
Endorsed for 

Pearson Edexcel 

Qualifications 

11-19 PROGRESSION 

SOs, 

Pure Mathematics 

Year de 
Pearson 



IKEY CHAROCENFITAKS 

Online access to SolutionBank, GeoGebra 

interactives and Casio calculator support 

Whenever you see an Online box in this textbook, it means that there j is extra online content pales to support 

you. You can access all this extra online content for free at: : 

www.pearsonschools. co. uk/p2maths 

Online access to your Active Book 

Thank you for buying this Pure Mathematics Year 2 student book. It comes with 3 years’ access* to ActiveBook - an 

online, digital version of your textbook. You can personalise your ActiveBook with notes, highlights and links to 

your wider reading. It’s perfect for supporting your coursework and revision activities. ” 

*For new purchases only. If this access code has already been revealed, it may no longer be valid. If you have bouglpt this 
textbook secondhand, the code may already have'been used by the first owner of the book. 

iP each ae 

os ve wares oe oe Rae Nate Sk A i> aad
 

be: 4 ements 

How to access your ActiveBook 
1. Scratch the panel off with a coin to reveal your unique access code. Do not use a fire or otter ae anes as it may 

damage the code. - 

. Go to www.pearsonactivelearn.com. 

®@ If you already have an ActiveLearn account, log in to www. pearsonactivelearn. comand click. 

‘Activate new access code’ in the top left of the screen. 

@ Type in the code above and select Activate’ 

-@ Ifyou do not have an ActiveLearn account, click ‘Register’ It's free to do this. 

e Type in the code above and select Activate. 

e Simply follow the instructions on screen to register. 

Important information 
/ The access code can only be used once. : 

Please activate your access code as soon as possible. If your code has expired when you enter it, please contact our 

ActiveLearn support site at digital support@pearson.com. . 

Access to the ActiveBook edition of this textbook will last for 3 years frm activation of the access code or until 

5 years after this book has been printed, whichever is the soonest. However Pearson reserves the right to withdraw the 

ActiveBook edition earlier if the book is replaced by a subsequent new edition and/or becomes ‘out of print’ 

If you have bought this textbook secondhand, the code may already have been used by the first owner of the book. 

You may be able to buy a new ActiveBook edition from www.pearsonschoolsandfecolleges.co.uk. 

Getting help | | 
To check that you will be able to access an ActiveBook, go to https://Awww.pearsonactivelearn.com/check_ een asp. 

This will run a check on your system. 

If the system check tells you that your pop-up blocker is turned on, then refer to your browser's help files to turn it-off. 
If you have any questions about accessing your ActiveBook, please contact our digital support team 

at digital support@pearson.com. 



Endorsed for 

Pearson Edexcel 

Qualifications 



Contents Je 

ee Contents 

Overarching themes 

Extra online content 

1 Algebraic methods 

1.1 Proof by contradiction 

1.2 Algebraic fractions 

1.3. Partial fractions 

1.4 Repeated factors 

1.5 Algebraic division 

Mixed exercise 1 

2 Functions and graphs 

2.1 The modulus function 

2.2 Functions and mappings 

2.3 Composite functions 

2.4 Inverse functions 

25 y=|fG)| andy =1(x)) 

2.6 Combining transformations 

2.7 Solving modulus problems 

Mixed exercise 2 

3 Sequences and series 

3.1 Arithmetic sequences 

3.2 Arithmetic series 

3.3. Geometric sequences 

3.4 -Geometric series 

3.5 Sum to infinity 

3.6 Sigma notation 

3.7 Recurrence relations 

3.8 Modelling with series 

Mixed exercise 3 

4 Binomial expansion 

4.1 Expanding (1 + x)” 

4.2 Expanding (a + bx)" 

4.3 Using partial fractions 

Mixed exercise 4 

101 

104 

Review exercise 1 

Radians 

Radian measure 

Arc length 

Areas of sectors and segments 

Solving trigonometric equations 

Small angle approximations 

Mixed exercise 5 

Trigonometric functions 

Secant, cosecant and cotangent 

Graphs of sec x, cosec x and cot x 

Using sec x, cosec x and cot x 

Trigonometric identities 

Inverse trigonometric functions 

Mixed exercise 6 

Trigonometry and modelling 

Addition formulae 

Using the angle addition formulae 

Double-angle formulae 

Solving trigonometric equations 

Simplifying acosx + bsinx 

Proving trigonometric identities 

Modelling with trigonometric 

functions 

Mixed exercise 7 

Parametric equations 

Parametric equations 

Using trigonometric identities 

Curve sketching 

Points of intersection 

Modelling with parametric 

equations 

Mixed exercise 8 

107 

dal 

114 

118 

122 

128 

133 

135 

142 

143 

145 

149 

153. 

158 

162 

166 

167 

Bel 

174 

Li% 

181 

186 

189 

192 

19% 

198 

202 

206 

209 

213 

"220 



Review exercise 2 

9.10 

10 

10.1 

10.2 

10.3 

10.4 

Hh 

i 

11.2 

Differentiation 

Differentiating sin x and cos * 

Differentiating exponentials and 

logarithms 

The chain rule 

The product rule 

The quotient rule 

Differentiating trigonometric 

functions 

Parametric differentiation 

Implicit differentiation 

Using second derivatives 

Rates of change © 

Mixed exercise 9 

Numerical methods 

Locating roots 

Iteration 

The Newton-Raphson method 

Applications to modelling 

Mixed exercise 10 

Integration 

Integrating standard functions 

Integrating f(ax + b) 

Bae) 

eal 

(20Y 

230 

of 

241 

243 

246 

250 

Zoo 

Zot 

261 

265 

rats) 

274 

278 

282 

286 

289 

(2o)5) 

294 

296 

11.3 Using trigonometric identities 

11.4 Reverse chain rule 

11.5 Integration by substitution 

11.6 Integration by parts 

11.7 Partial fractions 

11.8 Finding areas 

11.9 The trapezium rule 

11.10 Solving differential equations 

11.11 Modelling with differential 

equations 

Mixed exercise 11 

12. + Vectors 

12.1 3D coordinates 

12.2 Vectors in 3D 

12.3 Solving geometric problems 

12.4 Application to mechanics 

Mixed exercise 12 

Review exercise 3 

Exam-style practice: Paper 1 

Exam-style practice: Paper 2 

Answers 

Index 

Contents 

298 

300 

303 

307 

310 

Sys) 

318 

SYA 

326 

B29 

336 

Boi 

a9 

344 

347 

349 

B52 

358 

361 

365 

423 



Overarching themes 

ae Overarching themes 

The following three overarching themes have been fully integrated throughout the Pearson Edexcel 

AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

e Rigorous and consistent approach throughout 

e Notation boxes explain key mathematical language and symbols 

e Dedicated sections on mathematical proof explain key principles and strategies 

¢ Opportunities to critique arguments and justify methods 

2. Mathematical problem solving The Mathematical Problem-solving cycle 

¢ Hundreds of problem-solving questions, fully integrated | specify the problem 
into the main exercises 

e Problem-solving boxes provide tips and strategies interpret results 
collect information 

e Structured and unstructured questions to build confidence 

e Challenge boxes provide extra stretch process and 
- represent information 

3. Mathematical modelling 

¢ Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

e Examples and exercises include qualitative questions that allow you to interpret answers in the 

context of the model 

e Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 

mechanics 
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a list of objectives 

The real world applications 

of the maths you are about 

to learn are highlighted at 

the start of the chapter with 

links to relevant questions in 

the chapter 

The Prior knowledge check 

helps make sure you are 

ready to start the chapter 



Overarching themes 

Chapter3 Exercise questions are 

carefully graded so they 

increase in difficulty and eae i 
gradually bring you up © 3 cecume he numberof sine 
to exam standard Panne WB TU, .0y 83, 87 

© 90, 88,86... 16, 14 

© 3N Syn, Sy 

a 5.7.90, 
© 24,21, 18, 15; d 

b S811, 

a 4.9 14, 

f aatdat mM, Orin hd Problem-solving boxes 
provide hints, tips and 

strategies, and Watch 

out boxes highlight 

areas where students 

often lose marks in their 
tenn. 

Find the 20th term it the sequence. 

Find two possible values of k 

ises are packed 
Exe WSs P ee | where» und y are integers to be found with exam-style 

, 
questions to ensure you Ey 

The nth term of an arithmetic sequence ts 4, fnur+ (n— Qn bwhere 
are ready for the exams trang Bare folegees.y = N16 and = n256 Find the vals of 

2 

Exam-style questions 

are flagged with ® 

Problem-solving 

questions are flagged 

with (@) 

Each chapter 

ends with a Mixed 

exercise and a 

Summary of key 
points 

‘Every few chapters a Review exercise 

helps you consolidate your learning 

with lots of exam-style questions 

Review exercise 

e value of 8, 2) agram shows (he curve with a Find the value of @, 
ON he eel : ae b Calculate the length oF the minor are equation y = sin{x + =F), -2> =» 25 a oO 

+ Section 52 
4 In the diagram, ABCs an equilateral 

trfangle with side 8 em. 
PO isan are of a circk centre, A, radius Gem. 
Kind the perimeter of the shaded region in 
the diagram, 

Calculute the coordinates of the points at 

which the ourve meets the coordinate axes. 

() 
+ Section 52 

© 2 2 Sketch, for =x & 25, the gniph of 

y=eos{y - (2) Py 

+ Section 5.2 b Wate down the exact coordinates of 
the points where the graph meets the ase wnd aac 
eee 8) § Jn the diagram. BS 
Sauer eireles with centre O, such that 

Soler ae On = OD=+6m, A= DC= Oem and cos|x =O. ing your ZBOC= Vradians. 

the equation 

answers in radians (0 2 decid places. 
sem, (5) 

+ Section 5.1 

© 3 Inthe diagram, 4 and Bare points on " 
the circumference of a circle centre O and io 
radius Sem, 
<AOR = A radians a Given that the area of the shaded ; 
ils a region 15 40em, show that r= ~ 5. 

(4) 
b Given also Uitr > 64, caleulate the 

perimeter of the shaded region. (6) 
+ Sections 5.2.5.2 

225 

2 Find the mth terms and the S0th terms in the following arithmetic progressions 
b 58.11 i, 

13.712 
f aatidat dias il 

ch of the following 

ag te Find. expression fox «, and 9, 122 Set ft equa! ta the final term { Example QD) 224, 229 im the sequunce, Solve the 

4n arithmetic sequence is 14. The fourth term is 32, Find the common 

5 A sequence is generated by the formula 1, =pn +-y where p and ire constants to be found See Given that m= 9 and #, =11, find the constants and 9, 

© Foran anthmetic sequence 1 = 30 and u)=9, Find the first Negative term in the sequence, 

7 The 20th term of an arithmetic sequence is 14. The 40th torn is 6. Find the value of the 10th 

S$ The first three terms of an arithmetic sequence are Sp, 20 und 3p, where p is a constant 

© 

© 

© 

® 

© 

exams 
9 The first three terms in an arithmetic sequence are =8, k°, 17h 

10 An anthinetic sequence has first term A° and common difference k, where & > 0. The Hith term of the sequenve is 41 Find the valuc of &, giving your answer in the (orm pegs, 

Sequences and series 

EB Arithmetic series 
" An arithmetic series is the sum of the terms of an 

arithmetic sequence. Syl used for the 
SUM Of the First w terms of a 5,7, 9,11 is an arithmetic sequence, varies 

5+7+9+11 is anarithmetic series, 

Prowe tha 8 of the first 100 naturg ers iy S050, 

euitionté fd thevohoe phy. Prove that the sum of the first 100 natural numbers iy SOS 

Problem-solving 

Write out the sum longhand, thor 
We It Out In reverse, You can fait 

p the numtiers so that each pair 
03 0 LIM OF 10}. These are 100 
Hein total, = The sum of the first 1 terms of an arithmetic series 

is given by the formula 

S,= (2a+ (nad) 

where wis the first term and dis the common difference, 
You can also write this formula as 
cA 

Sis 3 lavl) 

where /is the last term. 
(3 marks) 

Example (5) 

Problem-solving 
Prove thar the sum of the first 1 terms of an arithmetic series is 2 (a4 (n~\y) You wil need to make use 

; (inurksy 2 tseondition > 9in Sy =u (a +d) + (as 2d) > - be 
+ (a+ (n~ 2)d) + (a4 (ny) ()) —_ Yate out the yer of the um, Z. 4 S.= (04 n= Wi) + (a+ (n- 2\ch) + 

um reversed. re 
d) + (a 2 — Tiss 

~ fading ops theo sm 

You need te learn thts pra 

Adding (3) ane 

5, = mi2a + (n — Sul) 

Sy = (204 in 1)dj 

Each section 

begins with 
explanation and 

key learning 
points 

Step-by-step 
worked examples 

focus on the key 

types of questions 
you'll need to 

tackle 

Challenge boxes 
give you a chance 
to tackle some 

more difficult 

questions 

Exam-style practice 
Mathematics 
A Level 
Paper 1: Pure Mathematics 
Time: 2 hours 
You must have: Mathematical Formulae and Statistical Tables, Calculator 

1 A curve Chas parametric equations « =sinin, y= Dean, Ow rc te 
: ind Tin terms of ¢ 

4) 

2) Find the set of values of for whieh 
@ 75) Ow 10, <7 

2) b vs5)~3>0 
(4) © both 2074 §) —6x< iy = Tand 2v45]- 35.0 
a) 

3 The line with equation 2y 4 y 1=Odoes Wot intersect the eirele with equation VACHS deg 
4 Show that Se°4 (4-204 IF 30 

(4) b Find the ranye of possible values of k, Write your answer in exset form a) 

4 Prove, foran angle # measured in radians, that the derivative of cas is sin 7. You inay assume the compound angle formula for vos fc 4), and that 
sink Cowh— 4 tiny HA) = | Soh inal i] = tant tiny) 5 —|s0 

(5) 

5 fix)=(G+prii ver 
Given that the coe! cient OF Ww" ts 19440, 
# Find Wo possible values of p 

(4) Given further that the Coefliciont of? is Negative, b find the cowicient of 4 
Q) 

358 

Two A level practice papers at 

the back of the book help you 

prepare for the real thing 



Extra online content 

a> Extra online content 

Whenever you see an Online box, it means that there is extra online 

SolutionBank 
Yy=N, 
x; -3 

SolutionBank provides a full worked solution for 

=-2 
Gradient of tangent atx = 1 is 

content available to support you. 

Pure Mathematics Year 1/AS 

Differentiation 12A 

1 a Examples of estimates of gradients; 
Gradient of tangent atx =—I is 2 ¢ i Gradient of AD = 22-4 
Au eles Pei 
% x, (-1)=(-0.5) — 0.8-Y0.19 

=-4 0.6-0.9 
Gradient of tangent at x= 0 is =-121 3s.) 

NEft) 
li. Gradient of AC = 22— 

a 
0.8-0.6 

= (eth) 
2-0 

ili Gradient of AB = 22 

Differentiation, Mixed Exercise 12 

1 flxy= 10° EHO 
Werevicad aXe) 
Oe aay 

Sona 
Sie 

re) h 

10x? + 20wh + 10h? = 10x" =n Se 
ay 

_ 20xh+ 10h" Sine 
i | 

_ f(20x + 10h) = im 
Oh 

Download all the solutions 

as a PDF or quickly find the 
solution you need online 

= im(20%x + 10h) 

Ash 0, 20x + 10h — 20x 

So f"(x) = 20x 

2 a Ahas coordinates (1, 4). 
The y-coordinate of B is 
(1 + 8x)’ + 3(1 + 8x) 
= 13+ 36x + 3(x) + (Sx) +3 + 38x 
= (8x) + Hx) + 6x + 4 
Gradient of AB 

Ys=¥i 
Bo¥ 

_ (Bx)! +3(Sx)' + 6v+4=4 
ar 

(Sx)! +3(Sx)’ + 65x ae 

= (a) +3646 

b As dx —> 0, (5x)? + 38x +6 > 6 
Therefore, the gradient of the curve at 
point 4 is 6. 

3 yee +3 Tp Be 43 447 

2 
a YY = 6-209 = 6x= 

de 

dy 2 poh = 6xI- = When x= ho i 

=4 

Pure Mathematics Year 1/AS 

4% 

every question in the book. ear =~0859 3 s.f) 

4 As the points move closer to A, the 
gradient tends USS -0.75. 

3ai Gradient = -7 7 

Full worked solutions are “ - 
b The gradient of the curve at the point ii, Gradient ee 2 165 il bl 5 S | é k where x=p is 2p ~ 2. SR US available in SolutionBank. © Gradient of tangent at x = 1.5 is iif Gradient =2.51=9 _ 0.61 _¢ May _ EL7)=03 Bie un 

%-%  0S-25 
= sent 9.06019 _ 04 

SSAA te Gretiea ce ae 

2 a Substituting x=0.6 intoy=Vi-e- es) 

y=Vi-06° =V0.64 =0.8, therefore the io y)-3 

The gradients at points A, B and Care 4, 
112 and 1743, respectively. 

4 y=Ie-x< 

WY = yae-3 
dy 

= 16when 
a 2 14x — 3x7 = 16 
3x = 14x + 16=0 
(x= 8) ~ 2)=0 

8 2 x= = orx=2 
3 

yer-xtt 

oy Sae-11 
de 
Y= 1 when 
& 
Be l=) 

3x7 = 12 
a4 
x=42 

When x = 2, y= 2° — 112) +1 =—13 
When x =-2, y= (-2)°— 11-2) + = 1S 
The gradient is | at the points (2, 13) 
and (-2, 15). 

6 a fax 2 ax 40x! x 
9 Pi)= Ox = 1 M(x) = 1-9¥ 3 

~ Access all the extra online content for free at: 
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Use of technology 

Explore topics in more detail, visualise 

problems and consolidate your understanding. 

Use pre-made GeoGebra activities or Casio 

resources for a graphic calculator. 

GeeGebra 
GeoGebra-powered interactives 

Interact with the maths you are 

learning using GeoGebra's easy-to- 

use tools 

QR ' Online | Find the point of intersection. e 

graphically using technology. 

CASIO. 
Graphic calculator interactives 

Explore the maths you are learning 

and gain confidence in using a 

graphic calculator 

Calculator tutorials 

Our helpful video tutorials will 

guide you through how to use 

your calculator in the exams. 

They cover both Casio's scientific 

and colour graphic calculators. 

' Online | Work out each coefficient 

quickly using the "C, and power 

functions on your calculator. 

casio 

“we 

HOY} 

is 

eS eaeP' 
as eae 
P72) 3 me 
Pets ye) x)=] 
Bee. 
asoog 

Finding the value of the first derivative 

to access the function press: 

Cuenu) G) (set) @ 

as eae. 

P Pearson 

Step-by-step guide with audio 

instructions on exactly which 

buttons to press and what should 

appear on your calculator's screen 
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Algebraic methods 

After completing this chapter you should be able to: 

e Use proof by contradiction to prove true statements —» pages 2-5 

@ Multiply and divide two or more algebraic fractions — pages 5-7 

e@ Add or subtract two or more algebraic fractions —> pages 7-8 

@ Convert an expression with linear factors in the 

denominator into partial fractions —> pages 9-11 

@ Convert an expression with repeated linear factors 

in the denominator into partial fractions —> pages 12-13 

Divide algebraic expressions af —> pages 14-17 

Convert an improper fraction into partial fraction form - pages 17-18 

Prior knowledge check 

1 Factorise each polynomial: 

a x*-6x4+5 b x*- 16 

c 9x*-25 € Vear 1, Section 1.3 

2 Simplify fully the following algebraic 

fractions. 

x*-9 2x-+5x-—12 

x7 +9x4+18 6x?-—71x-3 
Byes, oi 

C s M28 € Year 1, Section 7.1 
—-x?2+3x+18 

3. For any integers n and m, decide whether 

the following will always be odd, always be 

even, or could be either. You can use proof by contradiction to 

prove that there is an infinite number 

of prime numbers. Very large prime a 8n b n-m 

numbers are used to encode chip and pin c 3m d 2n-5 

transactions. —» Example 4, page 3 € Year 1, Section 7.6 



Chapter 1 

EY Proof by contradiction 

A contradiction is a disagreement between two statements, which means that both cannot be true. 

Proof by contradiction is a powerful technique. 

= To prove a statement by contradiction you start by assuming Notation | ee 
it is not true. You then use logical steps to show that this that asserts the falsehood 
assumption leads to something impossible (either a of another statement is 

contradiction of the assumption, or a contradiction of a called the negation of 
fact you know to be true). You can conclude that your that statement. 

assumption was incorrect, and the original statement was true. 

Example 

Prove by contradiction that there is no greatest odd integer. 

Begin by assuming the original statement is false. 
Assumption: there is a greatest odd rate ; wa 

This is the negation of the original statement. 
integer, n. 

n + 2 is also an integer andn+2>n 
You need to use logical steps to reach a 

n+2=0dd + even = odd 
contradiction. Show all of your working. 

| So there exists an odd integer greater than n. |. ; 7 
: F 5 a 

This contradicts the assumption that the The existence of an odd integer greater than n 
greatest odd integer is n. contradicts your initial assumption. 

_ Therefore, there is no greatest odd integer. ar 

Prove by contradiction that if n? is even, then m must be even. 

4 Finish your proof by concluding that the original 

statement must be true. 

Assumption: there exists a number n such 

that n@ is even but n is odd. 

This is the negation of the original statement. 

nis odd so writen = 2k + 1 —————————_,—____ You can write any odd number in the form 2k + 1 

M2 = (2k #1)? = Ake + Ake | where k is an integer. 

= 2(2k? + 2k) +1 : | 
Sriicicoaa. All multiples of 2 are even numbers, so 1 more 

This contradicts the assumption that n? is than a multiple of 2 is an odd number. 

Even. 

Mere sre. Fu? iaseven chee Finish your proof by concluding that the original 

statement must be true. 

®# A rational number can be written & , where aand barei : itten as P a e integers ' Notation | Diethe 

set of all rational 
# An irrational number cannot be expressed in the form « where a numbers. 

and b are integers. is 



Algebraic methods 

Prove by contradiction that 2 is an irrational number. 

Assumption: V2 is a rational number. Begin by assuming the original statement is false. 

Then V2 = “ for some integers, a and 6-7 1g 
b This is the definition of a rational number. 

Also assume that this fraction cannot be 

reduced further: there are no common factors ag bel If aand b did have a common factor you could just 

between a and b. cancel until this fraction was in its simplest form. 
2 

So 2 = 55 or a? = 2b? <> “aoiuimn TT one Ter br 
Square both sides and make a? the subject. 

This means that a* must be even, so a is also 1 athe 

pe We proved this result in Example 2. / 

If ais even, then it can be expressed in the 

form a = 2n, where n is an integer. 

So a? = 2b? becomes (2n)* = 2b? which 

means 4n- = 2b- or 2n= = b2. 

This means that b? must be even, so b is also Again using the result from Example 2. 

even. 

lf a and b are both even, they will have a 

common factor of 2. All even numbers are divisible by 2. 

This contradicts the statement that a and b 

have no common factors. 
Finish your proof by concluding that the original 

statement must be true. 
Therefore V2 is an irrational number. — 

Prove by contradiction that there are infinitely many prime numbers. 

Begin by assuming the original statement is false. Assumption: there is a finite number of prime 

numbers. 

List all the prime numbers that exist: 

Py» P2» P3> +++» Pn 

Consider the number 

WINGED Xxap> X Pa ..0% Dn +t 

When you divide N by any of the prime 

“numbers p;, Po, P3s --» Pn YOU get a remainder 

of 1. So none of the prime numbers P;, Po. P3; 

Pen paiva factor. ot N. 

|So N must either be prime or have a prime 

This is a list of all possible prime numbers. 

This new number is one more than the product of 

the existing prime numbers. 

This contradicts the assumption that the list 

factor which is not in the list of all possible Py Po Py «+01 Py contains all the prime numbers. 

prime numbers. 

This is a contradiction. Conclude your proof by stating that the original 

statement must be true. Therefore, there is an infinite number of prime 

numbers. 



Chapter 1 

() 1 Select the statement that is the negation of ‘All multiples of three are even’. 

A All multiples of three are odd. 

B At least one multiple of three is odd. 

C No multiples of three are even. 

(P) 2 Write down the negation of each statement. 

a All rich people are happy. 

b There are no prime numbers between 10 million and 11 million. 

e If p and gare prime numbers then (pq + 1) is a prime number. 

d All numbers of the form 2” - | are either prime numbers or multiples of 3. 

e At least one of the above four statements is true. 

(P) 3 Statement: If n? is odd then n is odd. 

a Write down the negation of this statement. 

b Prove the original statement by contradiction. 

() 4 Prove the following statements by contradiction. 

a There is no greatest even integer. 

b If n3 is even then 7 is even. 

c If pq is even then at least one of p and q is even. 

d If p + gis odd then at least one of p and q is odd. 

5 a Prove that if ab is an irrational number then at least one of a and b is an irrational number. 

(3 marks) 

b Prove that if a + 5 is an irrational number then at least one of a and hb is an irrational 

number. (3 marks) 

c A student makes the following statement: 

If a+ bisa rational number then at least one of a and b is a rational number. 

Show by means of a counterexample that this statement is not true. (1 mark) 

() 6 Use proof by contradiction to show that there exist Hint | Koi eee : 

no integers a and b for which 21a + 146 = 1. aneehemuiae as . ae 

highest common factor of 21 and 14. 

7 a Prove by contradiction that if n? is a multiple of 3, 5 

nis a multiple of 3. (3 marks) cl i in the form 

b Hence prove by contradiction that V3 is an 
irrational number. (3 marks) 
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| ® 8 Use proof by contradiction to prove the statement: Hint ) y qh & 

‘There are no integer solutions to the equation ne ahemeh ae — @ aie 

Lea : a 

E/P) 9 Prove by contradiction that V2 is irrational. (5 marks) 

E/P) 10 This student has attempted to use proof by contradiction to show that there is no least positive 

rational number: 

Assumption: There is a least positive rational number. Problem-solving 

Let this least positive rational number be n. You might have to 

analyse student 

working like this 

Nene Oe eed 2 in your exam. The 

b b question says, ‘the 

is a rational number that is less than n. error, so there should 
only be one error in 

This contradicts the statement that n is the least positive rational number. the proof. 

4 : a 
As nis rational, n = PB where a and b are integers. 

' a 
Since a and b are integers, 

Therefore, there is no least positive rational number. 

a Identify the error in the student’s proof. (1 mark) 

b Prove by contradiction that there is no least positive rational number. (5 marks) 

P12) Algebraic fractions 

Algebraic fractions work in the same way as numeric fractions. You can simplify them by cancelling 

common factors and finding common denominators. 

« To multiply fractions, cancel any common factors, then multiply the numerators and 

multiply the denominators. 

Simplify the following products: 

52 ae yet | 28 
ms 9 ba 2 =I 

(ove iy & text fe Cancel any common factors and multiply 

. iB ‘ oom xo BE numerators and denominators. 

| b a Dek | Cancel any common factors and multiply 

numerators and denominators. 
fy ema eS ae S 

Pee ee NO 1) 

eet ‘ 3 a Factorise (x* — 1). 

ee Oa) 
3 Cancel any common factors and multiply 

~ Sian numerators and denominators. 



AE 

= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction. 

Simplify: 

aa KAD) ys ee 

nee x+4 ° x?-16 

Exercise 1B) 

1 Simplify: 

aoa Gee Oe Bae Des De 
a ak iar s 7 Ca Reece or eypty emereta 

2 Simplify: 

1 a-9 Rep eo aed! » EE 

oats ie a Y Gi 5 yy ae 

EAS pbk ay 2k 6x? p AK eS ae 
yt+3 y?4+4y+3 Se — Ox 4x-10 °° 8 

x+3 x2 + 5x 7 SVE ay =e oy EO Xe ny ye 4 
ea dOw 25 x2 48x O rae i oo ee 

x*-64 64-x? 
3 5) OTL EL rears ery (4 marks) 

2x?-11x-40 »?24+8x+16 9 8x?4+20x-48 a 
t ee eS 4 Show tha indy 35ers , and find the values 

of the constants a and b, where a and b are integers. (4 marks) 
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ot eon es 
3 a Simplify fully ae ane a Bas ae (3 marks) Hint ) Simplify and then solve the 

2x? + 10x — x° + 3x- 18 logarithmic equation. 
€ Year 1, Section 14.6 

b Given that 

In((x2 + 2x — 24)(x? — 3x)) = 2 + In((2x? + 10x)(x? + 3x — 18)) find x in terms of e. (4 marks) 

2x2 -3x-2 xie2 
a)6691(.) = Diff i E/P) (x) re RE Sia Hint ) ifferentiate each term 

separately. 

a) . € Year 1, Section 12.5 
a Show that f(x) = acaterre (4 marks) 

b Hence differentiate f(x) and find f’(4). (3 marks) 

= To add or subtract two fractions, find a common denominator. 

Example @ 

Simplify the following: 

. LE 3 pig eDy P 2a 3 4x 

ce! 2 3% x+3 x41 x+1 x?-1 

a2 4 

a 
wi me ie 
= ann = The lowest common multiple of 3 and 4 is 12. 

2 

bie Ps The lowest common multiple of 2x and 3x is 6x. 
2 XX 

Brees, | the first fraction by 3 and the second 

fraction by $ 

a { The lowest common multiple is (x + 3)(x + 1), so 

change both fractions so that the denominators 

2(x + 1) 1(x + 3) are (x + 3)(x + 1). 

> (ee S\xet+ 1) e+ 3) +1) 

i= 3) Subtract the numerators. 

(x + 3)(x + 1) 

Dye 4 2 1 — 3-——___________,—_ >panditie brackets. 

(x + 3)(x + 1) 

x) | ipity thetic tr. 

(x + 3)(x + 1) 



EE 

ae 
dea |) ee 4 

ec Ax 

Doe xe Ce 1) 

3e-) x 
(x + 1)(x-1) (+ 1)(x - 1) 

7 3(x - 1) — 4x 

1 GE SNCs Sip 

SS ; 

+ D1) 

Exercise 10) 

1 Write as a single fraction: 

eile a2 
3 4 4 5 

2 Write as a single fraction: 

3.22 

x oer Tl 

d De eee) 
3 2 

3 Write as a single fraction: 

2 . 1 

Kee el xe 

28 ett 
a ek 

d 

6x +1 4 

© sts se eile) 2 

ee em 
a) q Ue ene 

2 3 

b eae een) 

3x 1 
e 

(x+4)? x+4 

7 E. S 

Spee eae)? 

3 l 

eee ee 

as a single fraction in its simplest form. 

Coon Pt ha 
paren © 32 5b 2b 

Geen 2 
2x+1 x-1 

5 4 

I Ge oe 

5 2s ees 
x2 +6%+9 x24 4x 3 

x+2 x+1 

x= =12 X24 50356 

(4 marks) 

EP) a 

Express each of the following as a fraction in its simplest form. 

8) 2 1 4 2 l 3 2 4 
a—+ c + _——— 

x+1 2 Ss) Paniraitise a2 Spee Onl ea 

2 4(2x — 1) 7 a ae eee 
XPIESS 65 + Gy wy 284 Single raction in its simplest form. (4 marks) 

6 36 
Bia + Fat ta _ jy eRe 2x44 

c3—2nx?2-2x+ 12 that ge ae a a Show that g(x) Nhe (4 marks) 

. . oie mre . x? ~s 4x + 6 . % 

b Using algebraic long division, or otherwise, further show that g(x) = Ste ee (4 marks) 
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Ae) Partial fractions 

= Asingle fraction with two distinct linear factors in the denominator can be split into two 

separate fractions with linear denominators. This is called splitting it into partial fractions. 

=. 7 7.4 and B areconstants to be found: 
) A B 

aes) Titties = 4 The expression is rewritten ' Links | Partial fractions are used for 
as the sum of two partial binomial expansions = Chapter 4 
fractions. and integration. ~ Chapter 11 The denominator contains two 

linear factors: (x + 1) and (x — 4). 

There are two methods to find the constants 4 and B: by substitution and by equating coefficients. 

, 

' 6x -— ' Wie? ! 
Split Sa Py into partial fractions by: a substitution b equating coefficients. 

Perer 2 A B ye ale hare B = —__________. Set ————_——_ identical to Si EN = cs | ok | 3) +1) sp 3 asl 

ACE) B= 3) 

(x — 3)(x + 1) 

6x — 2 = A(x + 1) + B(x - 3) 

Add the two fractions. 

6x3 —2= A(Sit 1) +BC6 —3) 

16 =4A 

A=4 

G x (-1) - 2 = A(-1 + 1) + B(-1 - 3) 

-65 = -4B 

Bee 

J CxZitk = 4 ie 2 

caro) a SO XT 

Cee. ta A B 
b @=see 2-3 x4! 

_ Ax + i) + BO = 3) 

(x — 3)(x + 1) 

Ce STA Caer BOG— 3) 

= Ax+A+ Bx - 3B 

= (A+ B)x + (A - 3B) 

Equate coefficients of x: ra is 
6.=-A 3B (1) 

Equate constant terms: 

AaB: (2) 

WD (2): 
6=A4B 

=> B=e2 

Substitute B= 2 in (1) > 6=A42 

A=4 

To find A substitute x = 3. 

This value of x eliminates B from the equation. 

To find B substitute x =—1. 

This value of x eliminates A from the equation. 

Expand the brackets. 

Collect like terms. 

You want (4+ B)x+A-3B=6x-2. 

Hence coefficient of x is 6, and constant term is —2. 

Solve simultaneously. 
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= The method of partial fractions can also be , Watch out | This metho d connor . 

used when there sella te than two distinct repeated linear factor i in ue denominator. 
linear factors in the denominator. 9 

For eoree the expression —— : 
For example, the expression feet Files BU Nias Bi aal + 40— 12 

(x — 2)(x + 6)(x + 3) A ee 
B C cannot be rewritten Cr iy 

can be split into £ < x-1 x — 
Se) er Oe YARD because (x — 1) isa See Thereis — 

The constants A, Band C can again be found by more on this in the next section. 
either substitution or by equating coefficients. 

6x? + 5x -2 ee, B @ 
xOg— Dex +1) ox x-1 231 

Given that find the values of the constants A, Band C. 

6xt@+5x-2 A, B Can) 
x(x — 12x + 1) Let 

eA Oe I) eee) te Boece al) ti Cx(oe 1) 

oa x(x — 1)(2x + 1) 

6x2 + Ox = 2 = Ax = i2x + 1) 

+ Bx(2x +1) + Cx(x - >} Ren i 

EAE = 16 

6+5-2=0+8x1x3+0 

oO = Sis 

| Baas 

‘let x =O: 

OFF OS 2 =A x Cl) <1 + O+- © 

-2=-A 

Al = 2 

1 
Let x = —3: 

§-3-2=0+0+ Cx (-4) x (-3} 

-3=5C 

C=-4 

Cer ox =~ 4 
56 

de Na ee Se 

So A = 2, B= 3 and C= -4. —————— Fin ish the question b ie 

10 
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Exercise 1D) 

1 Express the following as partial fractions: 

eee ox 2 5 eel pam aoe Le 
(x — 2)(x + 3) (x + 1)(x + 4) 2x(x — 4) 

2x — 13 6x + 6 , ; ; 
Orie 3) Bye 3) ¢ 29 Hint ) First factorise the denominator. 

7-3x 8-—x 2x — 14 

2 —3x-4 B+ 4x x2 42x — 15 

© 2 Show that oo can be written in the form a + Z where A and B are 
(4+ x)(2 - x) , 4+x 2-x 

constants to be found. (3 marks) 

() 3 The expression ae can be written in partial fractions as + f 
(x — 4)(x + 8) x-4 x+8 

Find the values of the constants A and B. 

2x? — 12x — 26 

© 4b@)= Cope pee? 
Given that h(x) can be expressed in the form Ee 2 + == , find the values of 

Daca ee ae — nee) 

A, Band C. (4 marks) 

—10x?-8x+2 _D E 
€) 5 Given that, for x < -l, eee) =~. + eer sca an 5 , where D, E and F are 

constants. Find the values of D, E and F. (4 marks) 

6 Express the following as partial fractions: 

—5x? — 19x — 32 

(x + 1)(x + 2)(x — 5) 

() 7 Express the following as partial fractions: 

a 6x? + Ix — 3 b =e Hint ) First factorise the denominator. 
MS oe 10x? + 3x -4 

| Challenge 

@ 3 bo! . . . . 

Express eee nes GM as a sum of fractions with linear denominators. 
x3 —4x*+x+6 

11 
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1.4) Repeated factors 

= Asingle fraction with a repeated linear factor in the denominator can be split into two or 

more separate fractions. 

In this case, there is a special method for dealing with the repeated linear factor. 

Aand Band C are 

constants to be found. 
2x+9 A B CG 

CEG Qe x25 ss Gey 
The denominator contains three linear 

factors: (x — 5), (x + 3) and (x + 3). 

(x + 3) is a repeated linear factor. 

II 

The expression is rewritten 

as the sum of three partial 

fractions. Notice that 

(x — 5), (x + 3) and (x + 3)@ 

Example (10) are the denominators. 

Pie 1a 5 A B 
Show that GROUee 1) can be written in the form rr +2 @une ot: em 

are constants to be found. 

where A, Band C 

Mine tl40¢ 5. A B Cae 

LOG A(x 1) (xe oct 2 = (2x4 1) | 

| _ A(x + 1)(2x + 1) + B(2x + 1) + C(x + 1) 

a Gee Nex 4) 

“Hence 11x2 + 14x +5 | 
= A(x + 1)(2x + 1) + B(2x + 1) + Cx + 1)? (1) | 

eae. 

1-144+5=AxO+Bx-14+CxO 

| 2=-1B 
| Bo =? 

gi Se 

G-7+5=Ax0+Bx0+Cxt 
3 1 

aS 
C=3 
ih] 2A SSC 

11= 24423 
24=8 

A=4 

Vix? + 14x +5 

(e+ 1)e(2x + 1) 

i St > be S 
— (x+1) 413 (2x + 1) 

Hence 

' Online | Check your answer using the 

simultaneous equations function on your 
So 4sd4 = =2 ancl = 8, calculator. ae ea 

12 
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Exercise @ 

3x? + x41 
C) 1 fa)= Sane Lap? X#0,x#—-1 

eB: Cc 
Given that f(x) can be expressed in the form — = me Br eeG find the values of 

A, Band C. sah (4 marks) 

Exe 10K 2 — mh ye E) 2 g(x) Gate yt)?! 

Find the values of the constants D, E and F such that g(x) = ey + “ D? su re i (4 marks) 
Of = 2 _—_, 

&) Ss eGiven that. forx = 0: 2x" + 2x — 18 = le + v + a where P. QO and R are constants 
x(x — 3)? X= x—3 (7 — 3) ; : 

find the values of P, O and R. (4 marks) 

€) 4 Show that eee aed can be written in the form e + a ay a where C, D and E 
xox Xx x 

are constants to be found. (4 marks) 

= iC == —?. © 5 w= ee 
| ; A B 

Find the values of the constants A and B such that p(x) = Gan yt herray (4 marks) 

10x7-10x+17_ A B C — = ee 
© 6 iG aay x 8 4 (= 3)? 

Find the values of the constants A, Band C. (4 marks) 

39x? + 2x + 59 A B g 
&) 7 Show that GE SGeaIy can be written in the form Res hing Gx—12 he where 

A, Band C are constants to be found. (4 marks) 

() 8 Express the following as partial fractions: 

4x+1 b 6x2 — x 2 

x2 + 10x + 25 4x3 — 4x2 +x 

13 
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1.5) Algebraic division 

= Animproper algebraic fraction is one whose numerator has a degree equal to or larger than 

the denominator. An improper fraction must be converted to a mixed fraction before you can 

express it in partial fractions. 

2 3 = Ss : 
asies eee an per Sake Sooke are both improper fractions. 

Na: x3 — 4x? + 7x — 3 

The degree of the The degrees of the numerator 

numerator is greater and denominator are equal. 

than the degree of the = 

denominator. Notation | The degree of a polynomial 

is the largest exponent in the expression. 

For example, x? + 5x — 9 has degree 3. 
=» You can either use: P 6 

¢ algebraic division 

* or the relationship F(x) = Q(x) x divisor + remainder t Watch out | The divisor and 
the remainder can be numbers 

to convert an improper fraction into a mixed fraction. 
or functions of x. 

Method 1 

Use algebraic long division to show that: 
; | Q(x) 

F(x) ato ae Ona Pps 
ae = eee ee eee remainder 

divisor fp tees re | 

Method 2 

Multiply by (x — 2) and compare coefficients to show that: ae 
Lae ae xX 

F(x) ———+ x? + 5x +8 =(x + 7)(x — 2) + 22 remainder 

divisor ee ee ees | 

xe+x2-7 D 
Given that ees tee Ax? + Bx+C+t Be find the values of A, B, Cand D. 

Using algebraic long division: Problem-solving 

ye Ax 12 Solving this problem using algebraic long division 
Pola Seer. will give you an answer in the form asked for in 

ete? the question. 

Ax? + Ox 

Ax? — 12x 

(2a if 

12x —- 36 

2g 

14 
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Oras AX 12 

| with a remainder of 29. 

| x3 ees x 

ee Fax24 4x4 12 + eg 
x-3 x-3 

fle Ata, B= 4, C=12 and D = 729. 

Given that x3 + x? - 7 =(Ax? + Bx + C\(x — 3) + D, find the values of A, B, Cand D. 

‘Let sees 7 ah Problem-solving 

Zito =f =(9A +3B+C) x O+D The identity is given in the form F(x) = Q(x) x 

) Dao divisor + remainder so solve the problem by 

| Let x = O: equating coefficients. = 

| O+0-7=(AxO0+Bx0+C) 
x (0 —- 3) + D 

-7=-3C+D 

-7 =-3C +29 

SG 36 

Cate 

Compare the coefficients of x° and x?. 

Compare’ coefficients in x?: 1=A 

| Compare coefficients inx*: 1=-34+B 

(1=-3+8B 

Pihercrore A | B= 4 C= 12 and D= 22? 

and we can write 

1x3 4+ x2 -— 7 B(x? + 4x + 12\x - 3) + 29 

This can also be written as: 

1x2 4+ x2 -— 7 29 = +2 Z | a =x BRINE +e 3 

[Example © 
x44x34+x-10 

HO 7% x? 42x —3 
; Dx+ E 

Show that f(x) can be written as Ax? + Bx+ C+ meee and find the values of A, B, C, Dand E. 

15 
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Using algebraic long division: 

ban ee) 

Xe + 2x — Sle bE One + 

K+ 2x = 3x 

— x9 +3x*+ x 

— x3 -— 2x?+ 3x 

5x? —- 2x-10 

5x? + 10x -— 15 

-—12x +5 

oe in Oe one Ce ames —12x +5 
HExeo-x4+54+ | 

x? + 2x-3 x? + 2x-3) 

[50 A= 1, B=-1,C=5, D=-12 and B= 5. | 

Exercise iF) 

3} oe) = 

©) 1 eer ee Ly Rona reuiee 
x+1 x+1 

Find the values of the constants A, B, C and D. 

2 Dee 
&) 2 Given that =" 59°49 = ax? + ox+e+— 

x+3 

xs 
©) SOS ears 

t Watch out | When you are dividing by a 
quadratic expression, the remainder can be a 

constant or a linear expression. The degree of 

(-12x + 5) is smaller than the degree of 

(x* + 2x — 3) so stop your division here. 

The remainder is -12x + 5. 

Write the remainder as a Laser 

divisor | oe 

(4 marks) 

a find the values of a,b,c and d. (4 marks) 

Show that f(x) can be written in the form px? + gx +r and find the values of 

p,gand r. (4 marks) 

2 nx + 
©) 4 Given that — =e is 1 find the values of m, n and p. (4 marks) 

«) 5 Find the values of the constants A, B, C and D in the following identity: 

8x3 + 2x?7+5= (Ax + B)(2x?+2)+ Cx+D (4 marks) 

4x? — 5x? 4+3x-14 _ Cx + D 

© 6 x? + 2x - 1 meg SEE 

Find the values of the constants A, B, C and D. (4 marks) 

x4 + 3x?-4 : 3 sxt+t 
©) 7 g(x) ="—_ —.. Show that g(x) can be written in the form px? + gx + r+ 

x? + | x? +] 

and find the values of p, q, r, s and tf. (4 marks) 

-4 Be Oe = 
©) 8 Given that eas ae oho tiea® =ax*+bx+c+ ote 5 find the values 

x*+x-2 

of Geb, ed and e- (5 marks) 

16 
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©) 9 Find the values of the constants A, B, C, D and E in the following identity: 

3x4 — 4x3 — 8x? + 16x —2 = (Ax? + Bx + C)(x?-3)4+ Dx +E (5 marks) 

:/P) 10 a Fully factorise the expression x4 — 1. (2 marks) 

b Hence, or otherwise, write the algebraic fraction = fen in the form 

(ax + b)(cx* + dx + e) and find the values of a, b, c, dand e. (4 marks) 

In order to express an improper algebraic fraction in partial fractions, it is first necessary to divide the 

numerator by the denominator. Remember an improper algebraic fraction is one where the degree of 

the numerator is greater than or equal to the degree of the denominator. 

3x2-3x-2 _ B Cc 
mT ot 1 ek: find the values of A, Band C. 

ieee ox Bx = 2 
Mis Ne=2) x2- 3x42 

o 

x= = 3x + 213K" — 3x — 2 

3x*—-9x+6G 

Esa e 

Therefore 

. Orer 3x2 3, ox - 0 
(x —1)(x -2) x? -— 3x+2 

= 6x -6 

= 8 Gane) 
6x -8 B (G 

ea 2) g G21) Ge 2) 
moe) CO |) 

~ @=)@- 2) 

| Gx — 6 = Bix -— 2) + C(x - 1) 

Mee ee Be Bx O+ Cx 

| Cas : 

letx=1: 6-6=Bx-1+Cx0O | | 

| B=2 a 
| Selle P el 6x - & 

(ea oe = 2) (Oe ee) 

=e eS 

So A = 2, B= 2 etie| = 4. 
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Exercise 1G) 

x? + 3x = 2 Eg BS ©) Lee) nine) . Show that g(x) can we written in the form A + a ee 

and find the values of the constants A, Band C. (4 marks) 

yo 
«) 2 Given that Rove ee A+t a +2 ais Fu find the values of the constants A, B 

and C. (4 marks) 

©) 3 Find the values of the constants 4, B, C and D in the following identity: 

x3-x?-x-3 e D 
2 = Ax t+ B+ + (5 marks) 

x(x - 1) Xe kel 

—3x3 — 4x? + 19x +8 E D 
©) 4 Show that aes can be expressed in the form A + Bx + Cam + Coy +3y 

where A, B, Cand D are constants to be found. (5 marks) 

ue + 25 
S = 42 05 ©) 5 px) ae 

Show that p(x) can be written in the form A + oa + é , where A, Band C 
2x 5-2 5 

are constants to be found. (4 marks) 

ys a 
‘e) 6 Given that ~ eae =A+ B + aay find the values of the constants A, B 

+2x+1 X41 (be) 
anus (4 marks) 

() 7 By factorising the denominator, express the following as partial fractions: 

4x? + 17x -11 b x4 — 4x3 + 9x? - 17x + 12 

x7 +3x-4 x3 — 4x2 + 4x 

ee gi) 
©) 8 Given that eB ee =Ax+Br & + =O find the values of the constants 

3x2+x-—-10 ey 

APB eC and): (6 marks) 

8x3 + 1 

© 2 el a er l 

Show that q(x) can be written in the form Ax + B+ c + a and find the 
2x-1 (x - 1) 

values of the constants A, B, Cand D. (6 marks) 

XK? — 3x +8 @ w my 
Show that h(x) can be written as Ax? + Bx + C+ = 5 + = i and find the values of 

ABYC, Diand E. (5 marks) 

18 



Algebraic methods 

E/P) 1 

(P) 2 

3 

Mixed exercise eu) 

Prove by contradiction that 2 is an irrational number. (5 marks) 

Prove that if g? is an irrational number then gq is an irrational number. 

Simplify: 

' Mie tlie: 2x +8 x*-3x-10, 6x? + 24 , Hote | oe in 4x? -9 

6 x7 — 16 3x7 — 2) x2+6x+8 x2 + 6x (2x27 0x16 

hes ) ; 
~ Saag = ay Sastia OTD. 

x2—3x-4 2x2 + 10x (3 marks) 

b Given that In((4x2 — 8x)(x? + 6x + 5)) = 6 + In((x? — 3x — 4)(2x? + 10x)) find x in terms 

of e. (4 marks) 

ree aes 

ee tm on ex aS 
a Show that g(x) can be written in the form ax? + bx +c, where a, b and c are constants 

to be found. (4 marks) 

b Hence differentiate g(x) and find g’(—2). (3 marks) 

Express out! + ee as a single fraction in its simplest form. (4 marks) 

3 12 = -~———, x ER f(x) oe eee wy iG oat 

p 
Show that f(x) = oe (4 marks) 

x-3 

es x(x — 1) 

Show that f(x) can be written in the form 4 ary where A and B are constants to be found. 

(3 marks) 

15+ 21 “Be Q R 
= + + 

Crea = 5) = x2) x1 x5 

Find the values of the constants P, Q and R. (4 marks) 

16x - 1 : 1D) E 
Show that CO can be written in the form ae oe and find the 

values of the constants D and E. (4 marks) 
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eae A A C 

eo Oerlje x ed d 

Find the values of the constants A, B and C. (4 marks) 

21x? - 13 

DUO eee eran): 
Da ie eee 

KAS Ox Se Cree 

Fare constants to be found. (5 marks) 

where D, E and Show that h(x) can be written in the form 

Find the values of the constants A, B, C and D in the following identity: 

x3 — 6x? + L1x +2 = (x -2)(Ax* + Bx +C)+D (5 marks) 

hy, aw) “ 
Show that sleet ON ON EH can be put in the form Ax? + Bx + C+ 

2x + 1 2x +1 

Find the values of the constants A, B, C and D. (5 marks) 

ee " (b) 
Show that Slee = Ax-+ Bx+C+ Say where A, B, C and D are constants to 

be found. (5 marks) 

x , D 1d, 
SS SBS Bie Ome 
x?-2x+1 one SES, eee eat? 

Find the values of the constants A, B, C, D and E. (5 marks) 

2x7 +2x -3 

Megs x2 +2x —3 

+ ee where A, Band C are Show that h(x) can be written in the form A + 
x3 SOS) 

constants to be found. (5 marks) 

el Coa 
Given that = P + — + ——,, find the values of the constants P, O and R. (5 marks) 

x(x — 2) x xe 2 

Given that f(x) = 2x3 + 9x? + 10x + 3: 

a show that —3 is a root of f(x) 

b express a as partial fractions. 
f(x) 

Challenge Hint ) In a right-angled 

The line L meets the circle C with 

centre O at exactly one point, A. 

Prove by contradiction that the 

line L is perpendicular to the 

radius OA. 

20 

triangle, the side opposite 

the right-angle is always 

the longest side. 



Algebraic methods 

Summary of key points 

1 

10 

To prove a statement by contradiction you start by assuming it is not true. You then 

use logical steps to show that this assumption leads to something impossible (either a 

contradiction of the assumption or a contradiction of a fact you know to be true). You can 

conclude that your assumption was incorrect, and the original statement was true. 

A rational number can be written as ‘ where a and b are integers. 

An irrational number cannot be expressed in the form ; where a and b are integers. 

To multiply fractions, cancel any common factors, then multiply the numerators and multiply 

the denominators. 

To divide two fractions, multiply the first fraction by the reciprocal of the second fraction. 

To add or subtract two fractions, find a common denominator. 

A single fraction with two distinct linear factors in the denominator can be split into two 

separate fractions with linear denominators. This is called splitting it into partial fractions: 

5 aoa Ms B 

Ce) 4) oF 1 x4 

The method of partial fractions can also be used when there are more than two distinct linear 

factors in the denominator: 

7 ee are B G 
POE Geo) Gn ai ae eb 8 

A single fraction with a repeated linear factor in the denominator can be split into two or 

more separate fractions: 

Cx +9 A B c 
ee es et at, 

ce SN; 3)4) Deve 5 43 (+ 3)? 

An improper algebraic fraction is one whose numerator has a degree equal to or larger than 

the denominator. An improper fraction must be converted to a mixed fraction before you can 

express it in partial fractions. 

You can either use: 

» algebraic division 

- or the relationship F(x) = Q(x) x divisor + remainder 

to convert an improper fraction into a mixed fraction. 

ra 



After completing this chapter you should be able to: 

e@ Understand and use the modulus function > pages 23-27 

@ Understand mappings and functions, and use domain 

and range —> pages 27-32 

@ Combine two or more functions to make a composite 

function — pages 32-35 

@ Know how to find the inverse of a function graphically 

and algebraically _ > pages 36-39 

@ Sketch the graphs of the modulus functions y = |f(x)| 

and y = f(|x|) —> pages 40-44 

@ Apply a combination of two (or more) transformations to 

the same curve — pages 44-48 

e@ Transform the modulus function —> pages 48-52 

Make y the subject of each of the 

following: 
Ly + 8x 

2) 
Cc 5x -8y =4+ Ixy €- GCSE Mathematics 

aoe 9 —7y Dip 

2 Write each expression in its simplest form. 

a (5x —3)¢-4 b ee oe 
2(3x —5)-4 

ete 
+5 

x+2 ; 
SSS € GCSE Mathematics 
x4 

x+2 

3 Sketch each of the following graphs. Label 

any points where the graph cuts the x- or 

y-axis. Code breakers at Bletchley Park used inverse 
a y=e b y=x(x + 4)(x — 5) functions to decode enemy messages during 
ene = en: <Year1 fi World War Il. When the enemy encoded a 

message they used a function. The code 

breakers’ challenge was to find the inverse 

@ function that would decode the message. 

4 f(x) = x* - 3x. Find the values of: 

a f(7) b f(3) c f(—3) € Year 1 



Functions and graphs 

2d) The modulus function 

The modulus of a number a, written as |al, is its non-negative numerical value. 

So, for example, |5| = 5 and also |—5| = 5. ' Notation ] 
The modulus 

= A modulus function is, in general, a function of the function is also known as the 

type y = |f(x)|. absolute value function. Ona 

¢ When f(x) = 0, |f(x)| = f(x) calculator, the button is often 

¢ When f(x) < 0, |f(x)| = —f(x) labelled ‘Abs’. 

Example 

Write down the values of 

a |-2| b |6.5| c 

SM ie ee The positive numerical value of —2 is 2. 

ae [6.5 | eM 2 | 6.5 is a positive number. 

alae z 5 fis Ee “h35 “15 eae Pe Work out the value inside the modulus. 

Example 

f(x) = [2x - 3] +1 
Write down the values of 

a f(5) b f(-2) é fil) 

la fC ae S25 x Be —-3|+1 a , Watch out } The modulus function acts like a 

Sige ia7+1 =o | pair of brackets. Work out the value inside the 
modulus function first. 

=|-7|pi=/+1=6 

e f(1)=|2x1-3| +1 
Sem et = he t= 2 

| 
| 

) (-2) = |2(-2) —3| +1 

| 
| 

= To sketch the graph of y = |ax + b|, sketch 

y =ax + b then reflect the section of the 

graph below the x-axis in the x-axis. 
reflected 

in the 

X-axis 

fas) 



Chapter 2 

Sketch the graph of y Bx: 

y=3x-2 

Solve the equation |2x — 1|=5S. 

Explore graphs of f(x) and Cc? 

|At A, 2x-1=5 

/ 2x = 6 

| =e S8 

els 

2x = 

x= 

| . 
| The solutions are 

24 

—— 

i 

e 
: 

\f(x)| using technology. 

Step 1 > 

Sketch the graph of y = 3x — 2. 

(Ignore the modulus.) 

Step 2 

For the part of the line below the x-axis (the | 

negative values of y), reflect in the x-axis. 

For example, this will change the y-value —2 into 

the y-value 2. | 

You could check your answer using a table of 

values: 

Start by sketching the graphs of py = |2x — 1] and 

y=) 

The graphs intersect at two points, A and B, so 

there will be two solutions to the equation. 

A is the point of intersection on the original part 

of the graph. 

Bis the point of intersection on the reflected 

part of the graph. 

t Notation | The function inside the modulus 

is called the argument of the modulus. You 

can solve modulus equations algebraically by 

considering the positive argument and the 

negative argument separately. 



Functions and graphs 

Solve the equation |3x — 5] = 2 - ox, 

' Online | Explore intersections of cy 

straight lines and modulus graphs 

using technology. 

First draw a sketch of the line y = |3.x — 5| and the 

line y=2- 5x 

The sketch shows there are two solutions, at 4 

and B, the points of intersection. 

(wire ate aes 
7 2 

| rie if 
| ee This is the solution on the original part of the 

graph. 
| At B: -(3x —-5)=2-<=x + 

| So oe 2 ax | l When f(x) < 0, |f(x)| =—f(x), so -Bx - 5) =2- 3x 

| 52), lee | gives you the second solution. 
2 

| ao 
: es | This is the solution on the reflected part of the 
The solutions are x = 2 and x = g graph. 

Example @ 

Solve the inequality |5x — 1| > 3x. 

First draw a sketch of the line y = |5x — 1| and the 

| line y = 3x. 
| | 

| 
Ne J ope eee Solve the equation |5x — 1| = 3x to find the 

cy x-coordinates of the points of intersection, 4 and B. 

| an | 
1 | 

/ ‘eee _ | __ This is the intersection on the original part of the 
| raph. 
At B, (5x - 1) = 3x eae 
| —5x +1= 3x | 
| “se | Consider the negative argument to find the point 

| ea of intersection on the reflected part of the graph. 
| 1 eee 

| 6 J | 

25 



CE 

| 
| 
| 
| 

| 
| 
xX 

{ Look at the sketch to work out which values of 

The points of intersection are x = 5 and | Problem-solving 

| 
| 

| ie) x satisfy the inequality. y = |5x — 1] is above 

| Sone SOWeinneOu| Ox — ilk oon lee x 8 | y = 3x when x> 5 orx< 7 You could write the 
| { | 

CRE) solution in set notation as [ix > + U {ix < +t 

1 Write down the values of 

afl bos =e B-all «= B-3] ee 0-6 x4) 42x 2-3x7 

2 f(x) =|7 — 5x| + 3. Write down the values of: 

a f(1) b f(10) c f(-6) 

3 g(x) =|x* — 8x|. Write down the values of: 

a g(4) b g(-5) e (8) 

4 Sketch the graph of each of the following. In each case, write down the coordinates of any 

points at which the graph meets the coordinate axes. 

were Tp vaPs eae nemere: ae d y=[hr-5 

e y=|7—-x f y=l6- 4x1 
‘i Hint ) y=-|x| is a reflection of y = |x| 

g p=-|x| h y=-l3x- lI in the x-axis. ¢- Year 1, Chapter 4 

See) = a = 5x aliG (oe) =e) 

a On the same axes, sketch the graphs of y = g(x) and y = h(x). 

b Hence solve the equation |4 — Sx =>, 

6 Solve: 

a [3x-11=5 b <=) = e 4x+3l=-2 

4-—5x x 
d [7x -3|/=4 = aaa [7x - 3| eee f | : i 3 

7 a On the same diagram, sketch the graphs y = —-2x and y= sx i 2 

b Solve the equation —2x = sx ms 2 

() 8 Solve |3x -5}=11-~x. (4 marks) 

9 a On the same set of axes, sketch y = |6 — xl and y = sx —5. 

b State with a reason whether there are any solutions to the equation |6 — x| = se —5, 

26 



Functions and graphs 

P) 10 A student attempts to solve the equation |3x + 4] = x. The student writes the following working: 

E) 12 Solve the inequality |2x + 9|< 14- x. 

3x+4=x -—(3x+4)=x 

Aa OX On -3x-4=x 

Xe —4 = 4% 

ea 

Solutions are x = —2 and x = -1. 

Explain the error made by the student. 

11 a On the same diagram, sketch the graphs of y = -|3x + 4l and y = 2x - 9. 

b Solve the inequality —|3x + 4| < 2x - 9, 

(4 marks) 

P) 13. The equation |6 — x| = i + k has exactly one solution. Problem-solving 

a Find the value of k. (2 marks) The solution must be at the vertex of 

b State the solution to the equation. (2 marks) fhe Brapn ou emoc pies Sinctou 

Challenge 

f(x) = |x? + 9x + 8l and g(x) =1-~x 

a On the same axes, sketch graphs of y = f(x) and y = g(x). 

b Use your sketch to find all the solutions to Ix* + 9x + 8] =1—-~x. 

(2.2) Functions and mappings 

A mapping transforms one set of numbers into a different set of numbers. The mapping can be 

described in words or through an algebraic equation. It can also be represented by a graph. 

= A mapping is a function if every input has a distinct output. Functions can either be one-to- 

one or many-to-one. 

ey ais Saat 
peat ray aa 

one-to-one many-to-one not a function 

function function 

Many mappings can be made into functions by changing the domain. Consider y = Vx: 

' Notation ] The domain is the set of all possible 

inputs for a mapping. 

The range is the set of all possible outputs for 

the mapping. 

ral 



Chapter 2 

If the domain were all of the real numbers, R, then y = Vx would not be a function because values of 

x less than 0 would not be mapped anywhere. 

If you restrict the domain to x = 0, every element in the domain is mapped to exactly one element in 

the range. 

: ee ion as: 
We can write this function together with its TAB eee a 

domain as f(x) =Vx,x ER, x=0. oe 

For each of the following mappings: 

i State whether the mapping is one-to-one, many-to-one or one-to-many. 

ii State whether the mapping is a function. 

a b Ys 

cee a 

<0] ? , 

fot : 
of 

1 

| aa ‘Every element in set A gets mapped to 

two elements in set B, so the mapping -— You couldn't write down a single value for f(9). 
S AA, ———— SSS 

| fi lla ing | t a function. ‘ : : s 
ae ee ee For a mapping to be a function, every input in the 

b i Every value of x gets mapped to one domain must map onto exactly one output. 
value of y, so the mapping is one-to-one. | 

ii The mapping is a function. « The mapping in part ¢ could be a function if 
'¢ i The mapping is one-to-one. + : x = 0 were omitted from the domain. You could 

ii x =O does not get mapped to a value / write this as a function as f(x) = *, xER, x0. 
of y so the mapping is not a function. ‘ 

_d i Onthe graph, you can see that x and —x 

both get mapped to the same value of y. 

Therefore, this is a many-to-one mapping. 

ii. The mapping is a function. 

Find the range of each of the following functions: 

ai x)=o0 — 2; domainiixc= leona b g(x) =x’, domain {x ER, -5<x <5} 

CanGa) = ue domain {x E€R,0<x < 3} 

State if the functions are one-to-one or many-to-one. 

28 



Functions and graphs 

H 

PalixVeexue te = 1 2.8, 4) — 
| 
| 
| 

| eo { 

Range of f(x) is {1, 4, 7, 10}. 

(x) is One-to-one. 
1 

The domain contains a finite number of elements, 

So you can draw a mapping diagram showing the 

whole function. 

The domain is the set of all the x-values that (b g(x) = x2, {-5 <x<5}- 

Range of g(x) is O S g(x) S 25. 

g(x) is many-to-one. 

c h(x) = +, fkER,O <x < 3} 

O 3 x 

Range of h(x) is h(x) = 

___hQ) is one-to-one. 

The function f(x) is defined by 

F 2x oe <1) 

moles. 3x = | 

ul 
3 

a Sketch y = f(x), and state the range of f(x). 

besolvetOs)=a19° 

correspond to points on the graph. The range is 

the set of y-values that correspond to points on 

the graph. 

Calculate h(3) = 5 to find the minimum value in 

the range of h. As x approaches 0, S approaches 

oo, so there is no maximum value in the range of h. 

' Notation ] This is an example of a piecewise- 

defined function. !t consists of two parts: one 

linear (for x < 1) and one quadratic (for x = 1). 

‘Online | Explore graphs of functions 

on a given domain using technology. 
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cata ay» lle Anaad nares. atr , Watch out | Although the graph jumps at x = 1, 

the function is still defined for all real values of x: 

(0.9) = 5 — 2(0.9) = 3.2 

fd) =()2+ 324 

Sketch the graph of y = 5 — 2x for x < 1, and the 

graph of y= x*+3 forx 21. 

| 

| 
| 

j 

| 

| 

| 

f(1) lies on the quadratic curve, so use a solid dot 

3 | on the quadratic curve, and an open dot on the 

i line. 
1 

The range is the set of values that y takes | 

LAAT. am, | | | Note that f(x) #3 atx=1 
SO f(x) >3 

not tO). = 3 

There are 2 values of x such that f(x) = 19. 

| Problem-solving 

Use x¢ + 3 = 19 to find the solution when The positive solution is where 
FS x 2 1 and use 5 — 2x = 19 to find the solution 

yo=Ac | when x < 1. 

x= +4 | 

| Py i | Ignore x = —4 because the function is only equal 

| The negative solution is where Ome" SOc 

aye ee) 

| =2% =14 

| x=-7 

___The solutions are x = 4 andx=-7. 

Exercise 28) 

1 For each of the following functions: 

i draw the mapping diagram 

ii state if the function is one-to-one or many-to-one 

iii find the range of the function. 

as (4) =x) — 3, domaine =o 445 ono), 

b g(x) =x? - 3, domain {x = —3, ~2, -1, 0, 1, 2, 3} 

© hye fi =. domain {x =—1, 0, 1} 

30 
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2 For each of the following mappings: 

i State whether the mapping is one-to-one, many-to-one or one-to-many. 

ii State whether the mapping could represent a function. 

a c Yh 

O ix 

d f VA 

O i 

3 Calculate the value(s) of a, b, c and d given that: 

a p(a) = 16 where p: x» 3x-2,xER b q(b) = 17 where q: xB x°-3,xER 

c r(c) = 34 where r: xB 2(2*)+ 2, x ER d s(d)=0 wheres: x x7 +x-6,xER 

4 For each function: 

i represent the function on a mapping diagram, writing down the elements in the range 

state whether the function is one-to-one or many-to-one. 

ani(x)=2¢ 1 forthe domain {x = 13123:3; 455} 

b g:x vx for the domain {x = 1, 4, 9, 16, 25, 36} t Notation ] Romeniver jr meane 

Chey) forthe domain {x =—2, —1, 0, 152} the positive square root of x. 

d j:xb 2 fomthe domain’ x = 1 2,.3,.4, 9} 

@ k(x) =c + sifor the domain {x = —2, —1, 0, 1, 2} 

into i 

5 For each function: 

i sketch the graph of y = f(x) 

ii state the range of f(x) 

iii. state whether f(x) is one-to-one or many-to-one. 

a fix 3x +2 for the domain {x = 0} b f(x) =x? +5 for the domain {x = 2} 

ce fix 2sinx for the domain {0 <x < 180} d fixwH Vx +2 for the domain {x 2 —2} 

e f(x) =e* for the domain {x 2 0} f f(x) =7log x, for the domain, {x € R, x > 0} 

6 The following mappings f and g are defined on all the real numbers by 

4A-x, x<4 4-x, x<4 

Ie) Noa x24 B= {045 x>4 

a Explain why f(x) is a function and g(x) is not. b Sketch yi): 

c Find the values of: i f(3) ii f(10) d Solve f(a) = 90. 
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(P) 7 The function s is defined by 

x*-6, x <0 

eS om oe 30) Problem-solving 

a Sketch y = s(x). The solutions of s(x) = x are the values in the 

b Find the value(s) of a such that s(a) = 43. domain that get mapped to themselves in the 

e Solve s(x) =x. range. 

8 The function p is defined by 

Ca en) 

eS ee O<x<4 
a_ Sketch y= p(x). (3 marks) 

b Find the values of a, to 2 decimal places, such that p(a) = 50. . (4 marks) 

9 The function h has domain -10 S x S 6, and is linear from (—10, 14) to (—4, 2) and from 

(-—4, 2) to (6, 27). 

a Sketch y = h(x). (2 marks) 

b Write down the range of h(x). (1 mark) The graph of y = h(x) will consist of two 

c Find the values of a, such that h(a) = 12. (4 marks) line segments which meet at (-4, 2). 

The function g is defined by g(x) = cx + d where c and d are constants to be found. 

Given g(3) = 10 and g(8) = 12 find the values of c and d. 

The function f is defined by f(x) = ax? + bx — 5 where a and b are constants to be found. 

Given that f(1) = —4 and f(2) = 9, find the values of the constants a and b. 

12 The function h is defined by h(x) = x* — 6x + 20 and has Problem-solving 

domain x = a. Given that h(x) is a one-to-one function find 

the smallest possible value of the constant a. (6 marks) 

2.3) Composite functions 

Two or more functions can be combined to make a new function. The new function is called a 

composite function. 

First complete the square for h(x). 

= fg(x) means apply g first, then apply f. 

= fg(x) = f(g(x)) 

g f , Watch out } The order in which the functions are 
combined is important: fg(x) is not necessarily 

the same as ef(x). 

ex 
Givens) oe and e(0) = ead: 

a fg(1) b gf(3) c ff(-2) 
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Functions and graphs 

aaa.) —————— ree 
= 22 

| =4 me i oe 
|b gt(3) = 9(3°) 

| Ato) ieee 
=) 9) 7) 

| = 10 \— g(9)=9+1 
(e f(-2) = #((-2)?) 

= f(A) i f(—2) = (-2)¢ 
Ae 

= 16 J f(4) = 4? 

Example 

The functions f and g are defined by f(x) = 3x + 2 and g(x) =x? + 4. Find: 

a the function fg(x) 

b the function gf(x) 

c the function f?(x) ' Notation ) f(x) is fF(x). 

d_ the values of > such that fg(b) = 62. 

Pasta) Sy eA)» g acts on x first, mapping it to x* + 4. 

| = 3(x2 +4) + 2- 
S So GW f acts on the result. 

b gf(x) = 9(3x + 2) — Simplify answer. 

| = (3x + 2)? +4. 

= 9x24+12x+6 f acts on x first, mapping it to 3x + 2. 

Pe (x) = 13% 42) g acts on the result. 

= 3(3x+2)+2— 

- Sieas 
= OX +O f maps x to 3x +2. 

| d ieee) ere tee 1G: f acts on the result. 

oh ig(b) = 62> 
| then 3b° + 14 = 62 Set up and solve an equation in b. 

p= =AG 

| b=t4 

Example 

The functions f and g are defined by 

fx |2x - 8I 
x+1 

2 

a Find fg(3). b Solve fg(x) = x. 

pepe lee 
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Noe) ee ee St Ie ania (eed v2). — P34 
=) 

S12 <2) f(2) =|2x2-8| 
= |-4| 
= 4 | 

| 

b First find fg(x): 

fg(x) = (4) . | g acts on x first, mapping it to s : : 

f acts on the result. 

Simplify the answer. 

Draw a sketch of y= |x —7| and y=x. 

The sketch shows there is only one solution to 

the equation |x — 7| =x and that it occurs on the 

reflected part of the graph. 

When f(x) < 0, |f(x)| = -f(x). The solution is on the 

i a reflected part of the graph so use -(x — 7). 

SBE 8 
ey | This is the x-coordinate at the point of 

eeeey ) intersection marked on the graph. 

Exercise 20) 

1 Given the functions p(x) = 1 — 3x, q(x) = i and r(x) = (x — 2), find: 

a pq(-8) b qr(5) ce rq(6) dpe) e pqr(8) 

Given the functions f(x) = 4x + 1, g(x) = x? - 4 and h(x) = 5 find expressions for the functions: 

a fg(x) b gf(x) c gh(x) d fh(x) e f(x) 

The functions f and g are defined by 

f(x) =3x-2,xER 

SO) = X77 IR 

a Find an expression for fg(x). (2 marks) 

b Solve fg(x) = gf(x). (4 marks) 

The functions p and q are defined by 

| 
P(x) = ER, x cay) 

q(x) =3x+4,xER 

a Find an expression for qp(x) in the form sd (3 marks) cx +d 
b Solve qp(x) = 16. (3 marks) 
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() 

10 

11 

The functions f and g are defined by: 

fix 19 — 4x 

3x -2 

2 

a Find fg(6). 

b Solve fg(x) = x. 

gxK 

' l 
Given f(x) = ti = = 

5 a ee 
a Prove that f*(x) = cage 

The functions s and t are defined by 

Sx 2x eR 

t(x)=x+3,xER 

a Find an expression for st(x). 

b Find an expression for ts(x). 

(2 marks) 

(5 marks) 

b Find an expression for f*(x). 

ip Rearrange the equation in part ¢ 

into the form 2° = k where k is a real 

number, then take natural logs of both 

sides. €- Year 1, Section 14.5 

¢ Solve st(x) = ts(x), leaving your answer in the form ne 

Given f(x) = e>* and g(x) = 4 Inx, find in its simplest form: 

a gf(x) (2 marks) 

b fg(x) (2 marks) 

oe hee oe ee cee ie 2 Hint J The range of p will be the set of possible 

Bae edn +) SR inputs for q in the function qp. 
qixnex-lxeER 

a Find gp(x) and state its range. (3 marks) 

b Find the value of qp(7). (1 mark) 

c Solve gp(x) = 124. (3 marks) 

The function t is defined by 

t: x5 -— 2x 

Solve the equation t?(x) — (t(x))? = 0. (5 marks) 

Problem-solving 

You need to work out the intermediate steps for this problem yourself, so plan 

your answer before you start. You could start by finding an expression for tt(x). 

The function g has domain —5 < x < 14 and is linear from 

(—5, -8) to (0, 12) and from (0, 12) to (14, 5). 

A sketch of the graph of y = g(x) is shown in the diagram. 

a Write down the range of g. (1 mark) 

b Find gg(0). (2 marks) 

: : 2x —5 
The function h is defined by h: x > es 

c Find gh(7). (2 marks) 
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€ Inverse functions 

The inverse of a function performs the opposite operation 

to the original function. It takes the elements in the range 

US of the original function and maps them back into elemen 

of the domain of the original function. For this reason, 

inverse functions only exist for one-to-one functions. 

= Functions f(x) and f-1(x) are inverses of each other. 

te (ce) ffi 

= The graphs of y = f(x) and y = f-+(x) are 

reflections of each another in the line y = x. 

= The domain of f(x) is the range of f-1(x). 

= The range of f(x) is the domain of f-1(x). 

Find the inverse of the function h(x) = 2x? - 7, x = 0. 

square root ae 

Therefore, h7'(x) = aan ie x 2-7 
eZ 

Find the inverse of the function f(x) = ee {xER,x# 

=e _ The inverse of 

2544 f(x) is written 

6 as f-1(x). 

An inverse function 

-— can often be found 

using a flow diagram. 

api 

| Range of h(x) is h(x) = -7, so domain of h(x) is x 2-7. - 
| le The range of h(x) is 

the domain of h=!(x). 

1} by changing the subject of the formula. 
x- 1 

hiss y Eta) . You can rearrange to find an inverse function. 

es 2 | Start by letting y = f(x). 

CO Es | im 

Vxe— I= S | Rearrange to make x the subject of the formula. 

Vey SS | 

Vx Satay -— Define f(x) in terms of x. 
sa 3+y | 

| he; . — Check to see that at least one element works. Try 4. 

| Range of f(x) is f(x) # O, so domain of f(x) is | Note that f-!f(4) = 4. 

x #0. 

| Therefore mee 2 2 x#O- 

| 5 ee Be f(4) = = Z=1 , 
4-1 3 4 1 

3+1 4 ha —1 a SS ae p Vere 

iy) i i - TG), 



Functions and graphs 

The function, f(x) =vx-2,xER,x =2. 

a State the range of f(x). ; b Find the function f-!(x) and state its domain and range. 

ee kcichm = )rind yet (x) and the liney =x, 

ja The range of f(x) iS ye R, y > O. | ___ f(2) = 0. As x increases from 2, f(x) also increases 

| without limit, so the range is f(x) = 0, or y = 0. 
b y= vx - 2 

: p= ee 

| x2=y-2 | 

ex 2 - | Interchange x and y. 

) The inverse function is f(x) = x2 + Ty, wee 

The domain of f-'(x) is x E R, x = O. 

The range of 7 (x) is ye R, y = 2. 

Always write your function in terms of x. 

A =e 2 The range of f(x) is the same as the domain of f-1(x). 

The range of f-!(x) is the same as the domain of f(x). 

The graph of f-!(x) is a reflection of f(x) in the line 

- y = x. This is because the reflection transforms y 

to x and x to y. 

The function f(x) is defined by f(x) = x? -3,x ER, x 2 0. 

aeFind ft 1(x). b Sketch y = f-!(x) and state its domain. e Solve the equation f(x) = f-!(x). 

a hen yY E #(x) 

/ Vax 8 J) | 
Waa) te = Change the subject of the formula. 

line | Explore functions and their 

inverses using technology. 

First sketch f(x). Then reflect f(x) in the line y = x. 

ee | The range of the original function is f(x) = -3. 

The domain of f(x) is x ER, x + cena i 
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ace — ci amas 
f(x) = x | y = f(x) and y = f-1(x) intersect on the line y = x. 

Xe n= x This means that the solution to f(x) = f-1(x) is the 

x?-x-3=0 same as the solution to f(x) = x. 

ne oyetien is | : 3 

| eran From the graph you can see that the solution 

must be positive, so ignore the negative solution. 

to the equation. 

Exercise 2D) 

1 For each of the following functions f(x): 

i state the range of f(x) 

ii determine the equation of the inverse function f-!(x) 

iii. state the domain and range of f-!(x) 

iv sketch the graphs of y = f(x) and y = f-!(x) on the same set of axes. 

x+5 

» 

c fixr4-3x,xER d fixe x%-7,xER 

a fixre2x+3,xER b fixph ,xER 

2 Find the inverse of each function: 

a f(x) =10-x,xER ' Notation ] Two of these functions are self- x 
Dee) = sXe R inverse. A function is self-inverse if f(x) = f(x). 

3 In this case ff(x) = x. 

ec hx)=7,x40,xER a 

d k(x)=x-8,xER 

3. Explain why the function g: x» 4 -— x, {x € R, x > 0} 1s not identical to its inverse. 

4 For each of the following functions g(x) with a restricted domain: 

i state the range of g(x) 

ii determine the equation of the inverse function g~'(x) 

iii state the domain and range of g-!(x) 

iv sketch the graphs of y = g(x) and y = g"!(x) on the same set of axes. 

1 
a g(x)=5, IX ER, x > 3} b g(x) =2x-1, {x ER, x = 0} 

3 
€ g(x) = >) ix ER, x > 2} d g(x) =vx-3, {x ER, x=7} 

e g(x) =x? +2, {xER, x>2} f g(xyHax = 8s e Rix =) 

«) 5 The function t(x) is defined by 
First lete th ‘ j (Cee Hint ) irst complete the square for the function t(x). 

Find t-!(x). . (5 marks) 

6 The function m(x) is defined by m(x) = x? + 4x + 9, x E R, x > a, for some constant a. 

a State the least value of a for which m7!(x) exists. (4 marks) 

b Determine the equation of m7!(x). (3 marks) 

c State the domain of m-'(x). (1 mark) 
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7 The function h(x) is defined by h(x) = a mix GRex 2). 

a What happens to the function as x approaches 2? 

b Find h-'(3). 

c Find h7!(x), stating clearly its domain. 

d Find the elements of the domain that get mapped to themselves by the function. 

8 The functions m and n are defined by 

mx 2x+3,xER 

2 

a Find nm(x) 

x 
0, 3.9 lise ,xER 

b What can you say about the functions m and n? 

P) 9 The functions s and t are defined by 
3 

SO8 Men eegts ,x#-] 

t= ee = pereal) 

Show that the functions are inverses of each other. 

/P) 10 The function f(x) is defined by f(x) = 2x? - 3, {x ER, x < 0}. 
Determine: 

a f-'(x) clearly stating its domain (4 marks) 

b the value(s) of a for which f(a) = f-'(a). (4 marks) 

) 11 The functions f and g are defined by 

fixre—-5,xER 

g: xh In(x -4),x > 4 

a State the range of f. (1 mark) 

b Find f-!, the inverse function of f, stating its domain. (3 marks) 

ce On the same axes, sketch the curves with equation y = f(x) and y = f"'(x), 

giving the coordinates of all the points where the curves cross the axes. (4 marks) 

d Find g-', the inverse function of g, stating its domain. (3 marks) 

e Solve the equation g-!(x) = 11, giving your answer to 2 decimal places. (3 marks) 

/P) 12 The function f is defined by 

3(x + 2) %) 

had aly) a a ae 

a Show that f: xb —= x > 4. (4 marks) 

b Find the range of f. (2 marks) 

c Find f(x). State the domain of this inverse function. (4 marks) 
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EB y = lfodl and y = F(x) 
& To sketch the graph of » = |f(x)|: 

¢ Sketch the graph of y = f(x). 

¢ Reflect any parts where f(x) <0 

(parts below the x-axis) in the x-axis. 

¢ Delete the parts below the x-axis. 

® To sketch the graph of y = f (|x|): 

¢ Sketch the graph of y = f(x) for x = 0. 

¢ Reflect this in the y-axis. 

Example 

f(x) = x? - 3x - 10 

a Sketch the graph of y = f(x). 

c¢ Sketch the graph of y = f(|x]). 

(a f(x) = x? — 3x — 10 = (x - 5)(x + 2) 
| f(x) = O implies (x - 5)(x + 2) =O 

SO 36 = 5D OF 6 =A 

b Sketch the graph of y = |f(x)|. 

a Oye IO 

“Vv 

heats) | = |x = 3x — 10] 

y = |ts)| 

“y 

40 

d 

The graph of y = x* — 3x — 10 cuts the x-axis at 

—2 and 5. 

The graph cuts the y-axis at -10. 

This is the sketch of y = x* -— 3x — 10. 

The sketch includes the points where the graph 

intercepts the coordinate axes. 

A sketch does not have to be to scale. 

Explore graphs of modulus 

functions using technology. 

Reflect the part of the curve where y = f(x) <0 

(the negative values of y) in the x-axis. 



Functions and graphs 

ce y=H |x|) = |x|2- 3x] -10 

VY 

y=f(|x]) 
Reflect the part of the curve where x = 0 (the 

positive values of x) in the y-axis. 

g(x) = sinx, —360° S x < 360° 

a Sketch the graph of y = g(x). 

b Sketch the graph of y = |g(x)|. 

c Sketch the graph of y = g(|x}). 

The graph is periodic and passes through 

the origin, (+180, 0) and (+360, 0). 

< Year 1, Section 9.5 

y=sinx 

Reflect the part of the curve below the 

x-axis in the x-axis. 

Reflect the part of the curve where 

x = Oin the y-axis. 
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Example 

The diagram shows the graph of y = h(x), with five 

points labelled. 

Sketch each of the following graphs, labelling the 

points corresponding to A, B, C, D and E, and any 

points of intersection with the coordinate axes. 

a y=(h(x)| 

b y= h(x) 

The parts of the curve below the x-axis are 

reflected in the x-axis. 

The points A, B, Cand D are unchanged. 

The point E was reflected, so the new 

coordinates are E’ (6, 5). 

The part of the curve to the right of the y-axis 

is reflected in the y-axis. 

The old points A and B had negative x-values 

so they are no longer part of the graph. 

“Yv The points C, D and E are unchanged. 

There is a new point of intersection with the 

x-axis at (—3, 0). 

The point E was reflected, so the new 

coordinates are E’(—6, —5). 

Exercise (2) 

1 f(x) =x?-7x-8 

a Sketch the graph of y = f(x). b Sketch the graph of y = |f(x)|. 

c Sketch the graph of y = f(|x\). 

2 g: x cosx, —360° = x = 360° 

a Sketch the graph of y = g(x). b Sketch the graph of y = |g(x)|. 

c Sketch the graph of y = g(|x1). 

3 hi xh (x - 1)(x - 2)(x + 3) 

a Sketch the graph of y = h(x). b Sketch the graph of y = |h(x)|. 

c Sketch the graph of y = h(|x}). 
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) 4 The function k is defined by k(x) = — a>0,xER,x#0. 

a Sketch the graph of y = k(x). 

b Explain why it is not necessary to sketch y = |k(x)| and y = k(|x1). 

The function m is defined by m(x) = — a= 0. x6 Rx 20: 

c¢ Sketch the graph of y = m(x). So 

d State with a reason whether the following statements are true or false. 

i |k(x)| = |m(x)| ii k({x|) = m(|x1) iii M(x) = m(|x|) 

) 5 The diagram shows the graph of y = p(x) with 5 points 

labelled. 

Sketch each of the following graphs, labelling the points 

corresponding to A, B, C, D and E, and any points of 

intersection with the coordinate axes. 

a y=(p(>)| (3 marks) 

b y=p(\r)) (3 marks) 

>) 6 The diagram shows the graph of y = q(x) with 7 points 

labelled. 

Sketch each of the following graphs, labelling the points 

corresponding to A, B, C, Dand E, and any points of 

intersection with the coordinate axes. 

a y=|q(x)| (4 marks) 

b y=q([x1) (3 marks) 

B(-8, —9) 

a k(x) =< a>0,x#0 

a Sketch the graph of y = k(x). 

b Sketch the graph of y = |k(x)|. 

ce Sketch the graph of y = k(|x)). 

8 m(x) =<, a<0,x #0 

a Sketch the graph of y = m(.). 

b Describe the relationship between y = |m(x)| and y = m({x\). 

Omics) —c wid 6(4) — er 

a Sketch the graphs of y = f(x) and y = g(x) on the same axes. 

b Explain why it is not necessary to sketch y = |f(x)| and y = |g(x)|. 

c Sketch the graphs of y = f(|x|) and y = g(|x|) on the same axes. 
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10 The function f(x) is defined by 
ee Se is. 6,-5 =x ] 

Problem-solving 

A piecewise function like this 

Cr does not have to be continuous. 

a Sketch f(x) stating its range. (5 marks) Work out the value of both 

b Sketch the graph of y = |f(x)|. (3 marks) expressions when x = —1 to 
help you with your sketch. 

ce Sketch the graph of y = f(|}). (3 marks) 

2.6 | Combining transformations 

You can use combinations of the following transformations of a function to sketch graphs of more 

complicated transformations. 

® f(x + a) isa translation by the vector ee) ® f(ax) is a horizontal stretch of scale factor ai 

® f(x) + ais a translation by the vector G ® af(x) is a vertical stretch of scale factor a 

Bret ecm siteie Vaaxs. You can think of f(—x) and —f(x) as stretches 

= -f(x) reflects f(x) in the x-axis. with scale factor —1. 

X 

€4- Year 1, Sections 4.6, 4.7 

Example (20) 
ie 

The diagram shows a sketch of the graph of y = f(x). 

The curve passes through the origin O, the point 

A(2, -1) and the point B(6, 4). 

Sketch the graphs of: 

a y= 2f(x)-1 b y=f(x+2)+2 

c y = 82x) d y=- f(x - 1) 

In each case, find the coordinates of the images of the points O, A and B. 

a me 2#(x) — | 

yA 

Apply the stretch first. The dotted curve is the 

! graph of y = 2f(x), which is a vertical stretch with 

scale factor 2. 

1 
\ 
i 
1 
1 
1 
1 
\ 
\ 
‘ 
1 
1 
\ 

Next apply the translation. The solid curve is 

| the graph of y = 2f(x) — 1, as required. This is a 

translation of y = 2f(x) by vector ( : . 
FG | “1 

, Watch out | The order is important. If you 
applied the transformations in the opposite order 
you would have the graph of y = 2(f(x) — 1) or 

y = 2f(x) -2. 

(ZA) 

The images of O, A and B are (O, -1), 

(2, —3) and (6, 7) respectively. 
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Functions and graphs 

Apply the translation inside the brackets first. 

The dotted curve is the graph of y = f(x + 2), 

which is a translation of y = f(x) by vector ; ). 

and (4, 6) respectively. 

The images of O, A and B are (-2, 2), (O, 1) | 

Next apply the translation outside the brackets. 

The solid curve is the graph of y = f(x + 2) + 2, as 

required. This is a translation of y = f(x + 2) by 

vector (a. 

i 

- 

~ 
-~ 

wget 

(sl) 

The images of O, A and B are (O, Q), 

(1, —0.25) and (3, 1) respectively. 

id y = —f(x — 1) 

yh 

Apply the stretch inside the brackets first. The 

dotted curve is the graph of y = f(2.x), which is a 

horizontal stretch with scale factor > 

Then apply the stretch outside the brackets. The 

solid curve is the graph of +f (2x), as required. 

This is a vertical stretch of vy = f(2x) with scale 

factor + 

Apply the translation inside the brackets first. 

The dotted curve is the graph of Nea IN) 

f(x) by vector Gh which is a translation of y 

The images of O, A and Bare GO), (GS, i) 

and (7, —4) respectively. 

Then apply the reflection outside the brackets. 

The solid curve is the graph of y = -f(x — 1), as 

required. This is a reflection of y = f(x — 1) in the 

X-axis. 
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[Ce = dex 0) 

Sketch the graphs of 

a y=2in)—3 b y=|fCx)| 

Show, on each diagram, the point where the graph meets or crosses the x-axis. 

In each case, state the equation of the asymptote. 

| a f 26 | Online ) Explore combinations of Cc? 

y=Inx | transformations using technology. 
| 
| 
| | 
| Problem-solving 

O 1 x | You have not been asked to sketch y = f(x) in this 

| question, but it is a good idea to do this before 

sketching transformations of this graph. 

| Sketch y = f(x), labelling its asymptote and the 

| coordinates of the point where it crosses the 

Dice 2 6k | X-axis. <€ Year 1, Section 14.3 

| | Solve this equation to find the x-intercept of 
| = 4.48 (3 sf) | y = f(x) - 3. 

The graph y = 2ln x — 3 will cross the 

X-axis at (4.48, O). 

vA 
=O 

2 Inix—S 

The original graph underwent a vertical stretch by 

sou 7 a scale factor of 2 and then a vertical translation 

by vector Oe). 

_b The graph of y = f(—x) is a reflection of 

y = f(x) in the y-axis. | 

vA | 
| x=O 

y=In(-) Vosiileg | 
| Oe | The original graph is first reflected in the y-axis. 
| ) The x-intercept becomes (-1, 0). 
| 0 - —. | The asymptote is unchanged. 
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1 The diagram shows a sketch of the graph y = f(x). 

The curve passes through the origin O, the point 

A(—2, -2) and the point B(3, 4). 

On separate axes, sketch the graphs of: 

DS ae b y=f(x-2)-5 

Cay. atx + 1) d y=-f(2x) 

e y=|f) f y=|f(-»)| 
In each case find the coordinates of the images of the 

points O, A and B. 

2 The diagram shows a sketch of the graph y = f(x). 

The curve has a maximum at the point A(-1, 4) and 

crosses the axes at the points (0, 3) and (—2, 0). 

On separate axes, sketch the graphs of: 

ele i b y=at(sx) 

c y=-f(x) +4 d y=-2f(x + 1) 

e y= 2f (|x) 
For each graph, find, where possible, the coordinates 

of the maximum or minimum and the coordinates of 

the intersection points with the axes. 

3 The diagram shows a sketch of the graph y = f(x). 

The lines x = 2 and y = 0 (the x-axis) are asymptotes 

to the curve. 

On separate axes, sketch the graphs of: 

a y=3f(x)-1 b y=f(x+2)+4 

ce y=-f(2x) d y= f(x) 

For each part, state the equations of the asymptotes 

and the new coordinates of the point A. 

Functions and graphs 

/ To sketch the graph of y = |f(—x)| reflect any 

negative y-values of y = f(—x) in the x-axis. 

B(3, 4) 
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«) 4 The function g is defined by 

gexe (x-2)/-9,xER. 

a Draw a sketch of the graph of y = g(x), labelling the turning point and the x- and 

y-intercepts. (3 marks) 

b Write down the coordinates of the turning point when the curve is transformed 

as follows: 

i 2g(x - 4) (2 marks) 

ii g(2x) (2 marks) 

iii |g(x)| (2 marks) 

c Sketch the curve with equation y = g(|x|). On your sketch show the coordinates of all 

turning points and all x- and y-intercepts. (4 marks) 

Sh) sine, 80a = 80°. 

a Sketch the graph of y = h(x). 

b Write down the coordinates of the minimum, 4, and the maximum, B. 

c Sketch the graphs of: 

i h(x - 90°) +1 ii in(Sx) iii slh(—2) 

In each case find the coordinates of the images of the points O, A and B. 

20) Solving modulus problems 

You can use combinations of transformations together with |f(x)| and f(|x|) and an understanding of 

domain and range to solve problems. 

Given the function t(x) = 3|x - 1|- 2, x ER, 

a sketch the graph of the function 

b state the range of the function 

c solve the equation t(x) = 5x + 3. 

wh V2 | Problem-solving 

J 55 | Use transformations to sketch the graph of 
| y=3\|x-1|-2. 

| i Sketch the graph of y = |x. 

O etl 
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Step 1 

Horizontal translation by vector tay 

Step 2 

Vertical stretch, scale factor 3. 

y=3|x-1|-2 

Step 3 

Vertical translation by vector (8). 

mI 

| 
| 

| 

| 

_b The range of the function t(x) is y € R, 

ee —2.+ The graph has a minimum at (1, —2). 
| | 

First draw a sketch of y = 3lx — 1| — 2 and the line 
i 

»= =x + 3. J a* 

The sketch shows there are two solutions, at A 

and B, the points of intersection. 
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NOE eae oes 
| 2 | 
| 1 | 

Spas) 3X +3 | 

2x =6 | 

1S This isthe solution on the original part of the 

et | graph. 

At B-3(x- 1) - 2=4x+3 | 
When f(x) < 0, |f(x)| = -f(x), so use -3x — 1) — 2 to 

-3x+3-2= 3% +3 find the solution on the reflected part of the graph. 
Wi | 

| —_-— f=3 

| Dae | 
This is the solution corresponding to point Bon 

the sketch. 
X= dees 

Wa 

| The solutions are x = ® Zine) 2° = 2 

L seaeeeresvtss ——— ———e — 

Example 

The function f is defined by f: x 6 — 2|x + 3}. 

A sketch of the graph of the function is shown in the diagram. 

a State the range of f. 

b Give a reason why f-! does not exist. 

c Solve the inequality f(x) > 5. 

"a The range of f(x) is f(x) < 6. 

| b f(x) is a many-to-one function. ¢ 

Therefore, f-! does not exist. 

| ec f(x) = 5 at the points A and B. 

{(x) > 5 between the points A and B. | 
) ; | For example, f(0) = f(—6) = 0. 

Problem-solving 

Only one-to-one functions have inverses. 

The greatest value f(x) can take is 6. 

| Add the line y = 5 to the graph of y = f(x). 

Between the points A and B, the graph of y = f(x) 

| is above the line y = 5. 
| 

At A,6 -2(x+ 3)=5 

~2(x + 3) = -1 | 
1 | 

Net ous So 

pe | This is the solution on the original part of the 
2 | graph. 
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Functions and graphs 

At BG - (-2(x + 3)) s = 
| 2(x+ 3) =- aa When f(x) < 0, |f(x)| = —f(x), so use the negative | 

| 
| argument, —2(x + 3). 

x+3=- 

This is the solution on the reflected part of the 

| : graph. 

| The solution to the inequality f(x) > 5 is 

Se ars | ' Online | Explore the solution using e? 

technology. 

P) 1 For each function 

i sketch the graph of y = f(x) 

ii state the range of the function. Hint } oath accor he canhoteaia oy 

a pA ee 
- A translation by vector ee 

Dei [e+ 2) lxER 
- A vertical sketch with scale factor 5 

c ees I|+6,xER - Atranslation by vector ly 

d fixe —sh1+4,xER 

2 Given that p(x) = 2|x + 4|-—5,x ER, 

a sketch the graph of y = p(x) 

b shade the region of the graph that satisfies y > p(x). 

3 Given that q(x) = —3|x| + 6,x ER, 

a sketch the graph of y = q(x) 

b shade the region of the graph that satisfies y < q(x). 

4 The function f is defined as 

fixr 4|x+ 6/+1,x ER. 

a Sketch the graph of y = f(x). 

b State the range of the function. 

c Solve the equation f(x) = -3x + 1. 

5 Given that g(x) = 3x —2|+7,x ER, 

a sketch the graph of y = g(x) 

b state the range of the function 

c solve the equation g(x) =x + I. 

De 
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6 The functions m and n are defined as , 

m(x) =—-2x +k, xER Problem-solving 

= ts means that y = m(x. n(x) = 3|x-4)/+6,xER m(x) = n(x) has no real roots m y (x) 

and y = n(x) do not intersect. 
where k is a constant. 

The equation m(x) = n(x) has no real roots. ! 

Find the range of possible values for the constant k. (4 marks) 

7 The functions s and t are defined as 

s(x) =-10-x,xER 

t(x) = 2|x + b|-8,x ER 

where 5 is a constant. 

The equation s(x) = t(x) has exactly one real root. Find the value of b. (4 marks) 

8 The function h is defined by 
D 

h(x) = 3) — l|-7,xER 

The diagram shows a sketch of the graph y = h(x). 

a State the range of h. (1 mark) 

b Give a reason why h7! does not exist. (1 mark) 

c Solve the inequality h(x) < -6. (4 marks) 

d State the range of values of k for which the 

equation h(x) = ox +khasno solutions. (4 marks) 

9 The diagram shows a sketch of part of the graph 

y = h(x), where h(x) = a — 2|x + 3|,x ER. 

The graph intercepts the y-axis at (0, 4). 

a Find the value of a. (2 marks) 

b Find the coordinates of P and Q. (3 marks) 

Ce Solve h(x) = se + 6, (5 marks) 

10 The diagram shows a sketch of part of the graph y = m(x), 4 

where m(x) = —4|x + 3|+ 7,x ER. 

a State the range of m. (1 mark) 

b Solve the equation m(x) = 2x + 2. (4 marks) id 4 

Given that m(x) = k, where k is a constant, has two distinct 

roots e 
y=m(x) 

c state the set of possible values for k. (4 marks) 

Bye 



Functions and graphs 

Challenge 

1 The functions f and g are defined by 

=2|x-4|-8 xER 

g(x)=x-9,xER 

The diagram shows a sketch of the graphs of y = f(x) and y = g(a). 

a Find the coordinates of the points 4 and B. 

b Find the area of the region R. 

2 The functions f and g are defined as: 

f(x) =-|x-3]+10,xER 

g(x) =2|x-3|)+2,xER 

Show that the area of the shaded region is & 

f/ Mixed exercise @ 

| 1 a On the same axes, sketch the graphs of y =2—- x and y = 2|x + lI. 

| b Hence, or otherwise, find the values of x for which 2 — x = 2|x + l|. 
| 

) 2 The equation |2x - 1l|=5 sx + k has exactly two distinct solutions. 

Find the range of Be: values of k. (4 marks) 

> 3 Solve [5x - 2| = a ae (4 marks) 

P) 4 a On the same set of axes, sketch y = |12 - 5x| and y = -2x + 3. (3 marks) 

; b State with a reason whether there are any solutions to the equation 

| [12 —5x|=-2x +3 (2 marks) 

25) 
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5 For each of the following mappings: 

i state whether the mapping is one-to-one, many-to-one or one-to-many 

ii state whether the mapping could represent a function. 

a y A b y A 

ay 

() 6 The function f(x) is defined by 

=) 28 Sal 
(x)= { 

Kee | 

a Sketch the graph of f(x) for -2 = x <6. (4 marks) 

b Find the values of x for which f(x) = + (3 marks) 

©) 7 The functions p and q are defined by 

pixhex+3x-4,xER 

q:xh 2x+1,xER 

a Find an expression for pq(x). (2 marks) 

b Solve pq(x) = qq(x). (3 marks) 

@) 8 The function g(x) is defined as g(x) = 2x + 7, {x ER, x = O}. 

a Sketch y = g(x) and find the range. (3 marks) 

b Determine y = g7'(x), stating its domain. (3 marks) 

¢ Sketch y = g-!(x) on the same axes as y = g(x), stating the relationship between the 

two graphs. (2 marks) 

©) 9 The function f is defined by 

fixbh ae {xER,x> 1} 

a Find f-!(x). (4 marks) 

b Find: i the range of f-!(x) 

ii the domain of f-!(x) (2 marks) 
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Functions and graphs 

>») 10 The functions f and g are given by 

pe l 
fo = ; é \ x ieee {xER,x> 1} 

2 
Cee aa eR 0} 

ifs 1 
a Show that f(x) = (x =a L(x & 1) 

b Find the range of f(x). (1 mark) 

Cesolve g(r) = 7/0: (4 marks) 

(3 marks) 

>) 11 The following functions f(x), g(x) and h(x) are defined by 

| f(x) = 4(x-2), {xER,x=0} 

eave | 4oneR} 

n(x == 3% {x € R} 

a Find f(7), g(3) and h(-2). b Find the range of f(x) and the range of g(x). 

Carind o- (x). d Find the composite function fg(x). 

e Solve gh(a) = 244. 

>) 12 The function f(x) is defined by f:x B x7 + 6x —- 4, x E R, x > a, for some constant a. 

a State the least value of a for which f~! exists. (4 marks) 

b Given that a = 0, find f-!, stating its domain. (4 marks) 

>) 13 The functions f and g are given by 

fixr4x-1,{xER} 

(229% lies =. fs ER, x# | 

Find in its simplest form: 

a the inverse function f~! (2 marks) 

b the composite function gf, stating its domain (3 marks) 

e the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks) 

=) 14 The functions f and g are given by 

pes {fx ER, x #2} 
x-2 

: a {fx ER, x #0} 

a Find an expression for f~!(x). (2 marks) 

| b Write down the range of f-!(x). (1 mark) 

ec Calculate gf(1.5). (2 marks) 

d Use algebra to find the values of x for which g(x) = f(x) + 4. (4 marks) 

15 The function n(x) is defined by 

Sieve 07.0 

BCs xe 0) 

a Find n(—3) and n(3). b Solve the equation n(x) = 50. 
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Chapter 2 

16 g(x) = tan x, -180° = x < 180° 

a Sketch the graph of y = g(x). 

b Sketch the graph of y = |g(x)J. 

¢ Sketch the graph of y = g(|x1). 

() 17 The diagram shows the graph of f(x). 

The points A4(4, —3) and B(9, 3) are turning points on the 

graph. 

Sketch on separate diagrams, the graphs of 

a y=f(2x)+1 (3 marks) 

b y=|fx)| (3 marks) 

c y=-f(x - 2) (3 marks) 

Indicate on each diagram the coordinates of any turning 

points on your sketch. 

«) 18 Functions f and g are defined by 

fix r4-x, {x ER} 

Cave ONe {x € R} 

a Write down the range of g. (1 mark) 

b Solve gf(x) = 48. (4 marks) 

c¢ Sketch the graph of y = |f(x)| and hence find the values of x for which |f(x)| = 2. (4 marks) 

19 The function f is defined by f:x # |2x — al, {x € R}, where ais a positive constant. 

a Sketch the graph of y = f(x), showing the coordinates of the points where the graph 

cuts the axes. (3 marks) 

b Ona separate diagram, sketch the graph of y = f(2x), showing the coordinates of the 

points where the graph cuts the axes. (2 marks) 

c Given that a solution of the equation f(x) = se is x = 4, find the two possible 

values of a. (4 marks) 

20 a Sketch the graph of y =|x — 2a|, where a is a positive constant. Show the coordinates 

of the points where the graph meets the axes. (3 marks) 
l 

b Using algebra solve, for x in terms of a, |x — 2a| = 3 (4 marks) 

c Ona separate diagram, sketch the graph of y = a — |x — 2a|, where a is a positive constant. 

Show the coordinates of the points where the graph cuts the axes. (4 marks) 

21 a Sketch the graph of y = |2x + al, a > 0, showing the coordinates of the points where 

the graph meets the coordinate axes. (3 marks) 

b On the same axes, sketch the graph of y = ie (2 marks) 

¢ Explain how your graphs show that there is only one solution of the equation 

x|2x+al-1=0 (2 marks) 

d Find, using algebra, the value of x for which x|2x + a| - 1 = 0. (3 marks) 
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Functions and graphs 

>) 22 The diagram shows part of the curve with equation y = f(x), where 

iia — ier oinx +3, x > 0 

The points 4 and B are the stationary points of the curve. oh 

a Using calculus and showing your working, find the | 

coordinates of the points A and B. (4 marks) 

b Sketch the curve with equation y = —3f(x — 2). (3 marks) 

c Find the coordinates of the stationary points of the 

curve with equation y = —3f(x — 2). State, without 

proof, which point is a maximum and which point 

is a minimum. (3 marks) 

P) 23 The function f has domain —5 S x S 7 and is linear from | (7, 18) 

(—5, 6) to (-3, -2) and from (—3, —2) to (7, 18). 

The diagram shows a sketch of the function. aaa 

a Write down the range of f. (1 mark) (-5, 6) 

b Find ff(-3). (2 marks) 

c¢ Sketch the graph of y = |f(x)|, marking the points at mae 

which the graph meets or cuts the axes. (3 marks) Ce!) 

The function g is defined by g: x Bh x? — 7x + 10. 

d Solve the equation fg(x) = 2. (3 marks) 

>) 24 The function p is defined by y 

| p: x -2|x + 4] + 10 

The diagram shows a sketch of the graph. 

a State the range of p. (1 mark) 

b Give a reason why p7! does not exist. (1 mark) ; es 

c Solve the inequality p(x) > —4. (4 marks) g c 

d State the range of values of k for which the equation 

| pho) -3x + k has no solutions. (4 marks) y= p(x) 

| Challenge 

a Sketch, ona single diagram, the graphs of y = a* — x? and y = |x + al, 

where a is a constant and a > 1. 

b Write down the coordinates of the points where the graph of y = a* — x° 

cuts the coordinate axes. 

© Given that the two graphs intersect at x = 4, calculate the value of a. 
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Chapter 2 

Summary of key points 

58 

1 

wo on a w 

10 

A modulus function is, in general, a function of the type y = |f(x)|. 

@ When f(x) = 0, |f(x)| = f(x) 

@ When f(x) <0, |f(x)| = -f(x) 

To sketch the graph of y = |ax + b|, sketch y= ax +b then reflect the section of the graph 

below the x-axis in the x-axis. 

A mapping is a function if every input has V4 Ff v5 / 
a distinct output. Functions can either be as ral 

one-to-one or many-to-one. Ls& feos 

one-to-one many-to-one not a function 

function function 
fg(x) means apply g first, then apply f. 

fg(x) = f(g) 

8 f 

fg 

Functions f(x) and f-!(x) are inverses of each other. ff-!(x) = x and f-!f(x) =x. 

The graphs of y = f(x) and y = f-!(x) are reflections of each another in the line y = x. 

The domain of f(x) is the range of f-!(x). 

The range of f(x) is the domain of f-!(x). 

To sketch the graph of y = |f(x)| 

@ Sketch the graph of y = f(x) 

@ Reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis 

@ Delete the parts below the x-axis 

To sketch the graph of y = f(!x|) 

@ Sketch the graph of y = f(x) for x = 0 

@ Reflect this in the y-axis 

f(x + a) is a horizontal translation of —a. 

f(x) + ais a vertical translation of +a. 

f(ax) is a horizontal stretch of scale factor + 

af(x) is a vertical stretch of scale factor a. 

f(—x) reflects f(x) in the y-axis. 

—f(x) reflects f(x) in the x-axis. 



After completing this chapter you should be able to: 

e Find the nth term of an arithmetic sequence —> pages 60-62 

e@ Prove and use the formula for the sum of the first 

nterms of an arithmetic series — pages 63-66 

e@ Find the nth term of a geometric sequence > pages 66-70 

@ Prove and use the formula for the sum of a finite 

geometric series —> pages 70-73 

@ Prove and use the formula for the sum to infinity of 

a convergent geometric series —> pages 73-76 

e Use sigma notation to describe series —> pages 76-78 

Generate sequences from recurrence relations -> pages 79-83 

Model real-life situations with sequences and series —> pages 83-86 

Write down the next three terms of each 

sequence. 

apc teicn.t Delinoro 

c -15,-9, -3,3 Gn376)12924 

ettit fd ale 
« GCSE Mathematics 

Sequences and series can be S Solve, giving your answers to 3 s.f.: 
found in nature, and can be used } ame a ee 

to model population growth or 

hw decline, or the spread of a virus. 4 ? 2 DE 

f | 
Cex 78 13e < Year 1, Section 14.6 

er — Exercise 31, Q12 



Chapter 3 

(3.1) Arithmetic sequences 

= In an arithmetic sequence, the difference ' Notation ) An arthmeticeec ye 

between consecutive terms [s constant, sometimes called an arithmetic progression. 

5 ie oe it 
et ae 7 . 
+2 he 42 This sequence is arithmetic. The difference between 

ecutive terms is +2. The sequence is increasing. 
Ge sly ics, OG. consecut q 8 
See Ne Net 

ioe ee |___ This sequence is arithmetic. The difference between 

consecutive terms is —2.5. The sequence is decreasing. 
4, lie eae ep 

Se! 

+35 De tf The difference is not constant so the sequence is 

not arithmetic. 

= The formula for the th term of an arithmetic sequence is: Notation ] in questensen 

u,=at+(n—1)d sequences and series: 

where a is the first term and d is the common difference. e u, is the nth term 
e ais the first term 

e dis the common difference 

The nth term of an arithmetic sequence is wu, = 55 — 2n. 
Use the table function 

a Write down the first 5 terms of the sequence. on your calculator to generate 

terms in the sequence for this b Find the 99th term in the sequence. 
function, or to check an mth term. 

c Find the first term in the sequence that 1s negative. 

eee CS — = : | 
| ‘ : 4 | Remember, mis e position ir tt seatcneeee : 
p RE So eI 8 eee oii ae 
— n=2 3 w=55-2(2)=51 : Men Ne 
=e 1 oe | | Ee tie second MiraeG berlin aan / 5 second term substituten=2. 
| i = At = W= DS = 24) = 47 ile a i ee, 

+ us=55 - 2(5) = 45 | 
\ <7 = ¥ ) 

b Ugg= 59 — 2(99) = -143 — oe 99th term substitute n = 99, Wi 2 

‘6 55 =27 <© 

| =n = =55 Problem-solving 
| 
| | (PEA CTES | To find the first negative term, set w,, <0Oand 
| We DO solve the inequality. n is the term number so it 

ites = 25 = 2(28) = =1 must be a positive integer. 
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Sequences and series 

Example 

Find the nth term of each arithmetic sequence. 

a 6, 20, 34, 48, 62 

b 101, 94, 87, 80, 73 

a... | 
u,= 6 + 14(n — 1) 

u,= 6+ 14n- 14 all es of a oe 

u,= 14n - 6 implify. 

bD a= iO0l.d=-/ 
, Watch out | If the sequence is decreasing then d 

u,= 101 - 7(n - 1) 
is negative. 

Pehl (th 

U,= 108 —7n ; 

Example GQ) 

A sequence is generated by the formula uw, = an + b Problem-solving 

where a and b are constants to be found. F 

Given that w; = 5 and us = 20, find the values of Me ae cE Ie Has eee , 
Zz unknowns in the expression for the nth term. 

the constants a and b. You can use this information to formtwo 

simultaneous equations. < Year 1 Section 3.1 

eS Re 

} 

Pmeie0 25 Sa + b% 20. om _Substituten=3 anda =i Mp=aneb 

(2) — (1) gives: | Substitute» =8and y= 20inuy=antb 

50.19 

B=) | ® a oe a! 

Substitute a = 3 in (1): “Solve simt usly, —_ Z Z n my ; eal 

Dt b= 5 

b=- 
Constants are a = 3 and b = -4. 

1 For each sequence: 

i write down the first 4 terms of the sequence 

ii write down a and d. 

a u,= on+2 bow= 9-27 ¢ u,=7+0.5n d u,=n-— 10 
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Chapter 3 

Find the nth terms and the 10th terms in the following arithmetic progressions: 

At ee ee Donon alae. 

Cea Sloe d-=1,3,7,, as 

Ciro ee f a,at+d,at2d,a+ 3d, ... 

Calculate the number of terms in each of the following Problem-solving 

arithmetic sequences. 
Find an expression for wu, and 

Res TEIN eteet ae brow ess eg a LS set it equal to the final term 

c 905.88, 86, «5, 16, 14 dP 4.9) 14 4229 in the sequence. Solve the 

Py 5 eo See oe Soe equation to find the value of n. 

f a,at+d,at+2d,...,a+(n-1)d 

The first term of an arithmetic sequence is 14. The fourth term is 32. Find the common 

difference. 

A sequence is generated by the formula u,,= pn + gq where p and g are constants to be found. 

Given that u,= 9 and uw, =11, find the constants p and g. 

For an arithmetic sequence wu; = 30 and uy = 9. Find the first negative term 1n the sequence. 

The 20th term of an arithmetic sequence is 14. The 40th term is —6. Find the value of the 10th 

term. 

The first three terms of an arithmetic sequence are 5p, 20 and 3p, where p is a constant. 

Find the 20th term in the sequence. 

The first three terms in an arithmetic sequence are —8, k?, 17k ... 

Find two possible values of k. (3 marks) 

An arithmetic sequence has first term A? and common Brohlem-colvin g 

difference k, where k > 0. The fifth term of the sequence is 41. 
You will need to make use 

of the condition k >O in 

your answer. 

Find the value of &, giving your answer in the form p + qV5, 

where p and q are integers to be found. (4 marks) 

Challenge 

The nth term of an arithmetic sequence is uw, = In a + (1 — 1) In b where 

aand b are integers. uw; = In 16 and uw, = In256. Find the values of a 

and b. 
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Sequences and series 

(3.2 | Arithmetic series 

= An arithmetic series is the sum of the terms of an : 

arithmetic sequence. Notation ) gee ae 
sum of the first 7 terms of a 

5, 7,9, 11 is an arithmetic sequence. series. 

54+7+9+411is an arithmetic series. 

Prove that the sum of the first 100 natural numbers is 5050. 

Som = ee 

Adding (1) and (2): 
ae - 

2 x Sigg = 100 x 101 i OF ricblenaatving em-solving 

100 x 101 ! Write out the sum longhand, then 

) Stoo = 2 write it out in reverse. You can pair 

) = 5050 up the numbers so that each pair 

—— ) . has a sum of 101. There are 100 

airs in total. 
= The sum of the first 7 terms of an arithmetic series F 

is given by the formula 

=5 (2a + (n —1)d) 

where a is the first term and d is the common difference. 

You can also write this formula as 

| S,=5 (a+) 

where / is the last term. 

| Prove that the sum of the first terms of an arithmetic series is 5 (2a+(n-1)d). 

eae (a+ d) + (at 2d) +... | 7 = 7 Ms 
nS). ab iy ie i) ” 

te +(a+(n- 2)d)+(a+(n-')d) (1) —7—— Write oe the terms of the sum. 4 oa > 

S, = (a+ (n-1)d) + (a+ (n- 2)d) + .... ——- = - . = 

1+ 2d)+(a+d)+a (2) Thieictne cuntrevecsed Le med 0 -) + (a+ 2d)+ (atc "This is the sum ersed. re 1. ‘ 

Ol 
| 2x S,=ni2a + — 1)d) Adding together the SNM > of 

Se e (2a + (n — 1)d) | Problem-solving 

You need to learn this proof for your exam. 
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Chapter 3 

Find the sum of the first 50 terms of the arithmetic series 32 + 27+ 224+17+ 12+... 

| 

| 

a= 32,d=-5 

Sso = 2 (2(82) + (50 ~ 1)(-5)) « 

“Sso = -4525 

Find the least number of terms required for the sum of 4+ 9+ 14+ 19+... to exceed 2000. 

| 
| 

Ae ee seco: 

Using Si = 3 (2a + (n — 1)d) 

| 26 terms are needed. ; 

ZOOS ie x 4 + (n —1)5) 

4000 = n(8 + 5n- 5) MLS es 
4000 = n(Sn + 3) 
4000 = 5n2 + 3n 

O = 5n? + 3n — 4000 

_-3 + 9+ 80000 
10 

n = 27.99 or -28.59 

Exercise 

1 Find the sums of the following series. 

64 

a 

c 

e 

f 

g 

h 

34+74+114+15+... (20 terms) b 2+6+10+14+... (15 terms) 

30 + 274+ 244+ 21+... (40 terms) d 5+1+-3+-7+... (14 terms) 

5$+74+9+...4+75 aS ‘ 
Hint For parts e toh, start — 

4+74+10+...4+91 by using the last termto 
344+ 29+244+194+...+-111 work out the number of 

(x +1)+Qx+1)+@x+1+..4+(Q2lx+1) ee 

Find how many terms of the following series are needed to make the given sums. 

a 

b 

c 

d 

5+8+114+ 144+... = 670 

34+8+134+184+...=1575 

64+62+60+...=0 

344+ 304+ 26+22+...=112 

GD Set the expression for S,, equal to the 
total and solve the resulting equation to find n. _ 
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Sequences and series 

_ Find the sum of the first 50 even numbers. 

Find the least number of terms for the sum of 7 + 12 + 17 + 22 + 27 +... to exceed 1000. 

The first term of an arithmetic series is 4. The sum to 20 terms is —15. Find, in any order, the 

common difference and the 20th term. 

The sum of the first three terms of an arithmetic series is 12. If the 20th term 1s —32, find the 

first term and the common difference. 

Prove that the sum of the first 50 natural numbers Problem-solving 

is 1275: 
” Use the same method as Example 4. 

Show that the sum of the first 27 natural numbers is n(2n + 1). 

Prove that the sum of the first 7 odd numbers is 77. 

The fifth term of an arithmetic series is 33. The tenth term is 68. The sum of the first 

n terms is 2225. 

a Show that 7n?+ 3n — 4450 = 0. (4 marks) 

b Hence find the value of 7. (1 mark) 

An arithmetic series is given by (kK + 1) + (2k + 3) + (34 +5) +... + 303 

a Find the number of terms in the series in terms of k. (1 mark) 

‘ ? 

b Show that the sum of the series is given by oe (3 marks) 

¢ Given that S,, = 2568, find the value of k. (1 mark) 

a Calculate the sum of all the multiples of 3 from 3 to 99 inclusive, 

34+64+94+...4+99 (3 marks) 

b In the arithmetic series 

4p + 8p + 12p +...+ 400 

where p is a positive integer and a factor of 100, 

i find, in terms of p, an expression for the number of terms in this series. 

a 00 
ii Show that the sum of this series is 200 + 2p s (4 marks) 

ce Find, in terms of p, the 80th term of the arithmetic sequence 

(3p + 2), Gp + 3), 7p + 4), ---» 

giving your answer in its simplest form. (2 marks) 
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13 Joanna has some sticks that are all of the same length. aN 

She arranges them in shapes as shown opposite and has made the Rowl |_| 

following 3 rows of patterns. WAN 

She notices that 6 sticks are required to make the single pentagon in Row2 | | | 
the first row, 11 sticks in the second row and for the third row she needs tee 

16 sticks. e NEES 
Row 3 | | | | 

a Find an expression, in terms of n, for the number of sticks required 

to make a similar arrangement of n pentagons in the nth row. (3 marks) 

Joanna continues to make pentagons following the same pattern. She continues until she has 

completed 10 rows. 

b Find the total number of sticks Joanna uses in making these 10 rows. (3 marks) 

Joanna started with 1029 sticks. Given that Joanna continues the pattern to complete 

k rows but does not have enough sticks to complete the (k + 1)th row: 

c show that k satisfies (Sk — 98)(k + 21) < 0 (4 marks) 

d find the value of k. (2 marks) 

Challenge 

An arithmetic sequence has nth term w,, = In9 + (” — 1) In 3. Show that 

the sum of the first nm terms = a |n3”"+3” where a is a rational number to 

be found. 

33 Geometric sequences 

= A geometric sequence has a common ratio between 

consecutive terms. GEE) 4 zcometric 
sequence is sometimes called 

To get from one term to the next you multiply by the a geometric progression. 

common ratio. 

Sy, 10), 20), 40), 
See SE ee a SE (GON Be, 

x2) x2) x2) x2) 

This is a geometric sequence with common 

ratio 2. This sequence is increasing. 

' Notation } A geometric sequence with 

a common ratio |r| < 1 converges. This 

means it tends to a certain value. You 

call the value the limit of the sequence. 

' Notation | An alternating sequence 

is a sequence in which terms are 

alternately positive and negative. 

This is a geometric sequence 

with common ratio ‘. This 

sequence is decreasing but 

will never get to zero. 

Here the common ratio is —2. 

The sequence alternates between 

positive and negative terms. 

# The formula for the mth term of a geometric sequence is: 

haan 

where a is the first term and r is the common ratio. 
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Find the i 10th and ii mth terms in the following geometric sequences: 

ae 6, 12, 24, 05 3 

b 40, -20, 10, -5, ... 

aes. Gy tet. 
St Nt 

miOrh termes. x 2? 

So x S12 

= 1536 

lenin term = 3x 22> 

Bees 20) 10) Ox 25 « 
See NS SS 

i 10th term= 40 x (-$)” 

= 40 x els 

ee 
=e 

iereniterm= 40x (=) 0 <= 

=5x 6x (-4)"" 

OK x (-4\"" 

Sete os On-4 

The 2nd term of a geometric sequence is 4 and the 4th term is 8. Given that the common ratio is 

positive, find the exact value of the 11th term in the sequence. 

nth term = ar"-', so the 2nd term is ar, and ] Problem-solving 

the 4th term is ar? You can use the general term of a geometric 

7 sequence to write two equations. Solve these 
ar=4 (1) : 
< simultaneously to find a and r, then find the 11th 

a= 6 (2) 
term in the sequence. 

‘Dividing equation (2) by equation (1): 
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Substituting back into equation (1): 

av2 =4 

wea 
V2 

Gave 

nth term = ar”™-', so 

Mth term = (2V2)(V2)'9 

a ee ee = ae 
4 Be ood ence: 8 a nswer as a 1UC! + > 

The numbers 3, x and (x + 6) form the first three terms of a geometric sequence with all positive terms. 

Find: 

a the possible values of x, 

a we 
2 U, Ue 

x  XxX+6 a 
| Ke = St) 

| i = ox 16 

| = 3x-18 =0 
(x —- 6)\(x + 3) = 

x =Gor-3 

So x is either 6G or —3, but there are no 

negative terms so x = G. 

b 10th term = ar? 

= 3 x 2” 

= 3 x SIZ 

=5o6 

| The 10th term is 1536. 

What is the first term in the geometric progression 3, 6, 12, 24, 

ven Pyne = aye 

=3 2 

[ 
| 

i 

| 
| 

We: want ath term - > 1000 000 

68 

b the 10th term of the sequence. 

Problem-solving } 

Ina geometric sequence the ratio Sarde 
Uu 

consecutive terms is the same, SO - Ze = aT 

Simplify the algebraic fraction to form a 

€ Year 1, Section 3.2 quadratic equation. 

... to exceed | million? 

Problem-solving |] 

Determine a and r, then write an inequality using 
the formula for the general term of a eeoreae 

sequence. : 
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|The 2Oth term is the first to exceed 

A O00 OOO. 

oo pisces, ie ti 
es fiom) ‘lagatemoga ear caper 

(n — 1) log2 > log 3 

220000) | 
log(2) 

Pe are as 
os 22 and dou: 

Online | Use your calculator to check 

your answer. 

3 x 2"! > 1000000 eal Teneebys. wa ame A Be a ee Be 
Divide by 7. i ; ! 

1000 000 ivide by. neat oa 

n-\> 

Exercise 30) 

1 Which of the following are geometric sequences? For the ones that are, give the value of the 

common ratio, r. 

ae AS. LO 2. 5. be2-5.8s bal aes 

Ce40536;.325285°..3 Gd: 2, 6, 13, 04,162)... 

Cm lO. Sel eye 182 565. [53-555 

Bah el Se Le eee h 4,—-1, 0.25, —0.0625, .... 

Continue the following geometric sequences for three more terms. 

Ay ld, A5,, 2. ; b 4, -8, 16, ... 

CRONOUS... d li.c¢ 

Cala are fix oe ae 

If 3, x and 9 are the first three terms of a geometric Problem-solving 

sequence, find: 
In a geometric sequence the common 

a the exact value of x, tio can be calculated by —2 or 
b the exact value of the 4th term. EAA eS UAT Mec SUS eA go Up 

Find the sixth and nth terms of the following geometric sequences. 

Awe HONI SH o4, a. Dp elLOOSS 0725 ize oes. 

c 1,-2,4, -8, ... dole iii insite 

The nth term of a geometric sequence is 2 x 5". Find the first and Sth terms. 

The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the 

common ratio. 
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7 A geometric sequence has first term 4 and third term 1. Find the two possible values of the 

6th term. 

8 The first three terms of a geometric sequence are given by 8 — x, 2x, and x? respectively where 

aU. 

a Show that x3 - 4x? = 0. ¥ (2 marks) 

b Find the value of the 20th term. (3 marks) 

c State, with a reason, whether 4096 is a term in the sequence. (1 mark) 

9 A geometric sequence has first term 200 and a common ratio p where p > 0. 

The 6th term of the sequence is 40. 

a Show that p satisfies the equation 5 log p + log 5 = 0. ; (3 marks) 

b Hence or otherwise, find the value of p correct to 3 significant figures. (1 mark) 

10 A geometric sequence has first term 4 and fourth term 108. Find the smallest value of & for 

which the Ath term in this sequence exceeds 500 000. 

() 11 The first three terms of a geometric Problem-solving 

sequence are 9, 36, 144. State, with a 

reason, whether 383 616 is a term in 

the sequence. 

Determine the values of a andr and find the general 

term of the sequence. Set the number given equal 

to the general term and solve to find x. If nis an 

integer, then the number is in the sequence. 

() 12 The first three terms of a geometric sequence are 3, —12, 48. State, with a reason, whether 

49 152 is a term in the sequence. 

(P) 13 Find which term in the geometric progression 3, 12, 48, ...is the first to exceed 1 000 000. 

€ Geometric series 

A geometric series is the sum of the terms of a geometric sequence. 3, 6, 12, 24, ... is a geometric 
sequence. 3+6+12+24+... isa geometric series. 

= The sum of the first 1 terms of a geometric series is given by the formula 

a(i-r") 
S, = te. rz#i1 Hint ) These two formulae are equivalent. 

ee) It is often easier to use the first one ifr<1 

S,= pec ht 1 and the second one if r > 1. 

where ais the first term and ris the common ratio. 
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A geometric series has first term a and common difference 7. Prove that the sum of the first n terms 
a(1 — r") 

of this series is given by S,, = piwe 

ket, S, = a+ ar are + ar? + ..2;ar-? +.ar" 

rS, = ar + ar® + ar? +... ar™' + ar" 

(1) = (2) gives S, — rS, =a—- ar 

S,(1 — 71) = al — r") 

S, = 
1 — 7 ) é s : ra A 

ESS Problem-solving ® 

| Example Ss) You need to learn this proof for your exam. — 

Find the sums of the following geometric series. 

a 2+6+18+54+... (for 10 terms) 

bm024.— 512+ 256— 128 +... + | 

a Series is 

2-6 +16+- 54+ ... (er 1O terms) 

So a= 2,r=%=3 andn='0 

AG gag 
20 Sto --C = 529 046 

brOeéeries i5 

1024-512 + 256 -126+...+1 

50 a= 1024,r=-2S=-5 

and the nth term = 1 

1024 (-5)"" = 1 

(-2)""' = 1024 

2 = 1024 

log 1024 
esl alee =o a 

log 2 

n-1=10 

hia 

1024(1 - (-$)") 
SO = 

1024(1 + agus) 

1 +5 

1027s 
Fi 3 

2 

= €63 
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Find the least value of n such that the sum of 1 +2+4+8+... tom terms exceeds 2 000 000. 

} are. eas 12" ~ 1) ieee Problem-solving 

eS eee Determine the values of a and r, then use the 

| 

| 

| 

L It 

If this is to exceed 2 OOO OOO then 

2" — 1 > 2000000 

n log 2 > log(2 O00 001) 

an inequality. 

S, = 2 OCOO00 

| 
| 

= 2n_ | | formula for the sum of a geometric series to form 

| 

| 

| 
2" > 2000001 : — 

log(2 OOO 001) | 4 e 

log(2) 

(Oe ZO) 

n> 

It needs 21 terms to exceed 2 O00 000. “Round n up to thenearestinteger 

Exercise 3D) 

OOo Oo) 

1 

liz 

Find the sum of the following geometric series (to 3 d.p. if necessary). 

a 1+2+4+8+... (8 terms) Do 32 lO te 8 (1 Oitenms) 

2 4 8 256 
© 3tistast +539 375 d 4-12+ 36-108 +... (6 terms) 

1 See oe) 5 
e 729 — 243 +81 - aa f pe ens ~ 37768 

A geometric series has first three terms 3 + 1.2 + 0.48... Evaluate S,o, giving your answer 

to 4d.p. 

: : a 
A geometric series has first term 5 and common ratio 3 Find the value of Ss. 

The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find possible 

values of r. 

Find the least value of n such that the sum 3 + 6 + 12 + 24+... tom terms exceeds 1.5 million. 

Find the least value of n such that the sum 5 + 4.5 + 4.05 + ... tom terms exceeds 45. 

A geometric series has first term 25 and common ratio 3 

Given that the sum to & terms of the series is greater than 61, 

a show that k > ee (4 marks) 
log(0.6) 

b find the smallest possible value of k. | (1 Hitiek) 
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8 A geometric series has first term a and common ratio r. Problem-solving 

The sum of the first two terms of the series is 4.48. 

The sum of the first four terms is 5.1968. Find the two 

possible values of r. : (4 marks) 

One value will be positive and 

one value will be negative. 

9 The first term of a geometric series is a and the common ratio is V3. 

Show that S,9= 121a(V3 + 1). (4 marks) 

10 A geometric series has first term a and common ratio 2. A different geometric series has 

first term 5 and common ratio 3. Given that the sum of the first 4 terms of both series 

is the same, show that a = : b. (4 marks) 

) 11 The first three terms of a geometric series are (k — 6), k, (2k + 5), where k 1s a positive constant. 

a Show that k? — 7k — 30=0. (4 marks) 

b Hence find the value of k. (2 marks) 

c Find the common ratio of this series. (1 mark) 

d Find the sum of the first 10 terms of this series, giving your answer to the nearest 

whole number. (2 marks) 

) 3.5) Sum to infinity 

You can work out the sum of the first 7 terms of a geometric 
ds A 4 ae mieUE EH F th eae You can write the sum to 

series. As n tends to infinity, the sum of the series is calle anole eccrine se 

the sum to infinity. 

Consider the sum of the first m terms of the geometric series2+4+8+16+... 

The terms of this series are getting larger, so as n tends to infinity, S,, also tends to infinity. This is 

called a divergent series. 
5 . . 1 

Now consider the sum of the first 7 terms of the geometric series 1 + 4 - = ate % +... 

The terms of this series are getting smaller. As 7 tends to infinity, S,, gets closer and closer to a finite 

value, S.,. This is called a convergent series. 

A ees : : Hint | You can also write this 
= A geometric series is convergent if and only if |r| < 1, noes itet Seehs 

where r is the common ratio. 

ree A a) 
The sum of the first 7 terms of a geometric series is given by S,, = = =. 

eee 2 et) a ’ Notation | lim means ‘the limit as n tends to o’. 
When |r| <1, lim ete) ETraS eee ; 

pag yy Mit You can’t evaluate the expression when 11 is ©, 

but as n gets larger the expression gets closer to 

a fixed (or limiting) value. 
This is because r? = Oasn > ~. 

« The sum to infinity of a convergent geometric t Watch out | COU rron ty Ween econ 

series is given by S., = 2 for a convergent series, i.e. when |r| < 1. 
abl 9 

13 
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The fourth term of a geometric series is 1.08 and the seventh term is 0.233 28. 

a Show that this series is convergent. 

b Find the sum to infinity of the series. 

a 

| 

ar? = 1.08 (1) 
ar® = 0,233 28 (2) 
Dividing (2) by (1): 

(hee = OZ33 25 

fe OS 
13 = 0.216 
BIOS 

The series is convergent as |r| = 0.6 <1. 

Substituting the value of r? into equation 

(1) to find a 

0.21Ga = 1.06 

a 1.06 
0.216 

a=5 

Substituting into S., formula: 

find r, then state that the serie 
Wal 

For a geometric series with first term a and common ratio r, S,= 15 and S., = 16. 

a Find the possible values of 

b Given that all the terms in the series are positive, find the value of a. 

r 

\a 

14 

(en, 
CUE Se 

1-—r 

s is convergent if 

_-- 
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_b As all terms are positive, r = +5 

! a im t . ‘ en ae , oo. 

SO ——————— —— et titute 7 Pains equation (2)tofnda. 

| 2 , | Sark pa eee Y ee 

| 16(1 -d=a 

as 

The first term in the series is &. 

[exercise @3) 
1 For each of the following series: 

i state, with a reason, whether the series is convergent. 

ii If the series is convergent, find the sum to infinity. 

| alee O10 Ol 0.001 — bl 244 88 aloe CNS ESS MLDS 
Gero, l0+14 >... ei [adler feather ee 
g 0.44+0.84+1.2+1.6+... h 9+8.1+7.29+ 6.561 +... 

A geometric series has first term 10 and sum to infinity 30. Find the common ratio. 

A geometric series has first term —5 and sum to infinity —3. Find the common ratio. 

> WwW NY A geometric series has sum to infinity 60 and common ratio 2 Find the first term. 

5 A geometric series has common ratio + and S.,= 10. Find the first term. 

6 Find the fraction equal to the recurring decimal 0.23. Hint ) ae eae 5s 
0.23 = 799 + qo000 + To00000 t «:: 

7 For a geometric series a + ar + ar? +...., S;=9 and S., = 8, find the values of a and r. 

8 Given that the geometric series | — 2x + 4x? — 8x3 +... is convergent, 

a find the range of possible values of x (3 marks) 

b find an expression for S., in terms of x. (1 mark) 

9 Inaconvergent geometric series the common ratio is r and the first term ise 

Given that S,, = 16 x S%, 

a find the value of the common ratio, giving your answer to 4 significant figures (3 marks) 

b find the value of the fourth term. (2 marks) 

10 The first term of a geometric series is 30. The sum to infinity of the series is 240. 

a Show that the common ratio, r, is i (2 marks) 

b Find to 3 significant figures, the difference between the 4th and 5th terms. (2 marks) 

e Calculate the sum of the first 4 terms, giving your answer to 3 significant figures. (2 marks) 

The sum of the first n terms of the series is greater than 180. 

d Calculate the smallest possible value of n. (4 marks) 
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11 A geometric series has first term a@ and common ratio r. The second term of the series is = > and 

the sum to infinity of the series is 8. 

a Show that 647? - 64r + 15 =0. (4 marks) 

b Find the two possible values of 1. (2 marks) 

ce Find the corresponding two possible values of a. (2 marks) 

Given that r takes the smaller of its two possible values, 

d find the smallest value of n for which S, exceeds 7.99. (2 marks) 

Challenge 

The sum to infinity of a geometric series is 7. A second series is formed 

by squaring every term in the first geometric series. 

a Show that the second series is also geometric. 

b Given that the sum to infinity of the second series is 35, show that 

the common ratio of the original series is 2 

3.6) Sigma notation 

= The Greek capital letter ‘sigma’ is used to signify a sum. You write it as )_. You write limits 

on the top and bottom to show which terms you are summing. 

This tells you that are summing 5 Substitute 7 = 17 =i2 = 3, 

the expression in brackets with 4X (Cr 3) = 3 ital r=4,r=5 to find the five 
(= NRW ae Ney pc terms in this arithmetic series. 

To find the terms in this 
Look at the limits carefully: > : 

» (5 x 2’) = 40 + 80 + 160 + 320 + 640 ——— i i 
they don't have to start at 1. r=3 eee ae a P 

r= 3,f=4,4 =, 

r=6.7r= 

You can write some results that you already know using sigma notation: 

a n 

- >) len GUD ycijisas14..41 
r=1 —_—_—_—- =a 

Se 

20 
Calculate 5° (4r + 1) 

r=1 

Sears FA) = See eres | Problem-solving 

n(n + a n times 

Substitute r = 1, 2, etc. to find the terms in the 
= Cee. 
eee ae : series. 

‘ 
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S = 5 (2a + (n~ 1)d) 

= 22 xD + (20 =—1)4) 

= 10010 + 19 x 4) 

= 10x 66 

= 560 ESN AME Keohs, ' Online | Check your answer by using 
your calculator to calculate the sum of 

| the series. 
Example 18) 

Find the values of: 
12 12 

a Roaegelar boo xe! 
Kee Ih k=5 

12 

a> 5 x Bk ; 
k= St 

=5+154+45 +4... ne ee 

=>, P= So ane = WZ 

a(r” — 1) 

Ses weep | se 

5(312 — 1) | | : 
ese | 
Si2 = 1326600 

12 2: 4 

Doe ce = (A x BT DD x oe 
k—5 k=1 k=1 

BS. t= 1328600 
Problem-solving ] 

5G * = 1 
Sy Jee) = 200 / When we are summing series from k to n, we can 

3-1 
4 consider the sum of the terms from 1 to m and 

3° 5 x 3*-' = 1328600 - 200 = 1326400 subtract the terms from 1 to k — 1. 
k=5 

Exercise 3F) 

1 For each series: 

i write out every term in the series 

ii. hence find the value of the sum. 

5 6 on 8 | r 

a )Grt I) b 30 ¢ )osin(90r°) a S2{-4] 
pel 

r=1 r=1 p= 

2 For each series: 

i write the series using sigma notation 

ii evaluate the sum. 

a 2+4+6+8 b 24+6+18+54+ 162 e 64+454+34+154+0-1.5 

7 
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@ 

Pr) 10 

@ v 

For each series: 

i find the number of terms in the series 

ii write the series using sigma notation. 

Pure 4 64 
a 7+134+19+4...4 157 b 3+75 495+ -- + 46875 

Evaluate: 
20 10 100 

a >(7-2r) bay3x 4 ec > (2r-8) 
h= rll pel 

Evaluate: 

Y(s 5] b SB 4 aa ks (3r + 4) 
r=100 

100 

en) 3560.5" 
PSS) 

Show that 5>2r =n + n?. 
r= 

Show that >>2r — )(Qr-1)=n. 
Z= jel 

Find in terms of k: 

a 4-2)’ c ss (7 = 2r) 
pall r=10 

b 57(100 — 2r) 
r=1 

Find the value of sy 200 x (4) : 
R=) 

k 
Given that 5/(8 + 3r) = 377, 

R= 

a show that (3k + 58)(k — 13) =0 

b hence find the value of k. 

k 
Given that 5°2 x 3’ = 59 046, 

r=) 

log19 683 
ae SHOW tat = ee 

log 3 
B 

b For this value of k, calculate 5° 2 x 3’. 
r=k+l 

A geometric series is given by | + 3x + 9x? +... 

The series 1s convergent. 

a Write down the range of possible values of x. 

Given that Sone = 
(r= || 

b calculate the value of x. 

Challenge 

10 14 

Given that ))(a + (r— 1)d) = S¢ (a + (r— 1)d), show that d= 6a. 
reall r= ah 
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a Recurrence relations 

If you know the rule to get from one term to the next in a sequence you can write a recurrence relation. 

= Arecurrence relation of the form u, , , = f(u,,) defines each term of a sequence as a function 

of the previous term. 

For example, the recurrence relation w,,,; = 2u,, + 3, u; = 6 produces the following sequence: 

— 
6, 15, 33, 69, ... Uz = 2 + 3 = 2(6)+3=15 t Watch out | In order to generate a sequence 

from a recurrence relation like this, you need to 

know the first term of the sequence. 

Find the first four terms of the following sequences. 

fee =u, + 4, = 7 Dw. = 4 +4, =) 

— a 

A Uns, =U, + 4,uU, = 7 

Substitutingn=1,u,=u,+4=77+4=11. 

Substituting n= 2,u3;=u2+4=1+4=15.7 

Substituting n= 3,u,=u3,+4=15+4=19. || 

DeEQuence Ss /,. 1; log 12, ... 

pou-.,=u,+4,u,=5 

Substituting m=1,u.=u +4 =5+4=9. 

Substituting n= 2,u,=u,+4=9+ 4=13. | 

Substituting n= 3,u,=uz,+4=13+4=17. | 

Boeguence i595, 9, 13, 17... | 

A sequence 4), a, 43, ... is defined by 

Cie Pp 

An +1 = (a,)? - n= 

where p < 0. 

a Show that a; = p* — 2p’. b Given that a, = 0, find the value of p. 

200 
© urind sa) d Write down the value of djo9 

a a,=Pp 5 

ag= (a,)* —1=p*-1 Use aa= (a)e= Land substitute m= = Sie ‘Ros es, 

de =(a5)" — | 

= Th substitute the Tn a eee on 
u & ale ae 

=p —2p +1-1 

= p* — 2p? 

19 
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| 
| 

c a,=—1, az = O, az = —1 series alternates — 

'd gq = —1 a5 199 is odd 

oa = eee —————— 
pe= 
p = +1 but since p < O is given, p = -1 

between —1 and O 

In 200 terms, there will be one hundred 

—15 and one hundred Os. | Problem-solving 

or = 66 For an alternating series, consider the sums of the 

r=" odd and even terms separately. Write the first few 

terms of the series. The odd terms are —1 and the 
even terms are 0. Only the odd terms contribute 

to the sum. 

Exercise 3G) 

1 

80 

Find the first four terms of the following recurrence relationships. 

PY Un ie on Ul bw = 5S 

Cie 2 3 Cie = 2 le ie 

Uy, 

e Uns1 = a> My = 10 f tp —U,) — ee? 

Suggest possible recurrence relationships for the following sequences. (Remember to state the 

first term.) ; 

DSK a 9, be 20,17 last. Cl Dae aa 

GOO; 2 5269521562555. ey l,=15 1 Shale. Lada S28 lee 

Ga Vlas Oe hie26s 14535. 

By writing down the first four terms or otherwise, find the recurrence formula that defines the 

following sequences: 

aw, —2n — | b u,=3n+2 CHiA= 1 

d u,= 2% Cnt i wH37 | 

A sequence of terms is defined for n 2 1 by the recurrence relation uw, , , = ku, + 2, where k isa 
constant. Given that u, = 3, 

a find an expression in terms of & for uw, 

b hence find an expression for uw; 

Given that wu = 42: 

c find the possible values of k. 

A sequence is defined for n = | by the recurrence relation 

Un+1 = Pu, + G, Uy = Z 

Given that uw, = —1 and u,; = 11, find the values of p and g. (4 marks) 
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) 6 A sequence is given by 

xX, = 2 

Xn+1> Xn(P = 3X) 

where p is an integer. 

a Show that x; = —l0p? + 132p — 432. (2 marks) 

b Given that x; = —288 find the value of p. (1 mark) 

c Hence find the value of x4. (1 mark) 

7 A sequence dj, a, a3, ... is defined by 

ay= k 

| An 41 = 4a, + 5 

| a Find a; in terms of k. (2 marks) 
4 

| b Show that S<a, is a multiple of 5. (3 marks) 

= A sequence is increasing if uv, ,,>u,, forall” EN. 

=» A sequence is decreasing if uv, .,<u,forallaeN. 

= A sequence is periodic if the terms repeat in a cycle. 
iodi Rene Th f 

For a periodic sequence there is an integer k such that CD e order of a 

U,.; =U, for all n € N. The value k is called the order 

of the sequence. 

periodic sequence is sometimes 

called its period. 

e 2,3,4,5... is an increasing sequence. 

e —3,-6,-12,-24... is a decreasing sequence. 

e —2,1,-2,1,—-2, 1 is a periodic sequence with a period of 2. 

e 1,-2,3,-4,5, —6... is not increasing, decreasing or periodic. 

[lexamote @) 
For each sequence: 

i state whether the sequence is increasing, decreasing, or periodic. 

ii_ If the sequence is periodic, write down its order. 
1 ; 

deat +3, Uy = | Date = (i) C4, = sin(Q0n°) 

epee Z a ai. ale a 7” v 

Bae ee (Oe Sie Sse, Write out the first fe few terms ¢ of the sequence. 
| as. 

: Un+1 > U,for all n, so the sequence is = 

het ; “state ili condition for an peseate Pe 
| increasing. ve 
imvepn $4 : You could also wr write that k +3 , cae ie a 

x 
“numbers k ae - Pare 
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ile Miele a Sli ge 

_— = or eae eR aes Se ; 

2 GA siG- 256 

Un son alli, SO the SEQuence Is 

decreasing. 

Gy = sin(20°) = |, —_______—___ 
Ws = CINCO) = @ 

Le ae r Watch out | Although every even term of the 
oe Ses! sequence is 0, the period is not 2 because the 
Be Sra odd terms alternate between 1 and —1. 
Ua = sino40 ) = © 

uz = sin(630°) = — 

te ee os cies une order 4. The apn Spe sin. ¢ repeats with per — 360°. 

: . é | (x + 360° Meg elee  € ahs 

Exercise 3H) 

1 

Ep) 5 
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For each sequence: 

i state whether the sequence is increasing, decreasing, or periodic. 

ii If the sequence is periodic, write down its order. 

i a 
a2 os hal b 3,1,5, 9°97 CHO HOO 23933 bid 363 4eoe3 

For each sequence: 

i write down the first 5 terms of the sequence 

ii state whether the sequence is increasing, decreasing, or periodic. 

iii If the sequence 1s periodic, write down its order. 

a u,= 20 -3n b u,=2"’ ¢ u,=cos(180n°) 

d u,=(-1)" CU == 0, 1 = 20) fH, 2, = ye 
2 

g Un+1= 34» uj=k 

The sequence of numbers u), u, 3, ... is given by u,,, ; = ku, uy = 5. 

Find the range of values of k for which the sequence is strictly decreasing. 

The sequence with recurrence relation u, , |= pu, + g, u; = 5, where p is a constant and g = 13, 
is periodic with order 2. 

Find the value of p. (5 marks) 

A sequence has nth term a, = cos(90n°), n = 1. 

a Find the order of the sequence. (1 mark) 
444 

b Find 24, (2 marks) 

? 
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Challenge Hint ) Each term in this 
ee 1l+u : : 

The sequence of numbers 1, u>, U3, ... iS given by u,42= ee, sequence is defined in 

e terms of the previous 
U, = a, U2 = b, where a and b are positive integers. Z 

two terms. 
a Show that the sequence is periodic for all positive a and b. 

b State the order of the sequence. 

3.8} Modelling with series 

You can model real-life situations with series. For example if a person's salary increases by the same 

percentage every year, their salaries each year would form a geometric sequence and the amount they 

had been paid in total over n years would be modelled by the corresponding geometric series. 

_ Bruce starts a new company. In year | his profits will be £20000. He predicts his profits to increase 

by £5000 each year, so that his profits in year 2 are modelled to be £25 000, in year 3 £30 000, and 

so on. He predicts this will continue until he reaches annual profits of £100 000. He then models his 

| annual profits to remain at £100 000. 

a Calculate the profits for Bruce’s business in the first 20 years. 

b State one reason why this may not be a suitable model. 

c Bruce’s financial advisor says the yearly profits are likely to increase by 5% per annum. 

Using this model, calculate the profits for Bruce’s business in the first 20 years. 

| a “Year 1 P= 20000 , Year 2 P= 25000, | ae Ser ee Sl Sa 

| Year 3 P= 30000 constant. a“ as as = 
aad 

a = 20000, d = 5000 ee 4 Write down the values of a andd, ; eat — 
u,= at (n—1)d 

100 000 = 20000 + (n - 1)(5000) . “Use the nth t xm ofan arithmetic se uence to *. 
{ 

100 000 = 20000. + 5000n — 5000 rr -outire wi en prea will reach £100.00, »% 
Team 

| 65000 = 5000n 
\_ a 

Cee re “Solve tofind, fons > caer sal 

5000 | 
| ih == 

“You! want to know ho ten 1 he may le de overall in in 

the 17 years, so find th he sum ¢ of ea 
“series. Seg, learn OP Yen, / 

Soo = 1020000 + 3(100 000) | = 

= 1320000 | “Inthe 18th, 19th and 20th year nee * 

~~ £10000 each year, so add on 3 x £10000 to the 
| can of the first 17 years, 2 emma fi = lee hy 

ages Z2(20 O00) + (17 - 1)(5000)) ayaa 

So Bruce’s total profit after 2O years is 

£1 320 000. - 

| 

| = 1020000 
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|be It is unlikely that Bruce’s profits will | 

| increase by exactly the same amount each | 

| year. 

| 

a(r” — 1) 

Sy r—1 

| oe 20 OOO(1.0522 — 1) 

o 1.05 — 1 

. S59 = 661 S/DO0S 

So Bruce's total profit after 20 years is 

£661 319.08. 

A piece of A4 paper is folded in half repeatedly. The thickness of the A4 paper is 0.5 mm. 

a Work out the thickness of the paper after four folds. 

b Work out the thickness of the paper after 20 folds. 

c State one reason why this might be an unrealistic model. 

oo SSS SS _EEEEE—_—— Se 

a ie 0.5 mm, r ay as os isisa 

_ After 4 folds: ) 

Ut O1 2 Orang 

Ue, AO Sex 2 = 222 oO imnn 

c It is impossible to fold the paper that many — Problem-solving 

| i h i listic. re PNM SO Mle ME NS NN pkey If you have to comment on the validity of a model, 
always refer to the context given in the question. 

| 
'b After 20 folds 

Exercise &D 

1 An investor puts £4000 in an account. Every month Hint } At the an te 

thereafter she deposits another £200. How much money 

in total will she have invested at the start of a the 10th month 

and b the mth month? 

month she will have only 

made 5 deposits of £200. 

() 2 Carol starts a new job ona salary of £20000. Problem-solving 

She is given an annual wage rise of £500 at the end of aes — 
eee : This is an arithmetic series with 

every year until she reaches her maximum salary of es 
a = 20000 and d= 500. First find 

£25000. Find the total amount she earns (assuming how many years it will take her 

no other rises), a in the first 10 years, b over 15 years fo feach hee maximum Salary : 

and ¢ state one reason why this may be an unsuitable model. i 
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) 3 James decides to save some money during the six-week holiday. He saves Ip on the first day, 2p 

on the second, 3p on the third and so on. 

a How much will he have at the end of the holiday (42 days)? 

b If he carried on, how long would it be before he has saved £100? 

) 4 A population of ants is growing at a rate of 10% a year. Problem-solving 

If there were 200 ants in the initial population, 

write down the number of ants after: This is a geometric sequence. 
wecOo and r= 14 

a | year b 2 years c 3 years d 10 years. 

) 5 A motorcycle has four gears. The maximum speed in bottom gear is 40 kmh~! and the 

maximum speed in top gear is 120 kmh-!. Given that the maximum speeds in each successive 

gear form a geometric progression, calculate, in km hz! to one decimal place, the maximum 

speeds in the two intermediate gears. 

) 6 Acar depreciates in value by 15% a year. Problem-solving 

| After 3 years it is worth £11 054.25. 
Use your answer to part a to write an 

a What was the car’s initial price? : Ah gt 
see inequality, then solve it using logarithms. 

b When will the car’s value first be less than £5000? 

) 7 A salesman is paid commission of £10 per week for each life insurance policy that he has sold. 

| Each week he sells one new policy so that he is paid £10 commission in the first week, 

£20 commission in the second week, £30 commission in the third week and so on. 

a Find his total commission in the first year of 52 weeks. (2 marks) 

b In the second year the commission increases to £11 per week on new policies sold, although 

| it remains at £10 per week for policies sold in the first year. He continues to sell one policy 

per week. Show that he is paid £542 in the second week of his second year. (3 marks) 

c Find the total commission paid to him in the second year. (2 marks) 

) 8 Prospectors are drilling for oil. The cost of drilling to a depth of 50m is £500. To drill a further 

| 50 m costs £640 and, hence, the total cost of drilling to a depth of 100m is £1140. 

Each subsequent extra depth of 50m costs £140 more to drill than the previous 50m. 

a Show that the cost of drilling to a depth of 500 m is £11 300. (3 marks) 

b The total sum of money available for drilling is £76 000. Find, to the nearest 50m, 

the greatest depth that can be drilled. (3 marks) 

) 9 Each year, for 40 years, Anne will pay money into a savings scheme. In the first year she pays in 

| £500. Her payments then increase by £50 each year, so that she pays in £550 in the second year, 

£600 in the third year, and so on. 

| a Find the amount that Anne will pay in the 40th year. (2 marks) 

b Find the total amount that Anne will pay in over the 40 years. (3 marks) 

c Over the same 40 years, Brian will also pay money into the savings scheme. In the first year 

he pays in £890 and his payments then increase by £d each year. Given that Brian and Anne 

will pay in exactly the same amount over the 40 years, find the value of d. (4 marks) 
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(P) 10 

(P) 11 

(P) 12 

(P) 13 

(P) 16 

A virus is spreading such that the number of people infected increases by 4% a day. 

Initially 100 people were diagnosed with the virus. How many days will it be before 1000 are 

infected? 

I invest £A in the bank at a rate of interest of 3.5% per annum. How long will it be before I 

double my money? 

The fish in a particular area of the North Sea are being reduced by 6% each year due to 

overfishing. How long will it be before the fish stocks are halved? 

The man who invented the game of chess was asked to name his reward. He asked for | grain 

of corn to be placed on the first square of his chessboard, 2 on the second, 4 on the third and 

so on until all 64 squares were covered. He then said he would like as many grains of corn as 

the chessboard carried. How many grains of corn did he claim as his prize? 

A ball is dropped from a height of 10m. It bounces to a height 

of 7m and continues to bounce. Subsequent heights to which 

it bounces follow a geometric sequence. Find out: 

a_ how high it will bounce after the fourth bounce 

b the total vertical distance travelled up to the point when the ball hits the ground for the sixth 

time. 

Richard is doing a sponsored cycle. He plans to cycle 1000 miles over a number of days. 

He plans to cycle 10 miles on day | and increase the distance by 10% a day. 

a How long will it take Richard to complete the challenge? 

b What will be his greatest number of miles completed in a day? 

A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan. 

Alan wants to save up £20 000. He works out that he can afford to save £500 every year, which 

he will deposit on | January. If interest is paid on 31 December, how many years will it be 

before he has saved up his £20 000? 

Mixed exercise ey 
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A geometric series has third term 27 and sixth term 8. 

a Show that the common ratio of the series is 5 (2 marks) 
b Find the first term of the series. (2 marks) 

c Find the sum to infinity of the series. (2 marks) 

d Find the difference between the sum of the first 10 terms of the series and the sum 

to infinity. Give your answer to 3 significant figures. (2 marks) 

The second term of a geometric series is 80 and the fifth term of the series is 5.12. 

a Show that the common ratio of the series is 0.4. (2 marks) 

Calculate: 

b the first term of the series (2 marks) 



Sequences and series 

af — 

-¢ the sum to infinity of the series, giving your answer as an exact fraction 

d_ the difference between the sum to infinity of the series and the sum of the first 

14 terms of the series, giving your answer in the form a x 10", where | < a < 10 

and n is an integer. 

The nth term of a sequence is uw, where u,, = 95(4)’, Meth joeres 

a Find the values of u, and w. 

Giving your answers to 3 significant figures, calculate: 

b the value of wp, 
15 

Gu SU: 
n=) 

d the sum to infinity of the series whose first term is uw, and whose nth term is u,,. 

A sequence of numbers u, Uo, .. 

is a positive integer. 

a Find the values of u,, uw and w3. 
15 

b Show that >> wu, =—9.014 to 4 significant figures. 
n=l 

2u,— 1 

3 
¢ Prove that u,,,= 

The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find: 

a the common ratio of the series, 

b the first term of the series, 

c the sum to infinity of the series. 

d Calculate the difference between the sum to infinity of the series and the sum of 

the first 25 terms of the series. 

The price of a car depreciates by 15% per annum. Its price when new is £20000. 

a Find the value of the car after 5 years. 

b Find when the value will be less than £4000. 

The first three terms of a geometric series are p(3q + 1), p(2q + 2) and p(2q — 1), 

where p and g are non-zero constants. 

a Show that one possible value of q is 5 and find the other possible value. 

b Given that g = 5, and the sum to infinity of the series is 896, find the sum of the 

first 12 terms of the series. Give your answer to 2 decimal places. 

a Prove that the sum of the first m terms in an arithmetic series 1S 

S =5(2a + (n= 1d) 

where a = first term and d = common difference. 

b Use this to find the sum of the first 100 natural numbers. 

Find the least value of n for which >_ (4r — 3) > 2000. 
r=1 

.,u,,... 1s given by the formula uw, = 3(3)" — 1 where n 

(1 mark) 

(2 marks) 

(2 marks) 

(1 mark) 

(2 marks) 

(1 mark) 

(2 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

(3 marks) 

(2 marks) 

(4 marks) 

(3 marks) 

(2 marks) 

(2 marks) 
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The sum of the first two terms of an arithmetic series is 47. 

The thirtieth term of this series is —62. Find: 

a the first term of the series and the common difference (3 marks) 

b the sum of the first 60 terms of the series. (2 marks) 

a Find the sum of the integers which are divisible by 3. and lie between | and 400. — (3 marks) 

b Hence, or otherwise, find the sum of the integers, from | to 400 inclusive, which are 

not divisible by 3. (2 marks) 

A polygon has 10 sides. The lengths of the sides, starting with the shortest, form an arithmetic 

series. The perimeter of the polygon is 675 cm and the length of the longest side is twice that of 

the shortest side. Find the length of the shortest side of the polygon. (4 marks) 

Prove that the sum of the first 27 multiples of 4 1s 4n(2n + 1). (4 marks) 

A sequence of numbers is defined, for n = 1, by the recurrence relation w,,,, = ku,,— 4, where k is 

a constant. Given that u, = 2: 

(2 marks) 

(2 marks) 

a find expressions, in terms of A, for vu, and uy. 

b Given also that u; = 26, use algebra to find the possible values of k. 

The fifth term of an arithmetic series is 14 and the sum of the first three terms of the series is —3. 

a Use algebra to show that the first term of the series is -6 and calculate the common 

difference of the series. (3 marks) 

b Given that the nth term of the series is greater than 282, find the least possible . 

value of n. (3 marks) 

The fourth term of an arithmetic series is 3k, where k is a constant, and the sum of the first six 

terms of the series is 7k + 9. 

a Show that the first term of the series is 9 — 8k. (3 marks) 

b Find an expression for the common difference of the series in terms of k. (2 marks) 

Given that the seventh term of the series is 12, calculate: 

c the value of k (2 marks) 

d the sum of the first 20 terms of the series. (2 marks) 

A sequence is defined by the recurrence relation 

l 
An + | parcial all! 

a Show that the sequence is periodic and state its order. (2 marks) 
1000 

b Find <a, in terms of p. (2 marks) 
R= 

A sequence ), a, d;, ... is defined by 

ay= k 

Caan 24, +6, n= | 

where & is an integer. 
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a Given that the sequence is increasing for the first 3 terms, show that & > p, 

where p is an integer to be found. (2 marks) 

b Find a,in terms of k. (2 marks) 
4 

e Show that ) a, is divisible by 3. (3 marks) 
(peal 

) 19 The first term of a geometric series is 130. The sum to infinity of the series is 650. 

a Show that the common ratio, r, 1s 2 (3 marks) 

b Find, to 2 decimal places, the difference between the 7th and 8th terms. (2 marks) 

| c Calculate the sum of the first 7 terms. (2 marks) 

| The sum of the first n terms of the series is greater than 600. 

| d Show that n> Bas (4 marks) 
) log 0.8 

) 20 The adult population of a town is 25 000 at the beginning of 2012. 

| A model predicts that the adult population of the town will increase by 2% each year, 

| forming a geometric sequence. 

| a Show that the predicted population at the beginning of 2014 is 26010. (1 mark) 

: The model predicts that after 1 years, the population will first exceed 50 000. 

b Show that n > ot ~ (3 marks) 

¢ Find the year in which the population first exceeds 50 000. (2 marks) 

d Every member of the adult population is modelled to visit the doctor once per year. 

Calculate the number of appointments the doctor has from the beginning of 2012 

to the end of 2019. (4 marks) | 

| e Give a reason why this model for doctors’ appointments may not be appropriate. —_ (1 mark) 

) 21 Kyle is making some patterns out of squares. He has made 3 rows so far. H4 

a Find an expression, in terms of n, for the number of squares a 

required to make a similar arrangement in the th row. (3 marks) oh 

b Kyle counts the number of squares used to make the pattern Row 2 

| in the kth row. He counts 301 squares. Write down the value 

| of k. (1 mark) | | 

| ce In the first g rows, Kyle uses a total of p squares. Row 3 

i Show that g* + 2qg-p=9. (3 marks) 

/ ii Given that p > 1520, find the minimum number of rows 

that Kyle makes. (3 marks) 

A convergent geometric series has first term a and common ratio r. The second term of the 

series is -3 and the sum to infinity of the series is 6.75. 

a Show that 27r? — 27r — 12 = 0. (4 marks) 

b Given that the series is convergent, find the value of 1 (2 marks) 

c Find the sum of the first 5 terms of the series, giving your answer to 

2 decimal places. (3 marks) 
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Challenge 

A sequence is defined by the recurrence relation 42 = 5Un41 — OUp- 

a Prove that any sequence of the form w, = p x 3" + q x 2”, where p and 

qg are constants, satisfies this recurrence relation. 

Given that uw, = 5 and uw, = 12, 

b find an expression for w, in terms of n only. 

c Hence determine the number of digits in w,99. 

Summary of key points 

1 

2 

10 

90 

In an arithmetic sequence, the difference between consecutive terms is constant. 

The formula for the nth term of an arithmetic sequence is u, = a + (n— 1)d, where ais the 

first term and dis the common difference. 

An arithmetic series is the sum of the terms of an arithmetic sequence. 

The sum of the first 7 terms of an arithmetic series is given by S, = . (2a + (n-—1)d), where 

where a is the first term and dis the common difference. 

You can also write this formula as S,, = . (a +1), where /is the last term. 

A geometric sequence has a common ratio between consecutive terms. 

The formula for the nth term of a geometric sequence is u, = ar”~ 1, where ais the first term 

and r is the common ratio. 

The sum of the first 7 terms of a geometric series is given by 

a(1 - r") a(r” — 1) 
S=—yo, rl or Se 

where a is the first term and r is the common ratio. 

A geometric series is convergent if and only if |r| < 1, where r is the common ratio. 

a 
The sum to infinity of a convergent geometric series is given by S,, = car, 

The Greek capital letter ‘sigma’ is used to signify a sum. You write it as }_. You write limits on 

the top and bottom to show which terms you are summing. 

A recurrence relation of the form u,,,, = f(u,,) defines each term of a sequence as a function of 

the previous term. 

A sequence is increasing if u,,,, >u, forallneN. 

A sequence is decreasing if u,,,, <u, for allneN. 

A sequence is periodic if the terms repeat in a cycle. For a periodic sequence there is an 

integer & such that uv, ,, =u, for all € N. The value k is called the order of the sequence. 



After completing this chapter you should be able to: 

@ Expand (1 + x)” for any rational constant n and determine the Bes 

of values of x for which the expansion is valid > pages 92-97 

e@ Expand (a + bx)" for any rational constant m and determine the range 

of values of x for which the expansion is valid —> pages 97-100 

e Use partial fractions to expand fractional expressions -> pages 101-103 

Expand the following expressions in ascending 

powers of x up to and including the term in x°. 

b (5 —2x)!° c (1—x)(2+x)° a (1+ 5x)! 

Year 1 Ch aoter £ ar i, LNapcer 

2 Write each of the following using partial 

fractions. 

4 —14x+/7 24x 1 

(1 + 2x)(1 — 5x) (1 + 2x)? 

24x% + 48x + 24 

(1+ x)(4 - 3x)? 

The binomial expansion can 

be used to find polynomial 

approximations for expressions 

involving fractional and negative 

indices. Medical physicists use 

these approximations to analyse 

magnetic fields in an MRI scanner. 

i ae ij@ = 5) EE ee WL SS Sa 



Chapter 4 

4.1) Expanding (1 + x)” 

If n is a natural number you can find the binomial expansion for (a + bx)” using the formula: 

7 m Hint | There aren + 1 

(a+ by'=a"+ (Fla b+ (Sates. + (Mab +... +8", (WEN) terms, so this formula 
< produces a finite 

If nis a fraction or a negative number you need to use a different number of terms. 

version of the binomial expansion. 

= This form of the binomial expansion can be applied to negative or fractional values of 1 to 

obtain an infinite series. 
n(n - 1) 2 " n(n —-1)(n- 2) 2 See i —1)...(n-—r+ Nar 

(l+x)"=1+nx+ 
2! 3! r' 

= The expansion is valid when |x| <1,”7 € R. 

When nis not a natural number, none of the r Watch out } This expansion le alld (0: say reat 

factors in the expression n(n — 1)... (a—r+1) value of 7, but is only valid for values of x that 
are equal to zero. This means that this version satisfy |x| <1, or in other words, when -1 <x <1. 

of the binomial expansion produces an infinite 

number of terms. 

Find the first four terms in the binomial expansion of i 

Vogt oe ae ay 
fen aenes ts _Wirite in index form, i 

= 1+ (-I)x + re 
¥ 2) | — Replace n nby-1 inthe expansion 

GWE2Z ee) x. 
+ zy + 

“Asnis nota sree 0c 
Se eal EN EA ene "ever be eque ma perfor 

Sl ee oe ee “infinite. ne ee 

“For the ee Il< < *% 

= The expansion of (1 + bx)”, where 1 is negative or a fraction, is valid for |bx| < 1, or |x| < ar 
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Binomial expansion 

Find the binomial expansions of 

atl —x)3 

l 

: (1+ 4x) 

up to and including the term in x3. State the range of values of x for which each expansion is valid. 

Se 
= 1+ ($)(-x) 

aX o0 sinonetes 
(SG - NG - 2) (x " t Watch out | Be careful working out whether each 

r 3) ae term should be positive or negative: 

(2-2-2 * even number of negative signs means term is 
1 373 on 

eX) positive — 
2 ie nee. ‘ 

- odd number of negative signs means term is 

(S)-S)(-3)(-0)9 negative 
(ie ee The x? term here has 5 negative signs in total, so 

it is negative. = 
eye lin el Be 8 =| ae ek Te wae 

aT ge 
Expansion is valid as long as |—x| <a teen 

| = |x| <4 , E. aie no eee ry 

Boa ; aaa SS es 
Si: aE is oe ee al went 

| GEN 2 = eed are = 
| ue 5 _ Repl a xb ae ee eg OPT 

| (—2)(—2 — 1)(—2 — 2)(4x)? Ss 
+ to. » oe ie eae 

es plify brackets, Yer Ps, 
By E24) ‘ es 

a oe | 

_ Caiesnex* facrsl$ 
2 

(~2)(—3)(-4) 64x e om — a — . 

“Terms in expansion ar (5 
=1- 8x + 48x? — 256x° + ... 

Expansion is valid as long as |Ax| < 1 . Use technology to explore Cy 
; why the expansions are only valid 

= Ix] <3 for certain values of x. 

93 



Chapter 4 

Example 

a Find the expansion of V1 — 2x up to and including the term in x’, 

By substituting in x = 0.01, find a decimal approximation to V2. = 

la = 2x = = 22 | 

+ (S)(-2x) 

| NE - 1-297 
| i 2| 

| (DG - 15 - 2)(-2x)? 
| : 3) 
| 2x) I as 

| i-iar?) 
| i 2I 

(2)(-D(-3)(-8x3) 
4 Z 

Re 3 
Se ee 1-x 5 5 

| 
Expansion is valid if |- 

=> |x| <s 

2 

bia 2 O01 = 1-001 - 221 

_ 0.018 
2 

| /0.98 = 1 — 0.01 — 0.00005 | 
| ~ 0.0000005 it i Shs 

| oO 6s0455 | 100 
| 
| Ae ae aeeen | Say FY 09899495 

| Be = 09899495 

Pe ear x 10 

J2 = 1414213571 

0: mgs Pal ur. 
tas a 

a 
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Binomial expansion 

fy 2+x 

v1 +5x 

a Find the x? term in the series expansion of f(x). 

b State the range of values of x for which the expansion is valid. 

aaa a f(x) = (2 + x1 + 5x)-4 

(+ Sx) b=14 (Fc 

dol ge fag m4 ons ensblehli : 

le — ttetmdcomndsi 
i ieee St ac 
©) iD 625 

foo) =a x9(1 So eet ie el eee ss) 
@ ts) 1G ' Online ) Use your calculator to calculate 

75 5 65 the coefficients of the binomial expansion. 
Aa te 

‘e) Ze Sat 

x2 term is Se Problem-solving 

b The expansion is valid if |5x| <1 There are oS imays © ne an x* term. 

Sse - Either 2 x ae Or x x Sx. Add these together to 

find the term in x2. 

In the expansion of (1 + kx)~* the coefficient of x is 20. 

a Find the value of k. 

-b Find the corresponding coefficient of the x? term. 

Se ae 5) orl ne ti, ge ae ee ae eer eae | a (1+ kx)-* =1 + (-4)(kx) +— (kx)? + 

= 1- 4kx + 10k?x? + ... 

~ -Ak = 20 7 oe 
apie i ge hogy Waal sok ie 

b Coefficient of x? = 10k? = 10(--5)? = 250 
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Chapter 4 

Exercise ! 
1 For each of the following, 

i find the binomial expansion up to and including the x? term 

ii state the range of values of x for which the expansiomis valid. 

Ae b (1+ x) ec (l+x)p 

d (1 +x) (lex f (+x)> 

2 For each of the following, 

i find the binomial expansion up to and including the x? term 

ii state the range of values of x for which the expansion is valid. 
-5 3 

a (1+3x)3 b (1+4x) ce (1+ 2x) 

d (1 — 5x) e (1+ 6x)3 fii 

3 For each of the following, 

i find the binomial expansion up to and including the x* term 

ii state the range of values of x for which the expansion is valid. 

1 1 — 

"+x? ives Bn) Noe Hint ] In part f, write 
. the fraction as a single 

d V1 =e2y% e u f I~ 2x power of (1 — 2x). 

1+ $x 1 - 2x 

1 +x 
EP) AB) aa 

a Show that the series expansion of f(x) up to and including the 
i 

First x termis 1 & 3x4 6x2 © 10x0. (4 marks) Hint ) irst rewrite f(x) 

b State the range of values of x for which the expansion is valid. 
as (1+ x)(1 — 2x)7}. 

(i mark) 

© 5 fix) =V1435, 4 <x<F 

a Find the series expansion of f(x), in ascending powers of x, up to and including 

the x° term. Simplify each term. (4 marks) 

l . v103 
b Show that, when x = 100° the exact value of f(x) 1s 10 (2 marks) 

c Find the percentage error made in using the series expansion in part a to estimate 
the value of f(0.01). Give your answer to 2 significant figures. (3 marks) 

(P) 6 In the expansion of (1 + ax)~? the coefficient of »? is 24. 

a Find the possible values of a. 

b Find the possible coefficients of the x? term. 
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Binomial expansion 

) 7 Show that if x is small, the expression || ; sh ' Notation ) ‘x is small’ means we can assume 
a the expansion is valid for the x values 

is approximated by | + x + 5x2, being considered, as high powers become 

insignificant compared to the first few terms. 

aa 4 

re ee 
a Find the series expansion of h(x), in ascending powers of x, up to and including 

the x° term. Simplify each term. (6 marks) 

b Find the percentage error made in using the series expansion in part a to estimate 

the value of h(0.01). Give your answer to 2 significant figures. (3 marks) 

c Explain why it is not valid to use the expansion to find h(0.5). (1 mark) 

) 9 a Find the binomial expansion of (1 - 3x)? in ascending powers of x up to and including 

the x* term, simplifying each term. (4 marks) 

| 3. 91/97 
b Show that, when x = 100° the exact value of (1 — 3.x)? 1s 1000 (2 marks) 

Ce SUOSHLULe a= aa into the binomial expansion in part a and hence obtain an approximation 

to /97. Give your answer to 5 decimal places. (3 marks) 

Challenge 

h(x) =(144) |xl>1 

a Find the binomial expansion of h(x) in ascending powers of x up to Hint | Replace x with = 

_and including the x? term, simplifying each term. 

b Show that, when x = 9, the exact value of h(x) is 3/10 

Cc 

10 

Use the expansion in part a to find an approximate value of v10. 

Write your answer to 2 decimal places. 

4.2) Expanding (a + bx)” 

The 

You 

binomial expansion of (1 + x)" can be used to expand (a + bx)” for any constants a and b. 

need to take a factor of a” out of the expression: 

i t Watch out ] Make sure you multiply a” by every 
n 

term in the expansion of [1 + *,| : 
a 

(a + Dx)" = (a(1 + al) = a(t + 5.) 
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Chapter 4 

= The expansion of (a + bx)", where 7 is negative or a fraction, is valid for [P| <1lor|x|< ne 

| l 
Find the first four terms in the binomial expansion of a v4+x b (2+ 3xP 

State the range of values of x for which each of these ce is valid. 

(3) a ea (3) — | _ Simply coefficients. 

2 3 

B26. (oln rr | 

see x? | 

LG a 

Expansion is valid if | ae 

=> —4 Xx 
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Binomial expansion 

2 ee 
| b Cees (2 + 3x)" 

(a3) 

eee 23), 
3 

+ 

RRS 
(-2y-3)( 224] 

2 = hve cale 
(-2y-3y-4)(222*| 

+ Hevea). 

Exercise 4B) 

?) 1 For each of the following, 

i find the binomial expansion up to and including the x? term 

ii state the range of values of x for which the expansion is valid. 

| 1 
a V4+2x b Dies c Ga Filiat) d V9+x 

Write part g 

1 f 5 l+x chs geal h 2+x 

% V2+x 3 + 2x BD +x x+2 Se 
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() 2 

G3 

(P) 4 

Chapter 4 

{6):= Gee 4x)r4 [x] < 2 

Find the binomial expansion of f(x) in ascending powers of x, up to and including the 

term in x3. Give each coefficient as a simplified fraction. (5 marks) 

m(x) = v4 —- x, |x| <4 

a Find the series expansion of m(x), in ascending powers of x, up to and including 

the x? term. Simplify each term. (4 marks) 

38. 
b Show that, when x = . the exact value of m(x) is ae (2 marks) 

c Use your answer to part a to find an approximate value for 35, and calculate the percentage 

error in your approximation. (4 marks) 

; ! l 
The first three terms in the binomial expansion of === are 3+ 4x +75X7 +... 

vat+bx 3 18 

a Find the values of the constants a and b. 

b Find the coefficient of the x* term in the expansion. 

34+2x - x? 

ie 4-—x 

Prove that if x is sufficiently small, f(x) may be approximated by : + a2 = ax 

Sar ; 
a Expand , where |x| < =, in ascending powers of x up to and including the term in x’, 

l 

v5 + 2x 

giving each coefficient in simplified surd form. (5 marks) 
2x — | 

b Hence or otherwise, find the first 3 terms in the expansion of — as a Series in ascendin 
: Lior : 

powers of x. : (4 marks 

a Use the binomial theorem to expand (16 — 3x)4, |x| < 0. in ascending powers of x, 
3 

up to and including the term in x’, giving each term as a simplified fraction. (4 marks) 

b Use your expansion, with a suitable value of x, to obtain an approximation to V15.7. 

Give your answer to 3 decimal places. (2 marks) 

Ore ae is 4 S05. Fae alae 
a Show that the first three terms in the series expansion of g(x) can be written 

eel SLO ales ? 
D2 sae (5 marks) 

b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks) 

c Find the percentage error made in using the series expansion in part a to estimate 

the value of g(0.01). Give your answer to 2 significant figures. (3 marks) 
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Binomial expansion 

4.3 | Using partial fractions 

Partial fractions can be used to simplify the expansions of ee Tee ke 

expressing algebraic fractions as 

sums of partial fractions. 

< Chapter 1 

more difficult expressions. 

a Express eee as partial fractions ema oP 
| moe Te Onan eyeeiag  eeeooms b Hence show that the cubic approximation of ene aes 5 id 

¢c State the range of values of x for which the expansion is valid. 

Ae A B 

Pena) Pex fh re 

Re 2a ae x) 

(1+ x)(2 - x) 

4—5x = A(2 -—x)+ B+ x) 

Substitute x = 2: 

A= (0) S 7 56 O)S5 Iie S 

—6 = 3B 

B=-2 

Substitute x = —1: : E 7 . = Ee a 
hore | 5 

LS) 

OEE) 5 SI eee 2 

ae aA ay SE TEERESIN 
1, i scm ee 
Peter) X) kek ee Problem-solving } 

=o) = 2x4 Use headings to keep track of your working. 

This will help you stay organised and check your 

The expansion of 3(1 + x)" answers. 

2 

= a( epie+ Ele), : eal igthe oxpans 

f — pgiatna an i a + (NE2)-3) 37 SI ro Bae a3 

= 3(1—-x4+x°-x +...) 

= 3- 3x + 3x? — 3x? + 
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Chapter 4 

The expansion of 2(2 — x)" 

Eien x as 
2 A4 8 

Se 
ae 4 “es 

ea een ae | 
(1+ x)(2 - x) 

=o x) 22 — x) 

= (3 — 3x + 3x — 3x?) 

Heche Ese 
ares 

z - is valid if Is) <1= rape 

Qn 
ee ie ee | , Watch out | You need to find the range of values 

SE i) ON 2 of x that satisfy both inequalities. | 

The expansion is valid when |x| < 1. 

+4 8x ‘ 
() 1 a Express fsa Eee) as partial fractions. 

8x +4 

(1 — x)(2 + x) 

c State the set of values of x for which the expansion 1s valid. 

b Hence or otherwise expand in ascending powers of x as far as the term in x2. 
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Binomial expansion 

P) 2 a Express — as partial fractions. 
2% 

(2x2 

b Hence prove that — 
2x 

pees can be expressed in the form “5% + Bx? + Cx? where constants B 

and C are to be determined. 

¢ State the set of values of x for which the expansion is valid. 

6+ 7x + 5x? 

(l+x—-x@+x as partial fractions. P) 3 a Express 

6+ 7x + 5x? 
(1 + x)(1 — x)(2 + x) 

c State the set of values of x for which the expansion is valid. 

b Hence or otherwise expand in ascending powers of x as far as the term in x°. 

12x -1 1 ; 
/P 00) =a > ee eae BA =e 

®) 4 ax) Thee ales 

Given that g(x) can be expressed in the form g(x) = ene + ue 
1+2x 1-3x 

a Find the values of A and B. (3 marks) 

b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x, 

up to and including the x? term. Simplify each term. (6 marks) 

22 2 
P) Sa ino a partial fractions. Hint ) First divide the numerator 

(x + 5)\(x — 4) 

b Hence, or otherwise, expand 

by the denominator. 
2x°-+7x-6. 

in ascending 
(x + 5)(x - 4) 

powers of x as far as the term in x’. 

c State the set of values of x for which the expansion is valid. 

3x72+4x -—5 B € 

P) 6 ob i 

a Find the values of the constants A, B and C. (4 marks) 

b Hence, or otherwise, expand aieiiet in ascending powers of x, as far as the term in x. 
! : (x + 3)(x — 2) 

Give each coefficient as a simplified fraction. (7 marks) 

2x2 +5x+4+11 l 
/ ) aS SS SS = 

A B C 
f(x) can be expressed in the form f(x) = eee + Ox— 1? eae] 

a Find the values of A, Band C. (4 marks) 

b Hence or otherwise, find the series expansion of f(x), in ascending powers of x, 

up to and including the term in x’. Simplify each term. (6 marks) 

c Find the percentage error made in using the series expansion in part b to estimate 

the value of f(0.05). Give your answer to 2 significant figures. (4 marks) 
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a ee 

Mixed exercise 4) 

(P) 1 For each of the following, 

i find the binomial expansion up to and including the x? term 

ii state the range of values of x for which the expansion is valid. 

= 1 4 
3 a a (1 —4x) b v16+x Crees decae 

4 joe se ge) h x-3 

Oe ee 1 +3x re (1— x)= 2x) 

«) 2 Use the binomial expansion to expand (1 - Sx), |x| < 2 in ascending powers of x, 

up to and including the term in x+, simplifying each term. (5 marks) 

3 a Give the binomial expansion of (1 + x)? up to and including the term in x°. 

b By substituting x = i, find an approximation to V5 asa fraction. 

4 The binomial expansion of (1 + 9x); in ascending powers of x up to and including the term in 

xeis 1 + 6x + cx? + dx’, |x| <5 

a Find the value of c and the value of d. (4 marks) 

Use this expansion with your values of c and d Losec with an appropriate value 

of x to obtain an estimate of (1. 45)3, (2 marks) 

¢ Obtain (1.45)? from your calculator and hence make a comment on the accuracy 

of the estimate you obtained in part b. (1 mark) 

(P) 5 In the expansion of (1 + ax)? the coefficient of x? is -2. 

a Find the possible values of a. 

b Find the corresponding coefficients of the x? term. 

«) 6 f(x) =(1 + 3x)-1, |x| a 

a Expand f(x) in ascending powers of x up to and including the term in x°?. (5 marks) 

b Hence show that, for small x: 

l+x 
mee 1 — 2x + 6x? — 18x°, (4 marks) 

¢ Taking a suitable value for x, which should be stated, use the series expansion in 

part b to find an approximate value for ae giving your answer to 5 decimal places. (3 marks) 

7 When (1 + ax)’ is expanded as a series in ascending powers of x, the coefficients of x and x2 are 

—6 and 27 respectively. 

a Find the values of a and n. (4 marks) 

b Find the coefficient of x°. (3 marks) 

¢ State the values of x for which the expansion is valid. (1 mark) 
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P) 11 

E) 12 

P) 13 

P) 14 

Binomial expansion 

3 9 
mp A 

Loe 256 

SEF é; 3 Show that if x is sufficiently small then na can be approximated by : —-—x+ 

a 

a 

l , : , Expand ia where |x| < 4, in ascending powers of x up to and including the term in x2. 

Simplify each term. (5 marks) 

; 1+2 ae Hence, or otherwise, find the first 3 terms in the expansion of ~ asa series in 
v4-x 

ascending powers of x. (4 marks) 

Find the first four terms of the expansion, in ascending powers of x, of 
(2-30) =", |x| <4 = (4 marks) 

Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers 
Gia Ot: 

l+x 2 
< oak 43x” [x] <3 (3 marks) 

Use the binomial theorem to expand (4 + x)~?, |x| < 4, in ascending powers of x, 
up to and including the x? term, giving each answer as a simplified fraction. (5 marks) 

Use your expansion, together with a suitable value of x, to obtain an approximation 

(OR ak : 
to > Give your answer to 4 decimal places. (3 marks) 

q(x) = (3 + 4x)-3, |x| <F 

Find the binomial expansion of q(x) in ascending powers of x, up to and including 

the term in the x*. Give each coefficient as a simplified fraction. (5 marks) 

B09 = Cee Doe + AYCr — 8) 
g(x) can be expressed in the form g(x) = 

a 

b 

f(x) = 

For x #- 

a 

b 

39x +12 
Ix] < 1 

x+1l1 x+4 x-8 

Find the values of A, Band C. (4 marks) 

Hence, or otherwise, find the series expansion of g(x), in ascending powers of x, 

up to and including the x? term. Simplify each term. (7 marks) 

Dre Ae 
teen 4 

oes A A B 

4 (1 + 4x) ~ 14 4x (1 + 4x)’ 

Find the values of A and B. (3 marks) 

Hence, or otherwise, find the series expansion of f(x), in ascending powers of x, 

up to and including the term x’, simplifying each term. (6 marks) 

where A and B are constants. 
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Chapter 4 

9x2 + 26x + 20 
15 q(x) Sel OR eo |x| raat 

a Show that the expansion of q(x) in ascending powers of x can be approximated 

to 10 — 2x + Bx? + Cx} where B and C are constants to be found. (7 marks) 

b Find the percentage error made in using the series expansion in part a to estimate 

the value of q(0.1). Give your answer to 2 significant figures. (4 marks) 

Challenge 

Obtain the first four non-zero terms in the expansion, in ascending 

: BSS oa sall 
Ve 3x4 

powers of x, of the function f(x) where f(x) = 

Summary of key points 

1 This form of the binomial expansion can be applied to negative or fractional values of n to 

obtain an infinite series: 

: n(n—1)x? n(n—1)(n—-2)x? nna 1) an 6 lye 
(1 + x) suena eek aa a ors een eae 

The expansion is valid when |x| <1,n ER. 

2 The expansion of (1 + bx)”, where n is negative or a fraction, is valid for |bx| < 1, or |x| < Th 

3 The expansion of (a + bx)”, where n is negative or a fraction, is valid for 2. = fora i 
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Review exercise 

P) 4 

Prove by contradiction that there are «) 1 a(S) = ——, MAK 1x 426 
infinitely many prime numbers. (4) ae hg 

. Find the values of A, B and C such that 
€ Section 1.1 

| fx) = 4+ Sy (4) Prove that the equation x* — 2 = 0 has no CP ie Menor.) se 
rational solutions. eqbechiqn $4 
You may assume that if n? is an even 142 4 13x 40 
integer then 7 is also an even integer. (4) 8 (x + 1)(2x + 1? 

€ Section 1.1 A B G 
= + - : 

5 an i sah Waid), vie 9 hy? 
4x 

R= ee Oa 

fraction in its simplest form. 

Express as a single 
x 

(4) 
€ Section 1.2 

3 2 
ee oy 

r+x+1 
) See a 2 a Show that f(x) Ceo aie 

b Show that x? + x + 1 >0 for all values of 

a eee 

c Show that f(x) > 0 for all values of x, 

Xt —2. 

€ Section 1.2 

2x1 : 
Show that Exige can be written 

in the form wie + =n where 4 and 
x-1 2x-3 

(3) 
€ Section 1.3 

B are constants to be found. 

Given that 

Bx 7 P Q R 
(eG ONG ee ew x+3 

where P, Q and R are constants, find the 

values of P, O and R. (4) 

€ Section 1.3 

) 

@® wv 

Find the values of the constants A, B 

and C. € Section 1.4 

ve y— CX + 
Given that pu as oes d+— if 

x7 +4 x? +4 

find the values of d, e and f. (4) 

€ Section 1.5 

9 —-3x- 12x? 

(1 — x)(1 + 2x) 

Show that p(x) can be written in the form 

B i € 

l-x 1+2x 

constants to be found. 

p(x) = 

A+ , where A, B and C are 

(4) 

€ Sections 1.3, 1.5 

Solve the inequality [4x + 3] > 7-2x. (3) 

€ Section 2.1 

The function p(x) is defined by 

4x+5,x<-—2 
oe elas 

i —-x*+4,x=-2 

a Sketch p(x), stating its range. (3) 

b Find the exact values of a such that 

p(a) = -20. (4) 

€~ Section 2.2 
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Review exercise 1 

The functions p and q are defined by 

x)= OG XF-— p(x) x4 47% ERX 4 

q(x) =2x-5,xER 

a Find an expression for qp(x) in the 

ax +b 
Pasa os 3 

ome cxt+d (3) 

b«Solve qp(x) = 15. (3) 

etn dps): 

c Find r-!(x), stating its domain. (3) 

€ Section 2.3 

The functions f and g are defined by: 
of 

es een i; 

g:xt In(2x -5),x ER, x > : 

a Sketch the graph of f. (3) 

ee he 
b Show that f?(x) = a) (3) 

c Find the exact value of gf (4). 

(2) 

d Find g'!(x), stating its domain. (3) 

€ Section 2.3, 2.4 

The functions p and q are defined by: 

p(x) =3x+b,xER 

q(x)=1-2x,xER 

Given that pq(x) = qp(x), 

a show that b = -+ (3) 

b find p-'(x) and q"!(x) (3) 

c show that ca; 

p'q'(x) =q'p (x) = oa , where a, 
b and c are integers to be found. (4) 

€- Section 2.3, 2.4 

) 16 

(/P) 17 

Hy 

The figure shows the graph of 

y=f(), -5Sx=5 

The point M(2, 4) is the maximum 

turning point of the graph. 

Sketch, on separate diagrams, the graphs 

of: 

a y=f(x)+3 (2) 

b y=If(x)| (2) 

c y= f(\xI) (2) 
Show on each graph the coordinates of 

any maximum turning points. 

€- Sections 2.5, 2.6 

The function h is defined by 
h:xr> 2(x+3)?-8,xER 

a Draw a sketch of y = h(x), labelling 

the turning points and the x- and 

y-intercepts. (4) 

b Write down the coordinates of the 

turning points on the graphs with 

equations: 

i y= 3h(x + 2) (2) 

ii y= h(-x) (2) 

iii y = |h(x)| (2) 

c Sketch the curve with equation 

y = h(-[x|). On your sketch show the 

coordinates of all turning points and 

all x- and y-intercepts. (4) 

€ Sections 2.5, 2.6 



The diagram shows a sketch of the graph 

of y = f(x). 

The curve has a minimum at the point 

A (1, -1), passes through x-axis at 

the origin, and the points B(2, 0) and 

C(5, 0); the asymptotes have equations 

J = 2G yA, 

a Sketch, on separate axes, the graphs of: 

iy = |f(x)| (2) 
ii y = f(x + 1) (2) 

iii y = f(-2x) (2) 
in each case, showing the images of the 

points A, Band C. 

b State the number of solutions to each 

equation. 

i 3lf(x)|=2 (2) 
il AMG Vesa (2) 

€- Sections 2.6, 2.7 

The diagram shows a sketch of part of 

the graph y = q(x), where 

“(Cae 41x +bl|-3,b<0 

VA 

The graph cuts the y-axis at (0, 3), 

a Find the value of 5. (2) 

@ x 

Review exercise 1 

b Find the coordinates of A and B. (3) 

(5) 
€ Section 2.7 

c Solve q(x) = ~5x +5, 

The function f is defined by 

foe 2 |x +4/+8,xER 

The diagram shows a sketch of the graph 

Wt): 

a State the range of f. (1) 

b Give a reason why f-!(x) does not exist. 

(1) 
c Solve the inequality f(x) > <x +4, (5) 

d State the range of values of k for which 

the equation f(x) = 2x +k has no 

solutions. (2) 
€ Section 2.7 

The 4th, 5th and 6th terms in an 

arithmetic sequence are: 

12 — 7k, 3k? ,k? — 10k 

a Find two possible values of k. (3) 

Given that the sequence contains only 

integer terms, 

b find the first term and the common 

difference. (2) 
€ Section 3.1 

The 4th term of an arithmetic sequence 

is 72. The 11th term is 51. The sum of the 

first 7 terms is 1125. 

a Show that 3n? — 165n + 2250 = 0. 

(4) 
b Find the two possible values for n. 

(2) 
€- Section 3.2 
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(E/P) 24 

@® 2 

@® x 

110 

Review exercise 1 

a Find, in terms of p, the 30th term of 

the arithmetic sequence 

(19p — 18), (17p — 8), (5p + 2), ... 

giving your answer in its simplest form. 

(2) 

b Given S,, = 0, find the value of p. (3) 

€ Sections 3.1, 3.2 

The second term of a geometric sequence 

is 256. The eighth term of the same 

sequence is 900. The common ratio Is 7, 

re0: 

a Show that r satisfies the equation 

64 
6 Inr + In] =>) (3) 

b Find the value of r correct to 

3 significant figures. (3) 

€ Section 3.3 

The first three terms of a geometric 
50 250 

sequence are 10, — and 4,. 

a Find the sum to infinity of the series. 

(3) 

Given that the sum to k terms of the 

series is greater than 55, 

loa) 
b show that k > 5 (4) 

loe(§) 
c find the smallest possible value of k. (1) 

€ Sections 3.4, 3.5 

A geometric series has first term 4 and 

common ratio r. The sum of the first 

three terms of the series is 7. 

a Show that 4r? + 4r —-3 =0. 

b Find the two possible values of r. 

(3) 

(2) 
Given that r is positive, 

c find the sum to infinity of the series. (2) 

€~ Sections 3.4, 3.5 

The fourth, fifth and sixth terms of a 

geometric series are x, 3 and x + 8. 

@® » 

@® » 

a Find the two possible values of x 

and the corresponding values of the 

common ratio. (4) 

Given that the sum to infinity of the 

series exists, 

b find the first term (i) 

c find the sum to infinity of the series. (2) 

€ Sections 3.3, 3.5 

A sequence 4), a, a3, ... is defined by 

Gak 

DA p30, Fo, = 1 

where k is a positive integer. 

a Write down an expression for a, in 

terms of k. (1) 

b Show that a, = 9k + 20. (2) 

4 

ce i Find ><a, in terms of k. (2) 
r=1 

4 

ii Show that 5 <a, is divisible by 10. (2) 
r=) 

€ Sections 3.6, 3.7 

At the end of year 1, a company employs 

2400 people. A model predicts that the 

number of employees will increase by 6% 

each year, forming a geometric sequence. 

a Find the predicted number of 

employees after 4 years, giving your 

answer to the nearest 10. (3) 

The company expects to expand in this 

way until the total number of employees 

first exceeds 6000 at the end of a year, N. 

b Show that (WV — I)log1.06 > log 2.5 (3) 

c Find the value of N. (2) 

The company has a charity scheme 

whereby they match any employee charity 

contribution exactly. 

d Given that the average employee 

charity contribution is £5 each year, 

find the total charity donation over 

the 10-year period from the end of 

year | to the end of year 10. Give your 

answer to the nearest £1000. (3) 

& Section 3.8 



P) 30 

E) 33 

A geometric series is given by 

6 — 24x + 96x? - .... 

The series is convergent. 

a Write down a condition on x. (1) 

Given that 6 x(-4x)" =! 
b feleniaiitie value of x. (5) 

€ Sections 3.5, 3.6 

1 
g(x) = ja 

a Show that the series expansion of g(x) 

up to and including the x term is 
se Oe 

1+ 5 + 8 + 16 (5) 

b State the range of values of x for which 

the expansion is valid. (1) 

€ Section 4.1 

When (1 + ax)" is expanded as a series in 

ascending powers of x, the coefficients of 

x and x’ are —6 and 45 respectively. 

a Find the value of a and the value of n. 

b Find the coefficient of x°?. 

c Find the set of values of x for which 

the expansion 1s valid. 

€ Section 4.1 

a Find the binomial expansion of 

(1 + 4x)? in ascending powers of 

x up to and including the x° term, 

simplifying each term. (4) 

b Show that, when x = an the exact 

Liv 12 
value of (1 + 4x)? is 1000 

c Substitute x = oH into the binomial 

expansion in part a and hence obtain 

an approximation to v112. Give your 

answer to 5 decimal places. (3) 

d Calculate the percentage error in your 

estimate to 5 decimal places. (2) 

€ Section 4.1 

(E) 34 

(E) 35 

@® 26 

Q) oy 

Review exercise 1 

f(x) = (1 + x)G + 2x)>, |x| <2 
Find the binomial expansion of f(x) 

in ascending powers of x, up to and 

including the term in x*. Give each 

coefficient as a simplified fraction. (5) 
€ Section 4.2 

h(x) = V4 = 9x, |x| <4 

a Find the series expansion of h(x), 

in ascending powers of x, up to and 

including the x? term. Simplify each 

term. (4) 

b Show that, when x = a" the exact 

value of h(x) is i (2) 

c Use the series expansion in part a 

: l 
to estimate the value of h| i 5] and 

state the degree of accuracy of your 

approximation. (3) 
€ Section 4.2 

Given that (a + bx)-* has binomial 

tha 
expansion g +4x% +.cx7 +... 

a Find the values of the constants 

@, Dp andi c. (4) 

b Find the coefficient of the x* term in 

the expansion. (2) 
€ Section 4.2 

34 5x i 
» xl < 3 (1 + 3x) - x) 3 

Given that g(x) can be expressed in the 

form g(x) = z Z 
1l+3x I1-x 

a find the values of 4 and B. 

b Hence, or otherwise, find the series 

expansion of f(x), in ascending powers 

of x, up to and including the x? term. 

Simplify each term. (6) 

€ Sections 4.1, 4.3 

g(x) = 

(3) 

lid 



Review exercise 1 

SL es r B 

(=x) eae (= x)?" 

a Find the values of A and B. (3) 

3x- 1 

(= 2) 

in ascending powers of x, as far as the 

term in x*. Give each coefficient as a 

simplified fraction. (6) 

@® x I <> 

b Hence, or otherwise, expand 

€ Sections 4.1, 4.3 

vo) Vo 2d + 

OP as GD? Clon boule 
f(x) can be expressed in the form 

A “ B ri G 

See) (Gre) a Mle 

a Find the values of A, B and C. (4) 

Hence, or otherwise, find the series 

expansion of f(x), in ascending powers 

of x, up to and including the term in 

x’. Simplify each term. (6) 

€ Sections 4.1, 4.2, 4.3 

40 4x? + 30x + 31 Sogu B _ G 

(x + 4)(2x + 3) x+4 2x43 

a Find the values of the constants A, B 

and C. (4) 

b Hence, or otherwise, expand 

4x?+ 31x +30 

(x +4)(2x + 3) 

x, as far as the term in x”. Give each 

coefficient as a simplified fraction. (7) 

in ascending powers of 

€ Sections 4.1, 4.2, 4.3 

WF 

Challenge 

1 The functions f and g are defined by 

f(x) =-3|x + 3)+15,xER 

g(x) = -3x + 4, xER 

The diagram shows a sketch of the graphs 

y = f(x) and y = g(x), which intersect at points A 

and B. Mis the midpoint of AB. 

The circle C, with centre M, passes through 

points A and B, and meets y = f(x) at point P as 

shown in the diagram. 

a Find the equation of the circle. 

b Find the area of the triangle 4 PB. 

< Section 2.6 

11 15 

2 Given that a,,,=4,+k,a,=mand > a,=) a, 
tie 1=6 

show that m = 2k. € Section 3.6 

3 The diagram shows a sketch of the functions 

p(x) =|x* — 8x + 12] and q(x) =|x* -— 11x + 28|. 

VA 

: 
O x 

Find the exact values of the x-coordinates of 

the points 4, Band C. € Section 2.5 



After completing this unit you should be able to: 

@ Convert between degrees and radians and apply 

this to trigonometric graphs and their transformations 

@ Know exact values of angles measured in radians 

Find an arc length using radians 

@ Find areas of sectors and segments using 

radians 

Solve trigonometric equations in radians 

Use approximate trigonometric values when 6 is small 

1) Write down the exact values of the 
following trigonometric ratios. 

a cos120° b sin225° c¢ tan(—300°) 

d sin (—480°) é Year 1, Chapter 10 

M 2 Simplify each of the following expressions. 

il 

€ aw ill 

a (tan@cos6)* + cos?@ 
1 5 _ sin@ cosé 

} 

~ cos26 \ tand 

apter 10 

Show that 
Ww ’ ee 

wi a (sin20 + cos20)?=1+2sin20 cos20 

2 2.cos*é 
b —— -2 sing =—— 

sind sind 

x 4 Solve the following equations for @ in the 

\ interval 0 < # S 360°, giving your answers 

to 3 significant figures where they are not 

exact. 
Radians are units for measuring angles. 

They are used in mechanics to describe 

circular motion, and can be used to work out 

the distances between the pods around the 

m edge of a Ferris wheel. -» Exercise 5B Q13 Ff 

b 2sin20=1 

c 6tan*é+10tan@dé-—4=tand 

d 10+ 5cos@=12sin?0 

a 4cos¢é+ 2=3 



Chapter 5 

& Radian measure 
ie : 

So far you have probably only measured angles in degrees, with one degree representing 5 = oo a 

complete revolution or circle. 

You can also measure angles in units called radians. 1 radian is the angle subtended at the centre of 

a circle by an arc whose length is equal to the radius of the citcle. 

If the arc ABh B oe 
l : i th : ¥ You always use radian measure when you 

ae ui se are differentiating or integrating trigonometric 

SU Teel, functions. ~» Sections 9.1, 11.1 

Notation ] You can write 1 radian as 1 rad. 

The circumference of a circle of radius r is an amr 

arc of length 27, so it subtends an angle of 

2m radians at the centre of the circle. 

= 27 radians = 360° Hint } This means that 
=™ 7 radians = 180° 1 radian = 57.295...° 

180° 
v9 # 1 radian = 

Convert the following angles into degrees. 

1 radian = a so multiply by a 

Tr 180° _7 fe) 3 oe x 180 

Convert the following angles into radians. Leave your answers in terms of 7. 

a 150° b 110° 
—— —— —— a 

TA eae ee 
a 150° = 150 x Te rad “le ie _— 

| Sn | am radians, so multiply Ven 

| = es rad 

[b se" = 10% 756 rad 
"a Your calculator will pen give you exact answers 

=—— rad 
(Eye [in terms of 7. oe 

= : aie ei A a 



You should learn these important angles in radians: 

# 30°= ~ radians 

u 45° =~ radians 

Example 
fl 

Find: a sin(0.3 rad) b cos(z rad) 

= 60° = 5 radians 

m 90° = = radians 

c tan(2 rad) 

™ 180° =z radians 

= 360° = 27 radians 

' Online ) Use your 

calculator to evaluate 

trigonometric functions in 

Give your answers correct to 2 decimal places where appropriate. radians. 

a sin(O.3rad) = 0.30 (2 dp) 
b cos(mrad) = —1 

e tan(2 ee) =]==—2,1V@ dp.) 

Pexample @) 
Sketch the graph of y = sinx for 0 < x < 27. 

———— 

Y Watch out } You need to make sure your 

calculator is in radians mode. 

Radians 

If the range includes values given in terms of z, 

radians. 

" sin (5) = sin90° = 1 

Sketch the graph of y = cos(x + 7) for 0 S x S 2r. 

y=CoOS (x +7) 

you can assume that the angle has been given in 

The graph of y = cos (x + aq) is a translation of the 

graph y = cos x by the vector | 
=O 

0 
) 
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Exercise 

1 

Ge) 8 

Chapter 5 

Convert the following angles in radians to degrees. 

1 7 5m 5a 37 
= — — — a f 3 

250 Pane a 4 “e 3 ‘. 
Convert the following angles to degrees, giving your answer to | d.p. 

a 0.46rad b lrad e 1135 tad d /3rad 

Evaluate the following, giving your answers to 3 significant figures. 

a sin(0.5 rad) b cos(/2rad) ce tan(1.05 rad) d sin(2 rad) e sin(3.6 rad) 

Convert the following angles to radians, giving your answers as multiples of 7. 

FY toe b 10° CaS d 30° e 112s 

f 240° g 270° h 3s" i 330° 

Convert the following angles to radians, giving your answers to 3 significant figures. 

a 50° bay C00: d 160° e 230° £32207 

Sketch the graphs of: 

a y=tanvior0 = 7 = 27 b y=cosxior—7 =x = 

Mark any points where the graphs cut the coordinate axes. 

Sketch the following graphs for the given ranges, marking any points where the graphs cut the 

coordinate axes. 

a y=sin(x-—7)for-7Sx=7 b y=cos2x for 0 x =i, 

e p=tan(x+5)for-m<x<n d y=singx+1 for0<x <6n 

The diagram shows the curve with equation y = cos (x = =r), —27 <x S2r. 

af 

Problem-solving 

Make sure you write down the coordinates of all 

O x four points of intersection with the x-axis and the 

coordinates of the y-intercept. 

Write down the coordinates of the points at which the curve meets the coordinate axes. (3 marks) 

Challenge 

Describe all the angles, 6, in radians, that satisfy: Hint ) You can use nm, where n is an integer, to 
a oe =1 describe any integer multiple of zr. 
b sin@g=-1 

c tand is undefined. 



Radians 

You need to learn the exact values of the trigonometric ratios of these angles measured in radians: 

; 1 tT V3 me 1 ews 
® sin— =— = cos— = — a tan] = —— = — 2 6 2 6 3 3 

om at; 3 1 71% aan 

# sin— = — a ae Py oh 372 COs, > fan; v3 

Sere la 2 Tle 2 7 
| *. COS] === -— #tan—=1 

A f2 2 4 v2 2 . 

You can use these rules to find sin, cos or tan of any vA 

positive or negative angle measured in radians using 

the corresponding acute angle made with the x-axis, 0. S 

= sin(z — 0) =sin0d [@~ 

® sin (7 + 6) =-sin0 eo) x 

® sin (27 — 0) =-sin@ T+ 0 T 

= cos (7 — 0) = -cos@ 

B® cos (7 +0) =-cosd 

B® cos (27 — 0) = cosd The CAST diagram shows you which trigonometric 

= tan(x — 6) = -tand ratios are positive in which quadrant. You can also use the 

symmetry properties and periods of the graphs of sin, cos 

m= tan (7 + 0) = tané and tan to find these results. € Year 1, Chapter 10 
® tan (27 — 0) =-tand 

Example 6) Problem-solving 

You can also use the symmetry properties of 
Find the exact values of: 

P= COS: 

a ania b sin( =] 
3 6 s 

ne r 
Se 2 

Ar 
3 

W 0 

3n 
2 | 

| ape = COSI tr sic Bi = =p 
3 3 3 F 

| j Gi ectea ATG arte: 
— is — bigger than z. 

| So aE Al | 3 3} BS a 

Use cos (7 + 6) = —cosé. 

ey, 



Chapter 5 

Use sin (7 — 6) = siné. 

Exercise @ 

5 9 3 oC 0 Tad TT : 
1 Express the following as trigonometric ratios of either —, > or > and hence find their exact values. 

6° 4 

a sine b sin ial c sina 

d cos e cose f cos 

g tan h tan(-22) i tan 

2 Without using a calculator, find the exact values of the following trigonometric ratios. 

meld b sin (=) c¢ cos (-=) 3 3 6 
lla 51 20 

d cos mn e tan 3 f tan (-=) 

() 3 The diagram shows a right-angled triangle ACD on another a 

right-angled triangle ABC with AD = ae and BG=—: 
D 2 

Show that DC = ky2, where k is a constant to be determined. fe 
2v6 
“37 

A B 

&) Arc length 

Using radians greatly simplifies the formula for arc length. 

® To find the arc length / of a sector of a circle use the \ 

formula / = r@, where r is the radius of the circle and 0 << } 

is the angle, in radians, contained by the sector. 

18 



Radians 

Example 

Find the length of the arc of a circle of radius 5.2cm, : Cc? 
given that the arc subtends an angle of 0.8 rad at the ca seat ena eth 
centre of the circle. 

| Are length = 5.2 x 0.8 = 4.16cm —___— Use /=r0, with r = 5.2 and 0=0.8. 

Example ® 

An arc AB of a circle with radius 7cm and centre O has a length of 2.45cm. Find the angle ZAOB 

subtended by the arc at the centre of the circle. 

Use /=r0, with /= 2.45 andr=7. 

i. 

EE 

Example 9) 

An arc AB of a circle, with centre O and radius rcm, subtends an angle of 6 radians at O. 

The perimeter of the sector AOB is Pcm. Express r in terms of P and 0. 

Aa are Problem-solving 

When given a problem in words, it is often a good 

idea to sketch and label a diagram to help you to 

visualise the information you have and what you 

need to find. 

Using this formula gives the angle in radians. 

The perimeter = arc 4B + OA + OB, where 

arc AB=r. 

Factorise. See 

119 



Chapter 5 

Example 

The border of a garden pond consists of a straight edge AB of length 

2.4m, and a curved part C, as shown in the diagram. 

The curved part is an arc of a circle, centre O and radius 2 m. 

Find the length of C. 

“Online| 
using GeoGebra. 

x 

| 
{ 

\ 

‘a | 
Sy | 

| a ee Np | Problem-solving 
. | 

| 
| 
| 
| | 
| 

| 
{ 
| 

Look for opportunities to use the basic 

trigonometric ratios rather than the more 

complicated cosine rule or sine rule. AOB is 

an isosceles triangle, so you can divide it into 

congruent right-angled triangles. Make sure your 

| 3 SOC6A55,.. ee! 

Acute ZAOB = 2x rad 

= 2x 0.6435... calculator is in radians mode. 
= 1.26/70...rad 

90 0 = (én — 1.2670...) rad ¢ - Csubtends the reflex angle 6 at O, 
= 4.996G]l...rad | so length of C= 20. 

So length of C = 9.99m (3 54) 
ee ee eee iS = ie pee See 

6+ acute ZAOB = 2z rad 

1 Anarc AB of a circle, centre O and radius rcm, subtends an angle 6 radians at O. 

The length of AB is /cm. 

a Pind / whens “1. 7=6,@=0.45 i= 45,0045 ili r= 20,0=2n 

b Findrwhen: i /=10,0=0.6 =e 20 — er Te L.Sn, =n 

ec Find@when: i /=10,r=7.5 ii /=45,r=5.625 iti = /12,r=v3 

(P) 2 Aminor arc AB of acircle, centre O and radius 

10cm, subtends an angle x at O. The major arc Notation ] The minor are 4B is the shorter 
AB subtends an angle 5x at O. Find, in terms arc between points 4 and B on a circle. 

of 7, the length of the minor arc AB. 

3 Anarc AB of acircle, centre O and radius 6cm, has length /cm. Given that the chord AB has 

length 6cm, find the value of /, giving your answer in terms of 7. 

4 The sector of a circle of radius 10 cm contains an angle of V5 radians, 

as shown in the diagram. Find the length of the arc, giving your answer 

in the form pq cm, where p and ¢ are integers. 

120 



Radians 

) 5 Referring to the diagram, find: 2cm 

a the perimeter of the shaded region Problem-solving 
when 6 = 0.8 radians. O The radius of the larger 

b the value of 6 when the perimeter of arcis3+2=5cm. 
the shaded region is 14cm. aye 

) 6 A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has 
the same perimeter as a square of area 36cm2, find the value of r. 

) 7 A:sector of a circle of radius 15cm contains an angle of 6 radians. Given that the perimeter of 
the sector is 42cm, find the value of 0. 

) 8 Inthe diagram AB is the diameter of a circle, 

centre O and radius 2cm. 7 
The point C is on the circumference such that / 

9 
mCO B= 30 radians. ¥ i R 

: ’ O 2cm 
a State the value, in radians, of ZCOA. (1 mark) 

The shaded region enclosed by the chord AC, are CB and AB is the template for a brooch. 

b Find the exact value of the perimeter of the brooch. (5 marks) 

) 9 The points A and B lie on the circumference of a circle with centre O and radius 8.5cm. 

The point C lies on the major arc AB. Given that ZACB = 0.4 radians, calculate the length of 
the minor are AB. 

) 10 In the diagram OABis a sector of a circle, centre O and radius Rem, and 0 

ZAOB = 26 radians. A circle, centre C and radius rcm, touches the arc 

AB at T, and touches OA and OB at D and E respectively, as shown. 

a Write down, in terms of R andr, the length of OC. (1 mark) Rem 

b Using AOCE, show that Rsiné =r (1 + sin6). (3 marks) D, E 

c Given that sind = : and that the perimeter of the sector OAB is A j 

21cm, find r, giving your answer to 3 significant figures. (7 marks) ‘ : 2 

A 
) 11 The diagram shows a sector AOB. 

The perimeter of the sector is twice the length of the are AB. 

Find the size of angle AOB. 5 

) 12 A circular Ferris wheel has 24 pods equally spaced on its circumference. 
T 

Given the arc length between each pod 1s Fm, and modelling each pod as a particle, 

a calculate the diameter of the Ferris wheel. 

Given that it takes approximately 30 seconds for a pod to complete one revolution, 

b estimate the speed of the pod in km/h. 
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13 The diagram shows a triangular garden, POR, with 

PQ =12m, PR=7mand ZQPR = 0.5 radians. The curve SR is 

a small path separating the shaded patio area and the lawn, and 

is an arc of a circle with centre at P and radius 7m. 

Find: 

a the length of the path SR (2 marks) 

b the perimeter of the shaded patio, giving your answer 

to 3 significant figures. (4 marks) 

14 The shape X YZ shown is a design for an earring. 

The straight lines YY and XZ are equal in length. The curve YZ is an arc of a circle with centre 

O and radius 5mm. The size of Z YOZ is 1.1 radians and YO = 15mm. 

a Find the size of 2 XOZ, in radians, to 3 significant figures. (2 marks) 

b Find the total perimeter of the earring, to the nearest mm. (6 marks) 

& Areas of sectors and segments 

Using radians also greatly simplifies the 

formula for the area of a sector. Notation | A sector of a circle is the 
mio findithearcallofaccctorota portion of a circle enclosed by two 

; 1 =a | radii and an arc. The smaller area is 

circle use the formula 4 = Aw 6, known as the minor sector and the 
whereristharadiusofthecrcle larger is known as the major sector. 

and @ is the angle, in radians, 

contained by the sector. 

Find the area of the sector of a circle of radius 2.44cm, given that the sector subtends an angle of 

1.4 radians at the centre of the circle. 

| Area of sector = s x 2442 x 14 co tr Use A =5770 with r= 2.44 and 6 = 1.4. ¥ 
ity 

= 4.17 cm? (3 ea.) 
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Radians 

A 
In the diagram, the area of the minor sector AOB is 28.9cm?. 

Given that ZAOB = 0.8 radians, calculate the value of r. <5 

B 

289 = 57? x 0.6 = 0.47? 

So r= see = 72.25 a Let area of sector be Acm?, and use A = 5720. 

Fav (2.29 =10.5 
ss aad : Spas Use the positive square root in this case as a 

length cannot be negative. 

Example 

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is 
erected along the edge of the plot to enclose the land is 176m. Calculate the area of the plot of land. 

SS at ' Online | Explore the area of a segment @ 
using GeoGebra. Simic 

o> | @ | 
| 

55m | 
B | 2 

| Problem-solving 
| Are AB =176 — (55 + 55) 

In order to find the area of the sector, you 
=66m. : : 

66 = 556 need to know @. Use the information about the 

S : perimeter to find the arc length AB. 

Draw a diagram including all the data and let the 

angle of the sector be 6. 

So @= 1.2 radians 

| Area of plot = s Xe e.6 12 

= 1O1S ne 

As the perimeter is given, first find length of arc AB. 

Use the formula for arc length, / = ré. 

Use the formula for area of a sector, A = ar 0. 

You can find the area of a segment by subtracting the area of triangle OPQ from the area of sector OPQ. 

“eI 

a) Using 51°0 for the area of the sector and 5a sin @ for the area of a triangle: 

eye aoe A= aT 0 5 sin 6 

= 57°(0 - sin 8) 

O 

= The area of a segment ina circle of radius ris 4 = or (6 — sin@) 

4123 



Chapter 5 

The diagram shows a sector of a circle. Find the area of the shaded segment. 

7cm 

7com 

= Use A= 570 - sin@) with r=7 and @= 1.2 radians. 

Make sure your calculator is in radians mode _ 

1 when calculating sin 6. 
eX AKL e/ ae... 

Area of segment = 5 x 77(1.2 = sint.2) 

ine) 

= (SSA Gite (Gu) 

O 

4m 4m 

In the diagram above, OAB is a sector of a Problem-solving - 

circle, radius 4m. The chord AB is 5m long. 
Find the area of the shaded séement. In order to find . area of the segment you need 

to know angle AOB. You can use the cosine rule 

7 i sci agee ia in triangle AOB, or divide the triangle into two 

right-angled triangles and use the trigonometric 
\CAteube angle YOR tee = 

42 4 42 — 5? =: “ ratios. cosZAOB TIS OE 

we 
7-22 Use the cosine rule for a non-right-angled 

SerZAOB=1,3502.., triangle. 

Area of shaded segment 

Lily 2 | 
Bi x 41.3502... — sin 1.3502...) Watch out | Use unrounded values in your 

= Vea 0.37448. calculations wherever possible to avoid rounding 

2 errors. You can use the memory function or 
= 2 
= 3.00m (3's) answer button on your calculator. 

J 
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Example 

In the diagram, AB is the diameter of a circle of radius rem, and ZBOC = 6 radians. Given that the 
area of A AOC is three times that of the shaded segment, show that 34 — 4sin@ = 0. 

| Area of segment = 50 — sin@) . 

| Area of AAOC = Fr sin(i — 0) 

ZAOB= 7 radians. 

ia Area of segment = area of sector — area of triangle. 

— 

) 1 Area of AAOC = 3 X area of shaded segment. 
| = 2a) =! sin 6 ie 

| hea Problem-solving 
KS af sing = =re(6 - si 
| - ea 2 sae ae Crane You might need to use circle theorems or 

sin@ = 3(6 — sin@) properties when solving problems. The angle ina 

So 30-4sin@=0 | semicircle is a right angle so ZACB =F 

Exercise 5D) 

1 Find the shaded area in each of the following circles. Leave your answers in terms of 7 where 

appropriate. 

2 Find the shaded area in each of the following circles with centre C. 
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10 

126 

For the following circles with centre C, the area A of the shaded sector is given. Find the value 

of x in each case. 

a 

AL = I2@iee 

The arc AB of a circle, centre O and radius 6cm, has length 4cm. 

Find the area of the minor sector AOB. 

The chord AB of a circle, centre O and radius 10cm, has length 18.65cm and subtends an angle 

of @ radians at O. 

a Show that cos @ = —0.739 (to 3 significant figures). 

b Find the area of the minor sector AOB. 

The area of a sector of a circle of radius 12cm is 100cm?. Find the perimeter of the sector. 

The arc AB of acircle, centre O and radius rcm, is such that ZAOB = 0.5 radians. 

Given that the perimeter of the minor sector AOB is 30cm, 

a calculate the value of r 

b show that the area of the minor sector AOB is 36 cm? 

c calculate the area of the segment enclosed by the chord AB and the minor arc AB. 

The arc AB of a circle, centre O and radius xcm, is such that angle AOB = — radians. 

Given that the arc length AB is /cm, : i 

a show that the area of the sector can be written as ate 

The area of the full circle is 36007 cm2. 

b Find the arc length of AB. 

c Calculate the value of x. 

In the diagram, AB is the diameter of a circle of 

radius rem and 7BOC = 6 radians. 

Given that the area of ACOB is equal to that of the 

shaded segment, show that 0 + 2sin@ = 7. 

In the diagram, BC is the arc of a circle, centre O 

and radius 8cm. The points A and D are such that 

OA = OD = 5cm. Given that ZBOC = 1.6 radians, O Go 

calculate the area of the shaded region. 
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Radians 

In the diagram, AB and AC are tangents to a circle, centre O 
and radius 3.6cm. Calculate the area of the shaded region, 

given that ZBOC = radians 3.6cm 

In the diagram, AD and BC are arcs of circles with centre O, such that 

OA = OD=rcm, AB= DC=8cm and /BOC = 6 radians. 

a Given that the area of the shaded region is 48 cm2, show that 

6 r=5- 4 (4 marks) 

b Given also that r = 100, calculate the perimeter of the shaded 

region. (6 marks) 

A sector of a circle of radius 28cm has perimeter Pcm and area A cm?. 

Given that A = 4P, find the value of P. 

The diagram shows a triangular plot of land. The sides 4B, BC 

and CA have lengths 12m, 14m and 10m respectively. The lawn 

is a sector of acircle, centre A and radius 6m. 

a Show that ZBAC = 1.37 radians, correct to 3 significant figures. 

b Calculate the area of the flowerbed. 

The diagram shows OPQ, a sector of a circle with centre O, 

radius 10cm, with 2 POO = 0.3 radians. 

The point R is on OO such that the ratio OR: RQ is 1:3. 

The region S, shown shaded in the diagram, is bounded by 

OR, RP and the are PQ. 

Find: 

a the perimeter of S, giving your answer to 3 significant figures (6 marks) 

b the area of S, giving your answer to 3 significant figures. (6 marks) 

The diagram shows the sector OAB of a circle with centre O, 

radius 12cm and angle 1.2 radians. 

The line AC is a tangent to the circle with centre O, and OBC isa 

straight line. 

The region R is bounded by the arc AB and the lines AC and CB. 

a Find the area of R, giving your answer to 2 decimal places. —_ (8 marks) 

The line BD is parallel to AC. 

b Find the perimeter of DAB. (5 marks) 
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D 

The diagram shows two intersecting sectors: ABD, with radius 5cm and angle 1.2 radians, 

and CBD, with radius 12cm. 

Find the area of the overlapping section. 

Challenge 

Find an expression for the area of a sector of a 

circle with radius r and arc length /. 

& Solving trigonometric equations 

In Year 1, you learned how to solve trigonometric equations in degrees. You can solve trigonometric 

equations in radians in the same way. 

Find the solutions of these equations in the interval 0 S @ S 2r: 

asin — 0,3 b 4cos@ =2 ec Stand=3 =1 

a sinQ=03- 
50 0 = 0304692654. 

“] 
} } 
| 

| 

| 
} Draw the graph of y = siné@ for the given 

interval. 

Find the first value using your calculator in 

radians mode. / 

sin@ = O.3 where the line y = O.3 cuts the curve. *—— Since the sine curve is symmetrical in 

Hence 6 = 0.305rad or 2.64 rad (3 sf) the interval 0 < @ <7, the second value is 
a 0 a eee obtained by m — 0.30469... — ; 
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S00=7 or game a 

@ Suen 33S 4 

5tan@ = — 

tan@ = —O.4 

CUrve. 

tan'(-—O.4) = -O.3605... rad 

Fh 

tan@ = —O.4 where the line y = —O.4 cuts the 

So = 2VEIOS... el (27S wo 3 Si) 

Cp. = 5 90267... rag (> 9Orad to 3 of) 
| 
| 

Radians 

Watch out Jwnpe the interval is given in 

radians, make sure you answer in radians. 

First rewrite in the form cos@ = 

Use exact values where possible. 

Putting 2 in the four Par shown gives 
3 

un on 4 
the angles —, 3°53 and 3 = but cosine is only 

positive in the 1st and 4th quadrants. 

For the 2nd value, since we are working in 

radians, we use 27 — 0 instead of 360° — 8. 

Draw the graph of y = tan @ for the interval 
a ‘ beh A 
an 0 < 2m since the principal value given 

by tan-!(—0.4) is negative. 

Use the symmetry and period of the tangent 

graph to find the required values. 

, Watch out | Always check that your final 

values are within the given range; in this case 

0 <4 <2z (remember 27 & 6.283...) 
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Solve the equation 17cos@ + 3sin’6 = 13 in the interval 0 S 6 S 27. 

17 cos@ + 3 sine @ = 13 

17 cos@ + 3(1 — cos*@) = 13 

17 co50 + 3 - 3c0s*6@ = 13 

O = 3co0s*6 — 17cos@ + 10 

O=SYe=— 17 +10 

O=SGY=]2A)(Y— 5) 

DOne Ye Ore Ore, ==) O 

y== Aaa ets 

or eos = 5 

Second solution is 27 — 0.641066... 

= 5442116... 

@ = O64 (or 544.6 st) 
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Problem-solving 

Use the trigonometric identity 

sin? 6 + cos? @ = 1. Trigonometric identities 

work the same in radians as in degrees. 

This is a quadratic so rearrange to make one 

side 0. 

iH—' lf. Y= tes ¢ thee, == cos-¢. 

— _ Solve the quadratic equation. - 

The value of cos @ is between —1 and 1, so 

reject cos@ = 5. 

Solve this equation to find @. 

Since the interval is given in radians, answer 

in radians. 



Radians 

Solve the equation sin 30 = =e in the interval 0 < 6 S 27. 

Let X = 36-— Replace 30 by X and solve as normal. 
v3 

So sinX = oS 

Remember to transform the interval: 
As X = 30, then the interval for Xis OS YRC 

las a ‘G 0 <0 S 27 becomes 0 S 36 S 67 

X= > = a a St, 2 = EP Remember X = 30 so divide each value by 3. 

We en On 130 140 | 
| eo oon SS Always check that your solutions for @ are in 

ls, a n On 7x On 130 140 | the given interval for 6, in this case 0 S 6 S 27. 

| omoCee a 28 2D fo : 

Exercise SE) 

1 Solve the following equations for 0, in the interval 0 < 6 S 27, giving your answers to 

3 significant figures where they are not exact. 

ancos” —0y/ b sin@=-0.2 Catangi— d cos?=-1 

2 Solve the following equations for 6, in the interval 0 < @ S 27, giving your answers to 

3 significant figures where they are not exact. 

a 4sin@=3 b 7tand=1 ec 8tand=15 d /5cos6@ = V2 

3 Solve the following equations for 6, in the interval 0 < 0 < 27, giving your answers to 

3 significant figures where they are not exact. 

a 5cos6+1=3 b /5sind+2=1 e 8tand-5=5 d /7cos@-1=yV2 

4 Solve the following equations for 0, giving your answers to 3 significant figures where 

appropriate, in the intervals indicated: 

a v3tand-1=0,-7<07 b 5sn@=1,-7 =@ 527 

Ce S8cos =, 2m = 0 = 27 d 3cosé-1=0.02,-7 <0 <3 

Movin) 52270 = 6 47 f cos) - 1=-0.82, 7 <9< 

a3! 
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Chapter 5 

Solve the following equations for 0, in the interval 0 < 6 S 27, giving your answers to 

3 significant figures where they are not exact. 

a scos20=4 b 5sin30+3=1 

e V3tan4g-5=-4 d V10cos26 + V2 =3V2 

Solve the following equations for 0, giving your answers to 3 significant figures where 

appropriate, in the intervals indicated. 

a V2sin30-1=0, -12 =0<_a b 2cos46 = -1, —7 <90<20 

© Stanza 7. —27 =<90520 d 6cos20-—1=0.2, -r=05 3a 

Solve the following equations for 0, in the interval 0 < 6 < 27, giving your answers to 

3 significant figures where they are not exact. 

a 4cos*0=2 b 3tan?6 + tand=0 

¢ cos-6 =2c0s@ =3 d 2sin220 — 5cos26 = —2 

Solve the following equations for 9, in the interval 0 < 0 < 27, giving your answers to 

3 significant figures where they are not exact. 

a cos@ + 2sin76 + 1=0 b 10sin2@ = 3cos?0@ 

c 4cos?@ + 8sin26 = 2sin26 — 2cos?6 d 2sin?0 —7+ 12cosd=0 

Solve, for 0 = x = 27, 

1 ] Pek pail a cos [x — ola b SL atag 

1 ay TS\ ¢ cos (28+ 0.2)=-02,-5 <8 = 7 d tan(20 +7] 1,0<0<27 

a Solve, for -7 <6 <7, (1 + tané )(Ssin@ — 2) =0. (4 marks) 

b Solve for 0'= x = 27,4 tanx =5sinx. (6 marks) 

Find all the solutions, in the interval 0 < x < 27, to the equation 8cos?.x + 6sinx — 6 =3 

giving each solution to one decimal place. (6 marks) 

Find, for 0 < x < 27, all the solutions of cos*x - 1 = F sim x — 2 giving each solution to 

one decimal place. (6 marks) 

Show that the equation 8 sin? x + 4sinx — 20 = 4 has no solutions. (3 marks) 

a Show that the equation tan’.x — 2tanx — 6 = 0 can be written as tan x = p + \/q where 
p and q are numbers to be found. (3 marks) 

b Hence solve, for 0 < x < 3z, the equation tan? x — 2tanx — 6 = 0 giving your answers to 
1 decimal place where appropriate. (5 marks) 

In the triangle ABC, AB=5cm, AC=4cm, ZABC = 0.5 radians and ZACB = x radians. 

a Use the sine rule to find the value of sin x, giving your answer to 3 decimal places. (3 marks) 

Given that there are two possible values of x, 

b find these values of x, giving your answers to 2 decimal places. (3 marks) 

132 



Radians 

& Small angle approximations 

You can use radians to find approximations for thea = 
In mathematics ‘small’ is a relative 

the values of sin @, cos@ and tan 9. concept. Consequently, there is not a fixed set of 

= When @ is small and measured in radians: numbers which are small and a fixed set which 

4 are not. In this case, it is useful to think of small 
* sind=@0 

as being really close to 0. 
* tand=0@ 

62 

. COS nea 
oe SUNT Use technology to 

You can see why these approximations work by looking explore approximate values 

at the graphs of y=sin6, y=cos@ and y= tané for of sin 6, cos 6 and tan @ for values 

values of 6 close to 0. of @ close to 0. 

y =tané 
pA 

7 

y=cosé ee 

Example (20) 

When @ is small, find the approximate value of: 

e sin26 + tand cos4é — | 

20 8sin20 

a eC rae ae ae If sind = 6 then sin 20 = 20 
20 20 

Eel 
29'S. 2 

When 6% 7 sin20+tand 3. | Note that this approximation is only valid when 6 

tes aie 20 2 is small and measured in radians. 

i lai | | (40)2 CS |, ie 2% 62 id 
| ee OL COS0 ae Tiag 20 COs 1 — 5 

| 7 262 
| ~1602 

<r e 
| - 202 262 
j 

| 4 
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a Show that, when @ is small, sin50 + tan 20 — cos20 = 207+ 70-1. 

b Hence state the approximate value of sin 56 + tan 20 — cos 20 for small values of 0. 

a For small values of 0: 
| 

sin5@ + tan20 — cos20 = 50 + 20- (1 
2 as | Use the small angle approximations for sin, 

| | cos and tan. 
| Ag2 . : 

= 70-14 5 

= /0— 1+ 262 

When @ is small, 

sin5@ + tan20 —cos20 = 262+ 70-1 os 

| When @ is small, terms in and @ will also be 

_b So, for small 6, sin5@ + tan2@— cos 26 = —1-—_—____ small, so you can disregard the terms 267 and 
aH 

70. 

1 When @ is small, find the approximate values of: 

. sin40 — tan20 1 — cos26 r 3tand — 6 

30 tan20 sin@ sin26 

2 When @ is small, show that: 

sin3d 3 Coscia 
6sin4@ 46 tan20 

tan40 + 67 _ 
Spin a 

ma 
4 

Find cos (0.244 rad) correct to 6 decimal places. 

Use the approximation for cos@ to find an approximate value for cos (0.244 rad). 

Calculate the percentage error in your approximation. 

Calculate the percentage error in the approximation for cos 0.75 rad. 

oon ao & Bf Explain the difference between your answers to parts c and d. 

() 4 The percentage error for sin@ for a given value of @ is 1%. Show that 1006 = 101 sin @. 

5 a When @ is small, show that the expression feos =* 2 se can be written as 90 + 2.(3 marks) 

b Hence write down the value of sees Paes sane when @ 1s small. (1 mark) 
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Challenge 

1 The diagram shows a right-angled triangle ABC. ZBAC = 6. Anarc, CD, of 

the circle with centre 4 and radius AC has been drawn on the diagram in 

blue. 

a Write an expression for the arc length CD in terms of AC and 0. 

Given that @ is small so that, AC= AD = ABand CD & BC, 

b deduce that sin@d = @ and tané = 0. 

Cc 

2 a Using the binomial expansion and ignoring terms in x4 and higher 

powers of x, find an approximation for v4 — x2, |x| <1. 

2 

b Hence show that for small @, cos@ + 1 - i You may assume that 

siné = 0. 

Mixed exercise @ 

@) 1 Triangle ABC is such that AB =5cm, AC = 10cm and ZABC = 90°. 

An arc of acircle, centre A and radius 5cm, cuts AC at D. 

a State, in radians, the value of Z BAC. 

b Calculate the area of the region enclosed by BC, DC and the arc BD. 

E/P) 2 The diagram shows the triangle OCD with OC = OD= 17cm 

and CD = 30cm. The midpoint of CD is M. A semicircular 

arc A,, with centre M is drawn, with CD as diameter. 

A circular arc A, with centre O and radius 17cm, is drawn 

from C to D. The shaded region R is bounded by the arcs 

A, and A). Calculate, giving answers to 2 decimal places: 

a the area of the triangle OCD (4 marks) 

b the area of the shaded region R. (5 marks) 

3 The diagram shows a circle, centre O, of radius 6cm. 

The points A and B are on the circumference of the circle. 

The area of the shaded major sector is 80cm’. 

Given that ZAOB = #@ radians, where 0 < 6 < z, calculate: 

a the value, to 3 decimal places, of @ (3 marks) 

b the length in cm, to 2 decimal places, of the minor 

arc AB. (2 marks) 

Radians 
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4 The diagram shows a sector OAB of a circle, centre O and radius rcm. A 

The length of the arc AB is pcm and ZAOB 1s @ radians. ven 

a Find @ in terms of p and r. (2 marks) 

b Deduce that the area of the sector is Sprem?, (2marks) ° <A) 

Given that r = 4.7 and p = 5.3, where each has been measured to rem 

1 decimal place, find, giving your answer to 3 decimal places: B 

c the least possible value of the area of the sector (2 marks) 

d the range of possible values of 0. (3 marks) 

&) 5 The diagram shows a circle centre O and radius Scm. 

The length of the minor arc AB is 6.4cm. 

a Calculate, in radians, the size of the acute angle AOB. (2 marks) 

The area of the minor sector AOB is R, cm? and the area of the 

shaded major sector is R,cm?. 

b Calculate the value of R). (2 marks) 

¢ Calculate R,:.R, in the form | :p, giving the value of p to 

3 significant figures. (3 marks) 

6 The diagrams show the cross-sections of two e 

drawer handles. Shape X is a rectangle ABCD Aad eB 

joined to a semicircle with BC as diameter. 2d 
The length AB = dcm and BC = 2dcm. , 

Shape Y is a sector OPO of a circle with dd O <0) 

centre O and radius 2dcm. Angle POQ is 

7 radians. 

Given that the areas of shapes X and Y are equal, 

T 
7 (5 marks) 

Using this value of 6, and given that d= 3, Shape X Shape Y 

find in terms of 7: 

a prove that dé =1+ 0 

b the perimeter of shape X (3 marks) 

c the perimeter of shape Y. (3 marks) 

d Hence find the difference, in mm, between the perimeters of shapes X and Y. (1 mark) 

7 The diagram shows a circle centre O and radius 6cm. 

The chord PQ divides the circle into a minor segment R, of area 

A,cm? and a major segment R, of area A,cm?. The chord PQ 

subtends an angle @ radians at O. 

a Show that 4, = 18(6 — sin @). (2 marks) 

Given that A, = 3A,, 

b show that sin 9 = 6 —- > (4 marks) 
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/P) 8 Triangle ABC has AB =9cm, BC = 10cm and CA = 5cm. A 

A circle, centre A and radius 3cm, intersects 4B and 

AC at P and Q respectively, as shown in the diagram. 

a Show that, to 3 decimal places, 

ZBAC = 1.504 radians. (2 marks) 

b Calculate: 

i the area, in cm’, of the sector APO Cc 

ii the area, in cm’, of the shaded region BPOC 

iii the perimeter, in cm, of the shaded region BPOC. 

/P) 9 The diagram shows the sector OAB of a circle of radius rem. 

The area of the sector is 15cm? and ZAOB = 1.5 radians. 

a Prove that r = 2/5. (2 marks) 

b Find, in cm, the perimeter of the sector OAB. (3 marks) 

The segment R, shaded in the diagram, is enclosed by the 

arc AB and the straight line AB. 

¢ Calculate, to 3 decimal places, the area of R. (2 marks) 

/P) 10 The shape of a badge is a sector ABC of a circle with centre A 

and radius AB, as shown in the diagram. The triangle ABC is 

equilateral and has perpendicular height 3cm. 

a Find, in surd form, the length of AB. (2 marks) 

b Find, in terms of 7, the area of the badge. (2 marks) 

c Prove that the perimeter of the badge 1s a + 6)cm. (4 marks) 

(E) 11 There is a straight path of length 70m from the point A 

to the point B. The points are joined also by a railway 

track in the form of an arc of the circle whose centre 1s 

C and whose radius is 44m, as shown in the diagram. 

a Show that the size, to 2 decimal places, of ZACB 

is 1.84 radians. (2 marks) 

b Calculate: 

i the length of the railway track 

ii the shortest distance from C to the path 

iii. the area of the region bounded by the railway track and the path. 

© 12 The diagram shows the cross-section ABCD of a glass prism. 

| AD = BC =4cm and both are at right angles to DC. 

| AB is the arc of a circle, centre O and radius 6cm. 

Given that ZAOB = 26 radians. and that the perimeter of the 

cross-section is 2(7 + 7)cm, 

: a show that (20 + 2sind - 1) =3 

b verify that 0 = Z 

c find the area of the cross-section. 

6cm .-* 

2 2 
, 3 5 ee De WO) ety & & fs 

é < 

(Gein 

(aa ee | ON 

(8 marks) 

WV 

A 

Railway track 

(6 marks) 

AL ae JD 

jes Ahem =~ (C 
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Two circles C, and C), both of radius 12cm have centres O, and O, respectively. O, lies on the 

circumference of C; O, lies on the circumference of C,. The circles intersect at A and B, and 

enclose the region R. 

a Show that ZAO,B= = 

b Hence write down, in terms of z, the perimeter of R. 

c Find the area of R, giving your answer to 3 significant figures. 

A teacher asks a student to find the area of the following sector. 
3cm 

The attempt 1s shown below. 

3cm 

a Identify the mistake made by the student. (1 mark) 

b Calculate the correct area of the sector. (2 marks) 

When @ is small, find the approximate values of: 

Cosel 2(1 — cos) - 1 

* “9 tan20 tand — | 

a When @ is small, show that the expression LES COSEE can be written as 3 — 20. (3 marks) 
tan26 + 3 

b Hence write down the value of Ee COSY when @ is small. (1 mark) 
tan20 + 3 

a When @ is small, show that the equation 

32cos 56 + 203 tan 100 = 182 

can be written as 

406° — 2030 + 15=0 (4 marks) 

b Hence, find the solutions of the equation 

32.cos 56 + 203 tan 100 = 182 (3 marks) 

¢ Comment on the validity of your solutions. (1 mark) 

When @ is small, find the approximate value of cos*@ — sin‘ 0. 

Solve the following equations for 6, giving your answers to 3 significant figures where 

appropriate, in the intervals indicated. 

a 3sind =270°.0 = 7 b sind =-cos@,-7 <0 7 

c ni = ee d 2sin?6 -sin@-1=sin?0,-7 <0<7 
tand oie 
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a Sketch the graphs of y = Ssinx and y = 3cosx on the same axes (0 S x < 27), marking on all 

the points where the graphs cross the axes. 

b Write down how many solutions there are in the given range for the equation 5sin.x = 3cosx. 

c Solve the equation 5 sin x = 3cos x algebraically, giving your answers to 3 significant figures. 

a Express 4sin 6 — cos 5 - 0) as a single trigonometric function. (1 mark) 

b Hence solve 4sin 6 — cos(4 - 6) = | in the interval 0 < 6 S 27. Give your answers to 

3 significant figures. (3 marks) 

Find the values of x in the interval 0 < x < a which satisfy the equation 

S20 Ole 6 k 

1-—sin2x — OS) 

A teacher asks two students to solve the equation 2cos*x = | for-7 <x <7. 

The attempts are shown below. 

Student A: Student B: 

1 
COS = +—— 

a Identify the mistake made by Student A. (1 mark) 

b Identify the mistake made by Student B. (1 mark) 

¢ Calculate the correct solutions to the equation. (4 marks) 

A teacher asks a student to solve the equation 2 tan2x = 5 for 0 < x S 27. 

The attempt is shown below. 

Cyaie ke Problem-solving 

tan2x = 2.0 Solve the equation yourself then compare your 
2h WA A OO working with the student's answer. 

b= © 59> rad Or 2.17 rad (Susie) 

a Identify the mistake made by the student. (1 mark) 

b Calculate the correct solutions to the equation. (4 marks) 

a Show that the equation 

5sinx = 1+2cos?x 

can be written in the form 

2sin?x + 5sinx —-3=0 (2 marks) 

b Solve, for 0 S x < 27, 

2sin?x + 5sinx -3=0 (4 marks) 
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Show that the equation 

4sin?x + 9cosx -6=0 

can be written as 

4cos?x — 9cosx +2=0 

Hence solve, for 0 S x < 4z, 

4sin?x + 9cosx - 6 =0 

giving your answers to | decimal place. 

Show that the equation 

tani xe=s5 Sine 206 

can be written in the form 

(1 -— S5cos2x)sin2x = 0 

Hence solve, for0 = x = 7, 

tandsc= Ss 2x 

giving your answers to | decimal place where appropriate. You must show clearly 

how you obtained your answers. 

Sketch, for 0 = x < 27, the graph of y = cos (x + ap 

Write down the exact coordinates of the points where the graph meets the 

coordinate axes. 

Solve, for 0 < x < 27, the equation 

1 
Peo (x + | = (Be 

giving your answers in radians to 2 decimal places. 

() 29 Solve, for 0 < x <7, the equation 

sin (3x 7 5) = 0.45 

giving your answers in radians to two decimal places. 

Challenge 

Use the small angle approximations to determine whether the following 

equations have any solutions close to @ = 0. In each case, state whether 

each root of the resulting quadratic equation is likely to correspond to a 

solution of the original equation. 

a 9sindtané + 25tand = 6 

b 2tand+3=5cos40 

c sin4@= 37 —2cos26 
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Summary of key points 

1 

2 

* 2m radians = 360° 

e Spee i 30° =— radians 
6 
oie 

* 90° ay radians 

7 vedians =, 180" 

45° =" radi : =i z, fadians 

- 180° =z radians 

* Ll radian = 
180° 

TT 

- 60° a radians 

* 360° = 27 radians 

Radians 

3 You need to learn the exact values of the trigonometric ratios of these angles measured in radians. 

2 nee 
On 2 

ling teh 
a? 

iG 1 V2 
Ui fle: ea es 

Hae 82 

R aoe = v3 
(Sd ars 

cose = S 
Se gud, 

‘d COS = ahs 
4 2. 

2 V 

ae? 

ew! 
Gy or) eae, 

ita 

a 
> tan—=1 2p 

4& You can use these rules to find sin, cos or tan of any positive or negative angle measured in 

radians using the corresponding acute angle made with the x-axis, @. 

* sin(az — 8) =sin@ 

* sin(a + 6) =—-sind 

- sin (27 — 8) =—-sin@ 

VA 

a-@ S A a 

> 
= <T x 

r+0 7 C 2n—-6 

To find the arc length / of a sector of a circle use the formula / = ré, 

where r is the radius of the circle and 6 is the angle, in radians, 

contained by the sector. 

To find the area 4 of a sector of a circle use the formula A = 510, 

where r is the radius of the circle and @ is the angle, in radians, 

contained by the sector. 

The area of a segment in a circle of radius r is 

A=5r°(6 - sind) 

When @ is small and measured in radians: 

- tand=@ - sind=0 COs) ~ l= 

a, 
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Trigonometric functions 

After completing this chapter you should be able to: 

@ Understand the definitions of secant, cosecant and cotangent and 

their relationship to cosine, sine and tangent ~> pages 143-145 

@ Understand the graphs of secant, cosecant and cotangent and their 

domain and range — pages 145-149 

e@ Simplify expressions, prove simple identities and solve equations 

involving secant, cosecant and cotangent —> pages 149-153 

@ Prove and use sec?x = 1 + tan@x and cosec*x = 1 + cot@x 

— pages 153-157 

e@ Understand and use inverse trigonometric functions and their 

domain and ranges. —> pages 158-161 

Sketch the graph of y = sinx for 

—180° < x < 180°. Use your sketch to 

solve, for the given interval, the equations: 

a sinx=0.8 b sinx=-0.4 

< Year 1, Chapter 10 

1 ie! 

SiN zcnGOS x haley 
2. Prove that = Lali 

Trigonometric functions can be used to 

| model oscillations and resonance in bridges. 

You will use the functions in this chapter 

together with differentiation and integration 

in chapters 9 and 12. 

< Year 1, Chapter 10 

3 Find all the solutions in the interval 

0 = x = 2m to the equation 3 sin*(2x) = 1. 

€- Section 5.5 

LER EE OM: 



Trigonometric functions 

& Secant, cosecant and cotangent 

Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric 

functions. 

™ secx= are (undefined for values of x for which cos x = 0) 

™ cosec x = a (undefined for values of x for which sin x = 0) 

= cot x= (undefined for values of x for which tan x = 0) 
tan x 

You can also write cot x in terms of sin x and cos x. 

cos x 

sin x 

Use your calculator to write down the values of: 

= cotx= 

a sec 280° bzcot 115° 

| es) ey (3 sec 280° = cos DBO by KS (Sr Sub) 

| 

| <P os 
| bicot ih eiiiee ibaa (3 sf) 

| 
Work out the exact values of: 

a sec 210° b cosee = 

nic 
C68 SO” = SO SOS SO Ss SS 

| 

emo see 210" = a 
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| 31 
|b coséc = 

4 sin( "| | 
| 4 | 

av 

Sit 
SO COS6E —— = 

# onl) | 
sin() = 4 | 

| DO COsEC (=) aie 

ee ieee eves es s 

Exercise 6A) 

1 Without using your calculator, write down the sign of the following trigonometric ratios. 

a sec 300° b cosec 190° = Ce conlLo 

d cot 200° CESCG 

2 Use your calculator to find, to 3 significant figures, the values of: 

a sec 100° b cosec 260° € cosec 280° 

d cot 550° e cot = { sec 24rad 

g cosec ax h sec 6rad 

3 Find the exact values (in surd form where appropriate) of the following: 

a cosec 90° brcotlss: c sec 180° 

d_ sec 240° e cosec 300° f cot(—45°) 

g sec 60° h cosec (—210°) iy -Se€,225° 

oe Ae Un eau Tcot 3 k sec F 1 cosec 4 

() 4 Prove that cosec(x — x) = cosec x. 

() 5 Show that cot 30° sec 30° = 2. 

(P) 6 Show that cosee = + seo = a + by3 where a and bare real numbers to be found. 
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Trigonometric functions 

Challenge 

The point P lies on the unit circle, centre O. The radius OP makes an 

acute angle of @ with the positive x-axis. The tangent to the circle at P 

intersects the coordinate axes at points 4 and B. 
rT 

Prove that 

a OB=secé 

b OA=cosecé 

¢ AP=cotd 

6.2) Graphs of sec x, cosec x and cot x 

You can use the graphs of y = cos x, y=sin x and y = tan x to sketch the graphs of their reciprocal 

functions. 

| 
Sketch, in the interval —180° < 8 < 180°, the graph of y = sec 0. 

y=secd 

es 90° fi ene eee ee ® , 
Saas ese celisieit ‘7 

CL eee cee reat. “> ‘ 4 
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= The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians. 

It has vertical asymptotes at all the values of x for which cos x = 0. 

y=secx 

| 3 V Notation | The domain can also be given as 

~450° 270° “20° 90° 270° 480° . Coa 
—— Eee) 

om 3x BO gis 3n 5a Xx 2 
2 2 2 2 ~2 72 

Z is the symbol used for integers, i.e . 1 ; 

: | positive and negative whole numbers 

| 3 ; | 7 including 0. 

¢ The domain of y = sec x is x € R, x # 90°, 270°, 450°,... or any odd multiple of 90° 

Toi ST 
* Inradians the domain is x € R, x #2, —, 2.... or any odd multiple of 5 

eae 2 

¢ The range of y=secxisy<-lory=1 

= The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at 

all the values of x for which sin x = 0. 

y = cosec x 

Ww eg) \ 

14 

180° 360° 
+ i > 

-360°  -180° 
es eee 

A 
¢ The domain of y = 

T en 

Notation | The domain can also be given as 

xERxetn7r,neZ. 

cosec x is x € R, x + 0°, 180°, 360°,... or any multiple of 180° 

¢ In radians the domain is x € R, x # 0, 7, 27,... or any multiple of 7 

¢ The range of y =cosec xis y<-lory=1 

® The graph of y = cot x, x € R, has period 180° or z radians. It has vertical asymptotes at all 
the values of x for which tan x = 0. 

y=cotx 
y 

1p 
—360° -180° 180° 360° 

+ t | { > 
-2T 7h O T on 6 

1 1 1 1105 1 ' 
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Trigonometric functions 

* The domain of » = cotx is x € R, x # 0°, 180°, Fe 

360°,... or any multiple of 180° Notation Jie nee Sisal yais0 Da ei) a. 

* In radians the domain is x € R, x + 0, 7, 27,... 

or any multiple of 7 

¢ The range of y=cotxisy €R 

a Sketch the graph of y = 4cosec x, -t7 SX S17. 

b On the same axes, sketch the line y = x. 

c State the number of solutions to the equation 4cosec x - x =0,-7 Sx ST. 

fe 4cosecx —x =O 

| ALEGSEG =X Problem-solving 

| y=4cosec x and y=x do not intersect | The solutions to the equation f(x) = g(x) 

for —t < x < % $0 the equation has no | correspond to the points of intersection of the 
qe 

| solutions in the given range. graphs of y = f(x) and y = g(). 

_ Sketch, in the interval 0 < 6 < 360°, the graph of y = 1 + sec 20. 

el cage Faeroe fs A ' Online ) Explore transformations i of 
| ¥ ' \y=secé : C 

| of the graphs of reciprocal 

| ' trigonometric functions using technology. 

eas “ ha oe Pe deg) 3 oo 
raw the graph of y= sec. Ne Ara 5 2 160° Zi1Oe 360° 
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Waele AE) 
' 1 
1 1 
/ ' 

! i] 

' i) 

1 ‘ 
1 ' 
1 1 
1 1 
' ' 
' 1 
' ' 
1 ' 

' 
T Te T Oe ese Se Se eee I 5 

45° DO 190 100" 225) 270 19360, 0 | an 

a ie aa 
Val reee 20 

n 
1 
' 
1 
' 
1 
' 
' 
' 
' 
' 
' 
' 
' 
' 
' 
1 
1 
i) 

| 

TXSISS 360" Oo) 

Exercise 6B) 

1 Sketch, in the interval —540° < 6 < 540°, the graphs of: 

ay =secd b y=cosecé Cy) = COU 

2 a Sketch, on the same set of axes, in the interval -t < x < 7, the graphs of y = cot x and 

y=—xX. 

b Deduce the number of solutions of the equation cot x + x = 0 in the interval -7 <x S17. 

3 a Sketch, on the same set of axes, in the interval 0 < 6 < 360°, the graphs of y = sec and 

y=-cos 6. 

b Explain how your graphs show that sec 6 = —cos @ has no solutions. 

4 a Sketch, on the same set of axes, in the interval 0 < 0 < 360°, the graphs of y = cot @ and 

= Sit 20: 

b Deduce the number of solutions of the equation cot @ = sin 2@ in the interval 0 < 6 < 360°. 

5 a Sketch on separate axes, in the interval 0 < 0 < 360°, the graphs of y = tan@ and 

y =cot(é + 90°). 

b Hence, state a relationship between tan 6 and cot(@ + 90°). 
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P) 6 a Describe the relationships between the graphs of: 

Pe tan(6 + fl and y = tand ii y = cot(—@) and y = cot 6 

iii y= cosec( 0 ~ | and y = cosec 6 lV y= sec(¢ ~ Z| and y = sec @ 

b By considering the graphs of y = tan(0 + a y=cot(-6), y= cosec| 4 + a and y = sec(d - a 

state which pairs of functions are equal. 

P) 7 Sketch on separate axes, in the interval 0 < 0 < 360°, the graphs of: 

a y= sec 20 b y=-cosec@ c y=1+secé 

d y=cosec(@ — 30°) e y=2sec (0 - 60°) f y= cosec (20'+ 60°) 

g y=-cot (26) hoy =) —2sec0 

In each case show the coordinates of any maximum and minimum points, and of any points at 

which the curve meets the axes. 

8 Write down the periods of the following functions. Give your answers in terms of 7. 

a sec 36 b cosec 50 © 200g d_ sec(—0) 

D 9 a Sketch, in the interval -27 < x < 27, the graph of y = 3 + 5cosec x. (3 marks) 

b Hence deduce the range of values of k for which the equation 3 + 5 cosec x =k 

has no solutions. (2 marks) 

P) 10 a Sketch the graph of y = 1 + 2 sec@ in the interval —n < 6 S 2r. (3 marks) 

b Write down the 6-coordinates of points at which the gradient is zero. (2 marks) 

c Deduce the maximum and minimum values of nome and give the smallest 

positive values of @ at which they occur. (4 marks) 

& Using sec x, cosec x and cot x 

You need to be able to simplify expressions, prove identities and solve equations involving sec x, 

cosec x and cot x. 

= secx =k and cosecx =k have no solutions for -1<k <1. 

| Simplify: 

a sin§@ cot @secé 

b sin @ cos (sec 6 + cosec @) 
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-b sec@ + cosecé = 

Chapter 6 

a sind eeee SECO 

50 sin@ cos 6(sec 8 + cosec @) 

+ 

cos@ sind 

sin6 + cosé 

sin8 cos 

= 3in@ + cos@ 

cot 8 cosec @ 
a Prove that__—_ ———__ = cos 0, 

b Hence explain why the equation 

| 
a Cancicee LHS: 

The numerator cot 8 cosec 6 

The denominator sec*@ + cosec* 0 

sec? 8 + cosec2 6 

cot 6 cosec 0 

sec? @ + cosec? 6 
= 8 has no solutions. 

_ cosé (Per ieosU, 

~ sin@  sin@ sin2@ 

| | 
+ 

cos? sin? é 

sin? 8 + cos? @ 

cos? @ sin? 6 

eae | nie 
cos? @ sin? @ 

cot @ cosec #0 

5ec* # + cosec*® 6 

= (2 ;| ty ( | | 

~ \sin26/ © \cos?@ sin? 6 

cos 6 . cos* 6 sin? @ | 

sin? 0 1 

cos? 0 

cot @ cosec 0 
b Since = cos? we are . 

150 

sec @ + cosec* 0 | 
‘ | Problem-solving | 

required to solve the equation cos? 0 = 8. | 

cos? 0 = & => cos@ = 2 which has no | 
solutions since —1 S cos@ S 1. 

Write down the equivalent F
e ry and state S | 

the range of possible values for cos, | 

a g 
Ty 



Trigonometric functions 

Solve the equations 

a secd=-—2:5 b cot 26 =0.6 

in the interval 0 < 6 < 360°. ; 

Let X = 26, so that you are solving 

want = 3. in the interval OO S X¥ S 720°. 

¥ = 59.0°, 239.0", 419.0°, 599.0° 

So @ = 29.5%, 120°, 210°, 300° (3 sf) _ 
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1 Rewrite the following as powers of sec, cosec @ or cot @. 

1 4 1 1 — sin? é 

. sin? 6 tan°@ : 2 cos? 0 sin? 0 

sec 6 5 2 cosec? 6 tan? 6 
eae f \cosec? 6 cot @ sec g Fan nae) 

2 Write down the value(s) of cot x in each of the following equations. 

SiIn.xX _ COS X 

COsx P sin 
as SI COSY) bi tanx%=—2 (ease, 

3 Using the definitions of sec, cosec, cot and tan simplify the following expressions. 

a sin@ coté b tan@coté 

c tan 26 cosec 20 d cos@ sin @ (cot @ + tan @) 

e sin> x cosec x + cos* x sec x f sec A —secA sin? A 

© (SeC7.4 COS. X + COL X COseC x SIN" x 

(P) 4 Prove that: 

a cosé+sin@ tan 6 = secé b coté + tan @ = cosecé@ sec @ 

c cosecé —sin@ =cos@ coté d (1 —cosx)(1 + sec x) = sinx tan x 

COS, sine cos@ _ sind 
: —— = 22sec x = 

1 -—sinx COS X 1+cot@? 1+tand 

(P) 5 Solve, for values of @ in the interval 0 < @ < 360°, the following equations. 

Give your answers to 3 significant figures where necessary. 

a secO=V2 b cosec 6 = —3 ce 5cot@=-2 d cosec 6 =2 

e 3sec*9-4=0 f. Scose-=3icot? g cot?é-8tand =0 h 2sin6=cosec@ 

() 6 Solve, for values of @ in the interval -180° < 6 < 180°, the following equations: 

a cosec@ = | b sec@=-3 Ce COLO aoe4o 

d 2cosec?@ — 3 cosecé@ = 0 @ secd = 2. cosid f Sicote=2ning 

€ cosec20=4 h 2cot?6-cot@-5=0 

(P) 7 Solve the following equations for values of @ in the interval 0 < 6 < 2x. Give your answers in 
terms of 7. 

a secO=-—1 b cot@=-V3 

2 
c cosee tg = 3 d sec = V2tan0(o¢ 5,02 =) 
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Trigonometric functions 

P) 8 In the diagram AB = 6cm is the diameter of the circle and BT is the 

tangent to the circle at B. The chord AC is extended to meet this 

tangent at Dand ZDAB= 69. 

a Show that CD = 6(sec 6 — cos @) cm. (4 marks) 

b Given that CD = 16cm, calculate the length of the 

chord AC. (3 marks) 

Problem-solving 

AB is the diameter of the circle, 

SO ACR = 90" 

cosec x — cot x 
P) 9 a Prove that ~~ = cosee x. (4 marks) 

1 —cosx 
: : 3 &= COU 

b Hence solve, in the interval —r < x S 7, the equation ae = (3 marks) 

in x tan x 
P) 10 a Prove that ~~ — 1 =secx. (4 marks) 

1 —cosx 

inxt 1 ‘ 
b Hence explain why the equation ees -l= 75 has no solutions. (1 mark) 

: .  1+cot 
P) 11 Solve, in the interval 0 = x < 360°, the equation ere = (8 marks) 

Problem-solving 

Use the relationship cot x = oe to form a quadratic 

equation in tan x. < Year 1, Section 10.5 

6.4) Trigonometric identities 

You can use the identity sin? x + cos*.x = 1 to prove the following identities. 

ae 1+tan?x=sec?x BTS) © You can use the unit circle definitions of sin and cos to 

= 1+ cot2 x =cosec? x prove the identity sin?¢x+cos*x=1. ¢ Year 1, Section 10.5 

a Prove that 1 + tan? x = sec? x. 

b Prove that 1 + cot? x = cosec? x. 

153 



Chapter 6 

ba 

a  Sin?x + Ccos"x 

Sif eC OS— Ne 

50 1+ cot?x = cosec?x 

COS*X  COS*x 

| aie 
COS X 

50 1+tanex= 

sin? x + cos? x 

sin? x  cos?x 

sin? x  sin?x  sin@x 

(see xy ( | i 
+ : = ; 

sin x sinx 

Given that tan A = -3, and that angle A is obtuse, find the exact values of: . 

a secA b sinA 

| 

| 
| 
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| a Using 1 + tan? A = sec? A 

b Using tanA = 

Soe 25 _ 169 
sec* A= 1+ a = 144 

13 
secA = ae 

Problem-solving 3 

| You are told that A is obtuse. This means it lies 
in the second quadrant, so cos A is negative, and 

_ sec A is also negative. 

SEC ae 

sin A | 

cosA 

sin A =tanAcosA 

DO 



Trigonometric functions 

Prove the identities: 

1 + cos? @ 

1 —cos?@ 

b sec? 6 — cos? 6 = sin? 6(1 + sec? @) 

a cosec’@ —cot*@ = 
’ 

cosec* 6 — cot* @ a LHS 
| = (cosec* 6 + cot? 0)(cosec* 0 — cot? @) | 
| | 

Il 

cosec* @ + cot? 6 

| cos* 6 

sin? 0 sin? 6 

ae cos* 6 

sin? 6 

1+ cos? Se eS 
1 -— cos? 

|b RHS = sin? 6 + sin? @ sec*0 

| sin@ 6 

cos*@ 

Ml 

= sin? 0 + 

= sin? 0 + tan*6 

= (1 — cos* 6) + (sec? 4 — 1) 

= sec* § — cos? 6 

= LHS 

Problem-solving 

You can start from either the LHS or the RHS when 
proving an identity. Try starting with the LHS using 

cos? 9 = 1 —sin?@ and sec*@ = 1 + tan’é. 

- Solve the equation 4 cosec? @ — 9 = cot @, in the interval 0 < 6 S 360°. 

pine equation oon be PeWniren as 

| A(t + cot*0) — 9 = cot | 

P56 Acot?@-—cot?d-5=O0O 

(4 cot @ — 5)(cot@?+1)=0 

Source = 2 or cot é = -1 

tan@ = 2 or tan@ = —1 

) 4 
For tan@=5 
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'@= 67, ZIP S Sav) 

| For tan@ = —1 

6 ee Online | Solve this equation 

numerically using your calculator. 

Exercise 6D) 

Give answers to 3 significant figures where necessary. 

1 

156 

Simplify each of the following expressions. 

a 1+ tan? 4a b (sec @ — 1)(sec@ + 1) ¢ tan? @(cosec? @ — 1) 

d (sec? @— 1)coté e (cosec? @ — cot? 4) f 2-tan?6+sec?@ 

tan 6 sec 0 cosec # cot? 
Sea re h (1 - sin’? @)(1 + tan? yp ee 
1 + tan?é Cn Ot a 1+ cot?d 

j (sect@ - 2 sec’ 6 tan’ 6 + tan*6) k 4cosec? 20 + 4cosec? 26 cot? 26 

; k 
Given that cosec x = CoseOu: where k > 1, find, in terms of k, possible values of cot x. 

Given that cot @ = —V3, and that 90° < 6 < 180°, find the exact values of: 

a sind b cos@ 

Given that tan 0 = 2 and that 180° < 6 < 270°, find the exact values of: 

a secd b cos@ c sind 

Given that cos @ = = and that @ is a reflex angle, find the exact values of: 

a tand b cosec @ 



Trigonometric functions 

P) 6 Prove the following identities. 

a sec*@ — tan*@ = sec? 6 + tan?@ b cosec? x — sin? x = cot? x + cos* x 

c sec? A(cot? A — cos? A) = cot? A d | —cos?6 = (sec? — 1)(1 - sin? 0) 

1 — tan? A 
ae ec A Ss f sec? @ + cosec? 6 = sec? 6 cosec? 
1+ tan? A 

g cosec A sec? A = cosec A + tan A sec A h (sec @ — sin 6)(sec @ + sin) = tan? @ + cos? 6 

P) 7 Given that 3 tan? @ + 4 sec? 6 = 5, and that @ is obtuse, find the exact value of sin 0. 

P) 8 Solve the following equations in the given intervals. 

a sec-¢ = 3 tand, 0 = @ = 360° b tan?@-2sec06+1=0,-7 S057 

¢ cosec?6 + 1 =3cot 6, -180° <= 6 S 180° d cot@=1-—cosec?0,0 =0s 27 

e 3 sec 50 = 2 tan?40, 0 <0 < 360° f (secO-cosé) =tand-sin?#,0<0<7 

g tan?20=sec20-1,0=0@< 180° h sec?@—(1+/3)tan@+ V3 =1,0<=6 <2 

[P) 9 Given that tan?k =2seck, 

a find the value of seck (4 marks) 

b deduce that cosk = V2 - 1. (2 marks) 

c Hence solve, in the interval 0 < k < 360°, tan*k = 2seck, giving your answers to 

1 decimal place. (3 marks) 

/P) 10) Given that a =4'sec x) = cos x and c= Cot x, 

a express bin terms of a (2 marks) 

b show that c? = (3 marks) 
16 

a* — 16 

/P) 11 Given that x = sec 6 + tan 0, 
| 

a show that . = sec 6 — tané. (3 marks) 

b Hence express x? + as + 2 in terms of 9, in its simplest form. (5 marks) 
a 

p-1 
/P) 12 Given that 2 sec? @ — tan? 0 = p show that cosec* 0 = eo) Da 2 (5 marks) 
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6.5) Inverse trigonometric functions 

You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x 

and their graphs. 

= The inverse function of sin x is called arcsin x. 

y=arcsinx 

Hint | The sin-! function on your 

calculator will give principal 
values in the same range as 
arcsin.. << 

e The domain of y = arcsinx is-—1<x <1. 

e The range of y = arcsin x is -— S< arcsin x < — or —90° S arcsin x < 90°. 

Sketch the graph of y = arcsin x. 

n/a nla 

iy = sit, — 

1e graph of } 

a 

| y = arcsinx 

y = arcsinx 
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= The inverse function of cos x is called arccos x. 

y =arccosx 

e The domain of y = arccos x is-1 <x <1. 

e The range of y = arccos x is 0 S arccos x S z or 0° S arccos x < 180°. 

= The inverse function of tan x is called arctan x. 

y=arctanx ; : 
Unlike arcsin x and 

arccos x, the function arctan x is 

defined for all real values of x. 

e The domain of y = arctanxisx € R. 

e The range of y = arctan x is aa <arctanx < 5 or —90° < arctan x < 90°. 

Work out, in radians, the values of: 

a aresin(—“2) b arccos(-1) ¢ arctan(/3) 

C + | 

| SEES in a ga t 

| “the stn we -. aio ~* 

ene angle eto the horizontal a Sn. Ee e, 
“itis in the 4 Ath quadrant. é ia? bu a 

' Online } Use your calculator to evaluate 

| 

| 
| 
| 

| 

arcsin( “| = 7 : inverse trigonometric functions in radians. 
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arctan(/3) =3 

Exercise 6E) 

In this exercise, all angles are given in radians. 

1 Without using a calculator, work out, giving your answer in terms of 7: 

a arccos(0) b arcsin(1) ec arctan(-1) d arcsin(—4) 

e arecos(-— f arctan(-=) aresin( sin) h aresin( sin} 2 ei eS 3 ees 

2. Find: 
a fll 5 1 i 1 

a arcsin(5} + aresin(—+} b arccos(5] — arccos(-5] ¢ arctan(1) — arctan(—1) 

(P) 3 Without using a calculator, work out the values of: 

a sin(arcsin 5) b sin(arcsin (-5)) 

¢ tan(arctan(—1)) d cos(arccos ()) 

(P) 4 Without using a calculator, work out the exact values of: 

Nii) SS —— 

a sin(arccos(4) b cos(aresin(—4)) c tan( arceos{~ 

d sec(arctan(/3)) e cosec(arcsin(—1)) f sin [2aresin(‘2)) 
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P) 5 Given that arcsin k = a, where 0 < k < | and ais in radians, write down, in terms of a, the first 

two positive values of x satisfying the equation sin x = k. 

P) 6 Given that x satisfies arcsin x = k, where 0 <k < 7 

a state the range of possible values of x (1 mark) 

b express, in terms of x, 

i cosk ii tank (4 marks) 

Given, instead, that a el rN, 

c how, if at all, are your answers to part b affected? (2 marks) 

P) 7 Sketch the graphs of: 

TT iS 
a y= + 2arcsin x b y=7-arctanx 

c y=arccos(2x + 1) d y=-2 arcsin (—x) 

/P) 8 The function f is defined as f :x +> arcsinx, —1 < x < 1, and the function g is such that 

g(x) = f(2x). 
a Sketch the graph of y = f(x) and state the range of f. (3 marks) 

b Sketch the graph of y = g(x). (2 marks) 

c Define gin the form g: x+> ... and give the domain of g. (3 marks) 

d Define g! in the form g!: xh... (2 marks) 

/P) 9 a Prove that for 0 < x < 1, arccosx =arcsiny 1 — x? (4 marks) 

b Give a reason why this result is not true for -1 <x <0. (2 marks) 

Challenge 

a Sketch the graph of y = sec x, with the restricted domain 

1 
C= 1x Fe 

| : 
b Given that arcsec x is the inverse function of secx,O<x<7,x¥ Bi 

| 
sketch the graph of y = arcsec x and state the range of arcsec x. 
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Mixed exercise @) 

Give any non-exact answers to equations to 1 decimal place. 

Ge) 1 
E/P) 2 

Ge) 3 
(Pe) 4 

® B 

E/P) 8 

10 

162 

Solve tan x = 2 cot x, in the interval —180° = x < 90°. (4 marks) 

Given that p = 2 sec 6 and g = 4cos 8, express p in termsof @. (4 marks) 

Given that p = sin 8 and g = 4 cot 6, show that p’q? = 16(1 — p’). (4 marks) 

a Solve, in the interval 0 < @ < 180°, 

i cosec @ = 2 coté ii 2 cot? @ = 7cosecd — 8 

b Solve, in the interval 0 < @ < 360°, 

i sec(20@ — 15°) = cosec 135° ii sec? 6+ tan@ =3 

c Solve, in the interval 0 = x S 27, 

: T a 4 
i cosec| x f 7) =—/2 liesce- a=, 

Given that 5sinx cosy + 4cosx siny = 0, and that cot x = 2, find the value of coty. (5 marks) 

Prove that: 

a (tan + cot @)(sin @ + cos @) = sec @ + cosec 6 OO = sec? x 
cosec x — sin x 

ec (1 —sinx)(1 + cosec x) = cos x cot x cae cOS*  — I tan x 
cosecx-—1 1+sinx 

1 (| (sec 9 — tan #)(sec @ + tan 0) 
e + = 2sec 6 tan é f - = cos’ 6 

cosec9-—1 cosecé + 1 VE tan 

a Prove that — "~~ + = £08 * = 2 cosec x. (4 marks) 
1+cosx sin x 

b Hence solve, in the interval —-27 < x S 27, oe : as mae ole (4 marks) 
1+ cos x sin x He 

Prove that Ons (cosec @ + cot 6)? 4 k 
l1-—cosé — (Gmarks) 

Given that sec A = —3, where - <A, 

a calculate the exact value of tan A (3 marks) 

b show that cosec A = He (3 marks) 

Given that sec 0 = k, |k| = 1, and that 0 is obtuse, express in terms of k: 

a cos@ b tan?é@ c coté d cosec @ 
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Solve, in the interval 0 = x < 27, the equation sec( x 7) = 2, giving your answers in 

terms of 7. : 

Find, in terms of 7, the value of arcsin(5] = arcsin(—+). 

Solve, in the interval 0 < x < 27, the equation sec? x — a tanx -2=0, 

giving your answers in terms of 7. 

a Factorise sec x cosec x — 2sec x — cosec x + 2. 

b Hence solve sec x cosec x — 2 sec x — cosec x + 2 = 0, in the interval 0 = x < 360°. 

Given that arctan(x — 2) = = find the value of x. 

On the same set of axes sketch the graphs of y = cos x, 0 < x < a, and y = arccos x, 

—1 <x < 1, showing the coordinates of points at which the curves meet the axes. 

a Given that sec x + tan x = —3, use the identity 1 + tan? x = sec? x to find the value 

of sec x — tan x. 

b Deduce the values of: 

1 secx ii tanx 

c Hence solve, in the interval -180° < x < 180°, secx + tanx = -3. 

Given that p = sec 6 — tan @ and q = sec + tan 0, show that p = t 

a Prove that sec* 6 — tan4@ = sec? 6 + tan’ 0. 

b Hence solve, in the interval —180° < 6 < 180°, sec*@ = tan*@ + 3 tan 0. 

a Sketch the graph of y = sin x and shade in the area representing iF “sin x dx. 

b Sketch the graph of y = arcsin x and shade in the area representing | arcsin x dx. 

Dy | 

c By considering the shaded areas explain why [ sin x dx + i arcsin x dx = a 

2. 
Show that cot 60° sec 60° = a 

a Sketch, in the interval -27 < x < 2, the graph of y = 2 — 3secx. 

b Hence deduce the range of values of & for which the equation 2 — 3 sec.x =k has 

no solutions. 

TT 

a Sketch the graph of y = 3 arcsin x — > 

of the end-points of the curve. 

b Find the exact coordinates of the point where the curve crosses the x-axis. 

showing clearly the exact coordinates 

(5 marks) 

(4 marks) 

(5 marks) 

(2 marks) 

(4 marks) 

(3 marks) 

(4 marks) 

(3 marks) 

(3 marks) 

(3 marks) 

(4 marks) 

(3 marks) 

(4 marks) 

(3 marks) 

(2 marks) 

(4 marks) 

(3 marks) 
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24 a Prove that for 0 < x < 1, arccos x = arctan 

b Prove that for —1 < x < 0, arccos x =k + arctan 

Summary of key points 

1 Oo SEE 

1 
* COSCON = 

sin x 

OG SS enlsa 
COS x 

a= 1 

tan 

COS x 
Nie 

sin x 

X 

ee 
aes where k is a constant to be found. 

Xx 

vk 

(undefined for values of x for which cos x = 0) 

(undefined for values of x for which sin x = 0) 

(undefined for values of x for which tan x = 0) 

2 The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians. 

It has vertical asymptotes at all the values of x for which cos x = 0. 

164 

~450° 

Sn 
2 

270° 
Si 
2 

y=secx 
yao 

} 

90° 90° 270° ~~ 450° 
{ > 

Sac Ol a 3m 5a Xx 
2 2 2 2 
ee 

- The domain of y=secxis x ER, 

x % 90°, 270°, 4507/2. orany.odd 

multiple of 90°. 

« In radians the domain is x € R, 

i OMI ; 
oF oe 5 7+ oF any odd multiple 

fe 
mae 

- The range of y=secxisyS—-lory=1. 

The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all 

the values of x for which sin x = 0. 

y = cosec x 

y 

1 

360°  -180° 180° 360° 
me t + + > 

— X . T oo 

' 
' 
' 
1 
' 
1 
1 
' 
1 
' 
' 
' 
! 

1 O 1 

[\ 

en 

- The domain of y= cosecxis x € R, 

x ¥ 0°, 180°, 360°, ... or any multiple of 

TSO: 

* In radians the domain is x € R, x + 0, z, 

2m, ... or any multiple of x 

* The range of y = cosec x is y < —1 or 

peek 
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_4 The graph of y = cot x, x € R, has period 180° or m radians. It has vertical asymptotes at all the 

values of x for which tan x = 0. 

- The domain of y=cotxisx ER, x 40°, 

180°, 360°, ... or any multiple of 180°. 

* In radians the domain is x € R, x £0, 7, 27, 

... or any multiple of 7. 

- The range of y=cotxisyER. 

5 secx =k and cosecx =k have no solutions for -1<k <1. 

6 You can use the identity sin? x + cos* x = 1 to prove the following identities: 

- 1+tan*x = sec*x 

- 14+ cot?x =cosec? x 

7 The inverse function of sin x is called arcsin x. y =arcsinx 

* The domain of y=arcsinxis-1=x=1 

4 a TT 2 AG, 
: The range of y =arcsinx is -—> Sarcsinx S 5 oF 

—90° <arcsinx < 90° 

8 The inverse function of cos x is called arccos x. 

* The domain of y= arccosxis-l1<x <1 

| - The range of y = arccos x is 0 S arccosx < 7 Or 

ft 0° < arccos x < 180° y = arccosx 

9 The inverse function of tan x is called arctan x. 

» The domain of y=arctanxisx eR 

a 
- The range of y = arctan x is oe < arctanx < 5 

or—90° = arctan x =<. 90° 
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Trigonometry and 
modelling 

After completing this unit you should be able to: 

@ Prove and use the addition formulae — pages 167-173 

@ Understand and use the double-angle formulae — pages 174-177 

@ Solve trigonometric equations using the double-angle and addition 

formulae — pages 177-181 

@ Write expressions of the form acos 6 + bsin@ in the forms 

Rcoos(@ +a) or Rsin(@ + a) — pages 181-186 

@ Prove trigonometric identities using a variety of identities 

— pages 186-189 

e@ Use trigonometric functions to model real-life situations 

— pages 189-191 

ss 7 = 

| 

Prior knowledge check 

1 Find the exact values of: 
; 1 1 ’ 

a sin 45° b cos 6 c tan ai € Section 5.4 

Solve the following equations in the interval 0 S x < 360°. 

a sin(x + 50°) = -0.9 b cos(2x — 30°) = 3 

c 2sin¢x—-sinx-3=0 € Year 1, Chapter 10 

The strength of microwaves 

at different points within 

~~ amicrowave oven can be 

"@ modelled using trigonometric 
| functions. -» Exercise 7G Q7 

Prove the following: 

a cosx+sinxtanx=secx b cotxsecxsinx=1 

cos? x + sin? x 

1+cot?x 
= Sills € Section 6.4 

se 
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7.1) Addition formulae 

The addition formulae for sine, cosine and Notation ] 
The addition formulae are sometimes 

iC . 

“Agents EMTs tous Itoh called the compound-angle formulae. 

# sin(A + B) =sinA cos B+cosA sinB sin(A — B) = sin A cos B- cos A sinB 

=» cos(4 + B) =cos A cos B- sinA sinB cos(A — B) = cos A cos B+sinA sinB 

tan 4 +tanB tan A —-tanB 
tan(4 + B) = -B)y= 

° 1-—tanAtanB ee = ey REY 

You can prove these identities using geometric constructions. 

Example fe) 

In the diagram ZBAC=a, ZCAE= (and AE=1. 

Additionally, lines 4B and BC are perpendicular, 

lines AB and DE are perpendicular, lines AC and 

EC are perpendicular and lines EF and FC are 

perpendicular. 

Use the diagram, together with known properties 

of sine and cosine, to prove the following identities: 

a sin(a + 3) =sinacos@+cosa sin 3 

b cos(a + 8) =cosacos @ —- sina sin B 

— ZACK= a = ZFCE=90; —a.S0 ZEEC=a. 

So FC= sina sin £. 

‘The diagram can be labelled with the following 

lengths using the properties of sine and : ; EC : JHC. 

. In triangle ACE, sin 6=—— => sin 6 =—— 
| cosine. : a p AE p 1 
. So #G= sin £. 

6 i ee ee 
' : FE FE 

/ : Int lea. FEC, COS a= —= = COS Q =—— —— | n triangle Sa EC fay ane 

/ i] 

/ So FE = cosa sin. 

| eS! sina sin B = 

| | at In triangle FEC, sin ee ne 
| <1 C : EG sin 3 

ee 

or 
| 

i} 
i] 

sina cos 3 ial ef, a 

In triangle ABC, sina=— => sina= BE 

A D B | SopC= sin a cos). 

COSCO) 

In triangle ABC, pone” Sense ae oe 
AC SAC AG cos 3 

In triangle ACE, cos 8 == = cos B= 1 en Be cosurore. 

So AG= cos f. 

167 



Chapter 7 

a Usingtiange ADE = GST 
DE = sin(a + §) You are looking for a relationship involving 
AD = cos(a + #3) | sin (a + 3), so consider the right-angled triangle 
DE = DF + FE | ADE with angle (a + 3). You can see these 

relationships more easily on the diagram by => sin(a+ 3)=sinacosBt+cosasin’ | 
looking at AG = DE and GE = AD. ° 

as required 

|b AD= AB— DB 
aN c65 (a + ORS AEG = Si as | Substitute the lengths from the diagram. 

as required eerie Sala Ml 

a » Explore the proof step-by-step Cc? 

Example @) 

| using GeoGebra. 

Use the results from Example | to show that 

a cos(A — B)=cosAcosB+sin A sin B 

tanA+tanB 

Lena AJ 1 —tanA tanB 

a Replace B by -B in | 
cos(A + B)=cosA cosB— sinA sinB 

| cos(A + (-B)) = cos A cos(—B) — sinA sin(—B) | COs BI Gos an eee 

| cos(A — B)=cosA cos B + sinA sin B ————_ | < Year 1, Chapter 9 

sin(A + B) 

cos(A + B) 
b tan(4 + B)= 

_ sinA cos B+ cosA sinB | 

~ cosA cosB-sinA sinB 

Divide the numerator and denominator by 

cos A cos B. 

sind cosB cesa sin B 

cos A cesB c5cesdA cosB 

eosA cosB sind sinB 

cesdA cesB cosAcosB 

: Cancel where possible. 

tanA + tanB es tee | 

1 -—tanA tanB 4 | 

Prove that 

cos Visine cos(A + B) 

sinB cosB sinBcosB 
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LHS = = _ sind Write both fractions with a common denominator. 
sinB  cosB 

_cosAcosB sinAsinB ) Problem-solving 

sinBcosB sin B cos B | When proving an identity, always keep an eye 

_ cos A cosB-sinA sinB on the final answer. This can act as a guide as to 

i sin B cos B what to do next. 

| - 603s (A + B) 

| oP sin Bieos Ba. = RHS Use the addition formula in reverse: 

cos A cos B— sin A sin B= cos (A + B) 

Example & 

Given that 2 sin (x + y) = 3 cos(x — y), express tan x in terms of tan y. 

| Expanding sin(x + y) and cos(x — y) gives Remember tan x = sin x 
ma COS. 

| 2sinx cosy + 2cosx siny = 3cosx cosy + 3sinx siny | Dividing each term by cos x cos y 

2sinx cosy 2cosxsiny _ 36esx cosy 3sinx sinys | will produce tan x and tan y terms. 
| SO : + = 

€eSx Cosy osx Cosy Cesk cosy + COSx COS) | 
| 

| 2tanx + 2tany=3 + 3tanx tany 
| | 

Bienen tanya 2 — 2tany — Collect all tan x terms on one side 

| of the equation. 
tanx(2 — Stany) = 3 — Z2tany ! 

3-2tany 
ere! tan = Be ang Factorise. 

tein the diasram ABAC = 6, 7~CAF =o —(6 and AC = 1. 1 C E 

Additionally lines 4B and BC are perpendicular. 
| 

| a Show each of the following: 

i Z2PAB=a ii ZABD=aand ZECB=a 

iii AB=cos( iv BC=sinG 

b Use AABD to write an expression for the lengths Ol 

| i AD ii BD 

ce Use ABEC to write an expression for the lengths 

lee CL ii BE 

| d Use AFAC to write an expression for the lengths 

: sh a ee ii FA 

e Use your completed diagram to show that: 

i sin(a— 2) =sina cos —-cosa sin 

ii cos(a— 2) =cosacos + sina sin G 
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Use the formulae for sin(A — B) and cos(A — B) to show that 

tan A —tanB 

Hanh = NS 1+tanA tan B 

By substituting A = P and B = —Q into the addition formula for sin(A + B), show that 

sin(P — Q) = sin P cos QO -cosP sin Q. 

A student makes the mistake of thinking that ’ Watch out ) Piicic scan hon 

sin(A + B) = sin A + sin B. mistake. One counter-example is 
Choose non-zero values of A and B to show that sufficient to disprove the statement. 

this identity is not true. 

Using the expansion of cos(A — B) with A = B = 0, show that sin? 6 + cos?@ = ie 

a Use the expansion of sin(A — B) to show that sin fe - 0) = COSu: 

b Use the expansion of cos(A — B) to show that cos iB - 6) = Sin. 

Write sin (x + Zi in the form p sin x + gq cos x where p and q are constants to be found. 

. LON tc A 

Write cos (x + al in the form acos x + b sin x where a and b are constants to be found. 

Express the following as a single sine, cosine or tangent: 

asim 15° cos20° + cos 2 sim 202 b sin 58° cos 23° — cos 58° sin 23° 

tan 76° — tan 45° 

1 + tan 76° tan 45° 

e cos26 cos 6@ + sin 26 sin é f cos4é@ cos 30 — sin 46 sin 30 

c cos 130° cos 80° — sin 130° sin 80° d 

tan 26 + tan 30 

1 — tan 26 tan 30 
g sin 40 cos 250 + cos 50 sin 250 

i sin(A + B)cosB-—cos(A + B) sin B 

; — aoe i — 
j cos 5 COs 5 — sin 5 sin 5 

Use the addition formulae for sine or cosine to write each of the following as a single 

trigonometric function in the form sin (x + 0) or cos(x + 8), where 0 < 6 < 2 

eke. 1 
a 73 (sin x + Cos Xx) b —~(cos x —- sin x) Ce (sin x + V3 cos x) d a (sin.x = COS Xx) 

v2 
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») 11 Given that cos y = sin(x + y), show that tan y = sec x — tan x. 

») 12 Given that tan (x — y) = 3, express tan y in terms of tan x. 

») 13 Given that sin x(cos y + 2 sin y) = cos x(2 cos y — sin y), Hint | a ee 

find the value of tan (x + y). aurthé paid J 

>) 14 Ineach of the following, calculate the exact value of tan x. 

a tan(x — 45°) =4 b sin(x — 60°) = 3cos(x + 30°) ¢ tan(x=— 60°) =2 

P) 15 Given that tan (x + = = —, show that tan x = 8 — 5y3. (3 marks) 
NW |e 

P) 16 Prove that 

cos + cos (9 +=) + cos (+97) = 0 

You must show each stage of your working. (4 marks) 

Challenge 

This triangle is constructed from two 

right-angled triangles 7, and 7). Hint ) For part a your 

a Find expressions involving x, y, expressions should all 

A and B for: . S involve all four variables. 

i the area of 7, O You will need to use the 

ii the area of 7; formula Area = Sab sin @ in 

iii. the area of the large triangle. each case. 

b Hence prove that 

sin(A + B) =sin A cos B+ cos A sinB 

12) Using the angle addition formulae 

~The addition formulae can be used to find exact values of trigonometric functions of different angles. 

: | | V6 - v2 
Show, using the formula for sin (A — B), that sin IS, = = oA et 

| Pini sins — 30") -—— | ] You know the exact values of sin and cos for many 

= 5in 45° cos 30° — cos 45° sin 30° angles, e.g. 30°, 45°, 60°, 90°, 180° ..., so write 

= 15° using two of these angles. You could also use lye = een al 
he = (5V2)(3v3) - (av2) (2) sin (60° — 45°). 

= 4V3 2- V2) 

| Th Gee 2 
|) [ee 

Le 
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Given that sin A = -3 and (80724 <2 /0= and that cos b= + and B is obtuse, find the value of: 

a cos(A —- B) b tan(A + B) 

| a | cos(A — B) = ean) eee mere ene . 

c cosec(A — B) 

You know sin A and cos B, but 

need to find sin B and cos A. 
cos* A =1- sin? A sin? B = 1 — cos* : 

2 2 | 

cella aa la (-75) Use sin? x + cos* x = 1 to 

Seiyres Spee | determine cos A and sin B. 
7 25 = 169 / 
_ 16 ayes 

a2 iS? Problem-solving 
| vie (Gee, DiBt | 
eos Saas oes | Remember there are two 
| OOS TA 27,0 SO,COS A = 2 B is obtuse so sin B = * *—_ possible solutions to 

| | cos? A = 32. Use a CAST diagram 
| cos{A- B)= (-2)(-4) + (-3)(+3) to determine which one to use. 

| AO) = MOSS: | 
| "VES ~ 65° ~ 65 eon ’ 
| cos x is negative in the third 

uadrant, so choose the 
b tan(4 + B)= van Anam q ’ ee : 
| | —tanA tanB negative square root —<. sin x Is 

| on (-2) positive in the second quadrant 

| Se ntl nS! - ~- (obtuse angle) so choose the 
li (2)(-3) positive square root. 

1 
| DEE Ra Ie 
| Zc eS Substitute the values for sin A, 

| sin B, cos A and cos B into the 

1 formula and then simplify. 
'c¢ cosec(A - B)= . 
| ( ) sin(A — B) 

sin(A — B) = (=)(53) - 

cosec(A — B) = slid = 

. . . 3 

sin(A — B) = sinA cos B-—cosA sinB Sate SINHA RS es 

“cas 24-74 

(#8) =% 5 1) BS 5 

sin B ae 5 

aes on ea. pe eee 
gy” = 65 

Remember cosec x = — 
sinx 

Exercise 7B) 

1 Without using your calculator, find the exact value of: 

ae COs: 

172 

b sin 75° © sin (120° 452) d tan 165° 
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Without using your calculator, find the exact value of: 

a sin 30° cos 60° + cos 30° sin 60° D cos 1 10> cos 20° + sin 110° sin 20° 

C sin33° COS 27° + COS33° sin 27° d cos— cos— — sin ut sin ee 
aes) 8 8 

e sin 60° cos 15° — cos 60° sin 15° f cos (0° (cos 50° — tan /0* sin 50°) 

tan 45° + tan 15° | — tan 15° 

Te tan'45—tani5° 1 + tan 15° 

tan ks — tan a 
12 3 

i ee aa j ¥3cos15° — sin 15° 

] + tan-— D tan 

a Express tan (45° + 30°) in terms of tan 45° and tan 30°. (2 marks) 

b Hence show that tan 75° = 2 + v3. (2 marks) 

Given that cot A = 4 and cot (4 + B) = 2, find the value of cot B. 

ee : NDE NG. V6 
a Using cos(#+ a) =cos@ cosa -— sin@ sina, or otherwise, show that cos 105° = aay Pa 

(4 marks) 

b Hence, or otherwise, show that sec 105° = —/a(1 + Vb), where a and / are constants to 

be found. (3 marks) 

Given that sin A = 2 and sin B =5, where A and B are both acute angles, calculate the exact 

value of: 

a sin(4 + B) b cos(A — B) c sec(A —- B) 

Given that cos A = -<, and A is an obtuse angle measured in radians, find the exact value of: 

; : TT TT 

a sinA b cos(m + A) c sin (7 + 4] d tan(7+ 4) 

Given that sin A = <, where A is acute, and cos B= -<, where B is obtuse, calculate the exact 

value of: 

a sin(A — B) b cos(A — B) c cot(A — B) 

Given that tan A = ae where A is reflex, and sin B = 2. where B is obtuse, calculate the exact 

value of: 

a sin(4 + B) b tan(A — B) c cosec(A + B) 

Given that tan A = 4 and tan B= é, calculate, without using your calculator, the value of A + B 

in degrees, where: 

a Aand Bare both acute, 

b A is reflex and B is acute. 

b3 
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& Double-angle formulae 

You can use the addition formulae to derive the following double-angle formulae. 

=» sin2A = 2sinA cosA 

= cos2A = cos? A - sin? 4 = 2cos? A -1=1-2sin? A 

2tan A 

1 - tan? 4 

Use the double-angle formulae to write each of the following as a single trigonometric ratio. 

» tan2A = 

2tan= 
4 sin 70° 

a cos? 50° — sin? 50° b ase oe 5 
(pes tan’ sec 70 

|a cos® 50° — gin? 50° = cos(2 x 50°) -———-— Use cos*A = c0s¢ A = in? A in reverse, with A = 50°. 

= 665 ICO" 

1 
2 san 

|b hei = cali (2 x aA . Use tan2A — tana i, reverse, with A = 
1 — tan? 6 | 1 tan2A 6 

T 
= tan— ana 

A sin 70° , é 5 an es Secvo TaN 70 cos 7/O° -« SCG Cos x 0 99 * = secx 

= 2(2 sin /On convo.) < 
= Recognise this is a multiple of 2 sin A cos A. 

= 2sintZ < (Oo) = 2Sia ae Zt 

Use sin2A = 2sin A cos A in reverse with A = 70°. 

Example @ 

Given that x = 3sin@ and y = 3 — 4cos 20, eliminate # and express y in terms of x. 

The equations can be written as , Watch out } Be careful with this manipulation. 

ee. he Cr) | Many errors can occur in the early part of a 

6) 4 | solution. 

As cos 20 = 1 - 2sin®@ for all values of 0, 

3-y x\2 | 6 has been eliminated from this equation. We still rhe 2(3) ; | 
4 S need to solve for y. 

y Cy a | 

= 4 (3) 7 
Bee 

or y= el -1- 7 The final answer should be in the form y=... 
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Given that cos x = 3, and that 180° < x < 360°, find the exact value of: 

a sin2x b tan2x 

| a sine A = 1— coseA — Use sin? A + cos* A = 1 to determine sin A. 
| 3 2 | 

=e (5) 

Sale 
FT AE 

| Woe Ae SeOe 66 sind < eee | sin A is negative in the third and fourth quadrants, 

a so choose the negative square root. 

sin2x = 2sinx cosx 

4 )\4) 

| —(7 ; Se ; : 
Find tan x in simplified surd form, then substitute 

sin x 4 | : 
)b. tanx =—o6x = Segre this value into the double-angle formula for 

| 4 tan 2x. 

| cai te 
es: 

Bai 
Dany "3 Make sure you square all of tan x when working 

Ae Sey = na out tan? x: 

| i eas 
| es _2V7 : 9 3 9 

| Gone hia 

= Soir 

| 

Exercise 70) 

; : SPY 
1 Use the expansion of sin(A + B) to show that sin2A = 2sin A cos A, Hint ) en 

(Pp) 2 a Using the identity cos(A + B) = cos AcosB - sin A sin B, show that cos 2A = cos’ A - sin? A. 

b Hence show that: Problem-solving 

i cos2A =2cos*A - 1 : 

ii cos2A = 1 —-2sin?A 
Use sin? A + cos*? A = 1 

(P) 3 Use the expansion of tan(A + B) to express tan 2A in terms of tan A. 
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4 Write each of the following expressions as a single trigonometric ratio. 

a 2sin 10° cos 10° b ft sin-2 c cos? 40° — sin? 40° 

ee e : f 6cos2 30° — 3 
[=tan- 5 2 sin (24.5)° cos (24.5)° 

sin 8° ee ane 69 TRS 
8 sec 8° th COS ee SEU 

Without using your calculator find the exact values of: 

a 2 sin 22 SVeoseois- b 2cos*15°- 1 

2 tang 

c (sin 75° — cos 75°) een c= 
1 -tan?= 

8 

a Show that (sin A + cos A)? =1+4sin2A. (3 marks) 

b Hence find the exact value of (sing + COS ak (2 marks) 

Write the following in their simplest form, involving only one trigonometric function: 

2: tan’ 

a cos’ 30 — sin? 30 b 6sin 26 cos 26 c F 

]- tan’ 5 

d 2 —4sin2® e /1+cos20 f sin? @cos*@ 

tan @ ow nae . 
g 4sin@ cos 6 cos 20 hit i sin*@ —2sin*@ cos? + cos* 6 

sec? 9 — 2 

Given that p = 2 cos @ and qg = cos 20, express g in terms of p. 

Eliminate @ from the following pairs of equations: 

Ax = COs" 0, =1) —cos2o b %~=1an'es y= cot 20 

Cax— sil?) = sin? d x=3cos20+1,y=2sin0 

Given that cos x = 5, find the exact value of cos 2x. 

Find the possible values of sin @ when cos 20 = = 

Given that tan @ = 2 and that @ is acute, 

a find the exact value of: i tan 26 ii sin 20 ili cos 20 

b deduce the value of sin 40. 
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P) 13 Given that cos A = = and that A is obtuse, 

a find the exact value of: 1 cos2A ii sin A iii cosec 2A 

b show that tan2A4 = 

P) 14 Given that 7 <@< an find the value of tan’ when tan 6 = : (4 marks) 

P) 15 Given that cos x + sinx = m and cos x — sin. x = n, where m and n are constants, write down, 

in terms of m and n, the value of cos 2x. (4 marks) 

P) 1601n APOR,PO=3.cm) PR=6cm,OR=5 cm and ZQOPR = 20. 

a Use the cosine rule to show that cos 20 = = (3 marks) 

b Hence find the exact value of sin @. (2 marks) 

/P) 17 The line /, with equation y = sy, bisects the angle between the x-axis and the line y = mx, m > 0. 

Given that the scales on each axis are the same, and that / makes an angle @ with the x-axis, 

a write down the value of tan @ (i mark) 

b show that m= = (3 marks) 

/P) 18 a Use the identity cos(A + B) =cos A cos B- sin A sin B, to show that cos2A =2cos? A — 1. 

(2 marks) 

The curves C, and C, have equations 

Ci y =4 cos 2x 

Cy = 6408S’ x —3 sin 2x 

b Show that the x-coordinates of the points where C, and C, intersect satisfy the equation 

cos 2x + 3sin2x - 3 =0 (3 marks) 

| 

19 Use the fact that tan 24 = “2 to derive the 
©) ep ae cos 2A ae Hint | Use the identities for sin 2A 

| formula for tan 2A in terms of tan A. and cos24 and then divide both the 
numerator and denominator by cos*A. 

7.4) Solving trigonometric equations 

You can use the addition formulae and the double-angle formulae to help you solve trigonometric 

equations. 

Phi 
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Solve 4 cos (6 — 30°) = 8V2 sin@ in the range 0 < @ < 360°. Round your answer to | decimal place. 

405 (0 - 30°) = Bv2 sind | 

/3 
A cos of 5 

| 273 cos@ = (BV2 — 2)siné + 

ae | 
| 

1 
+ 4sin6| | = 6v2 sind ! 

= Re et Substitute cos 30° = = and sin 30° =5 

| Gather cosine terms on the LHS and sine terms 

on the RHS of the equation. 
= tand 

ae | : 

_tan@ = 0.3719... | Divide both sides by cos @ and by (8V2 — 2). 
H 

| § = 204°, 200.4° 

Solve 3cos2x —cosx +2 =0 for 0 < x S 360°. 

Using a double angle formula for Boe Ox pte 

3cos2x —cosx+2=0 

3(2 cos*?x -— 1) - cosx+2=0 

6 cos?x -3-—cosx+2=0O 

Use a CAST diagram or a sketch graph to find all 

the solutions in the given range. 

Gcos*x —-cosx-1=O- 

SO (ScCcesce-: ii2eoss = ))\2O 

fia ay reel earl Solving: cOSx=- 3 Or CcOSxX=%5 

| cos"'(-3} = Ose 

| Ore SO, 107 5, 250 57,200" 
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Problem-solving 

Choose the double angle formula for 

cos 2x which only involves cos x: 

cos 2x =2cos*x-1 

This will give you a quadratic equation 

in COS x. 

& This quadratic equation factorises: 

6X2 - X-1=(3X + 1)(2X - 1) 
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Solve 2 tan 2y tan y = 3 for 0 S y S 27. Give your answers to 2 decimal places. 

| 2tan 2ytany=3 

| 2tany 
| @ i Beane tany=3 Use the double-angle identity for tan. 

Atan*y 3 

1 — tan? y ie re J ae 
This is a quadratic equation in tan y. Because 

4 tan? y = 3 - 3tan°y -_________ there is a tan? y term but no tan y term you can 

7 tanzy = 3 ) solve it directly. 

taney = 5 | 

| tany = +/5 | iti ) ae emt | Remember to include the positive 

ye O55) 256. 3°72, 5.70 . and negative square roots. 

a By expanding sin(24 + A) show that sin34 = 3sin A - 4sin° A. 

b Hence, or otherwise, for 0 < 6 < 27, solve 16 sin? 6 — 12 sin @ — 2/3 = 0 giving your answers in 

terms of 7. 

a LHS = sin3A = sin(24 + A) 
= sin2A cos A + cos2A sind ———__-____ Use the addition formula for sin (A + B). 

= (2sin A cos A)cosA 

+ (1 — 2sin® A)sin A Subsitute for sin2A and cos 2A. As the answer is 

Pen fost A sin 4 — 2sine A in terms of sin.A, cos 2A = 1-2 sin* A is the best 

id ity t i 

= 2sin Al — sin? A) + sin A — 2sin3 A ject te ee 

| = j = ae ; = 3 

| Samet he 2 cit A + ind — 2 oi A Use sin? A + cos? A = 1 to substitute for cos? A. 

= 3sinA —-4sin? A = RHS 

b 1Gsin26 - 12sin@ - 2/3 =O | Problem-solving 
| 

| 1G sin? @ — 12sin@ = 2V3 | The question says ‘hence’ so look for an 

| —46in 30 = 2V3 opportunity to use the identity you proved in 

| Ja / part a. You need to multiply both sides of the 

| sin 30 = is identity by —4. 

| 36 = Gime one On lin alem a i/a 

| Re en aca er, ore ad Use a CAST diagram or a sketch graph to find all 

| VPO5R On eR VR | answers for 30.0 <@< 2m s00 < 30 < 6m. 

Re oS 5 2 
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1 Solve, in the interval 0 < @ < 360°, the following equations. Give your answers to | dep. 

a 3cos@=2sin(@ + 60°) b sin(6 + 30°) + 2sin@ =0 

©. cos (@ +259) 4+.sin(G+:657)=11 d cos@=cos(@ + 60°) 

: a Lee ae 
E/P =) === 2 marks (E/P) 2 a Show that sin (6 -- rn 5 (sin 8 + cos @) ( ) 

b Hence, or otherwise, solve the equation - (sin @ + cos @) = = Oi 0 = 2a, (4 marks) 

c Use your answer to part b to write down the solutions to sin @ + cos @ = | over the same 

interval. (2 marks) 

3 a Solve the equation cos 6 cos 30° — sin @ sin 30° = 0.5, for 0 < 6 S 360°. 

b Hence write down, in the same interval, the solutions of V3 cos @ — sin@ = 1. 

(P) 4 a Given that 3 sin (x — y) — sin(x + y) = 0, show that tan x = 2 tan y. 

b Solve 3 sin (x — 45°) — sin(x + 45°) = 0, for 0 S x < 360°. 

5 Solve the following equations, in the intervals given. 

a sin2@=sin0d,0=0 Ss 27 b cos2@= 1 -—cos6, —180° < 6 S 180° 

CP3COS 20 = 2 cos 0.10 = 6:=<300- d_ sin4d=cos20,0=0<7 

e 3cos@- sing —1=0,0<0 < 720° { cos?@—sin20 = sin? 0,0 =0=7 

oJ sing = secl, 0 = 0 = 27 h 2sin 20 = 3tan6,0 <4 < 360° 

i 2tané =/3(1 —tané)(1 + tan@),0<6 <2 j sin? 6 = 2 sin 20, -180° < 6 < 180° 

k 4tané = tan 20, 0 S 6 < 360° 

E 
G an In AABC, AB=4cm, AC=5cm, ZABC = 20 and ZACB = 0. Find the value of 0, giving your 

answer, in degrees, to | decimal place. (4 marks) 

—) a Show that 5 sin 26 + 4sin @ = 0 can be written in the form asin @ (bcos 6 + c) = 0, 

stating the values of a, b and c. (2 marks) 

b Hence solve, for 0 = 6 < 360°, the equation 5 sin 20 + 4sin 6 = 0. (4 marks) 

8 a Given that sin 20 + cos 20 = 1, show that 2 sin @(cos 6 — sin 0) = 0. (2 marks) 

Hence, or otherwise, solve the equation sin 20 + cos 20 = | for 0 = 6 < 360°. (4 marks) 

9 a Prove that (cos 20 — sin 20)? = 1 - sin 40. (4 marks) 

b Use the result to solve, for 0 < 6 < 7, the equation cos 20 — sin 26 = = 

Give your answers in terms of 7. (3 marks) 
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P) 10 a Show that: 

6 
2 tan |- ane 

1 sing =~ ————~7 ii cosd= = 
as Dis 1+ tan 5 1 + tan 5 

b By writing the following equations as quadratics in tan, solve, in the interval 0 < 6 < 360°: 

i sind+2cos@= | ii 3cos@ —4sin6 = 2 

P) 11 a Show that 3 cos? x — sin?x = 1 + 2cos2x. (3 marks) 

b Hence sketch, for —7 < x < 7, the graph of y = 3 cos? x — sin? x, showing the 

coordinates of points where the curve meets the axes. (3 marks) 

; 5. Proc es 
P) 12 a Express 2cos* — 4sin*; in the form acos 6 + b, where a and / are constants. (4 marks) 

A) eon : 
b Hence solve 2 COs, — 4sin*, = —3, in the interval 0 = 6 < 360°. (3 marks) 

D) 13 a Use the identity sin? 4 + cos? 4 = 1 to show that sin* A + cos* A = 5(2 —sin?2A). (5 marks) 

b Deduce that sin* A + cos* A = (3 + cos4A). (3 marks) 

c Hence solve 8 sin* @ + 8 cos*@ = 7, for0 <@< 7. (3 marks) 

Hint ) Start by squaring (sin* A + cos* A). 

iP) 14 a By writing 30 as 20 + 0, show that cos 30 = 4cos’ 4 — 3 cos @. (4 marks) 

A WT 

with R > 0 and 0 <a < 90° (or Al form Rcos (x — a), and 

b Hence, or otherwise, for 0 < 6 < 7, solve 6cos @ — 8 cos? 6 + 1 = 0 giving your answer 

in terms of 7. (5 marks) 

7.5) Simplifying acos x + bsinx 

You can use the addition formulae to simplify some trigonometric expressions: 

= For positive values of a and 5, 

e asinx + bcos x can be expressed in the form RK sin (x + a) Notation ] The symbol + 

e acosx + bsinx can be expressed in the form R cos (x = a) means that acose bin 

\ will be written in the 

acosx—bsinx will be 

written in the form 

Use the addition formulae to expand sin (x + a) or cos (x ¥ a), Rcos (x + a). 

then equate coefficients. 

where R cosa =aand Rsina = band R= Vaz + b?. 
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Show that you can express 3 sin x + 4cos x 1n the form: 

a Rsin(x + a) 

b Reos(x - 2) 

where R>0,0<a< 90°, 0 < @< 90° giving your values of. R, a and ( to | decimal place when 

appropriate. 

a Rsin(x + a) = Rsinx cosa + Rcosx sina 

Let 3sinx + 4cosx = Rsinx cosa 

+ Reosx sina | 

S50 Rcosa=3 and Rsina = 4 

Rsina ee ee ‘i 

| Rcosa = 

| 4 | Cone | a=tan'|2 / 

SON (0) — ne ei he hey) 

R2cos®@a + R@sin@ a = 32 + 42 

| R2 (cos? a + sin? a) = 25 

R= 2 asouha—= 
| 
| 

[ Boole + ices x= 5 Sinl(xi4 55.1") 

| 

'b Rcos(x - B) = Rcosx cos B + Rsinx sin B-— 

Le oS Oa, COs = COS COs) | 

| + Rsinx sin Z| 

| So Rcos@=4 and RsinB=3 - 

Rsin Gg bs ao) ——______—_ 
Rceos B Beles 4 

So B = 36.9° (1 dp) 
R* cos? B + R2 sine GB = 32 + 42 

R? (cos? B + sin? 3) = 25 

REO. Ria 5) 

3sinx + 4cosx = 5cos(x -— 36.9°) 
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“Online 

Use sin (A + B) =sin A cos B+ cos A sin Band 

multiply through by R. 

Equate the coefficients of the sin x and cos x terms. 

Divide the equations to eliminate R and use tan“! 

to find a. 

Square and add the equations to eliminate a@ and 

find R?. 

Use sin? a+ cos¢a = 1. 

Use cos (A — B) = cos A cos B+sinA sin Band 

multiply through by R. 

Equate the coefficients of the cos x and sin x terms. 

Divide the equations to eliminate R. 

Square and add the equations to eliminate a and 

find R®. 

Remember sin? a + cos?a = 1. 

Explore how you can Of 
transform the graphs of y =sinx and 

y = OSs x to obtain the graph of y=3sinx+4cosx 

using technology. 



Trigonometry and modelling 

Example 15) 

a Show that you can express sin x — V3 cos x in the form Rsin(x — a), where R>0,0<a< 
T 

2 
b Hence sketch the graph of y = sin x — /3 cosx. 

-a Set sinx - V3 cosx = Rsin(x - a) 

sinx — V2 cosx = Rsinx cosa — Rcosx sina ~——— Expand sin(x— a) and multiply by R. 

50 Rcosa=1 and Rsina=V3 

Dividing, tana = V3, s0 a= eS | Equate the coefficients of sin x and cos x on 

ane Hae eee both sides of the identity. 

So sinx — (3 cosx = 2sin [x = S| 

) = ; 78 
'b y = sinx - V3 cosx = 2sin [x - = 

a 

ay 5 

You can sketch y = 2 sin (x - al by 

ay 
translating y = sin x by zs to the right and 

then stretching by a scale factor of 2 in the 

y-direction. 

a Express 2cos 6 + 5sin@ in the form Rcos (9 — a), where R>0,0<a< 90°. 

b Hence solve, for 0 < 6 < 360°, the equation 2.cos @ + 5sin @ = 3. 

a Set 2 6050 + 5 sind = Rcos@ cosa 

+ Rsind sina 

ee Sy 5 Equate the coefficients of sin.x and cos x on both 

sides of the identity. 

Dividing, tana = 2 56 6: = GO2” 

Squaring and adding: R= veo Use the result from part a: 

Pe geass = 129cos 0 66.2) | 2050+ 5sin@ = V29 cos (0 - 68.2°). 
| 

| 
| 

lb (29 cos(9- 68.2°9)=3 — 
| 

fhe Divide both sides by V/29. 
S 

| S50 cos (9 — Gé.2°) = [55 ae | 

As 0 <0 < 360°, the interval for (0 — 68.2°) is 

/ cos"! a = 564.6 E6o23e fb 68.2° <—7291.8° 
| (29 | ie 0 AO! c 

| SOG 16G.2° = —96.1..., 26.1..." | 5 is positive, so solutions for @ — 68.2° are in 

| 6 = 12.1°, 124.3° (to the nearest 0.1") the 1st and 4th quadrants. 
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Example 

f{(@) = 12cos@ + Ssin@ c? ae 

a Write f(@) in the form Rcos(@ - a). Online Use technology to explore 
maximums and minimums of curves 

in the form Ros (6 — a). b Find the maximum value of f(@) and the 

smallest positive value of @ at which it occurs. 

Equate sin x and cos x terms and then solve for 
ea ee 2 boat ene = Rceos(@ 2 a) 
| Randa. 

So 12c0os6 + 53in@ = Rcos@ cosa 

+ Rsin@ sing 

DO Reosa=i2 “and Rsinia=)5 

R = 13 and tana=3 > a= 22.6° 

Soe 12cos@ + 5sin@ = 13.cos(@ - 22.6°) 

i C is 1 so the maximum 
b The maximum value of 13 cos (@ — 22.6°) —————_ Peeve ei ee 

value of cos (6 — 22.6°) is also 1. 
isl3: 

This occurs when cos (@ — 22.6°) = 1 

p= 22.22] 360 0% 360. Solve the equation to find the smallest positive 

The smallest positive value of @ is 22.6°. value of 6. 

Exercise 7E) 

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form. 

1 Given that 5sin@ + 12cos@= Rsin(@ + qa), find the value of R, R > 0, and the value of tana. 

2 Given that /3 sin é + V6 cos @ = 3cos(@ — a), where 0 < a < 90°, find the value of a. 

3 Given that 2 sin @ — /5 cos @ = —3cos(@ + a), where 0 < a < 90°, find the value of a. 

4 a Show that cos 6 — V3 sin@ can be written in the form Rcos(@+ a), with R>Oand0<a< s 

TT 
b Hence sketch the graph of y = cos@ - 3 sin0,0<6< 5 

intersection with the axes. 

, giving the coordinates of points of 

OF. Express 7 cos @ — 24sin @ in the form Rcos(@ + a), with R>0O and0<a< 90°. a 

b The graph of y = 7cos 6 — 24sin @ meets the y-axis at P. State the coordinates of P. 

c Write down the maximum and minimum values of 7cos @ — 24 sin 6. 

d Deduce the number of solutions, in the interval 0 < 6 < 360°, of the following equations: 

i 7cos@ — 24sin@ = 15 ii 7cos 0 — 24sin 0 = 26 iii 7 cos @ — 24sin 6 = —25 

() 6 f(@) =sin@ + 3cosé 

Given f(#) = Rsin(@ + a), where R>0Oand0<a< 90°. 

a Find the value of R and the value of a. (4 marks) 

b Hence, or otherwise, solve f(@) = 2 for 0 < 6 < 360°. (3 marks) 
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E) 7 a Express cos 26 — 2 sin 20 in the form Rcos (26 + a), where R> 0 and0<a< = 

Give the value of a to 3 decimal places. (4 marks) 

b Hence, or otherwise, solve for 0 S 0 < z, cos 26 — 2 sin 26 = -1.5, rounding your 

answers to 2 decimal places. (4 marks) 

P) 8 Solve the following equations, in the intervals given in brackets. 

a 6sinx + 8cosx = 5y3, [0, 360°] b 2cos 36 —- 3 sin 36 = —1, [0, 90°] 

xX ¢ 8cosé+ 15sin6 = 10, [0, 360°] d Ssin> — 12cos> = -6.5, [-360°, 360°] 

P) 9 a Express 3 sin 36 — 4cos 30 in the form R sin (30 — a), with R>Oand0<a<90°. (3 marks) 

b Hence write down the minimum value of 3 sin 39 — 4cos 34 and the value of 6 

at which it occurs. (3 marks) 

c Solve, for 0 < 6 < 180°, the equation 3 sin 34 — 4cos 30 = I. (3 marks) 

P) 10 a Express 5 sin? 4 — 3cos*6 + 6sin@ cos @ in the form asin 26 + bcos 26+ ¢, 

where a, b and c are constants to be found. (3 marks) 

b Hence find the maximum and minimum values of 5 sin? @ — 3cos?6+6sin@cos@. (4 marks) 

c Solve 5sin?4 — 3cos?6 + 6sin 6 cos @ = —1 for 0 < @ < 180°, rounding your 

answers to | decimal place. (4 marks) 

°) 11 A class were asked to solve 3cos 6 = 2 — sin@ for 0 < 6 < 360°. One student expressed the 

equation in the form Rcos (6 — a) = 2, with R > 0 and 0 <a < 90°, and correctly solved the 

equation. 

a Find the values of R and a and hence find her solutions. 

Another student decided to square both sides of the equation and then form a quadratic 

equation in sin 0. 

b Show that the correct quadratic equation is 10 sin? — 4sind —-5=0. 

| ¢ Solve this equation, for 0 < 6 < 360°. 

d Explain why not all of the answers satisfy 3 cos 6 = 2 — sin @. 

/P) 12 a Given cot 6 + 2 =cosec 6, show that 2 sin + cos@= 1. (4 marks) 

b Solve cot 6 + 2 =cosecé for 0 < 6 < 360°. (3 marks) 

a Given V2 cos (0 ~ 7a + (V3 — 1)sin 6 = 2, show that cos @ + V3 sin = 2. (4 marks) 

b Solve V2 cos (9 - a 2 oye) = for 0 ="0 = 2a: (2 marks) 
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14 a Express 9cos 6 + 40 sin in the form Rcos (6 — a), where R > 0 and 0 <a < 90°. 

Give the value of a to 3 decimal places. (4 marks) 

18 
= = 605 G 

pe) 50+ 9cosé + 40sin@’ Vee 

Calculate: 

i the minimum value of g(0) (2 marks) 
ii the smallest positive value of 9 at which the minimum occurs. (2 marks) 

p(@) = 12 cos 20 — 5sin 20 

Given that p(@) = Rcos (20+ a), where R > 0 and 0 <a < 90°, 

a find the value of R and the value of a. (3 marks) 

b Hence solve the equation 12 cos 26 — 5 sin 20 = -6.5 for 0 S @ < 180°. (5 marks) 

c Express 24 cos? 6 — 10 sin @ cos @ in the form acos 20 + bsin 26 + c, where a, b 

and c are constants to be found. (3 marks) 

d Hence, or otherwise, find the minimum value of 24 cos? @ — 10 sin 6 cos 6. (2 marks) 

7.6) Proving trigonometric identities 

You can use known trigonometric identities to prove other identities. 

a Show that 2 sin v cos e cos 9 = L sin 20. 
2} 2 2 

b Show that 1 + cos 46 = 2 cos? 20. 

a 

b 
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Sa 2LA= Pein CosA 

a ee wo 7 
sing = 2sin5 cos 

LAS = 2 sing cost cos 6 

i Substitute A = : into the formula for sin 2.4. 

Problem-solving 

Always be aware that the addition formulae can 

=sin@ cos@ = 

= pein 26 - 

= RHS 

LHS = 1+ cos4é 

= 1+ 2cos? 26-1 

= 2 cos 20 

= NaS 

be altered by making a substitution. 

Use the above result for 2 sin : cos 

— Remember sin 20 = 2sin@ cos @. 

‘— Use cos2Ad =2cos? A —1 with A = 20. 
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Prove the identity tan 26 = 2 
cot @ — tan 

2 tand 

1 — tan? 6 

| Divide the numerator and denominator by 

| tan 6. 

So tan 2o = 

| LiSt=tane2? = 

tan 

) cot? —tane 

Prove that V3 cos 46 + sin 4@ = 2.cos (40 a 

| anaes ies (49 : a 

II 

III V3 cos 46 + 5in46 = LHS 

5) 1 Prove the following identities. 

cos 2A Z 
a : =cosA-—sinA 

| cos A + sin A 

1 — cos 26 
; = tan 

sin 20 

e 2(sin3 6 cos @ + cos’ sin @) = sin 20 

g cosec@ — 2cot 20 cos# = 2 sin é 

“is pt | —sin 2x 

COSY 

Problem-solving 

Dividing the numerator and denominator by 

a common term can be helpful when trying to 

rearrange an expression into a required form. 

Problem-solving 

Sometimes it is easier to begin with the RHS of 

2 cos 46 COs + 2s5in40 sin= : the identity. 

Bee ies ea | 
2cos4 Sa oid gs | Use the addition formulae. 

Write the exact values of cos = and sin = 

Sin Be COS 
b ey te] = 2cosec2A sin(B — A) 

sec? 6 
+ = 20 

g 1 — tan?6 os 

Si 30. COS 30 
it =) 

: sind cosd — 

SCC Ui Lee, U. 

: mie 
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() 2 Prove the identities: 

@@ 8 @ 

188 

cosA sind _ cos(A + B) 
a sin(A + 60°) + sin(A — 60°) = sin A b iB cos > GEC 

sin(x + y) _ A cos (x + y) pene 
C ieosmcosy = n+ t aby sin x sin y emia BS 

T abs Agamiett T _ cotA cot B- 1 
e cos (0 + 3} +V/3sind= sin (0+ , f COU AT 2) =e eee 

g sin? (45° + @) + sin?(45° - 6) = 1 h cos(A + B) cos(A — B) = cos? A - sin? B 

a Show that tan @ + cot 0d = 2 cosec 20. (3 marks) 

b Hence find the value of tan 75° + cot 75°. (2 marks) 

a Show that sin 36 = 3 sin @ cos? 6 — sin? @. (3 marks) 

b Show that cos 36 = cos? 6 — 3 sin’ 6 cos 0. (3 marks) 
ane 

c Hence, or otherwise, show that tan 36 = a a (4 marks) 
1 -— 3tan’0é 

; | 10/2 
d Given that @ is acute and that cos @ = 5, show that tan 30 = 3 (3 marks) 

a Using cos2A = 2 cos? A - 1 = 1 — 2 sin? A, show that: 

a Lt COS ok LS COS 
i cos’, = 5 ii sin’> = 5 

b Given that cos 6 = 0.6, and that @ is acute, write down the values of: 

i me ii ane ili t g 5 ii 5 iii tan, 

A_ | 
c Show that cos > = gG + 4cos A + cos 2A). 

Show that cos* 6 = < + +cos 20 + = COS 40. You must show each stage of your 

working. (6 marks) 

Prove that sin? (x + y) — sin?(x — y) = sin 2x sin 2y. (5 marks) 

Prove that cos 26 — V3 sin 20 = 2cos (20 + a (4 marks) 

Prove that 4 cos (20 =; Al = 2/3 — 4/3 sin? 6 + 4sin 6 cos 0. (4 marks) 

Show that: 

a cos@+sin@ = v2 sin (0 + va b V3 sin 20 — cos 26 = 2sin (20 - a 
6 
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Challenge 

1 a Show that cos (4 + B) — cos (A — B) =-2sinA sin B. 

ey P 

b Hence show that cos P— cos Q = ~2sin| +2) sn 5 

c Express 3 sin x sin 7x as the difference of cosines. 

P 2 
2 a Prove that sinP+sinQ=2sin ( 5 4 cos ve 

ye 
b Hence, or otherwise, show that 2 sin ar cos a" _v3 * v2 

€e8 Modelling with trigonometric functions 

You can use trigonometric functions to model real-life situations. In trigonometrical modelling 

questions you will often have to write the model using Rsin (x + a) or Rcos (x + a) to find maximum 

or minimum values. 

The cabin pressure, P, in pounds per square inch (psi) on an aeroplane at cruising altitude can be 

modelled by the equation P = 11.5 — 0.5 sin (t — 2), where f is the time in hours since the cruising 

altitude was first reached, and angles are measured in radians. 

a State the maximum and the minimum cabin pressure. 

b Find the time after reaching cruising altitude that the cabin first reaches a maximum pressure. 

¢ Calculate the cabin pressure after 5 hours at a cruising altitude. 

d Find all the times during the first 8 hours of cruising that the cabin pressure would be exactly 11.3 psi. 

a Maximum pressure = 11.5 — 0.5 x (-1) = 12 psi | —1 <sin(t— 2) < 1. Use the maximum and 

| Minimum pressure = 11.5 — 0.5 x 1 = 11 psi minimum values of the sine function to find the 

maximum and minimum pressure. / 
lb 1.5 -O5sin¢-2)=12 — 

| -0.5sin(t — 2) = 0.5 i 
| aia | Set the model equal to 12, the maximum pressure. 
| sin(t - 2) = —-1 | 

| a. =e = ee | Remember the model uses radians. 

t = 0.43 hours = 26min - | Multiply 0.43 by 60 to get the time in minutes. 

le P=11.5 - O0.5sin(5 - 2) — t-—_ eee 

| i= O1.O7On., 

= 11.43 psi 
@2TT) Explore the solution to this €? ese 

modelling problem graphically using 

technology. 
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d 11.5 - Os sin (t — 2) = Hee — | Set the model equal to. 113. 

-—0.5 sin(t -— 2) = -O.2 ) 

sin(t- 2) =OA4 Use sin-1(0.4) to find the principal solution, then 

t— 2 =-3.553..., O4115..., 2.73..., ———+_ use the properties of the sine function to find 

6.6947... | other possible solutions in the range 0 St <8. 

t= 2A) hours, 4.7/3 hours, | a 

—  t=2h 25min, 4h 44min | 0<t<8s0-2 <t-—2 <6. There are two 

solutions in the required range. 

Exercise 7G) 

(P) 1 The height, 4, of a buoy on a boating lake can be modelled by 4 = 0.25 sin (180072)°, where / is 

the height in metres above the buoy’s resting position and ¢ is the time in minutes. 

a State the maximum height the buoy reaches above its resting position according to this model. 

b Calculate the time, to the nearest tenth of a second, at which the buoy is first at a height of 

0.1 metres. 

c Calculate the time interval between successive minimum heights of the buoy. 

(P) 2 The angle of displacement of a pendulum, 0, at time ¢ seconds after it is released is modelled 

as 9 = ().03 cos (25t), where all angles are measured in radians. 

a State the maximum displacement of the pendulum according to this model. 

b Calculate the angle of displacement of the pendulum after 0.2 seconds. 

c Find the time taken for the pendulum to return to its starting position. 

d Find all the times in the first half second of motion that the pendulum has a displacement of 

0.01 radians. 

(P) 3 The price, P, of stock in pounds during a 9-hour trading window can be modelled by 

P=17.4+2sin(0.7t — 3), where ¢ is the time in hours after the stock market opens, and angles 

are measured in radians. 

a State the beginning and end price of the stock. 

b Calculate the maximum price of the stock and the time when it occurs. 

c A day trader wants to sell the stock when it firsts shows a profit of £0.40 above the day’s 

starting price. At what time should the trader sell the stock? 

4 The temperature of an oven can be modelled by the equation T = 225 — 0.3 sin (2x — 3), where 

T is the temperate in Celsius and x is the time in minutes after the oven first reaches the desired 

temperature, and angles are measured 1n radians. 

a State the minimum temperature of the oven. 

b Find the times during the first 10 minutes when the oven is at a minimum temperature. 

c Calculate the time when the oven first reaches a temperature of 225.2 °C. 

5 a Express 0.3 sin@ — 0.4 cos @ in the form R sin (6 — a)°, where R > 0 and 0 < a < 90°. Give the 

value of a to 2 decimal places. (4 marks) 
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P) 6 

b i Find the maximum value of 0.3 sin @ — 0.4. cos 6. (2 marks) 

ii Find the value of 0, for 0 < @ < 180 at which the maximum occurs. (1 mark) 

Jack models the temperature in his house, T7°C, on a particular day by the equation 

T = 23 + 0.3 sin (18x)° — 0.4cos (18x)°, x = 0 

where x is the number of minutes since the thermostat was adjusted. 

e Calculate the minimum value of T predicted by this model, and the value of x, to 2 decimal 

places, when this minimum occurs. (3 marks) 

d Calculate, to the nearest minute, the times in the first hour when the temperature is predicted, 

by this model, to be exactly 23 °C. (4 marks) 

a Express 65 cos 6 — 20sin@ in the form Rcos(6 + a), where R> 0 and0<a< A 

Give the value of a correct to 4 decimal places. (4 marks) 

A city wants to build a large circular wheel as a tourist attraction. The height of a tourist on the 

circular wheel is modelled by the equation 

H=70 - 65cos0.2t + 20 sin 0.2 

where H is the height of the tourist above the ground in metres, ¢ is the number of minutes after 

boarding and the angles are given in radians. Find: 

b the maximum height of the wheel (2 marks) 

c the time for one complete revolution (2 marks) 

d the number of minutes the tourist will be over 100m above the ground in each 

revolution. (4 marks) 

a Express 200 sin 6 — 150cos 6 in the form R sin (@ — a), where R> 0 and0<a ar 

Give the value of a to 4 decimal places. a (4 marks) 

The electric field strength, E V/m, in a microwave of width 25 cm can be modelled using the 

equation 

e ye |e (=) 
E = 1700 + 200 sin| 35 150 cos 75 

where x is the distance in cm from the left hand edge of the microwave oven. 

b i. Calculate the maximum value of F predicted by this model. 

ii. Find the values of x, for 0 < x < 25, where this maximum occurs. (3 marks) 

ce Food in the microwave will heat best when the electric field strength at the centre of the food is 

above 1800 V/m. Find the range of possible locations for the centre of the food. (5 marks) 

Challenge 

Look at the model for the electric field strength in a microwave oven 

given in question 7 above. For food of the same type and mass, the 

energy transferred by the oven is proportional to the square of the 

electric field strength. Given that a square of chocolate placed at a point 

of maximum field strength takes 20 seconds to melt, 

a estimate the range of locations within the oven that an identical 

square of chocolate will take longer than 30 seconds to melt. 

b State two limitations of the model. 
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Mixed exercise @ 

1 

192 

Without using a calculator, find the value of: 

1 — tan 15° : ro) ° Ome fc) ils ©) rly 1 e venti etatl pach a sin 40° cos 10° — cos 40° sin 10 b cos 15 miele c Punk 
V2 

5 
Given that sin x = —= where x is acute and that cos(x — y) = siny, show that tan y = 5 

V5 

The lines /, and /,, with equations y = 2x and 3y = x — | respectively, are drawn on the same set 

of axes. Given that the scales are the same on both axes and that the angles /; and /, make with 

the positive x-axis are A and B respectively, 

a write down the value of tan A and the value of tan B; 

b without using your calculator, work out the acute angle between /, and /). 

In AABC, AB=5cmand AC =4cm, ZABC = (6 - 30°) and ZACB = (0 + 30°). Using the sine 

rule, show that tan 6 = 3/3. 

The first three terms of an arithmetic series are V3 cos @, sin (9 — 30°) and sin @, where @ is acute. 

Find the value of 0. 

5 
gt Two of the angles, A and B, in AABC are such that tan A = 5 tankeBi= 

a Find the exact value of: i sin(A + B) ii tan 2B. 

b By writing C as 180° — (A + B), show that cos C= 2 

2} 3 
The angles x and y are acute angles such that sin x = — and cos y = —= 

= x j 5 (10 
a Show that cos 2x = -2 

b Find the value of cos 2y. 

ec Show without using your calculator, that: 

i tan(x+y)=7 ii xray 

Given that sin x cos y = 5 and cos x sin y = *, 

a show that sin(x + y) = 5sin(x— y). 

Given also that tan y = k, express in terms of k: 

b tanx 

Celia < 

a Given that /3 sin 26 + 2 sin? 6 = 1, show that tan 26 = = (2 marks) 

b Hence solve, for 0 = 6 < x, the equation V3 sin 26 + 2sin26 = 1. (4 marks) 
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P) 10 a Show that cos 26 = 5 sin @ may be written in the form asin? 6 + bsin@ + c = 0, where a, b 

and ¢ are constants to be found. (3 marks) 

b Hence solve, for —7 < 6 S 7, the equation cos 20 = 5 sin 0. (4 marks) 

P) 11 a Given that 2 sin x = cos (x — 60)°, show that tan x = tae (4 marks) 
— Vv = 

b Hence solve, for 0 < x S 360°, 2 sin x = cos(x — 60°), giving your answers to 

1 decimal place. (2 marks) 

P) 12 a Given that 4sin (x + 70°) = cos (x + 20°), show that tan x = -2tan mis (4 marks) 

b Hence solve, for 0 < x < 180°, 4sin (x + 70°) = cos (x + 20°), giving your answers 

to 1 decimal place. (3 marks) 

P) 13 a Given that a is acute and tana = +, prove that 

3sin(6 + a) + 4cos(9+ a) = S5cosé 

b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°). 

/P) 14 a Prove, by counter-example, that the statement 

sec (A + B) =sec A + sec B, for all A and B 

is false. (2 marks) 

b Prove that tan @ + cot 6 = 2 cosec 20, 0 # a ne Z. (4 marks) 
2 

*) 15 Using tan20= oe with an appropriate value of 0, 
| 1 — tan?6 

| a show that tang =/2-1. 

| 3 
| b Use the result in a to find the exact value of tan = 

| 

a Express sin x — /3 cos x in the form R sin (x — a), with R>Oand0<a< 90°. (4 marks) 

b Hence sketch the graph of y = sin x — V3 cos x, for —360° < x < 360°, giving the coordinates 

of all points of intersection with the axes. (4 marks) 

Given that 7cos 26 + 24 sin 26 = Rcos (20 — a), where R > QOand0<a< = find: 

a the value of Rand the value of a, to 2 decimal places (4 marks) 

b the maximum value of 14 cos? + 48 sin @ cos 6. (1 mark) 

ce Solve the equation 7 cos 20 + 24 sin 20 = 12.5, for 0 < 6 S 7, giving your answers to 

2 decimal places. 
(5 marks) 
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9 5 TT 

18 a Express 1.5 sin 2x + 2cos 2x in the form R sin (2x + a), where R > 0 and0<a< > 

giving your values of R and a to 3 decimal places where appropriate. (4 marks) 

b Express 3 sin x cos x + 4cos? x in the form asin 2x + bcos 2x + c, where a, bandc 

are constants to be found. (3 marks) 

c Hence, using your answer to part a, deduce the maximum value of 

3 sin x cos x + 4cos* x. (1 mark) 

19 a Given that sin? = 2 sin 0, show that V17 sin (@ + a) = 1 and state the value of a, where 

VS a= 90 (3 marks) 

b Hence, or otherwise, solve sin? = sind tor 0= 6 = 360" (4 marks) 

20 a Given that 2cos@ = 1 + 3sin 6, show that Rcos(@ + a) = 1, where R and a are constants 

to be found, and 0 =a S 90°. (2 marks) 

b Hence, or otherwise, solve 2cos@ = 1 + 3sin@ for 0 < @ S 360°. (4 marks) 

Using known trigonometric identities, prove the following: 

a us S hy Pres - a sec@ cosec 4 = 2 cosec 26 b tan (J =| tan (3 x) = 2 tan 2x 

¢ sin(x + y) sin(x — y) = cos? y — cos? x d 1 +2cos 26 + cos 46 = 4cos? 6 cos 26 

PCOS 2H 2) 
22 a Use the double-angle formulae to prove that - ————— = tan’ x. (4 marks) 

1 + cos 2x 

; 1 —cos2x 
b Hence find, for -7 < x < 7, all the solutions of ————— = 3, leaving your answers 

1+ cos2x 

in terms of 7. (2 marks) 

23 a Prove that cos* 26 — sin* 26 = cos 40. (4 marks) 

b Hence find, for 0 < 6 < 180°, all the solutions of cos* 20 — sin* 20 = 5 (2 marks) 

24 a Prove that Teena = tan 0. (4 marks) 
sin 20 

b Verify that 6 = 180° is a solution of the equation sin 20 = 2 — 2cos 26. (1 mark) 

c Using the result in part a, or otherwise, find the two other solutions, 0 < @ < 360°, 

of the equation sin 20 = 2 — 2.cos 20. (3 marks) 

25 The curve on an oscilloscope screen satisfies the equation y = 2cos x — 5 sinx. 

a Express the equation of the curve in the form y = Rcos(x + a), where R and 

qa are constants and R>Oand0<Sa< 5 (4 marks) 

b Find the values of x, 0 < x < 27, for which y = —-1. (3 marks) 
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P) 26 a Express 1.4sin 6 — 5.6cos@ in the form R sin (6 — a), where R and a are constants, 

R>0Oand0<a< 90°. Round R and a to 3 decimal places. (4 marks) 

b Hence find the maximum value of 1.4 sin @ — 5.6 cos 6@ and the smallest positive value 

of @ for which this maximum occurs. (3 marks) 

The length of daylight, d(1) at a location in northern Scotland can be modelled using the equation 

Sug poy 
= |b) = eee ———_— Aoi 2 5.6008 [5 + 1.4sin 365 

where ¢ is the numbers of days into the year. 

¢ Calculate the minimum number of daylight hours in northern Scotland as given by 

this model. (2 marks) 

d Find the value of ¢ when this minimum number of daylight hours occurs. (1 mark) 

P) 27 a Express 12sinx + Scosx in the form Rsin(x + a), where R and a are constants, 

R>Oand 0 <a< 90°. Round a to | decimal place. (4 marks) 

A runner’s speed, v in m/s, in an endurance race can be modelled by the equation 

50 
Vic = -s 5,0 =x = 300 

iB) 500 2 sin |" cos |“ 

where x is the time in minutes since the beginning of the race. 

b Find the minimum value of v. (2 marks) 

c Find the time into the race when this speed occurs. (1 mark) 

Challenge 

1 Prove the identities: 

cos 20+ cos 40 _ ect 

sinze@—sin4@ — 

bcos x + 20S 3x + COS 5x = 40S* x COS 3x 

2 The points A, Band Clie ona circle with centre O and radius 1. AC is a 

diameter of the circle and point D lies on OC such that ZODB = 90°. 

B 
Hint | Find expressions 

| for ZBOD and AB, 

/ then consider the 

lengths OD and DB. 

Use this construction to prove: 

a sin20=2sin0 cosé b cos20=2cos*d-1 
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Summary of key points 

1 The addition (or compound-angle) formulae are: 

- sin(4 + B) =sinAcosB+cosA sinB sin (A — B) =sin A cos B—cos A sinB 

- cos(4 + B)=cosAcosB-sinAsinB cos(A— B)=cosAcosB+sinA sinB 

— tanAd+tanB — tanA-tanB 

ree et ah rans #) taal ane 

2 The double-angle formulae are: 

> sincA =2sin AcosA 

- coS2A =c0s* A - sin? A =2c0s*A -1=1-2sin2 A 

2tanA 
* tan2dA = ——— 

1-—tan*A 

3 For positive values of a and 4, 

* asinx + bcos x can be expressed in the form Rsin (x + a) 

* acosx +b sin.x can be expressed in the form Ros (x $ a) 

with R>Oand0<a<90° (or 5) 

where Rcosa=aand Rsina=band R=Vvae+b?. 
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Parametric equations 

After completing this chapter you should be able to: 

@ Convert parametric equations into Cartesian form by substitution 

> pages 198-202 

@ Convert parametric equations into Cartesian form using 

trigonometric identities —» pages 202-206 PpeBee cve 

@ Understand and use parametric equations of curves and AOL 

parametric curves > pages 206-208 

e Solve coordinate geometry problems involving parametric 

equations —» pages 209-213 

@ Use parametric equations in modelling in a variety of contexts 

1 Rearrange to make ¢ the subject: 

a x=4t-kt biy=3r Ep ieee d x=1+2e 

«- GCSE Mathematics; Year 1, Chapter 14 

2 Write in terms of powers of cos x: 

a 4+3sin°x b sin2x 

Cacotx d 2cosx+cos2x < Section 7.2 

State the ranges of the following functions. 

Parametric equations ey ANE SRL) a Dec as ae 

- canbe used to describe | c p=xtt4x-2,-4<x<1 d y= pas ae 

_ the path of a ski jumper ee i) Anca 

_ from the point of Se ae 

"leaving the ski ramp to 4 Acircle has centre (0, 4) and radius 5. Find the coordinates of the 

the point of landing. points of intersection of the circle and the line with ecugsol 

-» Exercise 8E, Q8 2y-x-10=0. - Year 1, Chapter € 



Chapter 8 

8.1) Parametric equations 

You can write the x- and y-coordinates of each point on a curve as functions of a third variable. 

This variable is called a parameter and is often represented by the letter . 

= Acurve can be defined using parametric equations x = p(t) and y = q(t). Each value of the 

parameter, t, defines a point on the curve with coordinates (p(t), q(t)). 

These are the parametric equations of the curve. 

The domain of the parameter tells you the values 

of you would need to substitute to find the 

coordinates of the points on the curve. 

2°-+1 

eee SCO ES (Gy 
When t=2,x= =12.5.and yiaZ a2 =e. 

> This corresponds to the point (2.5, 4). 
ee aed a Mae al al hg 

O54 1_ ‘i 7 
Watch out The value of the parameter f is When ¢= 0.5, x = aa 25andy=2x05=1. 

generally not equal to either the x- or the This corresponds to the point (2.5, 1). 

y-coordinate, and more than one point on 

the curve can have the same x-coordinate. 

= You can convert between parametric Notation | A Canecan equation ne 

SGPEH ONO ET GAIMOSEINGIUEISGTE Dy WEIS dimensions involves the variables x and y only. 
substitution to eliminate the parameter. 

You can use the domain and range of the parametric functions to find the domain and range of the 

resulting Cartesian function. 

= For parametric equations x = p(t) and y = q(t) with Cartesian equation y = f(x): 

e the domain of f(x) is the range of p(t) 

e the range of f(x) is the range of q(t) 

A curve has parametric equations 

oa ee Vom eta eof) 

a Find a Cartesian equation of the curve in the form y = f(x). 

b State the domain and range of f(x). 

c¢ Sketch the curve within the given domain for t. 

x A Cartesian equation only involves the variables x 
A «= 2p S507 = (1) cs Pi, 

and y, so you need to eliminate ¢. 2 

yet (2) 
ENboenueer( inca en Rearrange one equation into the form f=... then 

substitute into the other equation. mokee ti 
This is a quadratic curve. 
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Le rs Ate aaa) 

So the domain of f(x) is -G6 <x <6. 

TE eee igs St cee Sa, 

So the range of f(x) is OS y < 9. 

A curve has parametric equations 

ee in(f 3S), t>-2 
wei 

a Find a Cartesian equation of the curve of the form y 

b Write down the range of f(x). 

A a= ini 3) = 

eaters 

Soe*—-3=t 

Supstituce f= Ee — 3 into 

1 1 1 ‘ 

US as ag eee a 

When t = —2: x = In(t+ 3) =In1=O 

As t increases In(t + 3) increases, so the 

range of the parametric function fOn x 1S 

se 6) 

The Cartesian equation is 

| 

t+5 

———————— 
When $= =2: y = a 

As t increases y decreases, but is always 

positive, so the range of the parametric 

function for yis O<y< 5 

The range of f(x) is O<y< £ 

The domain of f is the range of the parametric 

function for x. The range of x = 2¢ over the 

domain -3<t<3is-6<x<6. € Section 2.1 

The range of f is the range of the parametric 

function for y. Choose your inequalities carefully. 

y = f can equal 0 in the interval —3 < t <3, so use 

<, but it cannot equal 9, so use <. 

The curve is a graph of y = $x, Use your answers 

to part b to help with your sketch. 

, Watch out | Pay careful attention to the domain 

when sketching parametric curves. The curve is 

only defined for -3 < ¢ < 3, or for-6< x <6. You 

should not draw any points on the curve outside 

that range. 

= f(x), x > k where k is a constant to be found. 

og / Sketch this parametric 

curve using technology. 

e* is the inverse function of In x. 

Rearrange the equation for x into the form r=... 

then substitute into the equation for y. 

To find the domain for f(x), consider the range of 

values x can take for values of tf > —2. 

You need to consider what value x takes when 

t = —2 and what happens when f¢ increases. 

The range of f is the range of values y can take 

within the given range of the parameter. 

You could also find the range of f(x) by considering 

the domain of f(x). f(0) = ; and f(x) decreases as x 

increases, 500 <p <4. € Section 2.1 
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Exercise @ 

Find a Cartesian equation for each of these parametric equations, giving your answer in the 

form y = f(x). In each case find the domain and range of f(x). 

ax=t-2, p=P+l, 4<1<4 ieee lie ems ge 2g 
c vet, Vast 20 ' Notation } If the domain of ris given as ¢ # 0, this 

implies that ¢ can take any value in R other than 0. 

For each of these parametric curves: 

i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the 

curve is defined 

ii find the range of f(x). 

l 

x sriee a w= In —1), yar), <4 b x=In(?+ 3), ve 

Cag = C5) ia Ba 

A curve C is defined by the parametric equations x=V?f, y=¢#99-?t), O<tSS. 

a Find a Cartesian equation of the curve in the form y = f(x), and determine the domain and 

range of f(x). 

b Sketch C showing clearly the Problem-solving 
coordinates of any turning 8 

y = 1(9 — 2) is a quadratic with a negative r term and roots at 
points, endpoints and intersections : 
Be Net or adh es an t=Oand ¢=9. It will take its maximum value when ¢ = 4.5. 

For each of the following parametric curves: 

i find a Cartesian equation for the curve in the form y = f(x) 

ii find the domain and range of f(x) 

iii sketch the curve within the given domain of f. 

awa 2-3, y=o= rer 0 b x=3f-1, y=@-1)¢42)3 44724 

(3 Seine ers teR, tz#l X= 0S (pea sa ete 0) 

ex=iIn4—1), yver—2; £ra3 
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P) 5 The curves C, and C, are defined by the following parametric equations. 

C: x=14+2t, y=2+3t 2<1<5 C= — 

a Show that both curves are segments of the ee 
: : Straight lines and line segments can 

same straight line. ; at 
be referred to as ‘curves’ in coordinate geometry. 

b Find the length of each line segment. 

P) 6 Acurve C has parametric equations 

g 
x= +2, y=2i—3-—F, teER, f#0 

a Determine the ranges of x and y in the given domain of tf. (3 marks) 

b Show that the Cartesian equation of C can be written in the form 

A(x? + bx +c) 

BIE 2 

where A, b and ¢ are integers to be determined. (3 marks) 

7 Acurve has parametric equations 

m= ln(f-3), yams, t>-—2 

a Show that a Cartesian equation of this curve is y = f(x), x > k where k is a constant to be 

found. 

b Write down the range of f(x). 

A diagram shows a curve C with parametric equations Sa 

a= Oily = Dur ta Ue ier ‘] G 

a Find a Cartesian equation of the curve in the form 

y = f(x), and state the domain of f(x). (3 marks) | 

d 2 
b Show that as = 0 when t= 2 (3 marks) z = = 

c Hence determine the range of f(x). (2 marks) 

A curve C has parametric equations 

x=6-t, y=4-P, teER 

a Show that the Cartesian equation of C can be written in the form 

(Oey): 

where a and b are integers to be determined. (3 marks) 

b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks) 
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Challenge 

A curve Chas parametric equations 

1-—¢£ 
X= ; 

1+¢£ 

et 

14 72’ 
reER pS 

a Show that a Cartesian equation for this curve is x¢ + y* = 1. 

b Hence describe C. 

8.2) Using trigonometric identities 

You can use trigonometric identities to convert trigonometric parametric equations into Cartesian 

form. In this chapter you will always consider angles measured in radians. . 

A curve has parametric equations x =sint+2, y=cost-—3, teR 

a Show that a Cartesidn equation of the curve is (x — 2)? + (y+ 3) =1. 

b Hence sketch the curve. 

a 

202 

x=sint+ 2 
20) sit = 6 — 2 (1) 

VV SCOS i = S 

(2) 

Substitute (1) and (2) into 

sine t + cos¢t = 1 

(x — 2)? +(y + 3) =1 —— eee 

y A 

COS ya S 

O 6 

Problem-solving 

If you can write expressions for sin ¢ and cos tin 

terms of x and y then you can use the identity 

sin* f + cos* t = 1 to eliminate the parameter, ¢. 

< Year 1, Chapter 10 

Your equations in (1) and (2) are in terms of 

sin t and cos ¢ so you need to square them when 

you substitute. Make sure you square the whole 

expression. 

(x — a)* + (y—b)* =r? is the equation of a circle 

with centre (a, b) and radius r. 

So the curve is a circle with centre (2, —3) and 

radius 1. < Year 1, Chapter 6 
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A curve is defined by the parametric equations 
@ONITS You can graph the ec? 

x=sint, y=sin2z, = ee - parametric equations using 
fa technology. 

a Find a Cartesian equation of the curve in the form 

y=f(x) -ksxsk 

stating the value of the constant k. 

b Write down the range of f(x). 

Ayia siete Use the identity sin 2¢ = 2 sin¢ cos?, then 

= 2csintcost substitute x = sin¢. € Section 7.2 

= 2 COSih (1) 

Be out Saat ps" Use the identity sin? ¢ + cos* t= 1 together with 
= 

. . . 

\_ \-=sinrto find an expression for cos ¢ in terms 
cos*t =1-sin-t Ohne 

ete 

st=vl1— x? 2 
iy : ie! | , Watch out | Be careful when taking square 

Substitute (2) into (1): y = 2xv1 — x* roots. In this case you don’t need to consider the 

T € negative square root because cos ¢ is positive for 
When f= -——, x = sin lea) | ; 4 

2 2 all values in the domain of the parameter. 

ae i ke 
When t = a = sin(3) | 

To find the domain of f(x), consider the range of 

The Cartesian equation is y = 2xv1 — x®, | x = sin t for the values of the parameter given. 

=| Sor = | sole Sb 

Within os <t< a y =sin2t takes a minimum 

value of —1 and a maximum value of 1. 

A curve C has parametric equations 

MECOt lo aeyia cosee | h-,. Vator 

a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve 

is defined. 

b Hence, sketch the curve. 
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A) 36 = ony ae 2 

COL =e 2 

Vy =1cosec- t= 2 

COSC f= Vive 

Substitute (1) and (2) into 

1 + cot*t = cosec@t 

(Ce 2) = yin 

1+x°-4x+4=y+2 

Va = 4S 

the domain n 

O<t<q7 is all of the real numbers, so the 

The range of x = cott + 2 over 

domain of t(x) is x ER. 

y=x*-4x+3=(x - 3)(x- Iisa 

quadratic with roots at x = 3 and x =1 and 

y-intercept 3. The minimum point is (2, —1). 

y 

Exercise 

Problem-solving J 

The parametric equations involve cot ¢ and 

cosec? ¢ so you can use the identity 

1+ cot? t= cosec? ¢. € Section 6.4 

Rearrange to find expressions for cot ¢ and 

cosec* tin terms of x and y. 

Expand and rearrange to make y the subject. 

You could also write the equation as: 

y= =2)— 1 

This is the completed square form which is useful 

when sketching the curve. 

Consider the range of values taken by x over the 

domain of the parameter. The curve is defined 

on all of the real numbers, so it is the whole 

quadratic curve 

By Explore this curve 

graphically using technology. 

1 Find the Cartesian equation of the curves given by the following parametric equations: 

ax=2sint—1l, y=Scost+4, O<f< 2h 

Cox = COS, y= 2Zcos2i, Vai 

Th 
Oei—ee e x=cost+2, y=4sect, 5 

A circle has parametric equations x = sint — 5, 

a Find a Cartesian equation of the circle. 

b Write down the radius and the coordinates of 

the circle. 

c Write down a suitable domain of ¢ which defines one full 

revolution around the circle. 

A circle has parametric equations x = 4 sin ¢ + 3, 

coordinates of the centre of the circle. 
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b x=cost, y=sin2i." 0 apn 

Q aM 
Y= Sin ie y= tan. O<ta5 

fox =3 cot,” y=cosect, (O27 7 

y=cost+2 

the centre of Problem-solving 

Think about how x and y 

change as f¢ varies. 

y=4cost-— 1. Find the radius and the 



Parametric equations 

A curve is given by the parametric equation x =cost-2, y=sint+3, -m<t<r7. 

Sketch the curve. 

Find the Cartesian equation of the curves given by the following parametric equations. 

: ; T 1 is 
a x=sinf, = f+—|\,) == ae y sin ( 7 7 <E< 5 

A ee ay Ms 
ES NII el ete (1 ‘i ae ES 3 Hint ) Use the addition formulae 

, : and exact values. 
SO 22 SGA SRS Gog. earn: 

The curve C has parametric equations 

reo COS f ee sf 
: 4 se 2 2 

a Find a Cartesian equation of C. (4 marks) 

b Sketch the curve C on the appropriate domain. (3 marks) 

A curve has parametric equations 

T 
me oco 2, y= 3sint2iy 0<i=— 4 

Find a Cartesian equation of the curve in the form y = f(x). State the domain on 

which f(x) is defined. (6 marks) 

A curve C has parametric equations 

tog T 
= 3 in, Resist) O< 1 < 5 

a Show that the Cartesian equation of the curve is given by 

Va ai tp x7) 

where a and / are integers to be found. (5 marks) 

b State the domain and range of y = f(x) in the given domain of 1. (2 marks) 

Show that the curve with parametric equations 

T 
Xe 2. COSde y=sin(t-7), Ona <a 

can be written in the form 

y= tly QE 3x7— x), Ae TR) (6 marks) 

A curve has parametric equations 

5 TT 

x=tan2r+5, y=5sint, O0<t<, 

a Find the Cartesian equation of the curve in the form y? = f(x). (4 marks) 

b Determine the possible values of x and y in the given domain of f. 

(2 marks) 
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11 Acurve C has parametric equations 

6 TT 
ie — tant y= sini 7), Uses 

Find a Cartesian equation of C. 

Challenge 

The curve C is given by the parametric equations: 

= 5 cost y= sin (1+). OSE 75 

Show that a Cartesian equation for Cis (4y* — 2+ 2x)* + 12x*- 3 =0. 

€& Curve sketching 

(4 marks) 

Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot 

any parametric curve by substituting values of the parameter into each equation. 

Draw the curve given by parametric equations 

x= 3cos¢+4 y=2sing, = rS 25 

esaarea] el ie a | 
aio ail 2 | ail ou 
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This parametric curve has 

Cartesian equation 

5) lpia 
~ This isn’t a form of curve 

that you need to be able to 

recognise, but you can plot 

the curve using a table of 

values. 

Choose values for ¢ covering 

the domain of t. For each 

value of t, substitute to find 

corresponding values for 

x and y which will be the 

coordinates of points on the 

curve. 

Plot the points and draw the 

curve through the points. 

The curve is an ellipse. 



Parametric equations 

Draw the curve given by the parametric equations x=21, y=, for-l=s7<5. 

Use technology to graph CP 
the parametric equations. 

Only calculate values of x and y for values of ¢ in 

the given domain. 

This is a ‘partial’ graph of the quadratic equation 

x2 |. as 

You could also plot this curve by converting to 

Cartesian form and considering the domain of 

and range of the Cartesian function. 

The domain is —-2 < x < 10 and the range is 

Osys25. 

Exercise € 

1 A curve is given by the parametric equations 

Dae. yee, pel) 

3 Acurve is given by parametric equations 

0 TT T 

x=tant+1, y=sint, = ay 

Copy and complete the table and draw a graph of the curve for the given domain of t. 
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4 Sketch the curves given by these parametric equations: 

ax=t-2, yp=f+l1, -4<1<4 

biv= 3) var 27, VHT 

Cua y= (2 —-1)(t—3),) =) S71 = 5 

, T 1 
C= — = —— = <= — d x=2sint-1, y=Scost+l, Z t 4 

e x=sec?t-3, y=2sint+1, - 

fox COS, ey See sin, Ot ar 

() 5 The curve C has parametric equations 

Gao at, Ver). —2.=7= 3 

a Find a Cartesian equation of Cin the form y = f(x). (4 marks) 

b Sketch the curve C on the appropriate domain. (3 marks) 

6 The curve C has parametric equations 

<=%9.cost—2— y= 9 sind +4; ta 

a Show that the Cartesian equation of C can be written as 

(x+a)yt+(yt+byp=c 

where a, b and c are integers to be determined. (4 marks) 

b Sketch the curve C on the given domain of f. (3 marks) 

c Find the length of C. (2 marks) 

Challenge 

Sketch the curve given by the parametric equations on the given 

domain of t: 

¢ aeeels got 

(7 ce ee 
Comment on the behaviour of the curve as ¢t approaches —1 from the 

positive direction and from the negative direction. 

t#-1 
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& Points of intersection 

You need to be able to solve coordinate geometry problems involving parametric equations. 

The diagram shows a curve C with parametric equations 

x=a?+t, y=a(e+8), t€R, where ais a non-zero 

constant. Given that C passes through the point (—4, 0), 

a find the value of a 

b find the coordinates of the points 4 and B where 

the curve crosses the y-axis. 

a At point (—4, O), x =—-4 andy=O 

Hence 

BAC ate 4A=at?+t (1) Explore curves with Ce? 

0 = a(t? + 8) (2) parametric equations of this form 

Solving equation (2) for t: using technology. 

O = a(t? + 8) 
Qe e 4S The point (—4, 0) lies on the curve. You can use 

ee this to write two equations for ¢. 

ioe : : ‘ ; 
Bee acon (4, Outs <2. Since a is non-zero, the factor (¢ + 8) must equal 0. 

Since t = —2 at (—4, O), then, from 
The value of ¢ is the same in both equations at 

equation (1), 
any given point on the curve. 

-4 = al-2)? + (-2) es Bi 

eet yy Substitute ¢ = —2 into equation (1). 

Substitute x = 0 into the parametric equation 

for x. You now know that a = -3 
eal 42 = Se Qecegl +t 

O= (-31 + 1) 

iO) or ~$t +1= Solve this quadratic equation to find the two 

pe values of f corresponding to points a and b. 

(Ne =O) 

y = -5(0? + 8) Substitute each value for the parameter into 

=-4 the parametric equation for y to find the 

ee y-coordinates at these points. 

y=-3(23 + 6) 

as You already know that these ¢-values will give you 

Therefore, an x-coordinate of 0. Use the diagram to work out 

Ate (0, —4) and B is (0; —6), 
peel Stee po which point is A and which point is B. 
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A curve is given parametrically by the equations x=, y= 4t. The line x + y + 4 =0 meets the 

curve at A. Find the coordinates of A. 

x+y+4 =0 
_ Substitute: | Find the value of ¢ at A. 

2+ 4t+4= Q ————— ft __ SG ive icrequanonsr imeem ony / 

Substitute x = and y=4tintox+y+4=0. 
C2 =.0 | 

tae =O 
Factorise. 

| So t=-2 

eUoorh ee: Take the square root of each side. 
(ese he 

= (-2)° 
=) Find the coordinates of A. 

Substitute t = —2 into the parametric equations. 
Ae 

= 4(-2) 

=-—6 

| The coordinates of A are (4, —8). 

The diagram shows a curve C with parametric equations 

Z T An 
xX =cosi + sin 7, y=(t-4| F Dap Sen, 

a Find the point where the curve intersects the line y = 7°. 

b Find the coordinates of the points 4 and B where the 

curve cuts the y-axis. 

a Curve crosses the line y = 1° when 

For all points on the line y = 7°. Substitute this 1 2 

(« = a = into the parametric equation for y and solve to 
e find ¢. 

(p= a = +7 

4 é You are taking square roots of both sides so 

t= = or consider the positive and negative values. 

Reject t= = since this is outside of the 
a ry = so only one of these solutions is a 

d invot 2 omain O 
valid value for ¢. 

When eZ 
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(2) (22) 1473 Substitute into the parametric equation for x. 
Naa COS =e ote Sl => ‘ae ae F 

6 6 2 Find an exact value for x. 

The point of intersection is & fot x°| 

Substitute x = 0 into the parametric equation for 

x and solve the resulting trigonometric equation. 
b Curve cuts the y-axis when x = O. So, 

cost + sint=O 

sint = —cost 

tant=-—1 
Consider the range of the parameter. There are 

Since, =a <a o _—______________|——"’ two solutions to tan = —1 in this range. These 

correspond to the two points of intersection. 

t= ail or salt 
bit a 4 

ipa eee (-2 ay ese um Substitute each value of ft into the equation for y 

a 4A 6} 144 to find the y-coordinates. 

Re eee se Sapa 
Oo A tielAan Gh 51.144 Problem-solving 

ad (c ee vine (0 eit When you are given a sketch diagram ina 

144 cal E WA AS ji question, you can’t read off values, but you can 

check whether your answers have the correct 

sign. The y-coordinates at both points of 

Exercise &) intersection should be positive. 

1 Find the coordinates of the point(s) where the following curves meet the x-axis. 

A= ty = OF Dox =o, eee O 

Cee. yer) +3) d x=4, y=(t-DQt-1), 140 

e eS at 9, Le =) 
1+? 

2 Find the coordinates of the point(s) where the following curves meet the y-axis. 

Ae y= — b x=3t-4, poe pe”) 

1 
¢ x= +2t-3, y=ti—1) il eS Se. US aa feel! 

t—1 Di 

POET TO e aeee E 

3 Acurve has parametric equations x = Aat?, y=a(2t—- 1), where ais a constant. 

The curve passes through the point (4, 0). Find the value of a. 

4 Acurve has parametric equations x = b(2t — 3), y=b( -?), where 6 is a constant. 

The curve passes through the point (0, —5). Find the value of b. 

5 Find the coordinates of the point of intersection of the line with parametric equations 

x= 31+2,y=1-tand theline y+ x =2. 
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6 Find the values of ¢ at the points of intersection of the line 4x — 2y — 15 = 0 with the parabola 

x=, y= 2tand give the coordinates of these points. 

7 Find the points of intersection of the parabola x = 7, y = 2¢ with the circle x? + y? - 9x +4=0. 

8 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis. 

deo —l eVerCOST, | Ort <a 

Dees = Se COST eel ae 

18 
© x =tan7, y= sin? — cosy, aes 

9 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis. 

tego y= In 0 

bex inv y= — 64 7S 0 

Cee levee — 1 bea) 

10 Find the values of ¢ at the points of intersection of the line y = —3x + 2 and the curve with 

parametric equations x = ¢*, y = ¢, and give the coordinates of these points. 

11 Find the value(s) of ¢ at the point of intersection of the line y = x — In3 and the curve with 

parametric equations x = In(¢- 1), y=In(2t—- 5), t> 2 and give the exact coordinates of this 

point. 

&) 12 Acurve C has parametric equations 

x= O6cos ft,” y=4smn2r+2, ia, 

a Find the coordinates of the points where the curve 

intersects the x-axis. (4 marks) 

b Show that the curve crosses the line y = 4 where 

T 51 
NC 3 mark 12 12 (omar) 

c Hence determine the coordinates of points where 

y =4 intersects the curve. (2 marks) 

13 Show that the line with equation y = 2x — 5 does not intersect the curve with parametric 

equations x=27, y=4t(t-1). (4 marks) 

Problem-solving 

Consider the discriminant after substituting. 

14 The curve C has parametric equations x =sint, y=cos2t+1, 0<tS<2r. 

Given that the line y = k, where k is a constant, intersects the curve, 

a show thatO =k <2 (3 marks) 

b show that if the line y = & is a tangent to the curve, then k = 2. (3 marks) 
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Parametric equations 

The curve C has parametric equations x =e”, y=e'— 1. The straight line / passes through the 

points A and B where ¢ = In2 and f = In3 respectively. 

a Find the points A and B. (3 marks) 
b Show that the gradient of the line / is + (2 marks) 
¢ Hence, find the equation for line /in the form ax + by + c= 0. (2 marks) 

The curve C has parametric equations x = sin¢, y=cost. The straight line / passes through the 

points A and B where t = = andip— > respectively. Find an equation for the line /in the form 

ax+by+c=0. (7 marks) 

The diagram shows the curve C with parametric equations yy, 

epee Vad. re 
t 

The curve crosses the y-axis and the x-axis at points 

A and B respectively. 

a Find the coordinates of A and B. (4 marks) z x 

The line /, intersects the curve at points A and B. 

The lines /, and /, are parallel to /; and are distinct ; 

tangents to the curve. (Fre 

b Show that the two possible equations for /, and /; are 

y=4x-4and y=4x- 12 (6 marks) 

¢ Find the coordinates of the point where each tangent meets C. (4 marks) 

Challenge 

The curve C, has parametric equations 

ae oy = Ot + I 

The curve C, has parametric equations 

ie uy = bt 

Find the coordinates of the points at which these two curves intersect. 

8.5) Modelling with parametric equations 

You can use parametric equations to model real-life situations. In mechanics you will use parametric 

equations with time as a parameter to model motion in two dimensions. 
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A plane’s position at time ¢ seconds after take-off can be modelled 

with the following parametric equations: 

~=i(v.cos@)im, ya(ysme@)im = > 0 

where vy is the speed of the plane, 6 is the angle of elevation of its 

path, x is the horizontal distance travelled and y is the vertical 

distance travelled, relative to a fixed origin. 

When the plane has travelled 600 m horizontally, it has climbed 120m 

a Find the angle of elevation, 0. 

Given that the plane’s speed is 50 ms-!, 

b find the parametric equations for the plane’s motion 

c find the vertical height of the plane after 10 seconds 

d_ show that the plane’s motion is a straight line 

e explain why the domain of f, ¢ > 0, is not realistic. 

GOOm 

Angle of elevation 

120 = —| —_ ° () = ieala foal = jer (leita) 

bx =Vcose)t 

=i(DOeKrCOoN Sh = 49. Onimnerere) 

y = (vsin At 

= (50) < sin t.S..0 = Dani G Sar) 

e ie p= 10 

V = Ol oO lx Ol 9On i 

So, the plane has climbed 96.1m after 

10 seconds. 

a) 3S ADI 

XxX 
Bye}, TO, = t (1) 

y=98lt (2) 

Se). 

y = 9.81 x + = 0.2x 
42 

Since this is a linear equation, the motion 

of the plane is a straight line with 

gradient O.2 
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The model assumes that the angle of elevation 

will stay constant so the ratio will always be the 

same regardless of how far along the journey the 

plane is. 

Substitute vy = 50 and @ = 11.3 into the equations 

for x and y. The units of length, metres, are given 

with the model. 

Substitute ¢ = 10 into y, as y represents the 

vertical height. 

Find a Cartesian equation for the plane’s path. 

Rearrange the equation for x to make ¢ the 

subject. ' 

Substitute ¢ from (1) into (2). 

_ The gradient in this context represents the height 

gained for every metre travelled horizontally. 



Parametric equations 

e t > Ois not realistic as this would mean Problem-solving 

the plane would continue climbing forever If you have to comment on a modelling 

at the same speed and with the same assumption or range of validity, consider whether 

angle of elevation. the assumption is realistic given the context of 

the question. Make sure you refer to the real-life 

situation being modelled in your answer. 

A stone is thrown from the top of a 25 m high cliff with an 

initial speed of 5ms-! at an angle of 45°. Its position after 

t seconds can be described using the following parametric 

equations 

x - 2m, ve (-4.97 us 25} Man == fae 

where x is the horizontal distance from the point of projection, 

y 1s the vertical distance from the ground and k is a constant. 

Given that the model is valid from the time the stone 1s 

thrown to the time it hits the ground, 

a find the value of k 

b find the horizontal distance travelled by the stone once it hits the floor. 

C nline | Use the polynomial function 

(2 th Sv2 pee 6 on your calculator to solve the 

quadratic equation. 

a The stone hits the ground when y = O: 

-4.9 t? + 

2 5/2 He 2 
Beaee 2 ee Use the quadratic formula on your calculator to 

2(-4.9) find two solutions for ¢. 
f= 

Peel I26s, OF b= 2.640... 

t = O, so the stone hits the ground at 

t= 2.646... 
Sora 26s 2 de) The model is only valid for ¢ = 0 so disregard the 

negative solution. 

b When t = 2.646... 

, Be | v2 BEI Substitute this value of ¢ into the parametric 
z 2 equation for x. 

=) PRONE Zac cil 

So the horizontal distance travelled by the 

stone is 9.36 m (2 d.p.). 
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The motion of a figure skater relative to a fixed 

origin, O, at time ¢ minutes is modelled using the 

parametric equations 

3 

where x and y are measured in metres. 

x=8cos20r, y= 12sin(10/- 4), 1=0 

a Find the coordinates of the figure skater at the 

beginning of his motion. 

b Find the coordinates of the point where the 

figure skater intersects his own path. 

c Find the coordinates of the points where the 

path of the figure skater crosses the y-axis. 

d Determine how long it takes the figure skater 

to complete one complete figure-of-eight motion. 

a Nef aO 

x=6cosO0=6 

y = 12sin(10 x O- 2) = 12sin(-3) 

= -6/3 

The coordinates of the figure skater at the 

beginning of his motion are (6, -G ey 

b From the diagram, the figure skater 

intersects his own path on the x-axis, ie. 

Wihenly = On — 

12 sin (107 - s) =o) 

sin (101 = a =O 

So, the figure skater intersects his own 

path at the point (—4, QO). 
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SIZ=10 8) S67 2 AL 6 STOR 2 

Substitute ¢ = 0 into both equations to find the x 

and y coordinates. 

Use the diagram to find information about the 

point of intersection. 

Substitute y = 0 into the equation for y, and solve 

to find values of rin the domain t = 0. 

There is only one point of intersection so choose 

any of these values of ¢. You can use one of the 

on 
others to check: 8 cos (20 x 2 = 8) ols (22) =-4 



c¢ The figure skater crosses the y-axis when 

=O), 

O = 6cos 20t 

O = cos 20t 

= M S0 On TK 90, 201 = 5, a? Dot 

Substitute these values into y. 

as 200= 5! 

Pa sie na ells y=t2sin(5 x3 a= 12 sin( a 

eS.) (2 2.) 

Sim 
20> <y 

im als St _ Tt). (22) y 12 sin(Z x 5 3 12 sin 1D 

="). o (2 a.p) 

eecLie 20, = a 

s Wa OT ey) Mr y= 12sin(5 x 5 E) = 12 n (1 

= 3.11 (2 d.p.) 

(om 

ore ie iG WW 1 iG eet 1 
= 12 sin(h x #| = 12 sin( 42 va 

==11.59 (2 dip) 

So the skater crosses the y-axis at 

(Or—S.11), (0; 11.22). (0; 3.11), (, =11.52). 

d The period of x = cos 20t is = 

50 the skater returns to his x-position 

atter aaa SF min, 
20 20 

2 
The period of y = 12 sin es - ali a 

50 the skater returns to his y-position 

after iy su — min 
10 10 is 

So the skater first completes a full 

figure-of-eight motion after 

Sr mins = = ©6286 ...mins or 38 seconds 

(21531). 

Parametric equations 

Find solutions to 8 cos 20f = 0 in the domain 

t => 0. There are 4 points of intersection so 

consider the first 4 solutions, and check that 

these give different values of y. 

Use your calculator to find the corresponding 

values of y. You can give your answers as decimals 

or as exact values: 12 sin isle = —-3/6 + 3V2 

uy Find points of intersection ey 

5 tite curve with the coordinate axes 

using technology. 

Check that these look sensible from the 

graph. The motion of the skater appears to be 

symmetrical about the x-axis so these look right. 

The period of acos (bx + c) is a and the period 

of wsin (bx + c) is a 

Problem-solving 

In order for the figure skater to return to his 

starting position, both parametric equations 

must complete full periods. This occurs at the 

least common multiple of the two periods. 
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Exercise 8) 

() 1 

218 

A river flows from north to south. The position at time ¢ seconds of a rowing boat crossing the 

river from west to east is modelled by the parametric equations 

eee eae 10 

where x is the distance travelled east and y is the distance travelled north. 

Given that the river is 75 m wide, 

a find the time taken to get to the other side 

b find the distance the boat has been moved off-course due to the current 

c show that the motion of the boat is a straight line 

d determine the speed of the boat. 

The position of a small plane coming into land at time ¢ seconds after it has started its descent 

is modelled by the parametric equations 

x=804, y=—9.1¢+ 3000, 0=7 < 330 

where x is the horizontal distance travelled (in metres) and y is the vertical distance (in metres) 

of the plane above ground level. 

a Find the initial height of the plane. 

b Justify the choice of domain, 0 = ¢ < 330, for this model. 

c Find the horizontal distance the plane travels between beginning its descent and landing. 

A ball is kicked from the ground with an initial speed of 20ms7! at an angle of 30°. 

Its position after ¢ seconds can be described using the following parametric equations 

x=10V3im, y=(4972+10)m, OS rsk 

a Find the horizontal distance travelled by the ball when it hits the ground. 

A player wants to head the ball when it is descending between 1.5m and 2.5 m off the ground. 

b Find the range of time after the ball has been kicked at which the player can head the ball. 

c Find the closest horizontal distance from where the ball has been kicked at which the player 

can head the ball. 

The path of a dolphin leaping out of the water can be modelled with the following parametric 

equations 

x=2tm, y=-4.9°+10tm 

where x is the horizontal distance from the point the dolphin jumps out of the water, y is the 

height above sea level of the dolphin and ¢ is the time in seconds after the dolphin has started 

its jump. 

a Find the time the dolphin takes to complete a single jump. 

b Find the horizontal distance the dolphin travels during a single jump. 

c Show that the dolphin’s path is modelled by a quadratic curve. 

d Find the maximum height of the dolphin. 



Parametric equations 

) 5 The path of a car on a Ferris wheel at time ¢ minutes is modelled using the parametric 
equations 

Poa sin f= 12 12 cost 

where x is the horizontal distance in metres of the car from the start of the ride and y is the 

height in metres above ground level of the car. 

a Show that the motion of the car is a circle with radius 12 m. 

b Hence, find the maximum height of the car during the journey. 

c Find the time taken to complete one revolution of the Ferris wheel and hence calculate the 

average speed of the car. 

») 6 The cross-section of a bowl design is given by the y 

following parametric equations 

x=t-4sint, y=1-2cost, - 

a Find the length of the opening of the bowl. (3 marks) ay ol 

b Given that the cross-section of the bowl 

crosses the y-axis at its deepest point, find 

the depth of the bowl. (4 marks) 

) 7 A particle is moving in the xy-plane such that its 

position after time ¢ seconds relative to a fixed 

origin O is given by the parametric equations 

d) ey ya a ette aes 0 

The diagram shows the path of the particle. 

a Find the distance from the origin to the particle at 

tiimest= 0:5: 

b Find the coordinates of the points where the 

particle crosses the y-axis. 

Another particle travels in the same plane with its path given by the equation y = 2x + 10. 

¢ Show that the paths of these two particles never intersect. 

>) 8 The path of a ski jumper from the point of leaving the ramp to the point of landing is modelled 

using the parametric equations 

x=18t, yp=-49P+4t+10, Oxtsk 

where x is the horizontal distance in metres from the point of leaving the ramp and y is the 

height in metres above ground level of the ski jumper, after ¢ seconds. 

a Find the initial height of the ski jumper. (1 mark) 

b Find the value of k and hence state the time taken for the ski jumper to complete 

her jump. (3 marks) 
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c Find the horizontal distance the ski jumper jumps. (1 mark) 

d Show that the ski jumper’s path is a parabola and find the maximum height above ground 

level of the ski jumper. (5 marks) 

The profile of a hill climb in a bike race is modelled by 

the following parametric equations 

x= 0taniim, y= 20sine aime OF jes 

a Find the value of ¢ at the highest point of the hill climb. 

b Hence find the coordinates of the highest point. 

c Find the coordinates when ¢ = | and show that at this 

point, a cyclist will be descending. 

A computer model for the shape of the path of a y 

rollercoaster is given by the parametric equations 

HF Int yao sin Oi LG 

a 
6 

Given that one unit on the model represents 5 m in real life, 

a Find the coordinates of the point where ¢ = (2 marks) 

b find the maximum height of the rollercoaster (1 mark) 

c find the horizontal distance covered during the 

descent of the rollercoaster. (4 marks) 

d Hence, find the average gradient of the descent. (1 mark) 

Mixed exercise @ 

1 

220 

The diagram shows a sketch of the curve with 

parametric equations 

Me=4 COS 7, V = Sis. OS 7, 

a Find the coordinates of the points A and B. 

b The point C has parameter t = 7 Find the exact 

coordinates of C. 

¢ Find the Cartesian equation of the curve. 

The diagram shows a sketch of the curve with 

parametric equations 
ibe 

xX=cost, p= 7sin2t, 0<t<27 

The curve is symmetrical about both axes. 

Copy the diagram and label the points having 

1 5 
parameters ¢ = 0, f =7,t=7 and i. 



Parametric equations 

) 3 Acurve has parametric equations 

eo altogy =r + in2, ¢> 1 

a Find a Cartesian equation of this curve in the form y = f(x), x > k where k is a constant to be 

found in exact form. 

b Write down the range of f(x), leaving your answer in exact form. 

4 Acurve has parametric equations 

xX Peele = L i xan y=2in(++ ), i> 5 
eZ 

Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range 

of f(x). 

) 5 A curve has parametric equations x=sin?, y=cos2t, 0si<2n 

a Find a Cartesian equation of the curve. 

The curve cuts the x-axis at (a, 0) and (A, 0). 

b Find the values of a and 5b. 

1 l 
) 6 Acurve has parametric equations x = gl pe RC ay 

2 : se 
Express f in terms of x, and hence show that a Cartesian equation of the curve is y = 5— i 

2x - 

7 Acircle has parametric equations x =4sin¢-—3, y=4cost+5, O<t<27 

a Find a Cartesian equation of the circle. 

b Draw a sketch of the circle. 

c Find the exact coordinates of the points of intersection of the circle with the y-axis. 

) 8 The curve C has parametric equations 

Jess ot o eee) 
= Oia 

Pe er 
CS 

a Show that the curve C is part of a straight line. (3 marks) 

b Find the length of this line segment. (2 marks) 

) 9 A curve Chas parametric equations 

Pa yer, OS 2 

a Find the Cartesian equation of Cin the form y = f(x). (3 marks) 

b State the domain and range of y = f(x) in the given domain of ¢. (3 marks) 

ce Sketch the curve in the given domain of ¢. (2 marks) 
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A curve C has parametric equations 

M= COS y= sini), Oar 

a Show that the curve C forms part of a circle. (3 marks) 

b Sketch the curve in the given domain of t. (3 marks) 

c Find the length of the curve in the given domain of t. (3 marks) 

The curve C has parametric equations 

X=t—2) Vaer—- 27, reR 

a Find a Cartesian equation of C in the form y = f(x). (3 marks) 

b Sketch the curve C. (3 marks) 

Show that the line with equation y = 4x + 20 is a tangent to the curve with parametric 

equations x =¢t-3, y=4-?. (4 marks) 

The curve C has parametric equations x =2Int, y=?-1, t>0 

a Find the coordinates of the point where the line x = 5 intersects the curve. 

Give your answer as exact values. (4 marks) 

b Given that the line y = k intersects the curve, find the range of values for k. (3 marks) 

The diagram shows the curve C with parametric equations 

x Slee 2 p= aa 

The curve crosses the y-axis and the x-axis at points A 

and B respectively. 

a Find the coordinates of A and B. (4 marks) 

The line / intersects the curve at points A and B. 

b Find the equation of /in the form ax + by +c =0. 

(3 marks) 

The diagram shows the curve C with parametric equations 

TT 

O 
The curve crosses the y-axis and the x-axis at points A 

and B respectively. The line / intersects the curve at points 

A and B. Find the equation of /in the form ax + by + c=0. 

(7 marks) 

x= Int~In[ ) y=sint, 0<t<27 
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Parametric equations 

A plane’s position at time ¢ seconds during its descent can be modelled with the following 

parametric equations 

x=80t, y=3000-301, 0<t<k 

where x is the horizontal distance travelled in metres and y is the vertical height of the plane in 

metres. 

a Show that the plane’s descent is a straight line. (3 marks) 

Given that the model is valid until the plane is 30 m off the ground, 

b find the value of k (2 marks) 

¢ determine the distance travelled by the plane in this portion of its descent. (3 marks) 

The path of an arrow path at time ¢ seconds from being fired can be described using the 

following parametric equations 

x=50V2t, y=15-492+50V24,, 0OStsk 

where x is the horizontal distance from the archer in metres and y is the vertical height of the 

arrow above level ground. 

a Find the furthest horizontal distance the arrow can travel. 

A castle is located a horizontal distance of 1000m from the archer’s position. The height of the 

castle is 10m. 

b Show that the arrow misses the castle. 

c Find the distance the archer should step back so that he can hit the top of the castle. 

A mountaineer’s climb at time ¢ hours can be modelled with 

the following parametric equations 

x=300/t, y=2440(4-1, O<t<k 

where x represents the distance travelled horizontally in 

metres and y represents the height above sea level in metres. 

a Find the height of the peak and the time at which the 

mountaineer reaches it. (3 marks) 

Given that the mountaineer completes her climb when 

she gets back to sea level, 

b find the horizontal distance from the beginning of 

her climb to the end. (2 marks) 

A bridge is designed using the following parametric y 

equations: 

3 
ee eind y=-cost, AG ay 

Given that | unit in the design is 10 m in real life, 

a find the highest point of the bridge 

b find the width of the widest river this bridge can cross. 
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20 A BMX cyclist’s position on a ramp at time 

t seconds can be modelled with the parametric 

equations 

mao 10 yy a.0G—91l)29 10 S13 

where x is the horizontal distance travelled in metres 

and y is the height above ground level in metres. of 

a Find the initial height of the cyclist. 

b Find the time the cyclist is at her lowest height. 

Given that after 1.3 seconds, the cyclist is at the end 

of the ramp, 

c find the height at which the cyclist leaves the ramp. 

Challenge 

Two particles A and B move in the x-y plane, such that their positions 

relative to a fixed origin at a time ¢ seconds are given, respectively, by 

the parametric equations: 

Avx=S, pHsie lk 0 

Bx= >= 2) vert eke t,t > 0 

where k is a non-zero constant. 

Given that the particles collide, 

a find the value of & 

b find the coordinates of the point of collision. 

Summary of key points 

1 Acurve can be defined using parametric equations x = p(t) and y = q(z). Each value of the 

parameter, ¢, defines a point on the curve with coordinates (p(¢), q(a). 

2 You can convert between parametric equations and Cartesian equations by using substitution 

to eliminate the parameter. 

3 For parametric equations x = p(¢) and y = q(¢) with Cartesian equation y = f(x): 

- the domain of f(x) is the range of p(d) 

- the range of f(x) is the range of q(t) 

4 You can use parametric equations to model real-life situations. In mechanics you will use 

parametric equations with time as a parameter to model motion in two dimensions. 

224 



Review exercise 

) 1 The diagram shows the curve with a Find the value of 0. (2) 

equation y = sin(x ms ot), oe b Calculate the length of the minor arc 

4 ABto3sf. (2) 

€ Section 5.2 

4 In the diagram, ABC is an equilateral 

triangle with side 8 cm. 

2 PQs an arc of a circle centre, A, radius 6cm. 

Find the perimeter of the shaded region in 

a the diagram. 
B 

Calculate the coordinates of the points at 

which the curve meets the coordinate axes. 

y= sin (x - a 

(3) : 
€ Section 5.1 y/ 

) 2 a Sketch, for 0 < x < 2r, the graph of ‘5 & 

T <—§£— 8cm —————> 
j= 1G x — 2 5) cos(. A (2) 5) 

b Write down the exact coordinates of e SettionS 2 

the points where the graph meets the 
pith ar! ayes aaa (3) 5 In the diagram, AD and BC are arcs of 

c Solve, for 0 < x < 2z, the equation circles with centre O, such that 
™\ _ 0.97. civi OA SOD em, Ab DC] tOcmvand 

cos(x i | BA groin taer ZBOC = 06 radians. 
answers in radians to 2 decimal places. B 

(5) 
€ Section 5.1 

rem 

) 3 Inthe diagram, A and B are points on . 

the circumference of a circle centre O and rom oe 

radius 5cm. Niger 

ZAOB = 6 radians a Given that the area of the shaded 

AB=6om region is 40 cm’, show that r = . — 5, 

(4) 
Los b Given also that r = 60, calculate the 

Ve mae perimeter of the shaded region. (6) 

€ Sections 5.2, 5.3 
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Review exercise 2 

EP) 6 In the diagram, 
AB=10icm-4C =13'em: 

ZCAB = 0.6 radians. 

BD isan arc of a circle centre 4 and radius 

10cm. 

B< 10cm >A 

a Calculate the length of the arc BD. (2) 

b Calculate the shaded area in the diagram 

tonird:p: (3) 

€ Sections 5.2, 5.3 9 

The diagram shows the sector OAB of a 

circle with centre O, radius rcm and angle 

1.4 radians. 

The lines AC and BC are tangent to the 

circle with centre O. OEB and OFA are 

straight lines. The line ED 1s parallel to BC 

and the line FD is parallel to AC. 

a Find the area of sector OAB, giving 

your answer to | decimal place. (4) 

The region R is bounded by the are AB 

and the lines AC and CB. 

b Find the perimeter of R, giving your 

answer to | decimal place. (6) 

€ Sections 5.2, 5.3 

226 

8 The diagram shows a square, ABCD, 

with side length r, and 2 arcs of circles 

with centres A and B. 

A r B 

ia 
D C 

Show that the area of the shaded region 

is (V3 - 7). | (5) 
€ Sections 5.2, 5.3 

a Show that the equation 

3 sin? x + 7cosx + 3 = 0 can be 

written as 3cos*x — 7cosx -6=0. (2) 

b Hence solve, for 0 < x < 27, 

3 sin*x + 7cosx + 3 =0, giving your 

answers to 2 decimal places. (3) 

< Section 5.4 

a Show that, when @ is small, 

sin 40 — cos 46 + tan30 = 867 + 76-1 

(3) 
b Hence state the approximate value of 

sin 46 — cos 46 + tan36 for small values 

of 0. (1) 

€ Section 5.5 

a Sketch, in the interval -27 < x S 2r, 

the graph of y = 4 — 2cosecx. 

Mark any asymptotes on your graph. 

(3) 
b Hence deduce the range of values of k 

for which the equation 4 — 2cosec x = k 

has no solutions. (2) 

€ Sections 6.1, 6.2 



y 12 

») 13 

») 14 

The diagram shows the graph of 

y=ksec(6-a) 

The curve crosses the y-axis at the point 

(0, 4), and the 6-coordinate of its 
TT 

minimum point is 3 

‘w 

wad fo, 

y=ksec(@-a) 

a State, as a multiple of 7, the value of a. 

(1) 

b Find the value of k. (2) 

c Find the exact values of 6 at the points 

where the graph crosses the line 

Ve yo (3) 

€- Section 6.2 

a Show that 

COS 1 — sinx 
SS th & 1 VEC HK 
1 — sinx cosx 

(4) 

b Hence solve, in the interval 

COSx 1 — sinx 
(feed ee en EL Bio 

sin CcOSx 

(4) 

€ Section 6.3 

a Prove that 

sing) -cos? A 
—— = 2cosec 20, 0 + 90n 

cos@ sind 
(3) 

b Sketch the graph of y = 2 cosec 26 for 

Oot 23.607 (3) 

c Solve, for 0° < @ < 360°, the equation 

sin@ cosé 

cos@ sind 

1 decimal place. 

= 3, giving your answer to 

(4) 
€ Section 6.3 

@ 15 

Review exercise 2 

In the diagram, AB = 10cm 1s the 

diameter of the circle and BD is the 

tangent to the circle at B. The chord AC 

is extended to meet this tangent at D and 

LABS. 

a Show that BD = 10 coté. (4) 

b Given that BD = aU cm, calculate the 
V3 

exact length of DC. (3) 

€ Section 6.4 

a Given that sin? + cos?@= 1, 

show that 1 + tan’ 6 = sec? 0. (2) 

b Solve, for 0° < 6 < 360°, the equation 

2 tan*6+sec@=1 

giving your answers to | decimal place. 

(6) 
€ Section 6.3 

Given that a = cosec x and b = 2sinx. 

a express ain terms of b 
2 

b find the value of 1 in terms of b. 
a> — 

< Section 6.4 

Given that 
; T T 

y=oatcsin x, —l = x= =~ = ye 
: 2 ee) 

a express arccos x in terms of y. (2) 

b Hence find, in terms of 7, the value of 

arcsin X + arccos x. (1) 

€ Section 6.5 

a Prove that for x = l, 

l . V¥x2-1 
arccos 5 = arcsin ——> (4) 

b Explain why this identity is not true for 

0 S96; (2) 

< Section 6.5 
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Review exercise 2 

a Sketch thesraph ofy'= 2 arecos x — 5 5 

showing clearly the exact endpoints of 

(4) 

b Find the exact coordinates of the point 

where the curve crosses the x-axis. (3) 

€- Section 6.5 

the curve. 

P 1 l 
Given that tan(x + A =@ show that 

BRS 
tani = mae 5 pola (5) 

€ Section 7.1 

Given that sin (x + 30°) = 2 sin (x — 60°) 

a show that tanx = 8 + 5/3. (4) 

b Hence express tan (x + 60°) in the form 

at by3. (3) 

€ Section 7.1 

a Use sin(@+ qa) =sin@cosa+cos@sin a, 

or otherwise, to show that 

sin 165° = fo (4) 

b Hence, or otherwise, show that 

cosec 165° = Va + Vb , where a and b 

are constants to be found. (3) 
€ Sections 7.1, 7.2 

Given that cos A = 5 where 270° < A < 360°, 

(3) 

(3) 
€ Section 7.3 

a find the exact value of sin2A4 

b show that tan24 = —-3V7. 

Solve, in the interval —180° S x S 180°, 

the equations 

a cos2x + sinx = | (3) 

b sin x(cos x + cosec x) = 2 cos’ x (3) 

giving your answers to | decimal place. 

€ Section 7.4 

fey =s3 Sino Fi 2cos 

Given f(x) = R sin(x + a), where R > 0 

and0<a< = 

a find the value of R and the value of a. (4) 

b Hence find the greatest value 

of (3 sin x + 2 cos x)* Q) 

(E) 28 

@ x 

ec Hence, or otherwise, solve for 

0 <6 < 2r, f(x) = 1, rounding your 

answers to 3 decimal places. (3) 
€ Section 7.5 

a Prove that 

cot @ — tan @ = 2 cot26, 4 ae (3) 

b Solve, for —7 < 6 < x, the equation 

coté-tand=5, 

giving your answers to 3 significant 

figures. (3) 

€ Sections 6.3, 7.6 

a By writing cos 34 as cos(26 + @), show 

that 

cos 39 = 4cos?@ — 3cos@ (4) 

b Given that cos @ = a find the exact 

value of sec 39. Give your answer in 

the form kV2 where k is a rational 

constant to be found. (2) 

€ Sections 6.3, 7.1 

Show that sin*é = 2 = 4 cos 26 + 4 cos 46. 

You must show each stage of your 

working. (6) 
< Section 7.6 

a Express 6sin 6 + 2 cos @ in the form 

Rsin (@ + a), where r < 0 and 
7 

0 a= oy 

Give the value of a to 2 decimal places. 

(4) 
b i Find the maximum value of 

6 sind + 2 cosé (2) 

ii Find the value of 0, for0 <0 < 7, 

at which the maximum occurs, 

giving the value to 2 d.p. (1) 

The temperature, in T°C, on a particular 

day is modelled by the equation 

T=9 + 6sin{ 5) + 2cos(F) 9+ 6sin 1D + 2cos D 

0 < t S 24 where £ is the nu of hours 

after 9a.m. 
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38 Y 

¢ Calculate the minimum value of T 

predicted by this model, and the value 

of t, to 2 decimal places, when this 

minimum occurs. (3) 

d Calculate, to the nearest minute, 

the times in the first day when the 

temperature is predicted by this model, 

to be exactly 14°C. (4) 

€ Section 7.5, 7.7 

A curve C has parametric equations 
4 

x=1- a te 

a Determine the ranges of x and y in the 

given domain of f. (3) 

b Show that the Cartesian equation of C 

can be written in the form 

ae ae + ¢ 

(1 -— x) 

integers to be found. 

—3t+1,rER,t40 

, where a, b and c are 

(3) 
€ Section 8.1 

A curve has parametric equations 

x =In(t+ yas t>4 

a Find a Cartesian equation of this 

curve in the form y = f(x), x > k, where 

k is an exact constant to be found. (4) 

b Write down the range of f(x) 1n the 

form a < y <b, where a and b are 

constants to be found. (2) 
€ Section 8.1 

A curve C has parametric equations 
l 

¥=——, yp=——, -I<t< x ta aD) ape | Fac a 

Show that a Cartesian ee of Cis 
xe 

ve (4) 
2x -— 1 ; 

< Section 8.1 

A curve C has parametric equations i 
= 2 COStay —"COSsot, Ub 

a Find a Cartesian equation of the curve 

in the form y = f(x), where f(x) 1s a 

cubic function. (5) 

b State the domain and range of f(x) for 

the given domain of tf. (2) 

€ Section 8.2 

@ x 

() 36 
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Review exercise 2 

The curve shown in the figure has 

parametric equations 

: : T 
x =sint,y =sin(t +=), - =f{= 

Ww {>a 

a 
2 

yA 

“Vv 

a Show that a Cartesian equation of the 

curve 1s 

y= Sx + sy (l= x4), 

b Find the coordinates of the points A 

and B, where the curve intercepts the 

x- and y-axes. (3) 

€ Section 8.2 

> leas 1 (4) 

The curve C has parametric equations 

X% =\3 COSE, V = COS2i.0 =f =m 

(4) 
b Sketch the curve C on the appropriate 

domain, labelling the points where the 

curve intercepts the x- and y-axes. (3) 

€ Section 8.2, 8.3 

a Find a Cartesian equation of C. 

The curve C has parametric equations 

x=46, y=81(2t— leven: 

Given that the line with equation 

y = 3x +, where c is a constant, does 

not intersect C, find the range of possible 

values of c. (5) 

€ Section 8.4 

229 



Revi ew exercise 2 

©) 38 A curve has parametric equations 

: 1 
YS Ssin2 iy — 2 COst nt 

@ » 

230 

3m 
a 9} 

VA 

BY 

a Find the coordinates of the points 

where the curve intersects the x-axis. (4) 

b Show that the curve crosses the line 

137 V7 
"os andit = 12 (3) 

€ Section 8.4 

is Oa ene = 

A golf ball is hit from an elevation of 

50m, with an initial speed of 50ms" at 

an angle of 30° above the horizontal. Its 

position after ¢ seconds can be described 

using the following parametric equations: 

x = (25V3)t,y = 25 — 4.972 + 50,0 =t=k 

where x is the horizontal distance in 

metres, y is the vertical distance in metres 

from the ground and k is a constant. 

y 

50m 

O x 

Given that the model is valid from the 

time the golf ball is hit until the time it 

hits the ground, 

a find the value of k to 2 decimal places. 

(3) 
b Find a Cartesian equation for the path 

of the golf ball in the form y = f(x), 

and determine the domain of f(x). 

Give the domain to | d.p. (5) 

€ Section 8.5 

Challenge 

1 Achord of a circle, centre O and radius r, divides 

the circumference in the ratio 1:3, as shown in 

the diagram. Find the ratio of the area of region 

P to the area of region Q. 

xX 

ON 

€ Section 5.3 

2 The diagram shows a circle, centre O. The radius 

of the circle, OC, is 1, and ZCDO = 90°. 

Given that ZCOD = x, express the following 

lengths as single trigonometric functions of x. 

a CD b OD ¢ OA 

d AC e CB f OB 

€~ Section 6.1 

3 The curve Chas parametric equations 

x= 4sint+ 3.y=4cost= hao te 7 

a_ By finding a Cartesian equation of C in the 

form (x — a)* + (y — b)? = c, or otherwise, 

sketch C, labelling the endpoints of the 

curve with their exact coordinates. 

b Find the length of C, giving your answer in 

terms of 7. < Section 8.3 



After completing this chapter you should be able to: 

e@ Differentiate trigonometric functions > pages 232-234, 246-251 

e Differentiate exponentials and logarithms -> pages 235-237 

e Differentiate functions using the chain, product and 

quotient rules ~» pages 237-245 

Differentiate parametric equations —> pages 251-254 

Differentiate functions which are defined implicitly -> pages 254-257 

e Use the second derivative to describe the behaviour 

of a function — pages 257-261 

@ Solve problems involving connected rates of change 

and construct simple differential equations — pages 261-264 

Differentiate: 

a 3x*—5x 2 =r 

c 4x2(1 — x?) € Year 1, Chapter 12 

Find the equation of the tangent to the 

curve with equation y = 8 — x* at the point 

(3, -1). € Year 1, Chapter 12 

The curve C is defined by the parametric 

equations 

ano (oe yc eet CUR 

Find the coordinates of any points where 

ay ; C intersects the coordinate axes. re 

You can use differentiation to find rates of ! rcerenniel 

change in trigonometric and exponential te 

models. The velocity of a wrecking ball could (n 4 Solve 2.cosec x — 3 sec x = O in the interval 

be estimated by modelling its displacement 7m 0 <x < 27, giving your answers correct to | 

then differentiating. a 3 significant figures. -~ Section 6.3 RY i A 
eek 

= i att 7 en 5 . oT FET 8 
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Chapter 9 

(9.1) Differentiating sin x and cos x 

You need to be able to differentiate sin x and cos x from first principles. You can use the following 

small angle approximations for sin and cos when the angle is measured in radians: 

a SInNY xX r Watch out ) You will always need 

m cosx S1- 5x? , to use radians when differentiating 
nh _ h trigonometric functions. 

This means that lim 2 = lim —=1,and 
h—0 5 oh 

1 hale PCOS ee ay 2 ee) tyme 

ule h a) h = lim ( 3h) = 

You will need to use these two limits when you differentiate sin and cos from first principles. 

Prove, from first principles, that the derivative of sin x 1s cos x. 

sinh cosh — 1 
You may assume that as h — 0, —— se 1 and ape 0. 

Me tai0c) == sin | Problem-solving 

| ey = he fe + h) = f00) | Use the rule for differentiating from first 
h>O h : principles. This is provided in the formula booklet. 

7 sinc + h) — sinx If you don’t want to use limit notation, you could 

Fees h write an expression for the gradient of the chord 

Aes ee joining (x, sin x) to (x +h, sin (x + A)) and show 

mete P that as h — 0 the gradient of the chord tends to 
COS: <- Year 1, Section 12.2 

[2224 ~ 1 : (224) : 
= ih === SAE Sie COS X 

h—O h h 

cosh — 1 sinh 
LSinee re pe — Oand h => | ine 

expression inside the limit tends to 

(O x sinx + 1 x cosx) - 

sini +h) = sinx 
| So lim = COS 2° 

ho h 

—neweste=— re cnet 
d 

# If y=sinkx, then = kcoskx 
dx Explore the relationship €) GS 

You can use a similar technique to find the between sin and cos and their 
derivative of cos x. derivatives using technology. 

dy 
# If y=coskx, then — =-ksinkx 

dx 
a 
= 

232 



Differentiation 

Bd event in ie given that: 

aly = sin 2x ba= COs ox c y =3cosx +2sin 4x 

a p= sinex 

si = —5 si 5x 

le y=3cosx + 2sin4x 

— = 3 x (-sinx) + 2 x (4cos 4x) 

= —-3s5inx + 8cos4x 

A curve has equation y = ax — cos 2x. Find the stationary points on the curve in the interval 

= x = 1. 

Os 25) = 1 4 2 sin? apieog Sin 0) = ay oF Six. 

/ dy 4 
| Let —— = O'and solve for x: 

2; dx 

($+ 2sin2x=0 

2sin2x=- 

| By =.3.394., 60308. 
mm <= 1-70, 3.02 3 5.) 

Miner = 1.70: t Watch out ) Whenever you are using calculus, 

~ you must work in radians. — 
| y = 41.70) — cos(2 x 1.70) = 1.62 (3 5) 

"When x = 3.02: 

'y = (3.02) - cos (2 x 3.02) = 0.539 (3 54) | 

| 
| The stationary points of y= $x = €05 2x in 

| the interval O < x S @ are (1.70, 1.62) and 

(3.02, 0.539). 
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Chapter 9 

(P) 1 a Given that f(x) = cos.x, show that Problem-solving 

cosh - 1 sinh. Use the definition of the 
jG 3) dl ((ese—1) x- sin Xx 
ee aa h ce eID, derivative and the addition 

b Hence prove that f’(x) = -sin x. formula for cos(4 + 8). 

2 Differentiate: 

aay = COS b y =2sin3x c y=sin8x d y = 6sinSx 

3 Find f’(x) given that: 

a f(x) =2cosx b f(x) = 6cos2x c f(x)=4cos$x — d. f(x) = 3. cos 2x 

Bera ven th in ay given that: 

a y=sin2x + cos 3x b y=2cos 4x — 4cosx + 2cos7x 

¢ yp=x’?+4cos 3x i 2s 

5 Acurve has equation y = x — sin 3x. Find the stationary points of the curve in the interval 

= =a. 

> 
6 Find the gradient of the curve y = 2sin4x — 4cos 2x at the point where x = 5 

() 7 Acurve has the equation y = 2 sin 2x + cos 2x. Find the stationary points of the curve in the 

intervalO <x <7. 

(E/P) 8 Acurve has the equation y = sin 5x + cos 3x. Find the equation of the tangent to the curve at 

the point (7, -1). (4 marks) 

9 Acurve has the equation y = 2x? — sin x. Show that the equation of the normal to the curve at 

the point with x-coordinate 7 is 

x + (40 + l)y — 1(87? + 27 +1) =0 (7 marks) 

10 Prove, from first principles, that the derivative of sin x is cos x. 

You may assume the formula for sin(4 + B) and that as h — 0, sae — land costal — 0). 

(5 marks) 

Challenge 

Prove, from first principles, that the derivative of sin(kx) is kcos(kx). 

You may assume the formula for sin (4 + B) and that as h — 0, nee —k 

coskh —1 a 

h 
and 0. 
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Differentiation 

(9.2 ) Differentiating exponentials and logarithms 

You need to be able to differentiate expressions involving exponentials and logarithms. 

dy 
Bify= efx, — = kx 

_ ue dx iS , Watch out ) For any real constant, k, 

dy 4 Inkx =Ink + \nx. Since Ink is also a 

= If y=Inx, then aR constant, the derivative of In kx is 

You can use the derivative of e** to find the derivative of 

a‘ where a is any positive real number. 

1 
also = 

Example 

Online | Explore the function a* 

and its derivative using technology. 
Show that the derivative of a* is a* Ina. 

Let y= a 

= ela” You could also use the laws of logs like this: 

Seno lay Sila =x In aa yess 

dy ¢€- Year 1, Chapter 14 
Snide 

Ax 
== In (a>) 

ge In ais just a constant so use the standard result 
=a*\na / for the derivative of e with k = Ina. 

d 
@ If y= a**, where k is a real constant and a > 0, then P =a'*klna 

(example @) 
Find Dae en th in a. given that: 

T= 7x 

Fy a ee Pee b y=In(x?) + In7x c ee 

a 'y z ek + 23x 

dy 

dx 

Differentiate each term separately using the 

= 363% 4 23x(F iq 2) ——_——_—_—__+_ancarcrestlitoe Wit — anda wit 

; G=2 and k =e 

ne ay =n Ge) + tn 7x 

y= 3inx+In7 + Inx = 4\nx + In7 —————— Rewrite y using the laws of logs. 

Ay 1 4 
erat ee eS te 
AX a: Ze Use the standard result for In.x. In7 is a constant, 

Be Bere so it disappears when you differentiate. 

Aes 

(inte ese Divide each term in the numerator by the 
—e xX —e Xx i 

Z 4 denominator. 

2 =5 ~esen*) — = Aer 
x, 

om “i Differentiate each term separately using the 

Rete standard result for e&. 

Zo0 
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Exercise (9B) 

a Find = for each of the following: 

a y=4e b y=3° c y=(2) d y= In5x 

Cay = a(x) f y= inex) o y= eer h -= Ms _— 

Find f’(x) given that: 

a f(x) =3% b f(x) = ap c f(xy=2h +e" d fx)= ae 

Hint ) In parts c and d, rewrite neh terms so that they 

all have the same base and hence can be simplified. 

Find the gradient of the curve y = (e** — e~**)? at the point where x = In3. 

Find the equation of the tangent to the curve y = 2* + 2~* at the point (2, 7) (6 marks) 

A curve has the equation y = e** — In x. Show that the equation of the tangent at the point with 

x-coordinate | is 

y=(2e?-1)x -e? + 1 (6 marks) 

A particular radioactive isotope has an activity, R millicuries at time ¢ days, given by the 

dR 
equation R = 200 x 0.9. Find the value of 7 , when ¢ = 8. 

The population of Cambridge was 37 000 in 1900, and was about 109 000 in 2000. Given that 

the population, P, at a time ¢ years after 1900 can be modelled using the equation P = Pyk’, 

a find the values of Py) and k 

b evaluate & in the year 2000 

¢ interpret your answer to part b in the context of the model. 

A student is attempting to differentiate In kx. The student writes: 

dy 
= | 1x ——— ¢ y= Inkx, 50 = k\Inkx 

Explain the mistake made by the student and state the correct derivative. 

Prove that the derivative of a‘ is ak Ina. You may assume that the derivative of e' is ke*. 

(4 marks) 



P) 10 

p) 11 

Pp) 12 

Differentiation 

fecj= ec — In (x) + 4, x > 0 

a Find f(x). (3 marks) 

The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a. 

b Show that a(e** - 1) = 1. (2 marks) 

A curve C has equation 

y=Ssin3x+2cos3x,-7 SxS 

a Show that the point P (0, 2) lies on C. (1 mark) 
b Find an equation of the normal to the curve C at P. (5 marks) 

The point P lies on the curve with equation y = 2(34*). The x-coordinate of P is 1. 

Find an equation of the normal to the curve at the point P in the form y = ax + b, where a and 

b are constants to be found in exact form. (5 marks) 

Challenge 

A curve C has the equation y = e** — 5x. Find the equation of the 

tangent to C that is parallel to the line y = 3x + 4. 

9,3] The chain rule 

You can use the chain rule to differentiate composite functions, or functions of another function. 

= The chain rule is: 

dx du dx 

where y is a function of w and w is another function of x. 

d , 

Given that y = (3x7 + x), find i using the chain rule. 

a Gy Ge 

Neb Ww = 3x7 +X: 

ae 1252 + 4 Differentiate wu with respect to x to get ih 
dx : dx 

ys) 

Pestle Substitute w into the equation for y and 

dy dy 
=e) differentiate with respect to uw to get —— ae Su ifferentiate wi pe utog a 

Using the chain rule, 

ayiaray. su 

Amicus vais 

= 5u4(12 x3 + 1) 

dy 3 Use u = 3x* + x to write your final answer in 

<i 5(3x4 + x)4(12x3 + 1) terms of x only, 
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dy 
Given that y = sin* x, find —— 

dx 
ee a See eae 

y= sin4 x = (gin .x)4 

| Kewl = Sines: 

du 
== = COS 5 
Ax 

Using the chain rule, | 

dy ' dy du | 

| dx du ~ dx 

| = 4u3(cos x) | 

ay 
| Ax 

= 4sin°x cos x 

You can write the chain rule using function notation: 

® The chain rule enables you to differentiate a function of a function. In general, 

e if y = (f(x))” then = = n(F(x))"-* F' (x) 

d 
e if y = f(g(x)) then = f’(g(x))g’ (x) 

| 
d 

Given that y = y5x? + 1, find = at (4, 9). 

| ee ee This i 
| Let (x) = 5x2 +1 | _ dy 
| neaees) Wer: Ce 

| Using the chain rule: 

\ay , Wi 
ees oes + 1)-2 x 10x 

= 5x(5x2 + 1)-2 

| dy ee) 
—$S = 2 2 = — | At (4, 9), ax eG ee) S | 
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Differentiation 

The following particular case of the chain rule is useful for differentiating functions that are not in the 

form y = f(x). 

dy 1 Hint ) This is because: 
zo = — 

ap ’ choy Mahone: 

Example i) 

dy : 
Find the value of — at the point (2, 1) on the curve with equation y? + y = x. 

dx 

Exercise (9c) 

1 Differentiate: 

a (ier 2x)" b (3 =2x?)-5 ¢ (3+4x) d (6x + x2)’ 

1 = 4 _— x)-6 Ges { pS g 4(2 + 8x) h 3(8—x) 

2 Differentiate: 

agen b cos(2x - 1) eying d (sinx + cos x) 

e sin(3x? — 2x + 1) f In (sin x) i ees h cos(e?* + 3) 

dy 
3 Given that y = 5 find the value of dx at (4, 4). oe ee 

(4x + 1) 

) 4 Acurve C has equation y = (5 — 2x). Find the tangent to the curve at the point P with 

x-coordinate |. (7 marks) 

dy 
As ata ae (5 marks) @) 5 Given that y=(1+In 4x):, find the value of 

d oe 
(P) 6 Find = for the following curves, giving your answers in terms of y. 

BE 

ax=y+y b x=e’+4y Ce =isin 2) d 4x=Iny+y? 
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ss d 
° 

a at the point (8, 2) on Problem-solving 

Your expression for - will be in terms of y. 

() 7 Find the value of 

the curve with equation 3y? — 2y = x. 

Remember to substitute the y-coordinate into 

the expression to find the gradient. | 

dy % 
(P) 8 Find the value of 

dx 
at the point (3, 4) on the curve with equation y? + y72 = x. 

9 a Differentiate e” = x with respect to y. 

el 
b Hence, prove that if y = In, then re 

10 The curve C has equation x = 4cos 2y. 

a Show that the point Q (2, a lies on C. (1 mark) 

b Show that oy Eas at O (4 marks) 
di 473 

c Find an equation of the normal to C at Q. Give your answer in the form ax + by +c =0, 

where a, } and ¢ are exact constants. (4 marks) 

11 Differentiate: 

@ sil’ 3x Dac ¢ In(cos x)? 

1 

3 + cos2x a (3) 

12 The curve C has equation y = aad x 5 

The point A on C has x-coordinate 3. 

Find an equation of the normal to C at A in the form ax + by + c = 0, where a, b and 

c are integers. (7 marks) 

13 Find the exact value of the gradient of the curve with equation y = 3* at the point with 

coordinates (1, 3). (4 marks) 

Challenge 

dy 
Find — given that: 

dx 

a y=ysinvx b Iny=sin? 3x + 4) 
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Differentiation 

9.4) The product rule 

You need to be able to differentiate the product of two functions. 

dy oo dy du 
|| =) —_ = ee —— 

ify uy then Ape oe eRe ELST Make sure you can spot 
the difference between a product 

of two functions and a function of a 

The product rule in function notation is: function. A product is two separate 
functions multiplied together. 

where uw and vy are functions of x. 

@ If f(x) = g(x)h(x) then f’ (x) = g(x)h’ (x) + h(x)g’ (x) 

Given that f(x) —=x-y 3x — I, find f(x). 

Let u= x? and v= V3x—1 = (3x- 1) 

PMR Bee: then PE) pw Then y= 2x and Eis eX (oa Wine 

| Usin ae pe + oe 
TS aaa dx 

PG) = x2 x 36x — 1) + Bx —1 x 2x 

_ 3x? + 12x? - 4x 

2v3x - 1 

2 15x8= 4% 

2vV3x - 1 

# x(15x — A) 

evox — 1 

d 
Given that y = e** sin? 3x, show that = = e+ sin 3x (A cos 3x + Bsin3x), where A and B are 

constants to be determined. 

| Let u = e** and v = sin? 3x = (Sin 3x)? 

| du = 4e* and ay = AGIs) &% Gees Sx) 
WAX ax 

dy dv du 

ely, = e4* x (6 sin 3xcos 3x) + sin? 3x x 4e4* 
Ax : 

| = Ge**sin3xcos 3x + 4e* sin? 3x | 
Write out the value of any constants you have 

determined at the end of your working. 

pits ean the required formewmitn 4 — Gand” | You can use this to check that your answer is in 

Lo = Se —- the required form. 

= e4+% sin 3x (6 cos 3x + 4sin 3x) 
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Exercise (9D) 

1 

242 

Differentiate: 

a x(1 + 3x) b 2x(1 + 3x?) c x3(2x + 6)4 d 3x2(5x - 1)7! 

Differentiate: | 

py Gene ae b sin2x cos3x Cre sila d_ sin (5x) In (cos x) 

dy ; 
a Find the value of ae at the point (1, 8) on the curve with equation y = x*(3x — 1)’. 

dy 
b Find the value of —— at the point (4, 36) on the curve with equation y = 3x(2x + 1)?. 

dx 

d 
c Find the value of = at the point (2, i) on the curve with equation y = (x — 1)(2x + 1)"!. 

Find the stationary points of the curve C with the equation y = (x — 2)?(2x + 3). 

5 
A curve C has equation y = (x - Bi sin 2x, 0 < x < 7. Find the gradient of the curve at the 

ls point with x-coordinate a 

A curve C has equation y = x*cos(x’). Find the equation of the tangent to the curve C at the 

ae 
point P (= Ee in the form ax + by + c = 0 where a, b and c are exact constants. (7 marks) 

Given that y = 3x7(5x — 3), show that 

dy 
= SCAN (Oo 05) Ca oe) 
dx 

where n, A, B and C are constants to be determined. (4 marks) 

A curve C has equation y = (x + 3)?e**. 

d 
a Find = using the product rule for differentiation. (3 marks) 

b Find the gradient of C at the point where x = 2. (3 marks) 

Differentiate with respect to x: 

a (2sin x — 3cos x) In 3x (3 marks) 

bevce™-- (3 marks) 

dy ; ; 
Find the value of ae at the point where x = | on the curve with equation 

y=x°vl0x + 6 : (6 marks) 



Differentiation 

Challenge 

wd 
Find ie for the following functions. 

x 

a y=ersin?x cos x b y=x(4x — 3)®(1 —4x)? 

(9.5 | The quotient rule 

You need to be able to differentiate the quotient of two functions. 

du PL d sappla 

Blfy= " then nie Os ks where w and y are functions of x. 
v dx y2 . 

The quotient rule in function notation is: t Watch out ] There is a minus sign 
x h(x)g'(x) — g(x)h/ (x) in the numerator, so the order of 

m If f(x) = ae then f'(x) = we eee the functions is important. 

Example Ge) 

dy 
Given that y = 1008 Nore 

ee ee 

Let 5 Sea p= a + 5: 

du Gy = 
ae 1 and ee 

du dv 
y Ax Ax 

Using —— = ye 

VamAd =) X= Xe 

axe (2x + 5)? 

: sin x 
A curve C with equation y = Boe? OX <r. 

has a stationary point at P. Find the coordinates 

of P. Give your answer to 3 significant figures. 

| Let uw = sinx and y = e**, 

du a. dy a Cake ge OO and 7 = 2e 
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“Using the quotient rule, 
| | 
| | 
| | 

y cue pee 
Wp Vale eh 
ebe ye | 

dy e®*cosx — sinx(2e>") | : 

AX (eee | N 

e**cosx — 2e**sinx 
etx \ 

e*cos x — 2sinx) 
etx 

= e-8cosx — 2sinx) 

e-*(cos x — 2sinx) =O 

| e-=*¥ = O or cosx — 2sinx =O 

| e-2* = O has no solution. | Problem-solving } 

If the product of two ee is equal to 0 then ECE — ZS ©) 
one of the factors must be equal to 0. - 

cosx = 2sinx 

t= tai 

x = OAGA (3 51.) 

Sin x 

eex 

sin (0.4G4) 
/ = ~ e2x0AC4 = Ole 7 (3 5.f) 

| | 
So the coordinates of P are (0.464, 0.177). 

Exercise (9) 

1 Differentiate: 

y= 

i on b 2x pes 3 d Spe 6x 
x+1 3x -2 2x +1 Qa) i. (5x + 3)2 

2 Differentiate: 

he In x Cree (ergo)? sin? x 
a b Ce eee e 

COS x x+1 Inx COS x Inx 

3 Find the value of ow at the point (1 5) on the curve with equation y = = 
dos 3 axel 

; dy Sots * 
4 Find the value of — at the point (12, 3) on the curve with equation y= ————_ 

y Qx+1)) 
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Differentiation 

2x+3 

5 Find the stationary point(s) of the curve C with equation y = a, 0), 

) 6 Find the equation of the tangent to the curve y = o at the point (3, Fe), (7 marks) 

7 Find the exact value of al at the point x = = on the curve with equation y = _ 
dx 9 sin 3x 

») 8 The curve C has equation x = oe 
34+2y 

a Find the coordinates of the point P where the curve cuts the x-axis. (1 mark) 

b Find an equation of the normal to the curve at P, giving your answer in the form y = mx + ¢, 

where m and c are constants to be found. (6 marks) 

: oe 
) 9 Differentiate ——— with respect to x. (4 marks) 

COs 3.6 

ee 
) 10 A ccurve C has equation y = SA 

(x — 2)? 

a Show that 

dy Ae*(Bx - C) 
da x 

where A, B and C are integers to be found. (4 marks) 

b Find the equation of the tangent of C at the point x = 1. (3 marks) 

») 11 Given that 

aX 6x 
= eel Nes Tc 10° 

how that f(x) = (4 marks) a show that f(x) = ae 

b Hence find f’(3). (3 marks) 

>) 12 The diagram shows a sketch of the curve with equation 

y = f(x), where 

f(x) = ES 0<x<n 

The curve has a maximum turning point at A anda 

minimum turning point and B as shown in the diagram. 

a Show that the x-coordinates of point A and point B 
6 . 1 

are solutions to the equation tan 2x = 5 (4 marks) 

b Find the range of f(x). (2 marks) 
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€3 Differentiating trigonometric functions 

You can combine all the above rules and apply them to trigonometric functions to obtain standard 

results. 

mb 

tae wang er toed y = tan x, find 4 

Shae 
Pie 2e x = 265 

pletiesrcin wand vi="cosk 

| end = =o ts 
eceres ax © 

ye _ av 
Aye eae coc 
abe ye 

AY _cosx x cosx — sin x(—sinx) 
Ax COS" 

AY _ cos® x + sin? x 

Ax Cole x 

Ay 1 : 
| oy Ses = SEC 
nC GuCOS— 

You can generalise this method to differentiate tan kx: 

d 
# If y=tankx, then = =ksec? kx 

Differentiate a y=xtan2x bey tan x 

a y=xXtan2x 

dy 
——=x x 25sec" 2x + tan2x 
Ax 

2x SEC" 2X + bale 

Dey = eai oo = (Carin 

dy 
pace 3 2 ee A(tan x)?(secé x) 

= Atan? x sec? x 
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Differentiation 

Show that if y = cosec x, then — = —cosecx cot x. dx 

Vaicosee Xx = — 
sin x 

Kenid —aleanc y= "sition 

| Gu _ av | peg oe 

| pau _ a 
Oya = Ox 

) uid y2 

dy _sinx x O-1x cosx 
Ax sin? x 

Ay Goss 

Ax sin? x 

dy 1 C05.% 
aS — ae = —cosecx cotx 
ax sin x Ssin.x 

You can use similar techniques to differentiate sec x and cot x giving you the following general results: 

dy s If y = cosec Ax, then aoe -k coseckx cot kx Ise GENCE 

g d results for tan, cosec, sec and cot 

= If y=seckx, then = =kseckxtankx are given in the formulae booklet, 
x learning these results will enable 

you to differentiate a wide range of 
functions quickly and confidently. 

d 
= If y=cotAx, then =. = -kcosec? kx 

Eosec 2x 
Differentiate: a y 5 bey sec 

x 

he | cdsec xe 
. 
| x 

| dy x2(—-2cosec 2x cot 2x) — cosec 2x X 2x 
| 2Sie) = = 
| dx x 

=—2COSséc 2x(x Cot 2X + 1) 

iD y=isec> x = ecx) 

ae 3(sec x)* (sec x tan x) 
Ax 

= 35ec?x tanx 
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d 
. . 

. ‘ 

You can use the rule ns = 2 to differentiate arcsin x, arccos x and arctan x. 
(ebee webs 

Example (18) 

dy 

Show that the derivative of arcsin x is 

let ps2 arcsin x 

|So x = siny 

dx Cosy | | ‘ 

sin@y + cos*y = 

cosy =1-sin?y =Vv1 - x2 

Problem-solving 

Use the identity sin? @ + cos? Ga to write cosy) 
ns ; in terms of sin y. This will enable _ to find an — 

You can use similar techniques to differentiate ee 

arccos x and arctan x giving you the following 

results: 

d: 
expression for a in terms of x. 

dy 1 
© lf y—arcecosy then——— — 

dx (2 

dy 1 
e if y=arctan x, then—= 

4 (6) a Ee 

1 Differentiate: 

a y=tan3x b y=4tan’x c y=tan(x- 1) d y=x?tan5x + tan (x — 4} 

2 Differentiate: 

a cot4x b sec5x c cosec 4x disec ox 
2 

e xcot3x f ae x Pecosec 2x h cot?(2x - 1) 

3 Find the function f’(x) where f(x) is: 

a (sec x)? b Vcotx C-COsee-% d tan? x 

e sec? x f cot?x 
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: 

) 5 

Find f’(x) where f(x) is: 

2 
a x?sec3x b or c x d e*sec 3x 

x tan x 

Inx etanx 

tan x f COS Xx 

The curve C has equation 

1 

Differentiation 

Vee. aX ST 
cos x sin x 

ae a Fin ae (4 marks) 

b Determine the number of stationary points of the curve C. (2 marks) 

c Find the equation of the tangent at the point where x = a giving your answer in the 

form ax + by + c= 0, where a, } and c are exact constants to be determined. (3 marks) 

dy 
Show that if y = sec x then Ae tan x. (5 marks) 

Show that if y = cot x then = = —cosec? x. (5 marks) 

Assuming standard results for sinx and cos x, prove that: 

: 1 
aqetie doiyvaiye OL alccos x18 —— == 

vl-x? 

b the derivative of arctan x is = 
l+x 

Given that x = cosec 5y, 

dy. 
a find a0 terms of y. (2 marks) 

dy. 
b Hence find a terms of x. (4 marks) 
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9.7) Parametric differentiation ie 

When functions are defined parametrically, you can find the gradient at a given point without 

converting into Cartesian form. You can use a variation of the chain rule: 

d 
: dy, = Hint ] You can obtain this 

eee : s dy dx dy 
dx dx rom wri mB ax dt a 

= If x and y are given as functions of a parameter, f: 

Find the gradient at the point P where ¢ = 2, on the curve given parametrically by 

C= tt, vol el, TER 

13 

Find the equation of the normal at the point P where 0 = 

equations x= 3sin@, y= Sicos0. 

- , to the curve with parametric 

CME 55) =e oO OS} < Zar 

At point P, where @ = 2 

Qe a5 | 2 
Be Te 3/3 | Explore the graph of this 

Shier curve and the normal at this point 
a a a using technology. 
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Differentiation 

ie /3 The normal is perpendicular to the curve, so its 
The gradient of the normal at P is ; a eae | 

gradient is —>- where m is the gradient of the 

Pancdlelr x = 3 i Ae | curve at that point. 

‘The equation of the normal is You need to find the coordinates of P. Substitute 

5/3 3/3 3 C= Z into each of the parametric equations. 

oa (x cs 5| < Section 8.1 

by siaVax + GyS Use the equation for a line in the form 

y— yi =m(x — Xj) 

Exercise (9G) 

end 
1 Find soe for each of the following, leaving your answer in terms of the parameter f. 

dex — 2h at 3t +2 b x= 379 20 C X= (Par. paar 

2 1 Bi 
d x=r-2 = tH <a = Dee C= = x ee @Q XE pod 312, ioe: pe ee | 

a wil ets hex = ey ae, 1G 4 sini = 3 C05 ob g = (oa eee oe 5 = a ee 

j x=2+sint,y=3-4cost k x=sect,y=tant lx =2r—sin2t, p= b="cos 21 

Niece, p= ln tt 0 nee intiy=Fr—64 7-0 0 x= e+ ly = 2c = Le al 

a Find the equation of the tangent to the curve with parametric equations x = 3 — 2 sin ¢, 

y = tcost, at the point P, where t= 7. 

b Find the equation of the tangent to the curve with parametric equations x =9 — P, 

y= + 6t, at the point P, where t = 2. 

a Find the equation of the normal to the curve with parametric equations x =e’, y=e' + e", 

at the point P, where ft = 0. 

b Find the equation of the normal to the curve with parametric equations x = | — cos 21, 

y = sin 2t, at the point P, where ¢ = 2 

Find the points of zero gradient on the curve with parametric equations 

fe 1 

ee ie 

You do not need to establish whether they are maximum or minimum points. 

eee 
“ae 

The curve C has parametric equations x =e”, y=e'—1,tER. 

a Find the equation of the tangent to C at the point A where ¢ = In2. 

b Show that the curve C has no stationary points. 
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6 The curve C has parametric equations 

PU ONG oe 

The line /, is a tangent to C and is parallel to the line with equation y = x + 5. 

Find the equation of /;. (8 marks) 

7 Acurve has parametric equations 

| T 
SIN) = COLO i 

2 

’ dy, 
a Find an expression for a3 terms of the parameter f. | (4 marks) 

b Find an equation of the tangent to the curve at the point where ¢ = Z (4 marks) 

8 The curve C has parametric equations 

x= 4sint, Vi=2 COSCCLE WS Sai 

43 
The point A lies on C and has coordinates | 2V3 3): 

a Find the value of ¢ at the point A. (2 marks) 

The line /is a normal to C at A. 

b Show that an equation for /is 9x + 12y — 34V3 =0. (6 marks) 

9 The curve C has parametric equations 

x=f4+t, p=?-10t+5, tEeR 

where ¢ is a parameter. Given that at point P, the gradient of C is 2, 

a find the coordinates of P (4 marks) 

b find the equation of the tangent to C at point P (3 marks) 

ec show that the tangent to C at point P does not intersect the curve again. (5 marks) 

Problem-solving 

Substitute the equations for x and y into the equation of your tangent, 

and show that the resulting quadratic equation has one unique root. 

10 The curve C has parametric equations 

X= 2sint, y=v2cos2,, Ol pox 

d 
a Find an expression for - in terms of f. (2 marks) 
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The point A lies on C where t = zs The line /is the normal to C at A. 

b Find an equation for /in the form ax + by + c = 0, where a, b and c are exact constants 

to be found. (5 marks) 

c Prove that the line / does not intersect the curve anywhere other than at point A. (6 marks) 

A curve has parametric equations 

ead 
x=cost, y= 7sin2t, 0O=t<27 

: ; ao. 
a Find an expression for qx int terms of 1. (2 marks) 

b Find an equation of the tangent to the curve at point A where ¢ = a (4 marks) 

The lines /, and /, are two further distinct tangents to the curve. Given that /, and /, are both 

parallel to the tangent to the curve at point 4, 

c find an equation of /; and an equation of /, (6 marks) 

€D Implicit differentiation 

Some equations are difficult to rearrange into Notation | Aner nthe emo Ove 
the form y = f(x) or x = f(y). You can sometimes given explicitly. 
differentiate these equations implicitly without 

rearranging them. 
Equations which involve functions of both x 

and y such as x* + 2xy =3 or cos (x+y) =2x 

In general, from the chain rule: are called implicit equations. 

d BOY, 
2 ax fo) = f’(y) aE: 

The following two specific results are useful for implicit differentiation: 

d u ny — n-1_*_ me ny 
dy 
dx 

dpe ere dy. ee at) 

When you differentiate implicit equations 

your expression for + will usually be given You need to pay careful attention to 
XxX the variable you are differentiating with respect to. 

in terms of both x and y. 
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d 
Find = in terms of x and y where x3 + x + 3+ 3y =6. 

a 

| d d 
ey 

ax ax | 

dy 
2 =e B52 — ae (3y* + 3) = -3x i 

ae oxo w | 

ee SAS 

2 d 
Given that 4x)? + a = 10, find the value of = at the point (1, 1). 

| Substitute x = 1, y = 1 to give 

ese +be-6@)- (eG+a)+(ie-62 =O 

d 
| (eo 

Sea 

dy 
Fe eee 
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dy 
Find the value of at the point (1, 1) where e* Iny=x+y-—2. 

bon eae: 2X fees aes ; Xe x ete |e ae TY x ce SP ha 

| Substitute x = 1, y = 1 to give 

ae, ee 
ax =) dx 

Exercise (oH) 

d 
) 1 By writing u = y”, and using the chain rule, show that ma v= nye = 

SS d dy 
>) 2 Use the product rule to show that => Cvs rene: 

dy 
>) 3 Find an expression in terms of x and y for de given that: 

ae tayo = 2 b x7 + 5jy?= 14 c x2 + 6x - 8p + Sy? = 13 

2y 
d y>+3x*y -4x =0 e 3y?-2y+ 2xy=x3 i Lae 

g (x-yft=xt+yr+5 h y= xev i /xy+x+y?=0 

>) 4 Find the equation of the tangent to the curve with implicit equation x? + 3xy* — y> = 9 at the 

point (2, 1). 

>) 5 Find the equation of the normal to the curve with implicit equation (x + yp =x? +y at the 

point (1, 0). 
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6 

@) 11 

Find the coordinates of the points of Problem-solving 

zero gradient on the curve with implicit 

equation x* + 4y* - 6x - loy + 21 =0. Find _ then set the numerator equal to 0 to find 
xX 

the x-coordinate at the points of 0 gradient. You 

need to find two corresponding y-coordinates. 
.N 

A curve C is described by the equation 

2x? + 3)? -x+ 6xyv+5=0 

Find an equation of the tangent to C at the point (1, —2), giving your answer in the form 

ax + by + c=0, where a, b and © are integers. 

A curve C has equation 

Soy 

d 
Find the exact value of - at the point on C with coordinates (2, —3). 

Find the gradient of the curve with equation 

In (2) =$x In (x - Lb) eck. ey 0) 

at the point on the curve where x = 4. Give your answer as an exact value. 

A curve C satisfies sin x + cos y = 0.5, where -7 <x <a and-17<y<7. 

d 
a Find an expression for ee 

dx 

b Find the coordinates of the stationary points on C. 

The curve € has the equation ye * — 3% = y2. 

oy. 
a Find ——in terms of x and y. 

abs 

b Show that the equation of the tangent to C at the origin, O, is y = 3x. 

Challenge 

The curve C has implicit equation 6x + y? + 2xy = x?. 

a 

b 

256 

dy 
Show that there are no points on the curve such that = =O: 

ae 

Find the coordinates of the two points on C such that “a =(), 
y 

(7 marks) 

(7 marks) 

(7 marks) 

(2 marks) 

(5 marks) 

(5 marks) 

(4 marks) 



Differentiation 

9.9} Using second derivatives 

You can use the second derivative to determine whether a curve is concave or convex on a given 

domain. 

= The function f(x) is concave on a given interval if and only if f’(x) < 0 for every value of x in 

that interval. 

= The function f(x) is convex on a given interval if and only if f’(x) > 0 for every value of xin 

that interval. 

Links ey 
To find the second derivative, f"(x) or ae you differentiate twice with respect to x. 

if 
€ Year 1, Chapter 12 

dy déy , Werte déy ; 
——=-2>s0 the curve is — = e* which is always = 6x — 12 s0 the curve is 

(alias dx2 xe 

concave for allx € R. positive, so the curve is concave for all x < 2 and 

convex for all x € R. convex for x = 2. 

Find the interval on which the function f(x) = x* + 4x + 3 is concave. 

f(x) =x? + 4x43 Differentiate twice to get an expression for f”(x). 

bP) = 3x2 + 4 

1 =" Gx 
Write down the condition for a concave function 

in your working. For f(x) to be concave, f"(x) < O 

6x SO 

EO Notation | You can also write this interval as 

So f(x) is concave for all x < O. (—00, 0] 
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Show that the function f(x) = e2* + x? is convex for all real values of ~. 

Mie C= et Xe 
| 

i Ooh = Bee" 25 2x. 

Co) = Aes 

Ee = Oren alleae Ry so: 4e-" + 2 >s2Vior all : 
xéER | Problem-solving 

Pilence i () = (Oxso tis convex ior alxwe Ik, | _ Write down the condition for a convex function 

aca eat ae ae Ee and a conclusion. = 

The point at which a curve changes from being concave to convex (or vice versa) is called a point of 

inflection. The diagram shows the curve with equation y = x? — 2x*-4x + 5. 

In the interval [—2, 0] the curve is concave. 

At some point between 0 and 1 the curve changes from being concave to being convex. This is the 

point of inflection. 

® A point of inflection is a point at which f"(x) changes sign. , Watch out ] A point of 

To find a point of inflection you need to show that f”(x) = 0 at that inflection does not have to 
point, and that it has different signs on either side of that point. beach 

The curve C has equation y = x} — 2x? - 4x + 5. 

a Show that C is concave on the interval [—2, 0] and convex on the interval [1, 3]. 

b Find the coordinates of the point of inflection. 
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concave on the interval [-2, O]. 

d@y 
——=6x-42Oforalli<xs 3. 

Therefore, y= x9 — 2x* -4x +5 

is convex on the interval [1, 3]. 

Substitute x into y gives 
Ke 

y= a a ey - 4(§)+5=22 a ‘Online | Explore the solution to this ec? 
example graphically using technology. 

So the point of inflection of the curve C 

Ss Ea 
is (3.35). 

Exercise 91) 

>) 1 

P) 4 

Py). 5 

For each of the following functions, find the interval on which the function is: 

i convex ii concave 

AMC 3A tx — 2 b f{@)=x*— 3x34 2x 1 Chit) =sin x, 0 =e <2 

dni) —=—~ 43x —7 efGj=e fais) = Ine 0: 

f(x) = aresin x, -l<x<1 

a Show that f’(x) = = 
(eee 

b Hence show that f(x) is concave on the interval (—1, 0). 

c Show that f(x) is convex on the interval (0, 1). 

d Hence deduce the point of inflection of f. 

Find any point(s) of inflection of the following functions. 
x3 -—2x2+x-1 

FFE) oeeaw! 
a f(x) =cos?x — 2sinx,0<x<2n b fy=- 

3 

x?-4" 
Cais = Ke 

fea In, Xe U 

Show that f has exactly one point of inflection and determine the value of x at this point. 

The curve C has equation y = e*(x* — 2x + 2). 

a Find the exact coordinates of the stationary point on C and determine its nature. 

b Find the coordinates of any non-stationary points of inflection on C. 
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The curve C has equation y = xe*. 

a Find the exact coordinates of the stationary point on C 

and determine its nature. Problem-solving 

b Find the coordinates of any non-stationary points of Consider how C behaves. 

inflection on C. for very large positive and 

negative value 
x N 

c Hence sketch the graph of y = xe*. 

For each point on the graph, state whether: 

i f’(x) is positive, negative or zero 

ii f’(x) is positive, negative or zero 

Tk ae 
GOS Bie =e be ee (x) X, SX <5 

Prove that f(x) has exactly one point of inflection, at the origin. 

Given that y = x(3x - 1), 

d d2 
Se and A a find re do 

b find the points of inflection of y. 

A student is attempting to find the points of inflection on the curve C with equation 

y=(x- 5) 
The attempt 1s shown below: 

d 
4 
AX 

de 

7= = 12-5)? 
oS 

de 

When — 
ane 

V2 OC 55) =O) 

Ota) 210) 

aoe =O) 

x=5 

Theretore, the curve C as a point or inNection at —15, 

a Identify the mistake made by the student. 

b Write down the coordinates of the stationary point on C and determine its nature. 

s of x. 

(4 marks) — 

(4 marks) 

-. (2 marks) 

-(2'marks) 
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) 11 Accurve C has equation 

y=4x2Inx-2x +5, ae) 

Show that the curve C is convex for all x > e~>. (5 marks) 

Challenge 

1 Prove that every cubic curve has exactly one point of inflection. 

2 The curve Chas equation y = ax* + bx? + cx? + dx +e,a#0 

a Show that C has at most two points of inflection. 

b Prove that if 3b? < 8ac, then C has no points of inflection. 

ED Rates of change 

= You can use the chain rule to connect rates of change in situations involving more than two 

variables. 

Given that the area of a circle A cm? is related to its radius rcm by the formula A = ar2, and that 

Sane MG A 
the rate of change of its radius in cms"! is given by £ = ind ie Wwhemmye—— 2 

dt 

A= ir Problem-solving 

Cvs Birk In order to be able to apply the chain rule to 

a find G4 oy need to know oo You can find it by 

Pe A wg Ay .. Ar dr dr 

Bees re aa differentiating A = mr? with respect to r. 

dA 
== Se 5 
dt oe You should use the chain rule, giving the 

= 30m, when r = 3. derivative which you need to find in terms of 

known derivatives. 

The volume of a hemisphere Vcm’ is related to its radius rcm by the formula V = Sar and the 

total surface area Scm? is given by the formula S = mr? + 2mr? = 371. Given that the rate of 

dV ; ds 
increase of volume, in cm?s7!, w= 6, find the rate of increase of surface area Fe 

This is area of circular base plus area of curved 

V= Enrs MAS =O — — re iace 

at = amr? and = Gar aes Te a: ae 

‘ As Vand S are functions of r, find —— and —— 
dr dr 
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Ray cS eo eyes 
| a aie a eli 

= Gini? & 5x G 
Tr 

= ite} a =— 

An equation which involves a rate of change is called a Veucan uceuntecene er ree 

differential equation. You can formulate differential 

equations from information given in a question. 

In the decay of radioactive particles, the rate at which particles decay is proportional to the number 

of particles remaining. Write down a differential equation for the rate of change of the number of 

particles. 

differential equations. -» Section 11.10 

| Let N be the number of particles and let t be 

| time. The rate of change of the number of 

| particles on is proportional to N. 

| i.e. Zn = -kN, where k is a positive constant. 

The minus sign arises because the number of 

particles is decreasing. 

Newton’s law of cooling states that the rate of loss of temperature of a body is proportional to the 

excess temperature of the body over its surroundings. Write an equation that expresses this law. 

Let the temperature of the body be 0 degrees — 

and the time be t seconds. 

The rate of change of the temperature a 

is proportional to 6 — A, where Op is the 

| temperature of the surroundings. 

| i.é€. =~ = —k(@ — 60), where k is a positive 

constant. 
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The head of a snowman of radius Rem loses volume by evaporation at a rate proportional to its 

surface area. Assuming that the head is spherical, that the volume of a sphere is <7 R3 cm} and that 

the surface is 47 R? cm?, write down a differential equation for the rate of change of radius of the 

snowman’s head. 

The first sentence tells you that < = -kA, 

where Vcm? is the volume, t seconds is time, 

k is a positive constant and A cm? is the 

surface area of the snowman’s head. : : F sie Abs 
The question asks for a differential equation in 

Jince K= = nR? _—______________| __Fiermsiof Riso youneed tojlise the expressiomion 

V in terms of R. 

OV = AnR? 
dR 

av av ve AR | The chain rule is used here because this is a 

fp So pc SRA related rate of chan dt dR dt dt ge. 

AV 
| BU ao a -kA Use the expression for A in terms of R. 

AnR2 ER sy QUA ER? ie ea a 1 Ot Sa ia armel Oi Divide both sides by the common factor 47 R®. 

hae 3 This gives the rate of change of radius as required. 

= Exercise 9)) 

D 
dr dr dA 
dt 

Fy. when r = 2. 1 Given that 4 = iar and that — = 6, find 

: ; dx dy 
2 Given that y = xe* and that 7 5, find a7 when y=, 

3 Given that r = 1 + 3cos@ and Pree nt end een ee 
dt dt 6 

dV dr 
1 = 1 3 oe ES ra, nas 

4 Given that V=32r and that di 8, find rf when r = 3. 

5 A population is growing at a rate which is proportional to the size of the population. 

Write down a differential equation for the growth of the population. 

6 Acurve Chas equation y = f(x), y > 0. At any point P on the curve, the gradient of C is 

proportional to the product of the x- and he y-coordinates of P. The point A with coordinates 

(4, 2) is on Cand the gradient of Cat Ais5 

dy wy 
Show that aS aH 
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Liquid is pouring into a container at a Sora ent rate of 30cms-!. At time ¢ seconds liquid is 

leaking from the container at a rate of 7 s =Vcm?s~!, where Vcm/ is the volume of the liquid in 

the container at that time. 

Show that -15s = 2V — 450. 

An electrically-charged body loses its charge, Q coulombs, at a rate, measured in coulombs per 

second, proportional to the charge Q. 

Write down a differential equation in terms of Q and ¢ where ¢ is the time in seconds since the 

body started to lose its charge. 

The ice on a pond has a thickness x mm at a time ¢ hours after the start of freezing. The rate of 

increase of x is inversely proportional to the square of x. 

Write down a differential equation in terms of x and ¢. 

The radius of a circle is increasing at a constant rate of 0.4m per second. 

op ake 
a Find —, where C is the circumference of the circle, and interpret this value in the context of 

dt 

the model. 

b Find the rate at which the area of the circle is increasing when the radius is 10cm. 

c Find the radius of the circle when its area is increasing at the rate of 20 cm? per second. 

The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find: 

a the rate at which the length of one side of the cube is decreasing when the volume is 100 cm? 

b the volume of the cube when the length of one side is decreasing at the rate of 2mm per 

second. 

Fluid flows out of a cylindrical tank with constant cross section. At time ¢ minutes, ¢ > 0, 

the volume of fluid remaining in the tank is Vm?. The rate at which the fluid flows in m? min7! 

is proportional to the square root of V. 

Show that the depth, / metres, of fluid in the tank satisfies the differential equation a =—kVh, 

where k is a positive constant. 

At time, ¢ seconds, the surface area of a cube is A cm? and the volume is Vcm?. 

The surface area of the cube is expanding at a constant rate of 2cm?s7!. 

a Write an expression for Vin terms of A. 

! dV 
b Find an for —— expression for 

dy ae 
© Showthat=—=2 7 

aye: 

An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the 

vertex. It leaves at a constant rate of 6cm*s"!. 

Given that the angle of the cone between the slanting edge and the vertical is 30°, show that 
the volume of the salt is sah, where / is the height of salt at time ¢ seconds. Show that the rate 
of change of the height of the salt in the funnel is inversely proportional to h2. Write: down a 
differential equation relating h and t. ’ 



Differentiation 

Mixed Exercise (9) 

Differentiate with respect to x: 

ain (3 marks) 

b x? sin 3x (4 marks) 

d 
a Given that 2y = x - sin x cos x, 0 < x < 27, show that a =oinl~ x. (4 marks) 

b Find the coordinates of the points of inflection of the curve. (4 marks) 

Differentiate, with respect to x: 

a as Vest] (4 marks) 

l 
balne—= n 249 (4 marks) 

x 
Li ,xER 
Ce Eee & : 

a Given that f(x) is increasing on the interval [-k, 4], find the largest possible value of k. 

(4 marks) 

b Find the exact coordinates of the points of inflection of f(x). (5 marks) 

The function f is defined for positive real values of x by 

foe) = 12In x + x? 

a Find the set of values of x for which f(x) is an increasing function of ~. (4 marks) 

b Find the coordinates of the point of inflection of the function f. (4 marks) 

Given that a curve has equation y = cos? x + sin x, 0 < x < 2z, find the coordinates 

of the stationary points of the curve. (6 marks) 

The maximum point on the curve with equation y = xVsin.x, 0 <x <7, is the point A. 

Show that the x-coordinate of point A satisfies the equation 2 tan x + x = 0. (5 marks) 

tare ea a eI. 

a Find f’(x). (3 marks) 

b By evaluating f"(6) and f’(7), show that the curve with equation y = f(x) has a stationary 

point at x =p, where 6 <p <7. (2 marks) 

hele sine xn <x 

a Use calculus to find the coordinates of the turning points on the graph of y = f(x). (6 marks) 

b Show that f’(x) = 8e?* cos 2x. (4 marks) 

c Hence, or otherwise, determine which turning point is a maximum and which is a 

minimum. 
(3 marks) 

d Find the points of inflection of f(x). (2 marks) 
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10 The curve C has equation y = 2e* + 3x? + 2. Find the equation of the normal to C at the point 

where the curve intercepts the y-axis. Give your answer in the form ax + by + c = 0 where a, b 

@ 11 

(E/P) 12 

E/P) 13 

266 

and c are integers to be found. 

The curve C has equation y = f(x), where 

Oo) = 3Inx+—,x>0 

The point P is a stationary point on C. 

a Calculate the x-coordinate of P. 

The point Q on C has x-coordinate 1. 

b Find an equation for the normal to C at Q. 

The curve C has equation y = e** cos x. 

a Show that the turning points on C occur when tan x = 2. 

b Find an equation of the tangent to C at the point where x = 0. 

Giventhat <=" Iny, y > 0, 

dx 
a find ty 

dy 
b Use your answer to part a to find in terms of e, the value of me ative: 

A curve has equation f(x) = (x7 — 2x)e~. 

Maal bate: ie (Ga)) 

The normal to C at the origin O intersects C again at P. 

b Show that the x-coordinate of P is the solution to the equation 2x? = e* + 4. 

The diagram shows part of the curve with equation y 

i= tox) where 1(x)'= x1 + x ln x x = 0 

The point A is the minimum point of the curve. 

a. band { (3). (4 marks) 

b Hence show that the x-coordinate of A is 

the solution to the equation x = e-1> (4 marks) 

The curve C is given by the equations 

8 
45 3. y= t>0 

where f is a parameter. 

At A, t=2. The line /is the normal to C at A; 

ee. 
a Find ——in terms of f. 

dx 

b Hence find an equation of /. 

(5 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(2 marks) 

(4 marks) 

(6 marks) 

(4 marks) 

(3'marks) 
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Differentiation 

The curve C is given by the equations x = 2t, y = ??, where ¢ is a parameter. 

Find an equation of the normal to C at the point P on C where ¢ = 3. (7 marks) 

The curve C has parametric equations 

A aw a XW) 

Find an equation of the tangent to C at A (1, 1). (7 marks) 

A curve C is given by the equations 

~= 2 COSt4 SIZ). y= COS? — 2 sili dt. 9) <2.<.7, 

where f 1s a parameter. 

a Pind and in te ft 3 k re F FMS/Ob 7 (3 marks) 

‘ dy ; ‘is 
b Find the value of ces at the point P on C where ¢ = a (3 marks) 

¢ Find an equation of the normal to the curve at P. (3 marks) 

A curve is given by x = 2 + 3, y= -- 4t, where f is a parameter. The point A has parameter 

t=—l1 and the line / is the tangent to C at A. The line / also cuts the curve at B. 

a Show that an equation for /is 2y +x =7. (6 marks) 

b Find the value of ¢ at B. (5 marks) 

A car has value £V at time ¢ years. A model for V assumes that the rate of decrease of V at time 

t is proportional to V. Form an appropriate differential equation for V. 

In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured 

at times, ¢ days, after the leaf was picked. It was found that the rate of loss of mass was 

proportional to the mass M of the leaf. 

Write down a differential equation for the rate of change of mass of the leaf. 

In a pond the amount of pondweed, P, grows at a rate proportional to the amount of 

pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant 

rate of Q per unit of time. 

Write down a differential equation relating P to ¢, where ¢ is the time which has elapsed since 

the start of the observation. 

A circular patch of oil on the surface of some water has radius r and the radius increases over 

time at a rate inversely proportional to the radius. 

Write down a differential equation relating r and ¢, where t is the time which has elapsed since 

the start of the observation. 

A metal bar is heated to a certain temperature, then allowed to cool down and it is noted 

that, at time f, the rate of loss of temperature is proportional to the difference between the 

temperature of the metal bar, 0, and the temperature of its surroundings 4). 

Write down a differential equation relating @ and t. 
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26 The curve C has parametric equations 

: as T 
Xi COS Gey 25s thr, oe 

A is the point (2, 3), and lies on C. 

a Find the value of ¢ at the point A. ‘ (2 marks) 
d | 

b Find = in terms of f. (3 marks) 

c Show that an equation of the normal to C at A is 6y — lox + 23 =0. (4 marks) 

The normal at A cuts C again at the point B. 

d Find the y-coordinate of the point B. | (6 marks) 

27 The diagram shows the curve C with parametric y 

equations 

X= OSG y= acost, O<t<5n A 

where a is a positive constant. The point P lies 
ai 

on C and has coordinates (Fa, ia). 

d 
a Find a giving your answer in terms of ¢. (4 marks) iP 

b Find an equation of the tangent to Cat P. (4 marks) 
: B x 

The tangent to C at P cuts the coordinate axes 

at points A and B. 

c Show that the triangle AOB has area ka? where k is a constant to be found. (2 marks) 

28 This graph shows part of the curve C with 

parametric equations 

x=(t+1), y=5843, 1>-1 

P is the point on the curve where ¢ = 2. 

The line /is the normal to C at P. 

Find the equation of /. (7 marks) 

29 Find the gradient of the curve with equation Sx? + 5y? — 6xy = 13 at the point (1, 2). (7 marks) 

dy 
30 Given that e** + e*” = xy, find cP in terms of x and y. (7 marks) 

31 Find the coordinates of the turning points on the curve y? + 3xy? — x3 = 3. (7 marks) 
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P) 37 

Differentiation 

dy 
ae lie (2p) =x? + 3, find AG in terms of x and y. (4 marks) 

b Find the gradient of the curve (1 + x)(2 + y) =x? + y’ at each of the two points 

where the curve meets the y-axis. (3 marks) 

¢ Show also that there are two points at which the tangents to this curve are 

parallel to the y-axis. (4 marks) 

A curve has equation 7x? + 48xy — 7y? + 75 = 0. A and B are two distinct points on the curve 

and at each of these points the gradient of the curve is equal to 77. Use implicit differentiation 

to show that the straight line passing through A and B has equation x + 2y = 0. (6 marks) 

Given that y = x*, x > 0, y > 0, by taking logarithms show that 

dy 
J % - rice (1+ In) (6 marks) 

a Given that a* = e*, where a and k are constants, a > 0 and x € R, prove that 

INGE (2 marks) 

b Hence, using the derivative of e*, prove that when y = 2* 

dy 
ee) (4 marks) 
dx 

ce Hence deduce that the gradient of the curve with equation y = 2* at the point (2, 4) 

is In 16. (3 marks) 

A population P is growing at the rate of 9% each year and at time f years may be approximated 

by the formula 

PeaOo), t= 0 

where P is regarded as a continuous function of ¢ and Po is the population at time ¢ = 0. 

a Find an expression for fin terms of P and Pp. (2 marks) 

b Find the time 7 years when the population has doubled from its value at ¢ = 0, giving your 

answer to 3 significant figures. (4 marks) 

c Find, asa multiple of Po, the rate of change of population of pa iivane ei de: (4 marks) 

A curve C has equation 

Mev (sinx), -0< <7 

a Find the stationary point of the curve C. (6 marks) 

b Show that the curve C is concave at all values of x in its given domain. (3 marks) 
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@ x 

@ » 

The mass of a radioactive substance f years after first being observed is modelled by the 

equation 

m = 40e79-244¢ 

a Find the mass of the substance nine months after it was first observed. (2 marks) 

b Find > (2 marks) 

c With reference to the model, interpret the significance of the sign of the value of 

om found in part b. (1 mark) 

; 2 
The curve C with equation y = f(x) is shown in the diagram, where f(x) = — O=xS5a 

The curve has a local minimum at A and a local maximum at B. 

a Show that the x-coordinates of A and B satisfy the 

equation tan 2x = —0.5 and hence find the coordinates of 4A and B. (6 marks) 

b Using your answer to part a, find the coordinates of the maximum and minimum 

turning points on the curve with equation y = 2 + 4f(x — 4). (3 marks) 

c Determine the values of x for which f(x) is concave. (5 marks) 

Challenge 

Th 

270 

e curve C has parametric equations 

y= 2 Sines x=5c0s(1+ 5), Ora 1270 

ES The points on Cure dy 
Find ae in terms of ¢. 

ss = 0 correspond to points d 
Find the coordinates of the points on C where a Sn 

dx where a tangent to the curve 
Find the coordinates of any points where the curve cuts or would be a vertical line. 

intersects the coordinate axes, and determine the gradient of the 

curve at these points. 

Find the coordinates of the points on C where ae = 0) 
uy 

Hence sketch C. 



Summary of key points 

1 For small angles, measured in radians: 

PSI 

Ciel Sa a 5x? 

dy 
2 + If y=sinkx, then —=kcoskx 

dx 

dy 
> If y=coskx, then —=—ksinkx 

dx 

d 
Seah pe then — = ke 

abe 

Oyo 
“eihy ira then ——=— 

be eb 

d 
4 |f y=a™, where kis a real constant and a > 0, then i =k Inia 

xX 

dye dp ou 
5 The chain rule is: ee x — 

ve ere web's 

where y is a function of wand wis another function of x. 

6 The chain rule enables you to differentiate a function of a function. In general, 

j i n dy oe jaeail £5) 
cif y =(f(x))" then is ne) ys) E00) 

d 
. ify = f(e(x) then x = f'(g(x))8'(x) 

d 1 =| Se 
dx dx 

dy 

8 The product rule: 

dyn. cy “du 
- If y=uy then— =u-—+v—__, where uw and v are functions of x. 

ale eos take 

~ If f(x) = g(x)h(x) then f’(x) = gQxyh’ (x) + hQ)g’Q) 

9 The quotient rule: 

du dy 
d eae == ites 

ifs Ls then ae — Ox _©* where uw and v are functions of x. 
y dx y2 

8(x) ,__ hoog’ix) — gah) 
(h(x))* 

Differentiation 

Zi 
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d 
10 - If y=tankx, then sa k sec? kx 

dx 

dy 
- If y=coseckx, then ae =-—kcoseckx cotkx 

x 

dy ea 
> If y=seckx, then ae =kseckx tankx 

x 

dy 
- If y=cotkx, then — =—kcosec* kx 

dx 

dy 
. dy dr 

11 If x and y are given as functions of a parameter, ¢: — =—— 
dx - dx 

dt 

12 + 20) =F) — 
ax dx 

. ach m) = ee 

dx dx 

d d 
Quien 05) Wi ee 

13 + The function f(x) is concave on a given interval if and only if f’(x) < 0 for every value of x 

in that interval. . 

| - The function f(x) is convex on a given interval if and only if f”(x) = 0 for every value of x in 

| that interval. 

| 14 A point of inflection is a point at which f"(x) changes sign. 

15 

272 

You can use the chain rule to connect rates of change in situations involving more than two 

variables. 



After completing this chapter you should be able to: 

Locate roots of f(x) = 0 by considering changes of sign -» pages 274-277 

Use iteration to find an approximation to the root of the 

equation f(x) =0 ~> pages 278-282 

Use the Newton-Raphson procedure to find approximations 

to the solutions of equations of the form f(x) =0 —> pages 282-285 

Use numerical methods to solve problems in context ~ pages 286-289 

$ ee ” mz ~ ty 

Ha ees, + 

b f(—0.2) € GCSE Mathematics 

2 Find f(x) given that: 7 : 

You can use numerical methods to a f(x) = 3Vx + 4x? - os € Year 1, Chapter 12 

find solutions to equations that are ao . 

x) = x S: Section 9.3 
hard or impossible to solve exactly. b f(x) =5in (x +2) + 7e € Section 

C 1G)i= x4 sin xe = 400s. x € Section 9.4 
The Newton-Raphson method was 

developed 400 years ago to describe ; 3 
Given that u,,,, =u, + = and that uw, = 1, 

the positions of planets as they orbit ., n 

the sun. ~» Exercise 10D Q1 \— find the values of w,, wz and us. € Section 3.7 

re SS C Pluto ~ pe 
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10.1 | Locating roots 

A root of a function is a value of x for The following two things are identical: 
which f(x) = 0. The graph of y = f(x) will « the roots of the function f(x) 

cross the x-axis at points corresponding ¢ the roots of the equation f(x) =0 ¢ Year 1, Section 2.3 

to the roots of the function. x8 

You can sometimes show that a root exists within a given interval by showing that the function 

changes sign (from positive to negative, or vice versa) within the interval. 

= If the function f(x) is continuous on the Notation ] Continued a 

interval [a, 5] and f(a) and f(b) have function does not ‘jump’ from one value to 

opposite signs, then f(x) has at least another. If the graph of the function has a 

one root, x, which satisfies a< x <b. vertical asymptote between a and b then 
the function is not continuous on [a, 5]. 

Example <a) 

The diagram shows a sketch of the curve y = f(x), YA 

where f(x) = x3 — 4x? + 3x 4+ 1. f(x) = 23 — 4x? + 3x41 

a Explain how the graph shows that f(x) has 

Woot Detween.x = 2,andx = 3; 

b Show that f(x) has a root between 

ele andec=nleos 

a | The graph ¢ Crosses 5 the 2 X-axis between ~ : 
The graph of y = f(x) crosses the x-axis whenever 

ie) 
= 2 zine 22 = S, Wane lmezine wanes 2 reo Ci; 

09) eS laenMeen se = 2 ain 2° = SB. 

b f(1.4) = (1.4)? — 4(1.4)* + 3114) + 1 = 0.104 

io) = (15)? = 4(-5)2 S05) 4 t= —O125 ——— 

| | z 

| | f(1.4) > O and f(1.5) < 0, so there is a change of 

| There is a change of sign between 1.4 and | 

| | 
| | 

sign. 

1.5, 50 there is at least one root between 
| x= 14 and x= 15. f(x) changes sign in the interval [1.4, 1.5], so f(x) 

a must equal zero within this interval. 

There are three situations you need to watch out for when using the change of sign rule to locate 

roots. A change of sign does not necessarily mean there is exactly one root, and the absence of a sign 

change does not necessarily mean that a root does not exist in the interval. 

y 

y = f(x) 
y = f(x) 

——S ae 
O a b * b re 

There are multiple roots within the There are multiple roots within the There is a vertical asymptote within 

interval [a, 5]. In this case there is interval [a, 6], but a sign change interval {a, b]. A sign change does 

an odd number of roots does not occur. In this case there occur, but there is no root. 

is an even number of roots. 
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Numerical methods 

The graph of the function 

f(x) = 54x3 -— 225x? + 309x — 140 is shown in 

the diagram. 

A student observes that f(1.1) and f(1.6) are 

both negative and states that f(x) has no roots 

in the interval (1.1, 1.6). 

a Explain by reference to the diagram why 

the student is incorrect. 

b Calculate f(1.3) and f(1.5) and use your answer 

to explain why there are at least 3 roots in the interval 1.1 < x < 1.7. 

a ‘The diagram shows that there couldbe “ Notation ] The interval (1.1, 1.6) is the set of all 

___ two roots in the interval (1.1, 1.6). real numbers, x, that satisfy 1.1<x< 1.6. 

'b f(t) = -O476 <0 | 
1.3) = 0.086 > O | Calculate the values of f(1.1), f(1.3), f(1.5) and 
11.5) = -O0.5 <0 ‘ | f(1.7). Comment on the sign of each answer. 
TA) OLS a2 20 

| 

| There is a change of sign between 1.1 ana f(x) changes sign at least three times in the 

} 1.3, between 1.3 and 1.5 and between 1.5 interval 1.1 <x < 1.7 so f(x) must equal zero at 
and 1.7, so there are at least three roots in | i least three times within this interval. 

the interval 11 <x< 1 e/aeae 

a Using the same axes, sketch the graphs of y = In x and y = Explain how your diagram shows 

: 
that the function f(x) = In x — > has only one root. 

b Show that this root lies in the interval 1.7<x< 1.8. 

¢ Given that the root of f(x) is a, show that a = 1.763 correct to 3 decimal places. 

y= Ine Sketch y=Inx and y= * on the same axes. 

Notice that the curves do intersect. 

al 
Gy €) x 

e Inx - ae O=Inx= f(x) has a root where f(x) = 0. 

1 il 
. . 

The equation Inx = x has only one solution, The curves meet at only one point, so there is only 
i 

) : ; 1 

| 80 f(x) has,only one root. « i one value of x that satisfies the equation In x = 

Z2i5 
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ait ceear 7; GIST Locate the root of C2 sae 
ies) Slee = = b 

‘i f(x) =Inx- = using technology. 

11.7) = In1.7 = = -0.0576... ne 
17 | : - = 

f(1.7) <0 and f(1.8) > 0, so there is a change of 
(1.8) = Int.6 - ~ = 0.0322... - sn 1 

There is a change of sign between 1.7 and 

1.6, so there is at least one root in the 

ihvervalNl/<ex <1... % 

(1.7625) = -O.00064... < O 

(1.7635) = 0.00024... > O | 

There is a change of sign in the interval | Problem-solving 

72) /G22) 50 1/625 < =< 1/635, | To determine a root to a given degree of accuracy 

You need to state that there is a change of sign in 

your conclusion. 

SOI GSreCOmech LO SiG... you need to show that it lies within a range of 

values that will all round to the given value. 

Numbers in this range will 

round to 1.763 to 3 d.p. 
(SES LEER 

pf 
1.762 1.7625 1.763 1.7635 1764 ~ 

Exercise (10) 

1 

276 

Show that each of these functions has at least one root in the given interval. 

a f(x)=x?— x4 5;-2 <x <-1 b f(x) =x? -vx -10,38<x=4 

(onal ap = oe = 2,-0.5<x<-0.2 d f(x) =e— Inv — SS 1-05 <= 5 

f(x) =3 +x? - x3 

a Show that the equation f(x) = 0 has a root, a, in the interval [1.8, 1.9]. (2 marks) 

b By considering a change of sign of f(x) in a suitable interval, verify that a = 1.864 

correct to 3 decimal places. (3 marks) 

h(x) = Vx — cos x — 1, where x is in radians. 

a Show that the equation h(x) = 0 has a root, a, between x = 1.4 and x = 1.5. (2 marks) 

b By choosing a suitable interval, show that a = 1.441 is correct to 3 decimal places. (3 marks) 

f(x) = sin x — In x, x > 0, where x is in radians. 

a Show that f(x) = 0 has a root, a, in the interval [2.2, 2.3]. (2 marks) 

b By considering a change of sign of f(x) in a suitable interval, verify that a = 2.219 

correct to 3 decimal places. (3 marks) 

f(x) =2 + tanx, 0 < x <7, where x is in radians. 

a Show that f(x) changes sign in the interval [1.5, 1.6]. 

b State with a reason whether f(x) has a root in the interval [1.5, 1.6]. 
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Numerical methods 

— 

A student observes that the function f(x) = x +2, x #0, has a change of sign on the interval 

[-1, 1]. The student writes: 

y = f(x) has a vertical asymptote within this interval so even 

though there is a change of sign, f(x) has no roots in this interval. 

By means of a sketch, or otherwise, explain why the student is incorrect. 

f(x) = (105x? — 128x? + 49x — 6) cos 2x, where x is in radians. 

The diagram shows a sketch of y = f(x). 

a Calculate f(0.2) and f(0.8). 

b Use your answer to part a to make a conclusion about the 

number of roots of f(x) in the interval 0.2 < x < 0.8. 

c Further calculate f(0.3), f(0.4), f(0.5), f(0.6) and f(0.7). 

Use your answers to parts a and ¢c to make an improved conclusion 

about the number of roots of f(x) in the interval 0.2 < x < 0.8. 

a Using the same axes, sketch the graphs of y = e-* and y = x. 

b Explain why the function f(x) = e~* — x has only one root. 

c Show that the function f(x) = e* — x? has a root between x = 0.70 and x = 0.71. 

a On the same axes, sketch the graphs of y = Inx and y=e* - 4. 

b Write down the number of roots of the equation In x = e* — 4. 

c Show that the equation In x = e* — 4 has a root in the interval (1.4, 1.5). 

ns) = sine er 

a Show that there is a stationary point, a, of y = h(x) in the interval —0.9 < x < -0.8. (4 marks) 

b By considering the change of sign of h’(x) in a suitable interval, verify that a = —0.823 

correct to 3 decimal places. (2 marks) 

i) 

a On the same axes, sketch the graphs of y = Vx and y= (2 marks) Oe 
Dp) 
x has exactly one real root. 

(1 mark) 
b With reference to your sketch, explain why the equation Vx = 

¢ Given that f(x) = Vx - S show that the equation f(x) = 0 has a root r, where | <r < 2. (2 marks) 

d Show that the equation Vx = = may be written in the form x? = g, where p and q are integers 

to be found. (2 marks) 

i) 

e Hence write down the exact value of the root of the equation Vx - = = 0. (1 mark) 

fee — 21x 18 

a Show that there is a root of the equation f(x) = 0 in the interval [—0.9, —0.8]. (3 marks) 

b Find the coordinates of any stationary points on the graph y = f(x). (3 marks) 

c Given that f(x) = (x — 3)(x3 + ax? + bx + c), find the values of the constants a, b and c. (3 marks) 

d Sketch the graph of y = f(x). (3 marks) 

PALATE 
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Dp Iteration 

An iterative method can be used to find a value of x for which f(x) = 0. To perform an iterative 

procedure, it is usually necessary to manipulate the algebraic function first. 

= To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the 

form x = g(x) and use the iterative formula x,,, ; = g(%;). 

Some iterations will converge to a root. This can happen in two ways. One way is that successive 

iterations get closer and closer to the root from the same direction. Graphically these iterations create 

a series of steps. The resulting diagram is sometimes referred to as a staircase diagram. 

f(x) = x — x — 1 can produce the iterative formula x,,,; = Vx, + 1 when f(x) = 0. Let x, = 0.5. 

Successive iterations produce the following staircase diagram. 

y 

y=vx4+1 Read up from x, on the vertical axis 
; to the curve y = Vx + 1 to find x. 

You can read across to the line y= x 

to ‘map’ this value back onto the 

x-axis. Repeating the process shows 

the values of x, converging to the 

root of the equation x = Vx + 1, 
which is also the root of f(x). 

x 
O Xo Xy X2X3 

The other way that an iteration converges is that successive iterations alternate being below the 

root and above the root. These iterations can still converge to the root and the resulting graph is 

sometimes called a cobweb diagram. 
: , Watch out } By rearranging the same function 

f(x) = x* — x — 1 can produce the iterative formula in different ways you can find different iterative 
when f(x) = 0. Let xy = -2. formulae, which may converge differently. 

Xn+1 = ee 

Successive iterations produce the cobweb diagram, shown on. 

the right. 

Not all iterations or starting values converge to a root. 

When an iteration moves away from a root, often 

increasingly quickly, you say that it diverges. 

f(x) = x* — x — 1 can produce the iterative formula 

r= — when tO) =.0. fet, =. 

Successive iterations diverge from the root, as shown in the diagram. 

y 
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i(x) = x? — 4x4 1 

a Show that the equation f(x) = 0 can be written as x = 4 x #0. 

f(x) has a root, a, in the interval 3 <x <4. 

as 

: : | eres 
b Use the iterative formula x,,,; =4 — — with xy = 3 to find the value of x), x) and x3. 

a F(x) = © 

xe = 4x +1=0 

x2 = 4x -1 — | Add 4x to each side and subtract 1 from each side. 

x=4-1 x20 | -s : P sea 
! Divide each term by x. This step is only valid if 

lb x, = 4 - sb = 3.666666... | x #0. 

a ee ay = Saal ae ee 

Nee i xX ete et “Use the iterative formula to 

we soy, | work out x,, x> and x3. You can use your 

— - : es sd ee a calculator to find each value quickly. 

f(x) =x? — 3x*— 2x4 5 

a Show that the equation f(x) = 0 has a root in the interval 3 < x < 4. 

x,>— 2x, +5 
b Use the iterative formula x,,,, = | aan ae to calculate the values of x), x, and x3, 

giving your answers to 4 decimal places and taking: 

ix =el:5 ii x) =4 

la 13) =) - 313)? - 2) +5 =-1 
meee ea = 1S 

There is a change of sign in the interval 

Bam < A and i is continuous, So there is 
AIS 24h The graph crosses the x-axis between x = 3 and 

| a root of f(x) in this interval. 
ee | x =o 

| Ga 2 tO | 
bi x, =~ 78228 *5 «1 a365.. | 

ic — 2k, + 

Me eX tO er Each iteration gets closer to a root, so the 

Me 3 at ! SEQUENCE Xo, X1, Xz, Xz)... is convergent. 
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No seh tS | ' Online | Explore the iterations € 

pantie B = 4.2092... graphically using technology. 

x3 — 2x, + | 
ia = 3 =A OD© | 

Xen | Each iteration gets further from a root, so the 

ae 3 pa elas SEQUENCE Xo, X, Xz, X3,... iS divergent. 

Exercise (0B) 

(P) 1 

280 

f(x) =x?-6x+2 

a Show that f(x) = 0 can be written as: 
2 

jxatt* ii x= V6x—2 iii == 
b Starting with x) = 4, use each iterative formula to find a root of the equation f(x) = 0. 

Round your answers to 3 decimal places. 

c Use the quadratic formula to find the roots to the equation f(x) = 0, leaving your answer in 

the form a + Vb, where a and b are constants to be found. 

[Oy = x7— x= 3 

a Show that f(x) = 0 can be written as: 

ee ONS ii xe 

b Let x) = 5. Show that each of the following iterative formulae gives different roots of f(x) = 0. 

x7 - 3 
1 ey eae ae Ul J) Sialic 

f(x) =x? -6x +1 

a Show that the equation f(x) = 0 can be written as x = V6x - 1. (1 mark) 

b Sketch on the same axes the graphs of y= x and y=V6x- 1. (2 marks) 

c Write down the number of roots of f(x). (1 mark) 

d Use your diagram to explain why the iterative formula x,,,; = 6x, — 1 converges to 
a root of f(x) when xy = 2. (1 mark) 

xe + | 
f(x) = 0 can also be rearranged to form the iterative formula x,,,; = ae 

e By sketching a diagram, explain why the iteration diverges when xp = 10. 

(2 marks) 

BX eek Ci 

x-2 
a Show that the equation f(x) = 0 can be written as x = In| | KE. 

f(x) has a root, a, in the interval -2 <x <-l. 

be 

x,-2 n 

b Use the iterative formula x,,,, = In , x #2 with xy = —1 to find, to 2 decimal places, 

the values of x,, x, and x3. ™ 
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) 5 f(x)=x3 + 5x2-2 

a Show that f(x) = 0 can be written as: 

2— xX? i : 3) 
1x=Vv2-5x 

5 3 2 ae 
Xe — 5 ie xa 

Starting with xp = 10, use the iterative formula in part a (ii) to find a root of the equation 

f(x) = 0. Round your answer to 3 decimal places. 

Starting with x9 = 1, use the iterative formula in part a (iii) to find a different root of the 

equation f(x) = 0. Round your answer to 3 decimal places. 

Explain why this iterative formulae cannot be used when xp = 2. 

f(x) = x4 - 32° -6 

a Show that the equation f(x) = 0 can be written as x = Vpx4 + g, where p and g are constants 

to be found. (2 marks) 

b Let x) =0. Use the iterative formula x, ,, = /px4 + q, together with your values of 

p and q from part a, to find, to 3 decimal places, the values of x), x, and x3. (3 marks) 

Theroot of f(x) = Ouse: 

c By choosing a suitable interval, prove that a = —1.132 to 3 decimal places. (3 marks) 

fr) = 3 COs GO") + x — 2 
i 

a Show that the equation f(x) = 0 can be written as x = [arceos E 3 *))) (2 marks) 

2 Xn j 
b Use the iterative formula x, ,; = | arccos ( 3 , Xj = | to find, to 3 decimal places, 

the values of x,, x, and x3. (3 marks) 

¢ Given that f(x) = 0 has only one root, a, show that a = 1.1298 correct to 4 decimal 

places. (3 marks) 

f(x) = 4cot x — 8x + 3,0 <x <7, where x is in radians. 

a Show that there is a root a of f(x) = 0 in the interval [0.8, 0.9]. (2 marks) 

b Show that the equation f(x) = 0 can be written in the form x = te + : (3 marks) 

c Use the iterative formula x,,4, = i + =, X9 = 0.85 to calculate the values of 

x), X) and x; giving your answers to Aarne places. (3 marks) 

d By considering the change of sign of f(x) in a suitable interval, verify that a = 0.831 

correct to 3 decimal places. (2 marks) 

OO sie =) ave a he) . 

a Show that the equation g(x) = 0 can be written as x = In(15 - 2x) + lx<> (2 marks) 

281 



Chapter 10 

The root of g(x) = 01s a. 

The iterative formula x,,; = In (15 — 2x,) + 1, Xo = 3, is used to find a value for a. 

b Calculate the values of x,, x, and x; to 4 decimal places. (3 marks) 

c By choosing a suitable interval, show that a = 3.16 correct to 2 decimal places. (3 marks) 

10 The diagram shows a sketch of part of the curve with equation y 

y = f(x), where f(x) = xe* — 4x . The curve cuts the x-axis at the 

points A and B and has a minimum turning point at P, 

as shown in the diagram. 

a Work out the coordinates of A and the coordinates 

of B. (3 marks) 

b Find f’(x). (3 marks) 

c Show that the x-coordinate of P lies between 0.7 

and 0.8. (2 marks) 

d Show that the x-coordinate of P is the solution to the equation x = In (= : i (3 marks) 

To find an approximation for the x-coordinate of P, the iterative formula x,,,, = In eas, 

is used. 

e Let x) = 0. Find the values of x,, x5, x; and x4. Give your answers to 3 decimal places. 

(3 marks) 

10.3 ) The Newton-Raphson method 

The Newton-Raphson method can be used to find numerical solutions to equations of the form 

f(x) = 0. You need to be able to differentiate f(x) to use this method. 

= The Newton-Raphson formula is Notation | The Newton—Raphson method 

F(x,,) is sometimes called the Newton-Raphson 
net Yn f’(x,,) process or the Newton-Raphson procedure. 

The method uses tangent lines to find increasingly accurate approximations of a root. The value of 

X,41 1S the point at which the tangent to the graph at (x,,, f(x,,)) intersects the x-axis. 

VA y=f(x), Tangent line at 

point (Xo, f(x) 

Tangent line at 

point (x4, f(x%)) 
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If the starting value is not chosen carefully, the Newton-Raphson method can converge on a root very 

slowly, or can fail completely. If the initial value, xo, is near a turning point or the derivative at this 

point, f’(x9), is close to zero, then the tangent at (Xo, f(x9)) will intercept the x-axis a long way from Xp. 

fl 

If any value, x;, in the Newton-Raphson method is at a turning 

point, the method will fail because f’(x;) = 0 and the formula 

would result in division by zero, which is not valid. Graphically, 

the tangent line will run parallel to the x-axis, therefore never 

intersecting. 

Example 

The diagram shows part of the curve with 

equation y = f(x), where f(x) = x7 + 2x? — 5x —4. 

The point A, with x-coordinate p, is a stationary 

point on the curve. 

The equation f(x) = 0 has a root, a, in the 

mterval 1.5'< a < 179. 

a Explain why x9 = p is not suitable to use as a first 

approximation to a when applying the Newton—Raphson 

method to f(x). 

the x-axis a long way from Xp. 

Because Xp is close to a turning 

point the gradient of the tangent at 

(Xo, f(Xo)) is small, so it intercepts 

tangent line will never 

intersect x-axis 

b Using x) = 2 asa first approximation to a, apply the Newton—Raphson procedure twice to f(x) 

to find a second approximation to a, giving your answer to 3 decimal places. 

c By considering the change of sign in f(x) over an appropriate interval, show that your answer to 

part b is accurate to 3 decimal places. 
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_a It’s a turning point, so f'(p) = O, and you 

cannot divide by zero in the Newton- 

_ Raphson formula. 

Wes Pie = See ee = Se 

| Using Xo = 2 

| Xo LX) 
| OT OND 
| D | 
| HE 
| Xx, = 1.86 

| f(x) a 
| ee aCe) 
| S Olseeoly: | 
| %2= 108 75 519 992 | 

X> = 1.6558 = 

Xo = 1.856 to three decimal places 

ce {(1.8555) = -0.00348 < O, 
f(1.8565) = 0.00928 > O. 
Sign change in interval (1.6555, 1.6565] 

theretore x = 1.656 is accurate to 

| 3 decimal places. 

Exercise (10¢) 

Pte —2 oe — 1 

Use d (ax) = anx"* 
dx 
.’ 

Use the Newton—Raphson process twice. 

Substitute x, = 1.86 into the Newton-Raphson 
formula. 

Use a spreadsheet package to find successive 

Newton-Raphson approximations. 

- Explore how the Newton- ) =: ie 
sae 

Raphson method works graphically 

and algebraically using technology. 

a Show that the equation f(x) = 0 has a root, a, in the interval 1 <a < 2. 

b Using x) = 1.5 as a first approximation to a, apply the Newton—Raphson procedure once to 

f(x) to find a second approximation to a, giving your answer to 3 decimal places. 

() 2 fe) =x? - 2 + 6x — 10, x #0. 

a Use differentiation to find f’(.). (2 marks) 

The root, a, of the equation f(x) = 0 lies in the interval [-0.4, —0.3]. 

b Taking —0.4 as a first approximation to a, apply the Newton—Raphson process once to f(x) to 

obtain a second approximation to a. Give your answer to 3 decimal places. (4 marks) 

3 The diagram shows part of the curve with equation y 

=e), where t(x) = x2 >e* + = = 2, x > 0: 

The point A, with x-coordinate gq, 1s a stationary: point on the curve. 

The equation f(x) = 0 has a root a in the interval [1.2, 1.3]. 

a Explain why xy = q is not suitable to use as a first approximation 

when applying the Newton—Raphson method. 

b Taking xp = 1.2 as a first approximation to a, apply the Newton— 

(1 mark) 

Raphson process once to f(x) to obtain a second approximation 

to a. Give your answer to 3 decimal places. 
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f(x) = 1 — x — cos (x?) 

a Show that the equation f(x) = 0 has a root a in the interval 1.4 <a < 1.5. (1 mark) 

b Using xy = 1.4 as a first approximation to a, apply the Newton—Raphson procedure once to 

f(x) to find a second approximation to a, giving your answer to 3 decimal places. (4 marks) 

c By considering the change of sign of f(x) over an appropriate interval, show that your answer 

to part b is correct to 3 decimal places. (2 marks) 

f(x) yee x= 0 
x 

a Show that a root a of the equation f(x) = 0 lies in the interval [1.3, 1.4]. (1 mark) 

b Differentiate f(x) to find f’(x). (2 marks) 

c By taking 1.3 asa first approximation to a, apply the Newton—Raphson process once to f(x) 

to obtain a second approximation to a. Give your answer to 3 decimal places. (3 marks) 

y = f(x), where f(x) = x? sin x — 2x + 1. The points P, QO, and R are roots of the equation. 

The points 4 and B are stationary points, with x-coordinates a and 5 respectively. 

a Show that the curve has a root in each of the following intervals: 

io 00207 | (1 mark) 

fel ets] (1 mark) 

iii (2.4, 2.5] (1 mark) 

b Explain why xy = a is not suitable to use as a first approximation to a when applying 

the Newton—Raphson method to f(x). (1 mark) 

ec Using x) = 2.4 as a first approximation, apply the Newton—Raphson method to 

f(x) to obtain a second approximation. Give your answer to 3 decimal places. (4 marks) 

f(x) = In (3x - 4) - x? + 10, x > 
a Show that f(x) = 0 has a root a in the interval [3.4, 3.5]. (2 marks) 

b Find f’(x). (2 marks) 

c Taking 3.4 as first approximation to a, apply the Newton—-Raphson procedure once to f(x) 

to obtain a second approximation for a, giving your answer to 3 decimal places. (3 marks) 

Challenge 

10) = z + xe* 

The diagram shows a sketch of the curve y = f(x). The curve has a 

horizontal asymptote at y ==. 

a Prove that the Newton-Raphson method will fail to converge on a 

root of f(x) = 0 for all values of x > oe 
v2 

b Taking —0.5 as a first approximation, use the Newton-Raphson 

method to find the root of f(x) = 0 that lies in the interval [—1, 0], 

giving your answer to 3 G0: 
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10.4 | Applications to modelling 

You can use the techniques from this chapter to find solutions to models of real-life situations. 

Example 

The price of a car in £s, x years after purchase, is modelled by the function 

f= (eter YY) 

la #10) =15000(0.85)°-1000sinio.——s=d! 
| = 349713... / 

| After 10 years the value of the car is £3500 | 

f(x) = 15.000 (0.85)* — 1000 sin x, x > 0 
Use the model to find the value, to the nearest hundred £s, of the car 10 years after purchase. 

Show that f(x) has a root between 19 and 20. 

Find f'(x). 
Taking 19.5 as a first approximation, apply the Newton—Raphson method once to f(x) to obtain 

a second approximation for the time when the value of the car is zero. Give your answer to 

3 decimal places. 

Criticise this model with respect to the value of the car as it gets older. 

| to the nearest £100. 

| b (19) = 15 000(0.85)'"9 - 1000sin19. | 

There is a change of sign between 19 and 20, | 

SOSA in 2 O 

15 OOO (0.85)?° — 1000 sin 20 

OO oa 4 

(20) 

50 there is at least one root in the interval 

| IO < se <~ ZO, ¢ 

(e F(x) = (15 000)(0.65)"(In 0.85) - 1000 cos x — 

| da tio Si 15 O00 OSs) 22 1000 sin ifs 

= 25,0623... 

ihoS) = (is OOOKOlSS)i 22 (miO1e5) 

= 10@Oees Os = 605.2008 

Nearer bee te) Atiap || wa Asa f(x) 

2a OSd ams 

—-896.3009... 

= 19.526 + 

= 19.5 - 

In reality, the car can never have a negative | 

value 30 this model is not reasonable for 

cars that are approximately 2O or more 

years old. 
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Substitute x = 10 into the f(x). 

Unless otherwise stated, assume that angles are 

measured in radians. 

Substitute x = 19 and x = 20 into f(x). 

f(x) changes sign in the interval [19, 20], and f(x) 

is continuous, so f(x) must equal zero within this 

interval. 

Use the fact that d 
dx 
(=a Nia: 

Substitute x = 19.5 into f(x) and f’ (x). 

Apply the Newton-Raphson method once to 

obtain an improved second estimate. 



)1 

) 3 

Exercise (10D) 

Numerical methods 

An astronomer is studying the motion of a planet moving along an elliptical orbit. She formulates 

the following model relating the angle moved at a given time, F radians, to the angle the planet 

would have moved if it had been travelling on a circular path, M radians: 

M=E-0.1lsnF—E, E=0 

In order to predict the position of the planet at a particular time, the astronomer needs to find 

the value of E when M = 7 

a Show that this value of E is a root of the function f(x) = x — 0.1 sin x — k where k 1s a constant 

to be determined. 

b Taking 0.6 as a first approximation, apply the Newton—Raphson procedure once to f(x) to 
TT 

6 

c By considering a change of sign on a suitable interval of f(x), show that your answer to part b 

is correct to 3 decimal places. 

obtain a second approximation for the value of E when M = 

The diagram shows a sketch of part of the curve with 

equation v = f(t), where f(t) = (10 ~ S(t - 1)] In(t + 1). 

The function models the velocity in m/s of a skier 

travelling in a straight line. 

a Find the coordinates of A and B. 

b Find f’(¢). 

c Given that P is a stationary point on the curve, 

show that the ¢t-coordinate of P lies between 

Sis:and:5.9! 

d Show that the f-coordinate of P is the solution to 

~ 14+In(t+ 1) 

An approximation for the t-coordinate of P is found using the iterative formula 

20 

ies inl) 

e Let t) =5. Find the values of ¢), f, and 43. Give your answers to 3 decimal places. 

The depth of a stream is modelled by the function 

d(x) = e°(x? — 3x), OS x =3 

where x is the distance in metres from the left bank of the 

stream and d(x) is the depth of the stream in metres. 

The diagram shows a sketch of y = d(x). 
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a Explain the condition 0 S x S 3. 

b Show that d’(x) = —te-0-6x(ax? + bx + c), where a, b and c are constants to be found. 

ce Show that d’(x) = 0 can be written in the following ways: 

poe ANS ls Be 32015 scotia | rascals 
1x= > i el Il A AGG X= ay 

d Let x) = 1. Show that only one of the three iterations converges to a stationary point of 

y = d(x), and find the x-coordinate at this point correct to 3 decimal places. 

e Find the maximum depth of the river in metres to 2 decimal places. 

4 Ed throws a ball for his dog. The vertical height of the ball 1s Ye 

modelled by the function 

2) h@= 40sin (55) - 90s (+5) - 0.577°+9,¢120 

= h(f) is shown in the diagram. 

a Show that the ¢t-coordinate of A is the solution to O ie: 

(= 18+ 80sin (= ) = 18 c0s| (3 marks) io) 
To find an approximation for the f-coordinate of A, the iterative formula 

10 

eg = 18 + 80sin [1 5) - 18 cos (35 5) is used. 
10 10 

b Let ¢) = 8. Find the values of £,, t5, t; and t,. Give your answers to 3 decimal places. (3 marks) 

c Find h'(¢). (2 marks) 

d Taking 8 as a first approximation, apply the Newton—Raphson method once to h(f) 

to obtain a second approximation for the time when the height of the ball is zero. 

Give your answer to 3 decimal places. (3 marks) 

e Hence suggest an improvement to the range of validity of the model. (2 marks) 

5 The annual number of non-violent crimes, in thousands, 

in a large town x years after the year 2000 is modelled by 
> 

the function ; 

c(x) = 5e-* + 4sin (5) + os Q=x= 10 4 

The diagram shows the graph of y = c(x). : 

ay Pund'e0c): (2 marks) ‘ 

b Show that the roots of the following equations correspond 

to the turning points on the graph of y = c(x). i) 
rm se ls ee 

2 4 6 8 NG 2s 

7 a y) r (2 35 ‘| i x = 2arccos|5e* — 4 (2 marks) 

i 10 
iPse=in| = —$ = _ (2 marks) 

4 cos a Fl 4 
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2 nee 
ch Let xp = sand X= 2 arccos(2e ~ 7} Find the values of x), ¥2, +; and x4. Give your 

y: 4 

answers to 3 decimal places. (3 marks) 

l : 
deve land x.7= "| : . Find the values of x), 2, x3 and x4. Give your 

4 cos a sl 
2 

answers to 3 decimal places. (3 marks) 

A councillor states that the number of non-violent crimes in the town was increasing between 

October 2000 and June 2003. 

e State, with reasons whether the model supports this claim. (2 marks) 

Mixed exercise 10) 

> 1 f(x) = x7 - 6x -2 

a Show that the equation f(x) = 0 can be written in the form x = +).a + Be and state the values 

of the integers a and b. (2 marks) 

f(x) = 0 has one positive root, a. 

b 
The iterative formula x,,.) = | a+>, X) = 2 is used to find an approximate value for a. 

Oa) 

b Calculate the values of x), x», x3 and x, to 4 decimal places. (3 marks) 

c By choosing a suitable interval, show that a = 2.602 is correct to 3 decimal places. (3 marks) 

tos) +3 
4-x 

a Calculate f(3.9) and f(4.1). (2 marks) 

b Explain why the equation f(x) = 0 does not have a root in the interval 3.9 < x <4.1. (2 marks) 

The equation f(x) = 0 has a single root, a. 

c Use algebra to find the exact value of a. (2 marks) 

p(x) = 4 — x? and q(x) = e*. 

a On the same axes, sketch the curves of y = p(x) and y = q(x). (2 marks) 

b State the number of positive roots and the number of negative roots of the equation 

x24+e%-4=0. (1 mark) 

ce Show that the equation x? + e* — 4 = 0 can be written in the form x = +(4 —e*)2 (2 marks) 

The iterative formula x,,,); =—(4 - e”)>, Xj = —2, is used to find an approximate value for the 

negative root. 

d Calculate the values of x), x2, x3 and x, to 4 decimal places. (3 marks) 

e Explain why the starting value Xp = 1.4 will not produce a valid result with this formula. 

(2 marks) 
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4 g(x)=x°-5x-6 

a Show that g(x) = 0 has a root, a, between x = | and x = 2. (2 marks) 

b Show that the equation g(x) = 0 can be written as x = (px + q)", where p, q and r are integers 

to be found. (2 marks) 

The iterative formula x,,, = (px + g)’, Xo = | is used to find an approximate value for a. 

c Calculate the values of x,, x, and x3 to 4 decimal places. (3 marks) 

d By choosing a suitable interval, show that a = 1.708 is correct to 3 decimal places. (3 marks) 

Seo( x)= x? — 3x —5 

a Show that the equation g(x) = 0 can be written as x = V3x + 5. (1 mark) 

b Sketch on the same axes the graphs of y= x and y=v3x +5. | (2 marks) 

c Use your diagram to explain why the iterative formula x, ., = (3x, + 5 converges 

to a root of g(x) when xy = 1. (1 mark) 

x - 5 
g(x) = 0 can also be rearranged to form the iterative formula x,,,, = 3 

d With reference to a diagram, explain why this iterative formula diverges when Xp = 7. 

(3 marks) 

6 f(x) =5x -4sin x — 2, where x is in radians. 

a Show that f(x) = 0 has a root, a, between x = 1.1 and x = 1.15. (2 marks) 

b Show that f(x) = 0 can be written as x = psinx + gq, where p and g are rational 

numbers to be found. (2 marks) 

ec Starting with xy = 1.1, use the iterative formula x,,,; = psin x, + g with your values 

of p and q to calculate the values of x, x, x; and x, to 3 decimal places. (3 marks) 

7 a On the same axes, sketch the graphs of y = i andy) =o 273. (2 marks) 

b Write down the number of roots of the equation = = ein (1 mark) 

c Show that the positive root of the equation 2 = x + 3 lies in the interval 

(0:30;,0.31). (2 marks) 

d Show that the equation v = x + 3 may be written in the form x? + 3x -1=0. (2 marks) 

e Use the quadratic formula to find the positive root of the equation x? + 3x —1=0 

to 3 decimal places. (2 marks) 

8 g(x)=x3- 7x2 + 2x44 
a Find g’(x). (2 marks) 

A root a of the equation g(x) = 0 lies in the interval [6.5, 6.7]. 

b Taking 6.6 as a first approximation to a, apply the Newton—Raphson process once 

to g(x) to obtain a second approximation to a. Give your answer to 3 decimal places. 

(4:marks) 
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») 10 

¢ Given that g(1) = 0, find the exact value of the other two roots of g(x). (3 marks) 

d Calculate the percentage error of your answer in part b. (2 marks) 

f(x) = 2sec x + 2x — 3, 5 <P 7 where x is in radians. 

a Show that f(x) = 0 has a solution, a, in the interval 0.4 < x < 0.5. (2 marks) 

b Taking 0.4 as a first approximation to a, apply the Newton—Raphson process once 

to f(x) to obtain a second approximation to a. Give your answer to 3 decimal places. 
(4 marks) 

¢ Show that x = —1.190 is a different solution, 3, of f(x) = 0 correct to 3 decimal places. 

(2 marks) 

1 3 
BV a pie - HED ens 32 #5 

a Show that the equation f(x) = 0 can be written as x = 1.5 — 0.5e°°8*. (3 marks) 

b Use the iterative formula x, 4, = 1.5 — 0.5e~°8*» with x» = 1.3 to obtain x), x, and x3. 

Hence write down one root of f(x) = 0 correct to 3 decimal places. (2 marks) 

c Show that the equation f(x) = 0 can be written in the form x = pIn (3 — 2x), 

stating the value of p. (3 marks) 

d Use the iterative formula x,., =p In(3 — 2x,,) with x) = —2.6 and the value of p found in 

part ¢ to obtain x), x, and x3. Hence write down a second root of f(x) = 0 correct to 

2 decimal places. (2 marks) 

& dy 
a By writing y = x* in the form Iny = x In x, show that ae x*(In x + 1). (4 marks) 

b Show that the function f(x) = x” — 2 has a root, a, in the interval [1.4, 1.6]. (2 marks) 

ce Taking x) = 1.5 asa first approximation to a, apply the Newton—Raphson procedure once 

to obtain a second approximation to a, giving your answer to 4 decimal places. (4 marks) 

d By considering a change of sign of f(x) over a suitable interval, show that a = 1.5596, 

correct to 4 decimal places. (3 marks) 

The diagram shows part of the curve with equation 

y = f(x), where f(x) = cos (4x) - +X. 

a Show that the curve has a root in the interval [1.3, 1.4]. 

(2 marks) 

b Use differentiation to find the coordinates of 

point B. Write each coordinate correct to 

3 decimal places. (3 marks) 

1 l 
c Using the iterative formula x,41 = F arecos(5%), 

with x) = 0.4, find the values of 21, X2, ¥3 and x4. 

Give your answers to 4 decimal places. (3 marks) 
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d Using Xy = 1.7 as a first approximation to the root at D, apply the Newton—-Raphson 

procedure once to f(x) to find a second approximation to the root, giving your answer to 

3 decimal places. (4 marks) 

e By considering the change of sign of f(x) over an appropriate interval, show that the answer 

to part d is accurate to 3 decimal places. (2 marks) 

Challenge 

f(x) = x9 + x? — 7x? -x +3 

The diagram shows a sketch of y = f(x). Points A and Bare the points of 

inflection on the curve. 

a Show that equation f”(x) = 0 can be written as: 

1 ee fee ol lint 3 2 is. 
b By choosing a suitable iterative formula and starting value, find an 

approximation for the x-coordinate of B, correct to 3 decimal places. 

c Explain why you cannot use the same iterative formula to find an 

approximation for the x-coordinate of A. 

d Use the Newton-Raphson method to find an estimate for the 

x-coordinate of A, correct to 3 decimal places. 

Summary of key points 

1 If the function f(x) is continuous on the interval [a, b] and f(a) and f(b) have opposite signs, 

then f(x) has at least one root, x, which satisfies a<x <b. 

2 To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the 

form x = g(x) and use the iterative formula x,,,, = g(x,). 

3 The Newton-Raphson formula for approximating the roots of a function f(x) is 

NOS) 

Ca) 
Xn41 = Xy — 

Zoe 



After completing this chapter you should be able to: 

Integration can be used to solve differential 

equations. Archaeologists use differential 

equations to estimate the 2-0 ou fossilised 

Integrate standard mathematical functions including trigonometric 

and exponential functions and use the reverse of the chain rule to 

integrate functions of the form f(ax + 5) 

Use trigonometric identities in integration -» pages 298-300 

Use the reverse of the chain rule to integrate more complex 

functions pages 3 

Integrate functions by making a substitution, using eel os 

parts and using partial fractions > pages 303 

Use integration to find the area under a curve -> pages 313-317 

Use the trapezium rule to approximate the area under a curve. 

Solve simple differential equations and model real-life situations 

with differential equations ~> pages 322-329 

Differentiate: 

a (2x -7)® 

ce 

Given f(x) = 8x? — 6x? 

a find | f(x) dx 

b find |. f(x)d nd |, elias 

Write bikes as partial fractions. 
(4x — 1)(x + 3) 

Find the area of the region R bounded 

by the curve y = x? + 1, the x-axis and 

the lines x =—land x =2. 

plants and animals. 
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111 Integrating standard functions 

Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate 

familiar functions. : 5 . 
r Watch out } This is true for all values of n — 

® [era = 2 ite = et aoe 

@ Je dx=e'+c C= When finding ie 1 gy it is usual to” 

GB) ie dx = In|x|] +¢ write the answer as In|x| + c. The modulus 

‘s sign removes difficulties that could arise when 

(4) i cosxdx=sinx+c evaluating the integral for negative values of x. 

G) [sin xdx = -cos x +c dy 
Links example, if y= cos x then fee —sin x. 

6) [sec?xdx =tanx +c a 
This means that ic —sin x)dx =cosx+cand 

@) [cosec x cot xdx = -cosecx +c hence Jsin xdx=-cosx +c. € Section 9.1 

|cosec? xdx =-cotx+c¢ 

(9) |secxtanx dx = secx + c 

Find the following integrals. 

a [(2cosx +2- ve) ax b {eee e*) dx 
sin? 

a (Cee ee 2sinx +c | 
| 

| [eax = 3in|x| + 

| ix ax = [x?dx = 8x? + ¢ 

slo) I(2cosx+ 2 - eax 

: DiS 
=Z2onx +S ln|x| =. € 

COSX _ COS 250 | 
| 
| es 
ib =ICOtEDIEOSECERS hi 
| sinex sinx  ainx | 

i 
Jicot X COSEC X) dx = —cosec x +¢ 

[2ecrax = 22 a © 

COSXxX : 

aa eae ae dx) 

= | ~COSEC X _ 28 Ea G 

Wie 
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Given that a is a positive constant and 
ieee 2x +1 
a 

dx = In12, find the exact value of a. 

Peay i oe 

See + linx) 22 

= (Ga + In3a) - 

=4a+ in( =) 

= 4a + |n3 

So) Aa + nS = Inl2 

Aa = \|ni2 —|n3 

(2a + Ina) 

‘ integrate te term yt J "i 

L "Remember the limits are a and 3 3a, = f sth 

Aa = \n4 rr 
1 | : 

a=—In4 a.) 7 
4 “In12 = tn3 = In| 

oe oe 

Exercise 11) 

1 Integrate the following with respect to x. 

Saye 
ae see. Xx +> +; 

Tie ea 
c 2(sinx —cosx + x) 

e Se" 4 4cos xe 

i deer 
ian oe 

i 2cosec xcotx — sec? x 

2 Find the following integrals. 

1 1 

(ee es ge 

1+cosx (+) ee | 
* I( sin2x i x ‘i 

e [sin x(1 + sec? x) dx 

g i cosec? x(1 + tan? x) dx 

mo | sec? x(1 + e* cos? x) dx 

Integration 

Problem-solving 

Integrate as normal and write the limits as a and 

3a. Substitute these limits into your integral to get 

an expression in a and set this equal to In12. Solve 

the resulting equation to find the value of a. 

a ie ¢ 5) Ax ee ms by dividing by», then ‘ Pix 

y term, be eres, 

i 

_ Substitute 3a and into the tegrated expresion, 
“Use the laws oft logarit fms Ina ~Inb =n ign 

a “=e 
se - 

is 12) sing aight oS » 

r Online | Use your calculator to check 

your value of a using numerical integration. 

Se* — 4sin x + 2x7 

3 sec x tan x - 5 

| 
— + 2cosec? x 
Ox 

e* + sinx + cosx Ss > a & 

1 
Ce cosec? x 

© 

b | (Se + 228] ae 
cos? x 

1 1 

¢ Neer uy 2) dos 

i cos x(1 + cosec* x) dx =, 

a | sec? x(1 — cot? x) dx 

1 +sinx . 
eee COS sec x | dx 
COS? x 

3 Evaluate the following. Give your answers as exact values. 

6l+x 
b [Le es a i. ne dx 

us . 

c [ —5sinx dx 
2 

0 
d | sec x(sec x + tan x) dx 

“4 

t watch out J When applying 
limits to integrated trigonometric 

functions, always work in radians. 
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3x : oe a3x—- 1 
4 Given that ais a positive constant and [ ‘ y Ce OF lo (4), ; 

find the exact value of a. (4 marks) 

; 3 ee: I 
5 Given that a is a positive constant and i ac +e dx= s find the exact value of a. (4 marks) 

6 Given il (Oe + 6e?*) dx = 0, find the value of b. (4 marks) 

q ee 0 

a Solve the equation f(x) = 0. . (2 marks) 

b Find [f(x) dx. | (2 marks) 

c Evaluate i, *f(x) dx, giving your answer in the form p + qgInr, where p, q and r are 

rational numbers. (3 marks) 

11.2) Integrating f(ax + b) 

If you know the integral of a function f(x) you can integrate a function of the form f(ax + 5) using the 

reverse of the chain rule for differentiation. 

Find the following integrals. 

a Jos (2x + 3) dx b fet+ ax c | sec? 3x dx 

a Conte) =o eda) 
dy 
Ae 7 ONE Ps z 

So feos (2x + 3)dx =4sin(2x +3) +¢ 

b Consigen y=" "1: 

Q = 

So Jer +tax 3 fetr+! oe 

e Conse; y= tan oe 

se = 5eC6" 3% X 3 
Ax 

So [sec Boe ebe = tan Bye tb 
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In general: 

/ [Plax +6) dx = fax +b) +C 

Find the following integrals: 

a \Pewretic 

auConsidery = la(Sx + 2) 3 

Bye 2 Atete 

b Consider y = (2x + 3)° 

Ay 
Se = 5 x (2x + 3 x 2 

Ax 

= (Osx (2x 3)" 

Exercise 118) 

1 Integrate the following: 

a sin(2x + 1) b 3e%* 

Cade d cos(1 — 2x) 

e cosec? 3x f sec4x tan 4x 

g 3sin ($x +1) h sec? (2 - x) 

2 Find the following integrals. 

a |(e— sin (2x - Idx 

c | sec? 2x(1 + sin 2x) dx 

e [(e-*+ sin(3 — x) + c08(3 ~ x)) dx 

3 Integrate the following: 

I ee en 
2 ea (2x + 1p 

3 pies 
Sava (1 - 4x) 

Integration 

t Watch out ] You cannot use this method to 
integrate an expression such as cos (2.x? + 3) 

since it is not in the form f(ax + b). 
ge 

b [(2x+3)'dx 

Hint ) For part a consider y = cos(2x + 1). 

You do not need to write out this step once 

you are confident with using this method. 

1 ‘cosce2% cot2x j cos3x -sin3x 

b f(e+ 12dx 

3- 2costx 
d oe AG dx 

Silla 

- 3 
CeO xe) ees 

3 
A 5 Sa, g (3x+2) h (2x 
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4 Find the following integrals. 

4 x ~ | 5 P [(gsin@x + +545) dx b [(e*+(1- x) dx 
1 1 l 1 

Se d 3 +2) oY : leeree lle a eae Ji re eer 

5 Evaluate: i 

7 il 7 3 evitd 
a a. cos(m — 2x) dx b jh G— 2x4 dx c Ir sec?(m — 3x) dx d ij “oe dx 

6 Given | (2x - 6)2dx = 36, find the value of . (4 marks) 

7 Given i) i dx= i find the value of k. ; (4 marks) 

8 Given lac 1 — asin kx) dx = r(7 - 6V2), Problem-solving 

find the exact value of k. (7 marks) Calculate the value of the indefinite integral in 

terms of & and solve the resulting equation. 

Challenge 

1 ‘ 11 
Given [ 

5 ax+b 

are integers with 0 < a< 10, find two different 

pairs of values for a and b. 

dx = 2 in(33), and that a and b 

113) Using trigonometric identities 

= Trigonometric identities can be used to Links } eke sureyouere mcr tare 

integrate expressions. This allows an standard trigonometric identities. The list of 

expression that cannot be integrated to identities in the summary of Chapter 7 will be 
be replaced by an identical expression useful: i page 196 

that can be integrated. 

Example @ 

Find i tan? x dx 

= 2 n= ; 2 as ’ 

SOI eg aT You cannot integrate tan? x but you can integrate 
| 
| 
| tan2x = sec2x — 1 | sec? x directly. ; 

| 
[So tare wax = I(secsx— INax i % 

J J Using ©). i 

Nee eee - 

= tani = eee | 



q 1-y2 
Sh thay. 2 =— ow tha Jésin C= re 3 

Recall cos2x =1 - 2sin2x 

So sin@x = st — cos2x) 

So e sin@x dx = = [els 

= (%-1an(®)) - (3-4 an()) 
(2-49) - (5-46) 
=fe-2a)* aaa 
Il sig 

5 LY 

Find: 

a [sin 3x cos 3x dx 

a Join 335 COS Soe he = [Esin Gx dx 

£cos Gx +c =-4x 

b (secx + tanx)* 

5ec2@x + 25sec xtanx + tan@x 

= sec2x + 2secxtanx + (sec?x — 1) 

= 2s5ec2x + 25ecxtanx - 1 

O Jieecx = tan x)- ax 

= ie 5sec2x + 2secxtanx — 1)dx 

= Dicaiqae a> 2S@605 > 2k PC 

Problem- “solving ] 

You will save lots of time in your exam at you are 

familiar with the exact values for trigonometnic 

functions given in radians. 

t Watch out ] This is a ‘show that’ question Ke) 

don’t use your calculator to simplify the fractions. 

Show each line of your working carefully. 

b | (sec x + tan x)* dx 

-5 00s 6x +c | Us 
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pees euie Ula tannin Hint ) For part a, use 1 + cot?x = cosec2x. 

a cot? x b cos*x For part ¢, use sin2A = 2sin A cos A, 

¢ sin2xcos2x d (1 +sinx) making a suitable substitution for A. 

e tan? 3x f (cot.x — cosec x)? ; 

g (sinx + cos x) h sin? x cos? x lic esas j (cos2x - 1) 
sin? x cos? x 

2 Find the following integrals. 

1 — sin x 1+cosx (eee 
2 x Us Iie aie es COs? x sin? x cos? x 

2 1 + cos x) 
[ ax e (ee ms f [(cotx = tan x) dx 

Silty sin? x 

© = sin x? dx tere COS 2x g [cos x sin x)? dx h [cos x Sec e)-dx | | reste 

3 Show that [sin2 Teebee e ; Z (4 marks) 

4 Find the exact value of each of the following: 

eel ae ; 3(1 + sin x)? + sin2x 
SSS C= : ame ernie ie ee ee 

: IF SIN-vCOS~ x Soon iF Cee ge ( COS* x - hi 1 — sin? 2x 

5 a By expanding sin (3x + 2x) and sin (3x — 2x) using the double-angle formulae, 

or otherwise, show that sin 5x + sinx = 2 sin 3x cos 2x. (4 marks) 

b Hence find | Sill 6.COS 2.x) (3 marks) 

6 f(x) =S5sin?x + 7cos* x 

a Show that f(x) = cos 2x + 6. : (3 marks) 

b Hence, find the exact value of ih “f(x) dx. ' (4 marks) 

(E/P) 7 a Show that cos‘x = = COS 4x + 50s 2x + z (4 marks) 

b Hence find | COS! HAR? (4 marks) 

11.4 ) Reverse chain rule 

If a function can be written in the form ke 2 

for differentiation. (x) 

Example © Problem-solving 

Find If f(x) = 3 + 2 sin x, then f(x) = 2 cos x. 

By adjusting for the constant, the numerator is 
iy the derivative of the denominator. on 
3+2sinx ihe 

, YOU Can integrate it using the reverse of the chain rule 

2x cos x 

x + 1 ie I 



Integration 

ha hee 2x dx | 

easy alse +3 This is equal to the original integrand, s you iia 
dy 1 | | don't need to adjust it. ‘ Tienes — == — x Dy, | : 
ae x2 4 4 

| So I= \In|x? +1] + ¢ ——_________ Since integration is the reverse of differentiation. — 
| sh ee 

b Let COS Xx 

; Hee ee + 2s5inx ae 

Let y = In|3 + 2sinx| Try differentiating y = “In[3 4 cc 2sin x|. < Z , 

| arr. de ame 
dx” 3+ 2sinx | The derivative a In|3 + 2 sin x| is twice the ‘-? 

So =1in|3 + 2sinx| +c | original integrand, oor ae ined to divide it aor . 

= To integrate expressions of the form Watch out ) Pie ee a en 

f’(x 
7 try In|f(x)| and differentiate integrate a function such as “ : because the 

a x 
derivative of x* + 3 is 2x, and the top of the to check, and then adjust any constant. 
fraction does not contain an x term. 

You can use a similar method with functions of the form kf’(x) (f(x))”. 

Find: 

a f cos x sin? x dx b fxce + 5)3dx 

raat. 50) (tes oe eat git ity Pita + Higore a hi be ae. Te ae | 

amet I= [3.cosxsin?xdx | E- al ey que te 2a ‘eo, =| .*@ 

Consider y= sine x — This is equal to the original integrand, se) you 5 

dy don’t need to adjust it. * @ *< 
V 3 Fes ORY 4 © ri s Z 

== & SS CCS 2% a 7” 
ax 

| 

| 26 P= sinex + °C / 
| 
} = — 

7 ¢ a 
SAX, 7 ppbret ema erate) Ww differentiating (x 245) g iu Oia 

es > 

Then let y= (x? + 5)* Seen B : _ _ 

=H, ‘ The a comes from differentiating. Rigas oN. a 3 

ao A(Ke ee a? xX 2X ae Bi = ~~ 
y 

“ale is 58 ‘mes the Puy expression so you. 

divide by 8. ie hes 4 a : 

q = 6x(x? + 5)? — 

So ical + 5)" 

= To integrate an expression of the form =i k f(x) (f(x))" dx, try (f(x))"*+ and differentiate to 

check, and then adjust any constant. 
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. cosec? x 
Use integration to find i ee 

2 (2 + cot x)? 

“4 eoeeeo 
Let [= |——_ 
a J (2 + cot x)? 

Wey G(s eelane y= 

dy 
os —2(2 + cot x) x (—cosec®*x) 

| =)2(2. + GOLXx) > COSeC"x 

So i= 4(2 + cotx)?+¢ 

Given that i % tan x sect x dx = ie where 0 < 0 zal find the exact value of 0. 
= ap 

a P ' oa 

lee fe i. 5 tanxsect x dx 

ker Wisisec’ x 

yy 3 = = ASCO 6 Se SSS ees 
dx 

= 4sec*xtanx 

S415 
Sie I= OAe 

your calculator. 

Exercise 11D) 

1 Integrate the following functions. 

pee: ee i iG 

x? +4 ed (x? + 4) 

d eo e £08 2x sin 2x 

(e>* + 1)? 3 + sin 2x (3:+'cos 2x)? 

rie ee h cos2x(1 + sin 2x)4 i sectx tans 

302 

> required 

ee 2 ee et Fee | ' Online | Check your solution by using 

answer so you need to 

Hint ) Decide carefully 
whether each expression 

fx Le 
isin the form k—— 

F(x 
wal ‘ent (foo) 

atk 

j sec?x (1 + tan2x) 



Integration 

2 Find the following integrals. 

a lo + 1)(x? + 2x + 3)4dx b [eosec? DX COLLX Ax 

c |sin® 3x cos 3x dx d [cos eax 
e2* 4 

e cee x f pxoe + 1) dx 

2x + 1 
2x+ 1)Vx*?+x+5d SSS g [Ox + War ex+5 ds Mees 

| sin x COS x y : ij ese 

VCOs 2x + 3 cos 2x + 3 

3 Find the exact value of each of the following: 

a [3x2 + 10x)/x3 + 5x2 +9 dv read ao 
0 > 1-—cos3x 

7 x 4 an X c neeaue d [ ‘sectx et! mid 

P) 4 Given that [Pkxtew'dx = =(e8 — 1), find the value of k. (3 marks) 

P) 5 Given that i, "4 sin 2x cost 2x dx = z where 0 < 0 < 7, find the exact value of 0. 

ae COS X Pp = : P) 6 a By writing cotx paee find | cot x dx (2 marks) 

b Show that | tan x dx = In|sec x| + c. (3 marks) 

11.5 | Integration by substitution 

= Sometimes you can simplify an integral by changing the variable. The process is similar to 

using the chain rule in differentiation and is called integration by substitution. 

In your exam you will often be told which substitution to use. 

Find fev 2x + 5 dx using the substitutions: 

Agta 250405 b w=2x+5 = e. : ie ane ae 

You need to replace each‘x’termwitha = 
| Ale to ; : . aN T 

Ae, Ie pov 2x + 5 dx | _ corresponding ‘u’ term. Start by finding the ‘ 
oe fis Fi ee: ro relationship between CRSUEE ye 

Web euws ex + 5 
i ie "iy ee’ eS Oe Gp apna Ps os 

$9 4. 9. ___________| | iiaaiaee as 
% a v, ae Pe ie 

1 ski lbees vec age CN SE nS ae Mi 
So dx can be replaced by 5 du. Next rewrite the function in terms of w = 2x+ ars 

V2x+5 =Vu =u? f - meer. by PES 5) 
Rearra nge u =2x+ 5 to get 2x=u-—5 andh en a 
al eae a - —_ ie a ™ | 

x=- é d a 

! 
| 

ei Be eS A 
| § 
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[a a. a aS : mar a) 

So l= [(452)u x bu 

= [iu = 5)u? du 

ible 3 = ha? - Su?) du 

| ue 

Se 
2 

3S 3 
ee OE ae 

ea = 
3 3 

_ (2x45) 5(2x+5)' 
SO Is 10 - C + 

b Let T= [x2x+5ax 

| Uae XD 
| 

du 
| 2u ain 

So replace dx with udu. 

WG EO = tl 

Example ae) 

Use the substitution uw = sin x + | to find 

Jos.xsin x (1 + sin x)? dx 

Let i= Jeos.xsinx(1 + sinx)? dx 

pier u=sinx + 1 

us COS xX 
ax 

| So substitute cos x dx with du. : ee 

Se — Se ti al 
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Integration 

(sinx + 1)3 = u3 

sine =u — | 

Se T= f= tuidu 

_ (sinx +1)® — (sinx + 1) Saha 
5 i 4 ae Problem-solving 

“ft ee eee Although it looks different, if sin2x(1 + sinx)? dx 

can be integrated in exactly the same way. 

Remember sin2x = 2 sinx cos.x, so the above 

Example 14) | integral would just need adjusting by a factor of 2. 

Prove that i Fre =arcsinx +c. 

c 7 | l | A is waftiha nou wousat fs Think 

Perrier integral will be transformed by using 
oes eee ie “agmarens site ae ’ oe epee" sing 

d 
fi = ? cer a The substitution iin the for rm 1 =f), 90 

So replace dx with cos dé. over cutthe eenonst between. Conds 

= al aan I= | i See 0d0 ———— 7 ee substitution, and nd replace dvwith oor. 

= | ages ao LL Remember sin’ + c <7 we #4, ae ‘<7 

= | cosd dé 
cos 

= fidd=0+¢ 
x= sine => 0 =—arcsinx 

~ Remember to use your aa eS haa a 
So I=arcsinx +c . inal swer a t i ” 1 
ea answer in terms of x, not. poy 

Example 15) 

i i itution t luate: Use ec by Soo o evalua , Watch out | Fieger 

a i, x(x + 1)> dx b [cos xv 1 + sinx dx to evaluate a definite integral, you have to be 

careful of whether your limits are x values or u 

values. You can use a table to keep track. 

awlet T= [x(x + 1 ax 

terme =ix th | | 

a 
| 

= | 
dx 
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so replace dx with du and replace (x + 1)3 

with u3, and x with u — 1. 

= (<2 -=)-( ty 7) 

5) 4 5 4 

= 46.4 - 20 = 284 

b [reosavi + sinx dx 

I au | ; 
MI aps = CO 50 replace 

) cos xX dx with du and replace v1 + sinx with 

Soul = fou? au R ( re n terms of wu 

= (Eel, 
= ee) mee | 

(Seeger eae | ee 
You could also convert the integral back into a 

Exercice (11) function of x and use the original limits. 

1 Use the substitutions given to find: 

a JxvT4 dx; u= 14x b PES oe w= sin x 

Ce isit dx, = cosx d |———dx; u= vx | a= ear 
e sec? x tan. xT + tan x dx; 2 = 1 + tanx f sect x dx; w = tan x 

2 Use the substitutions given to find the exact values of: 

a Poet 4 dx, us x44 b [x2 + xP dx; w=2 +x 

c [sin x3 cos.x + T dx; u = cos x 

d if sec x tan xv sec x + 2. dx; uw =secx dx: u=Vx ea e ——— 
1 ¥x(4x—-1) — 
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Integration 

>) 3. By choosing a suitable substitution, find: 
+4 a [x(3 + 2x)'dx a ¢ [= ~adx J ee ier 

>) 4 By choosing a suitable substitution, find the exact values of: 
7 5 1 5 sin 20 

a | xv2+xd b | ——— —— 
|, aay bi aren teas Sh reser e 

: a et 20.7 8x 
E) 5 Using the substitution w? = 4x + 1, or otherwise, find the exact value of dx. (8 marks 

6 /4x+1 ( ) 

fal 4x 

P) 6 Use the substitution wu? = e* — 2 to show that ee 5 C= ; + clnd, where a, b, c 

and d are integers to be found. (7 marks) 

P) 7 Prove that — | pio dx = arccosx + ¢ (5 marie) | 
eae ; 

. — m 
8 es the substitution u = cos x to show Hint | (ie ayac tieonatetier aes o 

if sin3x cos2x dx = nen (7 marks) change the limits in x to limits in w. 

45 

P) 9 Using a suitable trigonometric substitution for x, find iis ot Le Oe (8 marks) 

Challenge 

By using a substitution of the form x =k sin uw, show that 

1 V9 — x? 
Sse UW SS +¢ 
(a — x? 9x 

(11.6 } Integration by parts 

You can rearrange the product rule for differentiation: Links ] ee rain 

a (uy) = le i y ou functions of x. ¢- Section 9.4 

dx Qe 0x 

he dull acyl RE 
ape Kee d 

dy d du 4 
see —— — — dx u i: axe ee (uv) dx — |v ag 

Differentiating a function and then integrating it leaves the original function unchanged. 

So, j= (uv) dx = uv. 

: ; ‘ ; dy, du 
= This method is called integration by parts. | Lae dx = uv - | ae 

te d 
To use integration by parts you need to write the function you are integrating in the form ua 

d 
You will have to choose what to set as wu and what to set as e 
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Find |x cos dx 

kes JL= lneeosccebs 

du 
Ui So ars | 

dv . 
= = 665 = VS Sie 
ax 

Using the integration by parts formula: 

IX siti — sin x Vdx 

=xsinx + cosx+c 

Find |x?Inxdx 

Lee IS lbeliseake 

ow | 
i) = lh xe ae 

Cae 4) 
ae 

if Ree |x ee — 
a3 on es | 

x? x 
=< inx- J¥dx- 

3 
L Simplify the yo term. 

Problem-solving 

For expressions like x cos x, x¢sin x and xe* let u 

equal the x” term. When the expression involves 

Inx, for example x? In x, let wu equal the In x term. 

Let w= x and dy = 605% 
dx 

‘ ; du dy 
for u, v, — and — Find expressions for w, v pe an ae 

Take care to differentiate w but integrate x 

Notice that ye dx is a simpler integral than 
Exe ' 

Since there is a ln x term, let w=Inx and x = 5E. 
be 

Find expressions for wu, v, a and au 
dx dx 

Take care to differentiate uw but integrate os 
x 

L Apply the integration by parts formula. 

Xx 

It is sometimes necessary to use integration by parts twice, as shown in the following example. 

Find |x?e*dx 

Wer i= i x2e* dx 

Bes ZG ae Ut = 
dx 

(= (2x ay, 
Gx 

TS y= et 

308 

There is no In.x term, so let w= x? and a =e 
ne 

Find expressions for w, v, oes and fe) 
dx dx 

dy Take care to differentiate w but integrate 

Apply the integration by parts formula. 

Notice that this integral is simpler than J but 

still not one you can write down. It has a similar 

structure to J and so you can use integration by 

dy 
parts again with uw = 2x and — =e*. 

dx 



Integration 

So Baa — (2xe* - [2exax) 

= x2e* — 2xe* + feerax 

Seco ete Ke 4 ec 

2 ; 
Evaluate I In x dx, leaving your answer in terms of natural logarithms. 

Problem-solving 

=(2in2) — (n1) — a eee Apply limits to the wv term and the [vS4dx term 
separately. ze 

Seine (x. 

=e ete — A) 

=2\|n2-1 

1 Find the following integrals. 
a es ace Hint ) You will need to use these 

a |xsin dx brie 0x c [xsec? x dx standard results. In your exam they will 

x be given in the formulae booklet: 
d |xsecxtanxdx e | moe tbe sin? x . ftanxdx = Inlsec x] +c 

2. Find the following integrals. . | secx dx = In|sec.x + tan x| +c 

a [ainxdx b |xInxdx c [AF as . [oot dx = In|sin x] + 

A JanxPdx A Joe+ 1) In x dx . [eosec.xdx = -In|eosec.x + cot.a| +e 

3 Find the following integrals. 

a | xe-*dx b |x*cosxdx c | 12x73 +2x)Pdx d | 2x sin 2x dx € | Diasec tanocd 

4 Evaluate the following: 

In2 ze S os é 

a |, xe2* dx b [ovsin xd c [?xcos x dx d Sepik 
X 

e franc +8 dx f | xcosgxdx g |, sin x In (sec .x) dx 
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©) 5 a Use integration by parts to find |x cos 4x dx. 

b Use your answer to part a to find | x? sin 4x dx. 

6 a Find |V8 — x dx. 

b Using integration by parts, or otherwise, show that % 

|e -2)v8 =x dx = -28 - lees ese 

c Hence find if "ox — 2)v8 — x dx. 

7 a Find | sec? 3x dx. 

b Using integration by parts, or otherwise, find i msec? 3x0.dx. 

c Hence show that Nae sec? 3x dx = pr — q|n3, finding the exact values of the. 

constants p and gq. 

valy¢) Partial fractions 

= Partial fractions can be used to integrate algebraic fractions. 

Links } Make sure you are confident 

expressing algebraic fractions as 

partial fractions 

Using partial fractions enables an expression that looks 

hard to integrate to be transformed into two or more 

expressions that are easier to integrate. 

Use partial fractions to find the following integrals. 

8x*- 19x + 1 x-5 

i Ie eGo a. (2x + 1)(x — 27 

x-5 my e B 

(x+1)(x-2) x+1 x-2 

50 x-5 = A(x - 2) 4+ Bx + 1) 

letx=-1: -G=A(-3)5s0 A=2 

lI@ix=2e =3 = JHB) so b= =| 

Xuan) 

50 ee 

Soren 

= 2\|n|x+1| -Injx-2| +c 

a 

| \ 

o) = ahi D €D 0) > 

> imp Ste . ur, 

@w + 1)4 
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(3 marks) 

(2 marks) 

(6 marks) 

(2 marks) 

(3 marks) 

(6 marks) 

(4 marks) 
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: LS. (2 en i 

(2x + 1)(x — 2) 

Ox Nox th oA B 

(eee. 2k 4d Gn Oe ee 

Ox? — 19x 4+1= A(x — 2)? + B(2x +1) 4 

C(2x + 1)(x — 2) 

| 

letx=2:-5=0+5B+0Os0 B=-1 

Let x =-5: 124 =44+04+0504A=2 

vet x =O; Then 1=4A+ B-2C 

50 ts@ pedi ak 5) 

Siless ae Se a O 

Sin|2x + 1 + “i © 

= 1 os 3 jal 2x + 1 oe nls 2|F +c 

= In|(2x + 1)(x — 2)3| + +c 
x-2 

@ esas ae 

oo ie ee PR 
fee a (i ex) Pe x 

2 AG 4x) 4B — x) 

lee =| died 2 = 2 So 1) — || 

Keree= i thence = 2Aso A=] 

450 re (e+ )a 

= hal) ioe — in| — x] 4 c 

When the degree of the polynomial in the numerator is greater than or equal to the degree of the 

denominator, it is necessary to first divide the numerator by the denominator. 

Example 21) 

9x2 — Bx + 2 
Ax 

— A)9x? — 3x + 2 

Ox -4 

-3x+6 
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— B= Et ——— 

B= 
eres A B 

en era Mere 

Let x = —$ then 8 = -4B so B= -2 

Let x = $ then 4 =4A so 4 =1 

x. ae ee ) ; 
2 ies Mees Ene sD a , 

=x+4ln|3x- 2| - in| 3x +2l|+¢ ___1— Integrate and don 

3x-2 ie 

(epe ss 2i\2 
| =x+4ln 

| 

Exercise 116) 

1 Use partial fractions to integrate the following: 

3x+5 3x - 1 2x -— 6 d 3 

"OED (2x + I)(x — 2) Oe Oe) (2+x(1 — x) 

2 Find the following integrals. 

Dsl) x3 + 2x? +2 : oe) 
Gade soles ile J G5 ae : is Fig: eer a 

4 

See al ogi 22x) 

a Given that f(x) = a + z , find the value of the constants A and B. (3 marks) 
251 dL 2% 

b Hence find / f(x) dx, writing your answer as a single logarithm. (4 marks) 

z 
c Find | f(x) dx, giving your answer in the form Ink where k is a rational constant. (2 marks) 

4 xy 2g cx, 
(3 + 2x)(2 — x)?’ 

a Express f(x) in partial fractions. (4 marks) 

17 -— 5x 
b Hence find the exact value of (3 Cae Oe dx, writing your answer in the form 

a+Inb, where a and b are constants to be found. (5 marks) 
: | 

5 f(x Be th xed 

a Givenithat {(3) =A. an un +3 sks > find the values of the constants A, Band C. (4 marks) 

b Hence find the exact value A Problem-solving : 

a 2 

ii a dx, writing your answer in the Simplify the integral as much as possible before 
eT substituting your limits. 

form a+b Inc, where a, b and c are ; “be 

rational numbers to be found. (marks) 
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6 + 3x — x? 
6 fi x)= =. ee Odes arama 

a Express f(x) in partial fractions. (4 marks) 

b Hence find the exact value of I SSE ax, writing your answer in the form a + Ind, 

where a and b are rational numbers to be found. (5 marks) 

jo ee ee 
(4x + 1)(4v - 1) 4x+1 4x-1 

a Find the value of the constants 4, Band C. (4 marks) 
32x7 +4 ae 

b Hence find the exact value of P Uae writing your answer in the form 

2+kInm, giving the values of the rational constants & and m. (5 marks) 

11.8 | Finding areas 

You need to be able to use the integration techniques from this chapter to find areas under curves. 

; 9 
The diagram shows part of the curve y = 5 

: : in Bs 
The region R is bounded by the curve, the x-axis 

and the lines x = 0 and x = 4, as shown in the 
: : - — yp 

diagram. Use integration to find the area of R. “er ee ber zZ the a 

iti Dg ota eg o 

Area = [~ 2 ax ee wie 

| pA + ox . Use the cha cha inulin reverse fy = (443. ee a 7 
“| 4 Paes re * 

r an (Sa Sax a. “ ix AORN >. Pal 

= 6|(4 + 3x) ‘\ 5 
o Es hs = 4 

= = 6((4 ES. Ay Eee SeO)\g 2) — Cen os 4 i By 3 

ee ee a “Youd don't need to give t units when fir finding areas 
=e mr under graphs in pure maths. rind S o Pa a Lhd 

s The area bounded by two curves can be found using integration: 
b b 

Area of R= f (f(x) - g(x))dx = ["F(x)dx - |g (x)dx 

f(x) 

at) t Watch out | You can only use this formula if the 

two curves do not intersect between a and b. 
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The diagram shows part of the curves y = f(x) and y = g(x), 

where f() = sin 2x and g()="sin x cos*x, 0 =x = a 

The region R is bounded by the two curves. Use integration to 

find the area of R. 

Pe 

Area = | (f(x) — g(x) dx 

= [Fein 2x — sinxcos*x) dx 

Bate al xD 3x] =| BOOS EMT aCOS X16 | 
| Ke 

Ss Et) . 40)) Ee a oe) CD Explore the area between | 

two curves using technology. (bese ——— 

You can use integration to find the area under a curve 
: X : ; For a parametric curve, x 

defined by parametric equations. It is often easier to j 
and y are given as functions of a 

integrate with respect to the parameter. 
parameter, f¢. < Chapter 8 

The curve C has parametric equations 

Ths 
= ¢(1 + = t(1+t),y= aise 0 

Find the exact area of the region R, bounded by 

C, the x-axis and the lines x = 0 and x = 2. 

Area = fh dx = = ya 

xe = 1G) Se i). so a1 + 24 

Winkel 2¢ = ©) Wl 4b 2p) = C, SO =O OF / = =] 

Winter x = 2. 1) ab 2) = 2 

[ef 2G Se 
(42 as — n= 3@, . i= —2 Ogi w t Watch out ] You will be integrating with respect — 

(So INR (De y= dt a st Eat to t so you need to convert the limits from values _ 
| of x to values of t. Use the parametric equation 

i = 2 (2- ce 4) at for x, and choose solutions that are within the 
domain of t > = [2t-In (1 + ail} a he parameter, t > 0. 

(2 ee) Olin) 

a2 re 
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Exercise (11H) 

1 Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and 

the lines x =a and x =b. 

2: 
a fix)=7(534=0,b=1 b fix) =secx;a=0,b=% c f(x) =Inx;a=1,b=2 

d f(x) = seextanx; a= 0,b = 7 e f(x) =x/4-x2;a=0,b=2 

2 Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines 

m= andix.= b.where: 

4x -1 is a f(x) =~ a=0,b=2 b fe) = Tape Gyan a=0,b=2 
T 

d f(x) = cos x/2sinx + 1;4=0, b=— c f(x) = xsinx;a=0,b => 

Cnty) = xe7s: ee OLD Sn 2 

) 3 The diagram shows a sketch of the curve with equation, y = f(x), 

4x +3 1 

Ge Or oly 
Find the area of the shaded region bounded by the curve, 

the x-axis and the lines x = 1 and x = 2. (7 marks) 

where f(x) = 

Z 
) 4 The diagram shows a sketch of the curve with equation y = f(x), 

where I(x) =o + - 0: 

Find the area of the shaded region bounded by the curve, the 

x-axis and the lines x = 2 and x = 4. (7 marks) 

») 5 The diagram shows a sketch of the curve with equation 

y = g(x), where g(x) = x sin x. 

a Write down the coordinates of points 

A, Band C. 

b Find the area of the shaded region. 

t Watch out | Find the area of each region 

“separately and then add the answers. Remember 

areas cannot be negative, so take the absolute 

value of any negative area. 
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E®) 6 The diagram shows a sketch of the curve with equation y = x? In. . 

The shaded region is bounded by the curve, the x-axis and 

the line 2.2. 

a Use integration by parts to find fe Ind. (3 marks) 

b Hence find the exact area of the shaded region, giving your 

answer in the form Ha In2 +b), where a and b 

are integers. (5 marks) 

The diagram shows a sketch of the curve with equation y = 3cosxysinx + 1. 

a Find the coordinates of the points A, B, Cand D. (3 marks) 

b Use a suitable substitution to find 

[3 cos xVsin.x + 1 dx (5 marks) 

c Show that the regions R, and R, have the same area, 

and find the exact value of this area in the form 

Va , where a is a positive integer to be found. (3 marks) 

fCo= xeand oO) = 3x = x 

a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any 

points of intersection of the two curves. 

b Find the area of the finite region bounded by the two curves. 

The diagram shows a sketch of part of the curves with equations y = 2cos x + 2 and y=—2cosx +4. 

a Find the coordinates of the points y 

A, Band C. (2 marks) y= —2cosx+4 

b Find the area of region R, in the form 

br 
av3 +—, where a, b and c are integers 

to be found. (4 marks) Feo? 

¢ Show that the ratio of R,: R; can be al > 

expressed as (3/3 + 2m): (3V3 — 2). (5 marks) 

(P) 10 The diagrams show the curves y = sind, 0 < 9 S 27 and y =sin20, 0 S 6 S2r. 

By choosing suitable limits, show that the total shaded area in the first diagram is equal to the 

total shaded area in the second diagram, and state the exact value of this shaded area. 
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The diagram shows parts of the graphs of y = sinx and y =cos x. 

a Find the coordinates of point A. 

b Find the areas of: 

i R, ii R, iti R; 

c Show that the ratio of areas R,: Rj can be 

written as V2 : 2. 

The curve C has parametric equations x = #, y = ?, t = 0. Show that the exact area of the 
region bounded by the curve, the x-axis and the lines x = 0 and x = 4 isk 2 , where k isa 

rational constant to be found. 

The curve C has parametric equations 

x=sint,y=sin2,0=t=7 

The finite region R is bounded by the curve and the x-axis. 

Find the exact area of R. (6 marks) 

This graph shows part of the curve C with 

parametric equations x = (t+ 1), y= +8 3 ef 1 

P is the point on the curve where ¢ = 2. 

The line S is the normal to C at P. 

a Find an equation of S. (5 marks) 

The shaded region R is bounded by C, S, the x-axis 

and the line with equation x = I. 

b Using integration, find the area of R. (5 marks) 

m Challenge 

The diagram shows the curves y= sin2x and y=cosx,OSxS 

i) 

i 

' 

1 

' 

1 

! 

1 

fe O : 

Find the exact value of the total shaded area on the diagram. 
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11.9) The trapezium rule 

If you cannot integrate a function algebraically, you can use a numerical method to approximate the 

area beneath a curve. 

Consider the curve y = f(x): 

To approximate the area given by Ly dx, you can divide 

the area up into n equal strips. Each strip will be of width h, 

b-a 
where fh = 

Next you calculate the value of y for each value of x that forms a Hint ] Notice thar tore arms 

boundary of one of the strips. So you find y forx=a,x=a+th, 

x=a+2h,x=a+3handsoonuptox=b. 

You can label these values yo, 1, Vo V3, ++» Ye 

there will be 7 + 1 values of x 

and n + 1 values of y. 

‘Vo V1 ‘Ya Pes Yn 

Finally you join adjacent points to form ” trapezia and approximate the original area by the sum of 

the areas of these n trapeziums. 

You may recall from GCSE maths that the area of a trapezium like this: es 

is given by (Vo + y,)h. The required area under the curve is | yy 

therefore given by: i 
b 

[Py dx = aly + y+ TAC, + ye) +... + hy 1 +) i 
Factorising gives: 

b 
Pydx = ly PY EV Ved Vo Ved tay eal) 

b 
or Pydx = thir Vey as a) ge icany 

This formula is given in the formula booklet but you will need to know how to use it. 
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= The trapezium rule: 
b 

[yax ng Sho + 2( Vy + Yo eee +Vn—1) + Vn) 

Cree 

The diagram shows a sketch of the curve y = sec x. The finite region R 

and y; = f(a + th) 

is bounded by the curve, the x-axis, the y-axis and the line x = 

The table shows the corresponding values of x and y for y = secx. 

— + » 

3 

a Complete the table with the values of y corresponding to x = a ara se a giving your answers 

to 3 decimal places. 

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for 

the area of R, giving your answer to 2 decimal places. 

¢ Explain with a reason whether your estimate in part b will be an underestimate or an 

overestimate. 

intel A op 
| “Substitute s he vey ae ieee 
| | rot alain S ty - the formula. i 

' Online ) Explore under- and over- cy 

estimation when using the trapezium 

rule, using GeoGebra. 

| 24 . | Problem-solvin 
= 1.336 224075..... = 1.34 (2 dp) | & 

: If f(x) is convex on the interval 

[a, b] then the trapezium rule 

will give an overestimate for 
b 
1 f(x) dx. If it is concave then it 

| c The answer would be an overestimate. The graph | 

is convex so the lines connecting two endpoints | 

would be above the curve, giving a greater | 

/ 
answer than the real answer. 

| — ; 

ce as a ERATE SE will give an underestimate. 

€ Section 9.9 
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Exercise (11!) 

1 
«) 1 The diagram shows a sketch of the curve with equation y=v1+tanx,0OSxs< 3 

yy 
y=vl1l+tanx 

x 
TT 

3 

a Complete the table with the values for y corresponding to x = oI anda 1 (1 mark) 

ss a | id 
Paes ei 

Given that J= I *V/1 + tanx dx, 

b use the trapezium rule: 
5 : TT Tv 5 oien 
i with the values of y at x = 0, = and = to find an approximate value for J, giving your answer ~ 

6 3 
to 4 significant figures; (3 marks) 

ii with the values of y at x = 0, oF eo i and = to find an approximate value for J, giving your 

answer to 4 significant figures. (3 marks) 

2 The diagram shows the region R bounded by the x-axis and the 

50) i us 
curve with equation y = cos = pig O< 5 

eB 

a = oe O oS > sre oF " 

5 > 
a Complete the table giving the missing values for y to 4 decimal places. (1 mark) 

b Using the trapezium rule, with all the values for y in the completed table, find an 

approximation for the area of R, giving your answer to 3 decimal places. (4 marks) 

c State, with a reason, whether your approximation in part b is an underestimate or 

an overestimate. (1 mark) 

d Use integration to find the exact area of R. (3 marks) 

e Calculate the percentage error in your answer in part b. (2 marks) 

a 
i 
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: : I The diagram shows a sketch of the curve with equation y = ———— ee 
The shaded region R is bounded by the curve, the x-axis, the y-axis and the line x = 2. 

a Complete the table giving values of y to 3 decimal y 
places. (2 marks) 

43 0 0.5 1 ihe 2 

y 0.707 | 0.614 | 0.519 0.345 

b Use the trapezium rule, with all the values from your 

table, to estimate the area of the region R, giving O : 

your answer to 2 decimal places. (4 marks) 

The diagram shows the curve with equation y=(x-2)Inx+1,x>0. yp 

a Complete the table with the values of y corresponding to a a) 

ee aTVOEX = 2). (i mark) 

oid Wee Se 
0.7973 | 2.0986 

Given that J = (iy ((x — 2) Inx + 1) dx, 

b use the trapezium rule 

i with values of y at x = 1, 2 and 3 to find an approximate value for /, giving your 

answer to 4 significant figures. (3 marks) 

ii with values of y at x = 1, 1.5, 2, 2.5 and 3 to find another approximate value for J, 

giving your answer to 4 significant figures. (3 marks) 

c Use the diagram to explain why an increase in the number of values improves the 

accuracy of the approximation. (1 mark) 

d Show by integration, that the exact value of i “(x — 2)In x + 1) dx is —$1n 34+4. (6 marks) 

The diagram shows the curve with equation y= xv2-x,0<x <2. 

a Complete the table with the value of y corresponding y 

LOW t1 or (1 mark) 

x 0 0.5 I 15 2 
(on a ediion) 

2 

Given that / = I Dey 2 = x UX, 

b use the trapezium rule with four strips to find an 

approximate value for /, giving your answer to 4 significant figures. (5 marks) 
2 

c By using an appropriate substitution, or otherwise, find the exact value of [ xv2-—x dx, 

leaving your answer in the form 2%p, where p and g are rational constants. (4 marks) 

d Calculate the percentage error of the approximation in part b. (2 marks) 
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The diagram shows part of the curve with equation » 

4x -5 ears 
y= y= eA Nee ee 

(x — 3)(2x + 1) (x — 3)(2x + 1) 

a Show that the coordinates of point A are (2, 0). (1 mark) 

b Complete the table with the value of y corresponding to 

x = 0.75. Give your answer to 4 decimal places. (1 mark) > 

a 0 025 0.5 OS ] 5 

y 1.6667 | 0.9697 | 0.6 0.1667 0 

: 7. 4x%—5 
Given that J = i (aoe (ayy 

¢ use the trapezium rule with values of y at x = 0, 0.25, 0.5, 0.75, 1 and 1.25 to find an 

approximate value for J, giving your answer to 4 significant figures. (3 marks) 

i 4x-5 ae a 
=e a =e k d Find the exact value of i CeOa) dx, giving your answer in the form In ( a (4 marks) 

e Calculate the percentage error of the approximation in part ec. (2 marks) 

3 eee 

=) ev2x+1 dx 

a Given that y = e’2**!, complete the table of values of y corresponding to x = 0.5, 

1 and 1.5. (2 marks) 

x 0 1.5 2 2.5 
y 9.3565 2AV83 11.5824 | 14.0940 

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate 

for the original integral, /, giving your answer to 4 significant figures. (3 marks) 

c Use the substitution f= V2x + | to show that J may be expressed as [ ° ktet dt, 

giving the values of the constants a, b and k. (5 marks) 

d Use integration by parts to evaluate this integral, and hence find the value of J correct 

to 4 significant figures. (4 marks) 

11.10 ) Solving differential equations 

Integration can be used to solve differential {Notation ] A first order differential equation 

equations. In this chapter you will solve first order contains nothing higher than a first order 

differential equations by separating the variables. 
op derivative, for example A second order 

When — = f(x)g(y) you can write i i differential equation would have a term that 
1 contains a second order derivative, for 

—* dy = [F(x)dx déy g(y) example ae 
x 

The solution to a differential equation will be a function. 

When you integrate to solve a differential equation you still need to include a constant of integration. 

This gives the general solution to the differential equation. It represents a family of solutions, all 

with different constants. Each of these solutions satisfies the original differential equation. 
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E d 
For the first order differential equation ae 12x* — 1, the general solution is y= 4x? -x+<, 
ory=x(2x-1)(2x+ 1) +c. de 

Each of these curves represents a particular 

solution of the differential equation, for different 

values of the constant c. Together, the curves 

form a family of solutions. 

' Online | Explore families of solutions 
using technology. 

; d 
Find a general solution to the differential equation (1 + x?) ~ =otaly, 

dy = Wie an _. | BB ¥ i c* Were te 8 *s., 
7 dx ia a | _ Wit the equation nthe form So = ee es 

any? = racial | N oe narate he varia Wipe D fi tng, a 
/ In| sin y| = Fln|1 + x?| ap (6 % = ho! a i -- a. a 

| or Injsiny| =SIn|1 + x2| + Ink “Use coty = ab etd ne ne 
| ‘ e a ae SL lige ee 3 Sr 

Injsiny| = In|Av1 + x?| : 

50 siny = ky1 + x? 

es Pe on ee 
a) Beg ies ei eee unig: Ranga eee 
ls she Le es foe 

Oe ane oe ea ene 
Don't forget the +c which can be written asink, 
Pics elect aed aa | 
ed Pe a 

Sometimes you are interested in one specific solution to a differential equation. You can find a 

particular solution to a first-order differential equation if you know one point on the curve. 

This is sometimes called a boundary condition. 

Find the particular solution to the differential equation Hint ) Thepond 

dy —3(y - 2) condition in this question is 
ie (2x + 1)(x + 2) that x= 1when y= 4. 

given that x = 1 when y = 4. Leave your answer in the form y = f(x). 
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Se ee ee eS ee —————-— 

1 : 3 
| eae aerer a 
| -3 cs ee 
ene ea eee 

—3 = Ax + 2) + Bi2x + 1) 

leh % = —=2: = ]—o/i} Se Jy = 1 

Let x = -3: -3=3A so A=~-2 

NBS 

| 2 ) ba 

P= oy cs ex | as 
| 
Injy — 2| =In[x + 2| -In[2x +1] + Ink 
| 

In| Zi K(x + 2) 
Ie ieee ee beret 

7 wie.) 

ye eat se 
1+2 | 4-2=h5*4) sk=2 

| Zz bie 
im y=2+2(Zts 

/ Rack S 

Exercise Gy) 

1 Find general solutions to the following differential equations. Give your answers in the 

form y = I(x), 

1 1-2 b sas =(1 + yj - 2x) qx = tanx 

y . dy 
Bp say 2 == = Bae C cosxa = y sin'x d as De 

2 Find particular solutions to the following differential equations using the given boundary 
conditions. 

dy 7 dy 1 
—e=s] 2x: = = ie oar 2 2 = § ies a Gy = Sinxcos'x; y Oiey; 3 b ae sec*x sec“y; y = 0, x 4 

Ips ; me fe dy cosy 
c qa = 2008 ycos?x; y= 7, x= 0 d sin y COS xX 4 = Coley 

3 a Find the general solution to the differential equation = 
dy ¢ Hint ] Begin by aetiieln . 

ae = y+ xy, giving your answer in the form y = g(x). the right-hand side c of the 
Xx é 

equation. 
b Find the particular solution to the differential equation that “ 

satisfies the boundary condition y = e* at x = -1. Sr 
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E) 4 Given that x = 0 when y = 0, find the particular solution to the differential equation 
dy 

(2y + 2px) = | — y’, giving your answer in the form y = g(x). (6 marks) 

dy 
P) 5 Find the general solution to the differential equation e**” Lhe 2x + xe’, giving your answer 

in the form In|g(y)| = f(x). (6 marks) 

dy 
€) 6 Find the particular solution to the differential equation (1 — x? eo + y, with boundary 

condition y = 6 at x = 0.5. Give your answer in the form y = f(x). (8 marks) 

; ' dy 
€) 7 Find the particular solution to the differential equation (1 + x7) = = x — xy’, with boundary 

condition y = 2 at x = 0. Give your answer in the form y = f(x). (8 marks) 

, dy Se 
E) 8 Find the particular solution to the differential equation hia xe~’, with boundary condition 

y =|n2 at x = 4. Give your answer in the form y = f(x). (8 marks) 

' dy 
D) 9 Find the particular solution to the differential equation — = cos*y + cos 2x cosy, with 

dx 

boundary condition y = a ators i Give your answer in the form tan y = f(x). (8 marks) 

dy 
E) 10 Given that y= 1 atx= a solve the differential equation aia sin x. (6 marks) 

E) 11 a Find | aia # Gx 0! (2 marks) 
; dy 3x/y + Ay +4/y 

b Given that y = 16 at x = 1, solve the differential equation he ser Ge. 2) 10g: 

your answer in the form y = f(x). (6 marks) 

E) 12 a Express rae lee in partial fractions. (3 marks) 
(3x -— 8)(x - 2) 

b Given that x = 3, find the general solution to the differential equation 
d 

(x — 2)(3x - 8) = (8x — 18)y (5 marks) 

ce Hence find the particular solution to this differential equation that satisfies y = 8 at x = 3, 

giving your answer in the form y = f(x). (4 marks) 

dy 
‘P) 13 a Find the general solution of ae 2x — 4. 

b On the same axes, sketch three different particular solutions to this differential equation. 

/P) 14 a Find the general solution to the differential equation — ie we - op (3 marks) 

b On the same axes, sketch three different particular solutions to this differential 

equation. (3 marks) 

¢ Write down the particular solution that passes through the point (8, 3.1). (1 mark) 
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dy Aen 
15 a Show that the general solution to the differential equation ret =F can be written in 

the form x7 + y=. (3 marks) 

b On the same axes, sketch three different particular solutions to this differential 

equation. (3 marks) 

¢ Write down the particular solution that passes through the point (0, 7). (1 mark) 
+r 

41.11) Modelling with differential equations 

Differential equations can be used to model real-life situations. 

The rate of increase of a population P of microorganisms at time ¢, in hours, is given by 

Initially the population was of size 8. 

a Find a model for P in the form P = Ae*, stating the value of A. 

b Find, to the nearest hundred, the size of the population at time t=2. 

c Find the time at which the population will be 1000 times its starting value. 

d State one limitation of this model for large values of f. 

ray 
it) 

Kaw 2? =: Sir <= ve | 

P = e3l+6 = e8 x 6 

P= Ae*! 

Oe Ae Ao 

—, sy |— 
Qiu ty ™ Il 

SS 
Oo & 

1000 = e? ee er aie 

In1000 = 3¢ | 
4 | 

t = =|n1000 : aa ' Online ) Explore the solution to this | a3 ; 
| = 2.3 hours = 2h 16 mins example graphically using technology. 

| PizSe 

b P= 6e%! gives you 

Se * 

| = 3227.4... x 3200 | “su ave 

c P = 1000 x 8 = 8000 | 
| 8000 = &e! | 

| 

| 

_d The population could not increase in size in 

this way forever due to limitations such as Cr When commenting on a model you 

available food or space. should always refer to the context of the qu stion. 
: 2 ——— See eS pew Bey SSS AEE eel se at ee ote : 
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 20m. 

Water flows out of the bottom of the tank through a tap at a rate proportional 
to the cube root of the volume. 

a Show that ¢ minutes after the tap is opened, a = ~kVh for some constant k. 

b Show that the general solution to this differential equation may be written 
<== Jin 

ash=(P- Oty, where P and Q are constants. 

Initially the height of the water is 27 m. 10 minutes later, the height is 8 m. 

c Find the values of the constants P and O. 

d_ Find the time in minutes when the water is at a depth of 1 m. 

Use the formula for ties volume of a cylinder. 1 The : 
= Oa 

Ken Oa mrch =100nh “diameters 20, so the radius is 10. | rare 6 
a 1007 = “ 

Pe Problem-solving 

a | You need to use the information given in the 
Ss i OOmh question to construct a mathematical model. 

Water flows out at a rate proportional to the cube 

dh __dh root of the volume. 
diwcaV dV 

dh 1 dp is negative as the water is flowing out of the 

dt 100n ~ tank, so the volume is decreasing. 

cv100r ee n 7 yea yaa a ss 

-(- a OO |, hae, og Pi oe Cheah tal nie ane 
; _ Use the chain rule to find 7 ow Pg ha 

dh 3 c V100n nase sbeheetimmieaeiipeaatetanal 
| S0 2 = -kvVh, where k = ———— ; : 

dt 1007 ae av - ee, 

! _ Substitute Mic ap cheep ms Mp et De: ra 
b fh ‘dh =-|kdt — “ s Ua dr ~~ gine ‘i 

2 ct PL a, Wea Pg, Pay, 
Sh° = -kt + ¢ dV dV 1007 -~ a we ae 

| ee Se ee ee eee 

h? = -Skt + $c 7 - 

© OP wast aPasenyera pein ands 

2 "age oy stant. teks | pap on constant so SO 100r isa constant, thy 

¢ £=0,h=27 Integrate this finer by separating the | - jt . 

| Dips P= 9 r variables. 7 el oe. rs Bs 

GMO RM =O “Let O=: Zkand P=2e , mo we Py 

— 100) 
"Use the boundary conditions to find the values ; 

be ia Pe M of Pand Q. If there are two boundary conditions 

| Q= 3 “then you should consider the initial condition 

- Ee : — = | : (when, i= 0) first. 
‘ 
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L 

| 
ani = (9 = st) | 

; | aac 
= (9 = =) | ssulting a” “2 Aad 

1 | * ing e¢ AA L 

eee | eal 
| t= 16 minutes 

Exercise (11K) 

I 
dP 

The rate of increase of a population P of rabbits at time ¢, in years, is given by a KP) k0} 

Initially the population was of size 200. 

a Solve the differential equations giving P in terms of k and f. (3 marks) 

b Given that & = 3, find the time taken for the population to reach 4000. (4 marks) 

c State a limitation of this model for large values of f. (1 mark) 

The mass M at time ¢ of the leaves of a certain plant varies according to the differential equation 

peat 
dt 

a Given that at time ¢ = 0, M = 0.5, find an expression for M in terms of ¢. (5 marks) 

b Find a value of M when ¢ = In2. (2 marks) 

c Explain what happens to the value of M as f increases. (1 mark) 

The thickness of ice x, in cm, on a pond is increasing at a rate that is inversely proportional 

to the square of the existing thickness of ice. Initially, the thickness is | cm. After 20 days, the 

thickness is 2 cm. 

a Show that the thickness of ice can be modelled by the equation x = xt +1. (7 marks) 

b Find the time taken for the ice to increase in thickness from 2 cm to 3cm. (2 marks) 

A mug of tea, with a temperature T°C is made and left to cool in a room with a temperature of 

25°C. The rate at which the tea cools is proportional to the difference in temperature between 

the tea and the room. 

a Show that this process can be described by the differential equation ar = —k(T — 25), 

explaining why & 1s a positive constant. (3 marks) 

Initially the tea is at a temperature of 85°C. 10 minutes later the tea is at 55 °C. 

b Find the temperature, to | decimal place, of the tea after 15 minutes. (7 marks) 

The rate of change of the surface area of a drop of oil, A mm/?, at time ¢ minutes can be 

modelled by the equation cee 
dt 10 

Given that the surface area of the drop is | mm? at t= 1, 

a find an expression for A in terms of f¢ (7 marks) 

b show that the surface area of the drop cannot exceed a mm?. (2 marks) 
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A bath tub is modelled as a cuboid with a base area of 6000cm2. Water flows into the bath tub 
from a tap at a rate of 12000cm3/min. At time 7 minutes, the depth of water in the bath tub is / cm. 
Water leaves the bottom of the bath through an open plughole at a rate of 500/.cm3/min. 

a Show that f minutes after the tap has been opened, 60 = 120— Sih. (3 marks) 

Wicia—O./t= 6 cm 

b Find the value of ¢ when h = 10cm. (5 marks) 

I a Express 5719 000 = p) using partial fractions. (3 marks) 

The deer population. P, in a reservation can be modelled by the differential equation 

dP l 
“ar = 20000 et 0000 =P) 

where ¢ is the time in years since the study began. Given that the initial deer population is 2500, 

b solve the differential equation giving your answer in the form P = SAT: (6 marks) 

¢ Find the maximum deer population according to the model. (2 marks) 

Liquid is pouring me a container at a constant rate of 40cm?s"! and is leaking from the 

container at a rate of 7 +Vem3 s-!, where V cm? is the volume of liquid in the container. 

a Show that 4 = V - 160. (2 marks) 

Given that V = 5000 when ¢ = 0, 
1 

b find the solution to the differential equation in the form V = a+ be, where a and b are 

constants to be found (7 marks) 

c write down the limiting value of V as t > ~, (1 mark) 

Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil, 

R, decreases over time, f, measured in years. The rate of decrease of carbon is proportional to the 

remaining carbon. 

a Given that initially the amount of carbon is Ry, show that R = Roe (4 marks) 

It is known that the half-life of carbon is 5730 years. This means that after 5730 years the 
amount of carbon remaining has reduced by half. 

b Find the exact value of k. (3 marks) 

c A fossil is found with 10% of its expected carbon remaining. Determine the age of the 

fossil to the nearest year. (3 marks) 

Mixed exercise Gi) 

1 By choosing a suitable method of integration, find: 

a fox 93) dx b fo /4x —l1dx c sin? x cosx dx 

A Silly COS x l 
d fxinxdx e \rearereae f I rcrecise: 

B29 
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By choosing a suitable method, evaluate the following definite integrals. Write your answers as 

exact values. 

a [,xGe + 3)>dx 

e [*(t6x? - 2) ax 

b ['xsec?.xdx 

d Joos x + sin x)(cos x — sin x) dx 
12 

4 In2\ % 1 

I 1 62 (ere eae 
4 

I | 

a Show that f"“5Inxdx=1-§ 
1 peed dee 

b Given that p > 1, show that are dx= si lbeiety 

Given i & -~ =| doe= 2, find the value of Db. 
ae we 

Given [i cos Sees = a, where @ > 0, find the smallest possible value of 6. 

Using the substitution ? = x + 1, where x > —-1, 

x 
a find ax. 

ea 

3 XG 
b H evaluates |) +————$«. dx. ence evalu = 3% 

a Use integration by parts to find |x sin 8x dx. 

b Use your answer to part a to find J XK COS SX ne 

5x? -8x + l 

ils ee aie 
B 

x- 1 

é 
Ce 

a Given that f(x) = = + + find the values of the constants A, Band C. 

b Hence find ies dx. 

c Hence show that [Pte dx = In(2) = 4 

Given that y = x? + zo! x 0: 
dy 4 

aia 
b Show that the value of y which you found is a minimum. 

a find the value of x and the value of y when 

The finite region R is bounded by the curve with equation y = e+ at the dines = IF 

x = 4 and the x-axis. 

c Find, by integration, the area of R giving your answer in the form p + gInr, 

where the numbers p, g and r are constants to be found. 

a Find [x InQrex, 

b Hence show that the exact value of fix? In 2x dx is 9 In6 — = 

(5 marks) 

(5 marks) 

(4 marks) 

(4 marks) 

(5 marks) 

(2 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(4 marks) 

(3 marks) 

(2 marks) 

(4 marks) 

(6 marks) 

(4 marks) 
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37 The diagram shows the graph of y = (1 + sin2x)?,0<x< 7 y 

a Show that (1 + sin 2x =5 ‘(3 + 4sin 2x — cos 4x). (4 marks) 

b Hence find the area of the shaded region R. (4 marks) eater 
¢ Find the coordinates of A, the turning point on 

the graph. (3 marks) 

5 coe ee oe en nc 

a 

a Find | Xe UN. (4 marks) 

b Given that y = 5 at x = 0, solve the differential equation 

dy x 
e Ana ay (4 marks) 

a Find |x sin 2x dx. (5 marks) 

d 
b Given that y= Oatx= 7 “ ‘solve the differential equation = x sin 2,cosay: (5 marks) 

a Obtain the general solution to the differential equation 

a. xyv,y>0 (3 marks) 

b Given also that y = 1 at x = 1, show that 

re 3 -/3 <x <3 

is a particular solution to the differential equation. (3 marks) 

2 
The curve C has equation y = eee? x #43 

c Write down the gradient of C at the point (1, 1). (1 mark) 

d Hence write down an equation of the tangent to C at the points (1, 1), and find the 

coordinates of the point where it again meets the curve. (4 marks) 

a Using the substitution uw = 1 + 2x, or otherwise, find 

dx, x # 4 (5 marks) 

b Given that y = a « when x = 0, solve the differential equation 

(1 + xp = = ~ (5 marks) 
dx  sin’y 

eeu 
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on al I 
The diagram shows the curve with equation y = xe**, —y Sx S35 

The finite region R, bounded by the curve, the x-axis and the 

linéx~= -5 has area A). 

The finite region R, bounded by the curve, the x-axis and the 

linen = 4 has area A). 

a Find the exact values of A, and A, by integration. (6 marks) 

b Show that 4,:A,=(e- 2): (4 marks) 

a Find [x2e-dx. (5 marks) 
dy 

b Use your answer to part a to find the solution to the differential equation ee xe yas 

given that y = 0 when x = 0. Express your answer in the form y = f(x). (7 marks) 

The diagram shows part of the curve y = e** + | and the line y = 8. yoe* +] 
Coe pe ks 

The curve and the line intersect at the point (M, 8). 

a Find /, giving your answer in terms of natural 

logarithms. (3 marks) 

The region R 1s bounded by the curve, the x-axis, 

the y-axis and the line x = h. 3 

b Use integration to show the area of Ris 2 + <1n Ue (5 marks) 

O Ip) 28 

a Given that 

Me B @ 

Ca See 

find the values of the constants A, B and C. (4 marks) 

b Given that x = 2 at t= 1, solve the differential equation 

& = a ue | 

You do not need to simplify your final answer. (7 marks) 

The curve with equation y = e?*-e*,0<x<1,isshown yp 

in the diagram. The finite region enclosed by the curve, 

the x-axis and the line x = | is shaded. erase 

The table below shows the corresponding values of x and y 

with the y values given to 5 decimal places as appropriate. 

x 0.25 0.5 | 0.75 Ps 
y 0.86992 | 2.11175 702018 aa ss mt > 

a Complete the table with the missing value for y. 

Give your answer to 5 decimal places. (1 mark) 

b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for 
the area of R, giving your answer to 4 decimal places. (3.marks) 
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/P) 23 

a 24 

Integration 

¢ State, with a reason, whether your answer to part b is an overestimate or an 
underestimate. (1 mark) 

d ae integration to find the exact value of R. Write your answer in the form 
e>+ Pe+OQO 
aaa where P and Q are constants to be found. (6 marks) 

e Find the percentage error in the answer to part b. (2 marks) 

The rate, in cm} s~!, at which oil is leaking from an engine sump at any time ¢ seconds is 
proportional to the volume of oil, Vcm3, in the sump at that instant. At time ¢ = 0, V= A. 

a By forming and integrating a differential equation, show that 

\e=Ae-™ . 
where & is a positive constant. (5 marks) 

b Sketch a graph to show the relation between V and t. (2 marks) 

Given further that V = SA av =els 

c show that AT = In2. (3 marks) 

a Show that the general solution to the differential equation . Fe = can be 
written in the form x7 + (y—k)? =c. (4 marks) 

b Describe the family of curves that satisfy this differential equation when k = 2. (2 marks) 

The diagram shows a sketch of the curve y = f(x), 

where f(x) = 4x2In x-x+2,x>0. 

The region R, shown in the diagram, is bounded by the 

curve, the x-axis and the lines with equations x = | 

and x4 

The table below shows the corresponding values of x and 

y with the y values given to 4 decimal places as appropriate. 

a Complete the table with the missing value of y. (1 mark) 

b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for 

the area of R, giving your answer to 3 decimal places. (3 marks) 

¢ Explain how the trapezium rule could be used to obtain a more accurate estimate for 

the area of R. (1 mark) 

d Show that the exact area of R can be written in the form + . Inte. where a,b, c,d 

and e are integers. (6 marks) 

e Find the percentage error in the answer in part b. (2 marks) 

a Find [x(1 + 2x2) °dx. (3 marks) 
b Given that y = a at x = 0, solve the differential equation 

ee = x(1 + 2x)> cos* 2y (5 marks) 
XxX 
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a3 l 
By using an appropriate trigonometric substitution, find | Ta yi (5 marks) 

Obtain the solution to 

7 Ob 0 - = = 5 err) aaa Oe 

for which y = 2 at x = 2, giving your answer in the form y” = f(x). (7 marks) 

An oil spill is modelled as a circular disc with radius rkm and area A km/?. The rate of increase 

of the area of the oil spill, in km?/day at time ¢ days after it occurs is modelled as: 

dA ah ee 
ae ksin{ ="), Om 12 

(4) et 6 Me te RT pends ae k a Show that di nr D ( = . (2 marks) 

Given that the radius of the spill at time ¢ = 0 is | km, and the radius of the spill at time 

L—m- Ist kin: 

b find an expression for 7? in terms of f¢ (7 marks) 

c find the time, in days and hours to the nearest hour, after which the radius of the spill 

is 1.5km. (3 marks) 

The diagram shows the curve C with parametric equations ” 

i=l ye =I Ee: 

a Write down the value of ¢ at the point A where 

the curve crosses the x-axis. (1 mark) 

b Find, in terms of 7, the exact area of the shaded 

region bounded by C and the x-axis. (6 marks) 

The curve shown has parametric equations 

X= O\COs@, y= 486, 00 = 27 

a Find the gradient of the curve at the point P 

at which 6 = 7 (3 marks) 

b Find an equation of the tangent to the curve 

at the point P. (3 marks) 

c Find the exact area of the shaded region bounded by the tangent PR, the curve and the x-axis. 

(6 marks) 

The curve C has parametric equations 

Y= y= ai — hes 

The line Z is a normal to the curve at the point P where the 

curve intersects the positive y-axis. Find the exact area of 

the region R bounded by the curve C, the line L and the x-axis, 

as shown on the diagram. (7 marks) 



Integration 

Challenge Hint ) Draw a sketch of each function. 

Given f(x) = x? — x - 2, find: 
3 a | -ifoo|dx b | -filx)) dx 

Summary of key points 

1 

10 

11 

xrtd il 
pedx = +¢ Sides eFC [dx = In]x| + 

n+1 x 

Jeosxdx = sinx +c sin xdx = -cosx +c Jsectx = tanx +c 

|eosec x cot x dx = —cosecx ec |eosectx dx =-cotx+c Jsec.xtan xdx =secx +6 

; i 
f'(ax + b) dx = 2 flax + 5) +¢ 

Trigonometric identities can be used to integrate expressions. This allows an expression that 
cannot be integrated to be replaced by an identical expression that can be integrated. 

To integrate expressions of the form Jia try In|f(x)| and differentiate to check, and 
then adjust any constant. 

To integrate an expression of the form eke (F(x))" dx, try (f(x))"*! and differentiate to 

check, and then adjust any constant. 

Sometimes you can simplify an integral by changing the variable. This process is similar to 

using the chain rule in differentiation and is called integration by substitution. 

The integration by parts formula is given by: Jus dx =uy— yd 

Partial fractions can be used to integrate algebraic fractions. 

The area bounded ‘ two curves can be found using integration: 
b 

Area of R= Po — g(x)) dx = [fe val g(x) dx 

The trapezium rule is: 
b 

[ydx=Shly +201 +2 Se) a V) 

— 4 and y,=f(a + ih). where h = 

dy 
When ani f(x)g(v) you can write 

x 

oe = [Fo dx 
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? Vectors 

After completing this chapter you should be able to: 

e@ Understand 3D Cartesian coordinates —> pages 337-338 

e Use vectors in three dimensions > pages 339-343 

e Use vectors to solve geometric problems _—> pages 344-347 

@ Model 3D motion in mechanics with vectors — pages 347-349 

Prior knowledge check 

1 Given that p = 3i- j and q = -i + 2j, calculate: 

a ep+q b -3p+ 4q 

2. Given that a = 5i — 3j, work out: 

a the magnitude of a 

b the unit vector that is parallel to a. 

bd «~ Year 1, Section 11. 

3 Mis the midpoint of the line segment AB. You can use vectors to 

describe relative positions 

in three dimensions. 

This allows you to solve 

| geometrical problems 

in three dimensions and 

determine properties of 3D 

solids. -> Mixed exercise Q9 
a 

a 

Given that AB = 4i+ j, 
—— 

a find BM in terms of i and j. 

The point P lies on AB such that AP: PB = 3:1. 
-—— 

b Find AP in terms of i and j. 

q 
i 



Vectors 

12.1) 3D coordinates 

Cartesian coordinate axes in three dimensions are usually called x-, y- and z-axes, each being at right 
angles to each of the others. 

The coordinates of a point in three dimensions are written as (x, y, 2). 

Hint | To visualise this, think of the x- and 

y-axes being drawn on a flat surface and the 

z-axis sticking up from the surface. 

You can use Pythagoras’ theorem in 3D to find distances on a 3D coordinate grid. 

= The distance from the origin to the point (x, y, z) is x2 + y2 + z?. 

Find the distance from the origin to the point P(4, -7, -1). 

. (424 oor Bee 2 ee Subst itut ite the valu aaa yard into cad 
| =/e+494T ues onder togive kas 2 

“Vee “Snore ue cordate. eas 

You can also use Pythagoras’ theorem to find the distance between two points. 

= The distance between the points (x1, 1, Z,) and (x2, V2, Z2) is 

V(Qx- Xo)? + (Yi — 2)? + (Z1 — 22)? 

Find the distance between the points A(1, 3, 4) and B(8, 6, —5), giving your answer 

to 1 d.p. 

PAB = ie ©)? + (3'= 6)" + 4 125) ———— Be careful withthe s signs - ~use brackets when you 

= (7)? + 3)? + 9 _ substitute, aes er tea i, 
= (49+9+81 

Woo) = N1.Cn a2) 

33.1 
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The coordinates of A and B are (5, 0, 3) and (4, 2, 4) respectively. 

Given that the distance from A to B is 3 units, find the possible values of k. 

Problem-solving 

Use Pythagoras’ theorem to form a quadratic 

equation in k. 

AB = (5 —- 4)2+ (0 - 2)2+6-k2 =3 

Niet Orch kee 

Sa ae 

k2~6Gk+5=0O “Square both si esofthe equation = 

ke Siete 0 bole i ae 

k =24) Bie IS) | — - Solve tofind the pe two possible values oF 

) Explore the solution to this ey 

are visually in 3D using GeoGebra. 

Exercise 2A) 

1 Find the distance from the origin to the point P(2, 8, —4). 

2 Find the distance from the origin to the point P(7, 7, 7). 

3 Find the distance between A and B when they have the following coordinates: 

a A(3, 0, 5) and BC, -1, 8) 

b A(8, 11, 8) and B(-3, 1, 6) 

ec A(3, 5, -2) and Bi, 10, 3) 

d A(-1, -2, 5) and B(4, -1, 3) 

(P) 4 The coordinates of A and B are (7, —1, 2) and (k, 0, 4) respectively. 

Given that the distance from A to B is 3 units, find the possible values of k. 

(P) 5 The coordinates of A and B are (5, 3, —8) and (1, &, —3) respectively. 

Given that the distance from A to B is 3/10 units, find the possible values of k. 

Challenge 

a The points A(1, 3, -2), B(1, 3, 4) and C(7, -3, 4) are three vertices of a 

solid cube. Write down the coordinates of the remaining five vertices. 

An ant walks from A to C along the surface of the cube. 

b Determine the length of the shortest possible route the ant can take. 
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12.2) Vectors in 3D 

You can use 3D vectors to describe position and displacement relative to the x-, y- and z-axes. 
You can represent 3D vectors as column vectors or using the unit vectors i, j and k. 

= The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively. 
(0) 0 0 

i=|0 j = | 11 k=(0 

0 0 1 3D vectors obey all the same addition and 

Dp scalar multiplication rules as 2D vectors. 
= For any 3D vector pi+ gj+rk=(|q € Year 1, Chapter 11 

r 

Consider the points A(1, 5, -2) and B(0, —3, 7). 

a Find the position vectors of 4 and B in ijk notation. 
— 

b Find the vector AB as a column vector. 

a OA =i+ 5j — 2k, OB = —3j + 7k — ne em 

4 — oy Septasy a! ful? "When adding anc eae 
. easier to wr write e them n as column vec cette 

4 

The vectors a and b are given as a = [5 and b= (=) 
Online | Perform calculations on 

3D vectors using your calculator. 
5 0 

a Find: 

i 4a+b ii 2a — 3b 

b State with a reason whether each of these vectors is parallel to 4i — 5k. 

| . S : “Use then aa ne) ite ny rat : 
a i 4a+b=4|- aa a a) ees 

5 N 

20 O 

B39 
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=44 
a2 ee 

20 

4 

which is not a multiple of O 
=) 

4a + b is not parallel to 4i — 5k 

=6 4 
ii 2a-3b=| 0] =-2/ O 

10 -5 
ey . 4 t Watch out 4i-5k= Ai + Oj — 5k. Make sure you 

which is a multiple of | O include a 0 in the j-component of the column 
-5 

2a — 3b is parallel to 4i — 5k vector. 

Find the magnitude of a = 2i —j + 4k and hence find a, the unit vector in the direction of a. 

‘The magnitude of a is given by 

oo Toe ———— 
ee eee 

jal 27 

Check your answer using the 

vector functions on your calculator. 

You can find the angle between a given vector and any of the coordinate 

axes by considering the appropriate right-angled triangle. 

= If the vector a= xi+ uv + zk makes an angle 6, with the positive Hint This rule also 
works with vectors 

x-axis then cos 0,. = and similarly for the angles 6, and 0, in two dimeusions. 
lal ee 
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Find the angles that the vector a = 2i — 3j — k makes with each of the positive coordinate axes 
LOeLp. 

He V2? + (-3)3 + (1)? =/44941= 14 
cu x 

cos 6, = = 0.5345... 

6. = 577° (1 d.p) 

0, = 143.3° (1 dp) 
a —| 

fa ey ia 
OF=105:5° (1 dp) 

The points A and B have position vectors 4i + 2) + 7k and 3i + 4j — k relative to a fixed origin, O. 
— 

Find AB and show that AOAB is isosceles. 

aaa 2 ee 3 “Te 
OAs a 2 | OB =b=| 4 Write ¢ 

| 7 a 

aov-o-()-()-(8 
WAR eed 22 + (ale = (eS 

cost. = 

jj;—> 
NOUN a2 Dee 72 = 65 
i. 

NOBIENGas 42 fen. = Ze 
| So AOAB is isosceles, with AB = OA. 

1 . 4 

1 The vectors a and b are defined by a = | » I and b= [3 

: -4 5 
a Find: 

i a-b ii —a+ 3b 

Online | Explore the solution to this 
example visually in 3D using GeoGebra. 

b State with a reason whether each of these vectors is parallel to 6i — 10j + 18k. 

3 —3 
2 The vectors a and b are defined by a = 2 and b = (=). 

= 4 

Show that the vector 3a + 2b is parallel to 6i + 4j + 10k. 
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P 
The vectors a and b are defined by a= | 2 I and b= (3) 

=A r 

Given that a + 2b = 5i + 4j, find the values of p, g and r. 

Find the magnitude of: 

aol oj k b 4i—2k 6 ileal 
d 5i-9j- 8k e i+ 5j—7k 

=) 2 I 
Given that p = (°} q= | 1 I and r= (4), find in column vector form: 

zZ —3 2 

ap+q bq-r c p+qtr 

d 3p-r e p-—2q+r 

— 
The position vector of the point A is 2i — 7j + 3k and AB = Si+ 4j —k. 

Find the position vector of the point B. 

Given that a = fi + 2j + 3k, and that |a| = 7, find the possible values of f. 

Given that a = 5¢i + 22) + rk, and that |a| = 3/10, find the possible values of ¢. 

The points A, B and C have coordinates (2, 1, 4), (3, —2, 4) and (-1, 2, 2). 

a Find, in terms of i, j and k: 

i the position vectors of A, Band C 
—— 

ii AC 

b Find the exact value of: 
— 

i lac! 
— 

ii loc | 

P is the point (3, 0, 7) and Q is the point (-1, 3, —5). Find: 

a the vector PO 

b the distance between P and Q 
a 

¢ the unit vector in the direction of PQ. 

aK . Saw . 

OA is the vector 4i — j —- 2k and OB 1s the vector —2i + 3j + k. Find: 
= 

a the vector AB 

b the distance between 4 and B 
_—_ : 

¢ the unit vector in the direction of AB. i tes 
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Vectors 

Find the unit vector in the direction of each of the following vectors. 

3 /2 V5 
+= (-] b q=| —4 Cor=|— yo 

=) wT, a 

8 8 12 
The points 4, B and C have position vectors (=), [3 and [| respectively. 

F — — ae s 3 3 a Find the vectors AB, AC and BC. (3 marks) 

ina, [Zl ana la ii b Find !AB|, |AC| and IBC | giving your answers in exact form. (6 marks) 

ce Describe triangle 4BC. (1 mark) 

A is the point (3, 4, 8), B is the point (1, -2, 5) and C is the point (7, -5, 7). 
: — — — 

a Find the vectors AB, AC and BC. (3 marks) 
b Hence find the lengths of the sides of triangle ABC. (6 marks) 

¢ Given that angle ABC = 90° find the size of angle BAC. (2 marks) 

For each of the given vectors, 

3 2 
a -i+ 7j+k b |4 cated 

o. —3 

find the angle made by the vector with: 

i the positive x-axis ii the positive y-axis iii the positive z-axis 

A scalene triangle has the coordinates (2, 0, 0), (5, 0, 0) and (4, 2, 3). 

Work out the area of the triangle. 

The diagram shows the triangle POR. R 
— 

Given that PO = 3i-—j + 2k and 
— 
OR = -2i + 4j + 3k, show that 
ZPOR=18) to | d.p. 

(5 marks) 

Challenge 

Find the acute angle that the vector a = —2i + 6j — 3k makes with the xy-plane. 

Give your answer to 1 d.p. 
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whe) Solving geometric problems 

You need to be able to solve geometric problems involving vectors in three dimensions. 

A, BY Bue D ak tb the points (2, —5, -8), (1, -7, -3), (0, 15, -10) and (2, 19, —20) respectively. 

a Find AB and DC, giving your answers in the form pit 4 + qj+ rk. | 

b Show that the lines 4B and DC are parallel and that DC = QAB. 

ce Hence describe the quadrilateral ABCD. 

t Watch out | AB refers to the line segment 
—— 

between A and B (or its length), whereas AB 

refers to the vector from A to B. Note that 
—_—S> lO 

AB] BA DULAB = BA: 

a Tn One OA 

=i((= 7j/— Sk) — (2i = Sj — &k) 

= ek 
—~ —— — 

DC = OC - OD 

to B= Aj 10k Problem-solving Cc 

If you can’t work out what — 
b 2AB = 2(-i - 2j k 

. i . . Re a Dc shape it is, draw a sketch zy 

pa pla zs showing ABand DC. © B 
So AB is parallel to DC and half as long. A 

c There are two unequal parallel sides, so 

ABCD is a trapezium. 
Explore the solution to this ec? 

BERS visually in 3D using GeoGebra. 

d Example 

P, Qand Rare the points (4, —9, —3), (7, -7, -7) and (8, —2, —0) respectively. Find the coordinates 

of the point S so that PORS forms a parallelogram. 

S 

Gu 270) 

da ee a) 

OE) 
—- |: —ds@ > 

Since PQRS is a parallelogram, OP = RS. 
—_—>-—cl ee a oer > _—_—>:— i > 

So OS = OR + RS = OR + OP 

OR = [-) a 

OP = OF - 06 = (2) : (2) (2) 

-a-(9-0)-() 
which means that S is the point (5, —4, 4) 
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In two dimensions you saw that if a and b are two non-parallel Notation | 
Coplanar vectors vectors and pa+ gb=ra+sbt = = : i a ade b then p = rand qg=s.In other words, are vectors which are in the in two dimensions with two vectors you can compare coefficients same plane 

on both sides of an equation. In three dimensions you have to Non-coplanar vectors are 
extend this rule: vectors which are net in the 

= Ifa, band c are vectors in three dimensions which do same plane. 
not all lie on the same plane then you can compare their 
coefficients on both sides of an equation. 

In particular, since the vectors i, j and k are non-coplanar, if pit gj +rk=ui+ vj +wk 
then p=u,q=vandr=w. 

Example 

Given that 3i + (p + 2)j + 120k = pi — gj + 4pqrk, find the values of p, g and r. 

Since i i je and k do not lie in | the same “plate you 4 Comparing coefficients of i gives p = 3. can compare coefficients. . 7 
4 iif ih - 3 ' _ 

Comparing coefficients of j gives p+ 2=-g ; : . 

eae == "When comparing coefficients like this just write 
Comparing coefficients of k gives "the coefficients. “For example, write 3 The not 
etn 3i=pi My : Soe (1 ties E 

4 x 3 x (-5) me he a= ‘. 2 

The diagram shows a cuboid whose vertices are Hint ) Eee ere ce nto eee 

O, A, B, C, D, E, F and G. Vectors a, b and c are parts’. In this case you need to prove 

the position vectors of the vertices A, Band C that both dissonals are bisected 

respectively. Prove that the diagonals OE and BG 

bisect each other. 

Problem-solving 

If there is a point of intersection, H, it must lie on 

both diagonals. You can reach H directly from O 

(travelling along OE), or by first travelling to B 

then travelling along BG. Use this to write two 
5 > 

expressions for OH. 

Suppose there is a point of intersection, H, er ecnn the line OE, so OH must be some 

s a 
of OF and BG. scalar multiple of OE. 
ed as 
OH =rOE for some scalar r. id : , 

ei eins Use the fact that H lies on both diagonals to find Bie OH. OB + BH anciBH =skG ——-— ain oth diagonals tc 
| BY on dae two different expression for OH. You can equate 

Bie ne see ahah SOLE sume these expressions and compare coefficients. 
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-andr=1-s Sanit 

Solving simultaneously gives r = s = 5 rene sea nt match both 
; ie on oak ni 

O= SOE 50 HI bisects OE. g sini 
coor a h ten 1as U 

| BH = BG 50 H bisects BG, as required. )  andeo oe os acia /in three di 

So rOE = OB + sBG (1) | ab band care tne 

Now OF = 0A +AD + DE=a+b++c, 
— _—>ll le Ot 
OB =band BG = OG —- OB =at+e-b 

So (1) becomes r(a+b+c)=b+ s(ate-b) cade a a“ S 

Comparing coefficients in a and b givesr=s + nen ca aye ey; 
He 
Raa 

These solutions also satisfy the coefficients 

ot e so the lines do intersect at H. 

Exercise (120) 

(P) 1 

EP) 6 

1 4 10 

The points A, Band C have position vectors (1) (| and | 0 relative to a fixed origin, O. 

8 a 30 
a Show that: 

ilodl=losl —t [acl = || 
b Hence describe the quadrilateral OACB. 

The points A, B and C have coordinates (2, 1, 5), (4, 4, 3) and (2, 7, 5) respectively. 

a Show that triangle ABC 1s isosceles. 

b Find the area of triangle ABC. 

c Finda point D such that ABCD 1s a parallelogram. 

The points A, B, Cand D have coordinates (7, 12, -1), (11, 2, —9), (14, -14, 3) and (8, 1, 15) 

respectively. 

a Show that AB and CD are parallel, and find the ratio 4B: CD in its simplest form. 

b Hence describe the quadrilateral ABCD. 

Given that (3a + b)i + j + ack = 7i — bj + 4k, find the values of a, b and c. 

The points A and B have position vectors 10i — 23) + 10k and pi + 14j — 22k respectively, relative 

to a fixed origin O, where p is a constant. 

Given that AOAB is isosceles, find three possible positions of point B. 

The diagram shows a triangle ABC. B 
, a = 

Given that AB = 7i-j+ 2k and BC =-i+ 5k 

a find the area of triangle ABC. (7 marks) C 
. . rae rare . . 4 BEA A 

The point D is such that AD = 3AB, and the point F is such that AE = 3AC. 

b Find the area of triangle ADE. (2 marks) a i 
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B) a 7 A parallelepiped is a three-dimensional figure 
formed by six parallelograms. The diagram shows a 
parallelepiped with vertices O, A, B, C.D, E, F. and G. 

—_— — 
a, b and c are the vectors OA, OB and OC respectively. 

Prove that the diagonals OF and AG bisect each other. 

P) 8 The diagram shows a cuboid whose vertices are O, A, B, C, D, E, F fe Dae 
and G. a, b and ¢ are the position vectors of the vertices 4, B and C Neen 
respectively. The point M lies on OE such that OM: ME = 3:1. The 
straight line 4P passes through point M. Given that 4M: MP = 3:1, 
prove that P lies on the line EF and find the ratio FP: PE. B 

Challenge © a 
1 2 -5 

1 a, band care the vectors 0} 0 and 8 respectively. Find scalars 
4/ \-3 1 

a 

AN 

28 
p,qandr such that pa+ gb+re= (=2} 

-4 

2 The diagram shows a cuboid with vertices O, A, 

B, C, D, E, Fand G. M is the midpoint of FE 

and N is the midpoint of AG. 

a, b and care the position vectors of the 

vertices A, Band C respectively. 

Prove that the lines OM and BN trisect the 

diagonal AF. 

Hint | Trisect means 

divide into three equal 

parts. 

12.4) Application to mechanics 

3D vectors can be used to model problems in mechanics in the same way as you have previously used 
2D vectors. 

A particle of mass 0.5 kg is acted on by three forces: 

= (2i-j+2k)N 

F, = (-i + 3j - 3k) N 

F, = (4i — 3j —- 2k) N 

a Find the resultant force R acting on the particle. 

b Find the acceleration of the particle, giving your answer in the form (pi + gj + rk) ms~. 

¢ Find the magnitude of the acceleration. 

Given that the particle starts at rest, 

d find the distance travelled by the particle in the first 6 seconds of its motion. 
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Naess 
R = (5i — j — 3k)N 

1 This is ats : 

ie P 
b F=ma 

% e BAY SO Ye _ ae 

Oi) — Ski =-0'sa © Statist lechanics Year 1, Chapt 

a= (10i— 2j — Gk)ms= 

SS une fat? 

= 5 xwl40 x € 
Ve 36V35 m 

Exercise 12D) 

1 

(P) 2 

A particle is acted upon by forces of (3i — 2) + k) N, (7i + 4) + 3k) N and (—Si — 3j) N. 

a Work out the resultant force R. 

b Find the exact magnitude of the resultant force. 

A particle, initially at rest, is acted upon by a force that causes the particle to accelerate at 

(4i — 2) + 3k)ms~ for 2 seconds. Work out the distance travelled by the particle. 

A body of mass 4kg is moving with a constant velocity when it is acted upon by a force 

of (2i — 5j + 3k)N. 

a Find the acceleration of the body while the force acts. 

b Find the magnitude of this acceleration to 3 sf. 

A particle of mass 6kg is acted on by two forces, F,; and F,. Given that F, = (7i + 3) + k) N, and 

that the particle is accelerating at (2i- k)ms~’, find F,, giving your answer in the form 

(pi+ gj t+rk)N. 

A particle of mass 2 kg is in static equilibrium and is acted upon by three forces: 

F, = (i- j-2k)N 

F, = (-i + 3) + Dk)N 

F; = (aj — 2k) N 

a Find the values of the constants a and b. 

F, is removed. Work out: 

b the resultant force R 

¢ the acceleration of the particle, giving your answer in the form (pi + gj + rk)ms~? 

d the magnitude of this acceleration 

e the angle the acceleration vector makes with the unit vector j. ag 
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In this question i and j are the unit vectors due east and north, and k is the unit vector vertically 
upwards. An aeroplane of mass 1200 kg is initially in level flight. The forces of thrust T, lift L, 
and the combined forces of wind and air resistance F, acting on the aeroplane are modelled as: 

T = 2800i — 1800j + 300k 

L = 11 000k 

F = —900i + 500j 

a Taking g=9.8 ms~, find the magnitude of the acceleration of the aeroplane. 

b Determine whether the aeroplane is ascending or descending, and find the size of the obtuse 
angle its acceleration makes with the vector k. 

Mixed exercise fae) 

The points A(2, 7, 3) and B(4, 3, 5) are joined to form the line segment AB. The point M is the 

midpoint of AB. Find the distance from M to the point C(5, 8, 7). 

The coordinates of P and Q are (2, 3, a) and (a — 2, 6, 7). Given that the distance from P to Q is 

V14, find the possible values of a. 

AB is the vector —3i + ¢j + 5k, where ¢ > 0. Given that 4B! = 5/2, show that AB is parallel to 

6i — 8j — 3tk. 

P is the point (5, 6, —2), Q is the point (2, —2, 1) and R is the point (2, —3, 6). 
— > a 

a Find the vectors PO, PR and OR. 

b Hence, or otherwise, find the area of triangle POR. 

iB ee) Dy 
The points D, E and F have position vectors (}. (| and =] respectively. 

O/ \4 8 
—_— a 

a Find the vectors DE, EF and FD. (3 marks) 

—| | —: : , 
b Find IDE 8 a | and FD! giving your answers 1n exact form. (6 marks) 

c Describe triangle DEF. (1 mark) 

P is the point (—6, 2, 1), Q is the point (3, —2, 1) and Ris the point (1, 3, —2). 
— — o> 

a Find the vectors PO, PR and OR. (3 marks) 

b Hence find the lengths of the sides of triangle POR. (6 marks) 

c Given that angle ORP = 90° find the size of angle POR. (2 marks) 

The diagram shows the triangle ABC. C 

——> ——=> 7 ‘ 

Given that AB = -i+jand BC =i- 3j+k, 

find ZABC to 1 d.p. 

B (5 marks) 
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The diagram shows the quadrilateral ABCD. | C 

S 

kote 6 er i) 
Given that AB =|—2 )and AC =| 8"|, find the area of the 

11 5 
quadrilateral. (7 marks) 

A is the point (2, 3, -2), Bis the point (0, —2, 1) and C is the point (4, —-2, -5). When A is 

reflected in the line BC it is mapped to the point D. 

a Work out the coordinates of the point D. 

b Give the mathematical name for the shape ABCD. 

ce Work out the area of ABCD. 

The diagram shows a tetrahedron OABC. a, b and c are the 

position vectors of A, B and C respectively. 

P, O, R, S, T and U are the midpoints of OC, AB, OA, BC 

OB and AC respectively. 

Prove that the line segments PQ, RS and TU meet at a point 

and bisect each other. 

A particle of mass 2 kg is acted upon by three forces: 

F, = (61+ 2) + k)N 

F, = (3i — bj + 2k) N 

F, = (-2i + 2) + (4- b)k)N 

Given that the particle accelerates at 3.5ms~*, work out the possible values of b. 

In this question i and j are the unit vectors due east and due 

north respectively, and k is the unit vector acting vertically 

upwards. 

A BASE jumper descending with a parachute is modelled as a 

particle of mass 50 kg subject to forces describing the wind, W, 

and air resistance, F, where: 

W = (201 + 16j) N 

F = (-4i — 3) + 450k) N 

a With reference to the model, suggest a reason why the k component of F is greater than the 

other components. 

b Taking g = 9.8 ms~?, find the resultant force acting on the BASE jumper. 

¢ Given that the BASE jumper starts from rest and travels a distance of 180m before landing, 
find the total time of the descent. 



Vectors 

Challenge 

A student writes the following hypothesis: 

If a, b and e are three non-parallel vectors in three dimensions, then 

pat+qb+re=sat+itb+ucS>p=s,qg=tandr=u 

Show, by means of a counter-example, that this hypothesis is not true. 

Summary of key points 

1 

2 

The distance from the origin to the point (x, y, z) is (x2 + y2 + 22 

The distance between the points (x;, y, 2;) and (Xz, V2, Z2) is f(x, — X)2 + (V1 — yo)? + (Z, -— 2)? 

The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively. 

4 
P 

Any 3D vector can be written in column form as pi + gj + rk = (: 
; 

If the vector a = xi + yj + zk makes an angle 0, with the positive x-axis then cos 6, = ~ and 

similarly for the angles @, and @.. al 

If a, b and c are vectors in three dimensions which do not all lie in the same plane then you 

can compare their coefficients on both sides of an equation. 
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6 A curve has equation y = $x? + 4cosx. 

Show that an equation of the normal to 

the curve at x = 5 iS 

8y(8 — 7) — 1l6x+a(7?7-874+8)=0 (7) 

€ Section 9.1 

A curve has equation y = e** — In(x’). 

Show that an equation of the tangent at 

x =2is y—(eo- I)x -24+1n44+ 5e°=0 

(6) 
€- Section 9.2 

A curve has equation 

8 2 

PE Thon (eye E 
Find an equation of the normal to the 

curve at x = 1 in the form ax + by + c=0, 

where a, b and c are integers. (7) 

€ Section 9.3 

A curve C has equation y = (2x — 3)e?*. 
) 

a Use the product rule to find a (3) 

b Hence find the coordinates of the 

stationary points of C. (3) 

€ Section 9.4 

(¢ =I 

sinx 
The curve C has equation y = 

dy 
a Use the quotient rule to find —— re) 

b Show that the equation of the 

tangent to the curve at x = = 1S 

=e 2) X aie yar-Qx+\1-F (4) 

€ Section 9.5 

B52 

Review exercise 

a Show that if y = cosec x then 

dy 
—— = —COSEC nr COUN (4) 
dx dy 

b Given x = cosec 6y, find a in terms 

Of (6) 

€ Section 9.6 

Assuming standard results for sin x and 

cos x, prove that the derivative of arcsin x 

(5) 
€ Section 9.6 

A curve has parametric equations 

N= 2COUL, = Sitter. Or 
WS 

) 

; Va i 
a Find — in terms of f. ae (3) 

b Find an equation of the tangent to the 

curve at the point where ¢ = a (3) 

c Find a Cartesian equation of the curve 

in the form y = f(x). State the domain 

on which the curve is defined. (3) 

€. Section 9.7 

The curve C has parametric equations 

el aoe 

et se 
x - —] <f<' | 

The line /is a tangent to C at the point 

where f = 4 

a Find an equation for the line /. (5) 

b Show that a Cartesian equation for the 

ers: 
curve C'ls } iady (3) 

€ Section 9.7 



P) 10 

P) 11 

A curve C is described by the equation 

3x? — 2° + 2x -3y+5=0 

Find an equation of the normal to C at 
the point (0, 1), giving your answer in the 
form ax + by + c= 0, where a, band ¢ are 
integers. (7) 

€ Section 9.8 

A set of curves is given by the equation 

sin x + cos y = 0.5 

a Use implicit differentiation to find an 
dy 

expression for —— Ay (4) 

For -7<x<mand-r<y<7 

b find the coordinates of the points 
dy 

where es 0. (3) 

€ Section 9.8 

A curve C has equation 

VaTee i <0) 

Show that C is convex for all x < 0. (5) 
€ Sections 9.4, 9.9 

The volume of a spherical balloon of 
; : 4 4 

radius rcm is Vcm?, where V = El 

dV 
a Find - (1) 

The volume of the balloon increases with 

time ¢ seconds according to the formula 

dV__1000 

di (t+ 1)?’ 

b Find an expression in terms of r and ¢ 
dr (3) 

LO 

€ Section 9.10 

t= 0: 

dt 

g(x)=x3-x?-1 

a Show that there is a root a of g(x) =0 

in the interval [1.4, 1.5]. (2) 

b By considering a change of sign of 

g(x) in a suitable interval, verify that 

a = 1.466 correct to 3 decimal places. 

(3) 
€ Section 10.1 

(©) 15 

Review exercise 3 

p(x) =cosx+e~* 

a Show that there is a root a of p(x) = 0 

in the interval [1.7, 1.8]. (2) 

b By considering a change of sign of p(x) 

in a suitable interval, verify that 

a = 1.746 correct to 3 decimal places. 

(3) 
€ Section 10.1 

f(x) =e? = 3x4 5 

a Show that the equation f(x) = 0 can be 

written as 

Maan (Sx 15) oe = 3 

The root of {y= 01s a. 

The iterative formula 

Xna1 = In(3x, — 5) + 2, Xo = 4 is used to 

find a value for a. 

(2) 

b Calculate the values of x,,.., and x; to 

4 decimal places. (3) 

€ Section 10.2 

esr= a a imyelh 4 
(7522) 

a Show that there is a root a of f(x) =0 

in the interval [0.2, 0.3]. (2) 

b Show that the equation f(x) = 0 can be 

written in the form x = i= (3) 2 
oa 

+2. 

c Use the iterative formula 

| —1 
Xnat = 4 Ay? + 2, X) = 1 to calculate the 

values of x),X>,.x3 and x4 giving your 

answers to 4 decimal places. (3) 

d By considering the change of sign of 

f(x) in a suitable interval, verify that 

a@ = 1.524 correct to 3 decimal places. 

(2) 
€ Section 10.2 
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Review exercise 3 

The diagram shows part of the curve 

with aa y = f(x), where 

[= ax *e* — 2x — 10. The point A, 

with ‘eee d, is a stationary point 

on the curve. The equation f(x) = 0 has a 

root a in the interval [2.9, 3.0]. 

| 

A 

a Explain why x, = a is not suitable to 

use as a first approximation if using 

the Newton—Raphson process to find 

an approximation for a. (1) 

b Taking x 9 = 2.9 as a first approximation 

to a, apply the Newton—Raphson 

process once to find f(x) to obtain a 

second approximation to a. Give your 

answer to 3 decimal places. (4) 

€ Section 10.3 

+ ied Arex AU) 
xg cae 

2 
Xe tiie x3 

a Show that there 1s a root a of f(x) = 

in the intervals 

i [0.2, 0.3] (1) 
15 [2:62.77 (1) 

b Show that the equation f(x) = 0 can be 

written in the form 

v= | O(4exi- 4) 

c Use the iterative formula, 

a la + x, + X,3- iL 

calculate the values of x ,,x 5,x,and x, 

giving your answers to 4 decimal places. 

(3) 

(3) 

) Bo 10) 

@® w 

d Taking x ) = 0.3 as a first approximation 

to a, apply the Newton—Raphson 

process once to find f(x) to obtain a 

second approximation to a. Give your 

answer to 3 decimal places. (4) 

€ Sections 10.2, 10.3 

The value of a currency x hours into a 

14-hour trading window can be modelled 

by the function 

v(ixa =) le cos( = ie O35 sin(= + 120 

where 0 S x S 14. 

> 
x 

Given that v(x) can be written in the form | 

Rcos [= + a + 120 where R > 0 and 
pa 

Oster a 

a find the value of R and the value of a, 

correct to 4 decimal places. (4) 

b Use your answer to part a to find v’(x). 

(3) 
c Show that the curve has a turning 

point in the interval [4.7, 4.8]. (1) 

d Taking x = 12.6 as a first 

approximation, apply the Newton— 

Raphson method once to v’(x) to 

obtain a second approximation for 

the time when the share index is a 

maximum. Give your answer to 

3 decimal places. (3) 

e By considering the change of sign of 

v'(x) in a suitable interval, verify that 

the x-coordinate at point B is 12.6067, 

correct to 4 decimal places. (2) 

€ Sections 7.59.3, 10.4 



2) 25 

») 26 

y 27 

3 

Given i (iad x) dang Shenddthe value 
Obes (4) 

€ Section 11.2 

a By expanding cos (5x + 2x) and 
cos (Sx — 2x) using the double-angle 
formulae, or otherwise, show that 
cos 7x + cos 3x = 2 cos 5x cos 2x. (4) 

b Hence find [6 cos 5x cos 2x dx (3) 
€ Sections 7.1, 11.3 

4 m 3 

Tip eae (aloe a alatall Given that [ mx*e* dx = 4c i, 

find the value of m. (3) 

€ Section 11.4 

Using the substitution w? = 2x - 1, or 

otherwise, find the exact value of 

5 Sine ae 6 
nelle al uct (6) 

€ Section 11.5 

Use the substitution u = 1 — x? to find the 

exact value of 

5 £3) 

f— ax (6) 
0 (1 - x’) 

€ Section 11.5 

1s Ce = 1) In x 

Find the exact value of i T(x: (7) 

€ Section 11.6 

5x +3 

(2x — 3)(x + 2) 

fractions. (3) 

a Express in partial 

b Hence find the exact value of 

6 

i a dx, giving your 
2 (2% —3)(x + 2) 

answer as a single logarithm. (4) 

€ Section 11.7 

Review exercise 3 

28 The curve shown in the diagram has 

@® » 

parametric equations 

Ma (2 sind, y= 1—2icos 1.0 = 7 = 27 

Show that the curve crosses the x-axis 

where ¢ = z and t= 2 (3) 

The finite region R is enclosed by the 

curve and the x-axis, as shown shaded 

in the diagram. 

Show that the area R is given by 

a — 2 cost) dt (3) 

Use this integral to find the exact 

value of the shaded area. (4) 

The curve shown in the diagram has 

parametric equations 

COSTAE Seti ft eet P oy ame 6" 

we 

1 |A 

» 
Pal 

DX 

ol 
ONE 

The curve meets the axes at points A, 

Band C, as shown. 

The straight lines shown are tangents 

to the curve at the points A and C 

and meet the x-axis at point D. 

a Find, in terms of a, the area of the 

finite region between the curve, the 

tangent at 4 and the x-axis, shown 

shaded in the diagram. 

Given that the total area of the finite 

region between the two tangents and 

the curve is 10 cm? 

b find the value of a. 
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Review exercise 3 

VA 

O 02 048 06 1 x 0.8 

The diagram shows the graph of the 

curve with equation 

iS en a0). 

The finite region R bounded by the lines 

x = 1, the x-axis and the curve is shown 

shaded in the diagram. 

a Use integration to find the exact area 

of R. (4) 

The table shows values of x and y 

between 0 and |. 

04] 06 [08] 1 | i Oe Oe 

y = xe* | 0/0.29836 

@® x 

356 

199207) 7.38906 

b Find the missing values in the table. (1) 

ec Using the trapezium rule, with all the 

values for y in the completed table, find 

an approximation for the area of R, 

giving your answer to 4 significant figures. 

(4) 
d Calculate the percentage error in your 

answer in part c. (2) 

€- Sections, 11.6, 11.9 

2x -— | 

(x — 1)(2x - 3) 

fractions. 

a Express in partial 

(4) 
b Given that x = 2, find the general 

solution of the differential equation 
dy 

dx ® 

c Hence find the particular solution of 

this differential equation that satisfies 

y = 10 at x = 2, giving your answer in 

the form y = f(x). (2) 

€ Sections 11.7, 11.10 

(2x -— 3)\(x - 1)=- = (2x - I)y 

32 A spherical balloon is being inflated in 

@® x 

such a way that the rate of increase of its 

volume, V cm*, with respect to time 

t seconds Is given by oe = * where k is a 

positive constant. 

Given that the radius of the balloon is 

rem, and that V= sar, 

a prove that r satisfies the differential 

equation 

dr_B 
dante 

where B is a constant. (4) 

b Find a general solution of the 

differential equation obtained in part a. 

(5) 
€ Sections 9.10, 11.10, 11.11 

Liquid is pouring into a container at a 

constant rate of 20cm*s"! and is leaking 

out at a rate proportional to the volume 

of the liquid already in the container. 

a Explain why, at time ¢ seconds, 

the volume, Vcm*, of liquid in the 

container satisfies the differential 

equation 

dV 
rie 20 -kV 

where k is a positive constant. (2) 

The container is initially empty. 

b By solving the differential equation, 

show that 

Via Aa Bee 

giving the values of A and B in terms 

of k. (5) 

Given also that 7 = 10 whena= 3, 

¢ find the volume of liquid in the 

container at 10s after the start. (3) 

€ Sections 11.10, 11.11 



P) 34 The rate of decrease of the concentration 
of a drug in the blood stream is 
proportional to the concentration C of 
that drug which is present at that time. 
The time ¢ is measured in hours from 
the administration of the drug and C is 

measured in micrograms per litre. 

a Show that this process is described by 

the differential equation &“ = -kC, 

explaining why k is a positive constant. 

(2) 
b Find the general solution of the 

differential equation, in the form 

G14) (4) 

After 4 hours, the concentration of the 39 

drug in the bloodstream is reduced to 

10% of its starting value C). 

c Find the exact value of k. (3) 

€ Sections 11.10, 11.11 

The coordinates of P and Q are (-1, 4, 6) 

and (8, —4, k) respectively. Given that the 

distance from P to Q is 7/5 units, find the 
possible values of k. (3) 

€ Section 12.1 

The diagram shows the triangle ABC. 

B 

C 

— 

Given that AB = -i + 6j + 4k and 

AC = 5i—2j— 3k, find the size of ZBAC 
to one decimal place. (5) 

€ Section 12.2 

P is the point (—6, 3, 2) and Q is the point 

(4, —2, 0). Find: 
— 

a the vector PO (1) 

b the unit vector in the direction of 
—— 

PQ (2) 

Review exercise 3 

od 

c the angle PO makes with the positive 

Z-aXxIs. (2) 
oe 

The vector AB = 30i — 15j + 6k. 

d Explain, with a reason, whether the 
a os 

vectors AB and P@ are parallel. (2) 

€ Section 12.2 

The vertices of triangle MNP have 

coordinates M(-2, 0, 5), (8, —5, 1) and 

P(k, -2, -6). Given that triangle MNP is 

isosceles and & is a positive integer, find 

the value of k. (4) 

€ Section 12.3 

Given that 

—6i + 40j + 16k = 3pi + (8 + gr)j + 2prk 

find the values of p, g and r. (3) 

€ Section 12.3 

Challenge 

1 The curve C has implicit equation 

ay+x*+4xy= y* 

a Find, in terms of a where necessary, the 

dy 
coordinates of the points such that Fee = (0) 

35 

b Given that a + 0, show that there does not 

dx 
exist a point where Hoke 0. €- Section 9.8 

y 

2 The diagram shows the curves y= sinx +2 and 

Bar 
OOS Be, Oe 

Find the exact value of the total shaded area on 

the diagram. 

y=sinx+2 

i= COS 2a 

€ Section 11.8 
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Exam-style practice 
Mathematics 
A Level 
Paper 1: Pure Mathematics 
Time: 2 hours 

You must have: Mathematical Formulae and Statistical Tables, Calculator 

a P T 
1 Acurve C has parametric equations x = sin’t, y=2tant,0<t< > 

Dey. 
Find — in terms of ¢. 

dx 

2 Find the set of values of x for which 

Vee) = Ox < 10 

b |2x+5|-3>0 

c both 2(7x — 5) — 6x < 10x — 7 and |2x + 5|-— 3 > 0. 

3. The line with equation 2x + y — 3 = 0 does not intersect the circle with equation 

etkx+y+4y=4 

a Show that 5x? + (Ak — 20)x + 17>0. 

b Find the range of possible values of k. Write your answer in exact form. 

4 Prove, for an angle 6 measured in radians, that the derivative of cos 6 1s —sin 0. 

You may assume the compound angle formula for cos (A + B), and that 

lim (2 "| = 1 and jimn{ SE — 1) e0 
O\ h h-0 h 

5S i= (3i px, x eR 

Given that the coefficient of x? is 19 440, 

a find two possible values of p. 

Given further that the coefficient of x° is negative, 

b find the coefficient of x°. 
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Exam-style practice 

6 The point R with x-coordinate 2 lies on the curve with equation y = x? + 4x — 2. The normal 
to the curve at R intersects the curve again at a point 7 Find the coordinates of 7, giving your 

answers in their simplest form. (6) 

10 

A geometric series has first term a and common ratio r. The second term of the series is 96 and 
the sum to infinity of the series is 600. 

a Show that 257? — 257 +4=0. (4) 
b Find the two possible values of r: (2) 
For the larger value of r: 

¢e find the corresponding value of a. (1) 
d find the smallest value of n for which S,, exceeds 599.9. (3) 

The diagram shows the graph of f(x). The points B and D are stationary points of the graph. 

(6211) 

Sketch, on separate diagrams, the graphs of: 

a y=|f(x)| (3) 
b y=—f(x) +5 (3) 
Ce tl 3) (3) 

Find all the solutions, in the interval 0 < x S 27, to the equation 31 — 25cos x = 19 — 12 sin’x, 

giving each solution to 2 decimal places. (5) 

The value, V, of a car decreases over time, f, measured in years. The rate of decrease in value of 

the car is proportional to the value of the car at that time. 

a Given that the initial value of the car is Vy, show that V = V,e-“ (4) 

The value of the car after 2 years is £25000 and after 5 years is £15 000. 

b Find the exact value of & and the value of V, to the nearest hundred pounds. (3) 

c Find the age of the car when its value is £5000. (3) 
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Exam-style practice 

11 The diagram shows the positions of 4 cities: A, B, Cand D. The distances, in miles, between 

each pair of cities, as measured in a straight-line, are labelled on the diagram. A new road is to 

be built between cities B and D. 

11 

i 

G 

a What is the minimum possible length of this road? Give your answer to | decimal place. (7) 

b Explain why your answer to part a is a minimum. (1) 

12 A footballer takes a free-kick. The path of the ball towards the goal can be modelled by the 

equation vy = —0.01x? + 0.22x + 1.58, x = 0, where x is the horizontal distance from the goal in 

metres and y is the height of the ball in metres. The goal is 2.44 m high. 

a Rewrite y in the form A — B(x + C)’?, where A, Band C are constants to be found. (3) 

b Using your answer to part a, state the distance from goal at which the ball is at the greatest 

height and its height at this point. (2) 

c How far from the goal is the football when it is kicked? (2) 

d The football is headed towards the goal. The keeper can save any ball that would cross the goal 

line at a height of up to 1.5m. Explain with a reason whether the free kick will result in a goal. (2) 

13 A box in the shape of a rectangular prism has a lid that overlaps the box by 3cm, as shown. 

The width of the box is x cm, and the length of the box is double the width. The height of the 

box is hcm. The box and lid can be created exactly from a piece of cardboard of area 5356 cm’. 

The box has volume, V cm’. 

7 
, 

a 

Height 

Width 

Length 

a Show that V = $(2678x — 9x? — 2x’) (5) 
Given that x can vary 

b use differentiation to find the positive value of x, to 2 decimal places, for which V is stationary. (4) 

c Prove that this value of x gives a maximum value of V. (2) 

d Find this maximum value of V. (1) 

Given that V takes its maximum value, ; 

e determine the percentage of the area of cardboard that is used in the lid. Pigg (2) 
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Exam-style practice 
Mathematics 
A Level 
Paper 2: Pure Mathematics 
Time: 2 hours 

You must have: Mathematical Formulae and Statistical Tables, Calculator 

1 The graph of y = ax* + bx + c has a maximum at (—2, 8) and passes through (—4, 4). Find the 
values of a, b and c. (3) 

2 The points P(6, 4) and Q(0, 28) lie on the straight line /, as shown. 

VA 

a Work out an equation for the straight line /,. (2) 

The straight line /, is perpendicular to /, and passes through the point P 

b Work out an equation for the straight line /,. (2) 

c Work out the coordinates of R. (2) 

d Work out the area of APOR. (3) 

3. The function f is defined by f:x ~e*-1, xER. 

Find f-!(x) and state its domain. (4) 

: 
4 A student is asked to solve the equation log,(x + 3) + log,(x + 4) = 5 

The student’s attempt is shown. 

logy(x + 3) + loga(x + 4) = = 

(x+ 3)+(x+4)=2 

2X AAMT SPC. 

2x=-5 

fone 
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Exam-style practice 

a Identify the error made by the student. (1) 

b Solve the equation correctly. (4) 

5 The function p has domain —14 < x < 10, and is linear from (-14, 18) to (—6, —6) and from 

(-—6, —6) to (10, 2). 

a Sketch y = p(x). (2) 

b Write down the range of p(x). (1) 

c Find the values of a, such that p(a) = —3. (2) 

6 f(x)=x-kx’-10x+k 

a Given that (x + 2) is a factor of f(x), find the value of k. (2) 

b Hence, or otherwise, find all the solutions to the equation f(x) = 0, leaving your answers in 

the form p + Jq when necessary. | (4) 

7 In ADEF, DE=x-3cm, DF=x-10cmand ZEDF = 30°. Given that the area of the triangle 

Slee mia 

a show that x satisfies the equation x* — 13x - 14=0 (3) 

b calculate the value of x. (2) 

8 The curve C has parametric equations x = 6sint+5,y=6cost-— 2, =F =ts = 

a Show that the Cartesian equation of C can be written as (x +h)? + (y +k)? =c, where h, k 

and ¢ are integers to be determined. (4) 

b Find the length of C. Write your answer in the form pz, where p is a rational number to 

be found. (3) 

Ax? +7x B cE 

I eT 

a Find the values of the constants A, Band C. (4) 

; 4x?+7x rae 
b Hence, or otherwise, expand Camo) in ascending powers of x, as far as the term in x°. 

Give each coefficient as a simplified fraction. (6) 

od ee 
10 OABisa triangle. OA =a and OB =b. The points M and N are midpoints of OB and BA 

respectively. 

The triangle midsegment theorem states that ‘In a triangle, the line joining the midpoints of 

any two sides will be parallel to the third side and half its length.’ 

B 

O A 

Use vectors to prove the triangle midsegment theorem. Wey, (4) 
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Exam-style-practice 

11 The diagram shows the region R bounded by the x-axis and the curve with equation 

y=x-6inx+cosx),0<x< a 

y = x-(sinx + cosx) 

us on 3n 
2 8 4 

0.20149 0.87239 1.81340 2.08648 0 

a Copy and complete the table giving the missing value for y to 5 decimal places. (1) 

b Using the trapezium rule, with all the values for y in the completed table, find an 

approximation for the area of R, giving your answer to 3 decimal places. (4) 

c Use integration to find the exact area of R, giving your answer to 3 decimal places. (6) 

d Calculate, to one decimal place, the percentage error in your approximation in part b. (1) 

12 Ruth wants to save money for her newborn daughter to pay for university costs. In the first 

year she saves £1000. Each year she plans to save £150 more, so that she will save £1150 in the 

second year, £1300 in the third year, and so on. 

a Find the amount Ruth will save in the 18th year. (2) 

b Find the total amount that Ruth will have saved over the 18 years. (3) 

Ruth decides instead to increase the amount she saves by 10% each year. 

c Calculate the total amount Ruth will have saved after 18 years under this scheme. (4) 

13 a Express 0.09 cos x + 0.4 sin x in the form Rcos(x — a), where R>Oand0<a< 

Give the value of a to 4 decimal places. (4) 

The height of a swing above the ground can be modelled using the equation 

h= [8s ,0 <¢<5.4, where A is the height of the swing, in cm, and 

0.09 cos [5] + 0.4 sin (5) 

t is the time, in seconds, since the swing was initially at its greatest height. 
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Exam-style practice 

b Calculate the minimum value of / predicted by this model, and the value of t, to 2 decimal 

places, when this minimum value occurs. (3) 

¢ Calculate, to the nearest hundredth of a second, the times when the swing is at a height of 

exactly 100. cm. (4) 

The diagram shows the height, /, in metres of a rollercoaster during the first few seconds of the 

tide. The graph is y = A(t), where h(t) = —10e°3"-° — 10e°8¢-&9 + 70. 

y A 

y =h(t) 

a Find h'(t). (3) 
5 3e-0:30- 6.4) 

b Show that when h'(t) = 0, t= A In mm creer te 6.4 (2) 

To find an approximation for the f-coordinate of A, the iterative formula 

5 sett) , 

Inet =] in( 3 + 6.4 is used. 

c Let f= 5. Find the values of ¢,, ¢,, t, and ¢,. Give your answers to 4 decimal places. (3) 

d By choosing a suitable interval, show that the t-coordinate of A is 5.508, correct to 

3 decimal places. (2) 



CHAPTER 1 

Prior knowledge 1 
1 a @-D@-5) b &+4G-4 Cc (3a — 5)(3x + 5) 

x-3 x+4 x+5 b =. 
x+6 3x4+1 - x+3 

3 a even b either c either d odd 

Exercise 1A 

1 BAt least one multiple of three is odd. 

2 a At least one rich person is not happy. 

b There is at least one prime number between 

10 million and 11 million. 

c Ifp and q are prime numbers there exists a number 

of the form (pq + 1) that is not prime. 
d There is a number of the form 2” - 1 that is neither 

a prime nor a multiple of 3. 

e None of the above statements are true. 

3 a There exists a number n such that n? is odd but n is 
even. 

b nis even so write n = 2k 

= (2K) 4222) = is evens 

This contradicts the assumption that n? is odd. 
Therefore if n° is odd then n must be odd. 

4 a Assumption: there is a greatest even integer 2n. 

2(n + 1) is also an integer and 2(n + 1) > 2n 

2n + 2 = even + even = even 
So there exists an even integer greater that 2n. 

This contradicts the assumption. 

Therefore there is no greatest even integer. 

b Assumption: there exists a number n such that n° is 

even but n is odd. 

nis odd so write n = 2k + 1 
n? = (2k + 1)? = 8k? + 12k? + 6k + 1 
= 2(4k° + 6k + 3k) +1 = n’ is odd. 

This contradicts the assumption that n° is even. 

Therefore, if n? is even then n must be even. 

c Assumption: if pq is even then neither p nor q is 

even. 
pis odd, p=2k+1 

gis odd, g=2m+1 
pg = (2k +1)(2m + 1) = 4km + 2k +2m +1 

= 2(2km+k+m) +1 = pq is odd. 

This contradicts the assumption that pq is even. 

Therefore, if pg is even then at least one of p and q 

is even. 

d Assumption: if p + g is odd then neither p nor q is odd 

p is even, p = 2k 

q is even, g = 2m 
p+q=2k+2m=2(k+m)>p+ qis even 

This contradicts the assumption then p + q is odd. 

Therefore, if p + q is odd then at least one of p and 

q is odd. 
5 a Assumption: if ad is an irrational number then 

neither a nor 0 is irrational. 

a is rational, a = = where c and d are integers. 

b is rational, b = ; where e and f are integers. 

ab ey ce is an integer, df is an integer. 

Answers 

Therefore ab is a rational number. 

This contradicts assumption then ab is irrational. 

Therefore if ab is an irrational number then at least 

one of a and 0 is an irrational number. 

b Assumption: neither a nor 0 is irrational. 
o : GC 5 

ais rational, a = = where ¢ and d are integers. 

b is rational, b = j where e and f are integers. 

coke cf + de 

df 
cf, de and df are integers. 

So a + 0b is rational. This contradicts the assumption 
that a + 0 is irrational. 

Therefore if a + 0 is irrational then at least one of a 
and 0 is irrational. 

c Many possible answers e.g. a = 2 - V2, b = V2. 

Assumption: there exists integers a and 6 such that 
2la+14b=1. 

Since 21 and 14 are multiples of 7, divide both sides 
by 7. 

So now 3a + 2b =+4 

3a is also an integer. 20 is also an integer. 
The sum of two integers will always be an integer, so 
3a + 2b =‘an integer’. 

This contradicts the statement that 3a + 2b = 4 d 

Therefore there exists no integers a and b for which 
2la+14b=1. 

a Assumption: There exists a number n such that n? 

is a multiple of 3, but n is not a multiple of 3. 

We know that all multiples of 3 can be written in 

the form n = 3k, therefore 3k + 1 and 3k + 2 are not 
multiples of 3. 

Letn=3k+ 1 

i> = (Be 2 NP = Ce? Sie il = RV 5 9) 5 il 

In this case n? is not a multiple of 3. 

Let m = 3k + 2 

m? = (3k + 2)? = 9k? + 12k +4 = 3(3k° + 4k +1) 41 
In this case m? is also not a multiple of 3. 

This contradicts the assumption that n° is a multiple 

of 3. 

Therefore if n° is a multiple of 3, n is a multiple of 3. 

b Assumption: V3 is a rational number. 

Then V3 = & for some integers a and D. 

Further assume that this fraction is in its simplest 

terms: there are no common factors between a and Db. 

So 3 = © or a? = BO 

Therefore a? must be a multiple of 3. 

We know from part a that this means a must also 

be a multiple of 3. 
Write a = 3c, which means a? = (3c)? = 9c?. 

Nows9cs= 302,01 367 —102. 
Therefore 6? must be a multiple of 3, which implies 

b is also a multiple of 3. 
Ifa and b are both multiples of 3, this contradicts 

the statement that there are no common factors 

between a and 0. 
Therefore, ¥3 is an irrational number. 
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Answers 

8 Assumption: there is an integer solution to the 

equation x? - y? = 2. 
Remember that x? — y? = (a — y)(x + y) = 2 

To make a product of 2 using integers, the possible 
pairs are: (2, 1), (1, 2), (-2, -1) and (-1, -2). 

Consider each possibility in turn. 

a-y=2andx+y=1lox=4,y=-5. 

tyes Vand ey = 2a == Y= 

Creal 
Be 2p 

x-y=-landx+y=-25%=-3,y=-1. 

This contradicts the statement that there is an integer 

solution to the equation x? — y? = 2. 
Therefore the original statement must be true: There 

are no integer solutions to the equation x° — y? = 2. 

9 Assumption: V2 is rational and can be written in the 

Ly ——2 anda + y=—! = 4% = 

form V2 = ; and there are no common factors between 

a and b. 
3 

2 = 5 or a? = 2b° 

This means that a’ is even, so a must also be even. 

If a is even, a = 2n. 

So a? = 2b? becomes (2n)* = 2b? which means 8n? = 2b? 

Or 4472 = li Oe ABP) Slo. 

This means that b* must be even, so 0 is also even. 

If a and 6 are both even, they will have a common 

factor of 2. 

This contradicts the statement that a and 6 have no 

common factors. : 

We can conclude the original statement is true: V2 is 

an irrational number. 

10 a n-1 could be non-positive, e.g. ifn =4 

b Assumption: There is a least positive rational 

number, n. 
a : 

p= is where a and 0 are integers. 

Let m = a Since a and 0 are integers, m is rational 

andm <n. 

This contradicts the statement that n is the least 

positive rational number. 

Therefore, there is no least positive rational number. 

Exercise 1B 

2 1 1 4 r 1 ee Sb then td a 
cd aE Dl 10 

1 es G3 y+1 
Za c d 

=e 2(a + 3) Yy Yy 

R= 2 2 2 o (. ee eee 
6 baad) 2 (= y)e 

3 All factors cancel exactly except 2—8 - hiss 8 ae 1 
43 =e — (3) 

A a= 5) O12 

-4 10e? + 4 5 Es bh poate 
2x + 10 SO 

mn i = Bi %=—2 eee 

6x -— 8 " 3x? + 14x — 24 6x — 8 

x 30? + 14x - 24 _ (2x + Ie - 2) | Bx - HO + 6) 

ae 2(3x — 4) x-2 

_ (24+ 1a +6) 2427413446 
D 7 2 

b f'(x)= 24+ 3, £(4)=2 

366 Full worked solutions are available in SolutionBank. 

Exercise 1C 
i if p+q i 3-%x f 2a-15 

ts ag pe eae 106 

pa yh x+3 —x +7 8x -2 

gale ce il) (a — I(x + 2) (2% + 1a - 1) 

d 49 = 5) A 2x -— 4 23% +9 

6 (% + 4)2 6(x + 3)(a — 1) 

ae pore 3x41 = — il 

(x + 1)2 (a — 2)(x + 2) (x + Ila + 3)2 

d 3x + 3y +2 2x+5 7x +8 

(YY — XY + X) (a + 2)2(@ + 1) (e+ Zoe + 3) — 4) 

4 2x -19 

(x + 5\(x — 3) 

5 6x2 +14%+6 = = De 

BOG Uae) Sxl = Pe 31) 

Qu? — 14% -7 

e= Nee a= 3) 

6 50x +3 

(6x + 16x — 1) 

a 6 + 36 + 

G42 10? =] 25.18 

_ xl + 2x - 4) 6(x — 4) 36 
~ + 

(x + 2)(x — 4) (x + 2)(a — 4) we Ze = 4) 

Sak aie 

(Ge ss Doe = a) 

b_ Divide x? — 2x? — 2x + 12 by (x + 2) to give x? - 4x” +6 

Exercise 1D 

4 2 3 1 1 - 
bs x+3 x-2 x+1 «+4 

6m 5 pol 

2x x-4 26+ 1 v= 73 

2 4 2 il 

e oe as x+1 x-4 

pee 3c a 
X~ x+4 x+5 «4-3 

1 3 2 A= has 

Ala QS. 

AS iwea2oG = 3 

yy Me aligee 2 ls —5 

é Sie 2 6 

Beas AL) ees 2k eige s 

7 o 2 5 

Toe be Se eos 

—1 2 2 

pepsivh ip || 

Challenge 

6 il Z 

a) aeoil Gas 



Exercise 1E 
1 A=0,B=1,C=3 2 D=3. Eb =-2. f= —4 
3 P=-2,Q0=4,R=2 {Gass lees 2 
Ale 2 = at 6 A=2,B=4,C=11 
(A= 458 = and G= 12 

- Se ae) ga si 6 
Go (+5)? MZ le (2a )2 

Exercise 1F 

1 AjS1 Bai C=2: D=-—6 

2) 0 = 2,0=—3,¢6= 5, a=—10 
Sd =e 

OG MS 2, Sth oe I 

5 A=4,B=1,C=-8 andD=3 

6 A=4,B=-13, C= 33 and D=-27 

G ws GsO r= 29S Onn j= 

8 @=20=i,e=s Li =hauless= 

9 A=3,B=-4,C=1,D=4,F=1 

10 a (7-1) (2 + 1) = (@—- 1) + 1)? + _ 1) 

b (-1)@°+1),a=1,0=-1,c=1,d=Oande=1 

Exercise 1G 

Aa B=-2,C=8 
2 Aa Be? C=3 
3 A=1,B=0,C=3,D=-4 
aA = 2. B= —39¢=i5, D1 
3 A= b= onG=a5 
6) A= 2,3 =—-4,.0 = 

(Says es age we bieee= ee 
eae ge ott) Ge ERAN Nena 

SA Gos D = 2. 
(ORAS P16 =5.D=-> k= velo 

Mixed exercise 1 

1 Assume Ae is a rational number. 

es : Then is ar for some integers a and 0. 

Further assume that this fraction is in its simplest 

terms: there are no common factors between a and b. 

$0 0.5 = © or 2a’ = b?. 

Therefore 6? must be a multiple of 2. 

We know that this means 6 must also be a multiple 

of 2. 
Write b = 2c, which means 0? = (2c)? = 4c’. 

Now 4c? = 2a?, or 2c? = a’. 
Therefore a? must be a multiple of 2, which implies a is 

also a multiple of 2. 
If a and 6 are both multiples of 2, this contradicts the 

statement that there are no common factors between 

a and 0. 
Therefore, 3 is an irrational number. 

2 Assume there exists a rational number q such that q? is 

irrational. 

So write g = . where a and 6 are integers. 

2_a° = 

As a and 0 are integers a’ and 0? are integers. 

So q? is rational. 

Answers 

This contradicts assumption that g? is irrational. 

Therefore if q’ is irrational then gq is irrational. 

Sor 2x! + 4)(a — 5} ¢ 2e+3 
3 (x? — 7)(x + 4) a 

2414 4(e® — 1) 
4 ————— OO 

2 x-4 e= 2 

3 13 5 
Hi a a7 ie eo = ae) 

b g'(x)=3x-%, g'-2) =-2 

6 6x2 + 18x" +5 

— 3x-10 

Pee Ae 
x-1 x2+2x%-3 

_ wx + 3e-1, 3(@ + 3) 2 

(w+ 3)%-1) w+3)e%—-1) w+ 3)@—-1) 

_ e+ 3x + 3-1) _ x? 43x43 

7 “t+ 

(x + 3)(a - 1) +3 

§ A=j3, R= —2 Q Pei Qa 21 =—3 

IQ Da 5/7 = 2 11 A=4 B=—2) G=3 

WA iD= 2 IF = 1,1 = =P 

13 Az i, =k C= 3, D=8 

WS Aas 2S —4 CS 6/0 Ss =i 

15 Asi. 2=0, Ge i, Ds 

IG Aci] 2, C= 3,024 6 21 

17 A=2,B=-3,C=4 

18 suhag te Oe 

19 a fC3)=0 ori) = = 3)(2x27+ 3% = 1) 

1 ei 8 ee 
@ea) (esi) (ees i) 

Challenge 

Assume L is not perpendicular to OA. Draw the line 

through O which is perpendicular to L. This line meets L at 

a point B, outside the circle. Triangle OBA is right-angled at 
B, so OA is the hypotenuse of this triangle, so OA > OB. This 

gives a contradiction, as B is outside the circle, so OA < OB. 

Therefore L is perpendicular to OA. 

CHAPTER 2 

Prior knowledge 2 

96% _ op — 8x Lapa 
ence! seiner eer: a ns 
2) a 25x? 30% +5 

cs 
6x — 14 

3 

367 



Answers 

c Sea 

4 a 

b The two graphs do not intersect, ee Os there are 
Exercise 2A no solutions to the equation |6 — x| = $x - By. 

1a b 0.28 c 8 di e 4 eit 10 Value for x cannot be negative as it equals a modulus. 

“a tt 8 b 46 c 40 lia YA Gis) 
3 f iG b 65 C0 
4 a Positive |x| graph with vertex at (1, 0), x 

y-intercept at (0, 1) 

b Positive |x| graph with vertex at (-15, 0), 
y-intercept at (0, 3) 

c Positive |x| graph with vertex at G 0), =Gise al 

y-intercept at (0, 7) 

d_ Positive |x| graph with vertex at (10, 0), 
y-intercept at (0, 5) 

e Positive |x| graph with vertex at (7, 0), 

y-intercept at (0, 7) i) se 112) eravel ge Ss dl 

f Positive |x| graph with vertex at é, 0), 12 223 eye 5 

PETE GUNG) 13 a k=-3 b Solution is x = 6. 
g Negative |x| graph with vertex and y-intercept at (0, 0) 

h Negative |x| graph with vertex at (4, 0), Challenge 
y-intercept at (0, -1) a YA ccm eee 

oy 2 

-x 

b_ There are 4 solutions: x =-5 + 3/2 andx =-4+,7 

b x=-Sand x =6 

6 a x=2andx=-% b 47.000 = 3 Exercise 2B 

c No solution d x=1landx=-+ teat bi 

@ +=—2orx2=2 f x=240rx=-12 ey ca 
7 ; Eq koe 

a y Be i 
[ae 

e one-to-one ii many-to-one 

iG ss 12 M22 2m lii (g(x) =-3, -2, 1, 6} 

O a 

be 2 

So oer: 

ii one-to-one 

rt fines) = i, i, 7} 

368 Full worked solutions are available in SolutionBank. ee 



a 
b 
c 
d 
e 

o (=p les — eS 

_ 

ii 

ii 

one-to-one ii function 
one-to-one ii function 
one-to-many ii nota function 
one to many ii nota function 
many-to-one 

not valid at the asymptote, so not a function. 
many to one ii function 

b +2/5 c 4 di 22 

b i 

FY 3 
Ea — 
ES ES 

one-to-one ii one-to-one 

d i 6 

\eD> Veet] 

+ ia > 

a inal 

many-to-one ii one-to-one 

Answers 

i y fa)=e li fa) >1 

iii one-to-one 

1 

O a5 

i ii f(x)ER 

iii one-to-one 

g(x) is not a function because it is not defined for 
ane 

y y @ 4) i ii 109 
= -86 =9 Ayer da ora 

iG) = 4 = gr 

i By y b -7 

10 s(x) ec -—2and5 

—> 

O a 
one-to-one -6 

y ii f(x) >2 

f(x) = 3x + 2 iii one-to-one 8 a 

2 

O x e 

y Tl Nes © b 
(2) uae) tii one-to-one 9 

a > 

-10 og 

y fi OS f(x) <2 b Range {2 < h(x) < 27} ¢ @=-9,a=0 

f(x) = 2 sin x iii many-to-one 10 c=2,d=4 11 a=2,b=-1 12a =3 

Exercise 2C 
x 1 a7 bfor2.25 ¢025 d-47  e -26 

, ty UO Ea b 16x2+8x-3 ¢ ort 
f(x) =Vx + 2 G9) => (0) 

i iii one-to-one d ae 1 e 16*%+5 

8 & late) Ss Be? 2 ID gall 

4x -5 9 —————— bo “== 4 a qp(a) a5 7 ; 

5 a 23 b a=PRandx=¥ 

369 



Answers 

2 1 [: 1 _ eee il 
ore Pe) =t{ 5 ( il eee 

—— | + 1 
x+1 

Pe Wa ee 

2 BS aes 

in(>] 
7 Deas b 2°+3 

. © ne) 
8 a 20x bie? 

9 a (x +3)?-1, gp(x)>-1 

b 999 @ =z 

10 3216 
2 

11 a -8 <g(x) <12 b 6 

Exercise 2D 

1 ai YeR) ii M@ = 258 

iii Domain: {x € R}, Range: {y € R} 

iv Y* f(x) = 2x +3 

bi {yeR i 1G) = 2 =o 

iii Domain: {x € R}, Range: {y € R} 

iy yr © @)=22=5 
= tao 

2 

4-x 
ec i {yeR} et (0) k= 

iii Domain: {x € R}, Range: {y € R} 

WV f(x) = 4-32 
tn) . 4-4 
Osa 

d i {yeER} ie Ge (G2) = Vx+7 

iii Domain: {x € R}, Range: {y € R} 

e YR Nx) = 23-7 

(6) = Vx +7 

370 

@ 10,5 

2 a fi(a)=10--x, {x ER} 

c ht@= a {cz 0} 

b g(x) =52,{% ER) 

d k*(@) =x+ 8, {x € R} 

3 Domain becomes x < 4 

4 ai 0<ga)<1 i gx=4 

e 

iii {x ER, O0<x <4), g(x) =3 
iv y 

Alia) el ne. 

3 

g(x) =4 
2) —===E 
O 3 i 

i g(x) >-1 ii g(x) =" i 

iii (x ER, x >-1},g1@) 20 | 

iv Y G9) = Zar = Il 

x+1 

Zs 

i g(x) >0 ii g'(x) — 

iii {v ER, x > 0}, g(x) > 2 

Iv y 

O x 

i g(x) =2 li gw) =x? +3 

iii {x ER, x = 2}, 9 (x) =7 

iv YA 

[sve = ip as} 

a 

g(x) = vx -3 

2 a 

0 2 a oe 

i g(x) >6 li gl(x%)=Vvx-2 

iii {« €E R, x > 6}, g(x) > 2 

+) Full worked solutions are available in SolutionBank. pe | 

Vitey 



ND 

10 

11 

12 

f 

Gane? = 2 

i g(x) >0 ii g(x) = Vx+8 
iii {x ER, x > 0}, g(x) > 2 

OY 9) a 

t{@=V¥4+4+3, (*{ER, x =0} 

ao sf fp 

Sse 2 

st(x) = "ae 

a 

iW 

-2 WY) 0 (6a) = (easy = B @ a5 

tends to +00 
7 
‘ 

h(x) = 22 +1 {x ER, x # 2} 
x-2 

2345,2=75 
nm(x) = « 

The functions m and n are inverse of one another 

as mn(x) = nm(x) = x. 

3 252, (68) = ——$ SS = 

1 
a x+1 

f(z)= — ure WweR 1 >=3} 

itGA) SS) Dts One) ae — 5) 

y = f(x) 

gl(a)=e"+4,xER @ gs lO 

Bee 
ache a OM a 

3(x + 2) 2ia+ 5) _ a-4 

~ (x4 5x—4) (e+ 5-4) (x + 5x — 4) 

ir i 

~ 445 

yeR,0<y<3} 

ft:x + 1 — 5. Domain is {x ER, 0<x< and x +0} 

(Gy) = 

Answers 

Exercise 2E 

u y = |£(0)| 

2a 

f(x) = cosx 

-360 360% 

b 
y = |f@)| 

-360 360% 

(G 

y = f({x}) 

-360 360“ 

3 a 
lol) = (Ge = iN\GF = Zee = 3) 

y = |h(o| 

ahd 



Answers 

lor) 

Qa 

372 

i True, |k(x)| = a = 
x2 

ii False, k(|x)) =“ # 
lal? 

iii True, m(|x|) = —2 = 
lal? 

= |m(x)] ees 
x2 

-a 
ey M(\X\) 
|X| 

=a vo = M(x) 

y = |p(x)| 

y = |q(x)| 

Online Full worked solutions are available in SolutionBank. ge 

b They are 

reflections of 

each other 

in the x-axis. 

|m(«)| = —m((x|) 

m(x) ==,a<0 

b They would 

be the same 

as the original 
graph. 

O AG 

10 a -4< f(x) <9 

¥ 

y = f(x) 

il 

=9 =i "c 

b y 

Y =166)\ 

Swe 

BI % 

c Ya 

y = f(\x\) 

it suis 
ae ee 

O x Sy 



Exercise 2F b i (6,-18) ii (1, —9) iii (2, 9) 
1 a b c 

y = g(|x/) 

x 

5a 

b 

2, 

3 

A oe Exercise 2G 

| 1 a Range f(x) = -3 

ol “4 
A=(O,A.2=2,9 2-1 A=(-2,5),x=0,y=4 

< y 

A= "(ON nee 

4 a y 

Answers 

y = h(«-90)+1 

373 



Answers 

Cc 

b g(x) <7 c x=-Sandx= 4 

6 k<14 

Y O22 
8 a h(t) 2-7 

b Original function is many-to-one, therefore the 

inverse is one-to-many, which is not a function. 

c -$<“<3 d k<-3 

8 = ie b P(-3, 10) and Q(2, 0) 

G = -8 and x =-6 

10 a m(x) <7 b “ =-33 and x =-5 

G Wei 

374 

Range f(x) < 6 

y =A4lx + 6| +1 

Full worked solutions are available in SolutionBank. 

Challenge 

1 a A(3,-6) and B(7, -2) 

b 6 units’. 

2 Graphs intersect at x = 4 and x = x 

Maximum point of f(x) is (8, 10). Minimum point of g(x) 
is (3, 2). Using area of a kite, area = Be 

> 

Mixed exercise 2 

‘ia y b 4=0)4=—4 

—— 

O ay 

2 ks -4 

_ _ Be _ 40 3 aaa and x = 37 

4 a y 

O iG 

b The graphs do not intersect, so there are no 

solutions. 

5 a i one-to-many ii nota function 

b i one-to-one ii function 

c i many-to-one ii function 

d i many-to-one ii function 

e i one-to-one 

ii nota function 

f i one-to-one 

li nota function 

6 a 

b Sand 14 : 

pq) = 4x? + 10x b oo 

8 a Range g(x) =7 

y g(x) 

Y=x 

o g(x) 
7 

0 

b gx) =224 rer, x= 7) 

c g '(x) is a reflection of g(x) in the line y = x 

9 a fie) o2t? Ger a> 2) 
x-2 

b i Range f'(*) > 1 ii (% € Rye 2) a 



yt a x a 
weal e+ 1 (eH ies 1) eee 

= x = il E: 1 
Gael) @- Dee) GA)e+ 1) 

| ni Go le) GC F=S6 

11 a 20, 28,7 b f(x) =>-8, gx) ER 

@ g(x) =Vx—-1,{reER} 

d 4(x? - 1) e a=3 
12 & @=—3 lay ti heey (ey Fone) — BY op sel 

13a P(x) = 241 wer) 

3 
f(x) = 2 b_ gf(x) Bn 2g? TER TFG) 

c -0.076 and 0.826 (3 d.p.) 

14 a f@)=—" fer x21} 
x-—1 

b Range f-1(x) ER, f(x) + 2 

G =1 d 1,2 

15 a 8,9 b —45 and 5/2 

16 a 

b 

c 

y = tan|x| 

80 * | 

See oro ater eee ores 

S 

Answers 

18 a g(x) =O bexs=037=8 

y =|f(a)| 

19 a Positive |x| graph with vertex at 0) and 

y-intercept at (0, a). 

b Positive || graph with vertex at We 0) and 

y-intercept at (0, a). 

@ @A0,@S 10) 

20 a Positive |x| graph with vertex at (2a, 0) and 
y-intercept at (0, 2a). 

I) ses a Dis 0) 

c Negative |x| graph with x-intercepts at (a, 0) and 
(3a, 0) and y-intercept at (0, —a). 

21 a,b y 

a pre 

c One intersection point dae : es) 

22 ane 2), Goins) 

b y 

O ie 

ce (3, -6), Minimum 

9 39 5 F (. - 15In3), Maximum 

23 a -2 < f(x) <18 b 0 
2 7+V5 

c dia 9 

-5 -3.5 -2 O 

24 a p(x) < 10 
b Original function is many-to-one, therefore the 

inverse is one-to-many, which is not a function. 

(Sill sees} 

d k>8 

375 



Answers 

Challenge Wa 1s 
a y pene 

are: a 100 -p 
BS lap + ( p Jap] 

0 % Siw = lap + 400) = 200|1 + 00] 

b (<a, 0), (a, 0), (0, a) ¢ a=5 Sa eee 
G See *(2(6) gif ee Bs Ne E(k +7) 

CHAPTER 3 k 
(He & 1) = OZ 

Prior knowledge 3 2 r 
(eS Oe Oy, 2 ee re omni aa eho 

io aie = “tr S d 48,96,192 e 3.4.5% f )=16,,64, —256 angen 

Ze — nO I) 2S 3.51 G = 900 

Challenge 
Exercise 3A n n . 

Sys =o + (n — 1)In3) = one | —~In3+nIn3) ek at 4, 12, 1.22 th Gs (0S 5 
i) tl 7, Dd) 3 Il in Ge f, @S=z n n : . 
C1 meee ii a=7.5,d=0.5 a ae 
d i -9, -8, -7,-6 it Gs =O), ol 1 n il he 1 

= (1 3n+3 = —(l Zrissn eo 

2) ao en 3023 b 37 eens2 ge ae 
c 27-3n, -3 d 4n-5, 35 
© iis, Oke f a+(n-1)da+9d 

30 220) be40m 5639 Fd 465 we 18° ft 7 Exercise 3C 
A anG K ps2. G=5 CIE 1 a Geometric, r= 2 b Not geometric 

7 924 8 a Oya! hee c Not geometric d Geometric, r= 3 
= Ty a b li r We Bere 

Ay oe e Geometric, r= 3 eometric, r = — 

g Geometric, r=1 h Geometric, r = —+ 

Challenge 2 a 9135, 405,1215 b -32, 64,-128 

eae © 7.5, 3.75, 1.875 de 
64 256 1024 

Exercise 3B e p®, p*, p° { -82%, 162°, =322° 
1 a 820 b 450 c -1140 37 a = 38) Ih Oy 

d -294 e 1440 f 1425 25 Wr 
g -1155 ih Oise Di 4a A862 >eors b ae 100 x (5] 

2 a 20 b 25 G 6H d 4or14 & =32.02)2 d 1.61051, (1.1) 

ee nat 5 10, 6250 GWc= lr ae 7 a-¢ 5 d=-4,20thterm=-5.5 6 a=6,d=-2 a8 
2 

Te Sane Pee Hore 0 Sine e - SPT aes ee eee 
Ss = 50+49+48+...4+1 Cr ar 
DS, = BUEM) 29, SSO b 2097 152°" F 

ee eae 9 c Yes, 4096 is in sequence as n is integer, n = 11 
igre fg 9 a ar =40 = 200p' = 40 

So, = 2n+(2n -1)+ (2n-2)+...4+1 A ae } ; 

2x S, = 2n2n+1)>S,=n(2n+1) => p> === logp® = log (Z| 
OSs on 3) een) = Slogp = log1 — log5 = 5logp + log5 =0 

S, = (2a = I) a= B)+4 ot DH BS 1 Wy Ss O.7Z5 

2S, = (2) = S,= 10 10 kK=12 
10 a a+4d=33,a+9d=68 11 n=8.69, so not a sequence as n not an integer 

12 No, -49152 is in sequence 
d=7,a=5 80S, = 512(5) + (n— V7] 13 n=11,3 145 728 

= 2225 = 7 (7n + 3) = Tn? + 3n - 4450 = 0 

b om Exercise 3D 

11 a See) 1 a 255 b 63.938 Cae eal) 

= 2 

bose 2 (e211 + 303) 152k + 46 208 d 728 e 9465 fe 66i7 

esas anos 2 4.9995 3. 14.4147 4 3-3 

G@ iy 5 19 terms 6 22 terms = 

376 Full worked solutions are available in SolutionBank. 



10 

ii 

a orate ep 3 5 
ee 5} ~ 125” \5) ~ 125 

5 
3 3 log (0.024) = klo (2) <1o (735) k 1G) sah ee sors 

b k=8 
r=+0.4 

gs a3)" -1) _ a(e43 - 1) 
10' => = 

(4 Vo ib 

- 242a(V3 + 1) 

(v3 - 1)(V3 + 1) 

a(2*- 1) 6(3* = 1) 
il WAP 

15a = 400 = a = 84 

= 121a(v3 + 1) 

Zhe kK a = =a fe a ; meee 6)(2k + 5)=k 

k?-7k-30=0 

b k=10 Ge 7255 d 25429 

Exercise 3E 

ra) Yes as |r| < 1,2 b Noas|r|>1 

c Yes as |r| < 1, 65 

d No; arithmetic series does not converge. 

e Noas|r|=1 f Yes as |r| < 1, 44 

g No; arithmetic series does not converge. 

h Yes as |r| < 1, 90 
2 2 1 2 5 2s 4 20 Baise 

23 ee Ne al 
6 99 7 r= -> a= 

ail 1 Cas 8 a —,22%<5 b aay 

QD of OSs DileSi) 

30 ets a 10 a aya ae >l-r 3 (ake 

I 25) @ OP),3) d 11 

eens ian 8 SO= ap 

a 
=§ = a= 8(l— 7) 

1-r 

Loe Ld ee B 
=~ = 8(1 —7r) => 15 = 64r - 64r 
8r 

=> 64r? —- 64r+15=0 
3 5 

b B78 Cc By. 3 Gl 7 

Challenge 
a First series:a+ar+ar?+ar+... 

Second series: a? + a?r? + a?r4 + a?r° + ... 
Second series is geometric with common ratio is r* and 

first term a’. 

b —-=753a=71-n>@=4901 -nl-7) 
i7 % 

a = ae 

49(1 = 7) = 35(1 + 1) + 49-497 = 35 + 35> r= 4 

Answers 

Exercise 3F 

th gy th 4b se 77 eT) 5 1} SE AG ii 50 

b i Boos 27548 + 754108 ii 273 
CL 1-0 eEDr oe 1 ii a) 

op 2 2 2 ne 40 d 4 sees 
Ba 729 «8187 6561 y 6561 

2a i Ser ii 20 
r=1 

bi S23") ii 242 
Tl 

ci ¥(-3r+ 2) i 15 
rel 

Sale ii S(6r +1) 
7 

eit ney bit +«@} i ii Z(t. 5 

16 

ce ini6 ii ¥U7-9n 
r=1 

sae 280 b 4194300 
© 9300 de 

5 a 2134 b 45854 c¢ 4 

6 S2r 244464 . J 2nia@=2,d=2 
imal 

Sy=Z4 + (n— 1)2)=F(2 + 2n)ans nr’ 

7 Y2r=n+n? 
T=1 

yee 5 fin = 1)2) = (2n) =n? 
r=1 

Yar S2r-Dsntn2-re=n 
i=l = T= 

8 a (-2)F- 1) b 99k - k? 
c 6k—k*? +27 

2S) 
98304 

10 .ana—likd=3 

377 = Fad) +(k - 1)(3)) = £9 fae) 

9) 

3k? + 19k — 754 = 0 = (3k + 58)(k — 13) = 0 
ly fees ie 

WS = 
lla a=6,r=3;5,=-25 —4 - 36 - 1) 

= 3(3* — 1) = 59046 = 3* = 19683 
log 19683 

= K1ogi3 = 10919683 = k= naa 

b 4723920 
12 a |x|<4 b z 

Challenge 

Ya +(r- 1d] 

Sap = 5(2a + 9d) 

dla + (r - 1)d] = sla + (r — 1)d] — Ya + (r= 1)d] 
1 ieil r= r=1 

=(7(2a + 13d) — 5(2a + 9d)| = 4a + 46d 

4a + 46d =10a+ 45d => ba=d 

377, 



Answers 

Exercise 3G 

1 ey 2, 1) b 9,4,-1,-6 
@ 3,6, 12,24 Gl Za ey, tlk, 283 
NOS, 2a, ees ii 2, By ey, OS 

2 8 Urn Silt 2, ty = & 1) Chu 2 Uy = & th = ZO 

Oh =n Uh = Ml Gl Gia = 2, u, = 100 

OQ Peg Sal Si i = Il bo Dina = CO loth =e 

8 tea =F 1, ty =O h ty = E>, uy = 26 

9 &). Uw =U 2, th = 1 be, 7 = 3, uy =) 

Co Usain = 8 du, 4=w ts Us 2 

OQ th.qS itp 202 Wnt) Sil TF Gh, Soe, US 

4 “ar Bk 2 b 3k2+ 2k+2 c 2-4 

i eA get 

6 a %,=%,(p- 3x) = 2(p - 3(2)) = 2p - 12 
a3 = (2p - 12)(p — 3(2p — 12)) = (2p - 12)(-5p + 36) 

= -10p? + 132p — 432 

b 12 ¢ -252288 
7 a 16k+25 

b a,=4(16k + 25) + 5 = 64k + 105 

Ya, =k +4k+5 + 16k +25 4 64k +105 
= 

= 85k + 135 = 5(17k + 27) 

Exercise 3H 

1 a i increasing 

b i decreasing 
c i increasing 

d i periodic iW 2 

Cec aeeel le al Seo ii decreasing 

Deets Seal6 ii increasing 

Bor Sih WS ile =i ii periodic 

iii 2 
ado a =; 1,-1,1,-1 ii periodic 

iii 2 
@ sl Ad), iis, 0), , © ii decreasing 
Hoth 20) i, 20), Sl}, 20) ii periodic 

iii 2 
g i K 2k 4k 8k 16k 

2° O° Ze Sil 
ii dependent on value of k 

3 Wx</eeal 4 p=-1 

5 a 4 b 0 

Challenge 

1+0b il us= +2", u,-240+ ; p= TB uc =a, ur = 6 

Order is 5 as u, = u, and u; = uy 

Exercise 31 
1 a £5800 b £(3800 + 200m) 
2 a £222500 b £347 500 

c Itis unlikely her salary will rise by the same 

amount each year. 

3 a £9103 b 141 days 

4 a 220 b 242 c 266 d 519 
RN Die B82 
6 a £18000 b after 7.88 years 
2). 2S 70) 

b Let a denote term of first year and u denote term of 
second year 

378 

As) = 10 + 51(10) = 520 

u, = 520+ 11 

y= OMI se iis weabz, 

£42 198 

8 a 500mis 10 terms, 

So = (1000 + 9(140)) = 11300 

(er) 

b 1500m 
9 a £2450 b £59000 @ wha sv 
10 59 days 11 20.15 years 

12 11.2 years 13 2°-1=1.84 x 10” 
14 a 2.401m b 48.8234m 
15 a 26 days b 98.5miles on 25th day 

16 25 years 

Mixed exercise 3 
14 OF =71, OF = 8 = 

b 60.75 Ge lS2.25 d 3.16 

2 By ON = AO), Gir = De 

eeaye Ter ae Pape eras 0.4 

200 c 3335 d 8.95 x 10+ 
3 af 76,60;:8" bb, 0876, 9 e637 d 380 
4 a 1,4,-3 

° DNs = Bare -1( a. 

© Une = 3(5| 1=3x (2) 1=3(2x3(2) -3 

5 a 0.8 b 10 Ge 50 d 0.189 

6 a £8874.11 b after 9.9 years 

pl2q+2)_ p(2q-1) 
p(3q+1) pl2q + 2) 

(2q + 2)* = (2q — 1)(3q + 1) 
4q°+8q+4=6q°-q-1 

0 = 2g? - 9q - 5 =(q- 5)(2q+ 1) > Gq =5 or -F 

b 867.62 
8 a S,=a+(a+d)+(a+ 2d)+...+(a+(n—-2)d) 

+(a+(n-1)d) (1) 

S, = (a+ (n - 1)d) + (a + (n — 2)d) + ... (a + 2d) 

+(a+d)+a (2) 

Adding (1) and (2): 

2 Se=n2aan = Yd) =4S..= 52a +(n- 1d) 

b 5050 
By 

1) @ @s 25, cf ==% b —3810 

11 a 26733 b 53467 

12 45cm 

13) S35, = B24) + (2n — 1)4) = n(4 + 8n) = 4n(2n + 1) 

We On As 6) tig ie = tye = Ah b 5, =3). ‘ 

Online Full worked solutions are available in SolutionBank. ema 



15 

16 

Al? 

18 

19 

20 

. ll 

22 

a+ 4d = 14, $(2a + 2d) = -3 
3a + 3d =—-3, 3a + 12d = 42 

9d=45Sd=5S3a=-6 

59 
a+ 3d = 3k, 3(2a + 5d) =7k+9= 
6a+15d=7k+9 

6a + 15(°=4) 7k +9 

6a+15k-5a=7k+9S3a=9-8k 

Cale d 415 

a, =P ,a,= 

a, = a; > Sequence is periodic, order 2 

il 500 2) prt D 

a, =k, a, = 2k + 6, a; = 2(2k + 6) + 6 = 4k + 18 
Q,< O< a; >k <2k+6<4k4+18Sk>-6 

a, = 8k + 42 

a,= 8k + 42 
4 

Ya,=k+2k+6+4k+18 4+ 8k +42 
r=1 

= 15k + 66 = 3(5k + 22) 
therefore divisible by 3 
a= 130 

Ss. =~" = 650 = 130 = 650 — 650r 
75304 

—520 = -650 = = = 0) a 650 75 

6.82 
513.69 (2 dp.) 
130(1 — (0.8) oe a > 600 + 1 - (0.8 > 2 

log 13 0.8)" < 7s = nlog(0.8) < -log 13 + n> iead 

25000 x 1.022 = 26010 
25000 x 1.02" > 50000 
Oee OS eri 02 ler? ne .02" > 2 > nlog 1.02 > log jog 1.02 

2047 
214574 
People may visit the doctor more frequently than 

once a year, some may not visit at all, depends on 

state of health 
2n+1 b 150 

i F203) + (q- 102) =29 + ¢° 

Sap 9 + 2g pO 

ii 39 
Cpe je = 6.75 

ihe 

Sing eS =one ae, May = 6.75 SHS 5 516.75 

6.75r — 6.75r? + 3 =0 

Dilip = Ble = ly 0) 

-1 series is convergent so |r| < 1 

6.78 

Challenge 

@ Uns = SU nt = 6U,. 

= 5[p(3"*) + q(2™)] - 6[p(3”) + q(2”)| 

= 5|p(3}(o" + a(z)ena 

-6|p(2) tam + a(2) cana] 

“(Go So}ner- (Boal 
= faxes ae Gl2e3) 

b uy = (2)89 + (3)29 or e.g. u, = 28") + 312" 

Answers 

C Uj = 3.436 x 10* (4 s-f.) so contains 48 digits. 

CHAPTER 4 

Prior knowledge 4 
1 oa 14+35x + 525x? + 4375x3 

b 9765625 — 39062 500x + 70312 500x? 

— 75000 000x3 

C 64+ 128% + 48x2 — 80x? 

4 3 12 13 
2 SS b ———— 

: ese ae 1+2x% (1 + 2x2 

a 8 56 

324 Ox Ae 

Exercise 4A 

1 oa i 1-—4x+ 10x? - 20x... ii |x| 

b i 1-6x+ 21x? - 56x°... ii |x| 
3 

c i 14-242 li |x| 

2) 

d i 1422 oan ae li |x| 

2 quae 
@ i 1-420 De ii |x| 

3 

roa 1-32, Be _ 358 = ii |x| 

2 a i 1-9x + 54x? — 270x°... ii |x| 
3 

b i 1-32, 38 we * iit [x 
3 

Cee Se _3e a li |x| 

2 3 
di 1 - 388 oo - te ae fey 

2 

e i = 4x + 202? - S208 ii |x| 

ee, SOS , He +s f 1 ay nu {bee Leer iar cae |x| 

3 a i 1-2” 4+ 32° - 42°... ii |x| 

b i 1- 12x + 90x? — 540x°... ii |x| 

8 GG? ge Se ee ii |x 
Foe) amo 8 16 | 
d i1i-x xe 2k li |x 

ave? base ips i) atone ii |x 
ennui 32" 128 | 

‘ Age Adee. aie 83 
si i ii |x i 1+ act i | 

379 



Answers 

4 a Expansion of (1 - 2x)'=1+4 2% + 44? + 8x? +... 

Multiply by (1 + x) = 1+ 3” + 642 + 12x77 +... 

b |x| <5 

3 9 Pale 
5 1+ <0 - =x? + 93 a doe ae 

103) W103 yy 103 b fi | 2 " 
OF i00 «ann 

G Bl x 1O°% 

6 a a=+8 b +160 
7 For small values of x ignore powers of «* and higher. 

2 2 

(4x=1+5-2 4 -gto14 5438 

[lta _ ee RO, BE? * oe 
oe us peo ae cg es 

8 a 2-—42x + 114%? 

b 0.052% 
c The expansion is only valid for |x| < z. |0.5| is not 

less than 4. 

O) 27 1 2 3 9 a a” + 3 ue + 16 

oa ee _ 97/97 
Dela a ~ 1000 
c 9.84886 

Challenge 

1 3 5 ee ee ES 
4 Bee Bae 

b pen = (0)? = (2) = 3 _ 3v10 

? 10)" 940" 10 
crue 

Exercise 4B 

ee Se ea ii |x| <2 

a ae 
mn ble2 

of ee on et ii |xl<4 

2 3 

ae rae Beee ii |x| <9 

f : Wn + 20 el ; <3 

gi f+is yey Lye Mii ted 

7 De 
oie [ej a 

2 5 a5" Bis” sas 
ar 

3 Al aaa 

b m(x)= 3 82 88 

380 

5.91609 (correct to 5 decimal places), 

% error = 1.38 x 10°*% 
le re ees a=5,0= = b 5 

48 

5 For small values of x ignore powers of x? and higher. 

een a ts Re 
Bure Tires eta oS 

, By Shay 2 Ee eee Ae BNE 
Multiply by (3 + 2x ae eR mes 

See Dees 
AG 64 

0 ees Bue ees oe 

(5 55 50/5 5 5Vv5 50V5 

3 27 
Di) = b 1.991 

OE 1006 
oa 3 3, 3%, 3x? 2 ag 0G Oe 

AG 4 8 Gi Seo 9 Dit 

3). wuli2 aibetiag MOT INA) 
4— 2% 345% 12 £72 432 

b 0.0980311 

c 0.0032% 

Exercise 4C 

4 4 7 
1a Ta, Ae b 2+ ON + 5 

c valid |x| <1 

z 4 1 3 2 bee SG a= 
- Fe Quay 2 8 

© lal<2 

2 3 4 OF Sy b 3+ 2x4 2024223 
ae Ltn laa 24% yi eo eee 

© bel i 

4 a A=-44 and B=2 b =ts tieoe 
1 6 3) 67 407 5 2- b 2 

ae ed 10 200° 4000 
c |x|<4 

5 Ie 97 
G th Ae 38 =—=2 sine C= 8 ee? 

. 6 BG FIG 
Joa A=-£,B=23 and C=8 b 11+ 38x + 11622 

CunOEs Sle 

Mixed exercise 4 

1 a i 1-12x + 48x? — 642° 

: se ie Me 

et Meaeericng aca 
1+ 2x + 4a? + 8x3 

On eae 
2 4 

I SHE Oee 
4 64 512 

1 — 2% + 6x? — 18x3 

1+ 4x + 8x? + 12° 

i -3 — 8x — 18x? — 38x 

c i 

Gl tl = Bye ab 

e i 24+ 

G2 9), oF = BG b 

ii allx 

li |x| < 16 

1145 

pile 

1.282 
c calculator = 1.28108713, approximation is correct 

to 2 decimal places. 

a a=4ora=-4 

b coefficient of x* = 4, coefficient of x3 = —4. “ 

Full worked solutions are available in SolutionBank. “ee 



6 a 1-3x + 9x? - 2723 8 
~ b (14+ 2)(1 - 3x + 9x? - 2743) 9 

= 1—3% + 9x? = 2723 + 4 — 3x? + 9x3 
= 1— 2% + 62? — 1833 10 

c x=0.01, 0.98058 
= 11 Gea = 270 = 3 b -108 

(O eel << + 12 

8 For small values of x ignore powers of x? and higher. 
Ieee tox 3 aioe Sone Lo 

y4amre2 16 256 Vaan 2 16 +256 

es See Ih Wee 35 Q a —+—— 4x? = + =H + 2 2 1G 256 16° 256 
i 3 9 Zi ll be aes g 10 a —~ 54+ =7? - 3 at 2 = 73 
ae are 5 a ee 
il See Sar’ 11 fe 
2° 16 256 2048 ee if 

1 4 a2 12 = - =a + ==? DE 027 St 
scat b= —4.C= 3 bea iL 

abet aioe 
14 a A=3andB=2 b 5—- 28x + 144x? 14 

5 11 ile 5ea lO = 2 72 — 3 =f ee, Rt oi qe soB 2 and C 4 

b Percent error = 0.0027% 

Challenge 

1 — 342, 27a*  135x° 
2 8 16 

Review exercise 1 
1 Assumption: there are finitely many prime numbers, 

Px, Po, P3 up to p,. Let X = (p, x Po x P3 x ... x P,) + 1 
None of the prime numbers p,, J», ... p, can be a 

factor of X as they all leave a remainder of 1 when Y 

is divided by them. But X must have at least one prime 
pee ae 15 

factor. This is a contradiction. 
So there are infinitely many prime numbers. 

2 Assumption: x = : is a solution to the equation, 

where a and b are integers with no common factors. 

(2) Be) ee a? 2 Ob: 
b b2 16 

So a’ is even, which implies that a is even. 
Write a = 2n for some integer n. 

(QO? = Do? = ai = OP =s Oe = 
So b? is even, which implies that b is even. 

This contradicts the assumption that a and b have no 

common factor. 
Hence there are no rational solutions to the equation. 

4x — 3 
3 

x(x — 3) 

D@+ 2) = 304 243 aoe 

ae (x + 2) (x + 2)? 
b (x + 3)? + 3 >0 

c x2+x+1>0 from b and (x + 2)?>Oasx#-2 

-1 4 
2 x-1 2x-3 

P=? C2 =, sail 

aye 
A = 9 B a4 9 G; = 3) 

Answers 

A=O Bal Cz 
dara, ag 

15) 

pls = & Chor 
«> orx<-5 

a_ Range: p(x) < 4 

b 

= -—18 
a hoe ot 

b 

c 

a 

| Br [228 ae 

ea x+2 x42 
6 

ce In13 d gi@y-"*? rer 

a 3(1 - 2x) + b= 1 - 2(3" + 0), b =-4 

b p(x) = Bu + 20 (x) = 13s 

oe 

© pt@qt) = ¢'@)p7@) = “ie i 
S23, 0S , C= i183 

y = f(x) +3 

= > 

Se x 
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Answers 

22 a Solvea+3d=72,a+ 10d =51 simultaneously to 

obtainia = sl, d=—3 

(PRS plt62 GH=A 3) 

2250 = 165n — 3n? 

Therefore 3n? — 165n + 2250 =0 

1) a= 25, 0 = Bo 

23.a a=19p -18,d=10 — 2p, 30th term = 272 — 39p 

br p12 

ee) 2A 225 Inr? = in(22°) =>6omr- in(22°) =0 

be pte 224) ii (3, -8) iii (3, 8) 64 e 
a=] = © c => 6lnr+ n( 22 

bales 

25 a 60 

5 007s a r 6 

k 

10(1 , a 5 k 11 ilps ee ets a 5 Spo => (2) S 12 

6 

eae 1 ae 
18 a i eG wea) oa (2) 

1 
log(+5] 

=> log] S klog(? = Me k 
12 6 log(2] 

6 
C k= 14 

26 a 4447+ 4r=7=5 4r +4r—-3=0 

b r=jorr=-3 e 8 

27 a a= lr = 3 and x= =O 

b 243 © IGA25 

28a G)=k, d,= 3k 4 5 

b a, =3a,+5=9k + 20 

ec i 40k +90 li 10(4k + 9) 

29 a 2860 

b 2400 1.06"= = 6000 = 10025 

= log 1.06%"! > log 2.5 = (NV - 1) log 1.06 > log 2.5 
¢ N=16:;7..., therefore NV = 17 

Q. 

Gl S,= 2400(1.06 1) 31633.90... donations. 
1.06.— 1 

Total value of donations is 5 times this, so £158,000 

over the 10-year period. 

30 a |x| <4 

6 24 al b = oe 
(4 4e ig eel 

alee si 1 Z, 2 
Sil al (il = gare 1+( Al x) + a (— x)2 

ole) 2 2 2 
bi 6 ii 4 1 a ae ee 

19 a b=-9 b A(9, -3), B(15, 0) es il 3 5 
he A eed Se ae 

20 a f(x) <8 b |x| <1. Accept —1 <% <1. 
b The function is not one-to-one. BG 2 

c —Bex<-% 32 a a=9 nae ae Py 

d kos b -360 

21 a k=0.6,k=-4 bea Woy ds ¢ a ay 

382 Full worked solutions are available in SolutionBank. fo oe | 



33 a 14+ 6x + 6x? - 4x3 

3 3 

b (1 + 4(585))* = (122)? = ( eee) 
10 100 

_ 112/112 
1000 

¢ 10.58296 — d_-0.00039% 
1 eeu 8x2 $4 1 = > 
Fr a2% 81 «729 

100 100 

1 

35 a (4 9a)! = 2(1 x) =2 9, 81,2 
4° 64 

, (4-91 1 jae _ ¥391 
100 100 10 

¢ Approximate: 1.97737 correct to 5 decimal places. 

8 1 a G@SAw= lea 4 
oi ee 

3 
a=—2.b = 1, = — 

OG 
ay & Ne ile ly Soe 8 ee ne 

38 a A=-3,B=4 i 1 eee, 
254251, 0 25 Sora te Pe 10 CHI 22 eee a b 9 ee ayaa 

AW Ee 
li) Bas ee al! = Ry ee AA" 

pe eee eee 
aria a+ 52) 

ner es 4 2 4,2) ee ee el ee Sa ye 
2431 WikiGiN So. 3. Oo. 

B3t 19" 377.55 
S114 = 4728 

Challenge 

doa es 2) + 3) = 25 b 15 
2 G)=™M,05=m +k, a, =m + 2k... 

6m + 45k = 4m + 50k + 2m = 5k > m= 2k 

3 Duy, JOS ee ee ee 
4 3 4 

CHAPTER 5 

Prior knowledge 5 2 

1a “9 b 5 c v3 d : 

2 al b -tan?@ c |sind 
3 a (sin26 + cos 26)? = sin? 20 + 2sin 26 cos 20 + cos? 20 

= 1+ 2sin 20 cos 20 

2 nee 22 sin es Zon 2) ae 2.co5" 6 
b aie ee smé@) | isin? sind 

4 a 75.5°, 284° i) 1", 73", IG, 2a 
@ IOs, WIS, BOOP, ZIP GT Fw, WS, AAs, A 

Exercise 5A 
ih gh We ly ze Cane die2 Zoe 

@ 2ihir f 540° 

2 a 26.4° l) Beare c 65.0° d= 992° 

a) tee OAS) b 0.156 c 1.74 d 0.909 

e —0.443 

Answers 

en ca us © 
45 D 33 cogs Oe: 
5a 1 30 70 on ¢ 32 on fn 
8 3 NS) ye 
Un 
6 

0.873 rad b 1.31rad c 1.75rad d 2.79rad 

401lrad f 5.59rad 

(-7,0) (0, 0) 
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Answers 

Challenge eas ee 
Bee om 8 a f= Ae = 12° BS = 

a 2m,neZ b —+2rnn,nEeZ c =—+7m,neEeZ 
@ Az tyep = 1121) ma tous _ 62 

Exercise 5B Ro ‘ 
Be B b 57cm c 60 

1a sin (7 Stes b sa a= 9 ACOB = tr? siné 

Shaded area = 4r°(r — 0) — Sr? sin(r — 0) 
2r — ea = ol d mee = nly 2 2 

: sin ( ds a) 2 cos (m 3) 2 = $ren — $20 — gr? sind 

e cos (2x = al ail f cos (« = ral = we Since ACOB = shaded area, 
SD A 2 nO eas te: |: 

ar sin 6 = or°n — sr C= ar sin @ 

g tan(x-7)=-1 h -tan(n +7) =-1 sin@ = 7 — 6 - sind 

§6+2sin0=7 

i tan(r+2)- 3 10 38.7 cm? 
6) 3 11 8.88cm? 

Ds b 2 : ae 12 a OAD = 4726, OBC = Ur + 8)°0 
& ABCD = Hr + 8)?6 - 5770 = 48 

da e = 73) f V3 ie 129 — 2 3 + lor + 64)0 — 5r?6 = 48 

3) AGS (r2 + 16r + 64)0 — r20 = 96 

sin(3] 2 L6r + 64 = 70 p= 8-4 
2 r\ 2 

DC? = AD? + AC? = ee) : (3 = b 28cm 
3 3 13 78.4(6 = 0.8) 

DC = 22 14a 142= 127+ 102-212 lo ces 
196 = 144 + 100 — 240 cos A 

: —48 = -240 cos A 
Exercise 5C ‘ A eee 

Tai 27 ii 2.025 iii 7.57 A = cos"(0.2) = 1.369438406... = 1.37 (3 s.f.) 
b i a ii 1.8 lii 3.6 b 34.1 m? 

16 a 98.79 cm? b 33.24cm 
wp rom 3 2n 4 5/2 cm 17. 4.62 cm? 

5 a 10.4cm b 1.25 rad 

© Ged ae Obs Challenge 

8 a $i b 6+ tn cm. Area = $70, arc length, / = 70 

9 6.8¢m Area = 47 
10 a R-r 

b siné= ae = (R—1) sind =7— (kh sind = 7 sin 6)) =". Exercise 5E 

>Rsind=r+rsinéd= Rsind=r(1 + sind). 1 a 0.795, 5.49 b 3.34, 6.08 
c 2.43cem Coanllesi/ec4e yall da 

11 2rad 2 a 0.848, 2.29 b. (01142,.3:28 

12 a 36m b 13.6km/h ¢ 108,4.22 d 0.886, 5.40 

130 25m bh. 15.3 3 Gh NG, Sal b 3.61, 5.82 

14 a 2.59rad b 44mm c 0.896, 4.04 d 0.421, 5.86 

5a 70 
4 ——, = ADIL, 2s a eG b 0.201, 2.94 

Exercise 5D c -5.39, -0.896, 0.896, 5.39 

1 a 19.2cm2 b 22cm? c 1627 ¢m?2 d -1.22, 1.22, 5.06, 7.51 

: RS nt ue rts e) 177,491,805 tz 
d 25.1cm2 e 6r-9/3cm? f r+ 9/2 cm? f 4.89 

2 a Brom? b Sen? 5 a 0.322, 2.82, 3.46, 5.96 
b 1. ; ‘ : : : 3 a 447 b 3.96 © 1.98 ISH IRGGe35285 420 oe ese Onll 

Ae Wear neg IG 130 190 25n 3107 37n 437 

5 A eae Udo 0.739 PE Dak aN ah Dal YA Dah Dal 

ZO R sO) : 2 d 0.232, 2.91, 3.37, 6.05 

b 120cm? Ga ire Sie ae ie Bae New 

6 402 cm (2 W212 2a Te; 

nm ty ie Hees 2m om at ma 2m Sn tn 4n bn Ia 

b A=4r’9=1x 122 x 0.5 = 36cm? 6 3°36 6 3 RG eG 
c 1.48 cm? = 

384 » Full worked solutions are available in SolutionBank. ee 



c —-5.92 54.39, —2.78, -1.21,.0.359, 1.93, 3.50, 5.07, 
d -2.46, -0.685, 0.685, 2.46, 3.83, 5.60, 6.97, 8.74 

an 5a Tr 7 a as 
a AamgeY CL a b 0, 2.82, 7, 5.96, 27 

C Tt d 0.440, 2.70, 3.58, 5.84 
Seas a b 0.501, 2.64; 3.64, 5.78 

c No solutions ad) 1,10) 5-18 

9. a. Adin is 7x 11m 19% 23m 310 357 

oo 1S Wa WS Te 1S" IR 

c -0.986, 0.786 d 0,27, an on 

10: a7 => 3 0.412,2.73 b 0, 0.644, 7, 5.64 
4° 4 

it Obst O.5y 2G, 29) 

i124 (ORT, 2a BOE B65 

13 8sin?x + 4sinx —-20=4 

8sin?x + 4sinx - 24=0 

2sin?x + sinx -6=0 

IL ss eile Ss Dychs = (FES (0) 

=> (2Y - 3)(¥+ 2)=0 => So Y=1.5 or Y=-2 

Since Y = sin x, sin x = 1.5 — No Solutions, 

sin x = —2 — No Solutions 

14 a Using the quadratic formula with a = 1, b = -2 and 
c = —6 (can complete the square as well) 

2+ (- 2)?-4x1x(-6) 
Paxil 

22V4424 22728 2227 1.7 
2 v) 2, 

b 1.3, 2.1, 4.4, 5.3, 7.6, 8.4 

15a esimes = 07599) (3 dip.) 

b 0.64, 2.50 

tan x = 

tan 

Exercise 5F 

1 aé bl ony 

a sin3é__ s0ne ou 3 

6sin4@ 6x40 462 40 

6? 62 
1-=—-1 -— 

5 coso-1_ 2 " Zw 

tan20 20 20 4 

2 2 tan40 +6? 40+0% 40+90 bee) 

“Sajene 36-26. 6 
3. a 0.970379 b 0.970232 

© -0.015% din 7796 
e The larger the value of 6 the less accurate the 

approximation is. 

4 9=sine , 109 = 1 = 6 - sind x 100 = sing 
sin 

= 100@ — 100 siné = sind => 10006 = 101 sin@. 

a(t - BO) -2 +50 

1 = 26 
4cos3@-2+5sin@ _ 

1 —sin20 

902 
ee ee 

1-20 1-20 
_ {1 = 20190+2)_ 99, 5 

1-26 

D2 

Answers 

Challenge 

ik CID = AGE 

on ae CID). Tae) 
b ae Fe 

Dy ke 
9 =—==—=84 tan ACT 

2a 1-5 
in2 

b cos#=/1—sin?@ = 1-578 if sing = 0 then this 

62 
becomes cos é@ = 1 a 

Mixed exercise 5 

1a 3 b 8.56cm? 

2 a 120cm? bi 161.07 cm? 

B ff 18 b 11.03cm 

4 a e 

elon eel 2 b Area = it (= oP ; aprem 

ce 12.206 cm? 

Gl IIS <@< Wile (B clio.) 

® @ 1.28 Jo 16 Cae. 9H 

6 a Area of shape X = 2d? + $d?x 

Area of shape Y = $(2d)?0 

2d? + 5d?n = 4(2d)?0 

2d? + 3d?x = 2d?0 > 1+4in=8 

b Gx+12)cem [1s +22 cm d 12.9mm 

7 a A,=5x6?x0-4x 62x sind = 18 - sind) 
b A,=7 x 62 —- 18( - sin 6) = 36x — 18(6 — sin) 

Since A, = 3A, 

367 — 18(0 — sin) = 3 x 1819 — sin @) 

367 — 1810 — sin @) = 54(6 — sin @) 

367 = 72(0 — sin @) 

in = 0 - sind 

sind=6-7 

8 a 1022524 92-25 x9 cosA 

100 = 25 + 81 -90 cosA 

—6 =-90cosA 

+ =cosA 

A =cos"(4) = 1.504 

b i 6.77 cm? mM NS. ean iii 22.5cm 

9 a ate x 1.5 = 15 = 7? = 20 

r= 20 = 2/5 
I) <5. 7 can 6 5025 Gm? 

10 a 2/3cm b 27cm? a 

c Perimeter = 2v3 + 2/3 + 2/3 x 2-93 (n + 6) 

11 a 70° = 44° + 442_ 2 x 44 x 44 cosC 

2th 
cos ¢ =— ——— 

: 968 
= Ei, ae C = cos(—227) = 1.84 

b i 80.9m ii 26.7m iii 847 m? 

12 a ArcAB=6~x 26=120 

Length DC = Chord AB 
Chord AB = 2 x 6 sind = 12 sin@ 
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Answers 

Perimeter ABCD = 120+ 4412 sin6+4=2(7 +7) 

120+ 12 sinéd+ 8 = 2(7 +7) 

60+ 6sin0-3=n7 

20+ 2sind-1=7 

b 2 ini te 1 4-2 
ae sin(Z) =f SS 3 

@ 20s ome 

13 a O,A=0,A = 12, as they are radii of their respective 

circles. 

O,0, = 12, as O, is on the circumference of C, and 

hence is a radius (and vice versa). 

Therefore, 

O,A0, is an equilateral triangle = 7AO,0, = 

= 2m 
3 

By symmetry, ZBO,0, is 3 = LAO = S a a 

b 1l67cm Chliaacme 

14 a Student has used an angle measured in degrees 

— it needs to be measured in radians to use that 

formula. 

b 27 om? 

15 a -5 b +1 
2 

ae (i ae!) 
16 7+2 cos2é _ 2 

tan20+3 20+ 3 

402 7 2(1 2) 
aoe 2) 9 = 462 

20+ 3 7 2643 

(3 + 20)(3 — 20) 
Ae = 2 

204+3 2 

b 3 

17 a 32.0850 + 203 tan 100 = 182 

2 

32(1 - 82") + 203 (100) = 182 

32 — 16(2567) + 20300 = 182 

O = 40062 — 20300 + 150 

0 = 406? — 2030 + 15 
b 5,3 
c 5 isnot valid as it is not “small”. a is “small” so is 

valid. 

Aes 1 = Ge 

3m £9eay (05730) 2.41 be : 4’ 4 
aig UAE 
=, d —2.48, —0.666 

© aa 
20 a Ya 

b 2 solutions c 0.540, 3.68 

Zi @ scm b 0.340, 2.80 

5a 13a 177 22 8 —, 
12 12° 2° WP 

386 i ne | Full worked solutions are available in SolutionBank. 

23 a Cosine can be negative so do not reject — s Cosine 

squared cannot be negative but the student has 

already square rooted it so no need to reject 

b Rearranged incorrectly — square rooted incorrectly 

ee 
AS A ae dh 

a Not found all the solutions 

i) O,695, 21% 3.74, D3 

25 a 5sinx=1+2cos?x = 5sinx =1+4 2(1 -sin?x) => 

2sinexn + oO sins — a= 0) 

mn On 

2 6° 6 
26 a 4sin?x+9cosx-6=0> 

4(1 - cos*x) + 9cosx-6=0> 

4cos*x -9cosx+2=0 

UB, DO) 70, WAZ 

27 a fan 2x = 5sin 22 > 222% 
COs2x 

24 

= 5sin2x > 

(1 —5 cos 2%)isin 2x = 0 

b 0, 0.7, 5, 2.5, m 

28 a y 

Sie ne b (0, . (F 9), nee c 0.34, 4.90 

29 x =0.54, 1.90 or 2.64 (2 dp) 

Challenge 

ag é or 0=-3 

Ore 4 is small, so this value is valid. 9 = —3 is not small 

so this value is not valid. Small in this context is “close 

to 0”. 

b 0=-j0rd=2 

Both @ could be considered “small” in this case so both 

are valid. 

c No solutions 

CHAPTER 6 

Prior knowledge 6 
1 

A DBM WASP (Cl Clio! b -23.6°, -156.4° (1 d.p.) 

2 il 1 il COS IE NCOSE 

sinx cosx tanx sinxcosx sinx sinx cosx 

ft SNS ees 

sinx cosx COSx 
3 0.308, 1.26, 1.88, 2:83, 3.45, 4.40, 5.02) 5.98 (3s.f) 

ee 

= tanx 



Exercise 6A 

1 a +ve b -ve © -ve d +ve 
e -ve 

2) a =—5.76 b -1.02 ce -1.02 d 5.67 
e 0577 f -1.36 g -3.24 h 1.04 

Sh Ay il b -1 c -1 d -2 

e = fPect g 2 h 2 

i -v2 j v3 K 23 1 -V2 
3 3 

4 cosec(x — x) = 1 eal = cosecx 
sin(r —x)  sinx 

Beeecis0 sces0° =e Ee 2 TS 
ima = Gost il sy 

2m 2m 1 1 pegs |e cosec 3 | + sec 3 + 

Challenge 

a_ Using triangle OBP, OB cosé@ = 1 

SRS = = cece 
cos@ 

b Using triangle OAP, OAsin@ = 1 

>0OA — cosec@ 
sin@ 

c Using Pythagoras’ theorem, AP? = OA? — OP? 

SOAP? = cosec-0 — l= ee - 
sin’ @ 

in2 2 = t= sin @ _ cos Of coed 

sin?0 sin?6 

Therefore AP = coté. 

Exercise 6B 

1a 

Answers 

b 2 solutions 

y =secé 

SOM 180 27 
y =-cos0 

' 
1 
1 
1 
1 
1 
' 
' 
' 
' Yi Sed 

b The solutions of sec 6 = —cos@ are the @ values of the 

points of intersection of y = sec@ and y = -cos@. 

As they do not meet, there are no solutions. 
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Answers 

vy 

b cot(90° + @) = -tan@ 

6 a i The graph of y = tan(6 + 5 is the same as that 

388 

of y = tan é translated by 5 to the left. 

ii The graph of y = cot(—@) is the same as that of 
y = coté reflected in the y-axis. 

iii The graph of y = cosec(4 + zi is the same as 

that of y = cosecé translated by a to the left. 

(120°, 1) 

' y= cosec(9 — 30°) 

iv The graph of y = sec(0 - a is the same as that 24 

of y = sec@ translated by = to the right. 
2 44 

T\ — cot(—6): a)  & tan(6 + a = cot(-é); cosec(4 + a sec(4 

YA | y = eee f ” 

ies 3 | (0, 1.155) 
ieee ' (180°, 1): 
0 Slaw eel perenne else tert lama 1 _{ 45° 90° 135° 180° 245° 270° 315° 360° 4 

: ay L\\; 0 
008-1) e707) a 

YA , ¥ =-cosecé 

1 | (70281) i 
al = Sau lima; 

a 90° 180° 270° 340° 8 8 

(90°, -1)\ | 7 

A ' t 

y=1+secé 

2 
180° 

>| ay ae 
0) ge 270° 360° 8 

nei 

ff L802 40) 

y = cosec(26 + 60° 

' 
1 
1 
' 
1 
1 
' 
' 

chs", i) (195°, 

150° 

' 
' 1 
' 
f ' 
' 1 
' ' 
' f 
' 1 
' t 
' t 
‘ 
' 1 
' 

Saas 

210° 300° 360°9 
' 
1 
' 
1 
' 
' 
1 
' 
1 
1 

(GCC, 1) 

/ Full worked solutions are available in SolutionBank. ager 



(180°, 3) 

180° 

li) Gl se, O) tim, Gar 

c Max= i first occurs at 6 = 27 

Min = —1, first occurs at 0 =7 

Exercise 6C 
1 a cosec’? b 4cot°d 

d cot?¢ e sec?é 

(ge 2 cot? h_ sec?d 
1 

Ze a 3 b a5 

3 a cos@ b 1 

d 1 e 1 

g cosx 

Pe! © 

ale 2 5 S€C 0 

cosec? @ 

+3 

sec 20 

cosA 

10 

swe oonpaoeof 

i=*) 

Answers 

LHS. = cos6 + sing S28 _ cos’é + sin?@ 
rote cos é cosé 

1 =——_=secO=RHS. 
cosé 

ec cos @ e sind = cos’ @ + sin? 6 

sind cosé sin @ cos @ 

ae 1 el 1 

~ sind cos@ sinéd  cosé 

= cosecé secd =R.H:S. 

LR Se a pe ene c08* 0 
sind sind 

cose = cosé cot@ = R.H.S. 
in@ 

olay (Cl = cosx)(1 a bee 
Coss ae =1- - COB Ta cnet 

Sine 
cOsx 

1 Loose 

sin x 
cosy = sinx Taney) Rado: =sinx x 

LHS. = cos? x a — sin x)? 

(1 — sinx) cos x 

Eecos2u l= 2isine sim 

- (1 — sinx)cosx 

2 = Psu 2(1 =sin x) 

(1 -—sinx)cosx (1 —sinx)cosx 

= 2secx=R.HS. 

Ls cos @ a cos @ 

1 /tand+1 
tané Paar 

— cosé@ tané _ sin é 

tanoem lee eleettaG) a pie: 

Ae Log b 199°, 341° 

WB Zaye BO", LO" 

BOS, IOs, ZIG’, aor ip HOP, Oe, ass. Binoy 

AMS, ZOO ly ASS, 1BSS 225°, Sule” 

90° b +109° 

d 

f 

= NGA, 1G.2° 41.8°, 138° 

+45°, +135° +60° 

SAN 5 OPE, ok, Caer 

=152°, —36.5°, 28.4% 143° 

5a 11a an 4r T 

Ces wee 5 Oued 
AB 
——— CAD 6 0 AD cosé > AD sec 

LOU a6 AC 
AB 

CD = AD — AC > CD = 6secé — 6cosé 

= 6(secé — cos) 

2cm 

poe cose 
COSCCHA=COln masini. SIN nL 

l=Guge “2cl=@age ~ Glin 

1 —cosx 

1 —cosx 

= COS€C xX 

sin? x 7 
~ Gosmil = Gos) 

sinx tanx 

1-—cosx 

_ Sline ge = COS COS a il Seog 

cos x(1 — cos x) cos x(1 — cos x) 
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Answers 

b Would need to solve secx = —4, which is equivalent ie 1 sec — tané 
2 ll a 2 — 

to cosx = —2, which has no solutions. * seco +tand (sec — tan 6)(secé + tan 8) 

11 x= 11.3", 191.3° (1 dp.) secd—tan@ _ sec@-tand 

: ~ (sec? 6 — tan?) 1 
Exercise 6D 12 

1a sec? (56) b tan?é Gil b v+ty2-(x+4) =(2SeCO)7 = 4SeG-0 
2 x2 G 

d tané e 1 fi 3 Bi: Oy ee ae 2 
g sind ht ecco 12 aU solr @) — tan? 6 = 2 + tan’0 

7 al k 4cosec* 26 = tan 6) =p —2 = cot 6 = —. 

DB sfSs i = 
1 (p= 2 ¥ pet Di) — 270) = 4| = a Se Pape. 5 - cosec’? @ = 1 + cot?é 7 ae egy 

5 4 3 
aes Dee Go nae Exercise 6E 

7 25 
5 a 2s b Tey 1 a ce b & Cc = d ay 

6 a L.HS. = (sec?@ — tan? @)(sec? @ + tan? @) 2 2 4 6 

= 1(sec? 9 + tan?6) = R.HS. pe Pei pal b= 
1 JUJRLS, = (il 2 eae 29) = (il = Goss za) Bs 6 3 3 

= COV + COs? x = RLS. X a © bh =e 
3 7, 

G Ibe = 1 cos*A GOS? A\ || = = jl 3 1 b 1 1 abe 
cos2A \sin2A sin2A a5 =5 Ox 

= cosec?A - 1 =cot?A=R.HS. ate e b = ee) die 

d R.HS) = tan? @)x cos? ¢ = sme x cos? @ = sin? 6 6 A cal 

ST ose ns: 2 Cie 
1 —tan?A sin? A gees a de § 6 = 22 = cos? A(1 E sn alld 

2 2 b ivl-2? ii 
, ae a oe cpaee 

= eA = eneA= OW = cine Al) = Sin Al c i nochange ii no change 

21 =2simeA = IRJH.S, Fe 

i IESISLS), = E 4 1 = sin*@ + cos’ é fee ca y= 5+ 2 arcsin x 

cos?@ sin?@ cos’ @ sin? 0 al 

= eee Se = sec? @ cosec? @ = R.HS. 
cos? sin? 6 

in2 

g L.H.S.=cosecA(1 + tan? A) = cosec Al + ons 
cos*A 

il sin? A sinA il 
= A : = A 4 
are. sinA cos?A ilk cosA cosA 

= cosecA + tanA secA = R.H.S. 

ho LES. =sec26= sin’ = (1S tan- 0) = (1 = cos? 6) 

= tan?@ + cos*@ = R.HS. 

(2 
7 et 

4 

8 a 20.9°, 69.1°, 201°, 249° b 

° 135° ° 45° a 3a 3x Tn CG 115382) —135", 20:62, 45 d De Saad . 

e 120° f° 0 ne 1 

OP, UAOe h qm On an Ee NT a MOOS Smee Beis 
8 TES 

Y a laev® 
1 WaT 

cosk = = =/2 
Lay WQ=iw2 #1) y = 7 —arctanx 

@ (5,57, 29a ae as nn I ie cere ee 
10 a = . 

ho eer cos? x b? (7) 

sin?x 1 — 62 ~ (4)° ips: 
a 

16 ae Ee ls ~ 

a (a?=16) a’?-16 2 vi 
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Yy = arccos (2% + 1) 

NIA 

y = —2arcsin (-x) 
—_— ——+— — > 

1 x 

Range: 5 < f(x) <= ith 
2 

< ah < 
gf SS BSS g: x — arcsin 2x, — 

oy 
2 

Let y = arccosx.x € [0,1] ye (9. al 

Als lo oS ro, gx — zsinz,-5 <x 

cosy = x, so siny = /1 — cos2y = V1 - x? 

(Note, siny # —/1 — x? since y € 0. aR so sin y = 0) 

y= aresiny f= x7 
Therefore, arccosx = arcsiny 1 — «? for x € [0,1]. 

For x € [-1,0], arccosx € (7) but arcsin only 

has range G = AL 

Answers 

Challenge 
a 

Range: 0 S arcsecx S 7, arcsecx Fl 

Mixed exercise 6 

i] S115. Be. seGyd WP 
8 2 p q : 

3 pg? =sin?6 x 42 cot?6 = 16 sin26 x £987 
sin? 0 

= 16cos’6 = 16(1 — sin?) = 16(1 — p’) 

4 a i 60° 

1302 Ae Se, U3 Se2e 1502 

Dei e30F 165210273452 

WH ABS, Ge, 225°, 2G" 

5 Mile WO 

wrco 160 

6 6 © 6 

5 ees. 
5 

6 @ ILLS, = je + cost (sind + cos @) 
cosé sin@ 

in2 2 

Estos es i) (sin 6 + cos @) 
cos @ sin@ 

sin 0 cos@ 

~ sin@cosé@ cosésing 

= sec 0 + cosecé = R.H.S. 

il 

b LHS = SNS 

—— -— sinx 
sin 

1 
in i , 

=—5§ Lz = al sinx __1 ='secen = RS 
i= Gintje  Siinge Coste Costa 

sinx 
; 1 : 

c L.H.S.=1-—-sinx + cosecx — 1 =—— - sinx 
sinx 

— ajn2 g 

= L 2 = ues x cosx oe3 = cosx cotx 
sinx sin x nx 

=R.H.S 

Ae = cota(1 + sin) — cosx«(cosec x — 1) 

aka (cosecx — 1)(1 + sin x) 

= COUX + COSY — COLG COS % _ 2c0OS% 

Wcosec wl cin cosecx — sinx 

ACS . A@OSs.  _ AGosse Saas 

% icine ae COSees + _ sing jee) 
sinx sin x 

= 2tanx =R.HS. 
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Answers 

7 

10 

11 

14 

15 

16 

17 

18 

20 

392 

Se Trice cosec@ + 1+ cosec@é—1 _ 2cosecé 

(cosec? 0 — 1) cot? 

2, Siaee)  Aoung 2 sind 

sin@ cos?@  cos2@  cos@ cosé 

= 2sec0 tand =R.H.S. 

6 ens _ sec’ — tan? é il 
GOS? @ = IR IALS, 

sec? 6 sec? 0 

Ae = sin? « + (1 + cos) 

| G+ cosx)sinx 

— Slane se: ile ZOOS GOS 4p BS DOORS 

(1 + cosx)sinx ) @ + cos) sini 

= aun oe) = 2 = 2cosecx 
(1+ cosx)sinx sinx 

hae Qn 4n 5a 

By Beh Begs 

1 cos0\" _ (1+ cos)? (1 + cos 6)? 
RHS. =( - : ] = : = 

sin 6 4 sin 6 sin? 6 1 —cos?@ 
2 

eae) ces = is: 
(1 — cos@)(1 + cos@) 1-cosé 

a =P 

b cosec?4 =1+cot?A =1 tia? 

=> cosecA = pees = 232 

ae i 3/2 
As A is obtuse, cosecA is +ve, > cosecA = = 

a bkR-1 ¢2a! pee 
k ra Can 

m 1?¢n T meome 4a Lela 
————— 12 = 13 =,=2,=—],=_ 
12 12 3 a © & 6 

a (seca — l)(cosecx — 2) ly BO?, WSOr 

Panes 

y = arccosx 

T > 

aq) © us x, 

Y= COSK 

a -F bi-3, ii -¢ Cn126)9° 
pq = (secé@ — tan @)(sec @ + tan @) = sec? 6 — tan? @ 

1 
= 1 a = 70 7 

a_ L.H\S. = (sec? — tan? 4)(sec? 0 + tan? 6) 

= lea(SeC Oe ata 6) Seco eailalic Ol ahin hoe 

jy) Alyse 1 BH, XS 6"), 2° 

a 

Area = 132 —=— rea 5 

1 1 22 
21 cot60° sec 60° = === 

i tan60°  cos60° el 3 

22 a ' ' Yy ' ' 

: i y= 2— 3secx 

ee ee 
2 Sie adh us Tw 3 ab 

b -1<k<5 

23 a y 

a i ae (1, 7) 

2 

15 +1 -05 ? 15 
y = 3arcsinx —-4 

2 
a 

3x | 
2 

(Gl a2ii pase aense= 

b (5,0) | 
24 a Let y=arccosx. So cosy =~, siny =/1 222. 

— 2 

Thus tany = 1ss , which is valid for x € (0, 1}. 

lh ee 

Therefore arccosx = arctan oe OT Oneal 

b Letting y = arccosx, x €[-1,0) > y €( 5. r| 

i IG) Seee 
tany = = Bee 

cosy & 
| eae 

arctan ie 

Full worked solutions are available in SolutionBank. 

gives values in the range ie = 0| FP 

so for y Els. | you need to add 7: 

vl = a2 
y=7 + arctan - ce 

Therefore arccos« = 7 + arctan 



CHAPTER 7 

Prior knowledge 7 

1 V3 = 
io ly = a 5 G V3 

2 a 194.2°,245.8° hb 45°, 165°, 225°, 345° 270° 

3 a LHS=cosx +sinx tanx = cosx + sin x{ S22 | 

_ Cos? + sin2x 1 = ace = tosz = etx = RHS 

b LHS = cotx secx sinx = (252\( 1 (4) 
sin x /\COS X il 

= 1=RHS 

ee eee i tS 
1+cot?x ~ cosec?x — 4 

Exercise 7A 

1 ai (a-)+ =a. So ZFAB=a. 

ii ZFAB = ZABD (alternate angles) 

ZCBE = 90 —- a, so ZBCE = 90 - (90 - a) =a. 

iii cos 3 = 48 = AB = cos 3 

iv sing = 36 = BC = sing 

bint sing 22> 3 Ap = ania cose 
cos 8 

ii cosa = 22. => BD = cosa cos 
cos 2 

© wl cosa ae SCH cosefcin 3 
sin 3 

ii sina = PE => BE=sina sinZ 
sin 3 

FC 
sin (a — 9) = 5 = FC = sin(a — #3) 

ii cos(a - 3) =44 > FA = cosla — 3) 

FC + CH = AD, so FC = AD — CE 

sin(a — 3) = sina cos Z- cosa sing 

ti AF =DB+ BE 

cos (a — 32) = cosa cos 7 + sina sin 

sin(A-B) _ sinA cosB-cosA sinB 
cos(A—B) cosA cosB+sinA sinB 

tan(A — B) = 

sinA cosB _ cosA sinB 
_cosAcosB cosAcosB _ tanA -tanB 

~cosAcosB sinAsinB 1+tanAtanB 
cosA cosB cosA cosB 

sin(A + B) = sinA cosB + cosA sinB 

sin (P + (—Q)) = sin P cos (—Q) + cosP sin (-Q) 

sin (P — Q) = sinP cosQ — cosP sinQ 

Example: with A = 60°, B = 30°, 

: ee ‘cia ail 
sin (A + B) = sin 90° = 1; snA + sinB=— +5 eal 

fYou can find examples of A and B for which the 

statement is true, e.g. A = 30°, B = —30°, but one 

counter-example shows that it is not an identity. ] 

cos (@ — 0) = cos@ cos@ + sin@ sind 

= sin’?@ + cos*6@=1 as cos0=1 

a sin(F 2 6) - sin cos 6 — cost sin 0 

= (1) cosé@ — (0) sin@ = cos@ 

a il Area = $ab sin = 

Answers 

b cos(5 = ) = cost cos 6 — sing siné 

= (0) cos@ — (1) sin@ = siné 

di sin (x +2) = sinxcos + cosxsin® ="3 sinx +} cos 

cos (x + 5) = cosa cos? ~sinxsin4 = Fcosx ~\*sinx 

9a sinso, b sin35° C COSlOe cl iam gil 

e cosé f cos7é g sin3d h tan5é 
i sinA j cos3x 

10 ; a pe ls zi a sin(x +7) or cos (4 ri b cos(x + 7} 

c sin (x +3) or cos (x - 7) d sin (x - 7) 

11 cosy =sinx cosy + siny cosx 

Divide by cosx cosy > secx = tanx + tany, 
so tany = secx — tanx 

tanx - 3 
2 18 2 

3tanx+1 3 
‘= 

14 a 2 b V3 c ses 
3 lg 

15 tana + v3 Be 2 ai tan el = 2 eso 
1 =/3 taney 2 

= =D BNO.— — 
hoe zi3 Ne 13) 2 53 

24+73 1 

4 on 2a ar 20 an 16 Write 0 | ot) _ £8 gee | AG Pee rite aS 0 3 and fea 

Use the addition formulae for cos and simplify. 

Challenge 

Saly cos B\(sin A) = Sry sinA cosB 
1 ii Area = tab sin 6 = >y(x cos A)(sin B) = dey cosA sinB 
2 

iii Area = 5ab sind = 4xy sin (A + B) 

b Area of large triangle = area T, + area T, 

hay sin (A + B) = aay sinA cosB + Say cosA sinB 

sin(A + B)=sinA cosB+cosA sinB 

Exercise 7B 

1 

es 
Y2W3 41) , 203+ , 203-) 4 _o 

4 4 4 

v3 V2 V2 
a l b O ey das oom 

[3 ; AG 
f -3 g /3 hee Vel ie 

: o, _ tan 45° + tan 30° a tan (45° + 30°) = 1 — tan 45° tan 30° 

3 _3+V3_ (3 +V3)(3 +3) 
ve v3 3-7/3 (3-¥/3)(3 + V3) 

3 

12 + 6V3 ay - =o 2 9-3 + V 

=o 
if 
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Answers 

sin2A _ 2sinAcosA 5 a cos105° =cos(45° + 60°) 
2A = = : : 

= cos 45° cos 60° — sin 45° sin 60° een cos 2A cos°A — sin?A 

sell yells ph Bad ear eS 2 sin A cosA 
12 NO 2 2/2 4 - cos2A _ 2tana 

b a=2,b=3 ~ cos2A-—sin?A 1-tan2A 

34+ 4/3 44 3/3 10(3V3 - 4) cos?A 
6 pe Dek ADL ews 
eT = 10 . ii ieee 

3-4/3 xercise 
Tes b C10 dz 1 “eG 2a b 170.1°, 350.1° 

ay itt epee ees G16 192, SOR” ad 15043302 
85 85 77 

325 2 in(@+) = sin@cos= ésin= 9 4 —o oF é aoe a sin ( 7 sin st cos 6 si 4 

105a 45° ly 225° al es 1 ellen = —siné + —cosé@ = —(sin@ + cos@) 

E ise 7C V2 V2 v2 
xercise T T 

e 0, =, 2 
1 sin2A=sinAcosA + cosAsinA = 2sinAcosA Le, De a ig De ie 

2 a cos2A=cosAcosA — sinAsinA = cos*A — sin?A 5 5 5 ° 

bi cos2A = cos-A — sin2@A= cos2A = (1 —sc0s2A) eto a ee - ee 
Sod 4 a 3(sinx cosy —cosx siny) 

— (sinx cosy + cosx siny) = 0 

=> 2sinx cosy — 4cosx siny = 0 

Divide throughout by 2 cosx cosy 
=> tanx - 2 tany = 0, so tanx = 2 tany 

li cos 2A = (1 — sin?A) — sin? A = 1 - 2sin?A 

tanA+tanA  2tanA 
SmlaneAG= = 

1—tanAtanA 1-—tan?2A 

4 a sin ay b cos 50° P Cede SO F b Using a tanx = 2tany = 2tan45° = 2 
d tan10 e cosec49 f 3cos60 S0 x = 63.4°, 243.4° 

eS ° ay 

g zsin 16 h cos(3) 5 a 0,5,0, 58,20 b +38.7° 
{2 V3 1 S 5 5 3 i tT Ot oO 
Wee ey iff SLOPE OP, BilOey 335%0) Sat ae 5a = eas Cs d 1 2 dam 4° 12" 4 

. 2a Se 7 2 6 a (sinA +cosA) ‘ _ cae: cosA + cos?A e 60°, 300°, 443.6°, 636.4° t z, 25 

2 D by 
b (sin 3 + cos) si+sinta1+222+2 g ee ei ia 

7 a cos6d b 3sin40 © tand h 0°, 30°, 150°, 180°, 210°, 330° i, SE at 
d 2cosé e 2cosé f isin? 20 j -104.0°, 0°, 76.0° 
g sin40 h -}tan 20 ECOSaZO) Ne (0, Saas ME SS KOS. ils Se SWA 7, SOOS 

Ws | (  Bil.3%? 

Deming © 7 a 5sin20= 10sin@ cos @, so equation becomes 

9 a y=2(1-2) I) Zig i =? 10sin@ cosé + 4sin@ = 0, or 2sin@(5cos@ + 2)=0 

’ ; , ,_ 2(4-2) b Os 80S iS Ges2 46.4: 

cy’ =4x*(1 - x’) d y= 3 8 a 2sin@ cos@+cos?@- sin? = 1 
10 -t 11 +1 = 2sin@ cosé — 2sin? 0 =0 

sh Pare ie Sys = 2siné (cos é@ — sin #@) = 0 

12a i> li 55 iil 35 Dd 635 b 0°, 180°, 45°, 225° 
. 22 so, OD 9 a LHS. = cos? 26 + sin? 20 — 2sin 26 cos 20 1 aus Mes aes. 

hae: es aes =1-sin4=RHS. 
b tan oa sid — 42) 9 2 p 2,14 

cos 2A 9 7 7 24 24 P 

14923 15 mn 2 tan (5) sin (5) cos? (5) 
i } 10 a i RHS.= =2 x 

160m cos 2g 2 Oe ee p 2 2/9 o 1 
Vp ae a6) 36 9 3 SEG 2 CoP NS 

2) 

2(2) = 2sin (5) cos (5) = sind 
ie b m=tanc) 2 ee 2 

3 2 7 i 9 P 
i (2) 1- tan? 1 - tan? (5) 

18 a cos2A =cosAcosA —- sinAsinA = cos?A — sin?A 

= cos*A — (1 — cos? A) = 2cos?A — 1 

b 4cos2x = 6cos?x — 3sin 2x al@ : i 

cos 2% + 3cos 2% — 6cos?x + 3sin2x% =0 = (5) {1 = tan (5) ='Cost (5) ~ sin’ (5) 

cos 2x + 3(2 cos? x — 1) — 6cos?x + 3sin 2x = 0 

cos 2x — 3+ 3sin2x =0 = CoS @ = L.H.S. - 
cos 2x + 3sin2x —- 3 =0 ly th GOP, BP3.i1° TH B35 AA? a 

394 ' Online } Full worked solutions are available in SolutionBank, ee 



tl a LAS.= 

13 

14 

a 

a 

(1 — cos 2x) 

2 

— 3(1 + cos 2x) 

2 

=1+2cos2x 

Crosses y-axis at (0, 3) 

eae ue 5" ois T (= es x-axis at 3 O}-( 3° 9} (g> 9); 379 

0 é 0 1+cos@ 1-cosé 

2 cos*(5) - 4sine (5) = 2 dee cos 5 4sin 5 2 5 ] 4 5 

=1+coséd-2+2cos@=3cosé-1 

US 5 CAS 

(sin?A + cos? A)? = sin‘A + cos?A + 2sin2A cos2A 

(2 sinA cos A)? 

2 

=> 2 = 2(sin*A + cos*A) + sin? 2A 

sin'A + cos*A = 4(2 — sin? 2A) 

Using a: sin‘ A + costA = $(2 — sin? 2A) 

So 1 =sin*A + cos*A + 

_ @=1+c0s4A)_ 3+ cos4A = 32 - (1 eae 
=5 2 

mm dar lla 

12 12 

cos 36 = cos (20 + @) = cos 26 cos@ — sin 26 sin@ 

(cos? @ — sin’ #) cos @ — 2sin@ cos@ sin@ 

cos* @ — 3 sin?@ cos@ 

cos’ @ — 3(1 — cos? 6) cosé 

4cos?@ — 3.cosé 

Pa 4 4 

MUM MTN 

5a T 0 

gg ts 

Exercise 7E 

1 R=13;tana=2 2 

4 a cos@—\3sin0 = Rcos(6 + a) gives R = 2,0=2 
T 

b 

Ss epaonpraenae ap 

io) 

Sono SH bilge 

y = 200s (6 + 2) 

y 
2 
1 

O 

=) 

25 cos (6 + 73.7°) b (0, 7) 
25-25 di 2) ii 0 atin t 
Be vt0-@=71.6° b 6=69.2°, 327.7° 
V5cos (26 + 1.107) b 6=0.60, 1.44 
6.9°, 66.9° b 16.6°, 65.9° 
80° 115.9" d -165.2°, 74.8° 
5 sin (36 — 53.1°) 

Minimum value is —5, 

when sO 53.1) = 2/05 O= 1077- 

PAS, Here, AMEE 

10 

11 

12 

13 

14 

15 

a 

a 

Cc 

Answers 

5(7 - wysel) a 3(7 t sps26) 3 an 26 

=1+3sin20-4c0s20,soa=3,b=-4,c=1 

Maximum = 6, minimum = —4 @ WAS, 1BR ae 

R=V10, a=18.4°, 6 = 69.2°, 327.7° 
9cos?@ = 4 — 4sin 6 + sin? @ 

=> 9(1 — sin? 6) = 4 — 4siné@ + sin?6 

So 10sin°@ —- 4sin@ —- 5 =0 

COZ OLS aa ease Cee 

When you square you are also solving 

3cos@ = -(2 — sin@). The other two solutions are for 

this equation. 

cos @ x siné + 2sin@ = z 
in 0 sin@ 

cosé + 2sind=1 

0= 126.9" (1 dp.) 

V2 cosé cos 7 + /2sin 6 sin + /3sin6 — sin@ = 2 

x sind > 

= cosé+siné — sind +/3sin6 = 2 

=> cosé + V/3sind = 2 
a 

3 

R= 41, a = 77.320° big Han? 320° 
i= Ia = 220° I PaaS 7?. 108.7 

@=NA DS=S, © = WZ d minimum value = -1 

Exercise 7F 

il a 
Lise cos?A — sin?A a (cosA + s1A)(cosA — sin A) 

cosA + sinA COSA + sin 

=cosA —-sinA=R.HS. 

RIES, = al See By 3 cosA — cosB sin A} 
2ZsinA cosA 

snB  cosB 
= - = Lal: 

sinA cosA 

i= (il =] Asie @)) 2 sin? 6 
LIES, = = = Tang — heleos 

2sin@ cos@ 2sin@ cosé . 

sin? 6 

Teeicee 1+ tan*é eS cos’ é 

1 tan? 0 sin? 
cos? @ 

_ cos? + sin’? —_1 .6¢¢29 =RHS. 
cos?@—sin2@ cos 26 

L.H.S. = 2 sin @ cos @ (sin? @ + cos? @) 

= 2 Sint) Coe) = Sia 2G) = RAILS, 

sin 30 cos@ — cos3@ sing _ sin(3@ — 4) 
eis sin @ cos @ ~ sin é cosé 

_sin 20 2 sin cos@ Soo RHC 

sin@cos@  sin@ cosé@ 

icv 2cos20cos@__1 _ 2co0s 26 cost 
stn sin 20 sind 2sind cost 

eecoscds L(t 28m) 9 cin os RS 
sin @ sind 

psd ess 1 -(1- 2sin’S) 
LHS. = £088 — Laces = 2 

I 46 ‘il 1+ cos? 1+ (2cos?F — 1] 
cos 0 2 

2 sine? 5 
= “= tan? 5 = RLS. 

2 cos? 
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Answers 

= aes 
i See tan x _ COS% sin x 

1l+tanx cosx+sinx 
te 

_ (cosx — sin x)(cos x — sin x) 

cos? x — sin? x 

_ cos*x + sin?x - 2sinx cosx _ 1 — sin2x _ RHS. 

cos? x — sin’ x cos 2x 

L.H.S. = sin(A + 60°) + sin(A — 60°) = sinA cos 60° 
+ cosA sin 60° + sinA cos 60° — cosA sin 60° 

= 2 sinA cos60° = sinA = R.H.S. 

b LHs. = C084 _ sinA _ cosA cosB - sinA sinB 
sinB cosB sinB cosB 

cos(A+B 
= cosas) = INolal Sy 

sinB cosB 

LHS sin(x+y) sinx cosy + cosx siny 

ie me COSHIGOSIY a COSX COSY 

sinx , siny 
= = + = 1h lols cosx * cosy tanx + tany =R.H.S 

cos (x + y) cosx cosy — sinx sin 
AUK) See ae 51 

sinx siny sinx siny 

cosx cosy  sinx siny cos x cosy 

~ sinxsiny  sinx siny ~ sinx siny 

= cotx coty = R.H.S. 

la>) L.H.S. = cos (6 + a + /3 sin@ = cosé cos 

1 ‘oun 
— sing sin> + V3 sind = 5 c0sd - sind + V/3 sind 

=} cosa + ‘3 sing = sin(0+ 2) =RHS. 

cos(A +B) 

B= Col ae) sin(A + B) 

_ cosA cosB —- sinA sinB 

sinA cosB + cosA sinB 

cosA cosB sinAsinB 

__sinA sinB sinA sinB Zs cotA cotB-1 Rae 

sinA cosB  cosA sinB cotA + cotB 

sinAsinB  sinAsinB 

g L.H.S. = sin(45° + 0) + sin2(45° — 6) = (sin(45° + 8)? 

+ (sin (45° — 6))? = (sin 45° cos 6 + cos 45° sin 6)? 

+ (sin 45° cos @ — cos 45° sin 6)? 
Zh. ex 

= ie cos + ¥2 sina) + [ cos — 2 

2 

2 2 2 oe i 

= 500820 + cosé@ sind + 5 sin29 + 5008" 

— cos@ sind + 5 sin? =¢0s-¢ + sine? = 1 =R EHS. 

h_ L.H.S. = cos(A + B) cos(A —-B) 

=(cosA cosB - sinA sinB) x (cosA cosB + sinA sin B) 

= (cos? A cos’ B) — (sin? A sin? B) = (cos? A(1 — sin? B)) 
— ((1 - cos? A)sin? B) = cos2.A - cos? A sin?B 

— sin?B + cos?A sin? B = cos2A — sin?B =R.H.S. 

3 a LHS. - 58 , cosé@ _ sin’é + cos*d 
cos@é sin@  sin@cosé 

= — = 2/C0SeCzy. = hoy 
(5) sin 20 

b 4 

396 

10 

Full worked solutions are available in SolutionBank. 

a Use sin 36 = sin(20 + @) and substitute 

cos 26 = cos’? 6 — sin? 0. 

b Use cos 34 = cos(26 + 6) and substitute 

cos 26 = cos? 6 — sin? 0. 

sin3@ _ 3sin@ cos?@ — sin’6 
ate) = = 

ee cos3@ cos?6@— 3sin?6 cosé 

_ 3tané — tan’d 

i 1 -— 3tan?0 

3} 
2f2 tan@ = 2V2 

1 

62 16y¥ 2") = 10026 S1Oye 
STARS A 54 eee Te 
F a 

a i cosx= 2 cos’ 5 - i 

1+cosx ae AS 
= 2 cos?= = 1 + cosx = cos°== 

2 2 2 

li cos% =1-—- 2sin’S 

Peciee A ie le GOSLG 
=> 2sin?= = 1 -— cosx = sin? = = ———— 

2 2 

2V5 ii v5 ii 1 
5 5 2 

x costs = (7 a oa 1 1+2cosA + cos*A 

2 2 fe 4 

b i 

1 + 2e0s + | 

4 

= 2+ 4 c0sA lcs ZA 0s Sea cos ALE cos 2A = 3 = 
2 

.H.S. = cos*6@ = (cos? 6)? = [h*cose® 

1 + cos 24) 

2 

la 

1 
(1 + 2cos 26 + cos? 26) = ; # 3 00S 20 

tacos et 1 ede 
| 5 gy 00 ope a gece ae 

S + 5008 20 + : cos 40 = R.HLS. 

[sin (x + y) + sin(x — y)][sin (« + y) — sin (x — y)] 

= [2sinx cosy][2cosx siny] 

= [2sinx cos x][2 cosy siny] 

= sin 2x sin 2y 

2 cos (20 + | = 2(cos 20 cos 3 — sin 20 sin3) 

ar 

- 2( cos 205 — sin 203) = cos 26 — /3 sin 20 

4 cos (20 - Ad = 4c0s 20 cos F + 4sin 20 siné 

= 2V3 cos 20 + 2sin 20 = 2V3(1 — 2sin26) + 4sin@ cos@ 

= 2/3 - 4/3sin20 + 4sin@ cos@ 

a RHS. = V2 {sin 0 cos 7 4 cos ésin 7} 
4 

- V2 {sin p+ cos = sin@ + cosé=L.H.S. 
v2 V2 

b RB.HS. = 2/sin 26cos= — cos 26sin= {sin Busy cos osin =} 

- 2{sin 20'S — cos 201} = /3 sin 20-cos20# LHS. 

ee 



Challenge 

1 a cos(A +B) - cos(A — B) 
= cosA cosB - sinA sinB - (cosA cosB + sinA sinB) 
= -2sinA sinB 

b letA+B=PandA-B=0. Solve to get A =! 
P-Q : 

and B= =e. Then use result from part a to get 

cos P — cosQ = — 2 sin (==*) sin 2) 

c -3(cos 8x — cos 6x) 

2 a sin(A+8)+sin(A —-B) 

=sinA cosB+cosA sinB + sinA cosB — cosA sinB 

= 2sinA cosB 

LetA+B=PandA-B=Q 
P = 

a= nd pee Q 
2 Z 

SssinvPasin O'=.2isin: = S| cos = _) 
2 2 

b lig P40 5, P-Q 
24 ae 

22m NO S55. 

ime ae os 
327 2 T 
a, = — =— 

tae sae eT 
a ae eG Si 4V2 

sin (27) + sin (2) = 5 

Exercise 7G 

ioeae (0:25 1m b 0.013 minutes, 0.8 seconds 

0.2 minutes or 12 seconds 

0.03 radians b 0.0085 radians 

0.251 seconds 

0.0492, 0.2021, 0.3006, 0.4534 seconds 

eM AMZ, SOs: 

£19.40, 6.53 hours or 6h 32min 

After 4.37 hours (4h 22 min after market opens) 

224.7°C 

2m 17s,5m 26s, 8m 34s 

17.6 seconds. 

iS 0.5, @ = Baila 

TOs rh @) ee (143 AL 

Minimum value is 22.5, occurs at 17.95 minutes 

3, 13, 23, 33, 43, 53 minutes 

R = 68.0074, a=0.2985 

31.4 minutes 

R = 250, a = 0.6435 

i 1950 V/m ti x =4.41 cm, x = 16.91 cm 

D 10) = #2 SO. 1ly IO Sap = NEA 

2 

b 138.0m 

d 11.1 minutes 

oO 

ampraoaprnaomeoraenmrmns naan oa 

Challenge 
a Ocm <x < 0.39cm, 8.42cm < x < 12.89 cm, 

20.92 cm < « < 25cm 
b Identifying the exact point of maximum field strength; 

microwave oven would not work exactly the same every 

time it is used. 

Mixed exercise 7 

1 a gy b 5 c 

10 

12 

13 

14 

15 

Answers 

; i 2 
sin x = —, so cosx = = 

v5 V5 

: 2 en : 
cos (x — y) = siny > — cosy + —siny = sin 

Z Ce eG Se 
ire . 2 45 +1 

= (v5 —1) siny = 2cosy = tany = = 
OoeeaeY of ae Fee? 

a tanA = 2, tanB=4 b 45° 

Use the sine rule and addition formulae to get 

Lgnaigale eke: 1 Yih x or ies x 5 

Then rearrage to get tand = 3y3. 
Gon 

b Use cos {180° — (A + B)} = -cos(A + B) and expand. 

You can work out all the required trig. ratios (A and 
B are acute). 

Use cos 2x = 1 - 2sin? x bz 

c i Use tanx = 2, tany = + in the expansion of 
tan (x + y). 

ii Find tan (x — y) = 1 and note that x — y has to be 
acute. 

a Show that both sides are equal to 2. 

3k 12k 

ies 0K 
a V3 sin26= 1 - 2sin?6 = cos 20 

Ze iani26 = 1 => tan 20 = 
V3 

b 0.187, 2.95 

a cos(x — 60°) = cosx cos 60° + sinx sin 60° 

ee erie 
2 2 

i 
¥3\.. 1 2 il 

so (2-3) sinx =Leosa (eager = 
i, 2 9 V3 4= 73 

2 
I) Zeit), AO)” 

a Using addition formulae: 
cos x cos 20° — sin x sin 20° 

= sin 70° cos x — cos 70° sin x 

Rearrange to get: sinx(5 cos 70°) + cosx(3 sin 70°) = 0 

sinx __3sin70° __ 3 j4n70° 
COS % EOS O> 5 

=> (ening = 

b 121.2° 

a Find sina = 2 and cosa = 4 and insert in 

expansions on L.H.S. Result follows. 

b 0.6, 0.8 

a Example: A = 60°, B = 0°; sec(A + B) = 2, 

secA +secB=2+1=3 

b LHS = sin 0 a cos@ _ sin’? @ + cos? 

cosé sind — sin@cosé 

ee cose 28 hs 
7 Sin 20 

a Setting 0 = : gives resulting quadratic equation in ¢, 

i? + 2t— 1=0, where t = tan (3): 

Solving this and taking +ve value for ¢ gives result. 

b Expanding tan i + al gives answer: V2 + 1 

B97 



16a 

b 

17 

18 

19 

20 

21a 

so 2 ee B® 

22 a 

23 a 

24 

26 

b 

a 

b 

c 

25 a 

a 

Cc 

27 a 

Cc 

Answers 

2 sini —=160)s 

Graph crosses y-axis at (0, -/3) 

Graph crosses x-axis at (-300°, —0), (-120°, 0), 

(60°, 0), (240°, 0) 
Re= 2 One 29) 10) By oe Ma Orie. ddl 

2.5sin(2x + 0.927) b sin Dee ts DOS Hee 2 6 45 

ore 40° ly OP, Tone Boor 

R=V13 ,a=56.3° I) Sli, 229s" 

Te sec 20 RUS, 
cos@ sind — isin 20 

LHs -lttanx _1-tanx 
1l-tanx 1+tanx 

_ (1 + tan)? - (1 - tan x)? 

(1 + tanx)(1 — tan x) 

_ (1+ 2tanx + tan? x) - 1- 2tanx + tan? x) 

x 1 -—tan?x 

Stan 2(2 tan x) 

al taneaeele vane 
= Piya = els. 

L.H.S. = (sinx cosy + cosx siny) (sinx cosy — cosx sin y) 

= sin’x cos’y — cos*x sin2y 
= (1 — cos’x)cos’y — cos’x(1 — sin’y) = R.HLS. 

L.H.S. = 2.cos 20 + 1 + (2 cos? 26 — 1) 

= 2c0s 26(1 + cos 20) = 2 cos 26(2 cos? 0) 

= 4cos’?0 cos 20 = R.H.S. 

1-(1-2sin?x) _ 2sin2x 

1 + (2cos?x - 1) ~ 2cos?x 

= tan? x 
TGs 
Re 

L.H.S. = cos? 26 — sin* 26 

= (cos? 26 — sin? 26)(cos? 26 + sin? 26) 

= (cos? 20 — sin 26)\(1) 

= cos 40 = R.H.S. 

US, os IOSe. MOS? 

Use cos 20 = 1 — 2sin?0@ and sin 26 = 2sin6@ cos@. 

sin 360° = 0, 2 — 2'\cos (360°) = 2 -—-2=0 

26.6°, 206.6° 

R=3,a=0.841 ly ge O77, B93 
On 2a = Ono OA DEON ane Ve UNG —mlGorOe 
6.228 hours d 350.8 days 

13 sin (x + 22.6°) b 3.8m/s 
168.5 minutes 

Challenge 

b 

398 

cos 20+ cos40 _ 2cos30cos@ _ 

sin20-sin40 -2cos3@sin@ — 

cos 5x + cosx + 2c0s3x 

= 20s 3% cos 2x + 2c0s 3x 

= 20s 3x (cos 2x + 1) 

= 20s 3x (2 cos? x) 

= 4cos*? x cos 3x 

-—cotdé 

2 a 6= ZOAB = ZOBA = ZAOB 

OB = 1, OD = ‘cos 20 

BD = sin 20, AB = 2.cos0@ 

sin @ = BD = Zee 

AB 2cos0 

So BD = 2sin@ cos@ 

But BD = sin 20 

So’sin 20 = 2sin@ cos@ 

b AB=2cos0 

AD = (2.cos 6) cos @ = 2.cos*6 

OD = 2c0s?6-1 

= 7 — 20,so ZBOD = 20 

From part a, OD = cos 26, so cos 20 = 2.cos*6 - 1. 

CHAPTER 8 

Prior knowledge 8 

1 

4 

cos x 

v1 -—cos?x 

a y>O 

c -6<y<3 

(4,7) and (-4.8,2.6) 

ase Sy Gay 

Exercise 8A 

1 a y=("+2)?+1,-6<%x <2, 

b y= —x)?—TxeR 

c y=3-+0%0, 

2 d -y=—ee 
y x 

f ey = 1 y ph as 
es 3 

a i y=20-10e*%+e,x>0 

ly Th p= se SO Bd 
er +2 

Che Gr ee) 

a y=9x-x4, O<x<JV5, 

Full worked solutions are available in SolutionBank. 

; ¥ t=+/2 
*V3 

1 x= 1 --dneh ; 3 2 

2 cosxv1 — cos2x 

2cosx + 2cos?x - 1 

OR yaZ 

O<7 <1 

li x>-3,y<9 



b i y = 5(% - 2) + 7) 

fi -13<x<11,-2<y<18 

5a C:e=1+2e0= 24 

Sub ¢ into y = 2 + 3¢: 

z BEN BF 2s Sook y=2+3 )=245e a as 

ee Lee pt 3 
ee 5 = 2x 

bs 
Sub into y = Saas 

1+3x 1+ 3x 

Be 2x Ie ae Be al 

- glee a8) 37 i oo 
2x 2 

Therefore C,and C, represent a segment of the 

same straight line. 

b Length of C, = 3V13, length of C, = S 

Oma = 227-2, y= —3 

3 3 
b aie = es 

Answers 

Sub into y= 2t-3-¢° 

3 3040. EG 9 = bob) -9- [eb az y = aN epee? (x — 2) 

= OWe 2h 3 2)" —9 

(~ — 2)2 

26% = 12 = 342 + Lay — 12 = 9) »— 32? 4 18% -133 

(x — 2)2 (x — 2)2 

—3(a? = 6x + 11) 
= Ai=—3,0=—6, = oo? so 6, @= iil 

Tao =n (6 3) t= e493 Sub into y = - 
t+5 

a il > am 

ea oie. a Sa ae) 

1 
b 0 = lies 

ey eee Si Far Sear C=% = 3y2 

dy 
) SP = Op SRP = 2 

_ di 
2 2 

0O=372—2 (MS a 
3 3 

ah Ge ee Pes 

Sub into x = ¢3 — t = dt? — 1) 

ate y(4-y-1)=/4-y3-y) 
=| ae y)? 

= 4Nb=13 

b Max y is 4 

Challenge 

yee Py ua Mi 

(1 + ¢2)2 (1 + ¢2)2 

Peneape patil AS LS 2 ie a 
(U4 22" (4 e2)2 (1 + ¢2)2 (1 + ¢2)2 

Prise ierett eit 

(24722 (1 +222 

SO 2744? = 1 

b Circle, centre (0,0), radius 1. 

Exercise 8B 

1 oa 25(x + 1)? + 4(y - 4)? = 100 b y? = 4x7(1 - x?) 

2x1 — x? 
= (Ae = c y=4x?-2 d y 12x 

4 R\? 
= f y=1+\/= 

poe ia) ya1+(3] 
2 a (x+5)?+(y-2)?=1 

b Centre (—5, 2), radius 1 

GC O0=% 5 25 

3 Centre (3,-1), radius 4 

4 (x+2)?+(y-3)=1 7] 

O ae 

399 



Answers 

lh hes a oe slg <t 

ay _Vv¥9- x? 3 
b Seat 3 ty te 

ec y=-3x,-lsx=1 

® @ g= 100 <a 28 
Ge 

b JY 

0 el wees 
8 

ee rae rh Vea ames Domain: x > 0 

3 @ w=Ouil =I) So=90= 2 

b Domain: 0 <« <4, Range: -1<y<1 

9 y=sintcos () — cost sin a 

a 
V3 1 a 1 

=-5 sint cost 5 A 

= 4(a3 - 312 - x) liq 3x7 ) 

(=O ]2=2,0E % =—) SOl—2 a <= 2 

5 1 2 25(1-—1 | bores 0 5 10 a y ae ia KK 

11 x=- y ie) 
D2 Ue 

Challenge 

(4y? — 2 + 2x)? + 12%? -3=0 

Exercise 8C 

400 Full worked solutions are available in SolutionBank. ee 

6 8 10121416” 

{| sae 
pesnt [nF as [oa] a 

x=tant+1 

y=sint 

24 



d 

fi 

a Y=@B—x)?—2 

boy 
vi 

29) 0 5 * 

a (x+2)?+(y-1)?=81 

As t approaches —1 from the 

positive direction, the curve 

heads off to infinity in the 

2nd quadrant. 

As t approaches —1 from the 

negative direction, the curve 
heads off to infinity in the 4th 
quadrant. 

Exercise 8D 

1 

3 

6 

@ 

8 

a (11, 0) b (7,0) ce (1,0), (9, 0) 
d (1, 0), (2, 0) e (2,0) 

a (0, -5) b (0,4) —¢ (0,0), (0,12) 
d (0,3) es (Oe?) 

‘ 44 5 ($4) 
pepe 5),.e 
(1, 2), (1, -2), (4, 4), (4, -4) 

12 

a 1 [= 1, 0),(0, oie 

b (3 0),00. ) 

& Tau lley 
fy (C2 10) b (In8, 0), (0, -63) c (2, 0) 

10 

11 

52 

13 

14 

15 

Answers 

T 57 

* (60s (75)-0): (60s oH 0| 
b 4sin2t+2=4= 4sin2t=2 => sin2t=0.5 

Dee fie TOF 
6’ 6 12? 2 

c (6 cos to 4), [6 cos (2), 4) 

y = 2x -5 => 4t(t - 1) = 2(2t) -5 = 40 - 8t+5=0 
Discriminant = 8° - 4x 4x 5=64-80=-16<0 

Since the discriminant is less than 0, the quadratic 
has no solutions, therefore the two equations do not 
intersect. 

a cos2t+1l=k 

max of cos2¢=1,sok=i1+i1=2 

min of cos 2t =-1,sok=-1+1=0 
Therefore,O<k <2 

b yal] 2sintt +2 — 2sin2 = 2)— 24° 
k= 2 = 247 = 247 +k — 2 = 0 

Tangent when discriminant = 0 
Discriminant = 0? — 4 x 2 x (k — 2) =0 

8(k-2)=0Sk-2=0Sk=2 
Therefore, y = k is a tangent to the curve when k = 2. 

; 2 all 
AG 1), BQ) 2 b Gradient of ] = {—— == a A(4, 1), BQ, 2) radient o nee 

Cea oy b= 30 

16 y+ /3x-—73 =0 

17 a A(0, -3), B(3, 0] 

b Gradient of 1, = 4 

Equation of J, and l,: y = 4x + ¢ 

A(t — 1) 
t-4= =e 

=>-(8+c)t+4=0 

Tangent when discriminant = 0 
(-(8+c))?-4x1x4=0 

64+ 16c+c?-16=0 

c? + 16c + 48 = 0 

(e+ 4)(c + 12)=0>c=-4 orc=-12 

So, two possible equations for /, and /, are 

y=4x-4 andy =4x-12 

© (b-2). (8-6 

+650 -4¢t=4t-4+ ct 

Challenge 

AO.) 

Exercise 8E 

1 b 267m 

49 Se 32 

eas Ae a ks 9 
which is in the form, y = mx + c and is therefore a 

straight line. 
d 3.32ms"! 

a 3000m 
b Initial point is when ¢t = 0. For ¢ > 330, y is negative 

ie. the plane is underground or below sea level. 

a 83.3 seconds 

c 26400m (3 sf.) 

a 35.3m 

b Between 1.75 and 1.88 seconds (3 s.f.) 

@ 30.3 (BG), 

a aT seconds b ae m 

401 



Answers 

¢ t=tsy= -4.9(2)" + 10(2) =~? + 5x 

Therefore, the dolphin’s path is a quadratic curve 

Go 

By fy Silas COSE= aise 
mgs a 

2 

x \2 (! = =| 5 5 
- = = 144 eae 75 1 => x? +(y - 12) 

Therefore, motion is a circle with centre (0,12) and 

radius ¥144 = 

b 24m c 2x minutes, 12 m/min 

OG © J2xe Gein) b Depth =2 

7 a 133 b (0,2),0,4) 
© = 2h = #42) +10 

Die = De = (yR te Ghee NOY, Ss OS Ai ss EE Se ip Al 

Since, t > 0, the paths do not intersect. 

8 a 10m 

b k=1.89 (3 s.f.). Therefore, time taken is 1.89 seconds. 

¢ 34.1im Cisit) 

dia 
18 

49 2 Es 4 aes Paso 
Le =201F 4) + 4(7) + 10- a5 497 7 9” * 1 
Therefore, the ski jumper’s path is a quadratic 
equation. Maximum height = 10.8 m (3 s.f.) 

9 atia= b (50, 20) 
4 

Cie Sia hSa19) 

4 <1 <4 which is when sin 2t is decreasing, 
4 2 
hence when y is decreasing, hence the cyclist is 

descending. 
10 a (4.35, 4.33) (3s) b 25m 

c 3.47m (3 s.f.) d -7.21 

Mixed exercise 8 ; . 
1 a AQ4,0),B0,3) b C(2v3,3) oe (2) + (2) =1 

3 a y =In(2/x-1)-3,x>e8 +1 

b y>1+In2 

4 y=-In(4)-2Inw,0<x<ty>0 

Rh yp Sth er b — 

6 possi 
6 1 

Sb. —=——$————— 
eb ae, (Lyth oh 

ne i etl 
1 dl petite Bed 

ii? x? 
y= 

il 1 2x — 1 
x(E)(2 - 3) 

7 a («+3)?+(y-5)=16 b YA 

Te 

—g 
O x 

(0,5 +V7), (0, 5 - V7) 
8 a 214+) = 2 = 8h es Bb 2 a ee 

meee 

ans 

Sub into y= = 2! 
1+t 

2 £2) 
2 aers! Bix + 3)+22-x) _32+944 - 2e 

a ag RRS =r: 5 
1+ 

x+3 

Sp ae ils) = dpc lsh 
eae Skis 

This is in the form y = mx + c, therefore the curve C 

is a straight line. 

» 4726 
5 

9 a Y=2Vn4+2 

b Domain: -2 <x < 2, Range:0 <y <4 

© y 

4 

#5 O 2% 

cae See 
10 a cost=— snt= 

2 

Bae a +(y + 5)? =4 

Since 0 S t <7, the curve C forms half of a circle. 

b Cc 2n 

Vda y=x? + 4x? + 4x 

) Full worked solutions are available in SolutionBank. | 



12 4-= a(t=3) + 20 = 0a? 454 
Discriminant = 4*°- 4x 1x4=16-16=0 
So, the line and the curve only intersect once. 
Therefore, y = 4x + 20 is a tangent to the curve. 

13 a (5,e- 1) b k>-1 
14 a A(0, -3), BC, 0) b x-2y-1=0 
15 x+yIn2-In2=0 

16 a t= a sub into y = 3000 — 30¢ 

y = 3000 ~ 30(=7) = y = 3000 - Sx 

This is in the form y = mx + c, therefore the plane’s 
descent is a straight line. 

b k=99 ce 8458.56m 
17 a 1022m 

b 1000 = 50V/2t > t= 10/2 
Sub into y = 1.5 - 4.972 + 50/2t 
y = 1.5 — 4.9(10/2)? + 50/2(10V2) 
HS Zion 

21.5 > 10, therefore, the arrow will be too high 
G  Iik san} Sia) 

18 a 976m, 2 hours b 600m 

19 a 10m b 80m 

20 a 10m b 1 second c 0.9m 

Challenge 
3 5 

ee b (4,5) 

Review exercise 2 

1 x-axis: (- is 0), (- 2. 0), (4.0), (22. 0} 
4 

; 1 
-axis: |0, — 

: ( a 

b y-axis at (0, 0.5). x-axis at (22, 0} and oe 0} 

© P= Zs) oS O49) 
3 a 1.287 radians b 6.44cm 

4 12+27cm 

5 a +r + 10)?0- $r20 = 40 => 2070 + 1000 = 80 

210+ 50=45r=4-5 

b 28cm 

6 a 6cm b 6.7 cm? 

a 119.7 cm? b 40.3 cm 

8 Split each half of the rectangle 

as shown. 

ESS Area S = ou 

[3 
Area T= Er 

ee yy 2 => Area R= t 8 12 

Answers 

Li — NS U=(r ort 2R 

=(1-4-1+ 

=e] 
4 We 

.. Shaded area 

= © (33 - n) 

9a ssintx > 7 cosa 3 — Sl — coseult 7 cosa 3 

=-3 cos?x +7 cosx+6=0 

Therefore 0 = 3 cos? x — 7 cos x — 6 

ty sre Zeal) BOs 

10 a For small values of 0: 

sin 46 = 40, cos 40 = 1 — 5(40)? tan 30 = 30 
J 

sin 40 — cos 40 + tan 30 ~ 40 —(1 - 4) + 30 

= 8624 70— 1 

beet 

11a y = 4 - 2cosecx 

I) Z2efere 
(hike aye 12) ae beke2 oa seks ene 

= Gi 2x + (ll — simx)2 Ba cosx ae sinx _ COos*x + 

1 —sinx COS % cos x(1 — sin x) 

weos*s + 12 sing + sin? _ 2-2 sinx 

cos x(1 — sin x) cosal(1 — sin x) 

ter 2 secx 

_ 30 Sa Vn 130 
ee Ta 

14a sin@ , cos@ _ sin*@ + cos*é 

cos@ sing cos @ sin @ 

=F 1 = £54 = 2cose 20 

=sinog a 
2 

b ; 

6 

y= 2cosec 2¢ 

ce 20.9°, 69.1°, 200.9°, 249.1° 

15 a Note the angle BDC = 0 

cos = BS = BC = 10c0s0 
10 

sind = 3% > BD = 10 cot 

10 1 T 
b 10 coté =—= cotd=—0= 

a oa 

DG=T0cos¢ cote = 10(3 (3) = = 
v3 3 

403 



Answers 

16 a sin?6+cos?@=1 

sin?@  cos?0 1 

cos2?@ cos2@  cos2é@ 

ly OOP, 1 Sal8?, DAS 

ile ab =2,a=% 

=> tan?9+1=sec?0 

4-b? 4-b 4-Bb ,, 
b = = =102 

Ore eae ae a OF 
b? b? 

18 a fay= ie a 5 y= arccosx b 5 

es al 19 a arccos = Pp > COsp => 

Use Pythagorean Theorem to show that opposite 

side of right triangle is Vx? — 1 

(oe a 
sin p = aA ! _, p=aresin ae : 

b Possible answer: cannot take the square root of 

a negative number and for 0 <x <1, x?-1is 

negative. 

y = 2arccosx = 

a 
TT 

(1,-5) 

il b ey 
v2 

; V3 
ane +-3- 1 

21 tan(x + &) = = — = 
6) 6 v3 

Po, aus 

6tanx + 2V3 =1 -B tans 

i 
3 
) tana = 1-23 

3 - 6v3 | 18-73 _ 72~111Vv3 

sey ey We = 1S Ball 

Hite Fy “Sia? 42 O)) = 2 sin Ge = CO) 

sin x cos 30° + cos x sin 30° 

= 2(sinx cos 60° — cos x sin 60°) 

Uso ele (2 sinx ~*} cos] 
2 2 2 2 

V3 sinx + cosx = 2 sinx — 273 cosx 

tan x = 

(-2 + /3) sinx = (-1 — 2V3) cosx 

SNe te IS al OR V3 

COSTE ees a2 ie 2 ao 

_ 24473 +7346 

TA Sse 
b 8-5/3 

= 8+ 5/3 

404 

23 

24 

25 

26 

27 

28 

29 

30 

31 

Full worked solutions are available in SolutionBank. 

a sin165° =sin(120° + 45°) 
= sin 120° cos 45° + cos 120° sin 45° 

MBO eee 
U2 Ce eye one. as 

ella 
sin 165° 

4 V6 + v2) _ 46 +42) _ fe, 5 

b cosec165°= 

“6 =) Wee oe 

a cos = 3 sina = 1h 

| Pe. LZ = oe 
sin 2A = 2sinA eos = 2 4 A +e 

b cos2A = 2cos2A - 1 = 

aS 
; etal ee 

fan 2A ee a 237 
it cos 2A (=) 

8 

AL AO? OP. SO, Oe, ee 

ay MAR Re, Se ould MILA (il Glad) 

a 3sinx+2cosx =V13 sin(« + 0.588...) 

b 169 
GC == 2.273, 5.9716) (Sid...) 

a Pie tae = Oos2 ee cos? — sin?6 
sind cos@  sin@cosé@ 

_ _cos 20 2.c08 20 

a inge ee” 
2 

= —2.99, —1238,'0: 190) 1s76(3's4) 

=) (GOA 

b ¢ 

a cos3@=cos(26 + 6) = cos 20 cosé — sin 20 sind 

= (cos? 6 — sin? @) cos 6 — (2 sin@ cos 6) sin@ 

= cos? @ — 3sin?6 cos@ 

= cos? 6 — 3(1 — cos? 6) cos@ 

= 4cos?6 — 3 cosé 

Py, = PD. b sec30= = 
19/2 38 

sin*@ = (sin? @)(sin2 4) 

60S 26s is Den ae ine cos24 

Santee (7 — COS aale — cos 2°) 

2 2 

sin* @ = 3a — 2cos 20 + cos? 20) 

sint 6 = al! = 2cos 29 + ++ os") 

Sal i 3 9 008 20 + g 008 40 

a /40 sin(@ + 0.32) 

i /40 NO =ae25 

c Minimum of 2.68°C, occurs 16.77 hours after 

9am ~ 1:46am 

d ¢=2.25,¢=7.29.So 11:15am and 4:17 pm 
anne ==) 

= 

se il Ss 

sin* @ = 

[ie 



Wee) soa)" 
169) V2 x) = ae 

Y) Cw (ia Goa 
— 16 = 12 4 112% 4 1 — 2x 4 x2 

a (1 - x2 

ihe 0-6= 
(1 — x)? 

BY ff) Gaeta P2 

3t se" = 6 

C2 3r5 e831] 

t>4>e"-2>4>e%*>6=>x>I1n6 

y 

Y= 

b fo4= yee + 00, Y Peek 
Ul Uf 

By oP 1 aege tae 
1+t x 

y= 1 > oe eae 

oe x-(1-x) 2x-1 
i 

34 a y= cos3t =cos(2t + t) = cos 2t cost — sin 2t sint 

= (2 cos?t — 1) cost — 2sin2t cost 

= 2cos*t — cost — 2(1 — cos? t) cost 

=4cos*t-—3 cost 

x= 2 cost + cost =F 

I Ee ag ae 

y= 4(5) 3(5) = 5? - 3) 
beO=s v= 2, -l=7—1 

35 a = sin (¢+ 7) = sint cos + cost sin? 
_ 6 6 6 

=3 sint + teost 

[3 * | a eT LR 

= "3 sine + Hi — sin? t 

mls el eer get oVl iG 

=| <= sity, = hs Sl Se = 

beA= E05) 0) 5 = (0) 0.5) 

apie tate <=x=3 36 a y= 2(3) 12 =e 

b y 

87) y= 3% + 6 => 8t(2t — 1) = 34) +¢= 167? -20t-c=0 

(-20)2 — 4(16)(-—c) < 0 so 64c < -400 > c< ==) 

38 a ee 0) and Ee 0) 

b 3sin 2t = 1.5 = sin2¢=5 

_ie Bre Asie Mae _ AoE lam, lia 
SCL 64 ben? glee (ose 12 ei 

(_ 330 17m 
12° 1 

Answers 

39 a —4.9t2 + 25t+ 50=0 

U> S20 (252 — 4(—4.9)(50) 

2(-4.9) 
(4-1.54¢=6.64s = k=6.64 

bre pee 
25/3 

ie 25( a 2 ee £50 
25/3 25/3 

it Frac 
Ss ier 

t= 6.64 x = 25/3t = 25/3(6.64) = 287.5 

Domain of f(x) is 0 S x S 287.5 

Challenge 
2 

1 us 8 
2+ 37 

2 a sinx b cosx c cosecx 

d cotx e tanx f seca 

3 a sin2t+cos*t=1 

2317 ae 
[7 3) gee 213-3)" +(7+ 1)?=16 

4 

Y) 

(V2 43) 2V2= 

Git) 

b (27 x 4) = 37 

CHAPTER 9 

Prior knowledge 9 

1 a 6x-5 b 2st breeder 
Se PNB 

2 y=-6x+17 3 (0, 2), (0, ), (11.1, 0) 
27 

4 0.588, 3.73 

Exercise 9A 

ban — ten | fla + A) = fix) 
i a Wes jim (72+ 2 = Be) 

% lim (2° (x + A)l= us| 
0 h 

= lim( 2°52 cosh — sinx sinh — cus 
eS h—0 h 

lim( 28-08 A = i) = Siinge siin Hy) 
h—0 h 

= lim (con = *) cos x (en4) sin 
h—0 h h 

b Ash 0, cosh 1, s0 (4-1) 0 

and sinh = 

So f (a) = lim ( (S284 =) cos x — (2) sin x) 
h= h h 

= 0 cosx — sinx = -sinx 

Zonda 2 sin x b cos (5a) 

c 8cos8x«x d 4cos (5x) 

Zeta esi x b -5sin (2x) 

ce -2sin(5x] d -6sin 2x 

405 



Answers 

4 a 2cos2x-3sin3x hb -8sin4x+4sinx - 14sin7x 

c 2x-12sin3x d El 10cos5x 
x 

5 (0.41, —0.532), (1.68, 2.63), (2.50, 1.56) 

6 8 7 (0.554, 2.24), (2.12, -2.24) 

8 y=-9x+57-1 

d 
9 bal = 4x - cosx 

dx 
d 

Ata = my = 2n?, = = 40 -cosm= 4 +1 
i 

Gradient of normal = — 
4xr+1 

Equation of normal: 

1 = Oe = 
¥ ‘ 4g + Ti B 

(47 + ly -— 27r*(4n +1) =-x +7 

x+ (4a + Wy - 87° - 27? -7 =0 

x + (40 + Wy - r(87? + 27+ 1) =0 

10 Let f(x) = sinx 

ii flx + h) - fix) _ sin(x + Ah) - sinx 
m 

Her h=0 h ‘i h 

im sinx cosh + cosx sinh — sinx 
~ h=0 h 

= lim (cost —t) sinx + sna) COS xX 
h—0 h h 

Since cost = — 0 and sme — 1 the expression 

inside the limit — (O x sinw + 1 x cos x) 

Syinn sin (x + A) — sinx 
=I COS 

h—0 h 

Hence the derivative of sinx is cos x. 

Challenge 

Let f(x) = sin (kx) 

f"(x) = jim (H+ — Be) lim (= (kx + kh) — sin A) 
~ h=0 h ~ BEND h 

ie lim( 2 kx coskh + coskx sinkh — sin a 
h=0 h 

= lim ( (S842 = 2) sin kx + (net cos kx} 
h=0 

Meh (2) 

: h 

pend [cose - *) 

h 
— 0 as given, 

So f(x) = 0 sinkx + k coskx =k coskx 

Exercise 9B 
, : Lier 1 1 a 28" bb 3en3 (5) me ds 
Ge 3 Bea. Baek ee ter e 4(} In f = g 3e%+3e% h -e*+e 

; 3 2x 3 

2 a 34] (3) 2 a n3 b 9 Zin; 

Chao lnZ die 322 2 

3 323.95(2d.p.) 4 4y=15 In 2(x-2)+17 

dy el , dy 
5 a YE A = — ee 2 a e x Atx iRan=C a 2e*- 1 

Equation of tangent: y — e? = (2e? — 1)(x — 1) 

=> y = (2e? — 1)x - 2e? +1 + e? > y = (2e? - 1)x - 0? + 1 
6 -9.07 millicuries/day 
ew I, = BrWOO, (2 = Ol (Aclyo3) b 1178 

c The rate of change of the population in the year 2000 

406 Full worked solutions are available in SolutionBank. 

8 The student has treated “In kx” as if it is “e“”” — they 
have applied the incorrect standard differential. 

Correct differential is: - 

9 Let ie ak => y= elna* — ekxina 

= =k inqehe= bing e?s =a ing 

2, Cede co 10 a 2e° = 

b gee 2-2 = 2ae*—2= 2a ale==1)=1 

1a Srsim Bx 0) 2 cos(Ge< 0) OR eer 
When x = 0, y = 2, therefore (0, 2) lies on C. 

b y=-t4x+2 

1 Us i he + 162 
648 In3 648 In3 

Challenge 
Y= 34 — 2 Ina 2 

Exercise 9C 
fl og) Glaeser b 202%6=227)5° 

c 2(3+ 4x) d 7(6 + 2x)(6x + x7)° 

6 Se fee 
(Bie 26)2 2N ae 

g 128(2 + 8x)? h 18(8 — x)? i 

2 a -sinx es b —2sin(2x — 1) c 
2xV/In x 

d 5(cosx — sinx)(sin« + cos x)? 

e (6x — 2)cos(3x? — 2x + 1) 

fo COTE g —8sin 4x ees h —2e?* sin(e + 3) 

3 -1 4 y=-54x+ 81 oF elZer 

1 1 1 4y 
6 ——— > —— a 2 d pea ad Oca 1+ 3y? 

1 16 
7 40 8 ym 
9 ev = ods. a 

by = nee 
Differentiate with respect to y using part a 

dx 1 _ dy Ves ee AS Sere 
: dy ey dx 

dy = 
Since x = e’, — = — 

- dx 

10 a 4cos2(=) = (5)= a cos (Z) 4 5 2 

2 When y = A x = 2, therefore (2. Z| lies on C. 

b A =-8 sin 2y 

da T V3 a 
At 2. us 5 = = | / Q( A dy 8 sin 2(7) 8 4/3 

Creme 
“dx 4/3 

c 4/3 x-y- 8/3 +F=0 

11 a 6sin3x cos3x b 2(% + 1)e*" c —2tanx 

2 sin 2x 1 1 @) —Z Slee aes Le 
(3 + cos 2x)? te a (z) 

12 3125x - 100y - 9371 =0 13 9ln3 

Challenge 

COS VX + 3(¢ ne 
b Qesins3x+4) (3 4 in2 ep cos (3a + se Pr 



Exercise 9D 

1 a (3% +4 1)*(18x + 1) b 2085251)? 1) 
C 16x°(~ + 3)3(7x + 9) O36 — 2) (6% —1)-2 

2 a —4(a — 3)(2x - 1)4 e-2 
b 2cos 2x cos 3x — 3 sin 2x sin 3x 
c e(sinx + cos x) d 5cos5xIn(cosx) — tanx sin5x 

3 a 52 b 13 c 3 

1 343 ont 4 (2,0), (-3, 38) nae 

6 V2 fn ~ Aix + 8y — m/2(254) = 0 

7 6x(5x — 3)? + 3x?[3(5x — 3)°(5)] = 6x(5x — 3)? + 45a2(5x — 3)? 
= 3x(5x — 3)*(2(5” — 3) + 15x) = 3x(5x - 3)2(10x — 6 + 15x) 
= 3x(5x - 3)°(254¢ - 6) > n=2,A=3,B=25,C=-6 

8 a (x+3)(8x+11)e** b 85e°® 

9 a (3sinx + 2cosx) In (3x) 5 Se 

b x(7x + 4)e™-3 
1021.25 

Challenge 

a -e*sin x (sin? x — cosx sinx — 2cos?x) 

b —(4x — 3)°(4x — 1)8(256x2 — 148x + 3) 

Exercise 9E 

ra: aoe b ae ls 
(w + 1)2 (3a — 2)2 (2% 1)2 

q ——6% e lox+ ne 

(2x — 1)° (5a + 3)2 
Sy e*(sin x + 4cosx) 1 Inx 

cos2x Toca ees 1)2 

e(2a(e7— 1) Ine es — 1) 

a(In x)? 

d (e* + 3)2((e* + 3) sinx + 3e* cos x) 

cos2x 

- 2sinx Gos% {sin@% 

Inx ac(In x)2 

1 Z 
— —- (0.5, 28° 3 ve 4 a ( e*) 

6/3 - 2 = V3 a In (5) 

6 y=3e ee 

8 a (5,0) b y=-txt+y 

43(3x sin 3x + 4 cos 3x) 
9 2 (GOS? Be 

erie (7 — 2)2(2e2*) — e2*[2(x — 2)] Boe) ceo) 

(ig 2)6 (x — 2)4 

Eile — cet Jets = 2 = 1) 26a 3) 
7 (a — 2) (x — 2)3 (a - 2)3 

N13 = M6 a8) 

b y= 4e’x - 3e? 

Answers 

W 2% 6x aes 2) 6x 
a 4p = 
+5 (w+ 5)e+2) w+ Slx+2) (& + 5) +2) 

_2x@+24+3)_  axle+5) x 

(x + 5x+2) (e+ 5\x+2) (x42) 

5 = 
25 

12 a f'(%) =—2e*~2 (2 sin 2x — cos 2x) =0 

2 sin 2x — cos 2x =0 = tan 2x = 

b -1.47 <f(x) < 6.26 

Exercise 9F 
il Nav sisece3x% b 12tan?x sec?x 

i 
2 

ce sec?(x —- 1) 
142 cac2t i PM a d jx*sec? 5a + 2x tanta + sec?(x 5] 

2 a —4cosec?4x b 

c —4cosec 4x cot 4x d 

e cot3x% — 3x cosec? 3x f 

g -6cosec* 2x cot 2x 

h -—4cot(2x — 1) cosec? (2% — 1) 

3 a t(sec x)? tan x b 

c -2cosec? x cotx d 

e 3sec*?x tanx f 

4 a 2xsec3x + 3x*sec 3x tan 3x 

De b 2xsec?2x — tan 2x € 
x2 

d etsec3x(1 + 3 tan 3x) e 

fe" sec (tama sec-s) 

5 u 1 b 
cos?x sin2x 

c 24x - 9y + 12/3 - 84 =0 

ie yy 

5 sec 5x tan 5x 

6 sec? 3x tan 3x 

sec’ x (2x tan x — 1) 
x 

il -t 2 
—7(cotx) * cosec* x 

2tanx sec? x 

—3 cot? x cosec? x 

2x tan x — x2sec2x 

tan2x 

tanx — xsec?x Inx 

«tan? x 

2 

cosxxO-1x-sinx_ sinx 6 = A = = : 
¥~ cosa dx cos?x cos?x 

1 = $ecx tan x 

C ve 
tan x 1 

d 7 2 2 2 Y_tanzxO—1xsec*x_  sec*x _ COS Se coset a 
dx tan2x tan*x sin?x 

GOSS 
dx . 

8 a lLety=arccosx=> cosy=%=> F =-siny 

aye ~ 11s. 1 Fae! 
dx  siny /i=costy WT x? 

b Let y = arctan x 
Then, tan y =x 

i = sec? y 

US oe el il 
dx secty 1+ tan2y See x2 

407 



Answers 

-1 1 ees ae, 3 = 
* Scot 5y cosec 5y Save? — 1 

Exercise 9G 
2t-3 60? 4 1G 

1 a= b —=t d 2 6 eo 2 
2t 2 

30 if - h ——— 
q peel ies jal (t2 + 20e' 

i -3tan3¢ j 4tant k i ae _—— aft —=—<———_ 7a j an cosec eae 

“2 Deze ot 
tee @ 

ee ed i of) es 2 tg al b ZY 2 SEES DY 

35 Sates b y+v3x=V3 
4 (0,0) and (-2, -4) 

5 a Y=ot 

eal es ee 
Gye 2 
No solution, therefore no stationary points. 

6 y=x+7 

7 a -5 sect cosec?t b 8x+vV3y-10=0 

8 w 
6 

d 
b ies —4 cot 2t cosec 2t, Zz 4cost 

dt dt 

dy _ ~4cot2t cosec2t_ —cot2t cosec 2t 

dx 4cost cost 

dy 4 Nye ee aS 
a ky 3} 

Gradient of normal: -" 

Equation of normal: 

pees ~S(x - 213) + 9x + 12y - 34/3 =0 

Yeh (80), NO) b y=2x+41 

e @-10t+5=2(t?+0+41 
@-—10t+ 5 = 2t? + 2t+41 
0 = t? + 12t+ 36 
Discriminant = 12? - 4 x 1 x 36 =144- 144=0 

Therefore the curve and the line only intersects once. 
Therefore it does not intersect the curve again. 

10 a -2/2sint¢ bh «-V6y— 2/3 = 

© 2sintay 12 cos2t = 2y0 = 
sin t — V3cos 2t - /3 =0 
2v3sin?t + sint — 2/3 = _ 
(2sint — V3)(V3sint + 2) = 

sint= "3 (sinte + =a = toon? 

B is when eas [2sin 22, v2 cos 4) - (: v3, == 
3 3 3 [2 

Same point as A, so / only intersects C once. 

408 Full worked solutions are available in SolutionBank. ee 

lla _ 008 2t ers b eS or es 
sin t 4 

3V3 
c y=-xandy=-x-23 

Exercise 9H Me 
1 Letti See io e ou OR. dee ny 

ray te tO OU a 0) 
ai da = aged ne 
d d d dy dy 

— = X— —— 9 Uncen 1 a Age 7, aD) aU aed Lee xy ae te 

25; a -3-% 
3 -—— b -— ( 

3y? 5y oy - 4 

4 — 6xy ri 3a? - 2y f 3a? - y 

3x? + 3y? 6y — 2 + 2% 24+ 

Maye eySe | aed 
1+4(x - y)? xey — e* 4y/xy + x 

y=-fx+3 By Se = 2 

Gy (5 1) aa! (By 33) 7) Bee 2ye =O 

8 2-3ln3 9 3(4 + 3In3) 

cos x T 2 es - =) 

10 siny P & 3 age 3 

-3x 

pene Seas 
e-3% — — 2y 

dy 3+0_ 
b AtO,—= 

dx e°-0 

So the tangent is y — 0 = 3(x — 0), or y = 3x. 

Challenge 

dy dy dy x-y-3 
a OG AU Sb CU Eine eer ae ee 

d 
So H=0-y=3 

Substitute: 6x + ( — 3)? + 2x(x — 3) = 

So 2x? - 6x +9=0 

Discriminant = —36, so no real solutions to quadratic. 

Therefore no points on C s.t. ~ =, 
a 

b (0, 0) and (3, -3) 

Exercise 91 

1a (iyo) i (—0o, 1] 

3 3 ae 3 
b i ©, 0] U [2 oo ) ii 0.3] 

c i In, 2m) ii (0, z] 

d i nowhere li (—co, co) 

e i [In2, ~) ii (—c, In 2] 
f i nowhere li (0, 9) 

~ Shp 
Vip 



2 a Let y= f(x). Then x = sin y. 

Creeps SY age 1 
dy dx cos Y 1 - sin’y 

1 so f'(x) = 
7 —x? 

be ti @y= = Me = 
rs — x) 

fie) es is = x <0, so f(x) concave for x € (—1, 0) 

c f(x) >0 > x= 0, so f(x) convex for x € (0, 1) 

d (0,0) 

Sos Verlela=al G APNG? ~4 
be (ay =1) ce (0, 0) 

4 f'(x) = 2x + 4xInx = 2x(1 + 2Inx), f(x) =64+ 4Inx 

f(x) =0> 4Inx=-6>Inx=35x=0€7 
There is one point of inflection where x = e@ 

5 a (0, 2), point of inflection b (- 2. >) 
e 

6 a an i minimum b 2 — 

Cc 

7 A i negative li positive 
B i zero li positive 
C i positive ii negative 
D i zero li zero 

Siein(i= secre) sisimase cox 

i@)=0 = sina = 0 (as seex = 0) S x =0 

So there is one point of inflection at (0, tan 0) = (0, 0). 

d 
9 a == 15x(3x —4)? + Gx — 1) 

dx 

= = 30(3x - 1)4 + 180x(3x - 1)3 

y G a ais7) i 0) 

10 a Although ce 0, the sign does not change, so there 

is not a point of inflection when x = 5. 

b (5, 0); minimum 

d? 
11 oe Sxlnx + 32 2 ie Sinx+1 

d*y 2 4 Fh a ae! aegis 

Challenge 
1 A general cubic can be written as f(x) = ax’ + bx? + cx + d. 

pews £"(@) = 60x + 26.1 (x) = 34 

Lete >R, e>0: 

f{-2+2)= 6ae > 0, r{- 2 2\= — 6ae < 0 
3a 3a , 

So the sign of f"(x) changes either side of x = aq" and 
this is a point of inflection. 2 

2 a f(x) =12ax? + 6bx + 2c is quadratic, so there are at 
most two values of x at which f’(x) = 

2 

b Ava 12ax2 + 66x + 2c 
ane 

Answers 

96ac <0 © 3b? < 8ac 
d2 

So when 36? < 8ac, — = 0 has no solutions. 

Discriminant = 3662 — 

Therefore C has no points of inflection. 

Exercise 9J 
Cnn coe 83) 22d 5p eae 
6 eS ee 21 Tg ieee Me 

de moro : oe ahs 
Therefore mis xy" 
d Cue Ie 

7 Gye rate in ~ rate out = 30 --2.V + 150 = 450 2V 

Saw -15o¥ - 2V - 450 
dQ dx _k Scere @ Gee JS 

8 dt Q im x2 

10 a Circumference, C, = 2zr, so ac = 27 x 0:4 
dt 

=0.87cms"! 

Rate of increase of circumference with respect to time. 

b 87cm?s"! c 2 em 

11 - baa gi b 20.5 cm® 

2 Vea =-kvWV,Vxh>he= koV 
2 7 

dh _ dh ee h Gn _ ah As = Hs 
foie oe kaka 

Ss Ue 
Vke : 
A\2 1/A\2 wa valaf oo a _ a 4\6 

1 1 
dV dV dA wal Ae if Ae alltel 

=) =— 2== Q = WV 

dt dA dt ale 3IVs) ie 
14 V= gen = 3 tan 30°)2h = 3 

dh _ au ia 1 .dVae1 Wee se 

dt dV dt dh * Cr ea mh? 

dh_ 1 dv 
Oe ag 

Mixed exercise 9 

1 

2 

anon 

8 

a b 2xsin3x + 3x? cos 3x 

eal 
a 2 =i=sm xy (co8 x) - < (sin x) cos x 

= i sina — cose = 2 sina 

dy 
So =isinex 

dx 

b a ("3) ea) 
x cosx — sinx Boe Q = eases = 

x2 x?2+9 3 

dake. b (0,9), (6. +5) 
; 4/2 

a x>0 b (256, 32 m2 +16) 
a D\ (fac om >| [2 -1} 
(ea) (1) (Sea) a 

Maximum is when es 0) 
dx 

, 2 sine + x cOSx 
= Vsinx + x|cosx x =(0) 

1 

dx a 2vsinx 

So 2sinx + xcosx=0 = 2sinx =-xcosx => 2tanx =-x 

> Pinay 26 67 = 10) 

ant (=O Seo 2 
WD (O)= OB, oo ON) SS ZA Dioo. SO) 

So there exists p € (6, 7) such that f"(p) = 

., there is a stationary point for some x = p €(6, 7). 

409 



Answers 

10 

11 

12 

13 

14 

15 

16 

17 

19 

20 

21 

24 

26 

Ole 

28 

30 

410 

i=*) 

8 2) ee 

b f"(x) = 2e*(—2 sin 2% + 2 cos 2x) + 4e*(cos 2x + sin 2x) 

= 4e*(-sin 2% + cos 2x + cos 2x + sin 2x) 

= 8e** cos 2x 

on er a en YG 4 . : Tv 4 O20) 
—, ——] is a maximum; | —, — —_] is a minimum. a ea 
Ge") ne 

GH 2y — 8 = 0 

aou=q b y=-3"+15 3 UY ye oe Tig 
at (i= e(Zicos — sini) I) Wes 257 = Il 

2cosx —sinx=0 = tanx =2 

1 
a 2y |n a y+ cymMy 36 

ayer Gi 3 = 2 2) 

b f'(0) = -2 = gradient of normal = 5 

Equation of normal is y == 

(x3 - Qa)e*= $x = 2x3 - 4a = xe" > 2x? = er + 4 

a 1+%x+(1+2x)Inx 0 

bP ee 2a) Ine = OS = ee 

dy 4 
— = -— b y=2x-8 
dx we at 

3y + % = 33 18 y + 

d 
a GF — _2sint + 2cos2t; — = -sint - 4 cos 2¢ 

b 5 c y + 2x = 242 

dy dx_»5 Wy _ 3-4 —=3?-4,—=2,— = a at di dx 2 
dy 1 

t=-1,—=-=,x=1,y=3 At ae 5 G2 yg 

Equation of lis 2y + x = 7. 
be2 

dV dM dP 
—=-kV 22 ——=-kM 23 —=kP- 
dt dt dt c 
dr_k dé 
== 25 —=-k(6- 06 
ae ag, dt Oe) 

a Z b -* cosect 

d 
c qo 7 3 > gradient of normal = 8 

y-3= Ble ~ 2) > 6y - 16x + 23 = 0) 

123 i 
64 

a -ysect b 4y+4x=5a 

c Tangent crosses the x-axis at x = 2a, and crosses 

the y-axis at y = 2a. 

11S es 25 S A B=5(2 ‘= a2, k= 0 area AO 5 a 30% jee 39 

y+x=16 29 4 

Yo 
; 4 

2e%— x 31 (1, 1) and (-V-3, V-3). 

32 a 

33 

34 

35 

36 

37 

39 

Eiger pee 
1+a-2y Pee 

Ee eS hs oe 2v13 4 - — 
aa 3 

dy dy dy -7x - 24y 
PPAF oy eae [26575 

R Si Ca 

> eh, Ser gi naa 
=> -77x - 264y = 48x - 14y = x + 2y =0 

d 
Iny=aing > tx = 28 tna) +“ a@ne=1+Ine 

d 
So eos y(1 + Inx) = x*7(1 + Inx) 

dx 

A ling? Sling? = gling =/elin® = ki =s (6 = ling, 

dy . 
b = alin2)x == line (In2jx — 2x ]n 2 y=e Sy: e 

dy 
c = Pliage = Ain = lin 2? = hase 

dx 

InP - InP, 
a TT Oo b 8.04 years ConOn72iRe 

d’y 
PEE = -—cosec?x. cosec?x > O for all x, 
iG : 

de 

hence —cosec?x < 0, so ae < O for all x. 
bis 

Thus C is concave for all values of x. 

dee On = ero lee bi —9:/6e.0 =" 
The mass is decreasing 

f(x) = 2 sin ate COs 2x 

1G) =O 2 sina cos2. — 0 tania —Ol5 

A(1.34, —0.234), B(2.91, 0.0487) 

b Maximum (6.91, 2.19); minimum (5.34, 1.06) to 3 s-f. 

c O0<x <0.322,1.89 <x <7 (decimals to 3 s.f.) 

(cr) 

Challenge 

4 2608 a 

5 Si ae sin (« + vy 

is 

Full worked solutions are available in SolutionBank. 

(2): (-955 -2). (5:2) (BP) 
Cuts the x-axis at: 

(4.83, 0) gradient —3.09; (-1.29, 0) gradient 0.828 

(—4.83, 0) gradient 3.09; (1.29, 0) gradient —0.828 

Cuts the y—axis twice at (0, 1) gradients 0.693 and -0.693 
(—5, -1) and (5, —1) 



CHAPTER 10 

Prior knowledge 10 
Ia 3125 b 11.24 

2a ee oe By a le b fG@)s—2__ 7e= 
x4 ere? 

3 

Pee 

c f'(x) =x? cosx + 2x sinx + 4 sinx 
3 u, =). Uy = AO, We, = BO) 

Exercise 10A 
1 a f(-2)=-1 <0, f(-1) = 5 > 0. Sign change implies 

root. 
b f@)==2.732 <0) f(4)=4> 0. Sign change implies 

root. 

c f(-0.5) = -0.125 < 0, f(-0.2) = 2.992 > 0. 
Sign change implies root. 

d f(1.65) = -0.294 < 0, {1.75) = 0.195 > 0. 
Sign change implies root. 

2 a f(1.8) = 0.408 > 0, f(1.9) = -0.249. Sign change 
implies root. 

b £(1.8635) = 0.00138... > 0, f(1.8645) = -0.00531... 
< 0. Sign change implies root. 

3 a h(1.4)=-0.0512... < 0, h(1.5) = 0.0739.... > 0. 
Sign change implies root. 

b h(1.4405) = -0.00055... < 0, h(1.4415) = 0.00069... 
> 0. Sign change implies root. 

4 a {(2.2) = 0.020 > 0, f(2.3) = -0.087. Sign change 
implies root. 

b f(2.2185) = 0.00064... > 0, f(2.2195) = -0.00041... 
< 0. There is a sign change in the interval 
2.2185 <x < 2.2195, so a = 2.219 correct to 
3 decimal places. 

5) Gy LS) = W610)... S OHM) = SD... S10. 
Sign change implies root. 

b There is an asymptote in the graph of y = f(x) at 

B= 5 = 1.57. So there is not a root in this interval. 

> 
x 

Alternatively: 3 2A) — . ==2 > 4= -} 

WH & OA) = O22 7), HOS) = OJAI... 
b There are either no roots or an even numbers of 

roots in the interval 0.2 <x < 0.8. 

ce (0.3) = 0.01238... > 0, f(0.4) = —0.1114... < 0, £(0.5) 
= =): 2026... €O, 10.6) = 0, WOM) = O:2710... = O 

d There exists at least one root in the interval 

O28 <7 <0.3), 0.3 <q O gimel Os a7 (One 

Additionally x = 0.6 is a root. Therefore there are at 
least four roots in the interval 0.2 < x < 0.8. 

UE Aka 

O x 

b One point of intersection, so one root. 
c £(0.7) = 0.0065... > 0, f(0.71) = -0.0124... <0. 

Sign change implies root. 

Answers 

b 2 

p= Nha 

ce f(~)=Inw — e* + 4. (1.4) = 0.2812... <0, 

f(1.5) = -0.0762... < 0. Sign change implies root. 
10 a h'(x) = 2cos2x + 4e*. h’(-0.9) = -0.3451... < 0. 

h’(-0.8) = 0.1046... > 0. Sign change implies 
slope changes from decreasing to increasing over 
interval, which implies turning point. 

b h’(-0.8235) = -0.003839.... < 0, 
h'(-0.8225) = 0.00074... > 0. Sign change implies a 
lies in the range -0.8235 < a < -0.8225, 
so a = -0.823 correct to 3 decimal places. 

lia 

b 1 point of intersection > 1 root | 
ce f= =15 f(2))= 0.414... d p=3,q=4 e 4 

12 a f(-0.9) = 1.5561 > 0, f(-0.8) = -0.7904 < 0. 
There is a change of sign in the interval [—0.9, —0.8], 
so there is at least one root in this interval. 

b (1.74, -45.37) to 2 d.p. © @=3,0= 9 ame G=6 

(1.74, —45.37) 

Exercise 10B 

i x x2 +2 th Be ON tm Ose ON Aare ere 

Tie Oe) ey On 

iii x? -61+2=024%-6+2=051=6-2 

In) 1 spe Opesyt ii « = 5.646 lii x = 5.646 

© W230 = 7 
4 Ho W woes Sa Oeas ae = ie oS pe Wie = 3 

x? -3 
i g2 = He = SaQesie=3=2 be = v= 

I) i 59 (G@ clio.) ii -0.5 (1 d.p.) 
a ay ae Guess = OSs Soe = 1 Ss ae Ge 

c The graph shows there are two roots of f(x) = 0 

bd y 
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Answers 

O 10 x 

x-2 a x 
Le 4 

4 a “e2—-—24+2=0 > ee = 

Sp lin 
i oe 

x, =-1.10, x, =-1.04, x3 = -1.07 

Beat ee a ort = 2 ee 

ii x34+5x2-2=052%45-2-052=-4-5 
XG BY 

So} 

hee = DE ere pe ees 

_ |2-43 eae = 

b x= -4.917 CG PSO. bIe 
d_ It is not possible to take the square root of a 

negative number over R. 

6 a x4 — 323-6 =0 4 dxt-x?-2=0 

Set ees x= ant -2> p=, = 2 

b «,= -1.260, x,=-1.051, x; =—1.168 
ce f(-1.1315) = -0.014... < 0, f(-1.1325) = 0.0024... > 0 

There is a sign change in this interval, which 
implies a = -1.132 correct to 3 decimal places. 

2-%x 
7 a 3cos(x2)+x-2=05 cos(x?) 

Vs 
220% = 

= x? = arccos| la 
2-x 

arccos | 3 

I) 8, = NOS), Shas 2G, Sey S ZY) 

Cote 9/75) = OL000 423 0} 
(1.12985) = -0.0001256... < 0. There is a sign 
change in this interval, which implies a = 1.1298 
correct to 4 decimal places. 

8 a f(0.8) =0.484..., (0.9) =-1.025.... There is a 
change of sign in the interval, so there must exist 
a root in the interval, since f is continuous over the 
interval. 

p See ey a0 = Bra — Oe ee 
sinx sin x 

COs x 3 
=e es 

2 sing 8 

C %, =0.8142, x, = 0.8470, x3 = 0.8169 
d_ (0.8305) = 0.0105... > 0, f(0.8315) = -0.0047... < 0. 

There is a change of sign in the interval, so there 
must exist a root in the interval. 

D 8 OPE i= Na GS 15. = 2 
=>x-1=In(15 - 2x) 

=> x= In(15 — 2x) + 1 where x < 

1) Ae = Bel, Gey = Ball, are Seiko: 
c (3.155) = -0.062... < 0, f(3.165) = 0.044... > 0. 

There is a sign change in this interval, which 
implies a = 3.16 correct to 2 decimal places. 

10 a A(O, 0) and Bin 4, 0) 
b f'(%)=xer?+e*-4=e%(x4+1)-4 

15 
2 

412 Full worked solutions are available in SolutionBank. ee 

c f'(0.7) =-—0.5766... < 0, (0.8) = 0.0059%.0) 
There is a sign change in this interval, which 
implies f’(x) = 0 in this range. f'(x) = 0 at a turning 
point. 4 4 

d ev + 1)-4=05e%=—4_ > x= In| 
x+1 ~+1 

O16) = WEG, f= ODI, y= O90, se = O08: 

Exercise 10C 
1 a f(1)'=~-2, f(2) = 3. There is a sign change in the 

interval 1 <a < 2, so there is a root in this interval. 

Dien 1632 

4 
Bt) Seer at =a 6 b -0.326 

eu 
a It’s a turning point, so f’(x) = 0, and you cannot 

divide by zero in the Newton—Raphson formula. 
b 1.247 

4 a f(1.4) = -0.020...; f1.5) = 0.12817... As there is a 
change of sign in the interval, there must be a root 
a in this interval. 

b x, =1.413 
ce f(1.4125) =-0.00076..., 1.4135) = 0.0008112.... 

5 a f(1.3) =-0.085..., {1.4) = 0.429... As there is a 

change of sign in the interval, there must be a root 
a in this interval. 

f(a) = 2x + © © 1.316 
6 a f(0.6) = 0.0032... > 0, f(0.7) = -0.0843... < 0. 

Sign change implies root in the interval. 
{(2)= 0; 057825. < OURS) = 020284 0: 
Sign change implies root in the interval. 
f(2.4) = 0.0906... > 0, f(2.5) = -0.2595... < 0. 
Sign change implies root in the interval. 

b It’s a turning point, so f’(«) = 0, and you cannot 
divide by zero in the Newton—Raphson formula. 
2.430 

C & (84) = 026454 5— ONGC) =] HONS 78 ees = 0: 
Sign change implies root in the interval. 

b PGS oe © 3.442 
on -4 

lr) 

Challenge 
a From the graph, f(x) > 0 for all values of x > 0. Note 

also that xe * > 0 when x > 0. So the same must be true 

il 
Oe 

ey 1 
fie) =e (1 = 271] 0 = 7 = — 

V2 
1 

SO (Ga Otiore geass 
V2 

Ae pad ny ule) is an increasing sequence as n+l n f'(x) 23 q 

f(x) > 0 and f'(x) < 0, for x > a Therefore the 

Newton—-Raphson method will fail to converge. 
b -0.209 

Exercise 10D 

1. a ees 0.1 sin Z, if F is a root then f(Z) = 0 

E-O1smB-k=05E-0.1 sinE=k > F=k 

DOD See 
c (0.5775) = -0.00069...< 0, f(0.5785) = 0.00022 > 0. 

Change of sign implies root in interval [0.5775, 
0.5785], so root is 0.578 to 3 d.p. 

2 a A(O,0) and B(19, 0) 

rp = 20 (ast 1) 3) 
t+1 > (iad Vy 

WR 



= 

1 10 In(5.8 + 1) i) f'(5.8) = -( 3 (5.8) are 5 +5 OWT. > O 

/ 10 Ini(S29)== 1) t) 
f'(5.9) = ( ay (5.9) 5904] 9 + 5 0.0164... <0 

The sign change implies that the speed changes 
from increasing to decreasing, so the greatest speed 
of the skier lies between 5.8 and 5.9. 

! 10 In(f@é+1) 1 

Ao) a) 2 +$)=0 
In(@e+1)+1° "10 

2 Stat 

(¢ + 1)(In(¢ + 1) + 1) = 20 

Ate: 20 

In(@é+1)+1 

20 

eccne: o 
ty = 6.164, t. = 5.736, ts = 5.879 

d(z) =0= x2 - 3x =0 
“(4 —3)=0S%=0,4=3 

The river bed is 3m wide so the function is only 
valid for 0 <x <3. 

a(n) = 2en0 Cx Sx2e Oe — 3e-06r + 2x00 

ff 3 Toe d'(x) = e-0.62{_ 2x2 ina (x) =e oo 

d'(a) = - ae S32? — 19x + 15) 

50 @=3,0=-19 ande@=15 

=7e 088+ 0 so d’'@) +0 = 3x?— 19x + 15 =0 
th Byes des iI ies (OSs Bie Gp 

19% -15 19x -15 
oe = = oF 3 G | 3 

fi 3%2-19%+15=0= 3x%24+15= 19% 

Ba 15 

vo > LE 
rit) 3¥e2 — Wipe 1b) = OSs Sp = Gye — ills) 

19s. al 

ag oy 

Part i and iii tend to 5.408... which is outside the 
required range. Part ii tends to x = 0.924. 

h(t) = 0 
40 sin laa ~ 9 cos Fal -0.5249=0 

40 sin lag 9 cos eval +9=0.5¢2 

80 sin (+5) ~ 18 cos al ise 

= oa i a piled > t= /18 + 80sin(-5) 18 cos (+5 ] 

i S 028, ig = 1 OO, ty = 1 SOZ, hy = 1 3TO 

t c t ‘= — ’ —|-t h'(t) 4.cos (+5) + 0.9 sin (5) 

7.874 (3 d.p.) 

Restrict the range of validity toO =t<A 

iN Race x) 1 c’(x) = —5e + 2cos(5) +5 

F an & is 
i —5e +2c0s(5| +5 0 

Answers 

= C0s a = Je = ; = xX = 2arccos [Be = "A 

4 cal er) 
fi —5e*+2cos (5) 4 5 20.3 ef = aa ij 

10 ay es 10 

4 cos 5) +1 F COS (5) + 

Ho = 3.393, %o = 3.475, x3 = 3.489, x, = 3.491 

Cp O79 Ona — Oia Saea Onna 2eae— Onroad 

e The model does support the assumption that the 
crime rate was increasing. The model shows that 
there is a minimum point i of the way through 
2000 and a maximum point mid-way through 
2003. So, the crime rate is increasing in the interval 
between October 2000 and June 2003. 

ser = 

(or) 

Mixed exercise 10 
1 a *#°-6%-2=0=23=6x+2 

sa%=6+254=2/6+2,0=6,6=2 

b #,=2.6458,x%5 = 2.5992,%3 = 2.6018, %, = 2.6017 

c f(2.6015) = (2.6015) 3 — 6(2.6015) — 2 =- 0.0025... < 0 
f(2.6025) = (2.6025)3 - 6(2.6025) —- 2 = 0.0117 >0 
There is a sign change in the interval 
2.6015 < x < 2.6025, so this implies there is a root 

in the interval. 
f(3.9) = 13, f(4.1) = -7 

b There is an asymptote at « = 4 which causes the 
change of sign, not a root. 

“| 
‘ 
| 
| 
! 
| 
| 
| 
! 

4 

b 2 roots — 1 positive and 1 negative 
c w+e%*-4=052°=4-e% Sx =4(4-e%)% 
d x, =-1.9659, x, = -1.9647, «3 = -1.9646, 

x4 =-1.9646 
e You would need to take the square root of a 

negative number. 
g(1) = -10 < 0, g(2) = 16 > O. The sign change 
implies there is a root in this interval. 

b ga) =0= x° —5%-—6=0 . 

= =54+6=> x%=(bx + 6)e 
V= oO) 047 0) 

Cael Ol > dene R697 le le OOS 
d g(1.7075) = -0.0229... < 0, g(1.7085) = 0.0146...> 0. 

The sign change implies there is a root in this interval. 
AGO) = 0) So a = Sha = Hy a 
SS dt BYeGD ies HS aves O) 

413 



Answers 

11 

12 

a 

= (0) ee in) = Fee) = 42 = = 11 Ans = 229) 

p=-1.25 ; 
d x, =—2.6302, x, = =—2.6393, %, =—2.6421, 

root = -2.64 (2 d.p.) 

1 dy In pee aly ane 

1 dy dy ‘ 
i de hati y(inx + 1) = x*(1 + Inx) 

b £4) =-0.3983.. Oph) =O ie 0) 
Sign change implies root in the interval. 

G4, = 15631 (4idep:) 
d f(1.55955) = -0.00017... < 0, 

f(1.55965) = 0.00011... > 0. Sign change implies 
root in the interval. 

a (1.3) =-0.18148..., (1.4) =0.07556..... There is a 
sign change in the interval [1.3, 1.4], so there is a 
root in this interval. 

(1) (In x) + («)(4) 

b (0.817, -1.401) 
C 4%, = 0.3424, x» = 0.3497, x3 = 0.3488, x, = 0.3489 
di x7 = 1708 
e f(1.7075) = 0.000435...., {(1.7085) = —0.002151.... 

There is a sign change in the interval [1.7075, 
1.7085], so there is a root in this interval. 

Challenge 
fC ole i — ee 

6 a f(1.1) =-0.0648... < 0, f(1.15) = 0.0989... > 0. Ceiba Rae 4 1 

The sign change implies there is a root in this $e See : pa ee 

interval. as a Ae fe : : 7 10 Ree eres ape ge) ee Sure SER 7 = * h 
b 5x es sean acne a i 1S sSae PaO ed ee Ba pe 

=X=7sinx+e>P=5,9=% > : ; 3 

Cee 118 1119 = 1-120 | as ae meee e Toh 
@ 2 bez => xr(15"3 + 3)=7 > x =——_—_ yoxr+3 x( +3)=7>x {5x243 

rh Gye te Vp 7 ees Nae eS 7 = Sis 

Qe ee _ 4/7 — 3% 
a eo >x= 15 

“ b_ Using formula iii, root = 0.750 (3 d.p.) 
c Formula iii gives the positive fourth root, so cannot be 

used to find a negative root. 
d -0.897 (3 d.p.) 

c din+330=0+3-Hletftx)=0+3-4 CHAPTER 11 

{(0.30) = -0.0333...< ONO aO084i1k. 0) Prior knowledge 11 

pe change implies root. 1 a 1201-78 Re nabs cent ys ze! 

do ==4 43 le oe Oe 3x al 5 
3 2 a y= 1643 _ 1242 b BOs, 

e 0.303 3 3 
8 a g(x) = 3422-14142 b 6.606 SESE Mae g Fe Se 

GC (x - 1)? -6" -4) 3 22-64 -4=05%=34713 4x-1 x+3 
d 0.007% A 

9 a £(0.4) =-0.0285... <0, f(0.5) = 0.2789... > 0. Exercise 11A 
Sign change implies root. 1 a 3tanx + 5In|x| - 2 +C b 5e*+4cosx + a +C 

b 0.410 en 2 
ce f(-1.1905) = 0.0069... > 0, ¢ -Z2cosx—2sinx+x?+¢ d 3secx—2in|x|+c¢ 

f(-1.1895) = -0.0044... < 0. e 5e'+ 4sinx +240 f 1in |x| - 2cotx + ¢ 
Sign change implies root. c < 

10 a e0se- 21. 9 iG epee 0 g inp ee h e*-—cosx+sinx+c 
3 - 2x ’ 2 

= (3 — 2x)e8 = 1 = 3 - 2x = e-0-8 1 —2cosecx — tanx +¢ j  e*+In|x|+cotx+c¢ 

= 360 = 24 54 = iis 006 2 ee eee x 
b 232827 ., & 132658) see 698, | Foci Pe ee sakes pe 

root = 1.327 (3 d.p.) € —COt°x — cosecx — eT In |x| + ¢ 

¢ ole eee: el ae gee d —cotx + In|x| +e e -—cosx+secx +c 
3 - 2x 3 - 2x fa ==} sinx — cosecx +¢ g -cotx+tanxic 

GiG ' Full worked solutions are available in SolutionBank. ee 



h tanx+cotx+c i tanx+et+c 
J tall seen + sina + ¢ 

3 a 2e7- 23 b 3 c -5 d 2-2 
4 a=2 a = 7 ® O=7 
7 a x=4 b tx? -4In|[x|+¢ 

c j-4in4 

Exercise 11B 

1 a -tcos(2x+1) +e b de +c 
c 4e*5 +¢ d -tsin(1 - 2x) +¢ 

e -fcot3x+¢ f tsec4x +c 

g —6cos(5«+1)+ h -tan(2-x)+c 
i TO ea j }(sin 3x + cos 3x) +.¢ 

2 a ze + tc0s(2x - 1) +e b 5e%+2e+ x40 

c stan 2x + tsec 2x +¢ 

d 6 cot (5x) + 4 cosec ($x) +¢ 

e -e?*+cos(3 —x)-sin(3-x)+¢ 

1 1 3 a 5lin|jax+i1)+ce eee 

2 3 

c Gre ee d in|4x- 1] +c 

—31n/1 — 4 ae e 7 in| x| +c "Gearing 

(Gx 2) 3 Nexen CUE ae 
pre cis  <.° AQ — 2a ° 

4 a -3cos(2x + 1) + 2Injax41j+c 

fear (1 - x)° 
b 5 5 ore 

c 1 cot2x+1In|1 + 2x|-—! —+¢ 
2 2 2(1 + 2x) 

(Sze DP 1 

Ee to 33a 42) 
7 2v3 5 

a, ‘i b q (6 on d 53 

6 b=6 7 k= 24 8 kat 

Challenge 
C= 450'=—3 0nd = 8, 0'= —6 

Exercise 11C 
1 a -cotx-x+c b $a + fsin 2x +c 

c -icos4x +c d 3x -2cosx-tsin2x +c 

e ttan3x-x+¢ f —2cotx —x« + 2cosecx +c 

g x-FZC0s2x+¢ h ix-Asin4x +c 

i —2icot2x14¢ j ¢x+4sin4x -sin2x+c 

2a tanv—secx + ¢ b -cotx —cosecx +c 

ec 2x-tanx+c d -cotx-x+c 

e —2cotx-—x- 2cosecx+c 

f -cotx—4x+tanx+c g x +4008 2x +¢ 

h -3x +}sin 2x + tanx +c i -jcosec 2x +¢ 

ee omen 3 [sin ip Che = iP (5 5 608 2x) de 

us 

il hes I: we. tl 247 
= |-x - — 2% =—+-—= 

5 gt ee ae 

ror a p Nees é 2/2 4 LS 

Answers 

5 a sin(3x + 2x) =sin 3x cos 2x + cos 3xsin 2x 

sin (3x — 2x) = sin 3x cos 2x — cos 3x sin 2x 

Adding gives sin 5x + sin = 2 sin 3x cos 2x 

b So Jsin3x cos 2x dx = [3(sin 5x + sinx) dx 

= 7(-¢ 00s 5x - cosx) + c=—1cos5x-—toosx +c 

6 a 5sin?x +7cos?x =5 + 2cos?x = 6 + (2cos?x — 1) 
=cos2x +6 

b $(1 + 3n) 
1+ cos2@a\* owe 7 44 — 2 =) aie | Se ay a cos*x = (cos? x) 5 i AL = cos 2x 

+ [00s? 2x = 1+ +5 cos 2x + 2(2* cos 4) 

= 5 +5 cos2x + 1 cos4x 

b gy Sinde + Fsin2u + 3x40 

Exercise 11D 

1 a $in|x?+4)+c b jIn|e* + 1|+c 

c -ta? +4)? +0 d —t(er + A+ e¢ 

e $In|3 + sin 2x| +c f +(3 + cos 2x)? + ¢ 

g se" +c h +(1 +sin2x)> +c 

i qtam?x +c j tanx + ftan?x +c 

Zara p(x? + 244+ 3h + b -}cot? 2x +c 

ce 4sin®3x+c d e™+4¢ 

e tIn|e + 3] +c f 12+ ite 

g s(x?+a4 5)? +0 h 22+a"45)? +e 

i -F(cos 2x +3)? +¢ j -{In|cos 2x + 3) +c 

3 a 468 b 2In3 ce sn(%) d dHet-1) 
4 k=2 5 @=2 

2 

a Inlsinal +c 1 
b fianxdx =-Inicosxi + ¢= In|] +c 

= In|secxil +c 

Exercise 11E 

1 oa 21 +2)? -2(1 +2)? +C b ne ee 

a3 

c Sa OOSE HE d In al ee 

e (1 + tanx)? -2(1 + tanx)? + G 

f tana + Ftan?x +c 

506 392 14 16 11,9 
2, a 15° bis Cc > d 2 - 2/3 e gin, 

i 6 3 

See) sree) EE any b 2(1+a)'-2/1+x+0 
28 8 

ve7+4-—2 
Ch tae so EG 

ve7 +442 

4a b 2+ 2Ing Cra 2 Ne 
592 
Se 

In4 e4e v2 aaa 

6 i dx = f d 
n3-e* — 

= [ew + 12u3 + 24u+ #8) 4 u 

v2 

= ee" + 3u* + 12u2 + 16 Inu} 
di 

415 



Answers 

vs a 16In 2} - [2+ 16In1] 

2 24 16Inv2 = 4 8in2 

O10, Di 3 C8 aw? 

k= oso 2 = —sin@ 
dé 

[= Shee 7) sin 6)d 
Si 

= [1d¢=0'+ ¢=arccosx + ¢ 

a ad ay 
8 J’ sin? x cos2x Cle = [Pwe-1u? du = Pru — u?) du 

0 Wk i 1 

Pam 
= 1 etl 3 = 

Ee 2) e480 
9 2n + 3V3 

96 

Challenge 

dx 
£— Sin, —scosu— de — 3 cosudu 

u 

(3 sin wu)? + (3 cosu)? =9 

pyc 

= 7° + (8'cosu)? = 9 => cosu= a 

a 1 3 cosu)du 
x¢°V9 = x? 9sin2u cos u 

a it 5 ORs _ __cosu 
= 5 [cose udu pou re Sone 

9 — x? 

7 B = Bere 

am i ome 

Exercise 11F 
1 a -xcosx+sinx+c b xe*-e*+c 

c xtanx-In|secx|+c d xsecx -In|secx + tanx|+c 
e -—xcotx + In|sinx| +c 

2 2 

2 a 3xlnx-3x+C bee nec 
2 4 

c pine 7 aN se, d x(nx)? — 2xInx+2x4+6¢ 
267 Axe 

e Ling-L+xinx-x4+0 

3 a -e*x?- 2xe*- 2e*%+C 

b «*sina + 2xcosx —2sinx +c 

. 5 _ #8 + 2x)’ B+ 2x)? 
Ce (Get 2x) 7 + T12 

d -x? cos 2x + xsin 2x +5cos 2x +¢ 

e x’sec?x — 2xtanx + 2In|secx| +c 

4 a 2in2-2 b 1 Cae 

d 4(1 -In2) e 9,8 f 2/20 + 8V2 -16 
g (1 -In2) 

5 a 7p (4x sin 4a + cos 4x) + ¢ 

b (C1 - 8x*)cos 4x + 4x sin 4x)) + ¢ 

6 a -3(8 - x) +¢ 

du dv 2 3 
I) w= —— = —=(8 — x)? = a ay re 8-x=>0 3 ia) 

Ge 2)| =(8 x) [-2 21g — x)hdx 

=-2@-2 Sales E/(8 - x)e dx 

416 

= - 20x - 28 — x)? - H8 - x) +6 4 
15 
: z Sx 2\(8 — x)? - =(8 - 28 bate 

ee ae 

=18-0)(- 2-4) +c--28- vies 2) +6 

a qlan3x +e b pe tan 3x ~ ¢In|sec 3zl + ¢ 
3 

y 23 = |5et 3 — yin bec3 c J: sec eG gt an 9 e 

e (jou 81 von 1 

(3 4 in2) (35 - tin) 
5/30 1 il 1 fey es oe 16% | 92s <0 aoe 
530% 1 5/3 1 : ene dare 
162) DAS fe 1 OD eS 

Exercise 11G 

1 a In|(x + 1)? + 2)| +e b In|(-2)v2x+1|+c¢ 
3 

fn +C 
x-1 

d inf&*4l +e 
G 

2 

a x+Inj@+1)*v2x-1|+c b pee 
x2 

==] 2 
=< ie 

2 

c x+infe=4| +c d -«+infSt2" 4 
eee 1- 

A AS 2lheaP b ine *t c In2,sok=2 
Se iene Oe 9 

2 1 il 1 10 G9) = b 24+m12 
oa) 34 2r 22r C= EP pes 

aA B= 2uC =? b a=4,b=-3,c=3 
ae 1 e Bie tea 

Sa) x2 x+2 beqais  O Ss 

3 3 
iG) = 2 =— a f(x) Tes Tere SOIA= 2) B=—s and Gs 

Exercise 11H 

1 

Full worked solutions are available in SolutionBank. 

a 2\In2 b In(2+V3) cin? 1 

d 2-1 e § 
a In® b In3-4 (il 

d nee e 4-2) 
In4 4 2e?-2e+In2 

a _ A(O, 0), B(x, 0) and C(2z, 0) 
w 2n 

b Area = |[ x sinxdx =| x sinxdx 
0 T 

=[-xcosx + sina], -[- x cosx + sin x)?" 

=n7+3n=47 

a 303 In ax — tx3 + ¢ b 2(4In 2 - 1) 

a A(- 4,0), 2(Z, 0), (22, 0} and D(0, 3) 

b 2sinx+1l)z2+¢ © a=32 



j= 
00|\o 

3% = x2 g(x) = 

45 5 
are 2cosx + 4) dx — is 

at 

—4,c=3 (ora=4,b=4,c=-3) 
on 

(cr) ZS ar (2cosx + 2)dx 

=f (-4 cosx + 2) dx = |- “Asin 2a]? 

= (2/3 +102) _ (a5 4 2A) aa 8x (av3+70 a3 +t) = 43 +8 

RoR = 43 +S.4v3 - 42 3/3 + 20:3 

10 y=sind:Area = fe sin 0 d@ = [-2 cos 6], = (2) - (-2) = 4 

mls 

y = sin 20:Area = [74sin20a0 = [- 200820) 

= (2) - (-2) = 

11a ris i 
bei) iH PS iQ iii (2 

Cheha we la2= fo 

S72 = 1) /2)0— 22 442) 2-2 
va we 10 12 Area = [y 2 de =f" 2(302) dt = 3 (9) = 229 

= 3(28)(21) = 4 V2 
2 13 3 

14 a x+y=16 b 58.9 

Challenge 

Area of region R = —o 

Exercise 111 
1 a 1.1260, 1.4142 Deel 352 li 1.341 

2B 2 (A071, Oso! b 0.758 

c The shape of the graph is concave, so the trapezium 
lines will underestimate the area. 
0.8 Cleoeciayo 

b 1.04 
1, 1.4581 b i 2.549 ii 2.402 
Increasing the number of values decreases the 
interval. This leads to the approximation more 
closely following the curve. 

d fxInxdx- f2lnxdx+ f1dx 
3 -[be- 

ie 27) _(41) . 
=| ce care ha 

b 1.337 cp=18,q=4 

2x] Ina = an + 3% 
1 

SIn3+4 

1.0607 d 11.4% 

e 2.5% 

A MN S, DOA, Moskos)! De 23225 

Answers 

© t=v2u 1 =i. 

== s ((250 42 1)? dt = dx > tdt=dx 

(2x + 1) 

3 V7 

i e2r+l)qy =| rode a=i1. bey? ba 

d 23.20 

Exercise 11) 
1 

13 

14 

15 

a y=Ae™*-1 

-1 

b y=ksecx 

© ¥"tanx-a+e eg NEG 
en cose% : 

a4 3 b sin2y+2y=4tanx - 4 

c tany =fsin2x+x+1 dy =arccos(e-) 

a y = Axe* b y =- e3xe? = — xe) 

= a Jy — oie — Paras 7] oe 5 In|2 + e4 xe et+¢ 

fe 3 7 _ 31+ 47) +1 

1-x 31 ee) =1 
2 = 

= nfs? 4 g) tany=x+5sindx +2=* 

In|y| = - x cosx + sinx -1 
2 

a 3x44 In|z|+c¢ b y= (Sx + 2In jx] +2) 

5 il 
e 3x—-8 4-2 

b Inyyj=2In/3x - 8] +Inlx - 2l+¢ 

© y= lx = 2)(3x — 8) 
a y=x?-4x+¢ 

b Graphs of the form y = x? — 4x + c, where ¢ is any 
real number 

aleve 
ae en we 

b Graphs of the form y = +c, where c is any 
1 

real number ute 
re 

c DA e gs 

dy i a de yp 7 Lye = f- ede 

=ty=-tbsy+xr=c 
b Circles with centre (0, 0) and radius ve 

any positive real number. 
© g-+4-=49 

, where c is 

Exercise 11K 

1 a y= 200e" b 1 year 
c The population could not increase in size in this 

way forever due to limitations such as available 
food or space. 

a M=-* : b 5 c M approaches 1 
e 

Hy, Cain ey ara: 

=O; =i ¢=5= t= 20, ne 2sk=2 

ye=tt+isax= y(Be+ 1) 

b x =3,t=74.3 days. So it takes 54.3 days to 
increase from 2cm to 3cm. 

a The difference in temperature is 7 — 25. The tea is 
cooling, so there should be a negative sign. k has to 
be positive or the tea would be warming. 

b 46.2°C 
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Answers 

= 2 2 = neo 5 a fAtd4=5ft- Care le C 10 

2a le 208 
> i eee Aue ea 

2088 
A= 

< rece 
2 

b Ast—~,A (2) -> from below 

6 a Ve 6000h + SY = 6000, ce = 12000 - 500A, 

adh av. dv ‘il 
= : = 12000 — 500h 

dt dt dh 6000. 

60 2” — 120 - 5h 
dt 

9 yy Rede (2) 
7 

eGemih reaa 7s 10000 ES 10000 

P 10000 — P 

b Oa H000N = land 622 

{| st Byo Oe 
c¢ 10000 deer 

dV ‘il dV 
8 = 40 V 4 = V— 160 

dt i GF 
b V= 160 + 4840e-", a = 160 and b = 4840 

c V— 160 

dR 1 Oy LE 98 [Rar=-k dt a ae i 
Sn he = Orrin’ 

R = Ae- 3 Ry = Ae® > A=R, > R= Rye 
eat al 

k= 730 

c 0.1Ry = Ryewnel* 

5 a es il In(0.1) = ag a(S erea7 019035 

Mixed exercise 11 

il] A L(2x - 3)8+¢ b qy(4x - D2 + H(4x - e+e 

c sin? x + ¢ d Einx ta? +0 

e -iIn|cos 221 + ¢ f -tIn|3 - 4x1 +c 

2 a —2e08 b ir-Jln2 ce 2-2In4 

1B =A 1 (23 (3 

ee eat Bis 
if il (Wall 

3 a J nxde = (na(- 4) - f[- $)(z) ex 

Inx 1 Inx 
=== + fog dx = +C 

il Ing? 1) ‘titel 2 
J Ina da | % 4] =( e +) -(0 Veal e 

1 A B il 2 b = SAas== Rae 
Grete) te 3 

p 

[_—— Xx ft (@e45 I 2ee = 11) 

(22-1) ling +1)+ cae s a 
=(}m (all G n(5)] 

2(2p — = -tn(— D\ wet 4p - 2 

p+i 3 pti 

sm x+1 

418 

3 

iS S| oo 1) Oe = 5/4 

] 1 
p 

10 

11 

12 

13 

14 

15 

16 

se sts > B 

SS 

as 2 & 

18 a 

Full worked solutions are available in eolutonBadk. 

gat = 2 5 

2, -2Wz+1+e b + 

— 3x Cos 8x + asin 8x + ¢ 

1x? sin 8x + x cos 8x — 55; sin 8x + ¢ 

AS B22, C=r 1 
1)n |x| + 2In|x - 1+ 

vi “= 
16 

1 
9 1 1 9 

fj x) dee = [5 Ima] + 2 Inf - 1] + | 
4 2 oe 

wes TN Le 5) - (Jing + 2n8 +3) [Find +2in3+5 

= (In3 +In64 +2) -(In2+In9 +3} 
5x68) - > = In (22) 5 

=in[¥, 9 24 3 24 
a= 4,y = 20 
d’y 3 1 96 
Gens oe 

d2 

when x = 4, ae =42, 05 minimum 
dx? 8 

8 4 48In4; p=%2,q= 48,r=4 
; 3 1 4 Dy = a8 ae In 2x 9” “s 

grin 2x - 52° = (9In6 - 3)- (o-=) 

2S aOlniG = = 91n6 5 

(1 + sin 2x)? = 1+ 2sin 2x + sin22x 

= 1+ 2sin2x +t O84t = 34 sin 2x - OS4e 

= $3 + 4sin 2x — cos 4x) 

on T 
<3! c fe 4) 

—xe*-—e*+C b cos 2y = 2e*(x% — e* + 1) 

-hx cos 2x + tsin 2x+C 

tany = —5x cos 2x + ¢sin 2x - + 

elas: yo 4G 

ip = ile r=5te >C=- > 

decal eee eS} Ie 2 eee 
yoo a WEES Teas ee 

1 d y=x; (-2, -2) 

i 
ravi 2 —— n{l+ SS one 

p 1 1 2y — sin 2y = In|1 + 2 as y — sin 2y = In|1 + A ereaae 5 2 

1 il 1 Dee a pe I 
ee 

1 i) al 2 Anal ee een De 1 es De ee. oe 2):e 

=e (a> + 2% + 2) +6 

y = -4 In|[3e*(x? + 2x + 2) - 5 

1 3in7 

Linz Anz i 

ie (e+ Ide = |S + xl! 
0 B , 

eral i 1 

c 13 7] F 0) gt saad ae 

ie: 



Answers 

AS a A=1,B=5,C=-} 
b x+5ln|x - 1|-dIn|x + 1) =2¢-1n3 

20 a 4.00932 b 2.6254 
c The curve is convex, so it is an overestimate. 

OE See io ae ee 
2e 

21a p= kV > [have f- kat > nv=-ke +c 

=> V=Ae*# 

ine WY 

A 

5A = Ae-*? => 1 = AT > 2 = eT > n2 = kT 

22 a Sk -y)dy = fudx > ky - jy? =the? + 
B+ (y—k)?=C 

b Concentric circles with centre (0, 2). 
Zod OLD Ay li) S(O) 

c Use more values, use smaller intervals. The lines 

would then more closely follow the curve. 

d (Be) inx —x+2dx 
5 

i i pea A ey | 15” Inn 45° 5% miei 

64 of) | il il -29 64 ={(22In4 =22| = {- 2) = in4 
(ism Milas 2 10, ton: 

e 2.0% 
2)6 

ye a ae a) +C b tan 2y =35(1 + 2x7)°+ 4 

25 arctanx +c 26 eee 
ah Ge 

20 a Aja => — = 2a 
dr 

cl? Gie . GA 1 eee eee iE = = k = 
de 1 dA > dp oar a sin (3-] Qar sin(3- 
r= -6 cos(s-) +7 c 6 days, 5 hours 

Tv r 3n 28 a 3 b 5 

4 fdr _ on 29 a AB b y-2/2= S (2 a cm 5 

a0 = 
60 

Challenge 

ey ls) b -3 

CHAPTER 12 

Prior knowledge 12 
Teas b -13i+11j 

Sa Stee 2 V34 bee 
; a ea" 

3 a -2i-Sj b 3i+3j 

Exercise 12A 
P2y21 2 7/3 

3 a V14 bh 15 c 5v2 d /30 
A k=) or (s= 9 5 k=100rk=-4 

Challenge 

& (0, =38, 4 Cl 32) io 85 Ql, By =A (8, =) 
b 6/5 

Exercise 12B 

11 
ii | -11 

ig) 

b a-—bis parallel as -2(a — b) = 6i-— 10j + 18k 
—a + 3b is not parallel as it is not a multiple of 
6i — 10j + 18k. 

3 23 
2 see 2bai( 2) 02-2) =a10 2) skeetv 10m 

=i 4 

3 p=2,q=1,r=2 

a V35 b 2y5 c V3 dil Oe ay >) 

9G) Beg) A 
6 7i-—3j 4 2k 7a46 OF —6 8 V3 or-/3 

9 a tA 2ie y+ 4k Boi 2p an Co ye ok 
i131 &j 22k 

bigs a3 
tik 43h gl 10 a -4i+3j-12k b 13 Cast 4s eS 

If a. -6Pr4j Sk em cM en 
(Cla olauron 

SL ye ee and we sige (pate oe kK, og bu oie 34 2k 
(29 29" 29 gi ee we 
J5= WON? mas wie i oye | TA 

13 Ab =4)-k AC-4+j-k BC = 41-3 
— 

ABI = 17, IAC = 3V2, IBC = 5 
scalene 
— — 
AB = -2i - 6j - 3k, AC = 4i - 9j —-k, 
—s 

BC = 6i - 3j + 2k 
— —_ —_ 

b |AB| =7, |AC| = 7V2, |BC| = 7 Cee 

15 a i 98.0° mh il 14 iii 82.0° 

b 

c 

soo oe 14 

i 69.6° HiO2eoe Hit Bay" 
ID OrSe ii 90° iii 146.3° 

16 5.41 
— — i—> 

17 [Pd = 74, lanl = 29, Pal = v35 
Let 0 = ZPQR. 14 + 29 — 2/406 cos@ = 35 

= GOS0 SOLUS... == = 113.5° (al chia) 

Challenge 
2S 

Exercise 12C 

1 a i loAl=9;loal=9 = loal - lol 
Oe 6 are 

i aC (4). = ser. = (4) a= ys 
22 23 

Therefore lacl = lac| 

b OACB is a kite 

2 a AB=2i+3j-2k > lal = V17 
AC = 6] = [AC = 6 
BC 22143) 42k = [BCS VI 
laal = lacl, so ABC is isosceles. 

b 6/2 c 0,47) 
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Answers 

2 4 AB S412 
CD == 6 S15) 12ke eae —5j — 4k) 
— — 

GD= -3AB, so AB is parallel to CD 

ABCD Ea 33 

b ABCD is a trapezium 

a=, b=—1e c=3 

8k = 2(2i —5j — 4k) 

(7, 14, -22), (-7, 14, -22) and (45% 14, -22) 
a 18.67 (2 dp.) b 168.07 (2 d.p.) 
Let H = point of intersection of OF and AG. 
— =_—S ll a 

OH = rOF= OA + sAG 
—- — 

OF=a+b+c,AG=-a+b+e 

So r(a+b+c)=a+s(-a+b+ec) 
— — —— — 

r=1-s=ssres 4, 80 OH = 30F and AH = 3AG. 

8 Show that FP = $a (multiple methods possible) 

Show that PE = ta (multiple methods possible) 

Therefore #P and PE are parallel, so P lies on FE 

TPIT eae Al 

NOT 

eae 

1 BS = oe ae 

& OM = ta+b+c,BN= a b+ 1¢ AF=-a+b+e 

Let OM and AF intersect at X: AN =rAF=r-ta+b+e) 

Oe sOM = s(t a+b+ c} for scalars r and s 
Sl OO 

OX=OA+AX =a+r-a+b+oc) 

=s(fat+b+c)=a+r-a+b+o) 

Comparing coefficients in a, b and ¢ gives r=s = = 
— — — — 

Let BN and AF intersect at Y: AY = pAF = p(-a+b +c) 
— — 
BY = qBN=q\a-b+e) for scalars p and q 
a 

BY =BA+AY=a-—b+pl-a+b+ec) 

= q\a-b+te)=a-b+pl-a+b+c) 

Comparing coefficients in a, b and ¢€ gives p = 
ee tee 
AX = 2AF, AY = TAF 
So the line segments OM and BN trisect the diagonal AF. 

Exercise 12D 
1 a (5i-j+4k)N b V42N 
2 2/29 m 

3 a Gi-2j+2k)ms b 1.54ms 

4 (5i-3j-7k)N 
5 a a=-2,b=4 b (i-3j -4k)N 

ec Gi-2j-2k)ms? d 3/26ms* 
@ (26° 

6 a 1.96ms? b Descending, 101.3° 

Mixed exercise 12 
1 22 2 a=5o0ra=6 

3 (AB = 5/2 3.9 ni? 250 alo ee 
6i — 8j — tk = 6i - 8j - 10k = -2(-3i + 4j + 5k) = -2AB 

So AB is parallel to 6i — 8j — Stk 

4 a PQ=-3i- 8j + 3k, PR =-3i- 9j + 8k, QR =-j + 5k 
b 20.0 
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4 

Full worked solutions are available in SolutionBank. De 

5. a DE = 4+ 3) + 4k, EP =-3i- 4j + 4k, FD = -i+j- 8k 

b DE = J41, ene V41, FD = v66 c isosceles 

6 a PO = 9i- 4j, PR = 71+ j— 3k, OR = —2i + 5j - 3k 
— ad —_ 

b |PQ| = V97, |PR| = /59, |QR| = ¢ 51.3? 
7 ilo 

8 184 (3s.f.) 

9 a (2,-7,-2) b rhombus ae 36.1 

10 PQ=*la+b 0), RS = ga +b +o, TU= ‘a= bee) 
_—> — 

Let PQ , RS and TU intersect at X: PX = rPO = 5a +b-c) 

— 

=sRS =a ybso) 

t os — 

1S Gl = 3a —b+c) for scalars r, s and t 

a a es 

RX = RO+ OP + PX=1(-a+e)+ 
r 

3 zatb-o 

1 
a= 

Comparing oomacms ina, bandc givesr=s= 2 
a os 

3(-b +c) + 1s TO + OP + PX = 

Eee ee 

+ 5catb+o= a+e)+5lat+b-o 

ta +b-c) 

Comparing coefficients in a, b and ¢ gives t = $ 

So the line segments PQ, RS and TU meet at a point 

and bisect each other. 

11 b=1or¥ 
12 a Air resistance acts in opposition to the motion of 

the BASE jumper. The motion downwards will be 
greater than the motion in the other directions. 

b (161+ 13j-40k)N ec 20 seconds 

Challenge 

iy 0 1 
ia=(0}.p-[1}.e-[1}.menacdee= 24020006 

0 0) 0 

Review exercise 3 
d 

1 qo oe sing 
be 

x WY ox age, 1 

Dee 2 3 Cees OSS 
5 2 

TT 

2 
= 8y(8 — 7) -— 16x + alm? — 82 + 8) = 

dy 2 dy =3 e * = Ae = Qa ae e ra 2) =e Hn 3e°—1 

y eo in 4 = (Bee Wa) 
=> y —(3 e& -1)a—-2+m4+ 5e6=0 

3 8x+36y+19=0 

d 
4 a = = 4(2x — 3)(e24) + 2(2x — 3)2(e2%) 

= 2(e2%\(2% — 3)(2x — 1) 

b (3. 0} and (5 4c) 
2 

eA dy (x —1)(2sinx + cosx — x cosx) 

da sin? x 

b xeFou= (5-1) gen 25-1 
y- (5-1) =U 2x-5) 

PR 



6 

10 

12 

13 

14 

15 

16 

17 

18 

if) 

a y=cosecx = male 
sinx 

d 
se =a ae =- 1 x eet =— cosecx cotx 
dx sin? x sinx sin 

st A ee 
dx 6 x/x2 = 7 

y =arcsinx > x =siny 

d 
dx _ cosy => od eee 
dy dx cosy 

: dy 1 cosy =/1—sin?y =/1 —x72 > ~ = y =o y an 

a -2sin*tcost b y=-5x + 2 

os 8 

es eee 
x > 0 is the domain of the function. 

a y=-9x+8 oat y baer b y eee 

7x +2y-2=0 

dy — COS% 

dx siny 

b Stationary points at (z on) and (z, = only in 

the given range. 

d’y a 
ae = e“(x2 — 4x + 2) can show that roots of x2 — 4x + 2 

are x = 2 + V2 which means that f’(x) = 0 for all x <0. 

x dV _ nae dr 250 

dr dt 7(2t + 1)?r? 

a g(1.4) = -0.216 < 0, g(1.5) = 0.125 > 0. Sign change 
implies root. 

b g(1.4655) = -0.00025... < 0, g(1.4665) = 
0.00326... > 0. Sign change implies root. 

fh Gath 7) = OO ake... = (0), NGS) = SONOaile),, 0). 
Sign change implies root. 

b p(1.7455) = 0.00074... > 0, p(1.7465) = 
—0.00041... < 0. Sign change implies root. 

a0 32 =) > 02 = 375 2 
= x-2=In(3x -5)>2=InGx -5)+2,%>3 

Dg = 4 — 39459 — 39225) t= 3-912 1 

a (0.2) = -0.01146... < 0, f(0.3) = 0.1564... > 0. 
Sign change implies root. 

1 1 b 
(x — 2)3 (x — 2)3 

-1 5 al 
= i. ae Fee tate 

© %9=1, 2%, = 1.3700, 75, x» = 1.4893, 
%3 = 1.5170, x4 = 1.5228 

d (1.5235) = 0.0412... > 0, (1.5245) = -0.0050... <0 
a It’s a turning point, so the gradient is zero, which 

means dividing by zero in the Newton Raphson 

formula. 

{Gh ioe = (ss =-4 x2 

a i There is a sign change between f(0.2) and f(0.3). 
Sign change implies root. 

ii There is a sign change between f(2.6) and f(2.7). 
Sign change implies root. 

3 1 3 és 2 2 
b 10° 2 ok age 

= 2814s ah 2) 2 = 7104 4 23 -1)) 

1 
Ces 

20 

27 

28 

Answers 

© x9 = 2.5, £1 = 2.6275, x» = 2.6406, x, = 2.6419, 
x4 = 2.6420 

-1.10670714 
d 0.3 ~ 7502597883 
a R=0.37,a=1.2405 

b y(e}=-0.148 sin{=* + 1.2405 

c v'(4.7) = -0.00312... < 0, v'(4.8) = 0.002798... > 0. 

Sign change implies maximum or minimum. 
d 12.607 

e v'(12.60665) = 0.0000037... > 0, v'(12.60675) = 

—0.0000021... < 0. Sign change implies maximum 
or minimum. 

Gi = 

a cos/7x + cos 3x = cos (5x + 2%) + cos (5a — 2x) 

= COS 5x cos 2x — sin 5x sin 2x + cos 5x cos 2x + 

sin 5x sin 2x = 2cos 5x cos 2x 

b 3 sin 7x + sin3x +c 

= 0.208 

m=3 24 16 

238 26 5(2e? + 10) 

eae yes b Ins4 

a 2eost= 1 > cost=5 > t= Tort = 5 

b [oy dt = [a — 2 cost)(1 — 2 cost) dt 

= [a — 2 cost)? dt 

c 47+ 3V3 

29a Ba b 6.796 (45.f) 
30 a je?+4 

» [Jol o2 [oa [oe [os a 
|y | 0 |0.29836|0.89022|1.99207|3.96243|7.38906 

c 2.168 (4s.1f.) de3:aiio 
2x -1 -1 4 31 = 

er iar at 
by _A@x- 3? _ 10(2x - 3)? 
eG 1) CA 
3k 9k i: 

32 b r=|—<t+A a lee 
33 a Rate in = 20, rate out = kV. So 2Y = 20 - Ev 

20 20 ge 
b A= ph and B = “7 c 108 cm? (3 s.f.) 

34 a “ = -kC, because k is the constant of 

proportionality. The negative sign and k > 0 

indicates rate of decrease. 
b- C=Ae* c k=71n10 

35 k=-4,k=16 SOM Onse 

37 Panis] 2k mA 2 MSS ee 
VO MEX TD) 

CoelLOOns d Not parallel: PQ # mAB. 

Ske) = By) P= =2, GJ = 3, Fa) 

Challenge 
-2a a 6) ant (24,8 1 a (0,0) and 5S 

2 

b Gy OY a Et a OH? + Dax + F = 0 

b? — 4ac = 4a? - 5a? =-a* <0 

2 3V3 -1 

421 



Answers 

Exam-style practice: Paper 1 
d 2 

1 ee ese ie - E = cosect sec? ¢ 
dx 2sintcost sintcos*t 

2 8) a>-3 DD Ge“ ge Sil cx>-l 

3 a 2x+y-3=0>y=3-2x 

x? +kx + y? + 4y = 4 
te ke + (3 = 2%)? + 438 = 2x) = 4 

5x2 + kx —- 20x 4+17=0 

5x? + (k — 20)x + 17 > 0 for no intersections. 

b 20- 2/85 <k < 20+ 2/85 
4 Let f(@) = cos 6 

(6) = lim flo + h) — £0) ee cos(@ + h) — cos@ 
h—0 h h—0 h 

a lim £289 cosh — sin@ sinh — cos@ 
70 h 

= lim (ees = “Jeos6 [S24 )sin6- —sin@ 
h—0 h h 

5 a p=4,p=-4 b Use p =-4,-18 432 

49 705 ee 8 64 

G8 Uy = d, Uy = 96 = ar, S_ = 600 = 

96 

So 5 c = = 600 + 96 = 600r(1 - r) > 96 = 600r 

— 60072 and therefore 25r? — 25r+4=0 

li 7=SO.25 O88 Ca 120 d n= 39 

8 a 

b 

c 

E (7, 0) 

AV (Ex, (0) x 

B (-3, -22) 

YQ a0 22 = Dil 

10 a ao: kV > InV=-kt+0¢3V=Voe* 

b k= 4 n(2], Vy = £35 100 © t= 11.45 years 

11 a 14.9 miles 

b It is unlikely that a road could be built in a straight 
line, so the actual length of a road will be greater 
than 14.9 miles. 

422 

13 

a y= 2.79 -0.01@ -11)?,A=2.79,B =0.01,C =—-11 

b 11m from goal, height of 2.79 m. 

c 27.7m (or 27.70m) 

d x=0,y=1.58. The ball will enter the goal. 
a Surface area of box = 2x? + 2(2xh + xh) = 2x? + 6xh 

Surface area of lid = 2x? + 2(6x + 3%) = 2x? + 18x 

Total surface area = 4x? + 6xh + 18x = 5356 

; _ BRS = Rea ee POS = Os = Bae 
So, k= = 

6x 3x 

V = 2x7h = (2678 — 9 x2 - 2 x3) 
ly) Gor + Re = DOS = 0), 4e = 19408 

c ave 0O=maximum  d 22648.7 cm? 
a5 

e 21.1% 

Exam-style practice: Paper 2 
1 

2 

w 

10 

Full worked solutions are available in SolutionBank. 

G2 G2“ e=% | 
a y=-4x + 28 

c R(-10, 0) 

y=zlnv+1),x>-1 

a Student did not apply the laws of logarithms 

correctly in moving from the first line to the second 

line: 44*+4 # 44 + 48 

b y=4qn+3 

d 204 units? 

b x =-2.Note x +—-5 

a 

b -6<y<18 ¢ a==,e=0 

a k=4 b x=-2,x=34+V77,x=3-V7 

a Area = 5 (x - 10)(« — 3) sin 30° = 4( x? - 13x + 30) 
214 

Sov? =13% 430] 44, anda? — 132 — 14=0 

b x=14(+#-1, as x«-10 and x —3 must be positive.) 

a h==5,k = 236 b aE 

= a” bs ii OS ee ge Ge b eo aa” 

OA =aand OB=b 
—= i Ol — — 

MN = MB + BN = 50B + 5BA = tb +}(-b+a)=sa 
— —. — = 

Therefore OA and MN are parallel and MN = $0. as 
required. 

a 2.46740 b 2.922 Cms.023 d 3.3% 
a £3550 b £40950 c¢ £45599.17 
a R=041) a= 13495 

b 40 cm at time t = 2.70 seconds 

c 0.38 seconds and 5.02 seconds. 
a h'(t) = 3e-0:3U- 6.4) pak 8e0-8W-6.4) 

b 3 @70-3U-6.4) — Q0.80-6.4) In(3 e63¢-6.4)) = 0.8(t — 6.4) 

=a 7 In(oeo3e-64) ZG Se FIn(g e036.) +6.4 

C t)=5, t, = 5.6990, t, = 5.4369, t, = 5.5351, t, = 5.4983 
d h’(5.5075) = 0.00360...> 0, h’(5.5085) = 

—0.000702... < 0. Sign change implies slope change, 
which implies a turning point. 

=e 
Viti 

oye 



absolute value 23 
addition, algebraic 

fractions 7-8 
addition formulae 167-172 
algebraic fractions 5-8 

addition 7-8 
division 6, 14-17 
improper 14 

integration 310-312 
multiplication 5 
subtraction 7-8 

angles between vectors 
340-341 

arc length 118-120 
arccos x 158-160 

differentiation 248 
domain 159 
range 159 

aresin x 158-160 
differentiation 248 
domain 158 
range 158 

arctan x 158-160 
differentiation 248-249 
domain 159 
range 159 

areas of regions, integration to 
find 313-314 

argument, of modulus 24 
arithmetic sequences 60-61, 63 
arithmetic series 63-64 

binomial expansion 92-102 
(1 + bx)" 92-95 
(1 + x)" 92-95 
(a+ bx)" 97-99 

complex expressions 101-102 
using partial fractions 

101-102 
boundary conditions 323 

Cartesian coordinates, in 3D 
337-338 

Cartesian equations, converting 
to/from parametric 
equations 198-199, 
202-204 

CAST diagram 117 
chain rule 237-239, 261-263 
chain rule reversed 296-297, 

300-306 
cobweb diagram 278 
column vectors 339 

common difference 63 

common ratio 66 

composite functions 32-34 
differentiation 237-239 

compound angle 
formulae 167-172 

concave functions 257-259 

constant of integration 322 
continuous functions 274 

contradiction, proof by 2-3 
convergent sequences 278-279 
convex functions 257-259 

cos @ 

any angle 117 
differentiation 232-233 

small angle approximation 
133-134, 232 

cosec x 

calculation 143-144 
definition 143-144 

differentiation 247 

domain 146 

graph 146-147 
identities 153-156 
range 146 
using 149-15] 

cosines and sines, sums and 

differences 181-184 
cot x 

calculation 143-144 
definition 143 

differentiation 247 
domain 147 

graph 146-147 
identities 153-156 

range 147 
using 149-151 

curves 

defined using parametric 
equations 198-199 

sketching 206-207 

degree of polynomial 14 
differential equations 262-263 

families of solutions 322-323 
first order 322—324 
general solutions 322-323 

modelling with 326-328 
particular solutions 323 
second order 322 
solving by integration 

322-324 
differentiation 232-263 

chain rule 237-239, 261-263 
exponentials 235 
functions of a function 

237-239 
implicit 254-255 
logarithms 235 
parametric 251-252 
product rule 241 
quotient rule 243-244 
rates of change 261-263 
second derivatives 257-259 
trigonometric functions 

232-233, 246-249 
distance between points 

337-338 
divergent sequences 278-280 
division, algebraic fractions 6, 

14-17 
domain 

Cartesian function 198-199 
function 28-30, 36 

mapping 27-28 
parametric function 

198-199 
double-angle formulae 

174-175 

equating coefficients 9 
exponentials, differentiation 

235 

functions 

composite 32-34, 237-239 

concave 257-259 

continuous 274 

convex 257-259 

domain 28-30, 36 

inverse 36-38 

many-to-one 27-30 
one-to-one 27-30 

plecewise-defined 29 
range 28-30, 36 
root location 274-276 

self-inverse 38 

see also modulus functions 

geometric sequences 66-69, 
70, 83 

geometric series 70-72, 73-75, 
83 

implicit equations, 
differentiation 254—255 

improper, algebraic 
fractions 14 

inflection, points of 258-259 
integration 294-328 

algebraic fractions 310-312 
areas of regions 313-314 
boundary conditions 323 
chain rule reversed 296-297, 

300-306 
changing the variable 

303-306 
constant of 322 
differential equations 

322-324 
flax + b) 296-297 

modelling with differential 
equations 326-328 

modulus sign in 294 
partial fractions 310-312 
by parts 307-309 
standard functions 294-295 
by substitution 303-306 
trapezium rule 317-319 
trigonometric identities 

298-299 
intersection, points of 

209-211 
inverse functions 36-38 
irrational numbers 2 
iteration 278-280 

key points summaries 
algebraic methods 21 
binomial expansion 106 
differentiation 271-272 
functions and graphs 58 
integration 335 
numerical methods 292 
parametric equations 224 
radians 141 
sequences and series 90 
trigonometric functions 

164-165 
trigonometry and modelling 

196 
vectors 351 

limits 
of expression 73 
of sequence 66 
in sigma notation 76 

line segments 344 
logarithms, differentiation 235 

many-to-one functions 27-30 
mappings 27-30 

domain 27-28 
range 27 

mechanics problems, modelling 
with vectors 347-348 

minor arc 120 
modelling 

with differential equations 
326-328 

numerical methods, 

applications to 286 
with parametric equations 

213-217 
with series 83-84 
with trigonometric functions 

189-190 
modulus functions 23-26 

graph of y = |f(x)| 40-42 
graph of y= f]x| 40-42 
problem solving 48-5] 

multiplication, algebraic 
fractions 5 

natural numbers 63 
negation 2 

Newton—Raphson method 
282-284 

notation 
differential equations 322 
integration 294 
inverse functions 36 
limit 73 
major sector 122 
minor are 120 
minor sector 122 
sequences and series 60 
sum to infinity 73 
vectors 339, 344, 345 

‘xis small’ 97 

numerical methods 274-286 
applications to modelling 

286 
iteration 278-280 
locating roots 274-276 
Newton—Raphson method 

282-284 

one-to-one functions 27-30 
order, of sequence 81] 

parametric differentiation 
251-252 

parametric equations 198-217 
converting to/from Cartesian 

equations 198-199, 
202-204 

curve sketching 206-207 
modelling with 213-217 
points of intersection 

209-211 

423 



partial fractions 9-10 
binomial expansion using 

101-102 
integration by 310-312 

period 81 
position vectors 339 
product rule (differentiation) 

241 
Pythagoras’ theorem, in 3D 

337-338 

quotient rule (differentiation) 
243-244 

radians 114-134 
anglesin 115 
definition 114 
measuring angles using 

114-118 
small angle approximations 

133-134, 232 
solving trigonometric 
equations in 128-131 

range 
Cartesian function 198-199 
function 28-30, 36 

mapping 27 
parametric function 198-199 

rates of change 261-263 
rational numbers 2 
recurrence relations 79-82 
reflection 44-47 
repeated factors 12 
reverse chain rule 296-297, 

300-306 
roots, locating 274-276 

sec x 

calculation 143-144 

424 

definition 143 
differentiation 247 
domain 146 
graph 145-148 
identities 153-155 
range 146 
using 149-151 

sectors 
areas 122-125 
major 122 
minor 122 

segments, areas 123-125 

self-inverse functions 38 
separation of variables 322-324 
sequences 60-84 

alternating 66, 80 
arithmetic 60-61, 63 

decreasing 84 
geometric 66-69, 70, 83 
increasing 81 
order 81 
periodic 81 
recurrence relations 79-82 

series 60-84 
arithmetic 63-64 
convergent 73 
divergent 73 
geometric 70-72, 73-75, 83 
modelling with 83-84 

sigma notation 76-77 
sin @ 

any angle 117 
differentiation 232-233 
small angle approximation 

133-134, 232 
sines and cosines, sums and 

differences 181-184 
small angle approximations 

133-134, 232 

staircase diagram 278 
stretch 44-46 
substitution 9 
subtraction, algebraic fractions 

7-8 
sum to infinity 73-75 

tan 0 
any angle 117 
differentiation 246 
small angle approximation 

133-134 
transformations 

combining 44-47 
reflection 44-47 
stretch 44-46 
translation 44-46 

translation 44-46 
trapezium rule 317-319 
trigonometric equations, 

solving 128-131, 

177-179 
trigonometric functions 

143-160 
differentiation 232-233, 

246-249 
graphs 145-148 
inverse 158-160 
modelling with 189-190 
reciprocal 143 
using reciprocal functions 

149-151 
trigonometric identities 130, 

153=156 
integration using 298-299 
proving 186-187 
using to convert parametric 

equations into Cartesian 
equations 202-204 

trigonometry 
acos@ +b sin @ expressions 

181-184 
addition formulae 167-172 
double-angle formulae 

174-175 

unit vectors 339 

vectors 337-348 
in 3D 339-341 
addition 339 
angles between 340-341 
Cartesian coordinates in 3D 

337-338 
column 339 
comparing coefficients 345 
coplanar 345 
distance between points 

337-338 
geometric problems 

involving 344-346 
modelling mechanics 

problems 347-348 
non-coplanar 345 
position 339 
scalar multiplication 339 
in three dimensions 339-341 
unit 339 

y= |f(x)|, graph of 40-42 
y = fix], graph of 40-42 
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