61 b (r-20rs 1ix+2) =R AR SRR .2

i = =3, Xm=1.5
r II--'J"I*-E-HI—EI :’I: .f:'-'f.'l-.l.' lﬂ'

3N



Answers

Exercise TD

1

e =n=mn-=1)
If m = oven, 7 =1 1= odd and even = odd = oven
If m is odd, m - 1 is even and odd = even = even

I ||—LE]_.1“—|2'I|=I—:-.E

ol e ol Tl e R
3 X+ 0Hr-Mlex-zF+2F-yguz’-y
4 (2x-1Hx +6Hx=5)= (2% = 1Hx® &+ x = 300
=25+ 3 - 6lx+ 30
3  LHS = x* 4 bx, using completing the square,
(2] -
2 2
6 1¥+ 2br + ¢ = 0, using completing the square
ix+M+ec=-5=0D
x+M=bt-r
r+b=2/b-¢
r=-bhs'b-¢
j ] "
R R
B [I1 - %]L‘D sxll=xl4+xi —].r- —Xi=xi—-x7
= E 4
= I-{I e I:}
9 3n'-dn+10=3n*-dn+ 0 =3|n-F s 04
=3n = §|' . ‘—_,:'
The minimum value is % a0 dn® ~ 4n + 1015 always
paositivee,
10 -*-2n-3=-p+2n+3=-ln+117+3-1]
=—lp+ 1F-2
The marimum value is =2 s0 =n* = 20 = 3 |5 always
negativie,
11 P¥*+8x+20=(xr+4F+4
The minimum value is 4 so ¥ + 8r + 20 is always
greater than or eqgual o 4.
12 ke®+ 5kz+ 3=0,0-4ac< 0, 2587 - 12k <D,
b25k - 12)<0.0<ck < ‘f
When & = 0 there are no real roots, so 0 = £ < },l‘
13 pr? =bx-6=20,0V-4ar>0,25+24p>0,p > —i—:
14 Gradienl AR = -1, gradient BC = 2,
Gradient AR = gradient Be = —-1'; w2==1,
g0 AH and BT are perpendicular
153 Gradient AR = 3, gradient 8C = }, gradient €0 = 3,
gradient AD = |
Gradient AR = gradient C0 so AR and 0 are parallel
Gradient BC = gradient AD so BC and AD are parallel.
16 Gradient AR = 3, gradient BC = 3, gradient €D = 3,
gradient Af) = 3
Gradient A8 = gradient €D so Af and €0 are parallel.
Gradient BC = gradient AD so BC and AD are parallel.
Length AB = 10, BC = 10, €D = V10 and AD =10,
all four sides are equal
17 Gradient AR = =3, gradient BC = i
Gradient A8 x gradient B0 = -3 x % = =1, 50 Al and 8
are perpendicular
E_Pngflh AR =40, BC = (40, AB = Bt
18 x=-1P+¢¥=ky=ax,z=-1F+a'cr =k
Fll+al-2z+1-ku
¥ - gac>0,k>—2—,
1 +a*
372

@ Full worked solutions are available in SolutionBank. #

19 x = 2. There is only one solution so the line
44 = 3x + 26 = 0 only touches the circle in one place so
is the tangent w the circle.

20 Arva of square = (a + §)* = a* + 2ab + B
Shaded area = 4(Lab)
Area of smaller square: a? + 2ab + b - Zab
=sal+bhi=pt

Challenge
1 The equation of the circle is (x - 3F* + {y - 5)* = 25 and
all Tour points satisfy this equation.

2 Mo+ 1)) - (p- 1)) = Hip+ 17 = p - 107) = Lp) = p

Exercise TE
1 3, 4.5.6.7 and B are not divisible by 10
2 3,5 7.11.13,17,19, 23 are prime numbers. 9, 15, 21,
25, are the product of two prime numbers.
3 273 =pdd, 3%+ 47 = aaled, 47 + 5% = odd, 5%+ 67 = oudd,
¥+ 77 = pudd
4 13 = 278" =90 30°) which iz a multiple of 9
B+ 1"=2Tn"+2Tn  + 9+ 1=9n(30% + 3n + 1)+ 1
which is one more than a multiple of 9
B3+ 2P =2Tn "+ 54n* + 360 + B="n(3n* + b + 4)+ B
which is one less than a multiple of 9
3 a Forexample, whenn =2, 2% =2 = 14, 14 i3 not
divisible by 4.
Any square number
For example, when n = i
For example, when n = 1
Assuming that r and y are positive
epg x=0 =10
7 Ax + 3F = 0 for all real values of x, and
x+3F+2r+ 1l s(x+6F. s0(x+0F = Zx+ 11
8 Ifo®+ 1 & 2aila is positive, so multiplying both sides
by a does not reverse the inegquality), thon
a? =2a+ 120, and (g = 1P = 0, which we know is
e,
9 a (p+qF=p +2pg+q =1p+qF +4pq
{p - q)F = 0 since it is a square, so (p + gF = 4pg
palgz0=p+q>0=p+qg=/4pg
b eg.p=fg==lip+g==2 4pg =2
10 a Starts by assuming the inequality is true:
L. negative & positive
b L".J.!'.I:y:—l::-i-_r,r:—.z.-,.l" i =2
C x+gF=x"+2xy+ =5 + 17 sinee x > 0,
He0=2zy>0
As x + i = 0, can take square roois: £+ y = /1% + §*

e e n

Mixed exercise

T r+4 2r-1
ot b TR
2 32+ 5
3 22 -2x+ 5
4 a Whonxr=3. 20 =22 =172+ 15=10

b A=Z2. B=4.C=-=5
F a8 Whonr=2 ' +4r"-3r-18=0

b p=1,qg=3
b ix-=2ix+4H2x - 1)
T T
8 a p=LlLg=-13 b ix+ 3N2x - 5)
9 a r=3.58=0 b xix+ IHx + 3)
10 a (x-1Hx+5M2¢+1) b -5.-%1




Whenr=2 x4+ -52-2=0

a
7] E.—g.t.'s'

2
12

13

3

When =<4, fix) =0

(x+4Mx=5)x -1}

fi5) = 0, therefore (3x - 2) is a factor of fix)
a=2. =T andec=3

b (3x-2H2x+ 1Kz +3)

c rmi -1 -3

-y EF+F) 2T+ P-wE-39
I I
16 ¥ = 8Bn+ 20 = in =407 + 4, 4 is the minimum value so
n' - 8Bn + 20 is always positive
17 Gradient AR = %, gradient B0 = -2, gradient €D = ‘
gradignt AD = <2
AR and BC, BC and C0, O and AD and AR and AD are
all perpendicular
Length AB = /5, BC = /5, €0 = 5 and AD = 5, all four
sides are equal
I8 1+«3=mven, I+ S=0ven 5+ 7 =oven, 7 + 9= tven
19 For example whon o= 6

(-] 11'.-

14

15

20) [r-_:—_:ll.fi+:-‘I-:zﬂ-rl-x--:'l-x-f:‘-#]

21 RHS =(r+ 4Nx=5)2x + Q) =(r + 4H2x* = Tx = 15)
= 23+ 17 = 43x - 60 = LHS

22 Y'-kx+k=0,0-4ac=0,-4k=0, kik - 4) =0,
k=4

23 The distance betwesn opposite edges

e
- E(L T - {";} }:E{E -3l =g which is rational.

24 a (2n+ 2P =(20) =8n + 4 =420 + 1) is always
divisible by 4.
h Yes, (20 + 1)* =i28 = 1V = 8n which is always
divisible by 4.
25 a The assumption is that r is positive

b r=0
Challenge
1 a I"J.l.rirml.lmufin.lddrmqunm:-Ihhh_-r|}|']=-:‘E=E1E

Perimeter of outside square = 4,
therefore 202 < z< 4,
b Perimeter of inside hexagon = 3

Perimeter of outside hexagon = b ’—f w23,
therefore 3 cm < 23
2 ax'+bxf+cr+d+ (x=-p)eax®+ b+ aplx
+ (e + bp + ap®) with remainder o + cp + bp? + ap?
fig) = ap? + bp® + ep + o = 0, which matches the
remainder, so (r = p) 8 a factor of fx).

CHAPTER 8
Prior knowledge check
1 & 45 - 125y - Oy b 1+ 3r%y + 3o +
e Ba4l2r+brfsx?
1 4 27
- 81" - v &L
2 a -8 b TP T d e
. 1 1] 163~
3 ."-. I] et kel #
iy A Y, e

Answers

Exercise BA
1 a d4throw b 16th row
e in+ 1th row d im+ Sith row
2 & x'+dr'ys« x4 dxy oyt
b p'+ 5p'g« 10p'g" + 10p°g" + Spg* + q°
e ' - da*h + JakF - B
d x4+ 1207 + 48 + 6
e lbox = 06x" + 2160 - 216k + B1
[ a®+ 10a* + 40a’ + 80a® + 80 + 32
E Blr' - 432x + Bidx® = ThEx + 256
h 165 - 960y + 21657 - 216xy" + Bly*
I a 16 h -10 c K d 1280
(L] r =2 g 40 h =0
4 1+ 9+ 3087 + 441" + 240"
5 B8+ 12y+by7 + " 84+ 12r - 60" - 112" 4 3x* + 31"
b =3
7 %1
& 12p
9 mn:ﬁh--':‘-;
Challenge
j
Exercise 8B
1 a8 24 h 362880 ¢ 720 d 210
2 a b b 15 ¢ 20 d 5
e 45 I 126
3 a 5005 b 120 ¢ 184756 d 1140
e 2002 I 8568
4§ as'C,beiC.cu'C.de*C,
3 330
b & 120,210 b i
T a 286,715 h 57915
B 0.1762 to 4 decimal places, Whilst it seems a low

probability, there is more chance of the coin landing on
10} heads than any other amount of heads.
i .-___H! -
i r"'i.r[n-n!
B lu2x..xin=-2)xin-1lxn i
Clxlx2x..xin=-Fxin=-2bxin=-1)
1
b o =R
* 2Hn-2)
_ IxZx..xin-dixin-1llxn _nin-1})
lu2xl=x2x ., =xin-3)=ln-2) 2

10 a=37
11 p=17
Challenge
« 101 _ .. . _ 10!
-1 m[._‘ = ﬁ = 120 and HT..: = ?—_IE = 120

h ."E:S = -}4[- = zma H.Tld l-l-{":‘ e II‘_ = Emz

5191 915!
¢ The two answers for part a are the same and the two
answers for part b are the samse,

] ]
d C= ﬁuml ., = m—"ﬁ.lhﬂn!mm L

Exercise 8C

I a 1+4x«0x®+ 42"+ x*
b 31 + 108x + 54z + 122" + x*
250 = 2561 + Wr' - 16" + 1

373




Answers

2+ 12%° + 602" 4 1600 + 2402 + 1925 + 64
1+ 8x+ 242" + 322 + 162

1= 2%+ g2 = do’ 4 Lot

1+ 10x + 452 + 1201

i = 10x + 402 - BOg°

1+ 18x + 1352% + 54023

256 = 1024x + 1792x = 179217

1024 = 25060 + 2880x" - 192057
2187 - 5103r + 5103x* - 28352
Gdx® 4 192x°y + 240x%y" + 16027y
32z + 2405 + T20x"y" + 1080z
Pt - Bp'g + ZBphgt - Shptg’

T29x" = 14582% + 1215x'* - 540x%°
&+ 16’y + 1122 + 448x%y"

S12x" = 691 22"y + 41 47207 - 1451585
1 + Bx + 282" + S6x”

1 - 12x + 602* - 1602

1+ 52+ 327 + 152

1 = 15x + 90x* - 270x*

128 + 448x + (725" + SOl

27 - 5dx + + 362 - B

Gd = 576x + 2160x° = 43201

250 + 2501 + M’ + |Gy’

i 128 + 2240x + 16800x° + 700002

b4 - 192z + 24057

243 - 810z + 1080x2

=
4+ 53 4 :IT.F.1'+ﬂ+i+l
xr f ey

d
o
r
a
b
C
d
e
r
a
b
e
d
L&
r
a
b
e
d
L&
I
B
h

=§ @ &

Challenge
i e+ B = a4 4ath & Gath? + dal® & B

la - b) = a* - 4a'h + beard® - 4ab® + b

fa + b= la - &) = Ba'h + Bal = Babla® + &%)
b B289G=2=23=11= 157

Exercise 8D
1 a 90 b &0 e =20
d 1080 e 120 r -4320
1140 h 241920 i =25
J 354.375 k -224 I 3625
2 ﬂ=ti
3 b=-2
5= /105
4 1, 3
5 a p=5 b -10 c -80
6 a 5™+ 5% x30px+ 5 = 435p7x7
b p=10
7 a 1+10gx+ 4571 204° 7
b g=23
B a 14+ 1lpr+ 55p°yr
b p=7, g=2695
9 a 1+ 15prx+ 105p°y°
b p=-%q=10;
g _.
[T Iw—.n-!.l
Challenge
a 314928 b 43750
Exercise 8E
1 a 1-0.60x+0.15x" - 0021
b 094148

374 D rull worked solutions are available in SolutionBank. #

2 & 1024 + 1024r + 46087 + 122 88y
b 1666506
300 =300 = 154 (214300 + [ 2]191-32) = 1 - 152 + 90s*
i 2
12+ 201 = 3xF =2 + 21 = 15z + Hx7)
=2 =30+ 18027 + x = 1527 + Whx? = 2 - 29r + 1 bhs?
4 a=162.b=135.r=0
5 a 14+ 16x+ 1122 + 44827
b x=001,1.02"=1,171 648
6 a 1-150x+ 10875 = 5075007
b 0.860 368
e 08060 354, 0.0019%
7 a 59049 = 39 366x + 11 509 817
b Substitute r = 0.1 into the expansion,
8 a 1-15x+90 - 2705
b (1 +xHl-3xF=(1+xMl-1551=1- 14z
9 a 5o that higher powers of p can be ignored as they
tind 1o 0
b 1+ 200p - 1990g*
¢ p=0.000417 (3s.L)
Mixed exercise
1 a 455 1365 b 3640
2 a=28
3 a 00148 b L0000 D00 (0 024 9 ¢ 0,166
4 a pulb B 270 ¢ =1890
5 A=8192 A=-53248.C= 15974
6 & 1-320r+ 1800 = 96007
b 0817 04, xr=0.01
¥ a 1024 - 153 bilkr + 103 680x* - 414 7205
b BB0.35
B a Bl+216x+ 2161 + 9ox? + 16x?
b B1-216x + 216x? — 96 + 162!
¢ 1154
9 a n=8 b %
10 a 81 + 1080z + 54005 + 12 000x" 4 100005*
b 1012054 108081, x = 100
11 & 1+ 24x + 264" + 17600 b 1.268 16
¢ 1.26R 241795 d 0.006 45% (3 sf)
12 -5 10g-19,5_1
r 2 x
13 a (o)2kr- = (3]
nM2k)*-* _ aN2EP-?
2n -2 IMn-3)
2k _1
n-2 3
S0 0 =hk+ 2
4096 2048 1280 . 1280 4
e T I TR T R B
14 a 64 + 192x + 240x° + 1601 + 60" + 1227 + &
b k=1560
15 a k=125 b 3500 _
16 & A=648=160C=20 b r=273
17 a p=1.5 b 50.G25
18 672
19 a 128 + 448px + 672p%1°
b p=5.g=10800
20 a 1-12pr + bhp'x®
b p=-l15.q=13y;




2 a2 124 + 224x + 168"
b Substitute x = (L1 into the expansion.
22 k= 1,

Challenge
1 540 -405p=0,p=7
2 474

CHAPTER 9
Prior knowledge check

1 3.10em b 9.05em

2 25.8° b 77.2°

3 graph of r* + 3x b graphof (xr+ 2F + 3ixr + 2)
graphof2? + 3x -3 b graph of (0.55F + 310.5x)

Exercise 9A

1 a 3.19em
d 4.31cm
a 108207
d 52.6°
192 km
11.2 km
128.5" ar 031.5° (Angle BAC = 48.5")
302 vards (301.5...)

Using the cosine rule

fEEE

O 85 cm
b
i
T2.2°

1.73¢em v 3 em)
(v 54 cm

gi"

137"

e
- -
=m0

=] W e L

Fed -6 1
2x5x4 &
24 37 -4 |
8 LUsing the cosine rule TY R
9 ACE=Z22.3°
I ARG = 108417
11 1047 (104 .458)°
12 4.4em
I3 42 em
14 &8 iF=(d=-32F+(4+xP = 2[5 - £}4 + 1] cos 1207
=25 - 10x+2° + 16 + Br + x* - 2020 + x - 2} |-}
= =14+ 6]
b Minimum AC® = 50.75; It occurs for x = 1

2
2 4 B2 - T
15 & cos ABC=""" i

2w 5
J20x-7a _axr-15
S 10x 0 2r
b 3.5
16 &5.3°
IT a 28.7km b 056.6°
Exercise 9B
I a 152em b 957em ¢ 5% em d 4.6lem
2 a r=B4 y=0632
h r=135 =166
¢ r=8i* y=139
d x =80 =622 (isosceles triangle)
e r=62T.y=T.16
I r=4.49, = 7,49 (right-angled)
I & 164" h 358%8° ¢ 40.5" d 1307
4 & 48.1° h 456° ¢ 14.8° d 48.7°
e B6.5° r 774°
5 a 1.4lemiv2 em) b 1.9%em
6 PR =50.6" PR = 54.4"
7T &8 r=432°y=502cm b x=101°p=15.0cm
¢ Y=03Bem, yp=321" d =546 y=103cm
e r=21LEB% =301 [ 2=45.9% y=3.87T"
B a 652km h 3.80km
9 a 73lem b 1.97em

Answers

10 a 63" b 1458m

4‘—22: ratinnalising

*

11 Using the sine rule, r =

oo 'I'. 2{2 | 2
- 2
12 a 36.5m
b That the angles have besn measursd from ground
bisve]

=i —4=4li -1)

Exercise 9C
1 a T0.5° 109" (109.5%)
i

2 a x=746%y=5654"
r= 105% y= 34.6°
b xr=598% 4=48.4cm
x=120° g = 27.3cm
¢ r=56.8%y=43Tcm
=232 y = 2.006 cm
3 a LSemiACE = 907
e 456" 1344.4)°
4 29%%em
5 Inone triangle ABC = 1017 { 100.97); in the other
BAC = 1317 (130.97%)
6 a 62.0° b The swing is symmetrical

b 24.6°

Exercise 9D

1 a8 23.TFem® b 4.31cm?

Z2 & r=41E8% ar 13827

b x=26.7" or 153(.3)°

e x=060F or 1207

27503 m (third side = 135.3m)
3.58

a Area = 1(x + 2)5 - z) sin 30°

¢ 20.2em”

ke

=310+ 3x - x%) x 3
= 110+ 3x - x9)
b Maximum A =3, whenz = 13

6 a 4xi5+ 1) sin 150° = 1

i T .
El5.1'+.1'b:-:2- i

fr+xr=15
+ir-15=0
h 2.11

Exercise 9E

1 e 37T y= 853", 2 = 6,86
=48 y=195,z=14.6
x=d y=115.2z=105
x=21.0° =290 z=8.09
r=93.8" y = 563", 2= 29.9°
=92 y=414% z=41.4°

=2 EaEn e

3715




Answers

g ¥=433"§

=04 7% 7=
orxy=135" y=527" 2= 136
h x=7.07, y= 7.7, 2= 61.3°

orx=7.07, 4= 106 z = 28.7"
I x=498°. =939, 2= 37.0°

2 a ABRC =108 ACE =324 A0 =15.1cm
Area = 41.2em?®
b BAC =415, ABC = 28.5%, AR = 9.65cm

Area = 15.7 em?

3 a Bkm b 0"
4 107 km
5 12km
G a S.44 b 7.95 ¢ Jh8®
T a AB+BC>AC=r+b>T=x>1;
AC+ AB>BC = 1121+ 2 =19
b i x=0608fromx*=37
Area = 14.0cm?
il r=723hom -2 - 112 -(20+ 8/2) =0
Area = 13.1 em*
B a r=4 b 4.68cm?
9 AC=193cm
10 a8 AF=2-3sF+lx+ 1F-22 -xHxr+ 1) oos 120°
=H—-l:'+:’1+{:"+i£:+I]—El—.r’+.r+2]|—.17|
s =X%] )
b
11 410

12 AC= 15cm and BC = 6em
Area = 5.050rm?

13 a 61.3° b 7R.9em’
14 a DAR = 1363, BCD = 50,1
B 13.1mf
¢ S2.15m
15 34.2cm?
Exercise 9F
l yll-
y = cosd
(] 6 mru =-!_nl
e
b ] ik
E ‘ i =tand
-180° 908 90" 180 @
376

Ty
14 i =sind

4 a
h
L

=¥

-3
i-120°
i 135°

i -60° 120°
i -45°, -135°

Exercise 9G

EaEnFE

il.x=0"
4. x= 9P
il.x=0°
id4.x=9"
i1,
il

H -1, r= 180"
i -4, x= 270"
H -1, xr=180°
B 2 x=270"
i -1, r=90°
i -1, x=90"

x=270"
x = 30"

= cos 30

=ons i

i

14

I a

Full worked solutions are available in SolutionBank. #

360° 0

The graph of § = =cos# is the graph of § = cos @
reflascted in the #-axis

)

1.
/‘\:—i'uﬁ.ﬂ‘

0 /[I= 180° zﬂwinﬂ d

_1-

Meels f-axis at (907, 0), (270", ()

Meets y-axis at (07, =1]

Maximum at (1807, 1)

Minimum at (0°, =1} and (360°, =11

The graph of y = %!-id]‘lﬂ is the graph of y = sin#
stretched by a scale I'artr.rr_% in the y direction.

I

= -;-Eillﬂ

3
3

=Y

Meets f-axis at (0°, O, (180°, 0, (3607, 0]
Meets y-axis at (0°, 0)

Maximum at (90°, 1)

Minimum at (270°, —%h




¢ The graph of g = sin %n!.l' is the graph of y = sin#
stretched by a scale factor 3 in the @ direction,
ik
I_

i =sin :er

a o 180 200 3600 O

Only meets axis at origin

Maximum at (2707, 1)

The graph of y = tan (6 - 45°) is the graph of tan #
transiated by 45° in the positive & direction.

! : =
’ v = lan (=437

Ol e gl 2T

0
'1" ¥ |/

Meets d-axis at (457, 0), (2257, 0)

Mueois g-axis al (07, -1)

(Asymplotes at & = 135" and # = 315%)

This is the graph of ¥ = sin # siretched by scale
factor -2 in the y-direction (i.e. reflected in the
f-axis and scabed by 2 in the y-direction).

Meets f-axis at (<1807, (1, (0, O], (1840, 0}
Maximum at (-9, 2)

Minimum at (907, =2

This is the graph of § = tan# translated by 180° in
the negative # direction,

! ' y=tan(d +180°)

T T T =
1800 -00° S0 a0- g0° o

As tan # has a period of 1807

ianid + 180°) = tan @

Meets d-axis at (=180, 0], (0, O, {1807, )
Meets y-axis at (0, 0)

Answers

¢ This is the graph of y = cos # stretched by scale

factor % horizontally.

i =cos 48

Meets -axis at (-1573", 0), (-1123%, 0), (-671%, 0),
(225", 0), (225", 0), (675", 0), (112", 00, (1575". 0)
Mueets y-axis at (0, 1)

Maxima at (=180°, 1), (=907, 1), (0, 1), (00, 1), (1807, 1)
Minima at (1357, =1}, (=457, =1), (45°, =1L (135°, =1)

This is the graph of y = sin @ reflected in the y-axis.

(This is the same as § = -sin#. )

Hi
14

180 —90¢ ON 900 phoe @
14 = sini-o)

Meets d-axis at (=180°, 0), (07, 0), (180", 0)
Maximum at (-7, 1)

Minimum at (90°, -11]

Period = 720"

i y:ﬁlné-ﬂ
1

0 ag 180° 270° 36070

Period = 360°

Hi
: Y= _';_rn;r::i.l'
/\ - N
~360" - :u=-1hn-—9'hc\ " 180° zﬂQi;u'ﬁ

2

Period = 1807

g = tan (#=90")

)/

90° 1807 2700 3604

ETH|




Answers

d Period = 90°

L Lfmlan 29

6 a i y=cosi-#isa reflection of y = cos@ in the
y-axis, which is the same curve, 50 cos 6 = cos ().

H“

§=cosd

* O o 1800 2F0° 360" 450° 0

i g =sin (- is a reflection of g = sin & in the y-axis.

4 =sin{—)

AAWS
nwu:ﬂ\/

§ = -sin(-# is a reflection of y = sin (-] in the
d-axis, which is the graph of g = sin #,
S0 —sin -6 = sin .

44

i = sinf-)

_1 :L‘ f

<
-

Ml & = sin(# = 90°) is the graph of i = sin#
translated by 907 to the right, which is the graph
of g = —cosd, 50 sini# - 90°) = —cos 6,

K= sin{#=90%

378 Full worked solutions are available in SolutionBank. #

b sin (90" - &
= ~5in (-(9" - &) = -sin{# - 90°)
using {a) (il)
= ={=cos #) using (a) (ki)
= s

¢ Using (al(i} cos (T - &) = cos (-(58° - &)
= 0% (0 = 907, but eos (0 = 907) = sin A,
0 co8 (M° - §) = gind

T & (=-3040°, 0) (-1207, 0], (607, O, (2407, 0]
. V3
b (o, :
B a y=sinix+ 607
b Yes - eould also be a translation of the ook graph.
af §=o0slx - 30%
9 a ¥y
14 i =sin( 3017
ol 1 2z 3 4 5 & |
14

b Between 1 pm and 5 pim

Mixed exercise

1 a 155° b 13.7em

2 a r=495" area=1.37ecm?
b x=552° ared = 10.6em?
c x= 117" ared = 6,060 cm?

3 650 emt

4 a 36.1em® b 120em®
5 a 5 b gﬁz-._'! cm?
G arch = ljcri.l gin

l=3 x22sing

L sinG = C=45°

L]

s the cosine rule to find the other side:

Fo2 (2P -2 x2/2 cosC = x =2 em

S0 the trlangle is isosceles, with two 45% angles, thus is
also right-angled.

7 a .'If:=|.5,rm=-.=[.ﬂ,3[.'=-\.5
AC? + BC? = AR

s SACH =

2w A = /AT
g 2+5-18
21'!'.:.'!#'..'!.
O AR |
10 5
b Iirm‘
8 a4 b 1?"-4"*55.50}:1..-‘
9 a 1.50km b 241° ¢ 0.789km?

10 359 m*

11 35.2m

12 a A stretch of scale factor 2 in the x direction.
b A translation of +3 in the y direction.




¢ A reflection in the x-axis.
d A translation of <20 in the x direction.

I3 & Bk
tan(x-45"°
24 ¥° e y=-2cosy
1
ﬂ/fﬂ 0° 135" 180° ¥
=14
-2
b There are no solutions.
14 a 300 b (30.1) ¢ 60 d 23

15 a

=

72"
16 a The four shaded regions are congruent.

w4 F=5ing

b sing and sin (1807 = &) have the same g value,
{eall i k)
g0 &lfia = 2in(180° = o)
sin (1807 — &l and sin (3607 = a) have the same
u value, (which will be &)
%0 sino = sin( 180" = &)
= =5in(180° + o)
= =gin (3607 = o)

I? -. y“
- 180° a1 ok
360° -a
0 0 3607 0
] 180° +

Answers

Ty

b | From the graph of y = cos @, which shows four
congruent shaded regions, if the y value at o
is k, then & at 180° = o is =&, i 6t
180° = & = =k and y ot 3607 = o = +&
g0 ros oy = =008 [ 1807 = o)
= =i [ FR0® + i)
= 8 [Z‘.‘hL‘I‘ = )

il From the graph of = tan#, il the § value at o
is &, then at 180° = o it is =&, at 180° + o it s
+k and at 360° - o it is -,
s0 tanag = =tan{ 1807 - o)
= +1an [ 180°% + ol
w =10 (360" = o)
I8 a y
y =sin (G0x)*

NAN N
HAVAVAVAVL

b 4
¢ The dunes may not all be the same height

Challenge
1
5{_
VD } 1

Using thie sine rule;

sin(180F - ZADE - LAER] = — = —
V10 2

180° = ZADE - ZAER = 135" [obluse)

g AR + £8 = 45" = ZACRH

CHAPTER 10
Prior knowledge check
1 a us
‘l-
EJ' I € "_rl S-rl.n"E
-1
b 4
¢ 143.1°, 396.9°, 503.1°
2 & S7.7"° b 73.0°
3 a x=11 b x=3 ¢ r=-44.2
4 a r=lorx=3
b x=1lorx=-9
& I=3.1.-..[|.'-
4

379




Answers

Exercise 10A
I n ] h ..r‘
P
Opgo® i’
—R0° + 100"
T B
L] I
P
[ i d '
+ 200"
r]l; P 'I-lll‘:-hp
N
g i I
0 if r
35° iﬁ/ T
p =145
4 i h i
+EHH"/[~\ *33ﬂ?f-\
Ok ape] T k\f‘l_ ar] ¥
2
F
i W i gy P
20 _U/I T
=2 R0
P =160" RO
2 a First b Second ¢ Second
d Third e Third
3 a -1 b 1 c 0 d -1 e =1
r o g 0 h O PO j 0
4 a =sinbi” b =sin&0° ¢ sin20°
d -sin 607 o sin &0 I -cos70°
g -cosB0° h cos50° I —ros20F
j -cos5° k -tang0° I —-tan35®
m -tan 30° m tan5s® o tan 60
5 a -sind b -sing ¢ -sin@
d sind e -sinf [ sing
g -sind h -sin# I sing
G o —onsd b -cose Cooosd
d =cosg ¢ cosd I =cosg
g ~tan# h =-tan# I tang
j tan# k -tan# 1 tan#
380

Full worked solutions are available in SolutionBank. #

Challenge
ﬂ. yﬂ
180"~ 8 =] f
) /‘ﬁ/
x
sind = s (180" - ) = a
h y]
cosd = cos(—d = b
- i
1804 i @
| @ .
i b X
tan# =2 wan(180° - M = -2 = —tane
] =fi
For lmnll=§
Exercise 10B
I. a '.__.Il! h _'._3 _1_ d |3'
2 o .o i
V3 1 1 V2
va r -1 L h -t=
* 3 2 2 ]
V3 V2
i - jo = 1 -1
m ”:f- n -3 /3
Challenge
a lv3 2 il 2443 v v2 +v3 =v2
b 15°
e jIEfL:_\E u'|.2+'\.3




Exercise 10C
1 & EiII.:'g h & e =t
d cos@ ¢ tlanx [ 1an3A
g 4 h sin*d i 1
2 1}
3 tany-3iany
in?g
a 1-sintd L
| =sin*@
T
1-sin’g e 1-2sins
sin#

5 (One outline example of a proof is given)
a LHS = sin*@ + cos® 0 + 2sin @ cos ¢
= 1+ 25ind cos
= RHS

1 = cos*@ _ sin®# sing

HS = - = sind

b LH P Y ey
= §ind tand = RHS

e NG Sinx cosr sin'y+cos’x

COSY ~ giny  sinx + cosx

— T
giny + cOST

d LHS = cos®A = (1 - cos¥A) = 2 cos™A = 1
= 2{] =sinfA)=1=1 =2 sin®A = RHS

& LHS = (4 2in®# = 4 sind cosd + ¢ns’ §)
+ (sIn® @ + 4 sin & cos # + cos? i)
= Hisin®# + cost @) = 5 = HHS
I LHS =2 - isin®# - 2sind cos 0 + cos® )

= 2 (5N & + cos® ) = (sin® § = 2 s5ind cos i + cos* J)

= SN0 + 25ind cosd + cos* 0
= (Sin# + cosdF = RHS

i

10

11

12

aE 8 o B BN

LHS = sin* x [1 - sin* ) - (1 - sin® x) s5in’ g
=gin*r - sin®y = RHS

i = = =12
sinif = _“..l."l'lpﬂ.l'— 0
sinf =3, tanf = -3
ma_n.l?:;ﬂ-, Laip i = —ﬁ

) 25

L L)

a ]

V3 i

Y h L

s &

W i
=14 i

4 3
+yi=l _
AP+ =i [urf+§:—-=l}
E i + i = 1
3 . - o
Pyl =17 [ctr.r-+—a'l)
y.E

e
Fiy=2 i
y . el -100 9

Using cosine rule: cos B = 2B nl? " IE
75

16
Using sine rule: sind) = ilﬂj x 8= %
V5

3

] T
['Ml:ﬂry] x y]=1)

Answers

Exercise 10D
1 a =63.4° b 116.6°% 296.6°
2 a 664" b 66.4°% 113.6° 246.4%, 293.6°
I & 270r b &0°, 240°
¢ BT, JHE d 15% 165°
e 140°, 22HF r 135° 315°
g e, 2700 h 230° 3107
4 a 456" 134.4° b 135°, 225"
e 132°, 228" d 229, 311"
o H.13°% 18R° I 61.9°, 242°
g 105", 285" h 41.8° 318°
5 a 30" 210 b 135° 315°
¢ 53.1° 233° d 56.3" 236°
e 54.7°, 235° I 148° 328°
b a -120°, -60°, 2407, 300° b -171% -8.63"
e =144" 144° d =327 -32.9°
e 150° 330° 510°, 690° r 251" 431"
7 a tanx should be 3
b Squaring both sides creates extra solutions
e -146.3° 33.7°
E a Wi
2.
1 /-y= CO% X
o %0 180 0 0 X
= i=2s5inx
-
b 2 e 26.6° 206,67
9 TL.6® 108.4% 251.6°, 288.4°
10 a 4sin*x - 3(1 - sin®z) = 2.
Hearrange to get Tsin®xr =5
b 57.7° 122.3° 237.7°, 302.3°
11T & 2sin"x+ 31 =s5in“x]= 1.
Rearrange io gel 3sin*y =4
b sinx>1
Exercise 10E
1 a 0° 45% 90° 135% 180°, 225° 270 315°, 360°
b &0°, 180°, 200°
r z:ef. 1 |25°. E[I'Ei‘. zuz;*
d 30° 150° 210°, 330¢
e T
r 225 315"
2 a 90, 27T b 50° 1707 € 1657, 345
d 250° 310¢ e 169° 123"
3 a 11.2.712%1312° b 6.3° 186.3°, 366.3"
€ 37.0° 127.0° d =150°, 30°
4 a 10° 1307 b 71.6° 108.4*
5 a _F_j'll.
I_t:m*. 1)

210¢, -1)

381




Answers

] '.:i o
b {n.?).uznﬂ.m.{m.m
¢ 86.6° 333.4°
6 a 075
b 18.4° 108.4°% 198.4°, 288.4°
7 a 25
b

No: inereasing & will bring another “branch’ of the
tan graph into place.

Challenge
257, 65°, 145°

Exercise 10F

1 60, 120°, 2407, 2007

457, 135°, 2257, 315°

0°, 180°, 199, 3141°, 360"

T7.0% 113° 257, 293"

e, 300°

204°, 336"

a0F, L7, 1200, 1507, 210°, 2407, 3007, 334F

EAoEaSER S AT TE

] =45% +135% b -180% -117°, 0°, 63.4°, 180°
=114* d 0% £75.5%, 180"
3 T2.0°, 144" B 07, 60"
No solutions in range
4 +41.87, £138"° b 38.2° 142°
5 6dF, 755" 284.5%, 300"
6 48.2° 131.8° 228.2°% 311.8"
T 2cos’xy +cosx - 0= (2coss - Icosx + 2)
There are no solutions o cosx = -2 or 10 COSE = i
8 a 1-sin*x=2-sinx
Rearrange to gel sin®y =sinx + 1 =0
b The equation has no real roots as b* - 4ac < 0
9 a p=1.g=5
b 72.8% 129.0° 252.8%, 309.0°, 432.8%, 489.0°
Challenge

1 =180F, -60F, &0°, 180°
2 0° 90°, 180°, 270", 360°

Mixed Exercise
1 a -osh7 b -gin48° ¢ +tan 10°
V£
0 e | =
2 a b — ¢ -1
d /3 e =1

3 Usingsin®A =1 - cos® A, sin*A=1- I[_'I%}- = I_.Il

Since angle A is obtuse, it is in the second quadrant

and sin is positive, so 5inAd = %
: L30A 2 f A1) 2 2
n"“m"’l_:u:ul_.,n x( \ T}_ i ?1.'.
Vel 2
4 a - b 5
5 8 cos'@-sind b sin'3d e 1
4 4+tanx
6 o 1 b mn_;.r--:Hm“_3
T a LHS=I(1 + 25in# + sin* ) + cos* &
=14+ 25in0+1
w2+ 2eing
=21 + sin# = RHS
382

11

12

13
14
15

16

17

18

19

20

L] =l

E BEEA&

(]
a

LHS = cos' & + sind

= {1 = sin® #F + sin® &

m ] - 25in*d + sin*# + sin®d

= (1 - sin®*f#) + sin'@

= cioE 0 + sint# = RHS
Mo solutions: -1 = sind = 1
2 solutions: tan @ = =1 has two solutions in the
interval,
No solutions: 2 sind + 3cosd > =5
a0 2sind + 305 # + 6 can never be equal to 0,
Mo solutions: tan® 8 = -1 has no real solutions,
dr-gliy+1) b 14.0° 180°, 194*
3 cos 3@ b 16.1, 104, 136, 224, 256, 344
2 sin 2 =l
cos 28
== Z2ian2f=1=1an28 =05

13,37, 103.3°, 193.3%, 283.3°
2257, 345°
22.2°, 67.8°, 202.2%, 247.8"

2 sin 20 = c0g 20 =

a0¢, 1507, 2100
0%, 131.8°, 228.2%

a

a

b

Found additional solutions after dividing by thres
rather than before. Not applied the full interval for
solutions.

=350°, =310°, =230°, =190F, =110°, =70°, 10°, 50°,
1307, 1707, 250°, 290"

i

=Jdsinx

2 e 23021307

9 /40
¥ s ¥
= \.2 o

2

Using sine rule: sin ) = sin45 « %

LA |

b
H]

L

Eil, X
5
Asin“x - (1 - sin“x) = 2.
Rearrange to give 4sin’x = 3,
=120°, -G0°, H0°, 120F°
318.2°, -221.8°, 41.8%, 138.2°

Challenge
45%, 54.7°, 125.3%, 135", 225°, 234.7°, 305.3" 315°

Review exercise 2

b B S

5

x
x
4

it
b
L

@ Full worked solutions are available in SolutionBank. #

+3y-22=0
-3y -21=0
=25
045
[ =0.45h
The model may not be valid for young people who
are still griowing.

y=—3r+4 b Cisi3,3) e 15




- =

1
12

13

14

I

17

19

21

BEBR

-

V5
=, 1)
E+ dF+y-8PF=10
x=3F+(y+ 1PF=20{(a=3.b==1,r=20)
Centre (3, =10, radius 20
(3. 5)and 4. 2)
J10
<r< i
x=1F+ily-5F=58
TH=3x+26=0
AB = 32; BC = /B; AC = /40; AC? = AB* + BC®
A Is a diameter of the circle
[x=5F+Iy=2F=10
3b=-2rc=-8
2037 - TP - 17(3) + 10 =0
(22 = 1Hx - Shx + 2)

W

s

2 0/ 5

-

L TR - - i - o R = - o -

Y

24

fr = 33z = 2)xr+ 4)

glEI:EJ—IEI.Eb-r 12=0

(= 3Nz + 4Hx - 1)

g=0,b=0

=080

M4+ 1:T=a2024)+ 1; 117 = 5(24) + 1;

13 T2+ ;17 = 12024) + 1: 19 = 15(24) + 1

B - - -

b 2(24) + 1 = 73 which is not a square of a prime
number

& x=-5P+ly-4F=%

b 41

e Sum of radil = 3 + 3 <41 so circles do not touch

a 1-20x+ 180z - 960" + ...

h 0817

a=n2.b=19c=T0

4

L em

a cos 6 = i:- (5% + (2% = 3F - (x + 1)) + 2(5H2x - 3)
S2r == (25 +4x= 120 + D=5 =25 = 1)
Om3r-24x + 48
-8+ 6=
4
10.8 e’
11.93km
100, 9"

AB = BC = 10 em, AC = 610 em
143.1°
9.4 km?*
[r=5F +ly=2F =25
f
.‘t‘.'l':.,'HI;"I"'J'.':.EII;H:-_“E
eos XYZ = (20 + 90 - 98) = (2 = V20 = ,/90)
cos X¥Z =12+ 6062 =2 + 10

- o - . -

—

L -

Answers

(=225, 00, (=45, 0), (135, 0) and (315, 0)

(09 |

32 Area of triangle = ; *® & x g x sinbl" = "4 &t

Area of square = 5°
Totnl surface area = 4 x{ Tzs?ll + 5wy} + 1)x2em?

33 a 1
h 45°, 225'
34 30°, 150% 210", 330°
35 o007, 1507
36 a 201 -sin*x)=4 - 5sinx

2-25in'r=4-5s5inx
2sinxy - Ssinr+ 2=0

h x=230" 150"
IT 723, 147.5°, 252.3°, 327.5
I8 O, 78.5°, 281.5°, 360
30 cos'r (lan®y + 1)

= cos? o H0E 1’

(I

= 05°F + sintr =

Challenge
1 a 160

b (-0
2 The second circle has the same centre but a larger

radius

] fl _ n! n!
P )t lesd)® ot oo

___ Hlik+1] afln = ki
k+ 1Mn =K1 &+ 1ln - kN

_ alilk + 1)+ ln = kN
Uk + 118 = k2

~ nlin+ 1
ke + 10l - kN

- {4+ 1)1
T+ 10N - k)

g

4 07, 307, 150°, 1807, 270", 360"

CHAPTER 11
Prior knowledge check
4 3 -1
1 a 3) b {3) ¢ (%)
2 a b ; ¢ 3
I a 1232 b 136 ¢ 5.3 d 21.4°




Answers

Exercise 11A
1 a [ b
J N iz
[

a+hec+d
[ i

2 a 2b b d ¢ b
d 2Zb ¢ d+b I d+«b
g -2d h -b I 2d+h
Jj -bh+2d k -b+d I -d-b
3 a Zm b 2Zp ©m
d m e p+m I p+m
g p+2m h p-m i -m-p
J -Z2Zm+p E -Zp+m I -m-2p
4 ad-a b a+b+e
¢ a+h-d d a+h+e-d
5 a Za+2b b a+h ¢ b-a
a b b h-3a ¢ a-h
d 2a-b
7 a OB=a+b b ﬁ:%lnthl e IP:%ha%a
B a Yesii=2) b Yes(i=4) ¢ No
d Yesi{i=-1) & Yesii==-3) [ Na
9 aib-a i Sa iii b iv ib-a
b B = b-a. ﬁ = i{h - n) 50 P is parallel 1o BC.
10 a iZh ii a-h
h E:Eh,ﬁ:ﬁhmnlﬂiﬁ parallel to O,
11 1.2
Exercise 11B
R T veoi+3 (7)) ve-tiez (T
- " u F 3 i 2
. % K 3' i S "'3- —— U
v, 3i .-_].[5:| vy -3i Ej.{_E_ v, ..j.|:u_,.
384

2 a Bi+12 b i+1.5
d 106 = j e =2+ 11j
g 14i-7] h =81+ 9j
4 4
A b (o3)
-1 =21
d (¢ e ("5
4 a A=45 b .l'f—";
3 oA .1-=—'| b p=-]
¢ 5==1 d t=-p
=
— -~ 5.
a A =.J-i—-|-j={_4|
— - q
C IF'TI-T']={ 12)
8 jmd k=ll
9 p=alg=2
1 a p=5 b Bi-13j
Exercise 11C
1 a 5 b 10
d 447(3s0) e 58310350
g 583(3sL) h 412(3sM)
2 a V26 b 5/2
I 4 1 5
3. S[EP b 13'=12
1 -7 1 i
o zﬁiz-ll' ¢ qni-al'
4 a 53.1° above b
¢ G747 above i |
3 a 149 to the right I
¢ AL 1o the left d
15+ 2
15,2 15,2 2
b a ——=i+=—x], b
2 2 ! 1542
2
18.1
B.11 = R.45].
¢ 18.10 - B.45) R 45 d
7 a |3i+4j]=5, 53.1° above
[ 14]
i T
b |2i-j| =5, 26.6° below
L1 €|
.
¢ |-50+ 2j| =429, 158.27 above
B
9 p=x8.g=6

w Full worked solutions are available in SolutionBank. #

- M
| |
P 4=
=
I =+
pa—

[ ]
—

=
[T
—

-
—
—
-
b
i

=
=
=
[
=
+
i
1]
—
wix LA
o

c 13
r s.06103s0)

e 11

53.1° hielow
634" above
29.7" 1o the right
104" 10 the lef

7.521 + 2.74j, Efi
|




1 a 364" h 337" e TO6°
i1 a &7.2° b 190
Challenge
Possible solution:
L SR
& i
ql| qr|zM I
1 5
rs
G+s I ' 4 J
! 1rs
i
' ] I
f—— e X

Arca of parallelogram = area of lange rectangle = 2{arca of
small rectangle) = 2 (area triangle 1) = 2larea triangle 2)

Area of parallelogram = (p + rlig + 51 = 2gr - E'i%wl
- 2i5rs) = ps - qr

Exercise 11D
1 a i O0A=3i-J08=4i+50C= -2+ 6)
i+ 6 Wil =51+ 7j
b I =210 0 V37 W74
Z a —I+."rj||r|_”
B
b i5 13 ili 20
3 a -1-9or( g
h 1 ./82 ii 5 il 6l
4 a -2a+2b b -3a+2h ¢ =2a+h

5 (5)or(3)

6 a 24+ 8] h 2,17
dva

g o5

Challenge

OB = 24 + 3 or OFf = %1 4+

Exercise 11E

1 AY=b-aand¥Y2=c-b,sob-asec-h
Hence a + ¢ = 2b.
2 al?r ii r
b Sides of triangle (MR are twice the length of sides of
triangle PAQ and angle A s common o both SAS.

3 a ja+ib
b AN=l(b-a) AB=b-a ANB=i(b-a)
s0 AN:NB = 1:2.

e
4 a ja+ic

b AP=-a+ia+ic=iec-a)
PCac-(ia+ic)=dic-a)so AP:PC=2:3
5 its -.Eﬁ h E-.Z (& 3&!
d SBAC = 56°, JARC = 34°, SACE = O9)°
b a ﬁ=n+:.'1-th—al=§n+%h.

(05 = 30K = 3(fa + (bl = 2a + b

Answers

b TP=a+bPS=lb-a)+i2a+bi=as+b

ﬁ is parallel (and equal) 1o E and they have a point,
Poincommon so T, P and 5 lie on a straight line,

Challemge:

a PR=b-a,PX=jlb-a)=-=ja+jh

b ON=n+ib PX=-a+kin+ib)=ik - 1)a+ kb

¢ Coeflicients of a and b must be the same in both
pxpressions for PX
Coeflicients of a: k - 1 = —j; Coeflicients of b: j = 3k

d Solving simultancously gives j = § and k = 5

¢ PX= wR
By symmetry, PX = YR = XY, s0 ON and OM divide PR
into 3 equal parts,

Exercise 11F
1 & Smyg! h 25kmh™!
e 5.3%ms! d Slhems!
2 a S50km b 51.0m
e 4.Tdkm d 967 em
3 a iimstT7om b 5.39ms", 16.2m
e 539kmhbt, 162 km d 12kmh", 6.5km
4 (28 - L6j)ms? i
5 a 5H4.5° b 0374 Newtons
6 a 266" below i
b B=i3d+pl+ig-4l) 3 +p=21and
g-4=-A=Ai=4-g
J4p=214-gl=3+p=8-2g50p+20=5
e [Ri = 2v5 nowlons
¥ ooa 10§ - 100j h 104" e 1700 me
B a 41 h 3I03.7"
¢ AB=4i- 5j. v = 2(4] - 5)) s0 the boat is travelling
directly towards the buoy.
d 241 e 30 minutes
Mixed exercise
1 & 210 newlons h 18°
2 a 108" b 948kmh™"
3 a 9.85ms"’ b 59.1m
€ The model ignores friction and alr resistance.
The model will become less aceuraie as § increases.
4 ab-3a bb-4a ¢ za-b d 3a-b
5 1.25
12 ~18 44
b . l:,.'l] b ‘ ﬁll c ‘]3
T oa 3=2 h 32.5° e 10.5
E a p=-15 b I-15
9 a | {80+ 15)) il 61.9" above
b i z—':.{E-'II—T]l il 16.3% beelow
e 1 ﬁt_lﬂ + 40§) ii 102.7* above
d i -Li-2p ii 33.7* helow
vi1d
'Iﬂ p:ﬂ.-ﬂ,q‘: 12.3
11 6
12 a za+ib b b

¢ AB=b-a AN= i“] -2l s0 AN:NB=2:3

385




Answers

12 a 18.4° helow
b R={4+pli+5-g.4+p=3rand5-g=-)
d+pudg-Ssop+Ignll
¢ 210 newtons

V193
4 -

Challenge
= TR i 5
fm—iifi}ﬂrﬁiiﬁ

CHAPTER 12
Ihkwhnmwhdmeduxt
1 a5 b —!- c 3
A x° b x! e x' d x!

b y=—tz+81 e y=—lr+7

2
3 a y=ix-2 !
4

y:—%.rur_r;:—lr+ I%

E]
Exercise 12A
1 a | r-coordinate -1 1 0 1 21 3
Estimate for gradient | .| | 5| 2 | 4
of eurve
b Gradieni= 2p - 2 e 1
2 a ]. - :ﬂ.ﬁz = []'lﬂ- = ()8
b Gradient = =075
e §-1.2110%s.10) il -1 il -0.859(3s.0)
d As other point moves closer to A, gradient tends o
-[0.75.
3 al 7T i 6.5 i 6.1
v 601 ¥ h+b
b GO
4 ai 9 i 85 iii 8.1
v 8.01 v B4+ h
b 8
Exercise 12B
I a Pi2)= Hd+|': “EI=I_i|_|I!'E'm' - &

= lim 41':1;& = limi4 + i) = 4

A3 + k)= N-3)

h

-k + A*
b

=3+ hF -3

= lim
]

=y|:u'| =J"|1:1|'1|:—ﬁ+.ﬁb=—{r

RO+ h) = A0) WO
PR

F[JLI + h] i 500)

¢ [} = ynl ® gnl}ii m ()

150+ A ~ 50

it - A T = lim
= ljm IIIHJ + A i (100 + ) = 100
2 a lixl= I‘IimfI ”"J' I-"L.l'!:.li.muli.wf+.r|]-'_I_~

= Imz'th-*-h- ylﬂld: i i)
b Ash —-u.rm= Hu:w:l:z:

386 Full worked solutions are available in SolutionBank. #

(-2 + AP - (2]

3 a g=lim

B—-i} 'lr
- lii —R-r:!-{ 2]”:13( 2+ 4+ B
_].E“ e
125 = 0fF + K
= iy~ < i (12 - 6k + )
h g=12

[= I+.’.rl‘— Sl-1+ h) -
l-l*.iil-l-li

_=1+3h=3F+h +5-5h=-4

4 a Gradient of AR =

/]
=h1_3£:_zh=h1_m_2
b gradiont = -2
5 dy “mﬁt.r+h]—l’::_.
Il.r LB iillll ‘ll
i - - : 4 >
6 E_I_H;“';.“'..'Mrﬁ-hj: 4x ‘i‘il!!ﬂrh;-lh

= i;."'.! (Bx + 4fi) = Bx

g W _ o+ kP -ax’ .l - ol + 2axh + ok’

= lim

elb .J‘ [ ﬁ.
o lim 2020 + @l i (Zax + ak) = 20z
W k Bl
Challenge . ;
T+h x o X=lx+h) -1
= ————— = [i
a fix) i"m] h !' xhix + k) l"II!ILt+M
= i =
l.l.-uI;. "'.:',l'
-1 -1 -1 i
h r'l- B e
e “.t'[:u":l .t’+.1'!1='.t'=+-l] r
Exercise 12C
1 a 7x b Hx® e 4 i %I’-
e Lx f ixd g -3x* h —dr
i -2x? j -5t k -3 | -3
m 9x* n Sx' o 3x p -2x
q 1 r ix®
2 a bOx b S5d4x° o 2! d Gr
e Ll [ -10r* g 6o T
Lt -
i ozl i -';,5.:
3 a3 b ¢ 3 d 2
dy 3 /¥
4 H_ajx
de 22
Exercise 12D
1 a 4x-10 b x+12 c 8x d 16x+7
e 4-10r
2 a 12 b 6 &7 d 2
e =2 I 4
3 4.0
4 (-1,-8)
5 1.1
6 G6,-4




T ab = Mix)
n X
i1 =491
¢ Al the wrning point, the gradient of § = fix) is z2ern,
o, Fix) =0
Exercise 12E
1 A& 4r'-x7 b 10x° - fixr? € Uri—-xi
2 al b 11!
3 a (2].-063) b (4, -4} and (2.0)
¢ (16,-31) d (1 4) 1=, -4
4 a xr! h -br! c -x*
4 - | [— | - 1
d 2 - 2xf & zx7-bet [ gxi-3x*
g =3t h 3462 i 51'.’-+§I-
] 3xr*-2r+2 k 120 +18x" | 24x-B+2x7
5 a l b 2 ¢ -4 d 4
6 -}2
T & 512-234x + 4bi&x*
b fix)= 3'31-15:2 - 23041 + 460827
= =230 & 2 = 46085
= 9316z - 2304
Exercise 12F
I & y+3x=-6=0 b 4j=-3x=4=0
¢ 3y=-2r-18=0 d y=x
e y=12xr+14 [ y=1b6x-22
2 B TH+xr-48=0 b 1Ty +2x-212=0
3 (13,19
4 yeu-x,4g+3-9=0:0-3, 3)
5 y=-8r+10,8y-r-145=0
6 [-1. 1
{hallenge

L has equation y = 12r - &

Exercise 12G
1 a x>-3 b x=3§ ¢ r=-2
d r=2r>3 ¢ rcl [ reR
g =0 h =6
2 a r=s45 h x=25 c ra=-i
d -l=sz=s 2 # -3= =] [ -5=x=5
E Dex=9 h -2=x=0
2 Fix)u-bx*-13

4

aiforallxe R, s0-6r'=3s0forall re R,
2T s deereasing for all x & B,

& Anyp»2

b No. Can bo any p &= 2.

/ o (1,00

Ll

Answers

Exercise 12H
1 & 2d4dr+ 3,2
b 15-3r° 6Gx?’
¢ sxi+brt,—xl-181"
d 30x + 2, 30
e -3 - lox? Gx' + 48
2 Acceleration = 3t + 311
3 3
.
Exercise 121
1 a -28 h =17 ¢ -%
2 a 10 h 4 e 12.25
3 a (-7, -7 minimum
b I':L 'i-}; maximum
e (- 15y) maximum, (1, 0) minimum
d (3.-18) minimum, |-4, 42| maximum
e (1, 2) minimum, (-1, -2) maximum
r (3 27) minimum
g (5.~ minimum
h (2, -4/2) minimum
I (v, =360 mindmm, (=06, =360 minimuam,
(0.0) maximim
4 a [T
i =4x* + bOx
T
-3.-7)
b Ha
(3. 93
PR EE EF o
P Y #
" L) = -rt-x+1

387




Answers

i iy
y=xir-4x-3)
(-5 37
o -
) X

(3, -18)

5 (L, 1) inflection (gradient is positive either side of point)

W
R o Tl I
i, 1

6 Maximum value is 27; flx) = 27
7 a (1,-3) minimum, (-3, -35): minimum, (- 3 AP

maximum o
h I!"IL
- i_;.;';l_' =Tz}
0 \/ X
(1,-3)
(=3 =-35)
Exercise 12)
1 i 8 i
y=lix)
(3, Th)
=9, 0) (W0, o) X
h
-—___
i x

188 Full worked solutions are available in SolutionBank. #

1
4. 0)

w=ixl

d ¥
(-2, u-H (3, {3 -

= 0 -
y=rix
L i X=bh
Lot I i
0 ! T
r yn
f=il)

g =rix)

N
o] N _ M
e x)=x?= 72?4+ 8x+ 16

Fizl=3rF - 1dx + B=(3x - 2)Mx - 4]
d (4, 0) g%.n}nnd i, 8)

Ty




Exercise 12K
1 2-3 2 Ix I -
4 48= 5 18
6 a Loty =width of garden,
I & 2y =80
A=xy=2y
b 20m = 40 m, 300 m?
. 300 =
T & 2er+2sfiabn o i m s roo
Ve zrh e 2ri300 = ) = 300xr = zr
b 2000% ¢m®
8 a Letéd=angleof sector.
w!":—f--= IM;&:Eﬂ
il =
P=2r+2ara ;.ﬂ- =2r+ E-'!“!-"-,”
Hiai) e
o 1M}
= AF & T
B« e = Area < 3, 50 7t > 1)
r> {10
h 40cm
9 a Lethk = height of rectangle.
Pegr+ 2P+ 2 =40 = 2 =40 = 2F = 7ar
:‘L:%r‘+2rh=%ﬂ+ 40 = 2r - 7r)
- ™
= 40r- 27 - Er’
800
bty e
10 a 18r+ 14y =1512 = y= .‘.5_“.’-';_“55
A=12ry =122 1512 - 18z
14 /
= 1296z - 108%
b 27216 mm?
Mixed exercise
L AL s li 20xh + 1047
[ ﬂ. H
=l.:ll_ll'll (Z0hr + 10d4) = 20x
2 a y-coordinate of B = (4] + 3(8x) + G6dx + 4
i iEx) + &) + bdx + 4) - 4
Gradient =
1+dr)=1
L] k
=M.r] + Jdx) *M:=i&.ﬂ-‘+3:i.r+h
4x]
h &
3415075
4 2.2%
5 (2,-13)and (-2, 15}
T b x=13
P
7 1xis+2nd
5 a d_ﬁ.ﬁu |- 3xl =244 -0 b (4, 16)
9 & z+xi-xi=1 ht+;:?+é,:-' t-lTl-
10 6x 4 gxi-2r"

13
14

15

i

17
18

19

21

Z3

14 y=2x=-7 i 55

a (3 -3 b

P't.lilﬂ.—l}.i—i: Ar' - 4r -4

k==

Gradient st P= -4, sol isy=-4xr- L.
~fr=-l=r-2r-4x-1=3x-2)=0

w2 e yw=9 5002, -9

Distance A7 =12 = OF + (-9 = =18 = /68 = 2,17
a x=4, =20

g_:{:f:': i+ Dyt
_, Ty 15
Alf—‘l‘,ﬁ;——ﬁ-}n

(4, 200 s a loeal minfmum,
(1, =11) and I_eT[, —¥|

-
[

|-|||-|
pa ==

b fixl= {.: - %] = 0 for all values of x

(1.4
a (1,33 maximum, (2, 28) and (-1, 1) mindmum

a Plx,5- 3 2
OF = (x-0F + |5 - 55 - 0|
=drt- 427+ 25
b x=2220rx=0

0OF = 3; Mix) = 0 50 minimum when @ = £202,
maximum when xr =0

3+ 503 + 37 - 3 = 0 therefore € on curve
b Als(-1,0kBis (5,94

1|.

B 0 5 1.2

Viloeity [emys)

10 2300=

;) 27

dA _,__ 2000

n:l.u'_ri'“t xt

ilA 2k 2000 50D
E={.:4ﬂI=T—Ij=?=T
A Hl=|—'r =X

Answers

Time (%)
2 U



Answers

b H:nyg{g]l

TP .- A T
o Lt ]

- -E-lﬂ—-i.t'—rrrl

[ =i 3 m* (0,280 m"]
d+m

28 a =xT+ 2ar 4+ nxrt 4+ 2nrh = Bw
_40-x-2
h= X
; . 40 - x - 5t
V=arth=xx* __i'___]

=T|'[-|nI—I':—.'|'"]

h '—:" C % < [} maximum
2300 "y
B e 223%
29 a Length of short sides = ";.

L}

Area = % x base = height

_1 :_=]=1 202
E{ 9 -i: m
b Let [ be length of EF.

121 = 4000 = 1= 16000
4 x

s=2{1r)+ 2z

v
c l.r"‘ z 32 D00 L A 16000, 2
2 V2t Z T
¢ r=202, 5 =1200m" d %}H
Challenge
nox 4 Troh+ 21090 + A5
ST -0 i oo
b Jl-ir;l:lr'u““ II+'I:]' & =];.’"'H ".r;;'.r.* El:;f +.::I.'.".:.".'
= i-ln! [T+ 21k + 35047 = Tt
CHAPTER 13
Prior knowledge check
1 a 5Sx b 2x £ xi- ¥ d xi+ 4z
2 a 6Xr+13 b -1 e dArf+2r d —I]F—Er’
3 i y"
-
X
390

b i
i
/_5 _T| i .'1:‘:
Exercise 13A
1 ay:}l.'l‘wr b y=2r'+¢
C Yy=x'+c d y=2r%+rc
" y:::lx-+rr r _:,r:%.r.'+r.
[ r:.-:'.f-farr h y=Zri+c
i y=-10zd+c J y=3xi+e
E y=3r2+¢ | y=2rT+¢
m y=-9l+¢ n y=-ixr+¢
o0 y=3ar'+¢ P y=rit4cg
2 a y:%;*-ﬂ,]':fﬁ.r'-r(‘ b yrex'+3xi+x"+¢
e yedz+drt+dzisc d p=3xi-20-lrtse
6 Fedri=3x+dx%+«¢ [ p=xr*+2x1+30%+¢
1 a fixj=bx?=-3xr-i+824+c¢ b Mrl=d-rb4xri4e
¢ fixi=xi+xi4+c d fr)=2c*-4r*+¢
e fir)=3x-fixdl+p
f fx)=3x"~2x7+gxive

3
4 y:!_;f—rﬁfwﬁxfr
j :!’
3 ﬂI}=—3.1‘"+4I-+-2-—4.r+f
Challenge
12 k. 3 1
O e e o e i o T
TII 5_‘[ 2 X
Exercise 13B
=]
1 a £4¢ b
44
¢ =X+ d
2 a gP+xise b
e dxi=-x'+p
I =x ' 4 Bzt + ¢ b
: 1
e —-II:+'§—21'-+E
4 4 Y'e«x'+rx+c M
y
C F:-"ﬂ-EEI—RI"f-I"
4
5 a t"+1"+¢ b
[ §ﬁ+q=f+px‘r+f
O] 2:-;-:'”* 1]
I
[ %.r-+21':+r

Full worked solutions are available in SolutionBank. #
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e |
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-l
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Answers

b H:nyg{g]l

TP .- A T
o Lt ]

- -E-lﬂ—-i.t'—rrrl

[ =i 3 m* (0,280 m"]
d+m

28 a =xT+ 2ar 4+ nxrt 4+ 2nrh = Bw
_40-x-2
h= X
; . 40 - x - 5t
V=arth=xx* __i'___]

=T|'[-|nI—I':—.'|'"]

h '—:" C % < [} maximum
2300 "y
B e 223%
29 a Length of short sides = ";.

L}

Area = % x base = height

_1 :_=]=1 202
E{ 9 -i: m
b Let [ be length of EF.

121 = 4000 = 1= 16000
4 x

s=2{1r)+ 2z

v
c l.r"‘ z 32 D00 L A 16000, 2
2 V2t Z T
¢ r=202, 5 =1200m" d %}H
Challenge
nox 4 Troh+ 21090 + A5
ST -0 i oo
b Jl-ir;l:lr'u““ II+'I:]' & =];.’"'H ".r;;'.r.* El:;f +.::I.'.".:.".'
= i-ln! [T+ 21k + 35047 = Tt
CHAPTER 13
Prior knowledge check
1 a 5Sx b 2x £ xi- ¥ d xi+ 4z
2 a 6Xr+13 b -1 e dArf+2r d —I]F—Er’
3 i y"
-
X
390

b i
i
/_5 _T| i .'1:‘:
Exercise 13A
1 ay:}l.'l‘wr b y=2r'+¢
C Yy=x'+c d y=2r%+rc
" y:::lx-+rr r _:,r:%.r.'+r.
[ r:.-:'.f-farr h y=Zri+c
i y=-10zd+c J y=3xi+e
E y=3r2+¢ | y=2rT+¢
m y=-9l+¢ n y=-ixr+¢
o0 y=3ar'+¢ P y=rit4cg
2 a y:%;*-ﬂ,]':fﬁ.r'-r(‘ b yrex'+3xi+x"+¢
e yedz+drt+dzisc d p=3xi-20-lrtse
6 Fedri=3x+dx%+«¢ [ p=xr*+2x1+30%+¢
1 a fixj=bx?=-3xr-i+824+c¢ b Mrl=d-rb4xri4e
¢ fixi=xi+xi4+c d fr)=2c*-4r*+¢
e fir)=3x-fixdl+p
f fx)=3x"~2x7+gxive

3
4 y:!_;f—rﬁfwﬁxfr
j :!’
3 ﬂI}=—3.1‘"+4I-+-2-—4.r+f
Challenge
12 k. 3 1
O e e o e i o T
TII 5_‘[ 2 X
Exercise 13B
=]
1 a £4¢ b
44
¢ =X+ d
2 a gP+xise b
e dxi=-x'+p
I =x ' 4 Bzt + ¢ b
: 1
e —-II:+'§—21'-+E
4 4 Y'e«x'+rx+c M
y
C F:-"ﬂ-EEI—RI"f-I"
4
5 a t"+1"+¢ b
[ §ﬁ+q=f+px‘r+f
O] 2:-;-:'”* 1]
I
[ %.r-+21':+r

Full worked solutions are available in SolutionBank. #

®

e |

.l;' My

L] 3 IR g
-l
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8 l%.‘l':——+[ h
1:-'—.1'* +.r-.']:¢r i

" 3:4-!.1'-4-2.1"4r'

-

10 —+—=S—+2x+cC

11 2x' + 3057 -
12 a (2+ 5
J0x! 25¢°
h 4r+ 3 . 5
13 £ _grlsc
2
14 pu-4, g==-2.3
15 a 1024 = 5120x + 11 5205°

hx! + ¢

4 sxl v drse

1 1,
=S=g+df+ L

Ixi+ i+ 2xi4c
] kY
E.ti-*:'l-.r"'d-[u‘:”.'

%'-P.'I'-"l_ b C
:I

P4+ 10T+ 10T + 25x =4 + 20T + 251

b 1024x - 25601 + 38401 + ¢

Exercise 13C
I a y=x'+x7-2 I
r y:%I:+TIEI'+l d

" I;-I+1P+'|I-l--1- r

o Lo
2 I'I:I:I_E.r gy
2 3
3 H‘:I—I—E
4 fAr)l=3s"4207-3x-2
5 yumbxl= 4;I I;!
6 oo p-—qr-l Is
7 a m.:»mu-f’T b
8 a fif=-49+35 h
e 35m d
e og the ground is flat
Challenge
I [ix)= —3 s Lix) m = (i

y=x'=

I-;i3.1'+'i
P

y:haI—EII:—"‘

y=srl+6xis1

y=dxl 4 jj—- - 5;,1
1

73

23975 m

2.67 seconds

I"'I
e

i 5=

£

2 fixl=x+ I;!',-[:I=%.r‘+.rf Lifls) =2+ Jxt+ 2+ 1

Exercise 13D
a 152} b 48 e
a 5l b 10 r

&

i 1EI7E h ‘I‘[I%
A==Ford

28

-8+ ﬂl 3

k = .di'.
450m

E o=l U W =

]
L

2
Gl

e
i —

Bajin
E AR =

N2
el =

Answers

Challenge
k=2
Exercise 13E
1 a 22 h 1I’|£ i 43—; d 6
2 4 3 6 4 108
5 211 6 & T k=2
8 a (-1.0)and(3,0) b 105
9 i
E:mIHHF
a 11 b 202
“INo T
r -m% d 14
] ¥ /
-3 3x B oy
" 21;’_;
HI/\ /
ﬂ 2\/5 x
2 a (-3.00and (2, 0) b 213
I a M-1=0
b fx)=(x+ 3N-2*+Tx - 10}
e Mz)=(r+ 3}z - 5)2 - 1)
d (=3, 00, (2, 0) and (5, 0)
e 1432
1]
Challenge
O 1)
In-i-; b 9 6 = d-l{, ¢ ==

2 a A has r-coordinate 1
|
f (5" + 27 - 2aMx = [1x* + 127 - .FL'_

-3+ §-1=4

S0 area under r-axis is '|!z'

Area above r-axis is

[0+ 300~ 09 - '+ b )=

S thir r-coordinate of a satisfes
Jrr+4r - 1222 +a =0

Then use the factor theorem twice to get
fr- 1037 + 10x + 5)=0

391




Answers

-5+ /10 -80+ 37,70
- T 27
The roots at 1 correspond to point B,
i 10

The root o _1— gives a point on the curve to the

b A has coordinates {

left of =2 below the x-axis, so cannot bae A,

Exercise 13G
1 a Al-2,6), B2, 6) b 10§
2 a AL 3) B3, 3) b 13
3 6
4 4.5
5 a (2,12) b 13
6 a 200 b 17l
7 a. b Substitute inlo equation for g
C ﬂ':]'—'l i | E;
8 3
9 a Substitute r = 4 into both equations
b 7.2 .
10 a 215 b 23
11 a (-1, 11)and (3, 7) b 21y
Mixed exercise
1 a ;:':'—';,;I-‘—51+r b :-}I:iiilI:i-!'
2 %:‘—%I-‘+'§+%
3 a 2¢*—22"4+58c+¢ b .'-31.-+i::-r
4 %::—_—:I'r—b:l+r
5 :a%f"tr"+t—ﬂﬁ:1=|2%
6 a A=6.8=9 b ixl+ixietrec
7 a gxi-8xi b 6xl+32¢l - 24x + ¢
8 a=40=-35
9 25.9m
10 a fie) =51+ ¢° b 7.8 seconds
1 a -13 b 10%
12 a —%+5:—H~r+r b §
13 a (3.0) b (1,4 c 63
14 a %;-:42;-: b Zxi-8zi+c ¢ A=bH,F==2
15 a :—f= £l - 3xl= 3l - 2
b i4.16) c 13303 sf)
16 a (6,12) b 135
17 a A(1,0),85,0),06,5 b 10;
188 g=-2 b Cl6,17) e 11
q lﬂ: [ |
19 -g-"2n 428 -5xec
20 A=-borl
[ 7 3
21 a r[;1=”'r“4;_,4f*”:.E:-z-:::»fﬁf-:-
b Mxl==-16"+ 12x - 4x°
- 2 _47
e fixl= 3~ 12x+2x =g
22 & (-3.0)and (},0) b 14
23 a (-5 0)and (4,0) b 553
24 a -2and3 b 215

392 Full worked solutions are available in SolutionBank. #

Challenge
105

CHAPTER 14

Prior knowledge check

1 a 125 b1 e 32 d49 e 1
2 a6 b - d

3 gradient 1.5, intercept 4.1

Exercise 144
1 a p=(1.7Y
y=4
[ 25 47
2.6
b
2 a
y=2
[ 2 3 41
h
3 iy
4_.
2
E.
B H=I‘
4-3-219 1 2 3 4%

4 a True because a’ = | whenever a is positive
b False, for example when a = &
¢ True, because when a is positive, a* > 0 for all

values of x

5
'I'r‘bar.d

/

i

Y

TE——




b k=3 a=2
T 8 Asxincreases, y decreases
h pul2, gu(2

Challenge
i
IJJI-:E’ L. 5
21
—
0 T
Exercise 14B
I a 271828 b 5459815 ¢ 000004 d 1.22140
2 a ik
§=g
] T
b Student’s own answers
e e=2T1828...
o' = 208553, .,
I A i
H/M.*I
—-—-"'-'.';i;F
—————————————— II_!||':|||
0 T
[} [’y
#=.ll‘-3|
.I \
i T
[ o [
h=2e"=3
¢ T
el e yl—ﬂ.

d 4
£ SR

T

y=d-e

A= T0Hh = 1100

..... L1 I
i T
4 a A=l,0m=5bis positive
h A=4,C=05is negative
¢ A=6,0=2 b is positive
B A=t b=3
ik
I_r,r:ﬂ:l
a?
al
6 a Lo b -jet e ldow
d 2p0a e 3ptr 4 20 I 204 ¢
T a 1" h 3 ¢ Je-is

B [ix)=0.2"
The gradient of the tangent when x = 5 is
Fi5) = 0.2 = 0. 2e,

Answers

The equation of the tangent is therefore y = (0.2e)x + .
At(d,el,e=02ex5+c.s0c=0and when x=0, gy =0.

Exercise 14C
1 a £20000 h £14331
C VIE)

20004 ;
V=20 (HHN ™

393




Answers

2 & 300K b 38221
L P (thousands)
04 4
P=20+0%
30+
0 oo I

d Madel predicts population of the country to be over
200 million, this is highly unlikely and by 2500 new
factors are lkely to affect population growth. Model
not valid for predictions that far into the Tuiure,

3 a 204

b Disease will infect up to 300 people,

c Na
<111 1 R ————

b e i 5l
] T
4 a | 15 rabbits il 132 rabbits

b The initial number of rabbits
dit . :

¢ —— =240
dm .

‘l."r'h-t':nr|':|'=-E|-,E =707 = §
dm
d The rabhits may begin to run out of food or space
5 a 0.565 bars

b gﬂ =136 e = 0.13p, k= =0.13

¢ The aimospheric pressure decreases exponentially
a5 the altitude increases

d 12%

6 a Model 1: £15733
Model 2: £15723  Similar results

b Model 1: £E1814
Muodel 2: £2484 Model 2 predicts a larger value

[ T
204

Model 1
Modael 2
ur ]

d InMaodel 2 the tractor will always be worth at least
£ 100W). This could be the value of the tractor as
serap metal.

Exercise 14D
1 a log,256=4 b log,:=-2
¢ log, 1000000 = 6 d log, 11 =1

e log,,0.008 = 3

2 a P2=16 b 5=25
c Si=3 d 5=02
e 10° = 10000

394

2 a 3 b 2 e T d 1
e 0O r -; g -1 h -2
i 10 j -2
4 a 625 b 9 a T d 9
e 20 r 2
5 a 2475 b 2173 e 30009 d 1.009
a 5= log 32 < log, 50 < log, 64 = b
b 50644
7 a il i 1 i 1 h a"=a
8 a0 HOo WO b a'=
Exercise 14E
1 a log 2l b log.o ¢ |log. 80
d log (5 e log, 120
2 o log,B=3 b log 36=2 ¢ log,144 =2
d log2=14 e log,10=1
3 a 3logr+dlogy+log:z
b Slog.x-2log, y
c 2+ 2ogx
d logx - logy-log,z
e 1+llogx
4 a ; b L e V30 d 2
3 a logie+1)-2logix-1)=1
r+ 1y
I“H-"{Lt - w} =
r+l _
Lz - 1F
r+1=3xr-1F
4 l=3z=-2r+1)
xF-Tx+2=0
b x=2
b6 a=9b=4
Challenge
log, x = m oand log, iy = 1
r=0"and y=a®
¥+ h=a"+a*=a""
Jug,,[j]:m-n:lug_rahg,y
Exercise 14F
1 a 623 b 210 c 0.431
d 1.66 e =324 r 1.3
g 125 h -1.73
2 a 0232 b 1.26,2.18 e 1.21
d 0.631 e 0665, 0,712 ro
g 2 h -1
3 a 592 b 32
4 a (0,1)
1!||'l|.
H=4x
1
] x
b 3.3
5 a 07565 b 7.9248 e O2h

Full worked solutions are available in SolutionBank. #




Exercise 14G
1 a Int b il ¢ 3-In20
d linfl e lln3-3 f 5-In19
5 n | P |
E a 8 h i r El" =3
d Zlek+2) e 18-p [ 2.5
3 a n2.Int b iIn2.0 € @ et
d Ind. 0 e In5 In(d) (N
4 In3 2In2
5 a le"s3) b :(ln3+40) e :In7.0
d o e!
1+In5
[
4+In3
7 a The initinl concentration of the drug in mg/1
b 4.91mgl
€ 3=0hen
| .1I=—r
nlzl =g

t==10In|3) = 6.931... = 6 hours 56 minutes
B a (0,3+mn4) b (4-¢7)

Challenge

As = 2 Is an asymplote, O = 2,

Substituting (0, 5) gives 5 = Ae” + 2,50 A is 3.
Substituting (b, 10) gives 10 = 3% + 2,
Rearranging this gives § = f'—lin |§|.

Exercise 14H

I & logs=logid =79

logs =log4 + log7*

logs = logd + rlog 7

gradient log 7, intercept log 4
logA = log Gx)

logA = logh + logx*

logA =logh + 4logx

gradient 4, intercept log b
Missing values 1,52, 1.81, 1.94

log iy &
2.57

24

LE]
I —

e
e

1.51

14
0.5

e e

0 02040608 1 1.21.4 logx
¢ a=35n=14

4 a Missing values 2.63, 3.61, 4.49, 5.82
b logys

0 2 4 & & 10%
¢ b=34.a=10

5 A
by

-
meEon

'-.I
TEan

=N - T =

==

Answers

Missing values -0,39, 0,62, 1.54, 2.81

f T T T e
2 4 € 1 2 3 logm
a=06006=075
1600 keal per day (2 5.0)
Missing values 2.94, 1,590, 0.95

logf.

! A .
T LT

—

—
[ =]
'

= e
i

005115225335 logh

A=5800,b=-09

i limes

Missing values D.98, 1.08, 1.13, 1.26, 1.37

P = ol

log P = log (al')

logP = loga + logly

logP = loga + {logh

log P
1.4

| T 1"'
!

0 5 10152025 30 35 40 45

ga=7.006=1.0

The rate of growth s often proportional to the size
of the population

logN = 0,095 + 1.6

gudlb=12

The initial number of sick people

9500 people. Alter 30 days people may start 1o
recover, or the disease may stop spreading as
quickly.

logA = 2log e = 0, 1049

g=2.p=07854

Circles: p is approximately one quarier =, and the

width is twiee the radius, 50 A = Eu*-‘ = ilzrlf = =,

Challenge
¥=58 =09
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Answers

Mixed exercise
1 a I
w2
y=0 ] ;-
b i

g =5pt =1

y=-i
[ i ,E“
/ﬂ’r
il '
x=10
2 a Zlog.p+logyg b logp=4logg=1
T a % [ %p+l
4 a 2206 b 1.27 o 7.02
5 8 #=22%-15=0
Bl P=15=0
(2F=2x2=|5=
== 15=0
b 232
G r=0h
a —o* b 1lp e 30e™
g* + 5 In5 1 d+413
T b g ¢ —sinl4 d T
n-l
o 0 r 5
9 a E950 b L2940 ¢ @28 years d £100
i Pll.
050
0 T
r A good model. The computer will always be worth
something
396

11

12

14

16

aeEfcFE a8 F B

e o =

=]

Full worked solutions are available in SolutionBank. #

2
v=pil
{1, 4 satssfies the equation of the line.
2.43
We cannot go backwards in time
73%C
5 minutes
The exponential term will always be positive, so the
overall temperature will be greater than 20°C.
5= al®
log 5 = log (al*)
log S = loga + log (V)
log s = loga + blogV

logs | 1.26 1.70 205 235

0.8 205 | 249

log V 1.53

log 'y
3,040 4
2,00+
2.(W) 4
1.50)
1.0 1
0.50- | !
0.00 e e
000 0.50 1.00 1.50 2.00 2.50 3.00legs
The gradient is approximately 1.5; a = 0.09
The model concerns decay, not growth

fla

I-llﬂl

e

[

70 = 140e™
L _ E:ﬂli

2

In (4] = 30k
k= Lin(l)

k= —mIn(2),80 6= —g

0.3 million views

aw_ I T

42 = 10" new views per day

This is too big, so the model is not valid afer
100 days

4.2

i 1.12 = 10*dynecm

B 3.55 = 10" dyneem

divide bii by b

They exponentiated the two terms on RHS
separately rather than combining them first.

x=2 4+ 05




Challenge

B §=9=3Y logiy)=2x

b i =9 = 9% logly') = 22
L :=-;ur.1:=-2

Review exercise 3

3

4

E =1 W

Ty

12

13

14
15

16

4.0
7

=

All equal w 145
fx =1V + iy + 3F = 145
=21 = 8j

(8] = [acl = 85
ol = /68
8546885 _ 1

cos LABC s ——0————=—
2x B x/6E 5

o D

=]

12
a 5N h 7
o= 503 + 30, 8= 50
a yI=T5) % 180" = 195 = 150 = )" + 120
b Boat A: 6.5 m/'s; Boat & 5 mv's; Both boats arrive at
the same timie = it i5 & tio.
Slr + bV - 5x*
T

2 ERE_ T
¥ li"'l hxt4 Il.h'h; 5kt - 5x

-

= lim 10z + 54°
!“lll h

=|i'!!. 1iix + 5h
= ffix

:.I—I":I=|E:"'-r.'l':
| .
a d_fT“‘**E‘"'"

b Substitute x = 4 into equation for C
¢ Gradient of angent = -3 so gradient of normal = %
Substitute (4, 8B) into v = %\ .
x ;o =
Hearrange v = gx + ¥

d A)=810

3_3 = Bx = 47, a1 Pthis is 3

y=3x+5

k=

P=2.0=9R=4

3xi + 3271 = 221

Whenz =1,z = 5%. gradient of 29 = 11x + 3 is
5-%. s il is parallel with tangent

Fixl=32-24z + 48 =3x - 4> O

a Al and &i2.09

b (2, 2/2-13)

& Vanrth= 128, so b = 128

|

B o T B

= EHFJ-T + Farl = g::_E + 2w

b 9= cm?®

Answers

i
17 & E"‘:nnz:-
di!
by E'l:=[l—:
r I’+i1:+r
iIE a 202- 62 -12rx
h xl2r+ 3ir-4)
T ia
".1*{ 0 1 x
19 &
20 4
21 a '+ Ift+d=1-+ 407 + 1): £+ 1 = 0 has no
reql solutions: so solutions are Al=2, 00, B2, 0)
b 19.2
22 4 square units
23 a M-1.40L082. 1)
b 4.5
24 a k=-1, 40D, 2)
b In3
25 a 4257 b 7.4% minutes e 1.64"C/minute
d The temperature can never go below 25°C, so0
cannol reach 20°C.
26 a 0179 h xr=15
2T & =155 b I=4ur:=;1,
28 a log,2 b 0.125
20 a r=2 h r=In3orr=lnl=0
30 n Missing values 0,88, 1.01, 1.14 and 1.29
f]

B
4t

0 10 20 310

e P=ab
log P = logial) = loga + I logh
This is a linear relationship. The gradient is log b
and the intercept is log a.

d a=5956=10

Challenge

2

e L

a i

h 1

a M-3)=T2)=0,s0 Mz =k + 3z - 2)
= k{x* + x - G); there are no other factors as x) is
cubic
200 4 3 = 36x =5

1.2

o) = 0° - K0+ 1 = 1; gl0) =™ = 1; PO, 1)
1

Fi

= a2 wmeE

397




Answers

Practice paper
1 =a % b 52
2 y=iz+3
3 a errorl:= 3= =3¢, not =3y
i
P T i ¢ ¢ e k- sy
1.~rl‘1'.|-1‘..‘.'-.|-5-I = 2xb & 2X I=(-5--—..!aﬂ +-I-:| —+5 =7 +£}
1 32
nut[§=242:|-{-5-=2~3+4]
b 5711(3sf)
4 x=30° 9 150"
3 a 2xix+3)
b Zriix + =980 = 22"+ hrl - 080 =D
= X"+ 3 -4 = 0
¢ Forfizxl=0'+ 32" - 40 =0 M7} =0.50x - T isa
factor of fx) and x = T is & solution,
d Equation becomes (x = THE® + 10x +70) = 0
Quacdratic has diseriminant 107 - 4 = 1 x 70 = -180
S0 the quadratic has no real roots, and the squation
has no more real solutions.
b r+l5y«106=0
7 a logPeD01i+2
b 100, initial population
c  1.023
d Accept answers from 195 to 200
B 1oy =sintry = 1 + (cos7r + sin“ri{cos” = sinfr)
(1 = gin®z) + cos®s m 2oosiy
9 Magnitude = /29, angle = 112° (3 s.[)
10 a 56.5°(3 50 b £49.63
11 & :
i = glx)
=11 |0
-25
b -4.-1.4
12 xr=3o0r-§
13 a 1-152 + 9z
b 0,859
¢ Greater; The next term will be subtracting from this,
and future positive terms will be smaller.
14 a fixd=flri -1 -ridy=-22f-rsx'4¢c
boc=fed3
15 a 584+ 17-4dx5+6=1=12, 5015, 1] lies on £,
Centre = (2, =3), radius = 5
b y=-tx+ 112
e 128
398

Full worked solutions are available in SolutionBank. #



acute angles 206-207
algebra 1-17
slgebraic fractions,
simplifying 138-13%

slgebraic methods 137133
angles

acute J06-207

i il quadrants 203-207

negative 204

obluse J03

positive 203

reflex 211
approximations 167
area

trapesum 303

triangle 100-101, 185186,

303

uider curve 297-298
assumplions |0
asympltotes 66

horizontad 277, 278

translation 73

vertical 277

bases 2, 319, 325
hinomial estimation 167168
binomial expansion 158168
in sscending powers ol x
164
combinations 161
factorial notation 161
general term 163
ignoring large powers of «
167168
Pascal's triangle 159160,
16l
solving binomial problems
165- 166
brackets
expanding 4-6, 163-164
mins sign outside 2

CAST diagram 205
chords 123
ndular bisectors
123-125, 1 29-130
cirches 113-130
equation 117-119
finding centre 129
inlersections of struight lines
and 121
triangles and 128-130
unit 2003,
circumcentre 117
circumacircle 12E-129
column vectors 235-237
combinations. 161
commaon factors 7
completed square form 22
completing the square 22-23
solving quadratic equateens
by 13-24
conjectures 146
constant of integration 288,
293
coordinates W
coa i
of any angle 207

graph 192193, 195-197, 203

quadrants where positive or
negative M5

quadratic equations in
219-22]

rabio |74

value for 307, 45% and 60"
08

value for multiples of 90°

192, 204
cosf =k 213215
cos(ff&n)l=k 21X
cosnil =k 217
cos '@ 213
cosine mabe 1741786,

IR7- 159
counter-examples 130-151
critical vildues 49
cube roots 10
cubic functions 6062
cubic graphs 60-62

compared with quadratic

graphs 68
CLTVESR

arcas between lines
and 302304

arcas under 297204

gradients 256-257

definite integrals 295-296
delta v (dx) 259
demonstration 146
denominator, rationalising
13-14
dervative
finding 259-261
first onder 271
second order 271-272
straight line 264
difference of two squares 7
differentintion 255-280
decreasing functions
270-271
finding derivative 159-261
from first principles 260
Tanctions with two of more
terms Jab-267
increasing functions
2T0-271
miodelling with 279-280
quadratic lunctions
264 263
second onder
derivatives 271-272
skeiching gradient
functions 277-278
stationary points 273276
X 262263
directed line segments 231
direction of vector 231,
239240
discriminant 30-31, 43-44
displocement 235, 248
distance 248
between points [00- 101
diviston law of loganthms
1X-321
domain 25

climimation 3940
equations
circle 117-119
normal 265-268
solving using logarthms
324-325
straight ling 90, 93-95
tangent J68-269
cquilateral iriangles 208
exhaustion, prool by 150
expanding brackels 4-6,
163164
exponential functions 312-318
gradient functions of
14316
graphs 312-313, )6
inverses 326
modelling wath 317
exponents 2-3, 312
CXPICssions
expanding 4-6
factorising &-8
simplifyving 2-3

factor theorem 143144
factonal notaton 161
factonsing
expressions 68
polynomials 143-144
quadratic squations 19-21
force 248
formula
completing the square
3-13
distance between points
01001
gradient of straight line
91-92
quadratic 21
fractions, simplifying
algebrase 138-139
function motation
first order derivative 2640, 289
second order derivative 271
functions 2526
cubic H0-62
decreazing 270-271
domain 25
finding 90-91
gradicnt wee gradicnt
functions
increasing 270-271
guadratic see quadratic
functions
quartic b4-65
range 25
reciprocal 66-67
roots 25, 30-31
iransforming 79-80, 194-197
fundamental theorem of
calculus 296

geometric problems, solving
with vectors 244-246
gradient
curve 256-257
normal 268-269
parallel lines 97

perpendicular lines 98-99

straight line 91-92

tangent 156, 268269

aero M, 273

gradient functions 260-261

of exponential functions
314-316

rale of change of 271-272,
274

skeiching 277-278

graphs 3950

cosine 192-193, 195197,
203

cubie 60-62, G

exponentil lunctions
32313, 326

inequalities on 51-52

intersection points 42-43,
(i S

logarithms 326

peripdic 192

quadratic functions 27-29

quartic 64--635

reciprocal 6667

reflections 77

regions §3-54

simulianeous equations
4145

sine 192-194, 195196, 203

stretching 75-77

tangent 193, 195-197

translating 71-73

identitics 146, N®
identity symbol 146
images 79
“imiplics that” symbol 19
indefinite integrals 290-29]
indices 2-3, 312
lractional 9-11
lows of 2-3,9
megative 9-11
inequalities 46-54
on graphs 51-32
linear 4648
quadratic 49-50
regions satisfying 53-54
inflection, point of 273-274
indtiad value 317
integration 287304
arcas between curves and
lines 302304
areas under curves 297208
areas under x-axis 300-30]
definite 295-29%
finding functions 90-9]
indefinite 29)-29]
polynomiaks 289, 290
symbaol 290
x* 188-289
intersection potnts 4243,
HH- A9
intervals 270
inverse tigonometrc
functions 213
irrational aumbers 12
isosceles right-angled triangles
208

399



key poinls sumimines

alpebiraic expressions 17

algebraic methods 156

banomial expansion 172

circles 135-136

differentiation 286

cquations 53

exponentials and logarithms
336337

graphs 84

inequalities 58

integration 3140

quadratics 37

straight line graphs 111-112

trigonometnc identitics and
equations 224-2335

trigonometric rtios 201

vectors 254

known facis, starting prool

from 151-152

lows of indices 2-3.9
length 100-1001
limigs 260
integral between  295-296
line segments 114
directed 231
midpoints 114
perpendicular bisectors 116
linear inequalities $6-48
local maximum 373-276
local minimum 273-276
logarithms 319-330
base 319, 325
division law 321-323
graphs of 326
muliphcation low 32]1-323
natural 3200 336327
and nod-linear dala
128330
power law 321-323
solving equalions using
324325
Lo base 10 330

magnitude-direction form 240
magnitude of vecior 231,
230240, 248
mathematical models 32, 104
muthematical proof 1461438
methods of 150-152
maximum point 27-29
midpoinis, line scgments 114
minimum point 27-29
modelling
with differentiation
279280
exponential 317
himear 1031066
with quadratic
functions 32-33
with vectors 248-250
modulus of vector 239
mualiiplication brw of
logarithms 32]1-323

natural logarithms 320,
326-327
naieral numbers 163

non-linear data, logarithms
and 328330
normals 268
cquatons ME-269
numbser lines 4645

obtuse angles 203

parabola 27
parallel lines 97-98
parallelogram law 233
Pascal’s triangle 1591640,
161
periodic graphs 192
perpendicular bisectors
chords 123-125, 129-130
line scgments 116
perpendicular lines 98-99
product of gradicnts 938
*plus or minus’ symbol 20
point of inflection 273-274
points of intersection 42-43,
8 -6
polynominls 139144
dividing 139-141
factorising 143144
integrating 289, 290
position vectors 242-243
positive integers 163
law of loganithms
1213
-3, 312
principal value 213-214
products 4-6
prool 146-148
methods of 150-152
Pythagoras’ theorem 117, 187

quadratic equitions
form 19
signs of solubions 19
solving by completing the
squarc 23-14
salving by factorsation
19-21
in ingonometric ratios
219-221
quadraiic expressions 7
quadratic formula 21
gquadratic functions 25-26
differentiating 264265
gruphs 27-29
miodelling with 32-33
quadratic graphs, compared
with cubic graphs 68
quadratic inegualities 4950
quadratic simultaneous
equations 41-42
quartic functions 64-65
quartic graphs 64-635
quotient 140

range 23

rate of change 105, 279

ratio theorem 244

rational numbers 9

rattonalising denominators
1314

real numbsers 7, 232

reciprocal functions b6-67
reciprocal praphs 6b-67
reflections 77
reflex angles 211
regions 331-54
resultant 231
right-angled trianghes
187188
isoseeles 208
reods |9
of function 25, -3
number of 30-31
repeated 19

scalars 232, 248
scale factors 73-77
semicircle, angle in 129
sct notation 46
simplifving expressions 1-3
simultaneous equations 3945
on graphs 43-45
linear 39-40
quadratic 41-42
sin &
of any angle 207
graph 192-194, 195-19%, 203
quisdrants where positive or
negative 205
quadralic equalions in
2i9-221
ratio 174
value for 30F, 45° and 60°
208
value for multiples of W®
192, 204
sin#=g 213-215
sin(@+ajmk 218
sinmi =k 217
sin' @ 213
sin' @+ cos’f =1 MM, 271
sine rule 179-181, IE7-188
smuall change 239
speod 248
square roots 10
statements 146
stationary points 273-276
siraight lings 39|06
equation 9, 93-95
gradient 91-92
intersections of circles and
121
modelling with 103-106
streiches 75-77
substitution 39-40
surds 12-13
symmiciry, lings of 27-29

Lian B

of any angle 207

graph 193, 195-197

quadrants where positive or
negative 205

quadratic equations in 219

ratio 174

value for 307, 43° and 60°
a1

value for multiples of H*
193, 20

sin & 24

lanf = cosd “

tanf=p 213-215
lan{f+aj=p 218
tannimp 217
an'g 213
mngents 43, 123125, 256
equations 268269
gradients 256, 268268
theorems 146
transformations 71--80
1o functions T9-80, 194-197
translations 71-73
trapeziums, areas 303
trangle law 231
triangles
arcas [0€-10], 1851356, 303
circles and 128130
equilateral 208
isosceles right-anghed 208
lengths of sides 174176,
179-180
right-angled [187-188
sizes of angles 174175,
180181, 183-154
solving problems |87-158
Irgonomctrc oquations
2] 3-23)
trigonemetric functions,
inverse 213
irigonometric graphs 192194
transforming 194-197
Ingonometric identitics
209-211, 221
Ingonometric mtios 173197
signs in four quadrantis
203207
turning points 27-29, 264

unit circle 200, 200
unit vectors 236, 21149

vl e
indtial 317
produced by definite

integral 295

veciors 231-230
addition 231-233
column 235-237
direction 231, 239240
magnitude 231, 230240, 248
modelling with 248-250
maltiplication by scalars 232
parallel 232, 233
position 242-243
representing 235-23%7
solving geometric problems

with 244246

sublraction 232
itwo-dimensional 236
it 24, 230
rerp 232

veloity 248

vertices 127

y=eg 314-316
y=my 4+ 9092
-intercept 91

zero gradient 264, 373
zero vector 232
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